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Abstract: W e show  that it is possib le  to  substan tia lly  im p ro v e  the  an a 
ly tical ch arac teriza tio n  o f the C ou lom bic  b rem sstrah lung  cro ss sec tion  
up to 2 M eV  for all e lem en ts o f  the periodic  tab le , by  m od ify ing  the 
B om  ap pro x im atio n  w ith  E lw ert factor. A sim ple  an aly tical ex p ressio n  
is o b ta in ed  by  m od ifica tio n  o f  the E lw ert fac to r and in trod u ctio n  o f  an 
em p irica l h ig h er-o rd er B o m  correc tion . T h ese  are used  to ge th er w ith  
the B e th e -H eitle r ex p ressio n  to achieve an accuracy  o f  p red ic tio n s 
w ith in  10%  th ro ug h o u t the spectrum . T o  verify  ou r an aly tical e x p re s 
sion the  b rem sstrah lu ng  sp ec tra  have also  b een  ca lcu la ted  in  the  p a rtia l- 
w ave ap p ro x im atio n  fo r nuclei o f  A l, Fe, M o, W , A u and U in th is 
energy  range. *

K eyw ords: C o u lo m bic  po ten tia l, b rem sstrah lu ng , E lw ert fac to r, B o m  
ap pro x im atio n

PA C S  num bers: 34 .80 .-i

1. Introduction

B rem sstrah lu n g  from  nucle i (C ou lom bic  b rem sstrah lu ng ) is one  o f  the  
most im p o rtan t rad ia tio n  p ro cess in p lasm a  p hysics and  astrophysics . C ross 
sections o f  th is  p ro cess  o ften  are  u sed  fo r estim ation  o f  b rem sstrah lu ng  sp e c 
tra from  ions and  ev en  fro m  n eu tra l a tom s, since at h igh  p lasm a  tem p era tu res
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the e rro r in troduced  in th is w ay in to  the ca lcu la tio n s is u su ally  very  sm all.

D esp ite  the co m p ara tive  sim plic ity  o f  th is  p rob lem , the  an a ly tica l so lu
tion  for po in t C o u lo m b  b rem sstrah lu ng  c ro ss sec tions (C B S ) fro m  n u cle i can 
be ob ta ined  only  w ith  approx im ations. A genera l e x p ressio n  w as ob ta in ed  in
[1] w ith in  the d ipo le  approx im ation  in the n o n re la tiv is tic  reg im e  o f  incident 
e lectron  energ ies T,. A t sm all, “c la ss ica l” , e lec tron  en erg ies it red u ces to  the 
w ell know n c lassica l e lec trod y n am ic  ex pression  [2], w hile  at h igh  incident 
energ ies one can  ob tain  the n o nre la tiv is tic  B o m -ap p ro x im a tio n  re su lt m od i
fied by the E lw ert fac to r [3]. H ow ever, at h igh er energ ies , re la tiv is tic  effects 
shou ld  be taken  in to  accoun t, and  n o nre la tiv is tic  E lw ert-B o m  approx im ation  
ta ils . It is no t possib le  to ob ta in  re la tiv istic  resu lts fo r C B S as good  as those 
o b ta ined  in the n o nre la tiv is tic  case. T he co rresp o n d in g  re la tiv is tic  Born 
ap p ro x im atio n , expressed  by the B e the-H eitle r fo rm ula  [4], to g e th e r w ith  the 
E lw ert fac to r (E B H ), does not g ive good  resu lts  for h igh -Z  e lem en ts  in the  re l
a tiv istic  reg im e 15]. E rro rs ap pear to be O (Z a )  (o rder o f  Z a )  in the 100- 
1000 keV  range (Z  is the atom ic num ber, a  is the fine  s truc tu re  constan t). 
(N o te  that in the  h igh -energy  lim it the B e the-M ax im o n  ap p ro x im a tio n  is valid 
16]-)

T he p u rp ose  o f  th is p aper is to ob ta in  sim ple  bu t accura te  analy tical 
ex p ressio n s fo r the b rem sstrah lu ng  cross sec tions fro m  nucle i in the in term e
d iate  energy  range 2 keV  - 2 M cV . W e p ropose  a m o d ifica tio n  o f  the re la tiv 
istic  B orn  ap p ro x im atio n , w hich  toge th er w ith  c lassica l ex p ressio n s, g ives a 
p a ram etriza tion  o f  the C ou lom bic  b rem sstrah lu ng  spectra  w ith  an accuracy  of 
at least 10% fo r all e lem en ts o f the pe rio d ic  tab le  in th is  reg ion .

