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Abstract : Calculations are presented for the total cross section (a) and the angular 
distribution of asymmetry parameter (j3) for photoionization from initial excited (3p, 3d, 4s and 
4p) states of sodium atom. Comparison of our results for a  and P is made with other available 
theoretical calculations and the experimental data. We also present results for the angular 
distribution in electron-Na+ elastic scattering at energies of k -  0.5 and 1.0 0q
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1. Introduction

Photoionization from the initial excited slates of atoms has been a field of great interest in 
the last few decades both theoretically and experimentally. Photoionization of excited 
atoms represents one of the most fundamental collision processes. The study of such 
problems offers an opportunity to investigate the ionization processes from a given state of 
total energy and angular momentum. Recently, there has been a tremendous increase In the 
activity in this field mostly due to a great demand for such data on variety of atomic 
systems for their applications in many related areas such as controlled thermonuclear 
plasma, stellar atmosphere, fusion research and laser technology. More recently, it has been 
used in calculating the opacity 11-3] of stars under the international ‘Opacity Project (OP)’. 
Furthermore, excited state photoionization is the inverse process to low-energy radiative 
recombination which is under current investigation [4].

Various theoretical studies on the photoionization from the excited states of atoms 
have been reported [5-22] in the literature. Manson and co-workers [16-18, 23,24] ,and
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Saha and co-workers [12,13] have performed a series of calculations for the photoionization 
cross sections and photoelectron angular distribution asymmetry parameters in alkali-metal 
atoms. The experimental work on the photoionization from excited states is very little [19- 
22, 25-28]. In recent years, the availability of lasers as high intensity light sources and 
development of synchrotron radiation sources have advanced to such an extent that 
experimental work on metastable as well as non-metastable excited states of atoms is within 
the realm of possibility.

In this paper, we present a theoretical study of the photoionization from the initial 
excited states of sodium atom within the framework of non-relativistic central field 
approximation over a certain energy range above threshold. Results in the electric dipole 
approximation in velocity form are presented for the photoionization cross sections (<j) 
from the excited 3p, 3d, 4s and 4p  states; and for the angular distribution asymmetry 
parameter (/3) of the photoelectron produced by linearly polarized photons. Further, we also 
give results for the angular distribution in the electron-Na+ elastic scattering injthe static 
plus local exchange approximation. We have chosen sodium target for the present study 
with a view of possible future experimentation, since it is comparatively easier to prepare 
sodium atom target beams. Further, sodium being a low Z target, the spin orbit interaction 
and the relativistic effect would be small [29,30].

The total photoionization cross section, in the dipole approximation, from an initial (bound) 
state / to the final (continuum) state/is given by

where T* is the dipole transition operator which (in the velocity form) is given by

where a  is the fine structure constant and ft) is the photon energy in atomic units, y/, and )//; 
are the initial and final atomic state wavefunctions respectively, which are taken to be 
antisymmetrized products of one electron wavefunctions. For the initial excited state we use 
the wavefunction of Kundu el al [31,32]. These are obtained from the frequency dependent 
calculations using the time dependent-coupled Hartree-Fock method. These wavefunctions 
can be expressed as.

2. Theory

a(co) = 4>r2a a - > £ | ( v ' y | (1)
/

(2)

¥i = PnlWunCr) 

p »i(r) =  ^  C /"' e x p (~ r ,r ) .

(3)

where (4)



Ylnl(r) is the spherical harmonics and the radial function parameters C„ n, and are 
defined by Kundu et al [31,32].

We have chosen these discrete state wavefunctions because TDCHF theory [33,34] 
furnishes accurate excitation energies and cxcited-state wavefunctions. The final state 
wavefunction is described in single-configuration ( b 2 Is2 2p6,k) approximation, where the 
core orbitals 1 s, 2s, 2p are taken from Clementi and Roetti [35] and the radial part of the 
continuum wavefunction is the solution of the radial Schrodinger equation in the static plus 
local exchange approximation.

