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t. Ijitroduction

Study o f  th e  p r o p e r t i e s  o f  in h o m o g e n e o u s  s y s te m s  is  an  
im portant b ra n c h  b o th  in  p h y s ic s  a n d  m a te r ia l  s c ie n c e . A lth o u g h  

ihc d e te rm in a tio n  o^' th e  n o n l in e a r  te n s o r ia l  p ro p e r t ie s  o f  su c h  
w stem s h as  g a th e re d  m u c h  s ig n if ic a n c e  in  re c e n t  y e a rs , l im ite d  
w otks [1 -5 ]  h a v e  b e e n  r e p o r t e d  in  th e  c a s e  o f  n o n l i n e a r  
m echanical p ro p e r ty  a n d  th is  m a y  b e  d u e  to  th e  m a th e m a tic a l  
difficulty in tr e a t in g  h ig h e r  r a n k  e la s t ic  te n s o rs .

In o u r p re v io u s  w o rk  16 |. th e  m u ltip le  s c a t te r in g  th e o ry  u n d e r  

tlic s in g le -g ra in  s c a t te r in g  a p p r o x im a t io n  h a s  b e e n  u s e d  to  

obtain th e  e f f e c t iv e  th i rd  o r d e r  e la s t ic  c o n s ta n ts  (T O E C )  o f  

p o lycrysta ls h a v in g  c r y s ta l l i te s  o f  n o n c u b ic  sy m m e try . In  th is  
work, th e  s a m e  th e o r e t ic a l  a p p ro a c h  h a s  b e e n  u se d  to  d e te rm in e  

the e ffe c tiv e  T O E C  o f  c o m p o s i te s .  It m a y  b e  n o te d  th a t u n lik e  
those o f  p o ly  c ry s ta ls , th e  p h a s e s  o f  th e  c o m p o s ite s  a re  is o tro p ic .

It is im p o r ta n t to  s tu d y  th e  r e s p o n s e  o f  d if f e re n t  p h y s ic a l 

b e h a v io u r s  o f  i n h o m o g e n e o u s  m e d i a  a t  a n d  a r o u n d  th e  
p e rco la tio n  th r e s h o ld .  In  th e  c a s e  o f  l in e a r  p r o p e r t ie s ,  th is  

behaviour is w e ll s tu d ie d  b u t its  e x te n s io n  in  th e  n o n lin e a r  re g im e  
rare. T h e  p re s e n t  f o r m a l i s m  h a s  b e e n  u t i l i s e d  to  o b ta in  th e  

P erco la tio n  th r e s h o ld  b o th  f o r  l i n e a r  a n d  n o n l in e a r  e la s t ic

’̂orre,sponding Author.

c o n s ta n ts  o f  a  b in a ry  c o m p o s ite , o n e  p h a se  o f  w h ic h  is vo id . 
T h e  b e h a v io u r s  o f  s e c o n d  o rd e r  e la s tic  c o n s ta n ts  (SO E iC ) and  
T O E C  n e a r  th e  p e rc o la tio n  th re sh o ld  h av e  a lso  b e e n  d e te rm in e d . 
In  a d d it io n , th e  c r o s s - o v e r  s tra in  f ie ld  n e a r  th e  p e rc o la tio n  
th re sh o ld  h a s  b e e n  s tu d ie d .

In  th e  n e x t se c t io n , w c g iv e  th e  a n a ly t ic a l e x p re s s io n s  fo r  
th e  e f f e c tiv e  S O E C  a n d  T O E C  o f  a  m u l ti -p h a s e  c o m p o s ite . 

S e c tio n  3 d e a ls  w ith  th e  p e rc o la t io n  b e h a v io u r  o f  e f f e c tiv e  
S O E C  a n d  T O E C . T h e  re s u lts  o b ta in e d  in  S e c tio n  3 a rc  u sed  
in  S e c tio n  4  to  s tu d y  th e  c ro s s o v e r  s tra in  f ie ld  n e a r  th re sh o ld . 
T h e  c o n c l u s i o n s  o f  th e  p r e s e n t  w o r k  a r c  d i s c u s s e d  in  

S e c tio n  5.