S ince , in general, experim en ta l resu lts  for the b rem sstrah lu n g  spectra 
are no t ava ilab le , the accuracy  o f analy tic  ap p ro x im atio n s fo r C B S  can  be 
estab lish ed  on ly  by co m p ariso n  w ith  th eo re tica l n u m erica l resu lts . Partial- 
w ave ca lcu la tio n s (PW ) [7], w hich  are in good  ag reem en t w ith  ex p e rim en t for 
the d iffe ren tia l (in photon  angle) C B S  [8], w ill be u sed  as a stan dard  here  for 
the sp ec tru m , to w hich  w e co m p are  ou r analy tica l p red ic tio n s. S uch  a m ethod 
had  been  used  in [5] for investig a tio n  o f  the valid ity  o f  c lass ica l, non re la tiv 
istic E lw ert-B o rn  (E B ), and  re la tiv is tic  E lw ert-B e th e -H e itle r (E B H ) expres
sions in the en erg y  range 1-500 keV . T o  co n s id e r a w ider en erg y  range , we 
have ca lcu la ted  add itional P W  C B S data  fo r A l, Fe, M o , W , A u  and  U, 
ex pan d ing  in energy  and  frac tio n  o f energy  rad ia ted , th e  very  re s tr ic ted  set of 
num erica l b rem sstrah lu n g  d a ta  w hich  had  been  av a ilab le  p rev io u sly  [5]. Our 
ca lcu la tio n s show  that the  accu racy  o f the analy tic  ex p ressio n s w hich  had 
been  ex am in ed  in R ef. [5] b ecom es w orse  at h igh er e lec tro n  en erg ies . PW 
resu lts  fo r all e lem en ts are  co nsid erab ly  b ig g e r than  E B H  an d  sm a lle r  than  EB 
resu lts .
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W e find  that a m od ifica tion  o f  th e  E lw ert facto r included  in the  E B H  
form ula im p ro v es the  resu lts  sign ifican tly . H ow ever, to  achieve an accuracy  
in our analy tic  p aram etriza tion  for C B S  o f b e tte r than 10% . fo r heavy  e le 
ments as w ell as fo r ligh t ones, w e also  in troduce an em pirica l h ig h er-o rd er 
Born co rrec tio n  to the E B H  fo rm ula , independen t o f  the  fraction  k/Tj o f 
energy rad ia ted  and  linear in inciden t energy .

In Sec. 2 w e co m p are  d iffe ren t approx im ations com m only  used  for C B S  
in the en erg y  reg ion  considered . In Sec. 3 w e in troduce a m od ified  ex p ressio n  
for the E lw ert facto r, w hich  w e reco m m en d  using in com bination  w ith  the 
B cthe-H eitler fo rm ula , and  a lso  a sim ple  em pirica l h igh er-o rd er B orn  c o rrec 
tion. T he  accuracy  o f o u r param etriza tion  o f C B S is dem onstra ted  in Sec. 4.