The final state wavefunction for the ejected electron of momentum A is expressed as, 

V f  = 7 ^ 7  Z 1'' exP[«5, + *l,>]«|(*.r) YlmCr) Y l(k ) .  (5)

where rj{ and 8{ are the Coulomb and the non-Coulomb phase shifts respectively. The radial 
function ut (k, r) is obtained by solving the following radial Schrodinger equation in the 
static plus local exchange approximation

^  _ 2V(r) + k ^ U 'ik , r) = 0 (6)

subject to the boundary conditions :

lim m.(A, r) = 0 (7a)
r~+ 0  1

and .
lim uf(k, r) = -j*^cos r) + sin 7], r)). (7b)
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k) (A, r) and G/ (A, r) are the regular and irregular Coulomb wavefunctions respectively. The 
distoiting potential V(r) in eq. (6) is taken as

V(r) = V J r )  + Vex(r), (8)

where Vsl{r) and Vex(r) are the static and exchange potentials respectively for elcctron-Na+ 
scattering. The static potential Vst(r) in e-Na+ scattering is given by,

(9)

+ 6 J Rh, 7T- r2dr +

where Rnj's are the radial wavefunctions of Na+ion [35].

70B(4)-5
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For evaluating the exchange potential V„(r), we use the local approximation [36,37] and 
take,

/ 1 N U \  \ i  ’i1/2-

( t *1 y J
^ x ( 0  = V j;( r )=  j  ( ^ - V si( r ) J -  ( £ * 2 -  V.OO ] +orj , (10)

where a] = 2(fl2 + fl2, + 3/?2J .  (1 1 )

The differential cross section for the photoionization of an unpolarized target by the 
incident linearly polarized photons of energy co is related to the angular distribution of 
photoelectrons in the electric dipole approximation by the following expression,

d a  Aco) a  ,(co) r ^
d£2 = " ^ “ l1 + fiJ<o)P2(cose)]. U2 )

where linf(co) is the asymmetry parameter. P2 is the Legendre polynomial and 6 is the angle 
between the polarization vector £ of the incident photon and the direction k of the 
photoelectron momentum. \

The total photoionization cross section anl(co), in the velocity form, for p  and d 
states of the atom is obtained respectively as

k

<T'm l(CO) =

16;r 9

3 a a o (k2

16tt
9 a a \

ot2

16?r
I T a a \

(*2

:doi'

np

nd

[dU) + ^ dh ) ’

■ (2 4  + 3 4 )

(13a)

(13b)

(13c)

where the ladial matrix elements dnl are defined as

l r d P ( r )
^01 -  ̂Jk -

| «,(*, r)- dr dr, (14a)

1 r r d P ( r )
dw = 7 T .| M0(*. 0

Tip x 7

drV
+ 2 p r j

r dr, (14b)

1 f d P A r ) Pnn(r)^IItT

v T .
|  h2 ( * .  r ) dr

op t 
r /

r dr, (14c)

d<21 — I k  .[«,(*■ r )
' ^ n d ^

dr + 3 P- (rVr
j

r d r , (14d)

*23 = v r  .[« ,(* . r) d? nd(?) 
dr

2
r

\
rdr.

)
(,14e)



The asymmetry parameter P„{pj) of the photoelectron angular distribution is given 
hy |381,

/*„,«») = [ / ( / - +  (l + \)(l + 2)d f l+l((0)

- 6 / ( /  + l)4 ,_ ,C < u)4 ,+1(a>) cos(£,+1 -  £ ,_ ,)] /(2 / + l) [ /d 2,_,(tu)

+ (/ + 1K / +,(«»)]. (15)
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where ^/±i^-  ^(±i + fJ/±j ) is the sum of the Coulomb and non-Coulomb phase shifts. In 
eq. (13), e„i are the orbital energies of sodium in Rydbergs.

In the present study, for obtaining a  and /3 we have preferred the use of velocity 
formulation, since the length form, which emphasizes regions of large r [39], will not be 
suitable for the excited state photoionization [16].

