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Abstract ' It is demonstrated that extended polarization potential plays a crucial role 
in the binding of H ~ and Ps ions The conclusion is based on a scattering theoretic approach 
to the problem
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In th e  H~ ion  tw o  lik e  p a rtic le s  ( f “, e~) undergo  co rre la ted  m otion  in the cen tra l field  o f  m assive  
p ro ton . O n  th e  o th e r  h an d , the  Ps~ ion  is m uch  harder to v isua lize  since it co n s is ts  o f  th ree  
p a rtic le s  o f  eq u a l m ass  ( e ',  e+, e~ ) tum b ling  ab o u t the ir cen tre  o f  m ass in som e co m p lica ted  
fash ion . In m a n y  re sp e c ts , th e se  tw o  sy stem s d iffe r  11]. D esp ite  that, the  b ind ing  en e rg y  o f  P r  
(0 .012005  a .u .)  in the  g round  sta te is app rox im ate ly  one h a lf  the co rrespond ing  value (0 .027750  
a.u.) fo r H ~. F u rth e r, it has been  found  [2] that the pho to d e tach m en t cro ss  section  o f  Ps~ 
p ara lle ls  th a t o f  H~. A p p aren tly , no  s im p le  ex p lan a tio n  is know n for the  o b served  scaling  in 
en e rg ies  an d  p a ra lle lism  in the  p h o to d e tac h m e n t c ro ss  sections. T h ese  facts, how ever, tend  to  
point o u t tha t th e re  m u s t be co m m o n  dynam ica l orig in  for b ind ing  an electron  c ither to  hydrogen  
or to p o sitro n iu m  a lth o u g h  the  fcw -partic le  co rre la tions in the tw o system s are en tirely  d ifferen t. 
T h e  p re se n t w o rk  is an  a ttem p t to  d isc lo se  th is  by u sing  physically  founded  assum ptions . 
R e la tive ly  re c e n t s tu d ies  [3] ind ica te  th a tH~ is fo rm ed w hen  an incom ing  e lec tron  is trapped  by 
a p o ten tia l w ell c re a te d  b e tw e en  the  in c id en t e lec tro n  and  hyd rogen  atom . It can  be hoped  that 
a s im ila r co n je c tu re  m ay  a lso  be true  fo r the positron ium  nega tive  (Ps~) ion since deta iled  three- 
body c a lc u la t io n s  [4] c o n c lu d e  tha t Ps~ can  be ad equate ly  rep resen ted  as a  p o sitro n iu m  co re  
w ith  an  e x tra  lo o se ly  b o u n d  and  nearly  u n co rre la ted  e lec tron . In view  o f  th is, w e r e g a rd / / "  and 
Ps'  ions as the  re a c tio n  p ro d u c ts  o f  ap p ro p ria te  ^ '-a to m  low -energy  sca tte rin g  p ro cesses  and 
p o stu la te  th a t th e  sy s te m s  a re  so  w eak ly  bou n d  that the e ffec tiv e -ran g e  p aram etriza tio n  o f  the 
b in d ing  e n e rg y  is a u se fu l too l to  sea rch  for the  law  o f  in te rac tion  responsib le  fo r ion ic b ind ing .

F o r  sh o r t- ra n g e  p o te n tia ls , th e  sca tte rin g  ph ase  sh ifts  St (k) arc o d d  functions o f  k 
w hich  a re  re g u la r  at the  p o in t k =  0. In th is case , the qu an tity  kr1 tanS{(k) can  be ex p a n d ed  as
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a  sc rie s  in k2, th e  f irs t few  co e ffic ie n ts  o f  w h ich  co m p le te ly  d e te rm in e  th e  sc a tte r in g  a t low 
en e rg ie s . In p a r ticu la r, fo r  s -w av e  sc a tte r in g  the  e ffe c tiv e -ra n g e  ex p a n s io n

k co t5 (/c )  =  -  — +  — r k 2 r i\
a 2  v ;

is a lw a y s  a g o o d  a p p ro x im a tio n . In  w ritin g  (1 ) w e h av e  o m itted  the su b sc r ip t / =  0  and  shall 
fo llo w  th is  c o n v e n tio n  th ro u g h o u t. F u rth e r, w e shall w ork  in H artree  a to m ic  u n its  in w h ich  the 
energ y  E  = k2/2. H ere  a is the  sca tte rin g  len g th  an d  r , the  e ffe c tiv e  ran g e . T h e  physical 
s ig n if ic a n c e  o f  th e se  q u an titie s  can  be fo u n d  in any  s ta n d a rd  tex t on  n u c le a r  p h y sic s . In a 
p io n e e r in g  w o rk , O ’M alley  etaI  [5] co n s id e red  m o d if ic a tio n  o f  th e  e ffe c tiv e -ra n g e  theo ry  for 
sc a tte r in g  on  lo n g -ra n g e  p o te n tia ls . W e sh a ll re fe r  to  th is  m o d if ic a tio n  w h e re v e r  necessary . 
M e a n w h ile , w e n o te  th a t th e  e x p a n s io n  in (1) has b een  so u g h t ab o u t k =  0. I f  th e re  ex is ts  a 
sh a llo w  b o u n d  sta te  w ith  en e rg y  Ff =  Eh, it is then  m o re  co n v e n ie n t to  look  fo r  e x p a n s io n  about 
E h ra th e r  th an  E = 0 . In th is case , (1 ) takes th e  fo rm  [6]