2. Analytical approximations for Coulombic bremsstrahlung

T he n o nre la tiv is tic  c lassical and  B o m  approxim ations are special cases 
of,the m ore general S om m crfe ld  result [I ] . O btained  in the nonre la tiv is tic  
dipole approx im ation , it has the form

where a cou)(ik) =  (k do/dk)  ( P / Z ) 2 (P , is the  in itial velocity  o f the sca t
tering e lectron ), 2̂ |( ,v , > ,v/> 1 I Z(i) is a hypergeom elric  function , and a  is 
the fine struc tu re  constan t. T he  variab le  X 0 = - 4 v |v ^ / ( v j -V j )  , w here  
V /J  =  Z a / P,<j)'P,<j) = *J2Ti ( f ) ' T,V) and P'if) are the in itial (final) 
energy and m om enta  o f the scattering  electron . “N atu ra l” units 
Ti = m = c -  1 are be in g  used.

T he c lassica l expression  fo r the b rem sstrah lung  rad iation  spec trum  
associated w ith  m otion  o f an electron  on a tra jecto ry  in the  C ou lom b  field , can 
be obtained from  Eq. (1) at big v / ^  [2]. T his g ives

|tc2cx3 [ (exp (2 Jtv f) -  1) ( 1 -  exp

( 1)

(2)

where H ^ ( i \ i )  and  are the H ankel function  and  its deriva tive ,
respectively. T he  p aram ete r | i  = . In the soft photon  reg ion  o f  the
CBS (sm all p,), Eq. (2) can be  accurately  approx im ated  as [9]
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°c  = ( f V  ( 1 + ln( ^ )  + 0  (^2) • (3)

T he co rresp on d ing  ap p ro x im ate  expression  fo r the hard  p h o to n  reg io n  of 
b rem sstrah lu ng  spectra  from  heavy  nuclei (la rge  | i )  is

^  ) “ 3 l 1 +  d \ ^ m  +  d2 ^ n + d^ ~ 2 + 0  (f1-873) 1 - (4)

w her c< /, = 0 .2 1 7 7 4 7 , f/2 =  -0 .0 1 3 1 2 1 4 , and  d3 = -0 .0 0 5 7 ,  E u le r’s con- 
stan t y ~  1 .78.

F o r h igh  en erg ies  o f inciden t and  ou tg o ing  e lec tron s, the S om m erfeld  
fo rm ula  reduces to the n o nre la tiv is tic  Born app ro x im atio n

CFb (*)
1 6 a 3

3

/

In
V

Q*~max 
^min )

(5)

H ere (?max,min) = Pt ±  P f  In the tip o f  the b rem sstrah lu n g  sp ec tru m , Eq. (4) 
is invalid . In this ca se  it w as fou n d  from  Eq. (1) that Eq. (4) sh o u ld  be m ulti
p lied  by  the  fac to r

_  P, 11 -  ex p  {-InZa/P ')  ] 
nrd "  Pf [ 1 -  ex p  (~2nZa/Pf) ] ’ (6)

ca lled  the E lw crt fac to r f3J.
F o r sm all v ,  i. e . fo r h igh  in cid en t en erg ies , re la tiv is tic  e ffe c ts  should 

b e  taken  in to  accoun t. T h e  re la tiv istic  B orn  ap p ro x im a tio n  is g iven  by the 
B e th e -H eitle r [4] fo rm ula

< W * )  =  «  P-  r*3R2 /pj

yPij

rp } + p ; £ E

pf
+ L ' 8 £ / 7   ̂ k2 {EjEj + pfpj)   ̂ k r ~EEj + pf~

? P , P f V PfPf " 2p ,pA . Pi .
' E E f + p j l  

- Pf

Yi
£y +

2kEiEf  
PiPf ) \

PiPf
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(7)

Here E /(^  and  p i(̂  are the  re la tiv is tic  initial* (final) to ta l en erg y  and 
momenta o f  the e lectron .

F or the tip  reg io n  th is  e x p ressio n  can  again  be im p ro v ed  by  m u ltip ly in g
(7) by an E lw ert fac to r, as in the n o n re la tiv is tic  case ,

Mote th at the  E lw ert fac to r (8) d iffe rs  from  the n o n re la tiv is tic  E lw ert 
I actor (6) in rep lac in g  n o n re la tiv is tic  m o m en ta  by  the  in itia l and  final re la tiv 
istic velocities o f  th e  sca tte ring  e lec tron  P . ^  =  [ 1 -  1 /  (1 +  T  ^ ) 2] 1 / 2 . 
In t h e  case o f lo w -energy  e lec tron  b rem sstran lu n g , p f(^  =  p i{j ) , and  th u s 
the nonrelativ istic  and  re la tiv is tic  E lw ert fac to rs are  the  sam e.