2. Outline of the theory

A  c o m p o s ite  m e d iu m  c o n s is ts  o f  d if fe re n t  is o tro p ic  p h a s e s  an d  

a n y  p h y s ic a l p ro p e r ty  v a r ie s  f ro m  o n e  p h a se  to  a n o th e r  d u e  to  
c h a n g e  in  th e  n a tu re  o f  th e  m a te r ia l .  T a k in g  o n ly  f irs t o rd e r  

n o n l in e a r i ty ,  th e  lo c a l  c o n s t i t u t i v e  r e la t io n  b e tw e e n  s t r e s s  

< J , , ( r )  a n d  s tra in  is
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w h e re  C, î î{r) a n d  a rc  th e  lo ca l S O E C  a n d  T O E C

re s p e c tiv e ly . F o r  th e  c o m p o s ite  m e d iu m , th e  a v e ra g e d  s tre s s  

a n d  s tra in  sa tis fy  th e  re la tio n

(2)

(3)

f  =  £® +  C < 5 Q f +  ‘ C C .e t- ,5 2 ' (4)

î/kl -
15 C « 4 (c “ + 2 C ^ )

[(^ l” ” (3̂ 1”  + 8 C '4 4 )/,;t, j . (5)

w h e re  f,ju =-(S,^Sj ,

N o w  e q . (4 )  c a n  b e  c a s t  in  an  a l te rn a t iv e  fo rm  a s

£  =  e "  +  c r ^ e "  +  i  c r , £  V

w ith  T m a tr ic e s

7 i  =  5  Q  +  5  CsGTs = S C s ( / - G S C , r '

a n d

T, =( /  + GT^)C,(I + GTs)(I + GTs).

(6)

(7)

(8)

U s in g  e q s . ( I ), (2 )  a n d  (6 ) , C ’ a n d  C* a re  g iv e n  a s  

C ;  =  C " + < 7 i > ( / + < C 7 ^ » - '

a n d

- C ? ) 6 ’] <  r, >(/+ < GTs » ■

w h e re  a n d  a rc  th e  e f f e c t iv e  S O E C  a n d  T O E C

re s p e c tiv e ly  a n d  <  >  re p re s e n ts  v o lu m e  a v e ra g in g . T h e  p ro b le m  

is to  d e te rm in e  C ,,^/ a n d  C,^A/m// te rm s  o f  th e  c o r re s p o n d in g  

q u a n ti t ie s  o f  th e  c o n s t i tu e n t  p h a se s . E q s . (1 )  a n d  (2 )  im p ly  th a t 

th e  s tra in  f ie ld  so lu tio n  w ill be n e e d e d  fo r  th is . T h e  s tra in  f ie ld  is 
o b ta in e d  fro m  th e  e q u il ib r iu m  c o n d it io n

( / + < C 7 ; ^ > r ‘ . (Kh

In  eq s. (9 ) an d  (1 0 ), c a n  b e  c h o se n  a rb itra rily  w ith o u t violatnvt 

th e  m e c h a n ic a l  s t a b i l i ty  o f  th e  m e d iu m . W c a d o p t a self 

c o n s is te n t  s c h e m e  o f  c a lc u la t io n  in  w h ic h  C ?̂ is c h o sen  to h- 
e q u a l to  th e  e f f e c t iv e  m e d iu m  w h o s e  c la s tic  p ro p e r ly  w c arc u, 
d e te rm in e  i.e.

T h e  d e ta i ls  o f  e v a lu a tio n  o f  th e  s tra in  f ie ld  a re  g iv e n  in R e f, 
f5J a n d  fo r  b re v ity , w e  s k ip  it h e re . In  o p e ra to r  n o ta t io n , th e  

s tra in  fie ld  c a n  b e  w r it te n  a s  [5]

U s in g  eq . (1 1 )  in (9 ) , w c  g e l 

< T :v > = ( ) .

(II

( 1 ? )

w h e r e  5 Q  s 5 Q * , ( r )  a n d  C , s  C „4; „ ,„ ( r ) . e "  i s  t h e  

h o m o g e n e o u s  s t ra in  f ie ld  u n d e r  g iv e n  s u r fa c e  d is p la c e m e n t  

in th e  l in e a r  h o m o g e n e o u s  m e d iu m  o f  c la s t i c  c o n s ta n t  C j  

a n d  SC^(r)  is  t h e  f l u c t u a t i o n  o n  s u c h  t h a t

Q ( r )  =  T v + 5 C v ( r ) .  T h i s  f l u c t u a t i o n  c o u p l e d  w i th  th e  

n o n lin e a r i ty  a re  a s s u m e d  to  b e  e m b e d d e d  a s  in h o m o g e n e ity  

in  th e  l in e a r  m e d iu m  G is  th e  s tra in  G re e n  fu n c tio n  [7 ) a n d  

a s s u m in g  sp h e r ic a l g ra in s , th e  e x p lic it  e x p re s s io n  fo r  G is g iv e n  
as  16]

