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1. Introduction
W c  s t u d y  in  t h i s  w o r k ,  th e  c o n d i t i o n s  n e c e s s a r i l y  s a t i s f i e d  
b y  a  s p a c e - t i m e  l o c a l l y  a n d  t s o m e t n c a l l y  e m b e d d e d  i n t o  E s 
1 1 - 6 ] ,  w h o s e  c u r v a t u r e  is p r o d u c e d  b y  a M a x w e l l  f i e l d  
a c c o r d i n g  t o  t h e  E i n s t e i n  e q u a t i o n s .  I n  t h i s  c o n t e x t ,  
C o l l i n s o n  [ 7 |  s h o w e d  t h a t

. s u c h  R x m u s t  h a v e  P e t r o v  t y p e  N  

with nul l  F a r a d a y  t e n s o r  F tj =  - f  ) , ( 1 )

W e  a n a l y z e  ( 1 ) a n d  p r o v e  t h a t  th e  c o r r e s p o n d i n g  s e c o n d  
f u n d a m e n t a l  f o r m  b (f p o s s e s s e s  a n o n  z e r o  t r a c e ,  w h i c h  is a 
r e s u lt  n o t  f o u n d  e x p l i c i t l y  in  | 7 , 8 | .

2 .  E i n s t e i n - M a x w e l l  R  4  o f  c l a s s  o n e

W e  e m p l o y  t h e  n o t a t i o n s  a n d  q u a n t i t i e s  f r o m  [ 1 , 3 - 6 , 9 - 1 1 J 
T h i s  s e c t i o n  c o n s i d e r s  s e v e r a l  i m p l i c a t i o n s  o f  T h e o r e m  ( I ) 
w h i c h  a r c  u s e f u l  t o  p r o v e  t h a t  b j  *  0  w h i c h  w e  t a k e  u p  in 
S e c t i o n  3.

H q .  ( 1 ) e s t a b l i s h e s  t h a t  a  R A o l  c la s s  o n e ,  t h a t  is. 
e m b e d d e d  i n t o  Zss, h a s  a W c y l  t e n s o r  C , //u/ o f  t y p e  N  in 
t h e  P e t r o v  c l a s s i f i c a t i o n  1 1 , 1 2 , 1 3 ] .  T h e n ,  a c c o r d i n g  t o

oik* (embedded into h \)  must have />J /  0, where h 1 2 is the corresponding

S a c h s  1 1 . 1 4 - 1 6 ] ,  th e r e  e x i s t s  a real n u l l  v e c t o r  ( w i t h  a f o u r  
f o l d  d e g e n e r a t e  p r i n c i p a l  d i r e c t i o n )  k ,  f u l f i l l i n g  t h e  
c o n d i t i o n

C,n,„k‘i = 0 (2 )

O n  t h e  o t h e r  h a n d ,  ( 1 )  a l s o  a s s u r e s  t h a t  F tj is a n u l l  
t e n s o r  (it s  t w o  i n v a r i a n t s  are  e q u a l  t o  z e r o ) ,  w h i c h  i m p l i e s  
t h a t  t h e r e  e x i s t s  1 1 7 , 1 8 )  a w e l l  d e f i n e d  n u l l  v e c t o r  k'  
p o i n t i n g  l o  t he  f u t u r e  a n d  a n o n  u n i q u e  s p a c e  li k e  v e c t o r  A r
s u c h  tha t :

bii l>-iAf — k j A, , FllhF “>‘ -  7

F „ k -  = * F n k ‘ = 0 . k'A,  = 0 .

