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Abstract: We show that it is possible to substantially improve the ana-
Iytical characterization of the Coulombic bremsstrahlung cross section
up to 2 MeV for all elements of the periodic table, by modifying the
Born approximation with Elwert factor. A simple analytical expression
is obtained by modification of the Elwert factor and introduction of an
empirical higher-order Born correction. These are used together with
the Bethe-Heitler expression to achieve an accuracy of predictions
within 10% throughout the spectrum. To verify our analytical expres-
sion the bremsstrahlung spectra have also been calculated in the partial-
wave approximation for nuclei of Al, Fe, Mo, W, Au and U in this
energy range. -
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1. Introduction

Bremsstrahlung from nuclei (Coulombic bremsstrahlung) is one of the
most important radiation process in plasma physics and astrophysics. Cross
sections of this process often are used for estimation of bremsstrahlung spec-
tra from ions and even from neutral atoms, since at high plasma temperatures
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the error introduced in this way into the calculations is usually very small.

Despite the comparative simplicity of this problem, the analytical solu-
tion for point Coulomb bremsstrahlung cross sections (CBS) from nuclei can
be obtained only with approximations. A general expression was obtained in
[1] within the dipolc approximation in the nonrelativistic regime of incident
clectron energices T,. At small, “classical”, electron energies it reduces to the
well known classical electrodynamic expression [2], while at high incident
cnergles onc can obtain the nonrelativistic Born-approximation result modi-
fied by the Elwert factor [3]. However, at higher encrgies, relativistic effects
should be taken into account, and nonrelativistic Elwert-Born approximation
fails. It is not possible to obtain relativistic results for CBS as good as those
obtained in the nonrclativistic case. The corresponding relativistic Born
approximation, expressed by the Bethe-Heitler formula [4], together with the
Elwert factor (EBH), does not give good results for high-Z elements in the rel-
ativistic regime [5]. Errors appear to be O(Za) (order of Za) in the 100-
1000 keV range (Z is the atomic number, o is the fine structure constant).
(Note that in the high-encrgy limit the Bethe-Maximon approximation is valid

6].)

The purpose of this paper is to obtain simple but accurate analytical
expressions for the bremsstrahlung cross sections from nuclei in the interme-
diate cnergy range 2 keV - 2 McV. We propose a modification of the relativ-
istic Born approximation, which together with classical expressions, gives a
parametrization of the Coulombic bremsstrahlung spectra with an accuracy of
at least 10% for all elements of the periodic table in this region.

Since, in gencral, experimental results for the bremsstrahlung spectra
are not available, the accuracy of analytic approximations for CBS can be
established only by comparison with theoretical numerical results. Partial-
wave calculations (PW) [7], which are in good agreement with experiment for
the differential (in photon angle) CBS |8], will be used as a standard here for
the spectrum, to which we compare our analytical predictions. Such a method
had been used in [5] for investigation of the validity of classical, nonrelativ-
istic Elwert-Born (EB), and relativistic Elwert-Bethe-Heitler (EBH) expres-
sions in the energy range 1-500 keV. To consider a wider energy range, we
have calculaled additional PW CBS data for Al, Fe, Mo, W, Au and U,
expanding in energy and fraction of energy radiated, the very restricted set of
numerical bremsstrahlung data which had been available previously [5]. Our
calculations show that the accuracy of the analytic expressions which had
been cxamined in Ref. [5] becomes worse at higher electron energies. PW
results for all elements are considerably bigger than EBH and smaller than EB
results.
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We find that a modification of the Elwert factor included in the EBH
formula improves the results significantly. However, to achieve an accuracy
in our analytic parametrization for CBS of better than 10%. for heavy ele-
ments as well as for light ones, we also introduce an empirical higher-order
Born correction to the EBH formula, independent of the fraction k/T; of
energy radiated and linear in incident energy.

In Sec. 2 we compare different approximations commonly used for CBS
in the energy region considered. In Sec. 3 we introduce a modified expression
for the Elwert factor, which we recommend using in combination with the
Bethe-Heitler formula, and also a simple empirical higher-order Born correc-
tion. The accuracy of our parametrization of CBS is demonstrated in Sec. 4.

2. Analytical approximations for Coulombic bremsstrahlung
The nonrelativistic classical and Born approximations are special cases
of the more general Sommerfeld result [1]. Obtained in the nonrelativistic
dipole approximation, it has the form
16) , " -1
O outk) = 3 n2a [ (exp (2av) = 1) (1-exp (- 2nv))) 1"
d|2 [V, v, 13X) :

. 1
dX,, )

><X0

where o, (k) = (k do/dk) (B,/2) 2 (B, is the initial velocity of the scal-
tering electron), ,F,(iv , ivf, 1; X,) is a hypergeomelric function, and o is
the fine structure constant. The variable X, = -4v,v[/ (v. -v,), where

Vi = Za/B /27',.0) , T'U) and Py arc:hc imlizll (ﬁnql)
encrgy and momen of the “scattering electron. “Natural” units

% =m = ¢ = | are being used.