T h u s , th e  c h o s e n  s c a t te r in g  m e d iu m  h a s  th e  characicnsiiL s 
th a t a v e ra g e  s c a t te r in g  o v e r  th e  w h o le  m e d iu m  v a n ish e s

F o r  T O E C  th e  s e lF c o n s is tc n c y  is o n ly  a p p ro x im a te  h c tau v  
in th e  h o m o g e n e o u s  m e d iu m , n o n lin e a r i ty  is a b se n t 1 h c  so 

c a lle d  s e l f - c o n s is te n t  s o lu t io n  fo r  T O E C  is

c; =<?;>. (H i

F ro m  eq . ( 12 ) an d  u s in g  e q . (7 ) , w c  g e l fo r a  co m p o s ite  ha\ inj.' 
is o tro p ic  c o m p o n e n ts

-  =  () (|4)

a n d

(l.^»

w ith  a n d  AT'*' =  ^  (C*',’ +  2 C [ ; ') ,  w h e re  and

K̂ *̂  a rc  th e  s h e a r  m o d u lu s  a n d  b u lk  m o d u lu s  re sp e c tiv e ly  of 

th e  iAh p h a s e  a n d  ju* a n d  K* a rc  th e  c o n e s p o n d in g  effective 

m o d u lu s  o f  th e  c o m p o s ite ,  d e n o te s  th e  v o lu m e  f ra c tio n  ol the 

M h  p h a s e . F o r  c o m p o s ite ,  w e  h a v e  to  d o  a v e ra g in g  o v e r  phase 
v o lu m e  f ra c tio n  b e c a u s e  m a te r ia l  p ro p e r ly  v a r ie s  fro m  phase  to 

p h a se , E q s . (1 4 )  a n d  (1 5 )  g iv e  th e  s e l f -c o n s is te n t  re s u lts  fo r the 

e ffec tiv e  S O E C .

F ro m  e q . ( 13 ), th e  g e n e ra l  e x p re s s io n  fo r  s e lf-c o n s rs ie n i C, 
in  te rm s  o f  th e  e f f e c t iv e  S O E C  a n d  T O E C  o f  th e  p h ases  is 

g iv e n  a s

c*  = 1 ,  v,[{3(X*'>)^ (X  + 2 ) 'y '’(3C, + 2 C2 / ' ’
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+ 8 (K “ ’ ) V ‘' ' ] . (16)

here

3 A '* + 4 //‘
^X‘' ’ + 4 /i*

2 (X *  +2p*)(p^‘^ - p * ) - 5 p * { K ^ ' ^ - K ' )  
+ 4 p ' )  + b ( K '  + 2 p ' ) { p ^ ' ^ - p ' )

5 / / * ( 3 r + 4 / i * )
2{5p'OK" + 4 a/ ‘ ) +  6 (X* + 2 //* )(p < "  - / i* )}

p ( ')  _
l . | ^ ^ * “ 144 »

f ( ' )  _  + 4 C ^ '^

Îjkhwi “  ^ij^kl^nm ■

(17)

(18)

(19)

(20)

and

A/w/f ^ k l ^ I j m n  ^ m n  ^ i j k l ) '

U sing a p p ro p r ia te  te n s o r  in d ic e s ,  th e  th re e  e f r e c t iv e  T O E C  

"   ̂ 1 2^' ^ 144 itnd c a n  h e  o b ta in e d  f ro m  e q . (1 6 ) . T h u s  
hum cqs. (1 4 )-( 16 ), w c  c a n  o b ta in  th e  e ffe c tiv e  S O E C  an d  T O E C  

!i( a e o m p o s ite  u n d e r  th e  s e l f - c o n s is te n t  s c h e m e ,

3. S( )EC and  T O E C  of a  percolati ve system
I he e lastic ity  o f  p c rc o la liv e  s y s te m s  (f-.^>. a tw o -p h a s e  c o m p o s ite  

>1 w hich o n e  p h a s e  is  v o id )  is a  v e ry  a c t iv e  f ie ld  o f  r e s e a rc h . 