To find  the  b est p a ram etriza tio n  o f  the  b rem sstrah lu n g  sp ec tra  in the  
point C ou lom bic  case  a co m p ariso n  o f  the resu lts  o f  d iffe ren t a p p ro x im a tio n s  
with num erical resu lts  o f  p a rtia l-w av e  ca lcu la tio n s is needed . P W  d a ta  fo r 
bremsstrahlung sp ec tra  from  the neutra l a tom s w ere  tab u la ted  ex ten siv e ly  
|7,10-12], w hile  o n ly  very  res tric ted  C o u lo m bic  P W  resu lts  w ere  o b ta in ed  
112,13]. T o  im p ro v e  th is  s ituation  w e h ave  used  h ere  the  n u m erica l co d e , p re 
viously u tilized  in  [7 ,10 -12 ]. W e have su b stan tia lly  ex ten d ed  the C o u lo m b ic  
data w hich had  p rev io u sly  been  av a ilab le  in  ca lcu la tin g  the  C B S  o f  A l, Fe, 
Mo, W, A u and  U in the  en erg y  reg io n  0 .0 0 2 : 2 .0 0 0  M eV . W e  sh o w  in  c o m 
parison the reg io n s o f  10% accu racy  o f  c lass ica l, re la tiv is tic  E B H  an d  n o n re l
ativistic EB ap p ro x im a tio n s  in F ig . l a  (fo r iron ) and  in F ig . lb  (fo r tu ng sten ) 
I5 J .

N ote fro m  F ig . l a  that o n ly  fo r la rg e  V( is the  d iffe ren ce  b e tw een  Clas
c a l  pred ictions (3), (4) an d  p a rtia l w av e  resu lts  less th an  10% . T h is  is a s it
uation for > 1.5 w h ich  is p re sen t fo r a lm o st the  en tire  sp e c tru m  o f  iron , 
fig la, and fo r v - > 2  fo r the B S  o f  tu ng sten , F ig . lb . T o  o b ta in  accu ra te  
results for sm a lle r v  ■ w e n eed  to u se  E lw ert-B o m  ap p ro x im a tio n s, e ith e r re l- 
ativistic E B H  o r n o n re la tiv is tic  E B . F o r ligh t e lem en ts , re la tiv is tic  E lw ert- 
Bethe-fleitler ap p ro x im a tio n  can  b e  u sed  w ith  10%  accu racy  fo r a w id e r 
region of p a ra m ete r v . th an  th e  n o n re la tiv is tic  B o m  ap p ro x im a tio n  w h ile

P J 1 -  exp  ( - 2 7 t Z a / p . )  ] 
rel P / l  1 “  exp  ( - 2 7 c Z a /p ^ )  ] (8)

"HO) 4



214 NBA vdonina and R H Pratt

Fig. 1. The regions of 10% accuracy of classical (CL), relativistic EBH and nonrela- 
tivistic EB approximations with the respect to numerical partial-wave results a) for iron, h) 
for tungsten.

(su rp ris in g ly ) fo r heavy  e lem en ts  the situation  is opposite . T h e  w id e r region 
o f  v a lid ity  o f the  n o nre la tiv is tic  d ipo le  E lw ert-B o m  ap pro x im atio n  fo r heavy 
e lem en ts  can  be ex p la in ed  by the can ce lla tio n  am o n g  re la tiv is tic , retardation, 
and  h ig h e r m u ltipo le  e ffec ts . L ook ing  a t F ig . 1 w e can  see, h o w ev er, that there 
is a reg ion  o f  sm all V( w here  no  an a ly tica l ap p ro x im atio n  am o n g  those we 
h ave d iscu ssed  d escrib es C B S  w ith  g ood  accuracy .

