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Abstract : Phonon response function foi the heavy termion (HF) sy.siems for finite wave vector q and teinperauire T is calculated The election- 
phonon interaction in the Periodic Anderson Model (PAM) foi the normal state is considcied An analytical analysis is earned out lor small q and in 
the limit of low temperature The calculated phonon self-energy is studied lor various model parameters ol the system The observed behaviour is found 
to agiee well with the general features obtained experimentally for some heavy fermion (HF) systems
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1. Introduction

In recen t y e a rs , a  lo t o f  in te re s t  h a s  b e e n  d e v e lo p e d  on  h ea v y  

Icrm ton  (H F ) sy s te m s . T h e s e  a rc  th e  in te rm c ta l l ic  c o m p o u n d s  

with partia lly  filled  /-b a n d s  o f  ra re  ea rth s  like  C e , Y b  an d  a c tin id es  

like U. T h e se  fo rn i a  h ig h ly  c o r re la te d  e le c tro n  sy s te m  at lo w  

tem p era tu re  a n d  sh o w  m a n y  in te re s t in g  a n o m a lie s  o f  e le c tro n ic  

and la ttic e  p ro p e r tie s  11 ~ 3 ].

T h e re  a re  .sev era l m e a s u r e m e n ts  [21 w h ic h  s u g g e s t  th e  

ex is tence o f  s tro n g  e le c tro n -p h o n o n  in te ra c tio n  in h ea v y  fe m iio n  

(H F) sy s te m s . T h e  m o s t  p r o m in e n t  e f f e c t  o f  ihc.se a rc  th e  

so ften in g  o f  c la s tic  c o n s ta n t ,  te m p e ra tu re  d e p e n d e n c e  o f  th e  

th e rm al e x p a n s io n ,  s t ro n g  s o f te n in g  o f  p h o n o n s  b e lo w  th e  

K ondo  te m p e ra tu re . T o  u n d e rs ta n d  th is  m ic ro s c o p ic a lly , w c  

c o n s id e r  tw o  d i f f e r e n t  m e c h a n i s m s  o f  e l e c t r o n - p h o n o n  

c o u p lin g s  th ro u g h  th e  P e r io d ic  A n d e rs o n  M o d e l (P A M ) [41 ie, 
the u su a l in te ra c t io n  b e tw e e n  th e  p h o n o n s  w ith  th e  e le c tro n s  in  

th e / -b a n d s  a s  w e ll a s  th e  in te ra c t io n  a r is in g  fro m  th a t o f  th e  

h y b rid isa tio n  b a n d . O u r  a im  in  th is  p a p e r , is to  c a lc u la te  th e  

in flu en ce  o f / a n d  c o n d u c tio n  e le c tro n s  m ix in g  a n d  / - e le c t r o n s  

iilone on p h o n o n  se lf-e n e rg y . T h e re fo re , to  a c c o u n t th e se  e ffec ts , 

the p re se n t a n a ly s is  e x p lo r e s  h o w  th e  p h o n o n s  g e t m o d if ie d  

th ro u g h  th e  s e l f -e n e rg y  a n d  th e  sp e c tra l  d e n s i ty  fu n c tio n  w h ic h  

in tu rn  in v o lv e  r e s p o n s e  f u n c t io n s  c o r r e s p o n d in g  to  th e  

c o n d u c tio n  e le c t r o n s , / - e le c t r o n s  a n d  t h e / - d  m ix in g  d e n s itie s .

2. Formalism

W c c o n s id e r  th e  m o d e l sy s te m  w ith  th e  H a m ilto m a n

H =  / / „  +  //^, +  (1)

w h ic h  c o n s is ts  o f  th re e  te rm s  (i)  th e  e le c tro n ic  H a m ilto n ia n  77̂ ,̂

(ii)  th e  H a m ilto n ia n  fo r th e  p h o n o n s  7/ ,̂ a n d  (iii)  th e  e le c tro n - 
p h o n o n  in te ra c tio n  te rm  T h e  e x p lic it lo rn i o f  th ese  a rc  

g iv e n  by

Qfy -^0 fka hcf Orr
k(T ka ka

■f ( / /  2 , (2a)
<(T

p “  q ^ q  * (2b)

~  Uf,CT Q .cr A ,rr)

A ,r]{b,+!>%]■ (2c)

T h e  n o ta t io n s  u se d  in th e  a b o v e  e x p re s s io n  a re  sa m e  as  
d e sc r ib e d  in o u r  e a r l ie r  p a p e r  [51.