I he lu s t  s tu d y  o f  th e  e la s t ic  b e h a v io u r  o f  s u c h  a  sy s te m  n e a r  

peicolalion  th r e s h o ld  w a s  p ro b a b ly  d u e  to  P. G . d e  G e n n e s  [8 ], 
AUcr h im , se v e ra l s tu d ie s  [9 -1 2 ]  o n  2 -d  la ttic e  m o d e ls  h a v e  b e e n  

lepnrtcd. T h e  e la s t ic  c o n s ta n ts  a rc  sh o w n  to  g o  to  z e ro  a s  p i.e. 
ihc v o lu m e  f r a c t io n  o f  v o id s  t e n d s  to  th e  p e r c o l a t i o n  
threshold.

Tw o c la s s e s  o f  c la s t i c  n e tw o r k  m o d e ls  c a n  b e  d e f in e d  
depending o n  th e  k in d  o f  e la s t ic  p r o p e r t ie s  th e  in d iv id u a l b o n d s  

Ihwe. F irs tly , w e  m a y  m e n t io n  a  m o d e l  o f  w h ic h  th e  b o n d s  th a t 
transmit a ll th e  e la s t ic  in f o rm a t io n  a n d  th is  in c lu d e s  th e  b o n d  
^t^nding m o d e l [9 ] , A  d if f e re n t  m o d e l fa l l in g  in to  th e  s a m e  c la s s  

the beam  la ttic e  m o d e l [ 13]. In  th e s e  m o d e ls ,  i f  th e  p ro b a b ili ty  

T hav ing  b o n d s  p re s e n t  fa l ls  b e lo w  th e  p e rc o la t io n  th re s h o ld ,  
the clastic m o d u li w il l  b e  z e ro .

The s e c o n d  ty p e  in c lu d e s  b o n d s  th a t  t r a n s m it  o n ly  p a r t ia l  
‘‘U tic  in fo rm a t io n  [1 4 ] , E la s t ic i ty  o f  c e n tr a l  fo rc e  s y s te m s  [9] 

t̂tlls in th is  c la s s . T h e  v a r ia t io n  o f  d i f f e r e n t  e la s t ic  m o d u li  n e a r  
P^'rcolation th r e s h o ld  h a s  b e e n  s tu d ie d  fo r  th is  ty p e  o f  n e tw o rk .

Later A rb ab i a n d  S a h im i [ 1 5 ,1 6 ]  u se d  M o n te  C a rlo  sim u la tio n

study b o n d  a n d  s i te  p e rc o la t io n  o n  2 -d  a n d  3 -d  e la s t ic  a n d

su p e re la s tic  p e rc o la tio n  n e tw o rk s  w ith  c e n tra l a n d  b o n d -b e n d in g  

fo rc e s . T h e y  h a v e  p ro p o s e d  an  a c c u ra te  m e th o d  fo r  d e te rm in in g  

th e  e la s tic  p e rc o la t io n  th re s h o ld .

B c n g u ig u i [1 7 ] p e r fo rm e d  an  e x p e r im e n t to  s tu d y  th e  e la s tic  

p ro p e r tie s  o f  a  2 -d  p e rc o la tin g  s y s te m . H e u se d  a m e ta l fo il w ith  

h o le s  r a n d o m ly  p u n c h e d  o n  it. B o th  e le c t r i c a l  a n d  c la s t ic  

p ro p e r t ie s  o f  su c h  a s y s te m  w e re  s tu d ie d . It w a s  o b s e rv e d  th a t 

b o th  c la s t ic  m o d u lu s  an d  c o n d u c tiv i ty  g o  to  z e ro  n e a r  th e ir  

r e s p e c ti^ ^  th r e s h o ld s  w ith  d if fe re n t e x p o n e n ts  T h e  e la s tic ity  

e x p o n e n t  T =  3 .5  ±  0 .4  is fo u n d  to  be  la rg e r  th an  th e  c o n d u c tiv ity  

c x p o n e n |r =  1.2 ±  0 .1 . T h e  e x p e r im e n ta l re su lts  o f  B c n g u ig u i a re  

fo u n d  to l ig r e c  w ith  th e  th e o re t ic a l  p re d ic tio n  of B e rg m a n  112 |.

