-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Ghent University Academic Bibliography

GHENT
UNIVERSITY

Euclidean and Hermitian Clifford
analysis on superspace

Alf Guzmén Adan

Promoters:
Prof. Dr. Hennie De Schepper
Prof. Dr. Franciscus Sommen
Prof. Dr. Juan Bory Reyes

A thesis submitted to the Faculty of Sciences of Ghent University
in fulfillment of the requirements for the degree of
Doctor of Science: Mathematics

Ghent University
Faculty of Sciences
Department of Mathematical Analysis - Clifford Research Group
Academic year 2017-2018


https://core.ac.uk/display/158848463?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




A mis abuelos, padres,
hermana y esposa






Acknowledgements

Almost four years ago I started a new and challenging journey to an unknown place,
traveling several thousands of miles away from my family, my friends, my non-internet
reality and my country. This thesis is the result of that journey, in which I have met
many excellent and inspiring people, made new friends, visited unknown and beautiful
places and have been accompanied by those that are always next to me (even from the
distance) and constitute my fundamental support. I want to use this initial section to
thank all of them, for being part of this...

It is a great pleasure to express my deep gratitude to my supervisor Prof. Dr. Frank
Sommen for all his guidance, kindness and generosity. I will always remember with
pleasure our frequent and long discussions about mathematics and life in general. I want
to thank him for all those stimulating conversations, his great help to overcome difficult
obstacles and for all the very good ideas he gave me. It is a wonderful privilege to be the
student of such a brilliant mathematician and wonderful person.

The same feeling of gratitude is devoted to my supervisor Prof. Dr. Hennie de Schepper.
From my very first steps in Belgium, she has been always present and eager to help and
guide me. She has been there at any time to discuss mathematics, put everything in the
right perspective, carefully read every manuscript and help and solve any practical issue.
I am very grateful to her for being such a fundamental support for me during all these
years.

In the same way, I would like to thank my supervisor Prof. Dr. Juan Bory Reyes, my
longtime professional and personal mentor. He introduced me to the world of mathemat-
ical research and has always shared with me his wisdom, humor and advice. I appreciate
very much all the encouragement and confidence that he has always given me.

I want to thank the three of you very much for being awesome supervisors!

I would also like to thank Prof. Dr. Richard Delanghe and Prof. Dr. Fred Brackx, two
of the founders of the Clifford research group in Ghent. They both have always been
friendly and supportive. Their cooperation has been crucial for the development of the
Cuban Clifford research group and all of us are very grateful for that.

Working at the Department of Mathematical Analysis was a very pleasant experience. |
want to thank all my colleagues for the very nice daily life atmosphere at the department,
lunch moments, coffee breaks, seminars, cake Friday afternoons and movie nights. Many



ii

thanks to my always happy officemates Sigiswald and Srdan for providing awesome com-
pany. Being with them at work is a guarantee for cheerful entertainment. I also want
to thank Tim for being a great godfather at the UGent, always accessible for every kind
of question, a very nice roommate on conferences in Sweden, an excellent driver and a
very good badminton co-player. It was very pleasant to share a lot of nice moments with
him during all these years. Thanks to Karel who was my first officemate at Galglaan.
I really enjoyed his company and especially our conversations about sports. I also ap-
preciate a lot all the help and support he offered me during all this time. Many thanks
also to Daniel and his girlfriend Amalia, they were one of the first contact points with
Latin America that I found here. I am very grateful to them for all their support and
hospitality.

Thanks to the very interesting and imaginative Lander, a wonderful roommate at con-
ferences in Cédiz, an experienced Spanish speaker, an impressive guitar player of Leo
Brouwer pieces, and too many other nice things to be mentioned (I keep at a very special
place the gift he gave together with some other German dude). Many thanks to the
always cool Hilde, one of the nicest bowling player ever. I really enjoyed her company as
officemate and coffee (and recovered coke) enthusiast. Her support and help were really
determining in my process of integration into the Belgian system, namely her knowledge
on how not to go crazy when attempting to do your taxes online, how to avoid having
a frozen wife on her first day in the Belgian winter, introduction to Belgian comics, and
many other areas of wisdom. I appreciate a lot all the help, advice and jokes that I have
gotten from her.

Thanks to Prof. Dr. Hendrik De Bie, Prof. Dr. Denis Constales and Prof. Dr. Kevin
Coulembier for being always accessible and ready to help with any technical question.
Many thanks also to Wouter, Astrid, Marijke, Zoé, Katarina, Ren, Sijia and Brecht for
all the nice conversations and great company. Additionally, I want to thank Wendy, Joke
and Frederik for their always friendly and efficient assistance to every practical need.

Special mention deserves Michael, the German master of dudes. Of course, many other
titles fit in such a great personality but I think he knows them all. T want to express my
deep gratitude to him for all he has done during all this period. Thank you very much
Michael for being always there to help with Math, Maple, Python, English, coffee, beers,
wine, movies, GOT, HIMYM, trips to Moscow, Siberia and Ikea, singing the "Cauchy-
Kovalevskaya" anthem "all by ourselves”, moving furniture and so many other things. I
have really learned and enjoyed a lot with your company.

Many thanks also to my international colleagues. In particular to Prof. Dr. Irene
Sabadini, Prof. Dr. Uwe Kéhler and Dr. Heikki Orelma. Thank you very much for your
very nice suggestions, remarks and support.

I also want to thank all the friends I have made in this beautiful country who made my
time outside the university also very satisfactory.

In the first place, I want to thank Dixan and his wife Barbara for being always present
since my very first day in Belgium. Thank you very much for all the help and guidance



iii

which was crucial in my first steps in this country. It was an immense pleasure and a
great opportunity to count on the experience of a fellow Cuban in Ghent, who knew
exactly from where I was coming and all the needs and obstacles to come. Muchisimas
gracias hermano!

I also want to thank my former housemates Riet and Hanne for having to deal with this
strange Cuban for a year. I really enjoyed the time we lived together. Thank you, girls,
for all the help, nice discussions about the most diverse topics, dinners, drinks, movies,
trips, parties, live football matches and some debate in Spanish about parking places and
grias in Barcelona.