The classical expression for the bremsstrahlung radiation spectrum
associated with motion of an electron on a trajectory in the Coulomb field, can
be obtained from Eq. (1) at big v, 0 [2]. This gives

where H(D(ip) and H{D'(ip) are the Hankel function and its derivative,
rupectlvery The pammeter K = kv,/(2T,) . Inthe soft photon region of the
CBS (small ), Eq. (2) can be accurdtely approxlmated as [9]
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O, = (lf)a (1 +um) ln(y2 )+0(p ). 3)

The corresponding approximatc expression for the hard photon region of
bremsstrahlung spectra from heavy nuclei (large p) is

161
O, = (%ﬁ)a‘[l +d WP+ dp P dp2+ 0 (w8, (4

where d, = 0.217747, d, = -0.0131214, and d; = -0.0057, Euler’s con-
stant Y= 1.78.

For high energies of incident and outgoing electrons, the Sommerfeld
formula reduces to the nonrelativistic Born approximation

3 Q ax
GB(k) = (l%i)ln[ Qm ] (5)
N min

Here Q vimim = PP, In the tip of the bremsstrahlung spectrum, Eq. (4)
I and|ld fn this case it was found from Eq. (1) that Eq. (4) should be multi-
plied by the factor

_ p, 1 -exp(-2nZo/p)]
nrel — P[[ | —exp (—QEZ(t/pf) ] '

(6)

called the Elwert factor [3].

For small v, i. e. for high incident energies, relativistic effects should
be taken into account. The relativistic Born approximation is given by the
Bethe-Heitler [4] formula

2 2
Onu(k) = a3ﬁ2 I.)_f §—2EE m +€'E ejE Eaf
BH p 3 ] pzpz
i Pr

+L[81:,Ef K2 (E2E2 + p? pf)+ kHE,.E +p’:|8.
3p, Py PP} 2p,p ]

c K 2
i [E,Lf+pf]£ | 2K, Ef]]}
7| ’
Py P,' Pf
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EE+pp 1

L=2h [T] Q
E..+p.
e,m=|n{'(’>—”'<f>
Eip =P

Here E; and p, , are the relativistic initial (final) total energy and
nl()mbnld of the elec%non

For the tip region this expression can again be improved by multiplying
(7) by an Elwert factor, as in the nonrelativistic case,

_ B, [1-exp(-2nZa/PB)]
rel ~ Bf[ 1 - exp (—ZTEZa/ﬁf) | (8)

Note that the Elwert factor (8) differs from the nonrelativistic Elwert
Jactor {6) in replacing nonrelativistic momenta by the initial and final relativ-
istic velocities of the scattering electron B, , = [1-1/(1+T,,)?]'/2.
In the case of low-energy electron bremsstra lung, B = P;(y» and thus
the nonrelativistic and relativistic Elwert factors are the same.

To find the best parametrization of the bremsstrahlung spectra in the
pomt Coulombic case a comparison of the results of different approximations
with numerical results of partial-wave calculations is needed. PW data for
bremsstrahlung spectra from the neutral atoms were tabulated extensively
17,10-12], while only very restricted Coulombic PW results were obtained
[12.13]. To improve this situation we have used here the numerical code, pre-
viously utilized in [7,10-12]. We have substantially extended the Coulombic
data which had previously been available in calculating the CBS of Al, Fe,
Mo, W, Au and U in the energy region 0.002-2.000 MeV. We show in com-
panson the regions of 10% accuracy of classical, relativistic EBH and nonrel-
dwvistic EB approximations in Fig. 1a (for iron) and in Fig. 1b (for tungsten)
5).

Note from Fig. 1a that only for large v, is the difference between clas-
seal predictions (3), (4) and partial wave results less than 10%. This is a sit-
tation for v, > 1.5 which is present for almost the entire spectrum of iron,
Fig 1a, and 'for v;>2 for the BS of tungsten, Fig. 1b. To obtain accurate
tesults for smaller v, we need to use Elwert-Born approximations, either rel-
wvistic EBH or nonrelativistic EB. For light elements, relativistic Elwert-
Bethe-Heitler approximation can be used with 10% accuracy for a wider
iegion of parameter v, than the nonrelativistic Born approximation while

Tily g
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Fig. 1. The regions of 10% accuracy of classical (CL), relativistic EBH and nonrela-
tivistic EB approximations with the respect to numerical partial-wave results a) for iron, b)
for tungsten.

