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Abstract The second-order pseudopotential calculations ol inteiionic pair interaction lor A1 show a ledge structure in the repulsive region
ground the nearest neighbour distance and only vestiges of an attractive minimum at second neighbour ilistance indicating ddlcicncy of a hard-spherc 
clescnption Inclusion of third-order calculation on the basis of localised ah mum pseudopotential, alters the pan potential drastically and a hard-sphere 
descnplion, in conlormity wilh the empirical ionic pair coirelaiion data, emerges The infliienee ol differenl umimonly used scieening liinctions on 
the shape of pair potential is also investigated.
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L Introduction

A c c o rd in g  to  s e c o n d - o r d e r  p s e u d o p o te n tia l  e n e rg y , th e  to ta l 

e n e rg y  o f  a  m e ta l  m a y  b e  e x p r e s s e d  in  te r m s  o f  a  d e n s i ty  
d e p e n d e n t pa irw i.se  in te r io n ic  in te ra c t io n  in  a d d it io n  to  th e  p u re  

d en sity  (v o lu m e )  d e p e n d e n t  e n e rg y . H ig h e r  o rd e r  e n e rg y  te rm s  
ac tu a lly  c o n ta in ,  a d d it io n  lo  so m e  re s id u a l v o lu m e  e n e rg y  an d  

tw o -b o d y  in te ra c t io n s ,  in te ra c t io n s  b e tw e e n  th re e  a n d  m o re  
ions. M o st s im p le  m e ta ls  a n d  s im p le  m e ta l b a se d  b in a ry  sy s te m s  

a p p e a r  to  b e  w e ll d e s c r ib e d  a t th e  p a ir  p o te n tia l  le v e l a n d  th e se  
p o te n tia ls  a re  b e in g  u se d  in  a to m is t ic  s im u la t io n s  a lso .

S e c o n d -o r d e r  p s e u d o p o te n t ia l  s tu d ie s  p re d ic t  o s c i l la to ry  
tw o -b o d y  in te ra c t io n  w ith  d e e p  n e g a tiv e  ( a t tra c tiv e )  m in im u m  

fav o u rin g  a  h a rd -sp h e re  d e sc r ip tio n  fo r  m o s t s im p le  m e ta ls . T h is  
IS a lso  s u p p o r te d  b y  e a r l ie r  f irs t p r in c ip le  c a lc u la tio n s  by  R a so lt 

and  T a y lo r  [ I ]  a n d  by  M c M a h a n  a n d  M o r ia r ty  [2 |.  F o r  A l, 
h o w ev er, th e re  is  s o m e th in g  o f  a  le d g e  s tru c tu re  in  th e  re p u ls iv e  

reg io n  a ro u n d  th e  n e a re s t  n e ig h b o u r  d is ta n c e  a n d  o n ly  v e s tig e s  
o f  a n  a t t r a c t iv e  m in im u m  a t th e  s e c o n d  n e ig h b o u r  d is ta n c e  

in d ic a ting  d e f ic ie n c y  o f  a  h a rd - s p h e re  d e sc r ip tio n . It is  re g a rd e d  
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th a t so m e  h ig h e r  o rd e r  c o n lr ib u lio n s  g e t in c lu d e d  in th e  .schem e 

o f  s e lf -c o n s is te n t n o n lin e a r  c h a rg e  d e n s ity  c a lc u la tio n s  o f  p a ir  
in te ra c tio n  by  R a so lt an d  T ay lo r. H o w e v e r , th e ir  re su lt fo r  A l is 

v e ry  s im ila r  to  o u r  s e c o n d  o rd e r  c a lc u la tio n  13). O n  th e  o th e r  
h a n d , a d o p t in g  a lm o s t  s im i la r  p r o c e d u r e  o f  R a s o lt  et al, 
M a n n in c n  et al | 4 |  h a v e  o b ta in e d  p a i r  p o te n t i a l s  fo r  A l 
(e m b e d d e d  in a je l l iu m  v a c a n c y )  w h ic h  p re fe rs  a h a rd -sp h e re  

d e s c r ip t io n . V ery  re c e n t ly  M ish in  et al [5 ] h a v e  d e v e lo p e d  
in te ra to m ic  p o te n t ia l  lo r  A l, u s in g  e m b e d d e d  a to m  m e th o d  

(E A M ) p o te n tia l fu n c tio n a l b a se d  o n  a la rg e  se t o f  e x p e rim e n ta l 
a n d  ah initio d a ta ,  w h ic h  s h o w s  p r o n o u n c e d  h a r d - s p h e r e  

d e sc r ip tio n .

