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ABSTRACT. The effect of anharmcnieity on tho intermolecular potentials derived
from crystal properties (using Einstein approximation) has been considered for an elaborate
six-parameter potential. The results obtained in this paper show that crystal properties can-
not be used for an accurate determination of the pair-wise additive intermolecular potential,

INTRODUCTION

The effect of anharmonicity on the intermolecular potentials derived from
crystal properties on the Einstcin approximation has not yet been determined
satisfactorily. Calculations performed by Zucker (1958) for the Lennard-Jones
(12:6) potential show that the effect of anharmonicity cannot be neglected. On
the other hand, Guggenheim and McGlashan (1960), have used mainly crystal
properties to determine the intermolecular potential of argon on an elaborate
six-parameter model. Guggenheim and McGlashan (1960) could not assess the
effect of anharmonicity and they assumed it to be negligibly small. They argued
that due to the limitations of the Lennard-Jones (12:6) potential the conclusion
recached by Zucker (1958) regarding the cffect of anharmonicity is uncertain.
Consequently, it is very desirable to obtain an estimate of the effect of anharmoni-
city on the crystal properties for the six-parameter potential itself.

Another factor which should play a significant part (Jansen, 1963; Barker,
1964) in the determination of intermolccular potentials from crystal propertics
is the contribution of many-body interaction, ie. the intermolecular potential
can no longer be considered as pair-wise additive. Tn principle, bulk properties
of scalar character are not particularly suitable for obtaining information on
non-additive forces as their functional dependence on these forces is too implicit
(Jansen, 1963). However, some information on the non-additive interactions
can be obtained by an accurate analysis of the gaseous and the solid state pro-
perties of the same substance.

Recently, Barker (1964) has obtained the intermolecular potential of argon
on the corc potential by utilising only low-pressure gascous properties in which
effects of many-body interactions and anharmonicity may be neglected. T?le
potential energy ocurve thus obtained is much closer to six-parameter potential
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than to the Lennard-Jones (12:6) potential. The force parameters for argon as
obtained by us in this paper from crystal propertics at 0°K are quite different
from those obtained from gaseous data (Barker, 1964). This probably shows that
the core potential is sensitive and flexible cnough to show the cffeets of anhar.
monicity and may-body interactions if they are of significant magnitude. We
have used the core potential to caleulate the entropy of solid argon at different

temperatures,

CALCULATIONS AND RESULTS

The core potential with a spherical core of diamcter y may be written as,

o) = de [ (0)" = (A7) ST

* *__
r*—y =y

where r is the internuclear distance, ¢ the depth of the potential % -— rjo and
v¥ = ylo. o is the value of » for which ®(r) = 0. At 0 K anharmonicity effect
is present only in zero-point energy and we shall negleet it. We have used the
heat sublimation L, and the lattice distance at 0°K for calculating the foree cons-
tants of argon for the core potential. The equations used are the following -

. 1—v* \22 , l—’y* o .
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220, (17" 50, (A7
- rx __-y*) r¥__ 'y*
Cg. Uy ... ete. are crystal constants which depend on the lattiee (Hirschfelder

et al, 1954).

In the calculation of o and ¢ from cgs. (2) and (3) we have assumed y* to
have the same value as determined by Barker (1964). The results obtained are
shown in table I together with the values for the Lennard-Jones (12:6) potential.
It may be seen that unlike the Lennard-Jones (12 :6) potential the two sets of
constants for the core potential as determined from the gaseous and crystal data
differ considerably from each other.
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TABLE 1
Constants for the core potential and Lennard-Jones (12:6) potential

Constants determined from

Crystal Properties

Gaseous Proporties

y* oA eIk K o* A KK
(‘ore potential 0.1 0.348 117.25 01 t;:;b; o ];2—}) o
Lonard-dJ onos 0.0 3.403 122 .46 0.0 3.409 119, 49@

12 :6)

- —_— —— e

(B Barker, et al (1964).
(2) Zucker, (19566).
(3) Whalley et al (1965).