For the elastic scattering of electron with sodium ion (Na+), the angular distribution 
is obiaincd from the following relation [40],

1(9) = (4*4 sin4 0/2)"' + (*3 sin2 0 /2 )~' 1 ( 2 / + 1)

* cos[A:_l ln(sin2 6/2) + 2(§0 -  5 , )  -  tj( j sin tj,P ( (cos 6)

+ Jfc 1 L  (2/ + 1) exp[2i5( + /Tjy j sin7]/P((cos 0) (16)

The reduced differential cross section R(9) is given by

R(0) = M l

u o v
(17)

where 1,(6) is the differential cross section due to a pure Coulomb field and is given by

Ic{0) = [ _ > _____ f
[ I k 1 sin2(0/2) J

(18)

3. Results and discussion

The eqs. (1) to (15) have been used to obtain the total cross section (0) and the asymmetry 
parameter (/J) of the photoelectron angular distribution for the photoionization from the 
initial 3p, 3d, 4s and Ap excited states of sodium atom. The results thus obtained are shown 
in Figures 1-6. Further, we have also presented in Figure 7 the results ot the angular 
distribution in electron-sodium ion elastic scattering.

Figure 1 shows the variation of the photoionization cross section (o^,) from the 
initial 3p excited state of Na as a function of the photoelectron energy in the energy range 
from threshold to 1.4 Ry. In the figure we compare our results with the other available
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Figure I. Total cross section for photoionization from the excited 3p state of Na.
---------present calculation, ---------- calculation of Preses er al [22] in the Hartree-Fock (HF)
approximation;...........calculation of Preses et al [22] in Hartrce-Slater (HS) approximation.

PHOTON ENEP3Y W )

Figure 2. Total cross section for photoionization from the excited 3p  state of sodium in the near 
threshold region.
-A - present results; —□— HS calculation [22]; -  -O -  -  HF calculation [22];---------experimental
data of Preses et al [22].
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calculations of Preses et al [22] using the Hartree-Fock (HF) and Hartre£-Slater (HS) 
wavefunctions. From the figure we notice that our results near threshold are in excellent 
agreement with both HF and HS calculations of Preses et at. In the higher energy region our 
results are in better agreement with the HF calculation than the HS calculation.

In Figure 2, we show a comparison of our results for with the experimental data 
of Preses et al [22] from threshold to 2 eV above threshold. We find that our results of <%p 
agree very well with the experimental data also. From this figure, it is also seen that our 
theoretical calculations of C73/j near threshold, lie approximately in between the central-field 
HF and HS cross section results of Preses et at [22].

In Figure 3, we present our calculation of the total photoionization cross section 
from the excited 3d state of Na in the energy range of photoelectron energy from zero to 
1.0 Ry. From these results, it is observed that the zeros which exist in the 3d —> kp channels, 
have virtually no effect on the total photoionization cross section. This indicates the strong 
dominance of the 3d —> ^-channel on the total cross section. Comparison is made with the 
other available theoretical calculation of Msezane and Manson [16] which uses numerical 
Hartree-Fock wavefunctions. From the figure we find good agreement between two 
calculations.