T o  d esc rib e  the C B S  a t any energy  b eyo n d  the  c lassica l reg io n  w e take 
in to  accou n t the  fact that in  the B e thc-M ax im o n  h igh -en erg y  lim it [6] the 
B c th e -H eitle r fo rm u la  g ives 10% accuracy  th ro ug h o u t the  sp ec tru m  except 
the  tip  reg ion . W e use  B e th e -H citle r fo rm u la  (7 ) fo r ou r an a ly tica l approxi
m atio n  o f  b rem sstrah lu n g  c ro ss  section , m od ified , ho w ev er, by  the  Elwert 
fac to r and  in trod u c ing  a  h igh  B o m  co rrec tio n .

3. Modification of the Elwert Factor

W e p ro p ose  a re la tiv istic  m o d ifica tio n  o f the E lw ert fac to r b ased  on our 
co m p ariso n  o f  E B H  and  E B  appro x im atio n s, and  P W  d a ta  fo r brem sstrahlung 
c ro ss sec tions. F o r th is  p u rp o se  w e c h o o se  the lig h t-Z  e lem en t alum inum  (Z 
=  13), m o ly b d en u m  (Z  =  42 ), since  th is e lem en t h as an in te rm ed ia te  place in 
the period ic  tab le , and  the  h ig h -Z  e lem en t u ran iu m  (Z  =  92).

F irst, w e no te  that the  E B H  ap pro x im atio n  w orks w ell fo r A1 in the
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Fig. 2. Comparison of the partial-wave (PW) results with Born (B), Bethe-Heitler 
(B H ) , F'B and EBH results for Mo at the incident electron energy Tj = 5 keV. The results of 
B H  approximation with modified Elwert factor (mod) coincide with PW results.

energy ran g e  w e are  d iscu ssin g  here . W e a lso  no te  from  F ig . 2 th a t at e lec tron  
energies less than  10 keV  (bu t at en e rg ies  no t in the ran g e  o f  the v a lid ity  o f  
the classical ap p ro x im a tio n ) p red ic tio n s  o f  all these  ap p ro ach es g ive  very 
similar and  g o o d  resu lts . T h e  e rro r o f  the  ca lcu la tio n s u sin g  any  o f  th em  is no 
more then 3%  acco rd in g  to  the  p a rtia l-w av e  d a ta  av ailab le . O n ly  fo r h igh er 
electron en e rg ies  o u r m od ifica tio n  o f  the  E lw ert fac to r is needed .

W e can  a lso  n o te  (F ig . 3 ), th a t p artia l w av e  d a ta  lie  in -b e tw een  E B H  and  
EB, closer to th e  E B H  resu lts  th an  to  th e  n o n re la tiv is tic  B o m  data . W ith  
increasing n u c le a r ch a rg e  Z , the  P W  resu lts  b eco m e c lo se r to  E B H  data .

B ased  on  th ese  o b se rv a tio n s w e  have  tried  to im p ro v e  the  B e th e -H eitle r  
approximation b y  m o d ify in g  the E lw e rt facto r. O u r p re sc rip tio n  fo r C B S  is
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(9)
where the modified Elwert factor is taken to have the form (6)

_ p ,  11 ~ exp { - I n Z a / P ' )  ] 

mod P j  \ 1 -  exp ( ~ 2 n Z a / p j )  | '

hut with relativistic Pi (a = ^ (2 + T ^ ) . In this formula relativistic
kinematics are used, while for the nonrelativistic Elwert factor (6) p i{f) are 
nonrclativistic momenta of incoming and outgoing electrons. At smalt ener
gies relativistic merge to the nonrclativistic values and all Elwert fac
tors (F rcl, Fnrc| and F ^ )  are equal. Note that Fm(Xj satisfies all the 
properties noted above. It is bigger than Fre], and thus modified a , is big
ger than Elwert-Bethe-Hcitler results. With increasing Z, factor Fmod also 
increases (Figs. 2 and 3).