E ffe< |live  m e d iu m  th e o ry  (E M T ) h a s  b e e n  a p p lie d  to  trea t 

p e rc o la t ib n  p ro b le m s  [ 18-19) lik e  h o w  th e  c la s tic  m o d u li g o  to  

z e ro  w ith  - p o r  w h e th e r  th e  ra t io  o f  th e  m o d u li a rc  u n iv e rsa l

n e a r  p . E M T  h a s  b e e n  u se d  to  d e te rm in e  th e  e f f e c tiv e  c la s tic  

m o d u li o f  a  2 -d  c o n tin u u m  .system  c o n ta in in g  ra n d o m ly  o r ien ted  

e l l i p t i c a l  i n c l u s i o n s  1 2 0 ] . T h e  c a s e s  o f  v o id  a n d  r i g id  

re in fo rc e m e n ts  h a v e  b e e n  c o n s id e re d  an d  th e  ek ts tic  p e rc o la tio n  

th re sh o ld s  a rc  d e te rm in e d  fro m  b o th  sy m m e tr ic  an d  a sy m m e tr ic  

s e l f -c o n s is te n t  m e th o d s . A lth o u g h  E M T  is n o t v e ry  a c c u ra te  

n e a r  th e  th re s h o ld , E M T  is k n o w n  to  w o rk  q u ite  w e ll fo r a  la rg e  

ra n g e  o f  c o n c e n t r a t io n s  a lm o s t u p to  th e  th re s h o ld  [ 19|.

T h e  s e l f -c o n s is te n t  s o lu t io n s  a s  o b ta in e d  in  S e c tio n  2 a rc  

u ti l is e d  to  o b ta in  th e  c la s tic  c o n s ta n ts  n e a r  th e  th re sh o ld  fo r  

a  3 -d  c o m p o s ite  w h o se  f irs t p h a se  is v o id , fh e  b e h a v io u r  of 

b o th  e f f e c t iv e  S O E C  a n d  T O E C  h as  b e e n  in v e s tig a te d .

T h e  f irs t p h a s e  b e in g  v o id , a ll its  c la s tic  c o n s ta n ts  a rc  z e ro . 

W c d e n o te  b y  p th e  v o lu m e  fra c tio n  o f  th e  firs t pha.se. T h e n  in

cq s . ( 1 3 ) an d  (1 4 ) , ta k in g  = 0 ,  r ,  = /? a n d  I - p ,  w c

g e t a  q u a d ra t ic  e q u a tio n  in as

8 / i  * “ -  ^ [  4  jt/ ̂  ‘ (2  -  5 / ; )  4- 3 A  ̂ -  3) j

- f 9 A ^ “ V ‘'^ ( 2 / ^ - l )  =  0 . (21)

N o w , a t th e  th r e s h o ld ,  th e  v o id  p h a se  fo rm s  a s p a n n in g

c lu s te r  in  th e  sy s te m  a n d  h e n c e  th e  e f f e c tiv e  eia .stic  co n .s tan ts  
♦

a ls o  v a n is h . P u tt in g  ^  =: 0  in  cq . (2 1 ) , th e  th re sh o ld  is o b ta in e d  

a s

= 0 . 5 . (22)

S in c e  a t th re s h o ld ,  th e  sy s te m  b re a k s  d o w n , w e w a n t to  

s tu d y  th e  b e h a v io u r  o f  th e  s y s te m  as p̂  is a p p ro a c h e d  from  

b e lo w  i.e. fo r/?  < .  In  c q . ( 2 1), ta k in g  p =  p̂  -  5 , w h e re  5  iĴ  ^ 

v e ry  sm a ll q u a n ti ty  a n d  th u s  n e g le c t in g  h ig h e r  p o w e rs  o f  5 ,  th e  

b e h a v io u r  fi* c lo s e  to  th re s h o ld  c o m e s  o u t to  be

4 / /< ^ '+ 1 5 A : '^ A A  /’ >■ (23)
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N o w  in c q .  (1 4 ) , l a k i n g / ^ '‘* =  0 , AT* is g iv e n  by  

4(1

U s in g  e q . (2 2 )  in  e q . (2 3 ) , b e h a v io u r  o f  K* n e a r  th r e s h o ld  is

K = 48AT‘^ V

4p^^’ +]5K ( 2 \ ( a (25)

In  c q s . (2 3 )  a n d  (25)* is 0 .5  a n d  ih c  c r i t ic a l  e x p o n e n t  is  I . 

T h e  v a lu e  ol'p^ is in  a g re e m e n t w ith  th a t o b ta in e d  fro m  th e  se lf -  
c o n s is te n t  s o lu tio n  o f  W a ll et al [211. F u r th e r , b o th  th e  c r i t ic a l  

e x p o n e n t  a n d  p e rc o la t io n  th re s h o ld  m a tc h  w ith  th o s e  o b ta in e d  
by B e rg m an  a n d  K an lo r [ 18] fro m  a  gen e ra liza tio n  o f  E M  A  resu lts . 