Many thanks to my dear friend Jeroen, uno de los belgas mds latinos que conozco. Thank
you very much for the huge amount of hours of conversations about Cuba, politics, Latin
arts and many other things.

I am also very grateful for surprisingly meeting a former Cuban neighbor who now lives
here in Belgium. Thank you very much Pedro amongst many other things for introducing
me to Vera, Eduardo and Ilse. The four of you, together with the little Alessandro and
Elena, are now my Cuban family in Flemish territory. Muchas gracias a todos por todo el
apoyo y las alegrias brindadas. Estaré eternamente agradecido por compartir ese gigante
pedazo de cubania que todos los que estamos lejos anoramos tanto.

Thanks also to the Spanish-Italian crew in Ghent formed by the incredible Inma, Antonio
and Matteo. Thank you very much for being fantastic friends and for sharing lots of
charming moments with Claudia and me. Muchas gracias por las excelentes platos de
cocina espanola, todo el conocimiento compartido sobre sevillanas, carnavales y semanas
santas en Sevilla y Cddiz, por ayudarnos a descubrir el bar de chupitos y muchisimas
otras cosas.

Many thanks also to the family friends living in Barcelona: Barbarita, Oscar and Osca-
rito. Their support and hospitality have been crucial at several important moments of
my life. Muchas gracias por toda la ayuda durante mis primeros dias en Europa, nunca
lo olvidaré!

Thanks to all my friends and former classmates living all around the world: Cuba, Spain,
Brazil, USA, etc. I am very happy and proud of being able to count on such an awesome
group of talented and excellent people. Thanks to all the nice people I met at my home
university "Universidad de Oriente" in Santiago de Cuba, from where I received a lot of
good influences in my mathematical and personal life.

I also want to thank many other important people that are on the other side of the
Atlantic but that have always been present at every one of my steps. Of course, I am
talking about my family.

I want to thank my family in law Matos-Veliz, distributed along Santiago de Cuba,
Bayamo and Houston, for their unconditional support during almost 12 years. After
such an amount of time, the term "in law" is only a formalism. Muchas gracias familia
por acogerme y hacerme uno mds de ustedes. No hay palabras para agradecer todas las



iv

muestras de carino, ayuda incondicional y alegrias que me han brindado. Un fuerte
abrazo a mis suegros Noel e Irene, ustedes son unos campeones...

Next, I want to thank the whole Guzmén-Adan family, the most awesome example of
union, education and happiness that I have had. In the first place, my deepest gratitude
to my parents Maria and Alipio, for all the love they have always given me. It is, and
always has been, a great pleasure to be your son. Thank you very much for doing every-
thing in order to take care of me and my little sister. Many thanks to my sister Mariali,
the most surprising and special person I have ever met. Muchas gracias hermanita por
ser siempre especial y auténtica.

Muchas gracias también a todo el grupo de tios en Santiago de Cuba: Chavela, Milagros,
Niger y Ninito por ser increiblemente divertidos, preocupados y especiales; a todo el grupo
de hermosas primas: Ndyade, Aliana, Liset y Alene (salchichon) por aguantarme durante
tantos veranos y todavia quererme, y a los mas pequenitos: Nayali, Alianis y Niger Dario
por traer alegria, dicha y renovacion a nuestra familia.

Many thanks also to the part of the family living in Florida, led by the amazing uncle
Ariel. Having the opportunity of visiting you, and recognizing with my own eyes that
indeed, we are a true family where no geographical distances matter, was an incredible
pleasure. That meant a lot to me and it would have meant a lot to my grandpa...

Para el final he querido dejar a los verdaderos sustentos y creadores de la familia: los
abuelos. Muchas gracias a mis abuelitos maternos Addn y Pepepa por haberme y habernos
amado tanto, por velar por mi y por ser irremplazables. Unas pocas semanas antes de
empezar este viaje, perdi a mi querido abuelo Alipio (mi Pupi), sin duda alguna una
de las personas mds importantes e influyentes en mi vida. Muchas gracias abuelo por
todo el esfuerzo y todas las ensenanzas, no existe forma posible en el mundo de olvidarte.
Asi mismo, quiero agradecer a la persona mds fuerte que conozco, mi maravillosa abuela
Alider por todo el carino con el que siempre ha cuidado de todos nosotros, por su gran
corazon, por ser mi fuente mas limpia y pura de inspiracion y por la admirable dedicacion
con la que ha querido forjar en mi una persona de bien. Para ella mis mds sinceros
respetos, carino y admiracion. Te quiero mucho abuelita!

Finally, I want to especially thank my beloved wife Claudia, who has been by my side
at every step of my work for almost 12 years. Thanks a lot, Claudia for joining me in
every adventure, for trusting and supporting me. Having you with me during these last
two years in Belgium is one of the most beautiful experiences I have ever had. Nothing
of this would have been possible without you.

Thanks and thanks again to all of you!

Ali Guzméan Adan
Ghent, May 2018

This research was supported by a doctoral grant of the Special Research Fund (BOF,
code 01D06014) of the Ghent University.



Contents

[Acknowledgements| i
(1__Introduction| 1
I1.1 Euclidean and Hermitian Clifford analysis| . . . . . .. .. ... ... ... 1
1.2 Clifford analysis on superspace] . . . . . . . ... ... ... ... ... 2
.................................... 3

|2 Radial algebras| 7
2.1 Motivation and importance of the radial algebral] . . . . . ... ... ... 7
2.2 Algebraic properties of the radial algebra] . . . .. ... ... .. ... .. 9
2.3 Endomorphisms on the radial algebral . . . . ... ... ... ... .. .. 13
2.3.1 Involutions and vector multiplication|. . . . . . . .. ... .. ... 14

2.3.2 Directional derivatives . . . . . .. . ... ... 16

2.3.3 Vector derivativel . . . . . . . . .. ..o 17

2.3.4  Other endomorphisms| . . . . . ... ... ... ... ........ 21

[2.4  Endomorphisms on R(SUS[,B)| . . . .. ... .. ... ... ...... 26
241 Ixtension of the directional derivativel . . . . . .. ... ... ... 27