We have calculated pure Coulomhic bremsstrahlung cross sections for 
Al, Ag, Fe, Mo, W, and U in the partial wave approximation to compare with 
the results of our new prescription, i.e. with the results of Bethe-Hcitler 
expression modified by the Elwert 1 actor F d. The results of the EB and 
EBII approximations as well as am()d(A;) (9) tor the bremsstrahlung cross sec
tions from Mo and U arc shown in Figs. 2 and 3. The accuracy of the new pre
scription is much better than both the Elwert-Bethe-Heitler results and 
Elwerl-Born results. However, for heavy nuclei in many cases it is still worse 
than desirable 10% (Fig. 3b).

To improve our prescriptions and to reach 10% accuracy throughout the 
nonclassical energy region considered we have made an additional correction 
to the Bethe-Heitler expression (7), multiplying the cross section amod(jfc) by 
the empirical factor

C (T t, Z )  =  l+ i( Z a ) 2(2 -7 ’() ,  . (11)

(note that 7 is taken in relativistic units). This reflects our attempt to take into 
account higher-order Bom corrections to the bremsstrahlung cross sections 
which are of order (Z a )2.
4. Prescription for Coulomhic bremsstrahlung cross section

Taking into account the correction (11) and the modification of the Elw-
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ert factor (10) we have for the bremsstrahlung cross section

acor^ = C(7r Z)Fmyi]Gm (k) (12)

The results of this new prescription acor agree very well with the partial-wave 
calculations (see, for example. Fig. 3b). The accuracy is better than 10% for 
all cases considered.

The results of our calculations for modified omod (9) and corrected 
Ocor (12) bremsstrahlung cross sections from uranium are presented in 
Table 1 for = 200 keV , 500 keV, 800 keV, and 1000 keV. These can be 
compared with the results of the EB approximation, which works for U in the 
energy range considered much belter than EBH approximation. With increas
ing the energy the error of the EB calculations increases rapidly, approaching 
more than 50% for the hard photon region at 7 = 500 keV . Our new pre
scriptions, even without the correction (11), are much better than both EB and 
EBH approximations. For U at all energies considered, the error of new pre
scriptions without the correction exceeds 20% for only a few cases and always 
is less than 23%, The correction improves the results to the 10% level of accu
racy for all energies except very low, where a switch to the classical approx
imation acl should be made.

The choice of the approximation we should use [classical with a switch 
from the soft-photon expression (3) to the hard photon expression (4), or the 
corrected BH (12)] depends on the parameter vf = Z a /p f . From Fig. 1 wc 
saw that for v < 1 , the classical approximation does not work with the 
desired accuracy except perhaps in a very narrow soft photon region near 
k / T  = 0. For this regime expression Gcor (12) can be used (see Fig. 4a for 
Al with vf = 0.68 as an example).

For v > 1, the situation is more complicated. Our prescription here is 
to start from the classical approximation in the soft-photon region using the 
formulas (3 and 4) with the switch from soft- to hard-photon classical regime 
at the cross point of the soft-photon and hard-photon curves. Another switch 
should be made if  a classical curve crosses <rcor. If v f » 1, this situation does 
not occur and the second switch is not needed. In Fig. 4b we show the results 
for Au at T t = 50 keV (V4 = 1.3). In this case, the first switch should be 
done at the point k / T i ~  0.4. We can sec that the hard-photon curve, calcu
lated using the expression (4) crosses the ocor curve at the point k / T {~ 0.7. 
For higher fc/T expression (12) can be used quite successfully.
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Table 1. Coulombic bremsstrahlung cross sections for 92U. Note that 
fram ers = 561 m b~______________________________________