T h e  p a ir  c o rre la t io n  fu n c tio n s  g(r), d e te rm in e d  w ith  se c o n d  
o rd e r p a ir  p o ten tia l in the  h ig h  te m p e ra tu re  lim it (T  »  T^^) fo r  all 
th e  m e ta ls  e x c e p tin g  A l, c o m p a re  w e ll w ith  th e  e x is tin g  M o n te - 

c a r lo  c a lc u la tio n  [6 |.

A d d itio n a l p a ir  p o te n tia l d u e  to  th ird -o rd e r  p e r tu rb a tio n  te rm  
in  e le c tro n - io n  in te ra c t io n  is c o m p a ra tiv e ly  la rg e  a n d  a ttra c tiv e  

a l sh o r t d is ta n c e s  a n d  sh if ts  th e  firs t z e ro  o f  th e  p o te n tia l to  
sm a lle r  d is ta n c e s  b y  s e v e ra l p e rc e n t  (7 ,8 ] . F o r  A l, th e  th ird -
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o rd e r  co n trib u tK in  a lte rs  th e  p a ir  p o te n tia l ra th e r  d ra s tic a lly  an d  
its in c lu s io n  im p ro v e s  th e  th e o re tic a l e s tim a te  o t ^ ( / ) lo r  A1 to  a 

re a so n a b le  a g re e m e n t w ith  th e  e x p e r im e n ta l re su lts .

2. Basic theory
T h e  to ta l p a ir p o te n tia l 0 {r) u p lo  th ird -o rd e r  in c le c lro n - io n  

in te ra c tio n  (p s e u d o p o lc n tia l)  m ay  be w ritte n  Torm ally  a s  th e  

su m  o t seco n d - an d  th ird -  o rd e r  c o n tr ib u tio n s  :

(I)

T h e  s e c o n d -o rd e r  c f le c t iv e  m tc r io m c  p a n  p o te n tia l <t>'(r) 
lo r s im p le  m e ta ls  is g iv e n  by

iZe)’
t L

/T

.. s in ( r /r )  2 ,i 2 )----- — q dq ,
qr (2)

w h ere  Z is the  v a le n c e , £2 is th e  io n ic  v o lu m e  a n d  is th e  
H a rr iso n ’s |9 |  e n e rg y -w a v e  n u in b e i c h a ra c te r is tic  lu n c tio n  th a t 

e m b o d ie s  e le c tro n ic  b a n d -s tru c tu re  e f f e c t in c lu d in g  th e  s e l f  
c o n s is te n t e le c tro n  s c re e n in g . P s c u d o p o tc n lia l  fo rm  fa c to rs  
in v o lv ed  in  f '^ a r e  p la n e  w a v e  m a trix  e le m e n ts  o f  io n -e le c tro n  
p s e u d o p o le n tia l .

T h e  e x p re s s io n  fo r th e  th ird -o rd e r  c o n tr ib u t io n  0  V r )  m ay  

be w ritten  as

0 N r ) ~ —^  q^ — r / cos ^r / ^ / ,  dq^
27C ‘

s in (^ /,r)

4k
j j j (</i - 9 : .  0 )  t/l ^  ^ '(a~ + p 'V '

(3)
w h ere

(4)

3. Results and discasslon
T h e  e l f c c t iv e  p a ir  p o te n t ia ls  a re  c o m p u te d  w ith  lo c a lis e d  ah 
initio p s e u d o p o te n t ia l  in  s e c o n d - o r d e r  th e o r y  fo r  A l. T h e  

c a lc u la tio n  is m a d e  w ith  fo u r  d if f e re n t  s c r e e n in g  fu n c t io n s  o f  
r ic ld a r l and  Vc^sko (G V ) 114], T ay lo r (T ) (151, Ic h im a m  and  U tsum i 