[2.4.2 Iixtension of the vector derivativel. . . . . . .. .. ... ... ... 27

2.5  Hermitian radial algebral . . . . . . ... ... 0o 000 41
2.5.1  Complex structure| . . . . . . . .. ... oo o 41

12.5.2  Hermitian radial algebral . . . . . . ... ... ... 000, 49

[2.6  Relation between R(S' US|, B) and R(SUJ(S),B)|. . . .. .. ... ... 53




CONTENTS vi

2.7 Concluding remarks| . . . .. ... .. ... o o 57
|3 Hermitian Clifford analysis on superspace| 59
3.1 Preliminaries on superanalysis|. . . . . . .. .. ... ... ... 60
13.1.1  Difterential calculus on a commutative Banach superalgebral . . . . 60
[3.1.2 Supermanifolds and superanalysis| . . . .. ... .. ... ... .. 64

3.2 Radial algebra representation is superspace| . . . . . . .. ... ... ... 66
3.2.1  Representation of the main endomorphisms| . . . . . . .. ... .. 69

8.3  Complex structures|. . . . . . . .. ... o o 75
13.3.1  Verification of the complex structure axioms|. . . . . . .. ... .. 77
[3-3.2 Vector derivatives Ox and Oy)| - -+ - - o o oo oo 80
B.3.3  Directional derivatives| . . . . . ... ... o000 84

3.4 Hermitian setting in superspace| . . . . . . . ... .. ... ... ...... 86
3.5 Concluding remarks| . . . . .. .. ... ... 0L 91
[4 The Spin group in superspace) 93
[.1 Linear algebra in KP9(Gn)| . . . . . . o oo 94
4.1.1  Grassmann algebras and Grassmann envelopes| . . . . ... .. .. 94
4.1.2° Supermatrices|. . . . . . ... Lo 97

4.2 The algebra A,, 2, @RG&N|. . . . . 000000000 102
4.2.1  Superbivectors| . . . . . . ... Lo 104
4.2.2  Tensor algebra and exponential map| . . . . . . ... ... ... .. 106

4.3 The orthosymplectic structure in R™?™*(&y) | . . . . . ... .. ... ... 107
4.3.1 Invariance of the inner product| . . . . . .. ... .. ... ... .. 107
4.3.2  Group of superrotations SOq.| . . . . . . . . ..o L. 109
4.3.3 Relation with superbivectors.| . . . . . . . ... ... ... ... .. 115

4.4 The Spin group 1n superspace| . . . . . . . . . . . .. e 118
4.4.1  Supervector reflections| . . . . . . . . .. .. Lo 118

[4.4.2 A proper definition for the group Spin(m[2n)(&y)|. . . . . . . .. 124




vii CONTENTS
4.4.3  Spin covering of the group SO¢f . . . . . . . . . . .. .o 128
4.5 Concluding remarks| . . . . ... ... ... ... ... o L. 134

B

Spin actions in Euclidean and Hermitian Clifford analysis in superspace[135

.1 Spin invariance of the super Dirac operator| . . . . . . . ... .. ... .. 136
p.2  Linear transformations on Hermitian supervectors| . . .. .. ... .. .. 140
p.2.1  Commutation with the complex structure J| . . . . . ... ... .. 140
[5.2.2  Invariance of the Hermitian inner product. The group SO5.| . . . . 145

[5.3 Spin realization of SOp|. . . . . . . .. ... 150
[5.3.1 The Lie algebras soy and ¢~ '(so5).|. . . . ... ... .. ... ... 150
[.3.2  The group Spiny (2m[2n)(&n)|. . . . . . .. 153
[5-3.3  Sping-mvariance of Jy)|- « « - - - e e e e e 155

[6  Distributions and integration in superspace| 157
6.1 Superfunctions| . . . . . . ... o o 159
6.2 Distributions in superanalysis| . . . . . . .. .. ..o 161
6.2.1  Superdistributions| . . . . . ... oo 162
16.2.2  Multiplication of distributions|. . . . . . . .. . ... ... ... 163
16.2.3  Properties of the o-distribution in real calculus). . . . . . ... .. 164
16.2.4  o-Distribution in superspace|. . . . . . . . .. ... 166

6.3 Integration in superspace| . . . . . . . . .. ..o 169
6.3.1 Domain integrals in superspace| . . . . . . ... ... ... ..... 171
6.3.2  Surface integrals in superspace| . . . . . ... ..o L. 174

6.4  Other examples and applications| . . . . . . ... ... ... ... ..... 178
6.4.1  Super-paraboloid of revolution| . . . . .. ... ... ... ... .. 179
6.4.2  Super-hyperboloid of revolution|. . . . . . ... ... ... ... .. 182

6.5 Distributional Cauchy-Pompeiu formula in superspace] . . . . . . . .. .. 189
|7 Bochner-Martinelli formula in superspace | 195

[7.1 Hermitian-Stokes and Hermitian-Cauchy theorems| . . . . . . . .. .. .. 196




CONTENTS viii
[7.2 Fundamental solutions for Ox and Oy - - - - - - o o o oL 198
[7.2.1  Finite part distribution and spherical means|. . . . . . .. ... .. 200

|7.2.2 Distributional calculus for 1/12m|2n and J(V12m|2")| .......... 203

[7.2.3  Hermitian counterparts of v2™>" and J(/2"™) . . . .. ... .. 206

7.3 Hermitian Cauchy-Pompeiu formula in superspace| . . . . .. ... .. .. 207
7.4 Integral formulae for holomorphic functions in superspace] . . . . . . . .. 212
[7.4.1  Holomorphicity in superspace and sh-monogenicity| . . . . . . . . . 212

[7.4.2  Bochner-Martinelli theorem for holomorphic superfunctions| . . . . 215

[7.4.3 Some examples| . . . . .. ... L 220

223
[Nederlandse samenvatting| 227
[List of Tables| 231
A 232

B1bliography



Introduction

In this introductory chapter we describe the mathematical framework for this thesis. To
that end, we first provide a brief overview of so-called Euclidean and Hermitian Clifford
analysis and the underlying abstract radial algebra. Secondly, we explain the meaning
of analysis on superspace, comment on some of the approaches used for this study and
discuss the extension of Euclidean Clifford analysis to superspace.

