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Static local fleld factor for spin interacting system
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Abstract A simple form for the static local field factot C{q) which|appears in the diclectic screening theory tor the most general case of
unpolarised interacting electron gas is proposed. A very accurate fit of Ccp|rlc>-Alder data of electron coriclation energy for both spin parallel and 
jutiparallel slates in the entire density range using Lcvtn-Weniger inierpolani U obtained and used for the calculaiion of OUp Both the short- and long- 
wavelength limits of G{q) are satisfied exactly in the present formulation which ensures fulfilment of number of other consistent criteria and provides 
sonic interesting results
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]. Introduction

T he ro le  o f lo c a l  f ie ld  fa c to r  (L F F )  in  d ie le c tr ic  s c re e n in g  th e o ry  
IS very cru c ia l [ I -3 ]. In  an  e a r l ie r  w o rk  (31, a  gocxl d ea l o f  a tten tio n  

has been  p a id  to  th e  s ta tic  Ux:al fie ld  fa c to r  in d ie le c tr ic  sc re e n in g  
l unc lio n  o f  e le c tro n  g a s . T h e  le s t c h a rg e  s ta tic  d ie le c tr ic  fu n c tio n  

IS g iv en  by

\^v{q)G{q)Xo<q) ( 1)

w here  L in d h a rd  ( n o n in tc ra c t in g )  s ta tic  r e s p o n s e

(u n c tio n , v (^ )  =  ! q^ th e  C o u lo m b  c o u p lin g  fa c to r  a n d

0{q) s im u la te s  th e  e x c h a n g e  a n d  c o r r e la t io n  (X C ) e f f e c ts  o f  th e  

e lec tro n  g a s  in  th e  lo c a l a p p ro x im a t io n . T h is  G{q) is k n o w n  as 

local f ie ld  fa c to r. A  d e ta i le d  d is c u s s io n  o n  G{q) is p ro v id e d  by  

S a rk a r et al [3 ] a n d  a ls o  b y  r e f e re n c e s  g iv e n  th e re in . H o w e v e r , 
m all th e  e x is t in g  l i te r a tu re s  in c lu d in g  th e  m o s t  re c e n t  a tte m p ts  

14-7]^ th e  sp in  in te r a c t io n  o f  th e  u n p o la r is e d  s y s te m  is n o t 
p ro p e rly  tre a te d  a s  n o  d is t in c t io n  is m a d e  b e tw e e n  th e  re s p o n se  

o f  th e  s p in -u p  e le c tro n s  ( s a y )  to  th e  sp a tia l  p o la r is a t io n  o f  th e  

sp m -u p  e le c tro n s  th a n  th e y  d o  to  th e  s p a t ia l  p o la r is a t io n  o f  th e  

sp in -d o w n  e le c tro n s  o f  th e  u n p o la r is e d  e le c tro n  g a s .
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2. T h e o ry

F o llo w in g  D o lg o v  vi al\^\,  o n e  m ay  re c a ll th a t a s  r\ (W ig n e r-  
S e i t /  ra d iu s  o f  th e  e le c tro n s  in u n its  o f  B o h r ra d iu s )  is in c re a se d , 
th e  e le c tro n  g a s  sy s te m  m a y  b e c o m e  u n s ta b le  w ith  re sp e c t to  
th e  fo rm a tio n  o f  s ta le s  w ith  c h a rg e  d e n s ity  w av e  (C D W ) o r sp in  
d e n s ity  w av e  (S D W ). T lic  sy s te m  b e c o m e s  u n s ta b le  w ith  re sp e c t 
to  th e  d iv e rg e n c y  o f  th e  c o r re s p o n d in g  rcspon .se  fu n c tio n , i.e. 
th e  d iv e rg e n c y  o f  th e  c h a rg e  su .sccp iib ilily  x^^l) C D W  o r 

th e  d iv e rg e n c y  o f  th e  m a g n e tic  s u s c e p tib i l i ty  XnMi"  ̂ SD W . 

F o llo w in g  d e n s i ty  fu n c tio n a l th e o ry  o n e  m a y  c a lc u la te  b o th  th e  
fu n c tio n s . In  th e  s ta tic  lim it, o n e  c a n  d e f in e

/ ( ) ( ' / )

a n d

\ -v{q)[ \-G(q)]xQ(q)

\ + v(q)G(q)Xi){q)

(2)

(.3)

H e re  G{q) is  th e  sp in  fu n c tio n  o f  th e  L F F . T h e  fu n c tio n s  G(q) 
a n d  G(q) c a n  be  w ritte n  as  [91

G(q) = \[G'^^(q) + G^’(q)]

a n d

G { q ) ^ ^ [ c ‘ { q ) - G ‘'iq)]^

(4)

(5)
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w h e re  Ĉ {cf) a n d  G^(q) a re  th e  L F F  fo r e le c tro n s  w ith  p a ra lle l 

a n d  a n iip a ra l lc l sp in s  re sp e c tiv e ly .