T,
(kcV) k/Tj exact

PW

a (in mb) 
prescriptions

m̂od ĉor EB m̂od
PW

accuracy

ĉor
PW

EB
PW

200 0.0 0 7 sTIF"“ ■05 0.77 "0.91 “□ 5
0.8 6.03 4.71 5.55 6.60 0.78 0.92 1.09
0.7 6.41 5.08 6.00 6.89 0.79 0.93 1.07
0.6 6.84 5.52 6.52 6.23 0.81 0.94 1.06
0.5 7.36 6.04 7.13 7.65 0.82 0.97 1.04

r 0.4 7.99 6.69 7.89 8.19 0.84 0.99 1.03
0.3 8.83 7.53 8.88 8.90 0.85 1.01 1.01

500 0.9 3.83 3.52 3.91 6.09 0.91 1.02 1.74
0.8 4.70 3.88 4.32 6.34 0.82 0.92 1.35
0.7 5.18 4.30 4.78 6.63 0.83 0.92 1.28
0.6 5.73 4.79 5.33 6.99 0.83 0.93 1.22

1i .. . 0.5 6.37 5.38 5.98 7.44 0.84 0.94 1.17
0.4 7.16 6.11 6.80 8.00 0.85 0 .95 1.12

iI 0.3 8.23 7.06 7.86 8.74 0.86 0.96 1.06
| 800 0.9 3.64 3.37 3.53 5 82 0.92 0.97 1.60
f 0.8 4.13 3.74 3.90 6.07 0.91 0.94 1.47

0.7 4.60 4.16 4.35 6.39 0.90 0.95 1.17
0.6 5.19 4.67 4.88 6.77 0:90 0.94 1.30
0.5 5.88 5.29 5.53 7.25 0.90 0.94 1.23
0.4 6.73 6.08 6.35 7.84 0.90 0.94 1.16
0.3 7.74 7.09 7.41 8.62 0.92 0.96 1.11

1000 0.9 3.39 3.40 3.40 5.65 1.00 1.00 1.67
0.8 3.86 3.76 3.76 5.92 0.97 0.97 1.53

1 0.7 4.38 4.18 4.17 6.25 0.95 0.95 1.43
0.6 5.00 4.70 4.68 6.65 0.94 0.94 1.33
0.5 5.68 5.34 5.32 7.15 0.94 0.94 1.26
0.4 6.50 6.14 6.12 7.76 0.94 0.94 1.19
0.3 7.47 7.19 7.16 8.55 0.95 0.95 1.14



220 N B Avdonina and R H Pratt

Fi
g.

 4
. 

C
om

pa
ris

on
 o

f t
he

 c
la

ss
ic

al
 a

pp
ro

xi
m

at
io

n 
an

d 
ou

r m
od

ifi
ed

 (m
od

) 
an

d 
co

rr
ec

te
d 

(c
or

) 
pr

es
cr

ip
tio

ns
 fo

r 
a)

 A
1 

at
 T

x =
 5

 
ke

V
 a

nd
 b

) A
u 

at
 7

\ =
 5

0 
ke

V
. C

la
ss

ic
al

 re
su

lts
 a

re
 o

bt
ai

ne
d 

us
in

g 
so

ft-
ph

ot
on

 e
xp

re
ss

io
n 

(3
) (

cl
as

. s
of

t) 
an

d 
ha

rd
-p

ho
to

n 
ex

pa
ns

io
n 

(4
) 

(c
la

s. 
ha

rd
).



Parameterization of the Coulombic bremsstrahlung spectrum 221
5, Conclusion

We have obtained prescriptions for the Coulombic bremsstrahlung 
spectrum in the energy range 2 keV - 2 MeV for all elements of the periodic 
table. Our prescriptions depend on the parameter v(. = Z d /fy , and thereby 
on the nuclear charge and the incident electron energy. If v . < 1, the expres
sion (12) for ocor, obtained by multiplying the Bethe-Heitler formula by the 
modified Elwert factor with an empirical higher-order Born correction, gives 
results accurate within 10%. For other values of 7. and Z, for which v > 1, 
starting from the soft-photon region, we should use classical approximation
(3) with a switch to the expression (4), as it was described in Sec. 3. If the clas
sical curve crosses acor with increasing k / T j another switch to ocor gener
ally gives the desired 10% level accuracy.
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