Finally, we list our main goals and provide a detailed overview of the contents of the
thesis.

1.1 Euclidean and Hermitian Clifford analysis

Clifford analysis nowadays is a well established mathematical discipline constituting a
natural refinement of harmonic analysis. In its most simple setting, it focusses on the
null solutions of the Dirac operator 9, = Z;nzl €;0z,, where the elements (eq,...,e,)
form an orthonormal basis for Euclidean space R” and underly the construction of the
real Clifford algebra Rg,,. This setting is known as the Euclidean case (also the term
orthogonal Clifford analysis can be found in the literature). The fundamental group
leaving the Dirac operator invariant is Spin(m) which is a double covering of SO(m).

Standard references on Euclidean Clifford analysis are [16], 44}, [48].

By taking the dimension even, say 2m, and introducing a so-called complex structure
J € SO(2m), the fundamental elements of Hermitian Clifford analysis arise in a natural
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way from the Euclidean setting. The Hermitian case focusses on h-monogenic functions,
h-monogenicity being expressed by means of two mutually adjoint Dirac operators which
are invariant under the realization of the unitary group U(m) in Spin(2m). Indeed, the
action of the projection operators 1 (14i.J) on the initial orthonormal basis (e1, . . ., €2m)
leads to the Witt basis elements (f; : j = 1,...,m) and (f;[ :j=1,...,m), producing a
direct sum decomposition of C*™ in two components. The elements of SO(2m) leaving
those subspaces invariant generate a subgroup which is doubly covered by a subgroup
of Spin(2m) denoted Spin;(2m), and is isomorphic with the unitary group U(m). The
Hermitian Dirac operators 0, and 0l are obtained by projection of the gradient on
the aforementioned invariant subspaces, whence they are invariant under the action of
Spin ;(2m).

This Hermitian decomposition has been thoroughly studied in several papers, see for
example [9, 14]. Results concerning spherical monogenics, invariant differential opera-
tors, a Fischer decomposition and integral representation formulae (Bochner-Martinelli,
Cauchy) have already been obtained, see [9] 14, [39, [15], [1]. Furthermore, Hermitian
Clifford analysis was addressed in [64] where several complex operators 9,97, ,,9], ...
were considered giving rise to new syzygy complexes. Those results motivated for the
first time the use of the radial algebra in the Hermitian setting, which is independent of
the choice of the dimension parameter.

The radial algebra framework is defined through an algebra R(S) generated by a set
S of abstract vector variables z,y, ..., where classical notions of Clifford analysis are
reintroduced axiomatically. For example, Dirac operators are axiomatically defined as
endomorphisms on R(S), more precisely as a vector derivative denoted by 9., x € S
(see e.g. |66 [70]). The radial algebra possesses some important properties, of which
the most powerful most probably is its independence of any particular dimension m,
which is now abstractly defined as a complex parameter stemming from the evaluation
O[] = m. In addition, R(S) is independent of the choice of an underlying vector space
V' to which the vector variables belong and of any chosen quadratic form on V. This gives
rise to important applications of the radial algebra setting in the study of the Fischer
decomposition and the Dirac complex (see e.g |21 [65] [64]).

In a number of papers [33] 68, [67] other applications have been considered such as the pos-
sibility to derive a theory of Dirac operators in superspace from the standard Euclidean
one and to give a meaning to spaces with negative integer dimension.

1.2 Clifford analysis on superspace

Superanalysis or analysis on superspace was introduced by Berezin in order to study
mathematical problems associated with the physical idea of supersymmetry, see e.g.
[6, [7]. The most important feature of superanalysis was developing a formal calculus
in a Grassmann algebra where commuting (bosonic) and anti-commuting (fermionic)
variables appear on equal footing. Nowadays, superspace and the corresponding super-
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manifolds play an important réle in contemporary theoretical physics, e.g. in the particle
theory of supersymmetry, supergravity or superstring theories, etc.

There are different mathematical approaches for the study of superspace. A first approach
is based on differential geometry where the concept of a point of a graded manifold is pri-
mordial. In this case, the bosonic and fermionic variables are represented as co-ordinates
in the even Ag and odd Ag subspaces of some underlying graded commutative Banach
superalgebra A. This gives rise to considering superspaces of the form RPI9(A) = Ag x AL
and developing an analysis based on the usual topological notions of neighbourhood,
continuity, differentiability, etc. Without claiming completeness, we refer the reader to
[72] G5, 45, [63] for an overview of this approach.

A different approach to the mathematical foundation of superanalysis is the one developed
by Berezin, Kostant and other authors, see e.g. [7, 57, [60]. This approach comes from
modern algebraic geometry, where a supermanifold is defined as a differentiable manifold
and a set of superfunctions on it as a structural sheaf. This setting allows to arrive
at a calculus on superspace which does not depend on possible representations of the
variables as co-ordinates on an underlying superalgebra. This calculus collects important
constructions such as the Berezin integral with respect to anti-commuting variables, and
the so-called Berezinian which is the analogue of the Jacobian for the change of anti-
commuting variables. The two mentioned approaches to superanalysis have been proven
to be equivalent in the categorical sense, see e.g. [5].

As mentioned before, harmonic and Euclidean Clifford analysis have been extended to
superspace by means of a representation of the radial algebra. This extension uses the
definition of a supermanifold as in the approach of Berezin and Kostant (see [T, [57]).
This theory introduces some important differential operators (such as Dirac and Laplace
operators) on the flat supermanifold R™/?”, and uses them in the study of special func-
tions, orthogonal polynomials, integration, etc. For a nice overview on this development
we refer the reader to the Ph.D. theses [29] 22] and the papers [33], [32] [35] BT 38|, 24, 25,
26, 277, 28], [30], 34, 137, [36].