It is  a ls o  o b s e r v e d  th a t u s in g  e q s . (2 3 )  a n d  (2 5 )  a s  p  - >  p ,

4>
P

(26)

th a t is th e  ra t io  o f  b u lk  to  s h e a r  m o d u l i  a p p ro a c h e s  a  u n iv e r s a l 
v a lu e . Id e n tic a l re s u lt  h a s  b e e n  o b ta in e d  by  B e rg m a n  a n d  K a n to r  

[181*

U p til n o w , as  it h a s  a lr e a d y  b e e n  m e n t io n e d , th e  n o n lin e a r  
c la s tic  p ro p e r t ie s  o f  p c rc o la l iv e  s y s te m s  h a v e  re c e iv e d  little  

a tten tio n . In  w h a t fo llo w s , w e  fo c u s  o u r  a tte n tio n  on  th e  n o n lin e a r  
p a r t  o f  th e  p ro b le m . T o  o b ta in  th e  b e h a v io u r  o f  e f f e c t iv e  T O E C  

n e a r  th re s h o ld , w e  s ta r t  f ro m  e q . { 16 ) w h ic h  is  fu r th e r  s im p lif ie d  
n o w , b e c a u se  th e  f irs t p h a se  b e in g  v o id , its  S O E C  a n d  T O E C  arc  

zero . S in c e  th e  e f fe c tiv e  T O E C  a re  d e p e n d e n t on  e f fe c tiv e  S O E C , 
th e  p e rc o la t io n  th r e s h o ld  is fo u n d  to  b e  th e  s a m e  in  tw o  c a se s , 

h o w e v e r , th e  e x p o n e n ts  d iffe r . W c g iv e  b e lo w  th e  e x p re s s io n s  
f o r  th e  e f f e c t iv e  T O E C  n e a r  th r e s h o ld .  T h e  d e ta i l s  o f  th e  

c a lc u la t io n  a rc  g iv e n  in  th e  A p p e n d ix .  T h u s ,

C,*2, = (1 -  P ){3A '(^, + 2 /I2 ) +18C |ii +8C i^y

+ U ;C lll + \2A,Aj(-iClll + 4 C < 1 > )} (a  - p ) \  (27)

C,*44 = d-/7 ){4 /l,/l|(3C fij +4C<^^) + 843'c|ij}(p, -/» )\28)  

a n d

C l ^ = m - p ) A ^ 2 C ^ / ^ { p , - p ) \  (29)

w h e re  s u p e r s c r ip t  (2 )  r e f e r s  to  th e  s e c o n d  p h a s e  an d

8 (4 /i‘“* + 15/f‘^’) (4 ) j ‘^’ - 3 /:'^*)

(15A :‘^> - 2 0 / i ‘^ ' + 4 8 / / ‘^ '/ ; ) ( 4 ai<^’ -3 A T ‘^ ' + 3 6 / f ' - V ) ’

(30)

36AT‘-^

A, =

and ^ 2  ~ (31)

F ro m  c q s . (2 7 )  -  (2 9 ) , w c  f in d  th a t  in  th e  n o n lin e a r  case, iĥ  

e x p o n e n t  is 3. H e n c e , th e  th r e s h o ld s  fo r  e f f e c t iv e  SO EC  anij 

T O E C  a re  s a m e  b u t th e  e x p o n e n ts  d if fe r . T o  o u r  k now ledge, 

p re s e n t  s tu d y  in v o lv in g  T O E C  o f  p e rc o la t iv e  s y s te m  is the Iim 

o f  its  k in d .

E a r lie r ,  E M A  h a s  b e e n  u se d  by  s o m e  a u th o r s  [22-24J i{, 

t r e a t  th e  p e r c o l a t i o n  b e h a v io u r  w i th  r e s p e c t  to  nonimcai 
d ie le c tr ic  p ro p e r ly  w h ic h  b e in g  a  lo w e r  ra n k  tc n s o r ia l  proptn, 

th a n  T O E C , is e a s ie r  to  h a n d le .