(surprisingly) for heavy clements the situation is opposite. The wider region
of validity of the nonrelativistic dipole Elwert-Born approximation for heavy
elements can be explained by the cancellation among relativistic, retardation,
and higher multipole effects. Looking at Fig. 1 we can see, however, that there
is a region of small v, where no analytical approximation among thosc we
have discussed describes CBS with good accuracy.

To describe the CBS at any energy heyond the classical region we take
into account the fact that in the Bethc-Maximon high-energy limit [6] the
Bethe-Heitler formula gives 10% accuracy throughout the spectrum except
the tip region. We use Bethe-Heitler formula (7) for our analytical approxi-
mation of bremsstrahlung cross section, modified, however, by the Elwert
factor and introducing a high Born correction.

3. Modification of the Elwert Factor

We propose a relativistic modification of the Elwert factor based on our
comparison of EBH and EB approximations, and PW data for bremsstrahlung
cross sections. For this purpose we choose the light-Z element aluminum (Z
= 13), molybdenum (Z = 42), since (his element has an intermediate place in
the periodic table, and the high-Z element uranium (Z = 92).

First, we note that the EBH approximation works well for Al in the
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Fig. 2. Comparison of the partial-wave (PW) results with Born (B), Bethe-Heitler
(BH), EB and EBH results for Mo at the incident clectron encrgy T; = S keV. The results of
BH approximation with modified Elwert factor (mod) coincide with PW results.

encrgy range we are discussing here. We also note from Fig. 2 that at electron
encrgies less than 10 keV (but at energies not in the range of the validity of
the classical approximation) predictions of all these approaches give very
similar and good results. The error of the calculations using any of them is no
more then 3% according to the partial-wave data available. Only for higher
tlectron energies our modification of the Elwert factor is nceded.

We can also note (Fig. 3), that partial wave data lie in-between EBH and
EB, closer to the EBH results than to the nonrelativistic Born data. With
Increasing nuclear charge Z, the PW results become closer to EBH data.

Based on these observations we have tried to improve the Bethe-Heitler
dpproximation by modifying the Elwert factor. Our prescription for CBS is
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o.mod(k) = Fm(ndGBH(k) ’ ©)
where the modified Elwert factor is taken to have the form (6)

p, 1 =exp(-2nZa/p)]
mod pel1-exp(-2nZa/p) ]’

(10)

but with relativistic p, / (2+T, ) . In this formula relativistic
kinematics are used, whulc for the nonrclauwsuc Elwert factor (6) P are
nonrelativistic momenta of incoming and outgoing electrons. At sm.llvzzner-
gies rC]dlIVISlIC P, merge to the nonrelativistic values and all Elwert fac-
(ors (FM. ey and F oq) arc cqual. Note that F mod satisfies all the
properties noted above. Itis bigger than F_,, and thus modified o, is big-
geri than Elwert-Bethe-Heitler results. With increasing Z, factor P mod a1s0
increases (Figs. 2 and 3).

We have calculated pure Coulombic bremsstrahlung cross sections for
Al, Ag, Fe, Mo, W, and U in the partial wave approximation to compare with
the results of our new prescription, i.c. with the results of Bethe-Heitler
expression modificd by the Elwert factor F . The results of the EB and
EBH approximations as well as 6 (k) (9) tor the bremsstrahlung cross sec-
tions from Mo and U are shown in Figs. 2 and 3. The accuracy of the new pre-
scription is much better than both the Elwert-Bethe-Heitler results and
Elwert-Born results. However, for heavy nuclei in many cases it is still worse
than desirable 10% (Fig. 3b).

To improve our prcscnpuons and to reach 10% accuracy throughout the
nonclassical encrgy region considered we have made an additional correction
to the Bglhe-Hcillcr expression (7), multiplying the cross section 6 (k) by
the empirical factor

C(T,2) = l+}l(2a)2(2—T‘), . (n

(note that T is taken in relativistic units). This reflects our attempt to take into
account higher-order Born corrections to the bremsstrahlung cross sections
which are of order (Zot)2.

4. Prescription for Coulombic bremsstrahlung cross section

Taking into account the correction (11) and the modification of the Elw-
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ert factor (10) we have for the bremsstrahlung cross section
Lor k) C(Tl’ Z)FmodoBH(k) (]2)

The results of this new prescription 6 agree very well with the partial-wave
calculations (see, for example. Fig. 3b). The accuracy is better than 10% for
all cases considered.