1.3 Objectives

The above-mentioned extension of Clifford analysis to superspace plays a central réle in
our research, which has three main goals. Our first aim is to extend so-called Hermitian
Clifford analysis to superspace (Chapters 2, 3). The second goal is to provide a suitable
definition for the (super) spin group and studying the underlying group actions in both
Euclidean and Hermitian Clifford analysis in superspace (Chapters 4, 5). Finally, the
third objective is to further develop integration theory in this setting by introducing
and studying integration over general domains and surfaces in superspace depending
on bosonic and fermionic variables on equal footing (Chapters 6, 7). The remainder of
this introductory chapter is devoted to a detailed analysis of these objectives and their
achievement within the contents of this thesis.
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In order to introduce a theory of Hermitian Dirac operators in superspace, we first need to
set the correct rules that allow such a canonical extension. In Chapter 2, we deal with this
task. We first provide some basics of the classical theory of radial algebras as an abstract
approach to Euclidean Clifford analysis. The algebra of endomorphisms and the notion of
radial algebra representation will be amply discussed. With the introduction of a so-called
complex structure we arrive at the Hermitian radial algebra setting, which constitutes
an abstract version of the Hermitian monogenic function theory. An important example
of a representation of the radial algebra with a complex structure will be presented at
the level of endomorphisms.

In Chapter 3, we formulate the basic definitions needed for Hermitian Clifford analysis in
superspace. This is done by studying the corresponding representation of the Hermitian
radial algebra. To that end, we first recall the main aspects of the extension of Euclidean
Clifford analysis to this setting. In particular, the vector multipliers give rise to a natural
way of introducing a complex structure on superspace which immediately leads to the
corresponding extensions all basic objects such as Hermitian Dirac operators, complex
Euler operators, etc. Moreover, it is proven that all defined objects satisfy the abstract
relations provided in Chapter 2 for the Hermitian radial algebra.

Chapter 4 is devoted to providing a definition for the spin group in superspace as a
set of elements describing every super-rotation through Clifford multiplication. To that
end, we consider linear actions on supervector variables using both commuting and anti-
commuting coefficients in a Grassmann algebra. This allows to study the invariance of the
inner product in superspace through a classical group theoretic approach which contains
all information on the underlying symmetry superalgebras obtained in [22] 23]. We first
provide some basics on Grassmann algebras, Grassmann envelopes and supermatrices.
Next, we further develop the Clifford setting in superspace by introducing the Lie algebra
of superbivectors. An extension of this algebra is crucial in the description of the super
spin group. While studying the invariance of the bilinear form that extends the Euclidean
inner product to superspace, we obtain the so-called group of superrotations SOy whose
Lie algebra soq turns out to be a Grassmann envelope of osp(m|2n). It is also proven that
every super-rotation can be uniquely decomposed as the product of three exponentials
acting on some special subspaces of sog. Finally, we study the problem of defining the
spin group in this setting and its differences with the classical case. It is shown that
the compositions of even numbers of vector reflections are not sufficient to fully describe
SOy since they only allow for an orthogonal structure and do not include the symplectic
part of SOy. Next we propose an alternative, by defining the spin group through the
exponential of extended superbivectors and showing that they indeed cover the whole
set of superrotations. In addition, we explicitly describe a subset = which is a double
covering of SOy and contains in particular every fractional Fourier transform.

The main goal of Chapter 5 is to study the action of the spin group in superspace on
superfunctions. We first study the invariance of the Dirac operator in superspace under
the classical H and L actions. In addition, we consider the Hermitian Clifford setting
in superspace, where we study the group invariance of the Hermitian inner product of
supervectors introduced in Chapter 3. The group of complex supermatrices leaving this
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inner product invariant constitutes an extension of U(m) x U(n) and is isomorphic to
the subset SOg of SOy, consisting of those elements which commute with the complex
structure J. The realization of SO‘S within the spin group is studied simultaneously with
the invariance under its actions of the super Hermitian Dirac system. It is interesting to
note that the spin element leading to the complex structure can be expressed in terms
of the n-dimensional Fourier transform.

Distributions in superspace constitute a very useful tool for establishing an integration
theory. In particular, distributions were used in [24] to obtain a suitable extension of
the Cauchy formula to superspace and to define integration over the superball and the
supersphere through the Heaviside and Dirac distributions, respectively. In Chapter 6, we
extend the distributional approach to integration over more general domains and surfaces
in superspace. The notions of domain and surface in superspace are defined by smooth
bosonic phase functions g. This allows to define domain integrals and oriented (as well
as non-oriented) surface integrals in terms of the Heaviside and Dirac distributions of
the superfunction g. It will be shown that the presented definition for the integrals does
not depend on the choice of the phase function g defining the corresponding domain or
surface. In addition, some examples of integration over a super-paraboloid and a super-
hyperboloid will be presented. Finally, a new distributional Cauchy-Pompeiu formula
will be obtained, which generalizes and unifies the previously known approaches.

In Chapter 7, we address the problem of establishing a Cauchy integral formula in the
framework of Hermitian Clifford analysis in superspace. To this end, we use the general
distributional approach to integration provided in Chapter 6. This allows to obtain a
successful extension of the classical Bochner-Martinelli formula to superspace by means
of the corresponding projections on the space of spinor-valued superfunctions. This is
inspired by the close relation between the theory of Hermitian monogenic functions and
the theory of holomorphic functions of several complex variables in the purely bosonic
case, see [I1]. The connection between Hermitian monogenicity and holomorphicity in
superspace is established by considering a specific class of spinor-valued superfunctions
(Section. As one may have expected, the obtained (super) Hermitian Cauchy integral
formula reduces, when considering the correct projections, to a new extension of the
Bochner-Martinelli formula for holomorphic functions in superspace.

The results of Chapters 2, 3 and 5 have already been published in three articles, respec-
tively given by references [41I], [42] and [43]. The results of Chapters 4, 6 and 7 have
been submitted for publication [40), 49| [§].



1. Introduction




Radial algebras

In this chapter we introduce the notion of radial algebra which describes Clifford analysis
in a more abstract setting. This notion will be used later for the introduction of Euclidean
and Hermitian Clifford analysis in superspace.