k h
1 1
- + -  k ^ r ,  
a 2 b V ( 2 )

w h ere  kh is the  w av e  n u m b e r  co rre sp o n d in g  to  the b o u n d -s ta te  en e rg y  Eh. F o r  v a lu es  o f  a and 
rv c o r re sp o n d in g  to  a p re sc rib e d  law  o f  in te rac tio n  b e tw een  the  p ro jec tile  and  ta rge t, kh can  be
c o m p u te d  fro m  (2 ) to d e te rm in e  the  b in d in g  e n e rg y  via E h =  ~  if  the  sc a tte r in g  re a c tio n  ends 
up  in fo rm in g  a b o u n d  sta le .

T h e  in te rac tio n  p o te n tia l V(r) for e '- a to m  sc a tte rin g  is c o m p lic a te d  en o u g h  to  perm it 
an a ly tica l so lu tio n  ev en  at the ze ro  energy . T h u s  to deal w ith  the p re se n t p ro b lem , o n e  m ust 
look  fo r  an  u n c o m p lic a te d  n u m e rica l m e th o d  to  c o m p u te  the  e f fe c tiv e -ra n g e  p ara m ete rs . 
F o rtu n a te ly , th e  phasc-1 u n c tio n  m e th o d  [7] p ro v id es  a bas is  fo r tha t. In  th is m e th o d  th e  values 
fo r  sc a tte r in g  le n g th  a an d  e ffe c tiv e  ran g e  re is c o m p u ted  by so lv in g  the  d iffe re n tia l eq u a tio n s

a ' ( r ) = V ( r ) [ r - a { r ) ] 2 , (3)
an d

b'(r) =  2 V ( r ) [ r - r t ( r ) ] / ; ( r ) - r 2 V (r) | a 2 ( r ) - - ~  ra(r) +  -  r 2 j (4)

w ith  the  in itia l co n d itio n s  a(0 ) =  0, and  b(0) =  0  fo r th e  in te rp o la tin g  fu n c tio n s  a(r) an d  b(r). 
H ere , p rim e  d en o te s  d if fe re n tia tio n  w ith  re sp e c t to  r. T h e  q u a n titie s  a  an d  r ,  a re  o b ta in e d  from

(5)

re =  L l r_ ._ 2 ib(r)/a2(r). (6)

T h e  eqs . in (3 ) an d  (4 ) w ork  o n ly  if  V(r) d o es  no t su p p o rt any  b o u n d  s ta te . O th e rw ise  a t som e 
p o in t r{ a t w h ich  the  p o te n tia l has a leve l, th e  fu n c tio n s  a(r) a n d  b(r) b e c o m e  in fin ite . In such  
ca se s , it is n e c essa ry  to  re n o rm a liz e  the  eq u a tio n  to  av o id  the  u n w an te d  s in g u la r ity  [8] an d  th is 
is ac h ie v e d  by se ttin g

a(r) =  tan a(r ) , (7)

b(r)= p(r) c o s '2 a (r ) . (8)
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T he fu n c tio n s  a(r)  and P(r) satisfy

a ' ( r ) =  l / ( r ) [  r c o s o f ( r ) - s i n a ( r ) | : ; a ( 0 )  =  0, (9)

and

-  -2p(r)  V (r) | r cos a ( r )  -  sin or(r)] [cos a ( r )  +  r sin a ( r ) )

-  i  r 1 Vf( r ) [ r 2c o s 2a ( /  ) -  4 r  sin  a ( r ) c o s  a(r) +  3 s in 2a(r)\ ; p(0 ) =  0 .  ( |0) 

In the p re se n t case ,

a -  L t j^ ta n  a { r )  , ( i d

= L l r_ ^ 2 / } ( r ) /  sin  «(/■). (12)

W c now  fo llow  the above view  point to ca lcu late  the b inding energ ies o f  M" and Psm from  sonic 
p o stu la ted  law s of in te rac tion  one  thereby  derive  a pedagogical rea lisa tion  for the d ynam ica l 
o rig in  o f  th e ir  b ind ing .

T h e  in te rac tio n  w hich  con tribu tes  in e~-H scattering  consists o f  th ree basic ing red ien ts. 
T he first o n e  is the so -ca lled  sta tic  po ten tia l (short range) in w hich the inc iden t e lec tro n  feels 
only  the m ean  fie ld  o f  the und isto rted  atom  and the  second  one goes by the nam e po la rization  
p o ten tia l ( long  ran g e) resu lting  from  the d isto rtion  o f the atom  by the charged  p ro jec tile . Both 
o f  these  p o ten tia ls  are local. In add ition , there  is a highly  nonlocal po ten tia l that g ives us the 
possib ility  tha t the inc iden t e lec tro n  is cap tu red  and the atom ic elec tron  ejected . T his po ten tia l 
a cco u n tin g  for the e lec tro n  ex change  d istingu ishes betw een  the sing let and trip le t scattering  
19], H ere , w e assu m e that there is only  one sing let bound  stale o f / / - and  p roceed  accord ing ly .