For the core potential. the frequency of vibration on the Einstein approxi-
mation is given by,

_ 2e oof ! I—y*\ 1 I v* 8
sy B (SR = 0 (L]

In order to check the reliability of the force parameters calculated by us we have
caleulated the Debye temperature at 0°K from the relation

0 = (/3" . )

The frequency v being obtained from cq. (4). The experimental value of 0, is
93.3°K and those calculated by using the force constants determined from crystal
data and gascous data are 94.1°K and 77.5°K respectively.  The excellent agree-
ment between the cxperimental value of ¢, and the valuc calculated from the
crystal properties at 0°K show that this set of constants should reproduce satis-
factorily other crystal properties at higher temperatures minius anharmonicity
effects. Since the force parameters for the core potential have been determined
by fitting with solid state data at 0°K, they should adjust themselves to take
into account the many-body intcractions.

The molar entropy of the crystal can be eapressed as,

S/R =—§—- x coth % —31n( 2 ginh '; ) .. (6

where

o PV e (7)
b
The entropy values at different temperatures have been calculated on the core
potential from both the sets of constants using egs. (4)—(6). The results together
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with the experimental values are shown in table II. The quantities (Se—S¢)/R
and (8g— Sc¢)/R represent approximately the effect of many body interactions and

anharmonicity respectively.

TABLE 11
Entropy values calculated for the core potential, at p— 0
From gaseous From crystal Experimental  1—y cosech? z/2
T°K proporties datea  propertics data (S/R)g@
(S/R)e (S/R)c

20 0.642 0.380 0.754 1.0856

30 1.4568 1.038 1.624

40 2.223 1.713 2.231 1.1403

50 3.099 2.399 2.864

60 3.731 3.106 3.417 1.0953

70 4,247 3.653 3.938

80 4.638 4.199 4.431 1.0745

1 Guggenheim et al (1960).

We shall now utilise the results obtained above to see if the consideration of
anharmonicity improve the agrecment betwecen experiment and theory on the
six-parameter potential. The six parameter potential in the neighbourhood of
its minimum may be written as (Guggenheim et al, 1960).

B(r) = —e+k(%"‘—>z-a( ’:':m,>a+ﬂ<_’;_:~» )’ (1)

where ¢ is the depth of the potential well at r = r,. when r is very large ¢(r)
vaies primarily as r—% and may be written as

#) = —A("m)’ e (8)

On the Einstein approximation for the acoustic modes of vibration of the
frequency v is given by

2"?2"2% = k(1+4)"1(1+38)—aA(1+A)(1+24)+ 24831 +-A)(1+A)

a+58) -5 2+ ) -

where

=(T:_"_n)

m
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The molar total energy U can be expressod as

12 12
vIRT = 22 [—e—{—kA’—aA’—f—ﬂA‘—- A(1+A)"43 & coth © ] . (10)

being taken as zero for infinitely dispersed atoms at rest. The cxpression for S/B
on the six-paramcter potential remains the same as that givon by cq. (5). We
have also the relation,

pV|RT = ki [2/.A(l+A)—3aA=(1+A)+4/}A3(I-{ A)+6 __‘_1~,\(1+A -]

o b 00t T2 A(14A) - a1 +4)(1 448428

MEMVEr o2

H4PALHA)( 1430+, A2) 440 ‘/_F;.;?E A(LA)- (11)
where p is tho pressure and }V the molar volume,

Initially we have ncglected anharmonicity and talen g =0 and for Afk
the quantum mecchanically calculated value 150°K was chosen. By using the
experimental values of the lattice distance and cntropy values (given in columu
3of table 11) at 80°K and 40°K and following the method deseribed by Guggenheim
and McGlashan (1960) we have calculated the constants «, £ and r,,.

