Indian J. Phys.T3B (2), 279-283 (1999)
1JP

an international journal

The calculation of the ground state energy of the
positronium negative ion Ps-

A Bandyopadhyay. S:Sahoo and N C Sil
Department of Theorctical Physics, Indian Association for the Cultivation of Science,
Calcutta-700 032, India

Abstract With the introduction of an eftective hamiltonian, a regular perturbation
method 1s developed systematically for the calculation of the ground state energy of the
positronium negative 10n Results upto the second order 1s very encouraging
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The positronium negative ion (Ps ™). the system composed of two clectrons and a positron. has
been reinvestigated theoretically. The calculation of the binding energy of the system has a
long history that can be traced back to the carly work of Wheeler [1]. Subsequently many
authors [2, 3] with varying degrees of sophistication have reported reasonably good estimate
of the ground state energy. Despite these moderatc to superior calculations, the interest in this
system remains unabated perhaps becausc of challenging quest for cven simpler and more
transparcnt method. It is in this spirit that we present here a sumple intuitive method which is a
combination of an effective soluble hamiltonian and Rayleigh-Schrodinger perturbation theory
(RSPT). The essence of the method, which leads to a good estimate of the GS cnergy, lics in a
suitable partitioning of the exact hamiltonian into a solublc onc with a complete basis set and
4 perturbation.

The hamiltonian of the positronium negative ion is given by
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where r/, ry and R denote the position vectors of the clectrons 1, 2 and positron respectively.

m, and m,, are the masses of the electron and the positron respectively.
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In reduced atomic unit (where energy is scaled by ;‘(“ /'m,)and length by a, (m /u)).
0

The hamiltonian 1s reduced to
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where the reduced mass 4 = Lp=m, /m  andr,,r,arc the vectors from the positive
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particles in units of(m‘, /,u)a(, . We essentially rearrange the hamiltonian in the following way,

where Z 1s the effective charge of the positive particle.

For reasons to be apparent presently we introducc the following simple scaling
pp=Zr and p,=Z7Zr, )

with the results that

H=H,+H,, (5)
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In this form, H, 1s cxactly solvablc with a basis
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¢’s being the Coulomb functions. In the discrete and the continuum state these are respectively
given by
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Li':,l( 2y, p) is the Lagucre polynomial [4] and Y, (p) is the spherical harmonic and
¢,(p)=N, exp (ik.p) F (i/k Likp—-ik.p). (10
1 /4 .
where N, = (_2_7;773 CXP(EA_' | T (1-iky

and | Fy (17 k. 1, ikp—ik. p) 1s the confluent hypergecometric function [5].

We now estimate the ground state (GS) of H with H, as perturbation. The unperturbed
energy K is given by

()
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ath ¥, (PP =0, (p) ¢,(p;) and (12)
o, (pr=1" exp(~p). (13)

where the perturbation /7, has unull now an unknown parameter Z which has to be determined.

We fix this parameter by the prescription that the first order perturbation correction to
the GS cenergy.

EV =< Y, (PP, )}H(,: V. (Ppp2)>  tobe sero.

Thus, we get
é(zz—n/spo, Z=11/16. (14)

The next order correction £ is given b
g y

E(Z) =_-_2 <‘V“(Ppp3 )|Hlmlwt;(pl‘p’_’)>l
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where as usual prime in the summation indicates that the intermediate state
v, (p.p,)= V.. (P-P,) is excluded and
Hy v, (PP =E,v,(p.py)-

In the evaluation of £* we essentially split it into three tcrms

(2) _ (2) (2) 2)
E = E,m, + E"k + E“,. .
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where
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To simplify the calculation of these three terms, we have gainfully employed the contour

integral representation of the Laguerre polynomial [6] and the confluent hypergeometric function

[7). 1t turns out that the matrix elements in E.>) are obtained in closed analytic form while those

. 2 2 .
in F_‘,“;' and Efu’,’ are reduced to one dimensional itegral which are evaluated numenically. The
discretc summation has heen performed only upto n = 5 and the second order perturbative

correction turns out to be

(2

E? = 00398/ 7>

Therefore, the ground state encrgy of the positronium negative ion upto second order
RSPT is given by

E=(E,+E" +E™)Z% =-(11/16)* -0.0398 = ~0.5123.

The result is quite encouraging. Further contribution from the other bound states are
likely to increase the result. The most accurate ground state energy of Ps™ in the literature 1s
that of Frolov and Yeremin [8] who used a 700 terms exponential variational expansion wave
function. They obtained E = - 0.52401404656 + 1x 10~'2, Bhatia and Drachman [3] obtained
E=-0.5240101300 Ryd by the usc of 220 term hylleraas — type wave function with two non-
lincar parameters. Ho [9] reported E=—0.52401014041 Ryd with 946 terms hylleraas type wave
functions. Though the qualities of the wave functions used by them arc very accurate, the
calculations they performed are very complicated. We have carried out a simple calculation for
the GS energy of the positronium negative ion. Our success duc to the dominant contribution
from 2nd order perturbation term is a very interesting feature of our method. Higher order
corrections are likely to improve the result. With the expected improvement of the result in our
method, further investigation of the corrcctions due to the other bound states is under progress.
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