S in ce  w c  a rc  in te re s te d  in th e  c a lc u la tio n  o f  p h o n o n  re sp o n se  
fu n c tio n s , it is  n e c e ssa ry  to  e v a lu a te  th e  p h o n o n  G re e n  fu n c tio n

[6] d e f in e d  as
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=  - / i J ( / - / ' ) ^ [ 4 , ( / ) : \ ( 0 ]  ) .

w h e re  =  h,i + h\^ a n d  = h ^ - b

(3)

(4)

fu n c tio n  nh-q o rd e r  lin e a r  in q a s

£k-q . (7a)

»'k-q = »h 5 ( £ i  - £ f ) . (7b )

w h e re  / dk \^ ^  a n d

(7c)

S im ila rly , th e  te m p e ra tu re  d e p e n d e n t te m i w h ic h  a p p e a rs  in  th e

a n a ly tic a l e x p re s s io n  is  ( ta n h  (y , /  2 0 ) -  la n h  ( v 2 /  29)) (h e re  

9 kT)- T h is  is th e  te rm  w h ich  lin k s the  d iffe ren t tim e  co rre la tio n  

f u n c t io n s  to  t h e i r  c o r r e s p o n d i n g  G r e e n  f u n c t i o n s .  T h e  
e x p a n s io n  o f  th is  in  th e  lim it o f  sm a ll te m p e ra tu re  is  g iv e n  by

ta n h  ( v, /  2 0 ) ~  ta n h  /  2 0 )

=  - 2  c x p ( ( f  ~  ^ 0 1  /  2 0 ) s in h  ~  +  ^ 2 0  , (8 )

w h e re  y, j  =  1 /  2 ( £ j  +  £ „ )  ±  ] /  2  ^ ( E ^ - E „ f + 4 y l  . (9)

W h e n  th e s e  a re  s u b s t i tu te d  in  e q . (5 ) , th e  rc n o r m a l is e d  
p h o n o n  d is p e rs io n  ta k e s  th e  fo rm

(o)/(0^ f  = l + {4Jt/o}^)Xio),q,T), (10)

After parametrising the different quantities of eq. (11) in the
following way, the eq. ( 10) can be put in a compact form as given
below

w h e re

are  re sp e c tiv e ly  th e  ^ -Ih  F o u r ie r  c o m p o n e n t o f  th e  d is p la c e m e n t 

an d  m o m e n tu m  o f  th e  io n s . T h e  F o u r ie r  t r a n s fo rm e d  G re e n  

fu n c tio n  D.. .̂((0 )̂  w e re  e v a lu a te d  to  e x p re s s  th e  p h o n o n  se lf- 

e n e rg y  w h ich  is g iv e n  by

ro ‘ -  £ 0 ^ - 4 a : , . ( « )  =  (), (5)

w h ere

X,M- (<W) =  / l ( “ V ) / l ( w ' < y )  +  / l ( - < / ) / 2 ( - « r ' ) ^ 2

w h e re  r / .v ( /  =  1 to  4 ) re p re se n t th e  e le c tro n  re s p o n se  fu n c tio n s . 

T h e s e  e le c tro n  r e s p o n s e  fu n c t io n s  a rc  h ig h e r  o r d e r  G re e n  
fu n c tio n s  o f  th e  e le c tro n  o p e ra to rs  a n d  a rc  e v a lu a te d  fro m  th e  

e q u a tio n s  o f  m o tio n  o f  G re e n  fu n c tio n s  u s in g  o n ly  th e  e le c tro n ic  
p a r t o f  th e  H a m ilto n ia n  g iv e n  by  cq . (2 a ).

3. Evaluation
In v ie w  o f  o u r  in te re s t , w e  h a v e  e v a lu a te d  e q s . (5 )  a n d  (6 ) fo r  

sm aIl-</ a n d  T  lim it. In  d o in g  so , w e  e x p a n d  a n d  th e  F e rm i

(0) /  (0 ^)^ =  l - 4 j ? ( / |  +  / j  +  7 3 ) , (12)

/ ,  = 4 A ( B + C ) , (13a)

I2 =idA F e x p  (-7>.«) s in h  {bD)l(I)E) , (13b)

l y=! dx { J  + H)  e x p  i -bx)  s in h  (bD) /  E , (13c)

A = 4 k ( c - y f  + d ) / Uy f - d ) ^  - c ^  + 4 ) , (14a)

B=^(2 r / ( y f - d ) - l ) , (14b)

C=r^(c  + y f - d ) / U y f - d ) ^ U - y f  + d), (14c)

D = { ( x - d f  + 4 f  , ( I4 d )

E — ((x — d)~ +  4 — r ’ ) . (I4 e )

F = ( ( x-d)^  + 2r{x - d) + ) c\p {-hd). (141)

G  =  (c  “  A +  d /) /  ( .V -  J  +  r ) , (14j!)