T h e  sp in  in te ra c tio n  in th e  th e o ry  of LFF" lo r  u n p o la r is c d  

e le c tro n  g a s , th e re fo re , re p la c e s  G^\q) w ith  G(q), T h e  p re se n t 

p a p e r  p ro v id e s  a b r ie f  a c c o u n t o f  G{q) th ro u g h  a  c o n s is te n t 

e v a lu a tio n  o f  a n d  G^\q).

E v a lu a t io n  o f  G^\q) r e q u i r e s  k n o w le d g e  o f  X C  e n e rg y  

fu n c tio n a l an d  its  d e r iv a t iv e  fo r  fe r ro -s ta te  o f  e le c tro n  g a s . 

C e p e ric y  an d  A ld e r  (C A ) [ 10] h av e  p ro v id e d  c o rre la t io n  e n e rg y  

o f  e le c tro n  g as  fo r  fe r ro -s la lc  at six  d if fe re n t v a lu e s  fro m  

Q u a n tu m  M o n te  C a r lo  (Q M C ) c a lc u la tio n . V osko , W ilk  an d  

N u sa ir  (V W N ) 11 11 h av e  fitted  th e  Q M C  d a ta  fo r the  c o rre la tio n  

e n e rg y  o f  C A  by  a  F a d e ' ty p e  ra tio n a l in te rp o la n l. T h e  V W N  fit 

ex h ib it so m e  p ro b le m  d is c u sse d  in R ef. [3 |.  In  th is  p re se n t p ap er, 

w e h a v e  p ro v id e d  an  im p ro v e d  a n d  g o o d  fit o f  C A  d a ta  an d  

o b ta in e d  a c lo se d  fo rm  e x p re s s io n  fo r  c o rre la t io n  e n e rg y  w ith  

L e v in -W e n ig e r in te rp o la n ts  an d  th e  d e ta ils  o f  th is  l u tin g  sc h e m e  

is g iv en  in R ef. [3]. T h e  p re s e n t fit o f  ) is m a d e  o v e r  e n u re  

d en sity  ran g e  u s in g  a ll th e  six  p o in ts  o f  Q M C  d a ta  o f  C A  an d  
in tc rp o la n t is g iv e n  by

ec(r , ) - '
1 -f r / , /; +  r/2 /;" -f -f a^r^ 

+  /?,t\ -f +  b^t\ -f
jmRyd,  (5 )

w h ere

a ,  =  0.24979381, 

a^ =: 0 .a)273095 ,

=  0.011258694,

=  0.(X)I65158, 

7 .9 6 5 6 3 3 4 E -0 6

a,  =  0.(V42193510, 

a^ =  0.(X)003620, 

fc, =  0.fX)723687, 

b^ =  0.00017853,

=  6 .4 7 5 2 0 8 9 6 £ -0 8 .

T h e  g ro u n d  s ta te  e n e rg y  d e n s i ty  o f  a h o m o g e n o u s  e le c tro n  
g as  in L o ca l D e n s ity  A p p ro x im a tio n  (L D A ) m ay  b e  w ritten  [12] 
a s

U)A. f € ( / i ( r ) ) : (7)

T h e  a b o v e  p r e s c r ip t io n  is  a l s o  a p p l i c a b le  to  th e  s p in  

p o la r ise d  s ta te  o f  e le c tro n  g a s  th ro u g h  th e ir  r e s p e c tiv e  sp in  

d e n s i tie s  via th e  v a r ia b le  n(r) d e f in e d  as

« ( '•)  =  H +(^) +  n . ( ^ )

a n d

_  W , . ( r ) - n _ ( r )

(8)

(9)

C) =  i ] / ( 0

^  f ) =  <’r  ( ^ )  +  [ ‘' r  ( r* > “  ‘’r  < >] / < 0

(10)

( I I )

w h e r e C x (/- ,)  =  - 0 . 9 1 6 / r , , <’^ ( r « )  =  2 V j J ( r j .

/ ( C )  =  [ ( l + 0 '  + ( 1 - 0 ^  - 2 j / | 2 ( 2 ’ - o j a n d e / ^  from  R ef. 1.31 

N o w  fro m  e q s . ( 10 )  a n d  ( 1 1), w c  c a n  w rite

xr (■ C) = ,v (n ) + ̂  ̂ '.v (n . O +«■ A ^  (r. - 0  •
F ro m  the  e x p re s s io n  o f  A ( r,.. ^ , it is c le a r  th a t A ( / ; ,  C)

m a y  be e x p re s s e d  in a  c lo s e d  a n a ly t ic a l  fo rm  u s in g  e q . (6 )  for 

fo r ) o f  R ef. [3] a n d  th e  e x p re s s io n  fo r  / ( ^ ) .

