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Abstract

: Complete expression of the additional pair interaction dug to the third-order energy term 1 the electron-1on interaction 1s lacking

the hitcrature We present here the formulation of the pair nteraction from third-order cnergy term An estimate of the additional terms with locahsed
ab mno pseudopotential 1s made and found to produce good agreement with improved recent calculations
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1. Introduction

‘The pseudopotential approach is most powerful in its application
to the theory of mectals for its amenabilily to a perturbative
calculation. There are several indications [1-4] that third- and
lourth-order terms play an important role in the lattice mechanical
properties of metals. The total energy of a metal, according to
pseudopotential theory, may be expressed in terms of density
dependent interionic interactions in addition to the volume
dependent energy. A real space description of systems in terms
of effective interactions is very useful in material physics for
several reasons. Besides providing improved interpretability and
direct understanding of structural stability and relaxation
phenomena in simpler terms, it offers viable computational
schemes for simulation of complex material science problems.

Interionic interaction of simple metals, within the framework
of lincar screening theory due to the third-order perturbation
term in the electron-ion pseudopotential, was developed carlier
by Hasegawa [5]. The importance of the additional pair potential
term in determining the structural and thermodynamic properties
of liquid metals has also been discussed. However, Hascgawa
has considered the two symmetric terms only and omitted a
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third term of comparable magnitude. The derivation of the
expression for this term is some what complicated like that of
the three —10n interaction, but after simplification it turns out o
be cxactly equal to the symmetric terms. The purpose of the
present paper is to discuss the formulation [6] of the full
cxpression of the additional pair interaction V3(r) due to the
third order term in clectron-ion pseudopotential.

2. Formulation

Third-order energy and interionic potentials within local
approximation :
The third-order band structure energy is given by [7]
v '
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where g, = |q,|, the primed sums exclude null ¢, and @ is the
ionic volume. The structure factor Sq is dcfincd as

] )
S, = N Zexp(—rq.rk),
N being the total number of ions. The screcned pseudopotential
form factor @, arc planc wave matrix clements of bare ion-

clectron pseudopotential divided by the dielectric function, g is
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the symmetric function of the three modulii g,. g, and g, {71.
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Writing formally €3(¢1. 42.47) = '@, 0, ©, £(q1, 42,43).
E, may be written as
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The first term represent one-body potential or the volume
dependent part of the energy and is out of our present
consideration. From symmetry the second and third terms give
identical contributions to the two body (central) interaction and
together represent ¢;(") of Hasegawa's eq. (3). The 4th term
also represents (central) pair interaction of comparable magnitude
and was missed out in Hasegawa's work. The Sth term gives the
three-body interaction of E,.

2a. Simplification of two body part from the 2nd and 3rd
terms :

The two identical terms may be expressed as

E‘z =.Q~: N3 Z Z £, e
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We include null ¢ in the summation and write
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where vi(r) is a part of lwo-body inlcraclion from 3rd order
perturbation. Replacing 3, by 2 J dg we get
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First we consider r as the polar axis and 6,
integral may be written as

=6 4r- Theabove
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The 6, intcgration may be performed using g, as the polar

aq =0 and expressing € ; formally as
12

£:(qy, 45.0) we finally write

axis L.e. putting 9, =0

5“(‘71)

v r) = ———J‘He,(q, q5,0)——— q} dg, 93 dq,d cos 6.

2b. Contribution to V'(r) from the 4th term :

The fourth term similarly gives rise to a pair interaction of the
form

\',3(") =

q:"eq, q, )e i .qz)’dqldql’ - (3)

First we consider the g, integration by taking g, as the polar
axis. We note

gr.r=gyrcos 6, ,

= q,r (cos 0,4, c080,, +smb, sn6,  cos ¢)‘ (4)

N

where ¢ is the angle between (g,,4,) and (g,,7) plancs. Using
cq. (4) the integration over ¢ can be expressed in terms of the
zeroth-order Besscl function of the first kind :

Jo-gq)cxp(—chos O)=21Jy(0Q).

where Q = g,r sin 0,4, 50 0,, We then have

vy = E“"“Id‘h exp (—ig,. ")_[fl? dq, J‘EW(QI*‘IP 4, q.)

Jo(Q)exp (—igr cos B, , cosB, ,)dcosb, , .
For ¢, integration we now take r as the polar axis. Proceeding

in a similar manner we get
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Changing a variable ¥ = COS 9.,,, . we get
|
) =Z;t7j4|2d(l| I‘l?z.d‘l’ljf.%(‘h' 42,0, ,)dcos0,

L:dx Jo(Q) cos [(q,r+ gar cos()qlq2 ).\] .

The last integral can be evaluated analytically.

Putting Q=g,r sinf,, (1-x° W2 @(1-aH)" and
B=(q,+q, cosB,, ) r, theintegralis (8]
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The integral is actually identical to that for V3(r) and the
total third-order contribution V(r) to the pair iteraction s,
theretore, given by

Vi=2 (n+v

= —-——Hje (4, q,.())ql ; sinlg h—— dcos@ dg, dq,
0

3. Discussion

‘The third order contribution depends considerably on the form
factors at large g. The estimate of the additional terms with a

local or an "on-Fermi-Sphere” approximated pseudopotential
form factor, having spurious large ¢ oscillations, 1s theretore
always suspect. Caleulation with ab initio pseudopotential form
factor 1s expected to provide a rehable estimate of the additional
term. However, the perturbation scries with the ab initio
pseudopotential form factor 1s an oscillaung one and the energy
upto third-order term 1s not quite reliable for the determination
of the equibibrium lattice parameters (s) [3]. Application of
convergence acceleration method to the perturbation series
sequence is found to produce excellent stable result for the
total cnergy. Also, the average values of phonon {requencics
upto third-order reproduce [3) the observed phonon dispersion
curves almost exactly. Similarly in this case, the resulting average
pair interaction upto third-order compares well [9] with recently
developed calculation [10] based on large set of experimental
fand ab initio data
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