Figure 3. Total cross section for photoionization from the excited 3d stale of Na
---------present calculation;----------calculation of Msezane and Manson [16J using
numerical (NUM) initial state wavefunction.
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In Figure 4, we plot the variation of the photoionization cross section <t4j from the 
initial 4s excited state of Na as a function of the photoelectron energy in the energy range 
from zero to 0.5 Ry. Calculations of the photoionization cross sections have been performed 
using the TDCHF discrete wavefunction of Kundu and Mukherjee [31] and also the 
wavefunction of Daniele [41] obtained by effective potential approach (EPA). From the 
figure it is seen that from a threshold value of 3.2 Mb the TDCHF cross section (solid line) 
shows a deep minima at 0.12 Ry above threshold. The EPA cross section gives a threshold 
value of 0.87 Mb and decreases very rapidly to give a minima at about 0.05 Ry. Beyond the 
minima both the TDCHF and the EPA cross sections show an increase up to photoelectron 
energies of about 0.21 Ry and then decrease. The occurrence of minimum i.e. Cooper 
minima in the cross section arises due to the existence of zero in the dipole transition matrix 
element for the 4s —> kp channel. There is only / —» / +1 dipole matrix element in the case 
of .v-state photoionization cross section. The TDCHF result shows a Cooper minima at a 
higher energy than the EPA results. Aymar et al [5] and D'yachkov and Pankratov |15j 
have also performed calculations for the photoionization cross sections of 4.i state of 
sodium over a very small range of photoelectron energy above threshold. I^owever, 
on comparison of the present threshold values of the cross sections with these calculations, 
tt is found that their threshold values of cross sections lie in between the present threshold 
value of cross section obtained using the TDCHF wavefunction and the threshold value

Figure 4. Total cross section for phoioiomzation from the excited 4s state of Na.
-------- present results using TDCHF wavefunction;---------- present results using
EPA wavefunction
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obtained using the EPA wavefunction. At present, no experimental data for the 
photoionization from the excited 4s state of sodium is available to compare with the present 
calculations.

Figure 5 gives the plot of the total photoionization cross section a4p from the initial 
4p excited state of Na in the photoelectron energy range from zero to 1 Ry. It is seen that 
for this transition, the photoionization cross section shows a smooth variation from its 
maximum value of 22.2 Mb at threshold to 0.025 Mb at energy of 1 Ry above threshold. 
We have also shown (in the inset) the cross section a 4/, against the wavelength where we 
compare our results with numerical quantum mechanical calculations of Aymar et al [5], 
The semi classical analytical calculations of D'yachkov and Pankratov [15] gives the same 
results as that of Aymar et al over the entire region of wavelength. From this figure, it is 
seen that the present threshold cross section value of 22.2 Mb is within 20% of the 
corresponding value of 17.5 Mb obtained by Aymar et al [5] and D'yachkov and Pankratov 
1151, and 18.0 Mb (not shown in the figure) obtained by Burgess and Seaton [42] using the 
quantum defect method. The agreement between our calculation and that of Aymar et al [51 
and D'yachkov and Pankratov [151 becomes better with the decrease in wavelength and by 
about 0.4 /jm the two calculations agree completely.

Figure 6 shows our results for the asymmetry parameter /J of the photoelectron 
angular distribution for Na (3p, 4p and 3d) photoionization as a function of photoclectron 
energy from threshold to 1 Ry.

Figure 5. Total cross section for photoiomzation trom the excited 4p stale of sodium
_____ present resu lts;----------- calculation of Aymar el al IS] using numerical quantum
mechanical method.
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In Figure 6 (a), the asymmetry parameter p  for the Na(3p) and N a(4p) 
photoionization are shown. From the expression of [in the eq. (15)], it is noticed that 
at the point where the matrix element corresponding to p - > k d channel becomes zero, the 
photoelectron angular distribution asymmetry parameter p  would also be equal to zero. On 
the other hand, the value of p  will be equal to 1 when the matrix element for p —>ks channel 
goes to zero. The asymmetry parameter Ai/(a>) depends on the accuracy of the dipole matrix 
amplitudes as well as the phase shifts. From the figure, it is seen that from a value of about
1 .5  at threshold both p 3p (solid curve) and j9^ (broken curve) rise to a maximum value of 
about 2.0 at 0.15 Ry energy and then decreases, f a  acquires a minimum value of about 
-0 .5  at a photoelectron energy of 0.65 Ry beyond which it again shows an increase. 
Similarly, f a  acquires a minimum value of about -0 .4  at an energy of 0.8 Ry beyond which 
it again shows a slight increase. Looking at the figure, it is seen that f a  passes through zero 
at two energies at about 0.47 Ry and 1.0 Ry above threshold. The Cooper minimum which 
is a consequence of zero in the p —> kd dipole matrix element lies at about 0.4j7 Ry and is 
therefore, responsible for the lower energy p  = 0. The rapid variation in the I asymmetry 
parameter p 3p as a function of photoelectron energy near the threshold region is mainly due

