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Abstract : BCC ln<Tl a llo y  is ch o sen  to  s tudy  the  e ffe c t o f  nu c lea tio n  on  its m ech an ica l 

s ta b il i ty  in  th e  f ra m e w o rk  o f  ex te n d e d  g en e ra lised  ex p o n en tia l p o ten tia l by  em p lo y in g  B o m  

sta b ility  c r ite ria , w h ich  ev en tu a lly  lead s  to  a phase  transition  from  bo d y -cen te red  cu b ic  (hcc) to  

b o d y -cen te red  te trag o n a l {bet) stru c tu re . T h e  genera l p ro ced u re  p resen ted  is  in d ep en d en t o f  th e  

sp e c ific  m o d e l o f  in te ra to m ic  in te rac tio n s  w h ich  m ay be used  in num erica l ca lcu la tio n s . In the  

p re s e n t s tu d y , a  d e ta ile d  n u m erica l c a lc u la tio n s  a re  u n d ertak en  to  c o m p u te  th e  th e o re tic a l 

s tre n g th  an d  ra n g e  o f  s tab ility  o f  a pe rfec t un iax ia lly  (100 ) s tre ssed  c ry sta l la ttice  o f  bcc In -T l 

a llo y  u n d e r  h o m o g e n e o u s  ten s io n  an d  co m p ress io n . T h e  stu d y  rev ea ls  that bcc In-T l a llo y  is 

c o m p o sed  o f  tw o  ran g es  o f  s ta b ility — one fo r b o d y -cen te red  cub ic  {bcc) p h ase  and  a n o th e r  fo r  

b o d y -c e n te re d -te tra g o n a l {bet) p h ase  A t each  stag e  o f  d e fo rm a tio n , th e  se c o n d -o rd e r  e la s tic  

c o n s ta n ts  C n  an d  C | 2  a re  c a lc u la te d . A lth o u g h  no  sp e c ific  ex p e rim en ta l re su lts  re la te d  to  

p re se n t s tu d y  o f  s tre n g th  an d  s ta b ility  o f  bcc In -T l a llo y  are  av a ilab le  in the  lite ra tu re , th e  

c o m p u ted  v a lu es  o f  th eo re tica l s treng th  and stra in  o f  th e  a lloy  o f  p resen t concern , lies w ell w ith in  

th e  g en era l e x p e rim en ta l lim its .

K e y w o rd s  : N u c lea tio n , B o m  stab ility  c a te n a , In-TI a lloy  
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1. In tro d u c tio n

The concept o f nucleation is intimately related with the structural phase transition in the 

crystalline solids. In fact, phase transitions in any system are caused by inducing nucleation 

in its structure, by arbitrary hom ogeneous deformations under the application of external
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forces. The study is o f interest because the values o f stress and strain at w hich the 

crystalline solid becomes mechanically unstable in terms o f Bom criteria [1] represents the 

theoretical strength of the crystalline solid and hence an upper limit to the actual strength of 

the solids.

Nucleation basically refers to directional non-identity o f ionic separations, which 
eventually alters the range o f intervening forces under uniform deform ations and results 

into a change in the lattice structure, applied stress, internal energy and elastic constants of 

the crystalline solid under consideration. The continued application o f nucleation to a 
system helps us to know the quantum of external force which the system can bear safely 

and hence acts as a useful guide to check the stability o f the m aterial in question. The 

deformations usually referred as twinning or nucleation [2 ] leading to structural transition 

from tetragonal to orthorhom bic phase have a direct bearing on the process o f hoi 

superconductors [3]. The orthorhombic phase nucleates [4] along the grain boundaries and 

then propagates into the interiers of the grains, which are initially tetragonal and hence non- 

superconducting. The elastic properties o f superconductors are also considerably affected

[5] on account of nucleation resulting into phase transition from tetragonal to orthorhombic 

structure. The present study, however deals with the problem o f theoretical strength and 

stability of bcc In-Tl alloy under nucleation from cubic to tetragonal phase.

An alloy is com posed of its metallic constituents and the response of its metallic 

constituents i.e. ions and electrons subjected to the process of nucleation may be partly 

linear and partly non-linear. The nature of electron behaviour calls for the inclusion of 

anharm onic non-linear interactions in the alloy. The process of nucleation o f cubic 

structure, essentially invoking phase transitions, necessitates coherent changes in range, 

strength, and nature o f  intervening bindings. An effective and appropriate potential 

em bodying the required non-linearity and desired width and depth is needed to explain 

nucleation in bcc In-Tl alloy.