2.1 DMotivation and importance of the radial algebra

Many of the special functions that play a fundamental role in Clifford analysis are func-
tions of zonal type i.e. functions depending of several Clifford vector variables z,y, ...
and their inner products. Fundamental examples of such functions are the reproducing
kernel %@, y)’“ and the monogenic part of its Fischer decomposition

1 _
E(LQ’“ +azyz,y) '+ + arzy”,
where the coefficients a1, ...,a; only depend on k£ and the dimension m. It is easy to

understand that these zonal functions are in principle the same in every dimension m;
the dimension parameter m stems from the repeated action of the Dirac operator d, on
the Fischer decomposition, using the evaluation 0;[z] = —m.

These observations lead to the idea of defining an algebra R(S) of abstract vector varia-
bles and reintroducing the Dirac operators axiomatically as endomorphisms on R(S), i.e.
as vector derivatives denoted by 0., © € S. A first account on such an axiomatization
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can be found in [66] and was inspired by the work on "geometric calculus" presented by
Hestenes and Sobcezyk ([51]).

Important aspects of this radial algebra approach are:

o R(S) does not depend on a particular dimension m. The vector derivative 9,
leads to the introduction of the abstract scalar parameter 9, [x] = m, which can be
considered as a continuous parameter in R or even in C.

e Using the assignment z — z = Z;nzl zjej, ¢ € S, we obtain a representation of
R(S) by an algebra R(S) of Clifford polynomials. This map is injective provided
that S is finite and m > Card(S).

e The algebra R(S) is independent of both the choice of an underlying vector space
V' on which the vector variables are defined, and the choice of a quadratic form on
V.

These aspects show the computational strength of the radial algebra since they allow to
compute symbolic expressions, depending on vector variables, following a minimal set of
rules independently of specific bilinear forms and signatures. This gives rise to special
functions in which the dimension m becomes a complex variable to which all methods of
holomorphic functions can be applied. A typical example is the Fischer decomposition,
which produces coefficients that are rational functions of m and that are valid outside
the poles of these coefficients. Also the Fischer decomposition in the case of several
vector variables is better studied in the radial algebra setting because its terms always
are unique. In the Clifford polynomial setting the relation 25:1 x; M, (zq,...,2,) =0
may have non zero monogenic solutions Mj; if the dimension m < 2k — 1. This gives rise
to exceptional syzygies for the Dirac complex (see |21}, [65] [64]) that do not appear in the
radial algebra setting.

In a number of papers [33], [68], [67] other applications have been considered such as the
possibility to derive a theory of Dirac operators in superspace from the standard Eu-
clidean one and to give a meaning to spaces with negative integer dimension. Indeed,
to set up a Clifford calculus in superspace it is necessary to work with fundamental ob-
jects such as vector variables, directional and vector derivatives that satisfy the main
"laws" of Clifford analysis. These "laws" are provided in a natural way by the axiomatic
framework of radial algebras.

To address certain typical questions in the framework of algebras such as representation
theoretical issues, it is necessary to provide concrete representations of the radial algebra.
By a representation we mean an algebra homomorphism from R(S) to an algebra A. In
particular, vector variables may be represented through co-ordinate variables defined in
a given underlying vector space V endowed with a bilinear form. This leads to different
invariance groups depending on the specific representation. For example, in the classical
Clifford-polynomial representation we have V' = R™ with the rotation group SO(m). But
in superspace the corresponding underlying vector space for the radial algebra represen-
tation has the form V' = R™/?"(A), where A denotes some graded commutative Banach
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superalgebra. With such a representation one obtains a rotation group of supermatrices
that contains SO(m) x Sp(2n) as its real projection. These results can be found in detail
in Chapter 4.

In this chapter we first recall the main algebraic properties of the radial algebra and
some of its most important endomorphisms. In this way the building blocks of Euclidean
Clifford analysis naturally arise from a specific representation of the radial algebra. To
that end we provide an overview of the results obtained in [66] together with detailed
proofs for a number of results which were not presented there. This approach will be
used later on to introduce Euclidean Clifford analysis in superspace.

In addition, we will establish a similar framework for the Hermitian setting. To that
end we introduce the so-called Hermitian radial algebra which constitutes an abstract
description of the main objects of Hermitian Clifford analysis. This will allow us later
on to define the main framework for Hermitian Clifford analysis in superspace.

2.2 Algebraic properties of the radial algebra

Definition 2.1. Given a set S of symbols x,y, z,... the radial algebra R(S) is defined
as the associative algebra over R freely generated by S and subject to the axiom

(A1) [{a,y}2l =0 foranyz,y,z €5,

where {a,b} = ab+ ba and [a,b] = ab — ba. Elements in S are called abstract vector
variables.

Axiom (A1) intrinsically means that the anti-commutator of two abstract vector varia-
bles is a scalar, i.e. a quantity that commutes with every other element in the algebra.
It is clearly inspired by the similar property for Clifford vector variables. In order to
formalize the relation between the radial algebra and the Clifford algebra we introduce
the notion of a radial algebra representation.

Definition 2.2. A radial algebra representation is an algebra homomorphism ¥ : R(S) —
A from R(S) into an algebra A. The term representation also refers to the range
U(R(S)) C A of that mapping. By convenience we denote U(R(S)) by R(V(S)) where
U(S):={¥(z):x € S}.

The easiest and at the same time most important example of a radial algebra represen-
tation is the algebra generated by standard Clifford vector variables.

Example 2.1. Consider the real Clifford algebra R ,,, generated by the orthonormal basis
{e1,...,em} of R™ governed by the multiplication rules

ejer +epe; = —20; 1, Jk=1,...,m.
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The classical Clifford-polynomial representation is established for a finite set S of £ ab-
stract vector variables (¢ € N) by considering the mapping

m
x%gzztrjej, x €S, (2.1)

j=1
where we associate to each x € S a set of m real variables {x1,...,xm} or equivalently, a
Clifford vector variable x defined in R™. In this way, we obtain the set \J, cg{Z1, .., Tm}
of ¢m real variables that, when combined with the Clifford generatorse; (j =1...,m),

generate an algebra of Clifford-valued polynomials denoted by Ay, .

