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Abstract : An atiempt has been made in this paper 1o mvestigate analytucally the
disturhances produced 1 a prezo-quartz canulever under the influcnee of thice dilferent fields,
vi. . electrical. mechamcal and thermal The cantilever 1s considered to have cevtam wadth, the
upper and lower edges of which are free trom load and the shcanng lorces having certim
resultant are distributed along + = 0 The expression for the eleane potential function s taken
such that st s constant ony = 40 and alvo make the miensity = 0 along the length We restact
ourselves 1o the xv plane and components of elastie displacements along v and y dnechions hane
been illustrated
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The problem of investigating disturbances n piczo-clectric media under diflferent inputs
have been studied in the literature [1-4] Itom the point of view of circutt theory  Several
other researchers [5-9] have extended the work 1o find out the disturbances in piczo-clectric
media. In most of the works on the piezo-clectricity, there is a trend (o extend the clastic
problems to corresponding piczo-clectric problems and most of the workers have mide use
of classical solutions in purely elastic matenial. A particular arca ot picso-clectric problem
15 on bending of piezo-clectric material and the problem of disturbances of picso-quarts
" Address for correspondence © 1, Dr A L Munshi Lane. Uttarpara, Hooghly-712 258.
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cantilever are of utmost importance to the physicists as well as to the Engineers for various
practical uses in the ficld of science and technology.

The present work is confined to study the displacement of a canulever of
piczo-clectric material under electrical, mechanical and thermal ficlds. The cantilever, in
the present investigation, 1s considercd to have certain width, the upper and lower edges of
which arc [rec trom load [10]—the shearing forces having certain resultant are distributed
along x = 0. We restrict ourselves to the xy plane and finally the components ol clastic
displacements along A and v directions have been illustrated. It is found that the
displacements are partly lincar, hyperbolic and exponential in nature.

As preso-clectricity is essentially the interaction of the clectric and clastic ficlds in a
crystal, we must therefore, define the electrical as well as the elastic state of the crystal and
specifly 1ty clectrical state by two variables—the clectric field E and the clectric
displacement D and we specity 1ts elasne state by two clastic variables—the stress 7
and the stram § Referred to a rectanguler sysiem of axes X. Y. Z the components of the
electrie field and the electric displacement are supposed to be £,, D, (i = 1-3). Denoting
the clastic stress and strain components by 7,, S, (1 = 1-6) respectively. the stress equations

ol motion are
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where pas the mass per unit volume and . v, w are the components of elastic displacement
In [ree space, the electric displacement D, satisfics the Gauss's divergence equation
), D, oD,
- 4 hd

divDhD= — — 4+ — =) (2
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The hmear prezo-clectne constitutive relations between 7. 8, £ and D which describe the
b . g . . .
mterrelation among the electncal and elastic vanables for piczo-clectric materials are

Se= 2T, b YL k= 123456 A)

|

D= N, T+ el =123, 4)
Il

where the constant §) (= 8% ) i the clastic compliances at constant electrie field stiength E.
L, = d,w the preso-clectie stram constant while 4',5 (= "//') is the diclectric permttivity at

constant stress.
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Besides these, we have the relations connecting the strain components and
displacement components given by

S]=_a£ S. =ﬂ S. =ﬂ (5)
' T N T i

S‘ = .31 + ?—V‘ S = .a_u + ﬁ s = ﬂ + (;_U (6)
d ' ok Tt o d

In deriving the plane equations, we restrict ourselves o the xy planc and we reprcsent the
stress components by

7"92¢T“92¢T-32¢T-T—T‘) 7
'ﬁb\'_z’z-?"’—x};’q-“—ﬁ_(' 0]

where ¢ is the stress funttion. The components of electric field are represented by

v v
s E, = 5 Ey =0, (®)

E =

where Vis the electric potential function.
For plane problems, we assume the piczoelectric relations to be

S, = sGTy + shTy + dyE + ufe,

S, = sbT, + sfiT, - d\E, + pte,
Se = 20sf - sET, - 2d)\E,. )]

Dy = d\(T, - Ta) + ¢ \E, + pf6.
D, = -2d,\T, +¢j,E, + p38,

where pb's are the thermo-clastic compliances at constant electric (ield strength £, pMs
arc the thermo-piezo-clectric moduli at constant stress aad 6 is the mput temperature. From
cygs. (7)-(9), we get