F o llo w in g  o u r  e a r l ie r  c o m m u n ic a t io n  [3 ], h e re  w e lik e  to  

e x tra c t a re l ia b le  L F F  G^(q) fo r  fe r ro m a g n e tic  e le c tro n  g a s  w ith  
th e  c r i te r ia  th a t G^\q) m u s t sa t is fy  (i)  e x a c t  c o m p re s s ib il i ty  su m  

ru le  in th e  lo w  q lim it ( i i)  p o s i t iv i ty  o f  p a ir  c o r re la t io n  fu n c tio n  
w ith  th e  f u l f i lm e n t  o f  K im b a l l 's  |9 ]  c r i te r io n  o f  th e  lo n g  

w a v e le n g th  lim it ( i ii)  r e p r o d u c e  th e  X C  c n e r g y / p a r t i J e  o f  the 
h o m o g e n o u s  e le c tro n  g a s  ( f e r ro -m a g n e lic  s ta te )  sy s te m  u n d e r  

L D A . 1 'h c  d e ta i ls  o f  th e  c r i te r ia  a n d  e x tr a c t io n  o f  L I T  fo r 

h o m o g e n o u s  e le c tro n  g a s  s y s te m  m a y  b e  fo u n d  in  R e l. 13). T lie  

G^{q) fu n c tio n  o b ta in e d  in  th e  p re s e n t  fo rm u la t io n  sa tis fy in g  
v a r io u s  c r i te r ia  m a y  b e  g iv e n  b y  a  th re e  p a ra m e te r  e x p re s s io n  .

G iq) Af  1 +  Bf. e x p f̂> (12)

w h e re  is th e  F e rm i w a v e  v e c to r , A ^ a n d  C^. d e te rm in e  th e  tw o  

lim ilih g  b e h a v io u rs  o f  G^(q).

iT o n i firs t c r i te r ia  w e  c a n  w rite  [3]

l i m ^ . , „ G ' '( ^ / )  =  y ^ ‘( r j |

w h e re  th e  c o m p re s s ib i l i ty  su m  ru le  c o e f f ic ie n t

n ,(»") +  M _(r) 

w h e re  a rc  th e  d e n s i t ie s  o f  sp in  p o la r is e d  s ta te s .

F o l l o w i n g  V W N  th e  e x c h a n g e  e n e r g y  ex(r,,^)  a n d  

c o r r e la t io n  e n e r g y  p e r  p a r t ic le  o f  a  h o m o g e n o u s

e le c tro n  g a s  fo r  sp in  p o la r is e d  s ta te  m a y  b e  w rit te n  a s

S n ’ dn~

n a  ,  d
—  r : -  
2 4  '  d n

~2 d f'y X 1

F o llo w in g  K im b a ll  [9 ] , th e  s e c o n d  c r i te r ia  i.e, th e  la rg c -^  

b e h a v io u r  o f  th e  L F F  m a y  b e  o b ta in e d  a s  fo l lo w s  :

J? ^ (0 ) =  l-c '’{po) a n d  g ^ ( 0 )  =  1 - G ^ ( p o ) .
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T h e  p a ir  c o r re la t io n  fu e n t io n  g(r) fo r  th e  u n p o la r is c d  s ta le  is 

a cco rd in g ly  g iv e n  by

N o w  P a u li p r in c ip le  a s s e r ts  th a t =  0 .  w h ic h  im p lie s

g '̂ (oo) = 1 and = 1- 2^( 0) .

T h u s  w ith o u t in t ro d u c in g  s e r io u s  e r ro r , w e  c a n  w rite  m  lirs t 

a p p ro x im a tio n :

^ [ G ' \ q )  +  G ^ ( ^ ) ]  =  1 -  « ( ( » ,

and

T h e  s h o r t  r a n g e  c o r r e la t io n  ( 0 )  -  ) is ta k e n  fro m

lad d er d ia g ra m a t ic  c a lc u la t io n  o f  Y a su h a ra  (1 3 ].

F o llo w in g  c r i te r io n  ( i ii ) , (r^) is o b ta in e d  as

=  + - h r i r j n r ^ I n / ;  . 0 3 )

w here

=  0 .2 7 1 2 0 6 9 7  /> =  0  0 2 3 3 6 7 2 9 7  r  =  0.(KX)4025675,

d = ~ O . m i M l  145 6 .3 6 6 7 9 6 2 £ '- 05 .

F in a lly  w ith  th is , G ' (^/) g iv e n  by cq . ( 12 ) a n d  CfU/) from  R ef. 

13], G({/) IS e v a lu a te d  a n d  th e  re s u lt  o b ta in e d  is fo u n d  to  be 
e n c o u ra g in g .