( lU )  [1 6 ] an d  th e  re c e n tly  p ro p o s e d  o n e  by  S a rk a r , S e n , H a id a r  
an d  R o y  (S S H R ) 117 |. V ery  s im ila r  v a lu e s  a re  fo u n d  w ith  lU  and  

T  s c re e n in g  fu n c t io n s  w h e re a s  S S H R  a n d  G V  fo rm s  p ro d u c e  
c lo s e r  re su lts . T h e  c a lc u la te d  p h o n o n  s p e c tra  fro m  th e  c o m p u te d  
p a ir  p o te n t ia ls  (w ith  G V  s c r e e n in g  fu n c tio n )  a re  fo u n d  to  a g re e  

w ith  e a r l ie r  s e c o n d - o rd e r  p s e u d o p o le n tia l  c a lc u la t io n  [ 13].

In F ig u re  1 w e  c o m p a re  o u r  s e c o n d  o rd e r  c a lc u la t io n  w ith  
th e  re s u lt o f  R e fs . I a n d  2. T h e  re s u lts  a re  v e ry  s im ila r  a n d  

n e g a te  a h a rd  sp h e re  d e s c r ip t io n  fo r  th e  p a ir  p o te n tia l  o f  A I. B u t 

fro m  th e  h ig h  te m p e ra tu re  /*) d a ta  fo r  A l [ 18], th e  in v e r te d  <p{ r) 
fro m  th e  s im p le  e x p re s s io n  |e q .  (4 )]  d if fe r s  w id e ly  fro m  0 “ ( / ‘). 

T h e  in c lu s io n  o f  <p \ r ) ,  h o w e v e r , s h o w s  m a rk e d  im p ro v e m e n t 

a n d  fo r ( 7 ' »  a  h a rd - s p h e re  d e s c r ip t io n  in  c o n fo rm ity  w ith  

th e  e m p ir ic a l io n ic  p a ir  c o r re la t io n  d a ta  e m e rg e s .

w h e re  ft), is th e  s c r e e n e d  p s e u d o p o le n tia l  fo rm  fa c to r  a n d  

^ ( ^ | ,  qj, </,) is a  sy m m e tr ic  ju n c tio n  o f  th e  th re e  m o d u lii  <y,, 
a n d  d e f in e d  b y  L lo y d  a n d  S h o ll 1 1 0 |, w ith

= |9 / N . 3  = - 9 | - 9 2  ; B = Zq^,q 2 \ 

a  = q2r(\-cc&~ d)''~ a n d /3  =  ( 9 , + ^ j  c o s 0 ) r

T h e  first te rm  o f  e q . (3 )  is th e  c o n tr ib u tio n  o l tw o  sy m m e tr ic  

te rm s  d e r iv e d  e a r l ie r  b y  H a s e g a w a  [71. T h e  se c o n d  te rm  w a s , 
h o w e v e r ,  m i s s e d  o u t  b y  H a s e g a w a  a n d  d e v e lo p e d  o n ly  

re c e n tly  (1 1 ]. It is  fo u n d  to  h a v e  c o m p a ra b le  m a g n i tu d e  as  th e  
first term .

In  th e  h ig h  te m p e ra tu re  lim it ( 7  »  TJ ,  th e  io n ic  p a ir  
c o rre la t io n  fu n c tio n  m a y  b e  a p p ro x im a te d  [ 11 ] a s

Figure 1. Companson ot the 2nd-order pan potentials of Al with other 
a h  i n i l i o  2iul-order calculations Dashed curvc.s represent present 
calculation, dotted curves due to Dagens e t  a l  \ \]  and dash double dot dash 
curves from ref IK Pan potentials obtained trom calculations upto 2nd 
and 3id-ordci for Al at T  = 132.3 K  Solid curves represent 3rd-ordcr 
calculations and dash dot dash curves represent 2rid-order calculations 
respectively The present calculation uses the SSHR local field factor

F ig u re  2 d e p ic ts  th e  p h o n o n  d is p e r s io n  c u rv e s  o b ta in e d  

fro m  th e  p a ir  p o te n t ia l  a n d  c o m p a r e d  w ith  th e  fu ll th i rd -o rd e r

In  th e  p r e s e n t  w o r k ,  w c  u s e  th e  l o c a l i s e d  ab initio 
p se u d o p o te n tia l  fo rm  fa c to r  d e r iv e d  in  R e f. [13 ].