The previously developed extended generalised exponential potential (EGEP), being 

amply capable of explaining static [6] and dynamic [7] behaviour o f cubic metals, is further 

employed to explain the elastic behaviour of simple bcc structures subjected to the process 

of nucleation [8.9].

2. T heory

2. /. Extended generalised exponential potential:

The attractive as well as the repulsive com ponents o f  the generalised  exponential 

potential [10] have been extended for representing their true and realistic nature. Extended 

generalised form of exponential potential (EGEP) so developed assumes the form

= D I(m -\)  - m ( a r y ) " (1)
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T h e  a v e ra g e  in te ra c t io n  (c o h e s iv e  e n e rg y )  e n e rg y  p e r  a to m  w ith in  th e  f r a m e ­
w o rk  o f  E G E P  is

(2)

w h e re  m  an d  n  a re  th e  p a ra m e te rs  w h ich  takes j:arc o f  e le c tro n ic  ex ch an g e  and  co rre la tio n  

e f fe c ts  a n d  th re e -b o d y  fo rc e s  su ch  as v o lu m e  fo rce s  in an a lte rn a tiv e  and  s im p le r  fo rm  

re s p e c tiv e ly . D  is th e  d is so c ia tio n  en e rg y , a  th e  h a rd n ess  p a ram e te r and  Tq th e  eq u ilib r iu m  

se p a ra tio n  p a ram e te r .

T h e  d e ta i ls  c o n c e rn in g  th e  e v a lu a tio n  o f  the  p a ra m e te rs  o f  the  p o te n tia l a rc  

m e n tio n e d  in  o u r  re cen t e a r lie r  p a p e r  |71. T h e  in p u t d a ta  fo r h c c  In -T l a lloy  s tud ied  and  its 

c o m p u te d  p o te n tia l p a ra m e te rs  arc  g iven  in T ab les  1 and 2 respec tive ly .

2.2. T h e o r e t ic a l  c o n s i d e r a t i o n s :

T h e  n e c e s s a ry  a n d  s u f f ic ie n t c o n d itio n s  ( 1 1 ] fo r a la ttic e  to  be in  s ta b le  e q u il ib r iu m  

u n d e r  th e  e f fe c t  o f  u n ia x ia l s tre ss  in [100] d ire c tio n  in te rm s o f  B o rn  s ta b ility  c r i te r ia  

ta k e s  th e  fo rm

w h ere

I > 0, i?22 ^ ^ 0. /̂ 23 ^ 0,

AiA ~  ^22 — ^2^ ^

BS ~ B| j (B22 ^23) ~ 2( 2 ^ 0,

d a , d a ,

(3 )

(4)

(5)

( 6) 

(7 )

an d  E  is  th e  en e rg y  p e r  u n it ce ll g iven  by

£ =  ( l / 2 ) n ' ^ 0 ( r ) .

I, h

i a n d  j  h a v e  th e ir  v a lu e s  ra n g in g  from  1 to  6  and  n '  is the n u m b er o t a to m s p e r  u n it ce ll. 

T h e  p a ra m e te rs  a j ,  a i  an d  a ^  s tan d  fo r sem i-la ttic e  co n stan ts  a long  the th ree  ed g es  o f  the 

u n it c e ll o f  th e  c u b e  an d  0 4 , 0 5  and  a ^  a re  the ang les  be tw een  02 and  a ^ , a^  and  a ] , a \  an d  02 

re s p e c tiv e ly . T h e  n o rm a l s tre ss  a c tin g  on a face  o f  the un it ce ll, w hen  the  ce ll ed g es  a re  

p e rp e n d ic u la r  to  each  o th e r is g iv en  by

^ 2^3  Lc?rti j
(8)

T h e  fo rc e  F j  a c tin g  on  th e  c ry s ta l la ttice  in  the  d irec tio n  a ,  is g iven  by (i.e . u n iax ia l 

[ 1 0 0 ] e x p a n s io n  o r  c o n tra c tio n )

73A(5)-6
• ' ■ K l

(9 )
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= [ f  ] = » •
( 10)

where I’or a tetragonal crystal lattice

02 = a  ̂ and ^4 = = n j l . ( ID

The moduli! embodied in eqs. (3) to (5) are given by (with n = 2 for bcc lattice)

hhh khh
( 12 )