AV Vv 4, (d% ' 78 70
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Here we choose @1 11], tne temperature input as a linear function of x and y as
0= Ge + e P)

where ctand B are arbitrary constants. Eq. (10) becomes

vV d, (3 *¢
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For the problem of cantilever of width 2c, the upper and lower edges of which are free from
load and in which the shearing forces having a resultant P, are distributed along the x = 0,
we assumc for ¢ [7,8,10] as

¢ = Axv® + Bry,
where the constants A and B are to be determined from the mechanical boundary conditions
referred to above, viz.,

+c
[Tﬁl\;.i, =0 and - stdy = P.
-

Applying boundary conditions we get,
¢ = ~ P/act(xy} -3cxy) (12)
A form of V for which the electrical boundary condition can be reasonably satisfied [8], is
given hy
V= Voy(y?-c?). (13)
The expression for Vlcads to the condition that the potential is constant on y = % ¢ and also
makes £ = 0 along the length. The constant V, is determined (rom the cgs. (11) and (12) as
d, 6,
Vo = —-(~P14c") + —(pyBe P + pjoe=). (14)
en 6y
The expression for V becomes

d 6
V= [i(_p/w) + 6—°(p2ﬁe-l" +p,ae-‘")]_y(y’ -eh. (15
€ ¥

We get from egs. (7) and (12)

2 2 P
T, = ()"¢/()_V‘ = - EC—‘X)‘, T2 = 0,
ip
Ty = - 391dvix = - —=(cF-y?) (16)
P

Finally, to calculate the displacement components (u,v), we start with the egs. (9) and (5).

namcly,
du P ‘
F— F""ﬁn + uffy (e +eP), (17.1)
v P, \ -
o T o By(e™™ +eP), (17.2)
ov u 3p
" E 2siy —-SIE;_,)?((('Z_),Z) - 24} (-p 43yt -c?) /ey,
- KBe Py —c?) + (KeP + L@ 2y, (17.3)

where K (= (/” 6, pzﬁ /3)and L (= d||90p| o/ 3) arc constants.
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Integrating eqs. (17.1) and (17.2) we get,

3P
= - st,ﬂy + BEOy (e I a+ePix) + f(y), (18.1)
kI
ve= - ﬁsﬁxyz + U5 By(e %y -e B/ B) + f(x), (18.2)

where fix) and f(y) are functions of xandy respectively. Differenuating eq. (18.1) with
respect to y and eq. (18.2) with fespect to x and summing and using eq. (17.3) we get

Au ov r N df(y) ir
I e
e df(x)
—/-12"00)‘ +
dx

2 3P ) 7 a
= - 2(s,5,—s,"2)ﬁ((" -y - 25 (-P /4¢3yt - )/ ¢,

~KBe P (y2 _c2) 4 (Ke P 4 1e @ )2y,

which can be written as

df(x) p

i R

4(y) _3p E 2 zdlz' P 3y2 KB Py (2 2y—Ke Py =
d_y—zc—].\‘”} - ?4(—‘ Y+ e (v*-c*)=Ke y=e,

where m and e are functions of x and yrespectively.

Integrating again, we get

P
f(x) = —sfx + [mdx + h,

2¢7
P, d} -

FO) = {sfi+— | - ke (32 4¢2) + [edy + g,
2c e

where h and g are the integrating constants. Putting the values of fix) and 1) into the egs.
(18.1) and (18.2), we get the components of elastic displacement u and v as

ip [, e A P 47 R
u = - F‘tlﬁlxzfv + #lboo[— T + e ﬁ‘xJ + ?[\‘,ﬁ + Z A
—d)16)Pyfe P (y2 +¢2) /3 4 Iedy + 8, (19)
KV d P
e 2o Shxt + ufly(ey-eP 1By + [mdv + b (20)
c c

Egs. (19) ang (20) give the components of elastic displacement along x and y direction
Tespectively,
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The vanation of the component of the elastic displacements along x and y directions.

have been shown in cgs. (19) and (20) respectively. As the term e is a function of y, so the
cxpression Jedy in eq. (19) contains y-term only. We have investigated the variation of the

component of the clastic displacement u along x direction, keeping y as constant, so the

term Iedy in eq. (19) will behave as a constant part. Similarly, the term m is a function of x,

so the expression Jmdx 1n eq. (20) contains only x-term and it will give a constant

contribution in the vanation of the component of the elastic displacement v along y
dircction, keeping the value of x as constant. It is found from egs. (19) and (20) that both
the disturbances consist of some linear, hyperbolic, exponential and constant part with

ditferent coefficients
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