Figure 2. Phonon dispersion curves obtained from pair potentials 
calculated uplo 2nd- and 3rd-order and from full 3rd-ordcr pseudopotential 
calculations for Al. Solid curves represent pseudopotential calculation, 
small dashed and long dashed curves represent calculations from 3rd- and 
2nd'Order pair potentiafs respectively Experimental points arc indicated 
by stars, solid squares and plus symbols for longitudinal and two transverse 
branches respectively
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pscuclopoten lial (ah inito) c a lc u la tio n . T h e y  p ro v id e  an e s tim a te  

o f the th re e -b o d y  c o n tr ib u t io n  to  la ttic e  v ib ra tio n  in  A t.

Fu ll th ird -o rd e r  c a lc u la t io n  w h ic h  in c lu d e  u p to  ih rc c -b o d y  

in terac tio n  sh o w s  re a s o n a b le  a g re e m e n t w ith  th e  e x p e r im e n ta l 

results fo r A l. O u r  c a lc u la tio n  u p to  se c o n d  o rd e r , o v c rc s lim a ie s  

phonon  f r e q u e n c ie s  in  a ll th e  sy m m e try  d ir e c t io n s  w h e re a s  

in c lusion  o f  th e  th ird  o rd e r  tw o -b o d y  (sm a ll d a s h e d  c u rv e s  in  

f ig u re  3) lo w e rs  th e  fr e q u e n c ie s  b e lo w  th e  e x p e rim e n ta l v a lu es . 

C im ir ib u tio n s  o f  th e  th r e e - b o d y  in te r a c t io n  tu rn  o u t to  be  

s ig n if ic a n t e x c e p t in g  fo r  f^ o o ]  a n d  lo w e r  \qqo] t r a n s v e rs e  

b ranches. N e a r  th e  z o n e  b o u n d a ry , th e  th re e -b o d y  c o n tr ib u tio n s  

10  th e  l^ o o ]  lo n g i tu d in a l  a n d  th e  u p p e r  [qqo\ t r a n s v e r s e  

b lan ch e s  a rc  a s  h ig h  as  15 to  2 0 % . F o r  th e  [qqo] lo n g itu d in a l 

b ranch , th e  m a x im u m  th re e -b o d y  c o n tr ib u t io n  o f  a b o u t 15%  is 

o b se rv ed  n e a r .6 .6  0  p o in t .

Hnure 3. Companson of pair potentials obtained Irom calculations upto 
2nd (diamond symbols) and Vd-order (solid curves) for Al using recently 
proposed LFF Plus symbols are from Re I 5

V ery recen tly , w c  h a v e  p ro p o s e d  a  lo ca l fie ld  fa c to r  (L F F ) fo r 

the m o s t g e n e ra l c a se  o f  in te ra c t in g  u n p o la r is c d  e le c tro n  g as

[19]. C a lc u la tio n  o f  0 ( r) fo r  A l u s in g  th is  L F F  g iv e s  a g re e m e n t 

w ith  th e  re su lt o f  M is h in  etal [5] (F ig u re  3).

In c o n c lu s io n , w e  n o te  th a t re a l is t ic  p a ir  p o te n tia l fo r  s im p le  

p o ly v a le n t A l is  w e ll  d e s c r ib e d  w ith in  th e  f r a m e w o rk  o t  

p e r t u r b a t io n  t h e o r y  u s i n g  ah-initio p s e u d o p o t e n t i a l  in

c o n ju n c tio n  w ith  lin e a r  re s p o n se  th eo ry . 'Fhe p re s e n t s tu d y  a lso  

h ig h l ig h t s  th e  im p o r ta n c e  o f  th e  3 rd  o r d e r  ( p e r tu r b a t io n )  

c o n tr ib u tio n  as w e ll as th a t o f  th e  c h o ic e  of p ro p e r  lo ca l f ie ld  

fa c to r in  d ie le c tr ic  sc re e n in g .
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