H =  {kG -\-2rkG{2{x -  d) c) / {x -  d)^) , ( I4 h )

/  =  2 r k { x - d )  ( v - ^ / -  1 ) H- c{x -  d -  c))

l { { x - d ) ^ ( x - d -(■)), (I4 i)

w h e re

= xi(0 ,q,T).  (11)

a n d  th e  d if fe re n t  d im e n s io n le s s  p a ra m e te r s  a re  

'■ =  / 2 ( 9 ) / / i (9)> g =

v /  =  f c > / 7 o - ‘ = " / y o - *  =  9^’f  /  - (15)

4. Results and discussion
T h e  d if fe re n t  d im e n s io n a l  p a ra m e te r s  th a t  a re  in v o lv e d  in  the 

n u m e r ic a l  c a l c u l a t i o n s  a r e  : /* =  f i i q )!  f\(Q) th e  r a t io  o f  

c o u p lin g  s t re n g th  o f  p h o n o n s  w ith  e le c tro n s  in  th e  f~ band  and  

th e  h y b r id is a t io n  b a n d  ; g , th e  e f f e c t iv e  c o u p lin g  p a ra m e te r  and  

d , th e  p o s itio n  o f  th e  f - lc v c i. y f , x, c , k  re la te  to  th e  F e rm i energy , 

e n e rg y  o f  th e  c o n d u c tio n  b a n d , p h o n o n  e n e rg y  a n d  w a v e  v e c to r 

r e s p e c t iv e ly .  T h e  v a lu e s  o f  th e s e  p a r a m e te r s  m o r e  o r  le s s  

in f lu e n c e  a n d  p la y  a  d o m in a n t  ro le  in  d e te r m in in g  th e  p h y s ic a l 

c h a ra c te r is t ic s  o f  th e  H F  s y s te m s . T h e  re s u l ts  o f  th e  n u m e r ic a l 

c a lc u la t io n s  a re  p re s e n te d  in  th re e  f ig u re s . F ig u re  1 s h o w s  the 

v a r ia tio n  o f  re n o r m a l is c d  p h o n o n  e n e rg y  m  w ith  b ( th e  in v e rse  

o f  te m p e ra tu re )  fo r  <7 =  0  a n d  fo r  d if fe re n t v a lu e s  o f  ̂ / = -  5 , - 2 ,0 ,

2 . I t is fo u n d  th a t  th e  d e g re e  o f  p h o n o n  s o f te n in g  d e c re a s e s  as 

/ - le v e l  is  m o v e d  to w a rd s  th e  F e rm i le v e l . B u t  fo r  p o s i t iv e  v a lu e s  

o f  d th e re  is  h a rd ly  a n y  s o f te n in g . F ig u r e  2  s h o w s  th e  v a ria tio n  

o f  io w ith  <7 fo r  r =  0  a n d  fo r  th e  s a m e  v a lu e s  o f  d. I t  is fo u n d  that
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ibc softening is poorer com pared to the variation co with that o f 
temperature shown in Figure 1. M oreover, there is phonon

Figure 1. Plot of M(=w/a)o) versus Temperature b for q = 0, r = 0.01, 
^0 01 and for different values of r/ = - 5 0, 2 0, 0 and 2 0

temperature is decreased, the phonon softening becomes faster. 
Moreover, on comparing this plot with the two plots described 
above, it shows that both q and T have finite contributions to 
the phonon spectrum. The other two parameters r and g also 
influence the phonon softening. The study of their influence on 
phonon softening for different values of these will be published 
elsewhere.

Figure 2. Plot of versus q for zero temperature and for
different values of d = -  50, -  2.0, 0.

hardening when the d value is positive. Finally the Figure 3 
shows the variation o f a> for finite values o f q and T. Thus to 
study this effect, the plot is m ade for o) versus q for different 
values of Ti.e, for different b values 0 ,0 .1,0 .2 ,0 .3  and for same 
values o f r and g with d  =  -  2.0. It is observed that as the

t

Figure 3. Plot of w(=w/a>n) versus q for different values of temperature 
b = 0 ,0  1, 02. 0,3 with r = 0 1. =0.01, rf = -2 0

5. Conclusion

An attempt has been made to explain the influence of different 
system parameters on the electron-phonon interaction in the 
HF systems. To understand the mechanism microscopically, 
phonons arc assumed to interact with both the f-clcctron as 
well as to the hybridisation o f conduction of f-electrons. The 
phonon response functions are evaluated exactly for all wave 
vectors (q) and temperatures (T). Zubarev type Green functions 
are used to evaluate these quantities. To achieve simplification, 
the phonon self-energy is evaluated in the static limit.
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