Figure 6. Photoelectron angular distribution asymmetry parameter J0 of the excited 3p, 4p and 3d 
states of Na.
(a)-------- present results of Na(3p);--------- present results of Na(4p). (b)----------present results
of Na(3*f);---------calculation of Msezane and Manson [16] using analytic (PARI) Hartree-Fock
initial state wavefunction;.............calculation of Msezane and Manson [16] using numorical
(NUM) initial state wavefunction.



to the strong interference between the 3p -+ kd and 3p ks channels. The characteristic 
features of the results for /J^  are similar to the results for /}3/J.

Figure 6(b) shows our results for the asymmetry parameter j3 for the Na(3d) 
photoionization. From the expression of [eq. (15)], it is seen that at the point where 
the dipole matrix element of 3 d  kp channel is zero, the asymmetry parameter fl,/(a>) must 
be equal to 0.8. From this figure, it is seen that fad passes through 0.8 at 0.085 Ry which 
indicates the zero in 3 d  —» kp channel. We compare our results with the calculations of 
Msezane and Manson [16] which uses the numerical (NUM) and analytic (PARI) Hartree- 
Fock wavefunctions. We notice that our results are in reasonably good agreement with the 
calculations of Msezane and Manson and lie intermediate between their NUM and PARI 
results.

To our knowledge, no other theoretical calculations (or experimental measurements) 
of P  for the Na(3p ,  3 d  and 4p ) photoionization is available for comparison with our results.

Figure 7 shows our results of the electron angular distribution in the elastic electron- 
sodium ion (Na+) scattering at k -  0.5 a0 and 1.0 ^  respectively in the range of scattering

Photoionization fro m  the excited (3p, 3d, 4s, 4p) states o f  sodium  297

Figure 7. Differential cross section for the e-Na+ elastic scattering.

present calculation at k = 0.5 ajj1;-------present calculation &tk-\ dQ1
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angles from 30° to 180° in the exchange approximation [36]. It is seen that for both the 
energies, the cross section shows a shoulder like structure in the angular region 60° to 90° 
at k = 0.50 ao and 40° to 70° at/: -  1.0a0- Further at large scattering angles, a minimum in 
the cross sections is noticed at 147° scattering angle at 0.5 oq and at 123° scattering angle at 
1.0 oq energy. Further, the phase shifts obtained by us at various electron energies in local 
exchange approximation, agree very well with those obtained by Dasgupta and Bhatia [43]. 
These phase shifts are listed in Table 1. Also in Table 2( we present our calculations for the 
reduced differential cross section /?(0). The reduced differential cross section is obtained as 
the ratio of the differential cross section 1(9) for the elastic scattering of electrons from the 
Na+ ion to the differential cross section Ic(6) due to a pure Coulomb field. As seen from this 
table our results agree very well with those obtained by Dasgupta and Bhatia [43] using 
exchange approximation.

From the comparison of experimental and theoretical data in above Figures we 
conclude that the present calculations on sodium provide results which a|e in good 
agreement with the available data on photoionization cross sections and phitoelectron 
distribution asymmetry parameters at photoelectron energies near the ionizatiomthreshold. 
These results show an emerging picture of the near threshold dynamics of the 

photoionization processes from the excited states of Na which suggest\that the 
photoionization cross section is dominated by single particle processes. Experimentally, 
excited state photoionization cross sections have been measured over a limited energy range 
and the photoelectron angular distribution asymmetry parameter have been obtained for 
only a few single photon energies which are not sufficient to assess the accuracy of the 

theoretical models used for calculations. Finally we hope that the present calculations 
would provide impetus for further measurements on the photoionization cross sections and 
the photoelectron angular distribution asymmetry parameters from the excited states of 
sodium.
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