The correspondences naturally extend to an algebra homomorphism from R(S) to
Am,o since for any two Clifford vector variables x,y we have that

m
{zyl =ay+ye=-2) =y, (2.2)
j=1

is a central element in Ay, 0, i.e. the axiom (A1) is fulfilled.

The set of £ Clifford vector variables established by is denoted by S := {z:x € S}
and the corresponding radial algebra representation in Ay, o is denoted by R(S).

This representation justifies the use of radial algebras in some applications related to
Clifford analysis. The number of elements to consider in S normally depends on the
application that is going to be treated. In this thesis it always suffices to use a finite
number of elements for S.

The simplest case is obtained for S = {z} in which case R(S) is mapped into the real
algebra of polynomials of the form z*, where z2* = (—|z|?)® and 22t = 2(—|z|?)*. To
have a non-trivial radial algebra for Clifford analysis, the above set of radially symmetric
functions z* is too limited. One at least needs objects of the form S = {x,u} where the
corresponding Clifford vectors are given by z — = = ZZ’ZI rrepand u — u = Z;Cn:l Uk € -
Here the vector z is considered as the variable vector and u as a parameter vector.
The elements of the algebra R(S) clearly have the form F = A 4+ Bx + Cu + Dz A
u where A, B,C, D are polynomials of the three variables 2% u? 2 - u while x A u =
1

5[z, u]. With these two vector variables one can abstractly produce the so-called zonal

monogenic polynomials, see [44]. More in general a typical choice for S would be S =

{z1,...,2s} U {u1,...,u}, where the variables x; are the vector variables on which
functions depend and u; are additional parameter vectors. This choice for S is used
when studying monogenic functions in several vector variables z1, ..., xs, see also [21].

The main difference between the Clifford algebra and the radial algebra lies in the fact
that the abstract vector variables € S have a merely symbolic nature; they are not
vectors belonging to an a priory defined vector space V' with some dimension m and some
quadratic form on it.

Remark 2.1. The representation given in Example[2.1 maps elements in S to vector va-
riables defined in the vector space R™ which is endowed with the bilinear form B(e;, er) =



11 2.2 Algebraic properties of the radial algebra

{ej,ex} = —20; ) with signature (0,m). It is possible to obtain similar representations
considering R™ endowed with different bilinear forms. In particular, one can consider
the above bilinear form to have signature (p,q) (p +q =m, p > 0). The Clifford algebra
assoctated to such a radial algebra representation is Ry, 4 = Algg{e1,...,ep,€1,..., €4}
governed by the rules {ej, e} = 201, {ej,ex} =0, {e;,ex} = —20; 1.

Based on (2.2)), we define for two vector variables x,y € S the so-called dot product

Toy= %{x,y}. (2.3)

In the Clifford-polynomial representation, formula (2.2) shows that z-y = —(z,y) where
(z,y) = Z;":l x;y; is the Euclidean inner product in R™.

In the study of the algebraic structure of R(S) also the wedge product of an arbitrary
number of vectors will play an important role; it is defined by
1
TIN...N\NxE = ﬁngn(w) Tr(1)  Tr(k)s Vri,...,x €5,
s
where 7 runs over the group Sym(k) of all permutations of the set {1,...,k} and sgn(n)
denotes the sign of the permutation .

As mentioned before, for the case of two vectors, this definition reduces to

1
xAy= §[oc,y]7 Vo,y € S. (2.4)
It can also be extended in a natural way to elements x1, ...,z € (S) where (S) is the

R-vector space generated by S. The following properties then hold, see [66]; they are the
abstract counterparts of the corresponding properties in a Clifford algebra.

Lemma 2.1. Let x1,...,xz1 € (S) then,

(i) Trey Ao ATy = SgRAT) 1 AL AT
(i) x1 A ... Ay is multilinear on (S);
(#ii) x1 A ... ANxp =0 if and only if x1,...,x are linearly dependent;
(iv) in the set of vector variables S it holds that x1 A ... Az, = 0 if and only if x; = xy
for some pair j, L € {1,... k}.

Lemma 2.2. Fvery element F(x1,...,x;) € R(S), generated by variables x1,...,x; € S,
can be written as

’
F(zl,...,xg):ZZFA:le/\.../\zjk, (2.5)
k=0 A
where A = {j1,...,jk} with 1 < j1 < ... < jr < £, the coefficients Fx are linear
combinations of products of inner products x; - x,, and k = 0 corresponds to the real
term.
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Proof.

Since the element F(x1,...,xy) is, apart from a possible real term, a linear combination
of products of vector variables zy, - --xk,, it suffices to prove the lemma for such an
individual term. This is easily done by induction. The initial case s = 1 is trivial.
Assuming now that is true for every product of at most s — 1 vector variables, the
product of s vectors leads to two different cases. First, if two indices in the above product
are equal, it reduces to

Thy * T, = E scalar l.o.p.,

i.e., a linear combination of lower order products, on which the induction hypothesis can
be applied, whence the decomposition follows. If, on the other hand, we have s different
vector variables, as in x7 - - - x5, we can directly see from (A1) that

SEN(T)Tr(1) * Tr(s) = L1 ... Ts + Zsealar lLo.p.

whence z1...25 =x1 A...Axs+ > scalar Lo.p. and the decomposition again follows by
induction. (]

The above lemma leads to the introduction of the k-vector structure of R(S) as follows.
Let Ry(S) be the algebra generated by all scalar objects x -y, x,y € S, called the scalar
subalgebra of R(S), which, by (A1), is contained in the center C(R(S)) of R(S). An
element F' € R(S) is called a k-vector if F' may be written as a sum of elements of the
form baxj, A...Axj, where b€ Ry(S), z;, € S. The space of all k-vectors is denoted by
Ri(S).

Remark 2.2. In the case k = 2, Ry (S) is the space of the so-called bivectors spanned

over Ry(S) by the wedge product of two abstract vector variables in S, see . The
(2)

0,m

Z bj,k €€k, bj,k € R.