When the atom is displaced from its lattice site by a distance with compo-
nents &, 9, § along the principal axes of the crystal the incerease in cnergy is given

by

sz+n2+cz) == P F(1+A)"Y(1434) —aA(1+A) (1 +2A)+24A2(1+A)1

fy, 5 Cy—12 - b 1 -
g 8) =570 T A0+A) ] ey 2 x5 g 40

-1 12 -10 (]
+gﬂ(l+A) (14-54)—14-C10° 10027 M1+4) ]+0(p) . (12)

higher order in p being neglected.  When anharmonie terms in eq. (12) are consi-
dered, the energy level along any of the perpendicular axes is given by

(n+$)z+(n?+ n+3)y e (13)
y is defined as,
y= — 3K [a(l-;-A)— —B(14A)1458)+70 L1012 /\(H—A)—“’]
8mAmErmivikT 12

(14)
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We have also (taking # = 0 in the harmonic approximation)

UjRT = 12 [-e+kA’—aAa+ﬂAi—§:l? A(1+A)-°]

2kT 12
3 z[y_ p &_ coth /2 )
+5 z coth §[1 y(cosech 5= % ] (15)
S/RT = 3 z coth ;[l—-y cosech? ; ] —3 In (2 sinh 2/2) (16)

pVRT = — ,5, [2kA(1+A)—3aA2(1+A)+4/fA3(14 A)+6C“T_—2—1—2 A(H—A)-“]

3 1 z x | dyldr ]
- > t — 2 4 h x/2 (
vt 2 z coth 9 [l y cosec h 9 4 dxldr coth 2/ ¥

[3 RO-87—alla0 4200 4p0014 41 1430+ 30)

3
cy—12 -y
40 AT2% A(14.4) . (1)
12
TABLE ITT
Force constants of argon for six-parameter model
%at AK rmA ek°K  10-%,°K  10-3,,°K  10-1,,°K Rof.
0.
1 160  3.85 130.11  60.0 245 0  This work
2 160 3.818  130.5 4.3 18.3 0
} Ref. 4.

3 160 3.812  131.5 44.9 19.6 1.96

TABLE 1V

Experimental and the calculated values of the molar enthalpy for p— 0

H|R HIR
TeK (Calculatod) (Experimental)s
from Set 1
20 —9024.4 —-922.0
40 —872.1 —878.0
80 —811.7 —819.0
80 —1748.1 -748.1

(1) Guggenheim et al, (1960).
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In order to ascertain the effcet of anharmonicity the values of y were obtained
from eq. (16) by using the experimental value of cntropy and the values of a, k
rm 88 obtained earlier. The values of the term (1—y cosech®r/,) at different tem-
peratures arc shown in column 5 of table II. Once the factor y is known, efk
can be calculated from eq. (15) by using the experimental value of U. The values
of the constants obtained for the six-paramecter potential arc shown in table
LII. In order to calculate pV/RT it is necessary to obtain dy/dr and dx/dr. From

the values of y the corresponding £ values may be calculated from eq. (14) and eq.
(16) gives

= 3h* _ Co—
rdylr = gy gy | 204 D) ' H4A0+874700 Qo A a)w) ay

From Egs. (6) and (9)

3z

2oy 242
m*mr,,2v

r dzjdr = [g (14A)"- a(l+A)Y(1+4A+242)

F 48A(1 | A) 1(1 3A-4 §A2)+4o_£&;;211 A(1+A)-8] . (19)

COMPARISON WITH EXPERIMENT

Sinee experimental entropy values have been utilised for the determination
of the potential paramcters, these cannot be used for the comparison between the
theory and the experiment. From table IV it may be seen that by considering
anharmonicity effects the agreement between the experimental and the calculated
values of molar enthalpy is well within 1% at all temperatures. The experimental
and the calculated values of the lattice parameter and the lattice volume at p—0
are shown in table V. It may be seen that the agreement between experiment
and theory is slightly better when anharmonicity is taken into account. In
the calculated values from set no. 3 the anharmonicity is considered but it is
assumed too small. However, the most sensitive test for anharmonicity effects
is the pressure variation of the quantity pV/RT. A convenient way of expressing
this is the quantity V(o)— V(p). V(p), V(p) being the molar volumes at zero pres-
sure and p at m; respectively. The quantity V(p) was calculated from eq. (11)
by using all the sets of constants given in table II (the anharmonic terms being
ommitted for sets 2 and 8). The experimental and the calculated values of the
quantity V(o)— V(p) are shown in table VI,
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TABLE V