4. Cross-over s tra in  field in percolative system

T h e  re s u lts  o b ta in e d  in  th e  p re v io u s  s e c t io n  w ill n o w  be utilised 

to  d e te r m in e  th e  c ro s s - o v e r  s t ra in  f ie ld  in  a  p e rc o la tin g  solid- 

v o id  s y s te m . T h e  c r o s s - o v e r  s tra in  f ie ld  is  d e f in e d  as  that hold 

a t w h ic h  th e  l in e a r  r e s p o n s e  a n d  n o n l in e a r  re s p o n se  nl i!u 

c o m p o s ite  b e c o m e  c o m p a r a b le .  T h e  c o n c e p t  o f  c ro ss-o v e i held 

o r ig in a te d  f ro m  th e  w o rk  o f  B lu m e n fe ld  a n d  B e rg m a n  122] wU, 
u se d  th e  r e s u lt  o f  S tro u d  a n d  H u i [2 3 ] o n  th e  c o n d u c tiv ity  of a 

w e a k ly  n o n lin e a r  m e d iu m  to  o b ta in  th e  s c a l in g  beh av io u r i i 

c r i t ic a l  c u r re n t w h ic h  d e n o te s  th e  tr a n s i t io n  fro m  lineai h 

n o n l in e a r  b e h a v io u r . H u i |2 4 ]  a t te m p te d  to  c a lc u la te  the uosv  

o v e r  e le c tr ic  f ie ld  in  p e rc o la t in g  p e r f e c t  conductor-nonliniM ! 

n o rm a l m e ta l c o m p o s ite  w ith in  th e  f r a m e w o rk  o f  th e  cllecii\L 

m e d iu m  th e o ry . T h e  e x p o n e n t  o f  c ro s s -o v e r  f ie ld  w as found in 

b e  1/2 fo r  a ll sp a t ia l  d im e n s io n s .  A c c o rd in g  to  th e  defin ition  0! 

th e  c ro s s -o v e r  f ie ld , in  th e  e la s t ic  c a s e , th e  fo l lo w in g  cor\(Jiiioi, 

m u s t b e  s a t is f ie d

N o w , fo r  th e  is o tro p ic  m a te r ia l ,  th e re  a re  tw o  ty p e s  o f  siiaiti 

-  th e  b u lk  a n d  th e  s h e a r  s tra in . T h u s ,

<  >  = <  ^22 >  =  <  f , ,  > =  C,(.V«V) d ')

w h ic h  d e n o te s  th e  b u lk  s t ra in  a n d

<^2.1  >  > = < ^ 1 2  >=^4(*i'A V )

d e n o te s  th e  s h e a r  s tra in . T h e n  fro m  eq . (3 2 ) , w c  g e t

(3C,‘,  + 2 C l ) e ,  = + C ,« (9 e f + 3 e h

a n d

£a =

■ 4 c ; , 4 £ f + 2 f i )

2C.

(351

(36i
456

Substituting eq. (36) in eq. (35), wc get a quadratic equation h’ 
£i as

A cf - 2 B e i  + C  = 0 , (.371
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and

 ̂= (3C,*44 + 4C;«i)'(3C,‘44 + s c ; , , )

+ 2C;5',(9C;23 + 18C,*44+8C;5,). 

S = (3C|44 +4C4„)(3C|44+8C4„)C44 

+  2 C ;.? ,(3 C ,* 2 + 2 C ;4 )

C = (3C| 4 4  + 8 C4 5 ,  ) C4 4  .

(38)

(39)

(4())

Using th e  re s u lts  o f  th e  p re v io u s  se c tio n  i.e. th e  b e h a v io u r  
ol the e f fe c tiv e  S O E C  a n d  T O H C  n e a r  th r e s h o ld ,  w c  g e l 

- p f ^  B~(p^  - / > ) ’  an d  C ~ ( /> ,  - p ) \

The ex ac t e x p re s s io n s  a re  to o  b ig  an d  so  a re  n o t g iv en  h ere  

explicitly. F ro m  th e  so lu tio n  o f  th e  q u a d ra tic  eq u a tio n  an d  u sin g  

(he variation o f  A, B an d  C  w ith  {p̂  -  p),  th e  s tra in  fie ld  £ | is 

tound to b eh av e  as

£i ~ (l\ -P)~^‘

Using eq. (4 1 ) in eq . (3 6 ), w e  g e t

■̂ 4 ~(Pc - / > )

(41)

(42)

Thus w ith in  E M  A , th e  e x p o n e n t fo r  c ro s s -o v e r  s tra in  fie ld  is 

2 The lin ea r re g im e  b ro a d e n s  n e a r  th e  th re sh o ld  s in ce  from  

eejs (41) an d  (4 2 ), it a p p e a rs  th a t c lo se  to  p^ , v e ry  s tro n g  fie ld  

will be n eed ed  to  o b se rv e  th e  c ro s s -o v e r  b e h av io u r. H ui [24] 

suggested th a t i f  o n e  p h a se  o f  th e  c o m p o s ite  is a  h a rd  m a te ria l 

(clastic con.stant v e ry  la rg e ), th e  l in e a r  re sp o n se  re g im e  sh rin k s. 