B22 =  X ̂ 2 T d P ^  +  2̂ dr^ ' (13)

B̂ 2 -  I2 (^^2)2 ’
/, A /,

(14)

^23 -  X  2̂ h (^^2)2 ’
/l I2 1

(15)

where oi and 02 stand for semi-lattice constants and for a tetragonal crystal lattice

lV2
(16)

3* C om puta tions

The behaviour of bcc In-Tl alloy is studied for (100) uniaxial tensile and com pressive 
slresseses. In order to compute the theoretical strength and stability, the condition o f lattice 
equilibrium  dEfda^ = dEjda^ == dE/da^  ̂ = 0 is satisfied  at experim entally  known 
equilibrium  values o f semi lattice constants =  a 2 =  03 =  Then the semi lattice 
constant a\ is given small increments and decrements such that symmetrical changes in ai 
and satisfy dEjda^ = dE/daj^ =  0 at each stage o f deformation in a\. The process of 
iteration has been applied to carry out these computations and continued until one of the 
stability conditions [eq. (3) to cq. (5)] is violated. The value o f F (/{a{)^  at which the 
instability occurs is the theoretical strength (stress) o f the crystal and (a /  ~ a^)la^  is the 
theoretical maximal strain, w h ere /re fers  to the final stage at which instability occurs.

For a tensile force, the edge a\ will elongate and the edges 0 2  and a^ will contract 
such that = «3 and 04 := £15 =  oe = n fl. Then, the deformed lattice o f the alloy will possess 

tetragonal symmetry** on violating the condition defined by eq. (5) and bcc In-Tl alloy is 
then said to have transform ed into herphase, as a result o f the nucleation o f its lattice. 
Similarly, for a compressive force, the reverse will be the effect o f nucleation when cq. (4) 
is violated. A t each stage of deformation, the numerical values o f the moduli! Bjj, applied 
stress and internal energy are calculated.



4. Results and discussion
A  close survey o f  the literature reveals th a t :

(i) a w ide variety  o f m aterials (both m ita ls  and alloys) have not been studied 
experim entally to determ ine their mechanical strength and stability under different 
m odes o f failure.

(ii) a sufficient num ber o f theoretical investigations of strength and stability have not 
been carried out in different modes of applied stress.

(iii) a variety o f  m etallic whiskers have exhibited maximum stresses in the range o f 
about 0 .17 E  + 10 Nim?- (for Ag) to about 1.31 E + 10 Ninfi (for Fe) w ith a 
corresponding strains estimated to be about 3% to 5% [12,13].

T herefo re , a detailed  quantita tive com parison betw een the theoretical and 
experim ental behaviour in a particular failure mode is difficult to made. Even though, the 
effect o f nucleation is m anifested in the fonn of phase transition from bcc to bet structure 
under B om  stability criteria.

The instability in compression and in tension for the bcc lattice of In-Tl alloy results 
from  the violation o f the conditions defined by eq. (4) and eq. (5) respectively.

The bet lattice o f In-Tl alloy fails in compression by violating the condition defined 
by eq. (5 ) as a result o f its inability to support an additional compressive load, while in 
tension by violating the condition B23 > 0 wherein the angle (the angle between ai and 
03) deviates from 90®.

W e now discuss below our findings for bcc and bet phases o f In-Tl alloy in the 
fram ew ork o f extended generalised exponential potential, concerning the modulii 
applied stress and internal energy.
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Figures 1 and 2 show the variation of as a function pf semi lattice constant 0 | for 
In-TI alloy. Figure 3 shows the variation of AA =  { B u -2 ^ )an d  BB *

2 ^ 2] “  » function of semi lattice constant 0 | for the alloy of present concern.
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ngure 2. Variation of 822 and 0|2 u  a function of temi-latlice conMant for In-ft alloy.

n ^ r t  S. Variation of riri and 88 at a Amction oftemi-latiiee conttant for In-Tl alloy.

Figure 4 shows the variation of applied stress and internal energy of In-Tl alloy as a 
function of semi lattice constant o ]. It follows from Figures 3 and 4 that bcc  Innicf of In-Tl
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alloy becom es unstable at a theroretical tensile stress of 0.14262 E  + OSN/m^ and a 

corresponding strain o f 0.75%  when BB < 0 and in compression, the bcc lattice o f 

In-T! alloy becom es unstable at an applied stress of -0.15582 £  + 08 with a strain 

of 0.6%  when AA < 0  for n = 3, m = 1.5 and otoo = 2.2471. Thus the range of stability 

o f  In-Tl alloy is from Oj = 1.904106 A, a^ = 4.921273 A to oi = 1.929967 A, oj = 

1.908503 A.

Figure 4. Varistion of internal en«gy and applied stress as a function of semi- 
lattice constant for ln>Tl alloy.

