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ABSTRACT. By analysing tlie low tomporajfcur© viscosity data of Ifg and Da the effect 
of stretching on the interiaf>locular poteatialH of and Dg has been considered. In the cal
culations quanturu effects have also been taken into account. The results confirm the sugges
tion by Barua and Saraii regarding tho temi>eratur© depoudouo© of the difference in the inter- 
molecular potoiitialff of Hg and Dg.

I N T R O D U C T I O N
In  recent years, the difference in tho intormoloculi r potentials of and 

Dg has recoivod attention from a number of workers, i reviously, the general 
convention was to assume tho potentials of isotopes to he identical. However, 
Michels, do Graaf and Seldam (1960) from an analysis of the accurate second virial 
coefficient data of Michels et al. (1969) first observed a definite difference in the 
intermolocular potentials of and Dj- This was corroborated by Saran and 
Barua (1965) from an analysis of tho viscosity data of and reported by 
Barua, Afzal, Flynn and Ross (1964). From the theoretical side, Knaap and 
Beenakkor (1961) suggested that difference in the intermolecular potentials of 
/ / ,  and Dg was due to the difference in their polarizabilities. Subsequently, 
Barua and Saran (1963) from an analysis of the second virial coefficient data 
(Michels et al., 1960) obtained a regular temperature dependence of the difference 
in the intermolecular potentials of I/g and D , which they explained as due to tho 
temperature dependence of the polarizabilities of thene gases. This temperature 
dependence of the polarizability comes mainly due to the stretching of the mole
cules with the increase of temperature. More recently, Mason, Amdur and 
Oppenheim (1965) have analysed various transport properties data including vis
cosity data for and D, and confirmed the results obtained by Michels et al.
(1960) and Saran and Barua (1966). Due to the non-availability of quantum 
corrections for the transport properties which become prominent for jffg and Dg 
for temperatures below the room temperature, Saran and Barua (1965) had to 
limit their calculations to  300®K. However, recently quantum corrections for 
tha transport properties have been calculated for the Lennard-Jones (12 : 6) 
model (Zmam-Rahajoe, Curtiss and Bernstein 1966). In  this paper we have 
examined the viscosity data of i f ,  and Z), as reported by Rietveld, Itterbeek, 
and-Velds (1969) down to 14.4°K.

41

341



342
T H E O R E T I C A L  F O R M U L A E
A. K, Ohoah and A. K. Barua

For all oiir calculations we shall use the Lennard-Jones (12 :6) potential, which 
may be written as,

(1 )

where ^(r) is the potential energy between two molecules separated by a distance 
r, € is the depth of potential minimum and <r is the value of r for which ^(r) =  0, 
The Lennard-Jones (12 : 6) potential holds strictly for spherically symmetrical 
molecules, i.e. it is incapable of taking into account inelastic collisions. How
ever, as pointed out by Mason et al, (1962), viscosity is unaffected (to the first ap
proximation) by inelastic collisions and at least for this particular property it is 
justified to use sjjherically symmetric potential.

The reduced coefficient of viscosity,^* (Saran and Barua, 1966) may be 
written as

7j* =  ... (2)
which is a function of T* =  kTje

From Eq. (2) we can obtain the expression,
=  1 -  Vmpcp_ ajrH*{T*v) Va VH (3 )

where the subscripts H  and D stand for and respectively and m represents 
the mass.
Let p  =  {<t h — o'd)Io’h ,
then neglecting the higher terms,

CT/)-® =  £Th“® (l+ 2p) ... (4)
By developing around the corresponding values of p *h{T*h),
we get

V*{T*d) =  v*{T*H)+{T*D-T*H)dri*ldT*H
V * (T * n )+ T .d .d r i* ld T ,  . . .  (5 )

where S =  {eH—eu)hD
The magnitude of p is small (Knaap and Boenakker, 1961) and we shall neglect 

it in our considerations. Eq. (3) may thus be written as.

VH 7lH I O T iVh Vu
Since, Tno =  2niff and

... (6) 

... (V)



We obtain finally,
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Vh

1- t J ^ ^ ]  dT J (8)
1 _

^ 2  i)m
neglecting higher orders in S.

From the theoretical side, following th© procedure of Knaap and Beenakker 
(1961) and neglecting the difference in the repulsive energy of and D^, we 
obtain

8  = I f 1 rM  /1 _2^«(2’) \ 1 \ 1 _ ,L\ aflfT) / l \  afl{2')/ J2'A«(2')J (9)

where Aa{T) =  aa{T)—aD{T), a{T) being the polarizability a t temperature T.
However, polarizability of molecules dcjiends on intcrnuclear distance and the 

stretching of the molecules with the increase of temperature will affect polari< 
zability and consequently the intermolecular potentials. For a diatomic mole
cule the stretching duo to vibrations and totations may be expressed as (Bell, 1942)

2 . _ Sjfc{l:+l)(2i:+l)(r^-»‘*+i>"/ î’
2n’®yttreV* 27r®/ir*v® S(2i-)-l)e”*'*'‘‘̂ ’"̂ *̂

where /t is the reduced mass, v the frequency of vibration, Vg the equilibrium 
intcrnuclear distance and cr ~  By knowing a ' — {doijdr), the change
of polarizability due to stretching can be calculated, oc’h has been calculated 
accurately by Ishiguro et al. (1962) a 'n  can be obtained from the relation.