A ’A, = 1, K„ -  k , k , ,

Ii 11 ft  = R ‘( — 0,

w h e r e  R lf is t h e  R i c c i  t e n s o r  a n d  *F(ih is t h e  d u a l  1 1 8 , 1 9 ]  
o l  t h e  F a r a d a y  t e n s o r .  R e l a t i o n s  ( 3 )  d o  n o t  c h a n g e  at 
a ll  i f  w e  a d d  l o  A ' a n y  t e r m  o f  t h e  f o r m  C k  \  w i t h  
C  a  c o n s t a n t .  T h i s  s u g g e s t s  t h a t  the  v e c t o r  is n o t  a u n i q u e  
o n e .
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F u r t h e r ,  the M a r i n t  12 0 ,2 1  ] and R o b i n s o n  | 2 2 )  T h e o r e m  
(see 12 3 ]  a ls o ) assures us that

11 The congruence  ass oc ia ted  with k'

is g eo d es ic  a n d  wi thout  deformation  ".  (4)

h e n c e ,  f r o m  a result g i v e n  b y  G o l d b e r g  S ach s  [ 1 , 2 4 , 2 5 1 it 
is o b ta in e d

“ A' is a  d i m  tion o f  D e be ve r - Penrose  ” , (5)

w h i c h  t o g e t h e r  w i t h  ( 2 ) leads to the ide ntif ic atio n :

A ' ~ A \  (6 )

w h i c h  m e a n s  a no table  a l ig n m e n t  of the prin cipa l directions 
o f  the F a r a d a y ,  R ic c i  and W c y l  tensors.

W e  n o w  e m p l o y  the d e f i n i t i o n  of the c o n f o r m a l  tensor 
in term s of the c u r v a t u r e  tensor R ffini *

C ~  A> +  I t  j? n +  P n - A> il -  J? (f )
K m i n i  I ' n i m i  ~  j  \ n t n S m i  r  ‘ ' f n / h m  ‘ ' i i u t S t i  )4m i n i

R
(«./•«•’ ( 7 )

and ( 1 2 , 1 5 )  i m p l y  th a t the 4  x  4  m a t r i x  /? =  ( / ; j )  has no

in ve rs e .  W e  p o in t  o u t  tha t the res ult e x p r e s s e d  in ( 1 6 )  is 
not fo u n d  e x p l i c i t l y  in C o l l i n s o n  [ 7 ] .

It m a y  a ls o  be p r o v e d  ( w h i c h  w i l l  be w o r k e d  out 
s o m e w h e r e  e lse) that o u r  c u r v e d  s p a c e - t i m e  has the 14 
in va ria nts  o f  sec ond o rd e r  g i v e n  b y  D c b e v e r  (see refs. [ 3 2 -  
34 j) equal to z e ro .

W e  no tice  that f r o m  ( 3 , 8 , 1 4 , 1 5 ) ,  the i d e n t i t y  ( I I )  takes 
the t r iv ia l  f o r m  0  =  0  a n d  le a v e s  o f f  a n y  i n f o r m a t i o n  
co nc ernin g h : h o w e v e r ,  w e  can still s tu d y  its characteristic 
p o l y n o m i a l  in o r d e r  to  i m p r o v e  the a n a l y s i s ,  this is the 
m at ter o f  the n e x t  sectio n.

3 . h has trace different from zero

S u b s t i t u t i o n  o l m a t r i x  b lt i n t o  its c h a r a c t e r i s t i c  
p o l y n o m i a l ,  giv e s  the e q u a t io n  13 5 - 3 7 ]

b b ' - lA f -  / /  - p b  / = 0 .

u> sec (hut I r o m  ( 2 . 3 , ft) f o l l o w s  i m m e d i a t e l y

( 8 )

O n  the o t h e r  h a n d ,  it is k n o w n  that the G a u s s  e q u a t io n  
1 1 , 2 , 3 1 ]

K„uu = n ( b u b IIH - b j >l k ) ,  (9)

w i t h  c o r r e s p o n d i n g  F i c c i  tensor

R ,m = G (/>//>,m -  )• I> s  l>! ■ ( 10)

i m p lie s  the im p o r t a n t  id e n t it y  13 , 4 , 2 6 , 2 7 )