It fo llow s from  Figure 4 that the theoretical strength o f bet 
alloy is 5.49975 £  + 09 N/m^ in tension when B n  < 0  and -1.37057 + m m
com pression when eq. (5) is violated; the corresponding strains ^ .3 7 6 %  m

Tnuau nhase of In-Tl alloy is sUble within the tension and -6 .758%  in compression. The bet phase or in u  a y
o k a-,^ X.161214 A to fl| = 2.653106 A,

range o f  semi lattice constants fl| = 2.241252 A, aj

02 = 1.650335 A.
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5. C onclusions

The following main conclusions emerges on the basis o f our investigations carried out for 

hcc In-Tl alloy :

(i) The variation of internal energy defined by eq. (7) with semi lattice constant a\ for 

the bcc In-Tl alloy under study shows two distinct minima, one for bcc phase (where 
stress CTi becomes negative) and the other for bet phase (where stress 0\ = 0). It is to 

be noted that the internal energy minimum (lEM ) of the bet phase is considerably 

low er than that o f the bcc phase. The unstressed (C\ = 0) bet phase possesses the 
semi lattice constant ai =  b^ and U2 = b^ corresponding to the minimum of internal 

energy. The values o f semi lattice constants ai and the corresponding values of 

the energy m inim a for the bcc and bet phases of the alloy studied arc given in 

Table 3.

Table 1. Input da&a for hcc In-Tl alloy after [ 15J.

Composition 

(at. % Tl)

Temperature

("K)

Scnii-lattice 

constant x 10“*® m

Bulk modulus 

x i o ”  N/m^

76.5 300 1 91.56 0.338

Table 2. Computed potential parameters for hcc In-Tl alloy

n in oujQ f i x u p s  D x K T ^ } ro X ID

3 1.5 2.2471 1.173053 1.211624 8.311329 1.782974

Table 3. Internal energy minima (lEM) and stress of In-Tl alloy.

(a) hcc phase

a\ k «2 A Minima position 

1(T*^ J/unit cell

Stress 

10®* N/nP

1.953912 1.896633 -6.49731 -0.09468

(b) het phase

U] 3= 02 = ^ A Minima position 

KT”  J/unit cell

Stress 

lo’ AT/m̂

2..403695 1.704310 -6.54017 0.0

(ii) It follows from the analysis o f our results m entioned in section 4 for the bcc alloy 

studied that the range o f  stability o f the phase is considerably greater than that o f 

the bcc phase.
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(iii) T he second-order elastic constants (Table 4) C j, and C ,2 are calculated as per 

M ilstein  [10] at the stress-free equilibriusi value of semi lattice constant and at 

failure in tension and compression values o f semi lattice constant. It is observed that 

the values of elastic constants (C u  and decreases in tension but in compression, 

the value o f C^  ̂ increases while that of C ,2'first increases and then decreases due to 

the effect o f nucleation  for bcc phase, f u t  for bet phase, the values o f clastic 
constants decreases in tension while increaxs in compression.

Table 4. Computed values of C| j and C|2  for In-Tl alloy in lo'® Nhtp-

C n

(a) bcc phase 

C n Remark

3 43283 3.34623 At cqutlibnuin

3.28148 3.34229 At failure in tension

3.56988 3.34779 At failure in compre.ssion

Expt. 3.611 ^261 [15]

(b) bet phase

2.18287 2 09222 At equilibrium

1.41262 1 05903 At failure in tension

I M T i l 2.75515 At failure in compression

(iv) The nature o f the Figures 1 to 4 representing the variation o f the moduli B,j, the 

conditions defined by eqs. (4) and (5) and internal energy and applied stress 

defined by eqs. (7 ) and (8) with respect to semi-lattice constant Oj show the non­

linear behaviour o f these properties under nucleation. The non-linear behaviour o f  

said properties may be attributed in general to the anhannonic nature o f the 

in te rac tions involved , w hich have been em bodied in the present potential 

im plicitly [14].
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