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1. Introduction

We study 1n this work, the conditions necessartly satisficd
by a space-ume locally and 1sometrically embedded into £
|1-6], whose curvature is produced by a Maxwell field
according to the Ensten cquations. In this context.
Collinson |7] showed that

“osuch Ry must have Petrov ivpe N

with null Faraday tensor F,) = - I, (n
We analyze (1) and prove that the corresponding sccond
fundamental form b] possesses a non zero trace, which s a
result not found explicitly in [7,8].
2. Einstein-Maxwell R4 of class one

We employ the notations and quantities from {1,3-6,9-11]
This section considers several implicattons of Theorem (1)
which are useful to prove that b # 0 which we take up 1n
Scction 3.

Eq. (1) establishes that a R, of class one, that is.
cmbedded into Es, has a Weyl tensor €, ol type N n
the Petrov classification [1,12,13]). Then, according (o

*Author for correspondence

It 15 shown that every Einsten-Maxwell space-tune of class one tembedded mto Fq) must have by # 0 where I»; 18 the corresponding

Sachs [1.14-16]. there exists a real null vector (with a four
fold degenerate principal direction) &, fulfilhing the
condition

Co k1 =0 2)

1Py

On the other hand, (1) also assurcs that /7, is a nufl
tensor (1ts two invariants are equal to zero), which implies
that there exists [17.18) a well defined null vector &’
pomting to the future and a non unique space like vector A”
such that :

I:II = /‘IAI - LIAI' I"uh’:“l' = .,"ubll‘“h =0,
Fook="F k =0, k'A, =0,

3)
ATA, =1, R, = ki, .
R, k¢ =R,(/" =), R=R" = (),

where R, is the Ricci tensor and *F,, 1s the dual [18.19]
of the Faraday tensor. Relations (3) do not change at
all if we add to A’ any term of the form Ck’, with
C a constant. This suggests that the vector 1s not a unique
one.
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Further, the Mariot [20,21] and Robinson [22] Theorem
(sec |23] also) assures us that

“The congruence associated with k'
is geodesic and without deformation™. 4)

henee, from a result given by Goldberg Sachs [1,24,25] it
1s obtained

"k is a direction of Debever-Penrose”. (5)
which together with (2) leads to the identification :

k' =k', (6)
which means a notable alignment of the principal directions
of the Faraday, Ricci and Wey! tensors.

We now employ the defimiion of the conformal tensor
i terms of the curvature tensor Ry,

. |
( mny = Ruuu/ + F(ngm; + R!ll/;ﬁ,lll N Ruun'\'// - Rt/:qmn)

R
(-QI[.QHHI N .umym, ) (7)
to see that from (2.3,0) follows immediately
Ry k' =0. (8)

On the other hand. 1t 1s known that the Gauss cquation
[1.2,31]

R:/lm =& (hll ”m/ - /'mlh/A )v “)

with corresponding Fieer tensor

Row = €1(b/ by ~bb,, ). b=by. (10)
implics the important identity [3,4,26,27]
I\ ’ l Tumn
pb, - ST e ()

g

. R .
where Gy = R, — 5 8, s the Emstemn tensor, &y 1s the

contraction of the Riemann tensor with its double dual
[1.5.28-30] given by

ky="RIR, = 24de(b). (12)
and p is such that
3 \
P’ ="%(2—l§k: + Ry GG |20, (13)

€, =21 being the indicator ol the normal of Ry with
respect to Es.

It 1s not a difficult task to see that (3.8.11.13) imply

p =0, (14)

ky=0. (15)
From (14) we conclude that

“An Einstein-Maxwell field embedded

into Es is not intrinsically rigid”, (16)
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and (12.15) imply that the 4 x 4 matrix b=(b!) has no

inverse. We point out that the result expressed in (16) iy
not found explicitly in Collinson [7].

It may also be proved (which will be worked oyt
somewhere clse) that our curved space-time has the 14
invariants of second order given by Debever (see refs. [32-
34}) equal to zero.

We notice that from (3,8,14,15), the identity (11) takes
the trivial form 0 = (0 and lcaves off any information
concerning b: however, we can still study its characteristic
polynomial in order to improve the analysis, this 1s the
matter of the next section.

3. b has trace different from zero

Substitutton of matrix H»* nto its characteristic
!

polynomial, gives the equation [35-37]

Izl]‘_ﬁ b pb —% [ =0,

€
[)=7'—li’/(7,, (7
which by use of (3.14.15) noticeably simplifics to
bt bbht =0, (18)
and ¢g (10) 18 now rewnitten into form
b,b' R, =0 (19)

Nevertheless, eq. (10) and the fact that K, R) =0 (sec
cq (3)) compels (19) to imply

b{beh Ik, =0, (20)
Then, there are two options .

L b=h=0:

We will realize that such possibility should lead to an
cmpty space-time, but this is not our case.

In fact, with h = 0 in (10.18) we get

P20, R, e (/ﬂ) . 21
v - -,
and because K= p =4, =0, it follows that
2 ! — vy — 1Y —
(/? )' —(I_) ), = du(h,)_() (22)
therefore, trace of " =0, n=1,.... 4. and Table 1 of

Gocenner [26] estabhish the Churchill - Plebanski |38-43]
typcof b :

“b, is of type [4N] (that is [(21D])". 23

Also, from Table 2 of [23] we sce that a tensor of this
type satisfics

h=0.n=23 (24)
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which when substituted into (21) implies that R, = 0.
hence the 4-space is empty (1mpossible to be embedded into
E< [1-3,44]) and the Maxwell ticld does not exist at all. In
consequence,

“Everv solution of Einstein-Maxwell of

(25)

This result is not derived explicitly in {7,8). Furthermore,
from (3), it "ollows that R, 1s of type [(211)] since -t
comes from a null electromagnctic ficld. Then if b were
cqual to zero, it should be in contradiction to Table 2
of [42]. .
With (25). we get the main result of thas sectign,
however, we have still to consider another option ullov\';;:d
by (20) : :

class one has b 20"

1. bh=0:

In this case, (20) also implies that &' is a null principal
direction of the second fundamental form.,

b ke =0, (26)
FFurther, {rom (18,19) -
bi-bb =0, bbb =0 27

It follows that the cigenvalues of & are b and sero (with
thice-fold muluphicity ); so Table 2 of [42] gives

“b, s 1vpe [3N =S that is [(2DI1]", (28)
! \

o1

It we now apply ¢q. (5) of [42] with A, =4, =0, 1, =D,
it follows that

b, =hkk, +bAA,. kA =0, AA =1,

(29)

b, A" = DA, byB =0. BA =BA =0.

Here, A’ and B’ are simple spacehke cigenvectors and A’ 1s
a two-fold degenerate null cigenvector; we note here that the
relations (29) are equivalent to (18) of [8].

From (10,29), it is evident that both R, and b, have
the same cigenvectors but with different eigenvalucs :
RI’AI = R',[fl =0,

Ryk! =0, (30

which means that R, is of type [(211)]. Finally. by
inserting (29) into (9,10), we obtain b = - €. and

Ry =€ (Rb, + R, b, - R, b, —R,b, ). (31

We finally point out that Stephani [8] proved that the
null congrucnee associated with &', does not have cither
rotation or expansion; it has only the properties expressed
in (4). Metrics with such characteristics have been studied
by Kundt [45], Kozarzewskr [46] and other workers as
reported in | 1.
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