»/> -L iu  -.Li? d h
P ( ‘f 4tS ^ ' ' 1 1 ’

w h e r e  ( i iH =  RtU ~ y g f0 is the F m s t e m  t e n s o r , A? is the

c o n t r a c t i o n  o f  the R i e m a n n  t e n s o r  w i t h  its d o u b l e  dual 
1 1 , 5 , 2 8 - 3 0 |  g i v e n  b y

=  - 2 4 d e t ( / / ) ,  ( 1 2 )

a nd p  is suc h that

p -  = - i r ( J r * ' + /v’.......G "a " N|- ° -  ( l3)

f j  = ± l  b e i n g  the i n d i c a t o r  o f  the n o r m a l  of R A w i t h
respect to E y

It is not a d i f f i c u l t  task to see that ( 3 , 8 , 1 1 . 1 3 )  i m p l y  

/> =  <), ( 1 4 )

* 2  =  0. ( 1 5 )

F r o m  ( 1 4 )  w e  c o n c lu d e  that

p  =  ^ b ' i G ll ( 1 7 )

w h i c h  b y  use o f  ( 3 , 1 4 . 1 5 )  n o t ic e a b ly  s im p lif ie s  to

b 4 b b '  -  0 , (1 8 )

and eq ( 1 0 ) is n o w  re w ri tt e n into f o r m

bt, b n R,f = 0  G O )

N e v e r t h e l e s s ,  e q. ( 1 0 )  a nd  the fact that Rh R lf = 0  ( s e t  
eq ( 3 ) )  c o m p e ls  ( 1 9 )  to i m p l v

b ( b ; k t )k,  = 0 . ( 2 0 )

T h e n ,  there are t w o  o p tio n s  .

/. b  s  b;  -  0  :

W e  w i l l  r e a l i z e  that such  p o s s i b i l i t y  s h o u l d  lead  to an 
e m p t y  s p a c e -t im e , but this is not o u r  case.

In fact , w i t h  h = 0  in ( 1 0 , 1 8 )  w e  get

/>4 =<), R,t rv, (lr) . (2 1 )
' ' ''I

and because R = p  =  k? =  0 , it f o l l o w s  that

(/>? )'  = ( / > ' ) '  = d c l ( / > ; )  =  0  (22)

t h e r e f o r e ,  trace o f  / / ' = ( ) ,  // =  1............4 .  a n d  T a b l e  1 ol

G o c n n c r  | 2 6 )  e sta bli sh  the C h u r c h i l l  ■ P le b a n s k i  ] 3 8 —431 
type  o f  b  :

“ htJ is o f  t ype  [ 4 / V j p j  [ that  is  [ ( 2 1 1 ) ] ) ”  . (23 )

A l s o ,  f r o m  'F a b le  2 o f  [ 2 3 ]  w c  see that a t e n s o r  o f  this 
typ e  satisfies

h" =  0 , =  2 , 3

"An Eins te in-Maxwel l  f ield e m b e d d e d  

into  E <5 is not  int r ins ical ly  r i g i d ” , ( 1 6 ) (24)
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w h i c h  w h e n  s u b s t i t u t e d  i n t o  ( 2 1 )  i m p l i e s  t h a t  R lti =  (), 
h e n c e  th e  4 - s p a c e  is e m p t y  ( i m p o s s i b l e  t o  b e  e m b e d d e d  i n t o  
/Ts ( 1 - 3 , 4 4 J )  a n d  t h e  M a x w e l l  f i e l d  d o e s  n o t  e x i s t  at a ll .  i n  
c o n s e q u e n c e ,

“E v e r y  s o l u t i o n  o f  E i n s t e i n - M a x w e l l  o f

c l a s s  o n e  h a s  b  *  0  ( 2 5 )

T h i s  r e s u l t  is n o t  d e r i v e d  e x p l i c i t l y  in [ 7 , 8 1. F u r t h e r m o r e ,  
f r o m  ( 3 ) ,  it » o l l o w s  t h a t  R f/ is o l  t y p e  1 ( 2 1 1 ) 1  s i n c e  l 
c o n i e s  f r o m  a n u l l  e l e c t r o m a g n e t i c  f i e l d .  T h e n  i f  b  w e r e  
e q u a l  t o  z e r o ,  it s h o u l d  b e  m  c o n t r a d i c t i o n  t o  ' f a b l e  2  

ol 1 4 2  J.