3. Results and discussion

Fagurc 1(a) sh o w s  th e  v a r ia tio n  o f  el ii\ ) (K q. 6 )  w ith  r̂  o v e r  

en tire  ra n g e  o f  d e n s i ty , th e  r e s u lt  o b ta in e d  is fo u n d  to  be  in 
b e tte r a g re e m e n t c o m p a r e d  to  th e  o th e r  f i t te d  v a lu e  [1 1 ] o f  th e  

sam e. F ig u re  1 (b) s h o w s  th e  v a r ia tio n  o f  7 o  ) w ith  r  , fo r  th e

e n tire  d e n s ity  ra n g e  0  <r^< 100, F ig u re  2 sh o w s  th e  v a ria tio n  of 

( f \q) ,  Cf 'iq) a n d  o f  G (r/) v e rs u s  q at / ;  =  4 . In  th e  c a se  o f  G(q), 
u n lik e  (f(q),  a p e a k  s i r u c tu r c  is  o b ta in e d  w h ic h  w e a k e n s  

g ra d u a lly  b e y o n d  th e  m e ta ll ic  d e n s ity  re g im e . T h e  g e n e ra l s ta tic  
LFF" IS fo u n d  to  b e  v e ry  e f f e c tiv e  in  re p ro d u c in g  e f f e c tiv e  p a ir  
p o te n tia l  m  m e ta ls . In a re c e n t ah initio p s c u d o p o te n tia l  s tu d y  
11 4 | th e  u se  o f  G(q) in s te a d  o\'G^iq) is fo u n d  to  re p ro d u c e  the  

h a rd - s p h e re  d e s c r ip tio n  o f  th e  e f f e c t iv e  p a ir  p o te n tia l  o f  A l, in 
c lo s e  a g re e m e n t w ith  a v e ry  re c e n t s tu d y  [1 5 ] u s in g  e m b e d d e d  
a to m  m e th o d  a n d  b a s e d  o n  a  la r g e  s e t  o f  ah initio d a ta ,  
c o n s i s te n t  w ith  th e  e m p m e a l  d e m a n d  fro m  th e  io n ic  p a ir  

c o rre la t io n  d a ta  11 4 |.

KiRiirc 2. Viination ot (solid uirve). (laipc dashed ujrvc) arul
(small dashed tiiivc) with t/ at / ~ 4

T h e  o b ta in e d  fit fo r c o rre la t io n  e n e rg y  tn a y  be

e m p lo y e d  to  d e te rm in e  th e  sp in  su s c e p tib i l i ty  ol p a ra m a g n e tic  
s ta te . F o llo w in g  V o sk o  an d  R ed rew  116 | in lo ca l sp in  d e n s ity  

a p p ro x im a tio n  ( I .S D A )  th e  sp in  s t if fn e s s  la c to r  .

ax( {i\ ) ^ { S \ ‘xr(i\4 ) / S ^ ' ) ^ 114)

can  h e  e s t im a te d  fro m  th e  lo n g  w a v e le n g th  lim it o l th e  sp in  
su s c e p tib i l i ty  e n h a n c e m e n t. I 'a h le  1 sh o w s  th e  c a lc u la te d  sp in  

s t if fn e s s  fa c to r  I ro m  eq . (1 4 )  at v a r io u s  d e n s i t ie s  an d  c o m p a re s  
w ith  th e  re s u lts  o f  V W N  [111. T h e  n u m e r ic a l v a lu e s  o f  th e  sp in  

s t if fn e s s  fa c to r  g iv e n  in T a b le  I a re  th e  c o rre la t io n  o n ly  v a lu e s

Table 1. ('alculalcd values of conclalional spin s|iflnc.ss laeloi in mkyd 
al dilTerenl / values

F*igurc 1. (a) The correlation energy /  particle ef(/;.) in inRyd and (b) the 
compressibility sum rule coefficient (r^) v.v in a.u.

;
m a u picscnl Calc VWN icsulls

0 5 147 27 100 1

1 0 100 SO 79 4

2 0 72 16 60 1

0 57 25 49 S

4 0 4K 71 43.0

5.0 42 02 3« 0

0 0 3S 50 34 2

7.5 35 63 28 18

10.0 27 74 23 29

15.0 20.44 17 45
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i.e. ihe effect of exchange is not included in ( r ,). The values 

of Off (/;) obtained in Ihe present calculation* arc higher than 

corresponding VWN values. In fact, the VWN fit to 
contains some physically undesirable singularities that cause 
strong dilfercnccs in its derivatives.

It has been established that an interacting electron gas 
.system shows a transition from para to ferro-statc at certain 
value of r and finally at a second transition, it exhibits Wigner 
Crystallization |3 | as the system passes to a BCC crystalline 
state from its usual fluid state.
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