W c no te  that the non linear equations in (3) and (4) relate to scattering  on local po ten tia ls 
and can  no t be app lied  d irec tly  in the p resence o f a nonlocal in te raction  [71. W c. therefo re , 
co n s tru c ted  an eq u iv a le n t local po ten tia l by fo llow ing  a p rescrip tion  g iven by one o f  us [ 10]. 
We have a lso  seen  tha t th e  effec t o f  nonlocalily  can be sim ulated  by an ap p ro p ria te  ch ange  in 
the streng th  o f  the sta tic po ten tia l to  fit the low -energy scattering phase shift [9]. T his equivalen t 
local po ten tia l w as then  com bined  w ith  the usual static potential and the ex ten d ed  po larisa tion  
po ten tia l o f  C a lla w ay  etal[\\]  to  construc t the effec tive  in te raction  for the e lec tron -hyd rogen  
atom  s in g le t sca tte ring .

F irs t w e so lv ed  the eq. (3) for the sia lic po ten tia l only  and found a =  -  9 .447  a.u. in 
ag reem en t w ith  the resu lt g iven  in M ott and M assey  [9]. T h is show s tha t the  a lgo rithm s 
p resen ted  ab o v e  d o  not in tro d u ce  num erical inaccuracy. Wc then a ttem pted  to so lve the sam e 
equa tion  in p rese n ce  o f  the po larization  po ten tia l and found  tha t the function  a(r) exh ib its  
s ingu larity . T h u s , the a ttrac tiv e  po la risa tion  po ten tia l plays key role in fo rm ing  a hydrogen  
nega tive  ion. W e co m p u ted  the scattering  length  for the full po ten tia l by using  (9) and ( I I )  and 
found a -  4 .3 1 5 0  a .u .. It is u n fo rtuna te  tha t w e w ere unable to ca lcu la te  the value o f  effec tive  
range by u sing  (10 ) and  (12) because b(r) w as found to exh ib it a singularity . T h is  is not 
u n ex p ected  in v iew  o f  an early  observa tion  by O ’M alley  et al [5] w ho exp lic itly  dem o n stra ted  
that the p resen ce  o f  long -range  ( -  r ' 4) po ten tia l, the e ffec tive -range  theory  needs a radical 
m od ifica tion . H ow ever, it w as also  found  by these au thors that for loose ly -b o u n d  sta tes hV
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b in d in g  e n e rg y  (Eh) can  be re liab ly  ca lc u la ted  from  the k n o w led g e  o f  the  sc a tte rin g  leng th  only 
by  u s in g

Eh = — T  (a - “ •) ■ (13)

F ro m  (1 3 ) o u r  v a lu e E h o f / / '  co m es o u t to  he 0 .0 2 6 8  (a .u .). In te res tin g ly , th is n u m b e r  is not far 
o f f  from  the so -ca lle d  e x a c t re su lt q u o te d  earlie r. W e fo llo w ed  the  sam e p ro c e d u re  to  ca lcu late  
the  b in d in g  e n e rg y  o f  Ps~. T h e  d ip o le  p o la riz a b ility  o f  the  /V a t o m  is tak en  e ig h t tim es as that 
o f  h y d ro g en . F o r  e lec tro n  sc a tte r in g  by  p o s ilro n iu m  a to m , the  s ta tic  p o te n tia l is zero . The 
p o la risa tio n  p o te n tia l is th e  on ly  in te rac tio n  tha t co n tr ib u te s  to  Ps~ b in d in g . O u r re su lt f o r a  is 
6 .4 8 2  (a .u .)  w ith  the  c o rre sp o n d in g  b in d in g  en e rg y  Eh -  0 .0 1 19 (a .u .) .

In th e  re c e n t past, m an y  v aria tio n a l and  n o n v a ria tio n a l ca lc u la tio n s  [ 1 ,4 ,  12] h av e  been 
re p o rte d  g iv in g  m o re  ac cu ra te  v a lu es  fo r  the  b in d in g  e n e rg ie s  o f  the  Ps~. It w as  not our 
in te n tio n  to  c o n te s t th e se  n u m b e rs  w ith  reg a rd  to  n u m e rica l ac cu rac ie s . O n the  o th e r  han d , wc 
tried  to  p re se n t a p h y s ic o -m a th c m a lica l an a ly s is  tha t lends to  c la rify  the  fjynam ica l o rig in  ol H 
and  Ps b in d in g . In p a rticu la r, w c fo und  the p o la risa tio n  p o te n tia l plciy a c ru c ia l ro le  in the 
d y n am ics . \
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