So It IS e x p e c te d  th a t re v e rse  w ill h a p p e n  in  th e  c a se  w h e re  o n e  

phase is vo id , an d  o u r  th e o ry  re v e a ls  th e  sam e  fac t.

5. Conclusions

Some in te re s tin g  a sp e c ts  o f  th e  n o n lin e a r  m e c h a n ic a l p ro p e rty  

ol com p o sites  h av e  b een  s tu d ie d  in  th is  w o rk . T h e  p e rc o la tio n  

^ludy for n o n lin e a r  e la s tic  p ro p e r ly  an d  th e  c ro s s -o v e r  s tra in  

held have b een  in v e s tig a te d  fo r  th e  f irs t tim e . E M A  m ay  n o t 

give accu ra te  re su lts  n e a r  th e  p e rc o la tio n  tra n s it io n , h o w ev e r, it 
can be u sed  as a  f irs t s te p  to  tre a t p e rc o la tio n  b e h a v io u r  o f  

nonlinear p ro p e rtie s . T h e se  s tu d ie s  w ill b e c o m e  m o re  in te restin g  

h the s h a p e  o f  th e  g r a in s  o r  p h a s e s  c a n  b e  ta k e n  in to  

consideration . T h e  s tu d y  is in  p ro g re ss  an d  w ill b e  re p o r te d  in a 
l^uiure c o m m u n ica tio n .

S Sarkar a c k n o w le d g e s  th e  C o u n c il o f  S c ie n tif ic  &  In d u s tr ia l 

Research, G o v e rn m e n t o f  In d ia , fo r  f in a n c ia l a ss is ta n c e .
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Appendix

W c g iv e  h e re  th e  sch em e  o f  c a lc u la tio n  s ta rtin g  from  eq. (1 6 ) to  
o b ta in  th e  e q u a tio n s  fo r  e f f e c t iv e  T O ltC  n e a r  p e rc o la tio n  

th re sh o ld .

F o r  th e  firs t p h ase  /.e. vo id , all c la s tic  c o n s ta n ts  van ish . 
T h u s ,

an d

= 0

_ r ( i )
^12^ ^144 ~  ^456 ~

T h en  eq . ( 16) s im p lif ie s  as

c; = ( l - p ) [ { 3 ( X ' - ’ ) - ( X  +  2n‘-’(3C, +2C2)'-'

+ 8 ( y ‘-> )’ c ‘^»] ( A l)
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where

y ,2 ,  3 r  +  4j[/*

~ 3 a: " ' + V

2{K' )Gd-’ - f i ' -  K' )
+ 4 / / ' ) + 6( a: ' +  2 ; / ' -  jU’ )

5/(3/r*+4^ )

2 { 5 / i * ( 3 /^ ‘ + 4 / i * ) + 6 ( / r ’ + 2 / i * ) ( ^ ' ^ ' - / ) }

(A2)

. (A3)

C t 2 > = V ’f ^ ) + 4 r < 2 )

p (2 ) _  1 ^ (2 )  . 4 f l 2 t
‘-2 - - ’ ‘- l4 4 + ^ '-4 5 h  ■

Using cqs, (23) and (25) which give the behaviour of fj * and r  
respectively near threshold, and take the form

^ , 2 , _  8(4//‘-*+15r^’)(4//''’-3^'^>)

( 4 / i ' - ’ - 3 / f ' - ’ + 3 6 / f ' ' V ) ( l 5 / f ‘' ‘ - 2 0 / 2 ‘" + 4 8 / i ' ' ' p ;

(Aft)ip, - P)
and

^  3 6 r - V  +  4 / i ' - ' - 3 / : ‘' '^ ^ ^ '

3 6 A :''>

IA7,

(A4) In eq. (A l) putting appropriate tensor indices and using cqs 
(A5) (A l)-(A 7 ),w eg etcq s.(2 7 )-(2 9 ).