Ar (10)

' r.2OiD (1 r I1q)d  I (Vq—v)*g /io 'iD  
(IrIIo)h l{Vo—v)*n

(« yV )(« i>^+iiVyn^) _ V }
(1 1 )

where 1 is the intensity of the incident radiation of frequency Vq, I q the intensity 
of Rayleigh scattering and I r the intensity of Raman lino of frequency Vq—v, 
7 denotes the anisotropy and 7 ' ==: dyjdr. We hare taken OLff̂  yn, y^  and a'ff 
as obtained by Ishiguro et aL (1952). From the measurements of I r/ Iq for and 
2?2 by Bhagabantam (1931, 1932), a'j) can be calculated from Eq, (1 1 ). Taking 
the value of a '// =  1.411 X 10-̂ ® we get a'/) =  3.364 X 10~̂ ®*

M E ^ T H O D  O F  C A L C U L A T I O N
Since we are concerned with low temperature data, it is necessary to account 

for quantum effects for the application of the theoretical formulae g iv ^  above. 
These quantum corrections arise from symmetry and quantum effects and are 
particularly prominent for the lighter gases a t low temperatures. Recently, 
Imam-^Rahajoe, Curtiss and Bernstein (1065) have calculated from the phase-shifts



344 A. K. Ghosh and A, K. Barua
the quaniiiin mechanical collision integrals for the Lennard-Jones (12 : 6) potential. 
In order to correct the experimental viscosity data for the quantum effects we 
have utilized the relation

Ay =  y ,-y q  =  <? [j (12)

where the subscripts c and q stand for classical and quantum mechanical values, 
Q(2,2)*’g collision integrals, T* =  kTje, A* — h l<r -\/2/i e , is the quantum
parameter, C is a function of the molecular weight, collision cross-section and 
temperatures (Ilirschfelder, Curtiss and Bird, 1954). The force constants re
quired for the calculation wore obtained by fitting the experimental viscosity data 
to the Lennard-Jones (12 : 6) potential by the method of translation of axes 
(Mason and Rice, 1954). The results obtained are shown in Table I I  and are in

TABLE I
Experimental and calculated values of J

T “K nnlva Sexp Scale*
20.4 1.466 0.067 0.068
71.5 1.446 0.061 0.056
90.1 1.441 0.054 0.055

196.0 1.418 0.013 0.051
229.0 1.413 0.001 0.051

TABLE II
Force constants of and

I ’liis work Diller and Mason {1966)
,/fc (»!£,) o (k) A* o (l) A*

Ha 38.9 2.89 1.71 37.2 2.97 1.70
I>2 36.08 2.969 1.24 35.0 2.976 1.238

good agreement with those reported by Dillor and Mason (1966). I t  was, however, 
observed that the viscosity data of D , as reported by Rietveld et al. (1959) are syste
matically lower than the more precise data of Kestin and Nagashima (1964) a t 
20°C and 30®C and those of Barua, Afzal, Flyim and Boss (1964) in the range 
—SÔ C to 150“C. I t  appears tha t the lower viscosity values of Rietveld ei al.
(1959) may be due to the presence of hydrogen as impurity. In order to correct
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for this we have calculated the percentage of hydrogen from the simple formula 
for the viscosity of gas mixtures

XH + 1 - xb
V iv u l i  V I vdI ... (13)

By taking the viscosity data (at zero density) of Barua et al. (1964) as the correct 
(lata for T>̂ and ijmta as the experimental values of viscosity of Dg, we have xjj 
the molefraotion of 11̂  in from Eq. (13) . ?‘rom tJiree overlapping tempera
tures the average percentage of 11̂  in comes Out to bo 2.07. We have corrected 
the experimental values of the viscosity of D^ iat the presence of f /j  according 
to the rigorous formulae for the viscosity of gas»hiixtures on the Chapman-Enskog 
theory. In order to obtain dtjaldT we have fitted the viscosity data to the 
polynomial

tjH =- a+bT+cT^, (14)
by the least square, the coefficients being a =  2.8195/iP h ~  0.43/tP°K~^ 
(;=--0.4584 X 10 TJie pol5momia] fitthn data within an average devia
tion of 2 % and for the viscosity value at 14.4°K, the deviation is about 10 % 
wliich may very well be due to oxperimontal error. Consequently, we shall leave 
the data a t 14.4"'K out of our consideration. Experimental values of S can be 
calculated from Eq. (8) and arc recorded in column 3 of Table J . The thc^oretically 
calculated values of d are also showm in the same table.

D I S C U S S I O N  OF R E S U L T S
It may bo seen from Table 1 that the calculated and the experimental values 

of d shoAV the same trend of variation w ith temperature. At the lower tempera
tures the agreement is quantitative. I t  must be pointed out that in view of our 
approximations and the small magnitude of 8, even qualitative agreement between 
experimental and the calculated values of S should be considered as satisfactory. 
The results confirm the previously observed temperature dependence of Barua 
and Saran (1963). I t  is relevant here to refer to the suggestion of Mason et al. 
(1965) that the temperature dependence of S (Barua and Saran, 1963) may be due 
to the limitations of the Lennard-Jones (12:6) model. However, it has been shown 
that both viscosity and second virial data show a temperature dependence of 
8 (Saran and Barua, 1965). From physical principles as well, intermolecular 
potentials should change with temperature as polarizability changes with tempera
ture. That this effect plays a prominent role in diatomic molecules has also been 
shown by Saran and Deb(1966). Consequently a variation in 8 with temperature 
is expected. Since Lennard-Jones (12 ; 6) potential gives results which are con
sistent from the experimental and theoretical viewpoints it is perhaps not quite 
justified to ascribe the temperature dependence of 8 (Barua and Saran, 1963) as 
due to an artifact of the model used for intermolecular forces. If  the potential 
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model fails to give expected results then perhaps one of the reasons for the failure 
may be ascribed to the limitation of the model used.
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