Experimental and the calculated values of the lattice distance and
the molar volume V(o) at p— 0

Calculated from Exporimental®
TeK Set No. 1 Sot No. 3
rm*A ¥V em?/mol r,,."‘A V em®/mol r,,.‘A ¥V em®/mol
20 3.767 22.770 3.768 22.820 3.760 22.650
40 3.778 22.974 3.784 23.080 3.780 23.005
60 3.827 33.875 3.810 23.567 3.818 23.706
80 3.869 24,674 3.850 24,307 3.860 24600

n Pollack, (1964).
rm* = r/\/2, r being the" lattice distance.

TABLE VI

Experimental and the caleulated values of the quantity V(o)— V(p)
at various pressure and 7' = 65°K

Prossure Caleculated from
g . Experimental
(atm.) Set 1 Set 2 Set 3
193.6 0.23 0.32 0.31 0.26
387.1 0.45 0.63 0.567 0.60
483.1 0.54 0.78 0.72 0.59
580.7 0.83 0.97 0.82 0.71
967.8 097 1.33 1.25 1.09

DISCUSSION OF RESULTS

Tt may be seen from table VI that the agrecment between experimental
and calculated values is much better if anharmonicity is considered (set 1).
For set 3 the agreement is slightly better than set 2, which is probably due to the
reason that anharmonicity is very slightly taken into account in set 3. Since
V(o)—V(p) is most sensitive to the effect of anharmonicity, results show that
anharmonicity does play a significant role in determining the crystal properties.
The term (1—y cosec h%z/2) which is a measure of the effect of anharmonicity



Effects of Anharmonicity on the Intermolecular, etc. 693

show a maximum valuo around 40°K which is in agreement with the temperature
variation of the Gruncisen parameter ¥’ for argon (Pollack, 1964). The calculated
values of the quantity V(o)— V(p) is slightly lower than the experimental values
when anharmonicity is considered whereas if this is neglected the calculated
values are higher than the experimental values. One reason for the over corree-
tion for anharmonicity is the approximate cquations used for considering anhar-
monicity and the other reason may be that we have used the experimental values
of the lattice distance in our calculation which means that anharmonicity has
already been taken into account partially.

It is relevant here to consider the uncertainty in the anharmonicity effect
found by us due to the use of the Einstcin approximation which does not consider
the coupling between the harmonic oscillators. However, it has been shown by
Zucker (1958) that the Hankel’s modification of the Einstein model (which does
not include harmonic coupling) gives much better agreement between experiment
and theory than the Debye approximation (which considers inter-dependence
of the oscillators, but does not include anharmonic effect). Near 0°K the two
methods are in very good agreement and difference between them increases as the
temperature increases (Zucker, 1958). This probably proves that if the constants
for the intermolecular potential fitted to data at 0°K then only the consideration
of anharmonicity cffects can explain the experimental data satisfactorily. In
the present paper we have followed a similar procedure and the most of the effects
obtained by us must be due to anharmonicity.

Regarding the effect of many body interactions several observations are rele-
vant. In agreement with the calculations performed by Jansen (1963a, 1963b),
Barker (1964) has observed that for argon non-additive interaction contributes
about 307, to the heat of sublimation L, at 0°K.  The effect of non-additive inter-
action on entropy is shown by the term (S¢— Sg)/R in table 1T. It must be pointed
out that (S¢c— Sg)/R gives only qualitative magnitude of the many body effect
on entropy. Since it is not possible to obtain the cffect of non-additive interactions
accurately from theory it is not justified to use solid state propertics even in con-
junction with gascous properties for the determination of intermolecular potentials.
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