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Abstract

: We obtain for Ry the most general form of the tensor A7 = AT(g,. gup. o« Bap.ca) satisfyng the Codazai's equation Ayr=Ay,

We tind that this solution exists only 1t the Weyl tensor tulfils the Bianchi identitics The results are immediately applied to the local and 1sometric

embeddimg of the space-time into kg
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We consider Codazzi’s cquation in a Riemannian 4-space
Ry

Ay, = A, . (h
with; denoting covariant dertvative for the case of intrinsic
nigidity when A, depends only on the metric tensor g, and
on its hirst and second partial derrvatives (denoted by 1)

~

Al = A”(H,,/,- Sab.+ Sab o) ()

By mecans of Lovelock’s theorem [1-3] we will find in
Section 2 that the most gencral form of the tensor A,
tulfilling (1,2). is a lincar combination of the metric and
Ricei tensors R, . It will turn out that the conformal tensor

g
C,,, of the corresponding space-time will satisfy the
Bianchi identities [4]. i.e. Ry1s a C-space |5-7] :
¢, =0 3)

[tmeans that ¢q. (3) is a necessary conduition for egs. (1) and
(2) to have simultancous solution m four dimensions.

The results that we obtain are then applied in Section 3
1o space-times embedded nto Eq. i.c. to 4-spaces of class
onc [4,8-10]. This is so, because in them, there exists the
sccond fundamental form tensor b, fulfithng (1) [11-13].

*
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Our task 1s to determine, i the four-dimensional space-
time, the general structure of cvery tensor A, with the
properties (1) and (2). We note that the deduction neither
requires that A, be symmetric nor uses its lincar dependence
on-the sccond derivatives g, , -

Lovelock [ 1] proved the powerful theorem :

“The most general tensor B in Ry satisfving

R = H”(&'uln Bab,c - Lab.cd) and B”r =0. 4
is given by

B" = aG" + Bg". (5)
o and B are constants, and G, =R, ——g’— Lq 08 the
Einstein tensor [4]"

On the other hand eq. (1) implics the relation
Al =A1 with A=A", (6)

which together with (2) shows that the tensor BY =
Al — AgY satisfies (4) and, 1n conscquence, (5) leads to

A" - Ag' = aGY + Bg". (7)
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Our final expression 18 now

|

Al = RV - 34(1R+ 2B)e", (8)

with Az-i((xk-tiﬁ). 9

which solves the Codazzt's equation with intrinsic nigidity
in Ry We now sce that the tensor A, is symmetric and
lincar i the g, -

If (8) is substituted into (1) 1t follows (when o # 0)
that :

R

Ru ) ‘6‘},’,, ) (10)

R
=' Ru = _(;gn
which 1s equivalent 1o (3) [4.5] and theretore, the Weyl
tensor satishies the Bianchi identiies If a = 0, we have the
trivial case when A, 1s proportional to g, and €, is not
required to satisfy identities (3).

We apply the result of the previous section to the local
and wometric embedding of Ry mto E, just the case of
mtrinsic rigidity, i.e. when the second fundamental form b,
depends only on the internal geometry of the space-time.

In fact, if Ry s of class one, the Gauss-Codazs
cquations [4.8--13]

R, =elh,b, =bb,) (rn
I)I[J ’:I)u.l (12)

are verihied, where ¢ = 1 and K, s the corresponding
curvature tensor. 11 we Turther impose mtrinsie nigidity
we have

hr; = /):/ (8uhs 8ab o+ abad ) (13)

and cqs. (12) and (13) assure that b, satisfies (1), (2).
Hence. the second fundamental form will have the structure
[eqs. (8) and (9)] with the restriction (3)

b, = uR, - E(aR+2B)e,.

] (14)

b= /),' =

(ak 4.

whete aand fare constants (with values determined by the
proper Ky i question).

The trivial case « = 0 imphies

h, = /’ li

y o = 8 (15)

which alter subsutution m (1), leads to an space of
constant curvature (DeSitter model) [4.14].
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If a # 0, egs. (11) and (14) show that the metric angd
Ricet tensors are adequate to express the Riemann tensor in
a simple way. We consider the task to find the Petrov
type [4.15.16] of R, admissiblc in this & # 0 casc as an
open problem. We hope to report a careful analysis
somewhere else in the future. Our preliminary calculations
suggest that there are no 4-spaces of class one with Petrov
types 11 or N that fullil (12,13); ncither they fulfil (14), 1n
consequence. However, other Petrov types may occur; i
fact, the metric

ds? = 5%-?-((192 +d@?) - 2drdu

corresponds 1o an space-time of type 12 which satisfics (14)
with =20 = - V2 und e=~1.

(16)
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