The results of our calculations for modificd O mod (9) and corrected
Cor (12) bremsstrahlung cross sections [rom uranium are presented in
Table 1 for T, = 200 keV, 500 keV, 800 keV, and 1000 keV. These can be
compared with the results of the EB approximation, which works for U in the
energy range considered much better than EBH approximation. With increas-
ing the energy the error of the EB calculations increases rapidly, approaching
more than 50% for the hard photon region at 7, = 500 keV . Our new pre-
scriptions, even without the correction (11), are much better than both EB and
EBH approximations. For U at all energies considered, the error of new pre-
scriptions without the correction exceeds 20% for only a few cases and always
is less than 23%. The correction improves the results to the 10% level of accu-
racy for all energies except very low, where a switch to the classical approx-
imation ¢ ; should be madc.

The choice of the approximation we should usc [classical with a switch
from the soft-photon expression (3) to the hard photon expression (4), or the
corrected BH (12)] depends on the parameter v, = Zo./p,. From Fig. 1 we
saw that for v <1, the classical approximation does not work with the
desired accuracy except perhaps in a very narrow soft photon region near
k/T, = 0. For this rcgime expression 6, (12) can be used (see Fig. 4a for
Al with v = 0.68 as an example).

For v, > I, the situation is more compllcaled Our prescription here 1
to start from the classical approximation in the soft-photon region using the
formulas (3 and 4) with the switch from soft- to hard-photon classical regime
at the cross point of the soft-photon and hard-photon curves. Another switch
should be made if a classical curve crosses 6. If v, » 1, this situation does
not occur and the second switch is not needed. In Fig. 4b we show the results
for Auat T, = 50 keV (v, = 1.3). In this case, the first switch should be
done at the pomt k/T;~0. 4. We can sec that the hard- -photon curve, calcu-
lated using the exprcsmon (4) crosses the o curve at the point k/T; ~ 0.7.
For higher k/T, expression (12) can be used quite successfully.
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Table 1. Coulombic bremsstrahlung cross sections for g,U. Note that

OKramers — 561 mb.
o (in mb)

( lev) k/Ti exact presc l'lpthl'lS . accur dCy EB
€ p mod cor EDb
PW Omod 0'cor EB PW ﬁ PW
00 | 09 | 569 | 437 516 635 | 0.7T 001 1.16
108 | 603 | 471 555 660 | 078 092 1.09
07 | 641 | 508 600 689 | 079 093 1.07
06 | 684 | 552 652 623 | 081 094 1.06
05| 736 | 604 713 765 | 082 097 104
- 04 | 799 | 660 789 819 | 084 099 103
|03 | 883 | 753 888 890 | 085 101 10
500 | 09 | 383 | 352 391 609 | 091 102 1.74
08 | 470 | 388 412 634 | 082 092 135
| 07 | 518 | 430 478 663 | 083 092 128
r 06 | 573 | 479 533 G99 | 083 093 122
| 05 | 637 | 538 598 744 | 084 094 117
04 | 716 | 611 680 800 | 085 095 1.2
| 03 | 823 | 706 786 874 | 086 096 106
"800 | 09 | 3.64 | 337 353 582 | 092 097 160
| 08 | 413 | 374 390 607 | 001 094 147
; 07 | 460 | 416 435 639 | 000 095 117
06 | 519 | 467 488 677 | 090 094 130
05 ] 588 | 529 553 725 | 090 094 123
” 04 | 673 | 608 635 784 | 090 094 1.16
03 | 774 | 709 741 862 | 092 096 11l
0001 09 | 339 | 340 340 565 | 100 100 167
08 | 386 | 376 376 592 | 097 097 153
i 07 | 438 | 418 417 625 | 095 095 143
106 | 500 | 470 468 665 | 094 094 133
|05 [ 568 | 53¢ 532 7.5 | 094 094 126
04 | 650 | 614 612 776 | 094 094 L.19
03 | 747 | 719 7.16 855 | 095 095 1.4
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5, Conclusion

We have obtained prescriptions for the Coulombic bremsstrahlung
spectrum in the energy range 2 keV - 2 MeV for all elements of the periodic
table. Our prescriptions depend on the parameter v ; = Za./PB,, and thereby
on the nuclear charge and the incident electron energy. If v, <1, the expres-
sion (12) for o, obtained by multiplying the Bethe-Heitler formula by the
modified Elwert factor with an empirical higher-order Born correction, gives
results accurate within 10%. For other values of T, and Z, for which v,>1,
starting from the soft-photon region, we should use classical approximation
(3) with a switch to the expression (4), as it was described in Sec. 3. If the clas-
sical curve crosses o, with increasing k/T; another switch to 6 gener-
ally gives the desired 10% level accuracy.
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