W i t h  ( 2 5 ) ,  w e  g e t  t h e  m a i n  r e s u l t  o l  t h i s  s e c t i o n ,  
h o w e v e r ,  w e  h a v e  s til l t o  c o n s i d e r  a n o t h e r  o p t i o n  a l lo w je d  
hv (2 0 ) : \

I f  b  *  0  :

In t h is  c a s e ,  ( 2 0 ) a l s o  i m p l i e s  t h a t  k* is a n u l l  p r i n c i p a l  
d i r e c t i o n  o f  the  s e c o n d  f u n d a m e n t a l  f o r m ,

b n k l - 0 . ( 2 6 )

F u r t h e r ,  f r o m  ( 1 8 , 1 9 )  *

b 4 -  b b '  =  0 ,  / > ' - / > / > - = ( )  ( 2 7 )

It f o l l o w s  th a t t he  e i g e n v a l u e s  o f  b  are  b  a n d  z e r o  ( w i t h

l l n c e - f o l d  m u l t i p l i c i t y ) ;  so  T a b l e  2 o f  [ 4 2 )  g i v e s

ts t y p e  [3 / V  -  S \{ , , j th at  is  [ ( 2  I )l ] " ,  ( 2 8 )

1 1  w e  n o w  a p p l y  e q .  ( 5 )  o f  1 4 2 ]  w i t h  A ,  =  X ,  -  0 , A *  -  //,  
it f o l l o w s  th a t

b lf =  k ,k .  +  b A , A . , k , A '  = 0 , > 4 , 4 '  = 1 ,
( 2 9 )

b „ A '  =  M , ,  h „ B ’ = 0 ,  B , k ’ =  B , A ’ -- -( ) .

H e r e ,  A'  a n d  IV a re  s i m p l e  s p a c e l i k e  e i g e n v e c t o r s  a n d  k ‘ is 
a t w o - f o l d  d e g e n e r a t e  n u l l  e i g e n v e c t o r ;  w e  n o t e  h e r e  that the 
i c l a t i o n s  ( 2 9 )  a re  e q u i v a l e n t  to ( 1 8 )  o !  [ 8 j.

F r o m  ( 1 0 , 2 9 ) ,  it is e v i d e n t  t h a t  b o t h  R„,„ a n d  b mn h a v e  
the s a m e  e i g e n v e c t o r s  b u t  w i t h  d i f f e r e n t  e i g e n v a l u e s  :

RtJk f  =  0 ,  R,IA I =  RtlB f =  0 ,  ( 3 0 )

w h i c h  m e a n s  t h a t  R tu is o f  t y p e  | < 2 )  I ) ) .  F i n a l l y ,  b y  
i n s e r t i n g  ( 2 9 )  i n t o  ( 9 , 1 0 ) ,  w e  o b t a i n  b  =  -  e  , a n d

V .  ( * ,A , + Rj. b„ -  R„ b„  -  K „ b u ). ( 3 1 )

W c  f i n a l l y  p o i n t  o u t  t h a t  S t c p h a n i  | 8 ] p r o v e d  t h a t  th e  
n u l l  c o n g r u e n c e  a s s o c i a t e d  w i t h  k f  d o e s  n o t  h a v e  c i t h e r  
r o t a t i o n  o r  e x p a n s i o n ;  it h a s  o n l y  th e  p r o p e r t i e s  e x p r e s s e d  
in ( 4 ) .  M e t r i c s  w i t h  s u c h  c h a r a c t e r i s t i c s  h a v e  b e e n  s t u d i e d  
b y  K u n d t  [ 4 5 ] ,  K o / a r / e w s k i  [ 4 6 ]  a n d  o t h e r  w o r k e r s  as 
r e p o r t e d  in  1 1 1 .
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