1<j<k<m

corresponding algebra of bivectors R
of the form

in the Clifford algebra Ry ., consists of elements

The uniqueness of the decomposition can be proven using the Clifford polynomial
representation for finitely generated radial algebras established in Example It just
suffices to note that, for some particular choices of the dimension m of the underlying
vector space R™, such a representation is an isomorphism. This characterization of
R{z1,...,z¢} is given by the following result which was proven in [66].

Theorem 2.1. The map
o R{xy, ..z} = Alg{x, ... xe}

defined in is an algebra isomorphism if and only if m > /.

Making use of the well-known properties of Clifford algebras we obtain the following
direct consequences.
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Corollary 2.1. Every element F' € R(S) may be decomposed in a unique way as a finite
sum of the form

F=[Flo+[Fh+...

where the operators [, : R(S) — R(S) : F — [F]x project any given object into its
k-vector part.

Corollary 2.2. Let C(R(S)) denote the center of R(S), then the following holds:

(i) if S is infinite or has an even number of elements, then C(R(S)) = Ro(S);

(i) if S has an odd number of elements, say 20+1, then C(R(S)) is generated by Ro(S)
and the element x1 A ... A\ Topy1.

Corollary 2.3. The following computation rules for the product of a vector with a k-
vector hold:

(Z) [.Tl-"xk]k:.’ll‘l/\.../\.’ll‘k;

(7)) xxy Ao AT =[x Ao AZg]—1 F [T Ao A Bk

(i) [Sﬁ'xl/\.../\xk]k+1:.'I:/\.r]/\.../\wk:%(mwl/\.../\xk+(_1)kml/\.../\xkx ;
w) [T N .. NZglg—1=2- (21 N...Nxg) =51 AN.. . N2 — (1)1 N... ANz,

and similarly for the right multiplication.

The proofs of the above results show that some identities in the radial setting can be
obtained in two ways: in a direct axiomatic way and by means of the Clifford-polynomial
representation. But this is possible only if the dimension of the chosen representation
is sufficiently high compared to the amount of vector variables involved. One example
of this issue is given by Theorem [2.1] but this is not the only one. Other conditions on
the dimension of the Clifford representation need to be considered in the study of other
problems like the Dirac complex, see for example [21] [65].

Through this thesis we mainly work with axiomatic proofs for radial algebra identities,
although some of them could be proven using the Clifford-polynomial representation. The
main reason for this is to show the computational strength of this method, independent
of a specific vector space for the vector variables.

2.3 Endomorphisms on the radial algebra

In this section, we introduce some important elements of the algebra of endomorphisms
End(R(S)) defined on the radial algebra R(S). They constitute an important piece of the
theory because, through the action of some radial algebra representations, they transform
into endomorphisms and operators of interest in classical analysis.
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Definition 2.3 (extension of ¥ from R(S) to End(R(S))). Let ¥ : R(S) — R(¥(S))
be a radial algebra representation and let E € End(R(S)) be an endomorphism leaving
the kernel of U invariant, i.e.

Eker¥) Cker ¥, with kerW¥:={F € R(S):¥(F)=0}. (2.6)

Then the action W(E) of U on E can be defined as the following endomorphism over
R(¥(S5))
U(E)[Y(F)] :=Y(E[F]), Fe€R(S).

Remark 2.3. The compatibility condition (@) is necessary in order to have the en-
domorphism WU(E) well-defined. Indeed, Definition is independent of the choice of
F € R(S) if and only if for every pair Fy, Fy € R(S) such that U(Fy) = U(Fy) one has

U(E(Fy)) = V(E(Fy)), or equivalently, W(E(F, — F)) = 0;

meaning that E(ker U) C ker W.

Observe that any injective radial algebra representation satisfies the condition (@ for
every E € End(R(S)). This is the case of the Clifford-polynomial representation defined
m if m > £, see Theorem (2.1

Remark 2.4. It is easily seen that U : End(R(S)) — End(R(¥(S))) is an algebra ho-
momorphism, i.e.

\IJ(El o EQ) = \If(El) e} \II(EQ)

2.3.1 Involutions and vector multiplication

Definition 2.4 (main involution and conjugation). The main involution~ and the
conjugation = are defined on R(S) by the relations

FG=GF, FG=FG, F,GeR(9),

T=rx=-z, x€S8.

By direct computation the following properties are obtained.

Lemma 2.3. Let x1,...,21 € S, f € Ry(S) and F € R(S). Then

(i) F—=F=F and F=F;
(i) f=F=f
(iti) ;1 A Az = (—DFzy A Aag;

k(k+1)

(iv) Ty A Az =(=1)"2 z1A... Az = (=DFz AL Ay
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It is easily seen that the above defined main involution and conjugation are mapped
by the Clifford-polynomial representation (see Definition and Example [2.1)) into the
classical main involution and conjugation; which are defined in Ry ,,, by

k k
€ " = (*1) Cip """ €y €yt Ch = (*1) €1 * " Ch-

Definition 2.5 (vector multiplication). With every x € S one can associate the basic
endomorphisms on R(S):

z:F—aF, z|:F— Fa. (2.7)

The set SU S| := {x,z| : © € S} generates a subalgebra of End(R(S)) which we denote
by R(S U S|) and which is subject to the rules

(All) {‘T;y|}:07 {m;y}zf{iday” Va,y € S,
(A2]) {z,y} is a central element in R(SUS|) Vz,y € S.

In the same way "right" versions of the above endomorphisms may be defined:
a:F — Fz, -x|:F—zF.

The algebra Alg{-z,-x| : * € S} C End(R(S)) is isomorphic to R(S U S|) and they are
connected by the relations:

x=zx|lo™, x|l=z0".

Hence, in order to study the whole subalgebra of endomorphisms of R(S) given by com-
positions of vector multiplications, it is enough to consider one of both copies (right or
left) of R(S'US|) in End(R(S)). From now on we will consider only the left one, which
is given by (2.7). In this way, it holds that R(S) C R(S U S|) C End(R(S5)).

Remark 2.5. The possibility of seeing R(S) as a subalgebra of End(R(S)) shows the
convenience of using the abuse of notation U(E) for the action of the radial algebra
representation U on the endomorphism E € End(R(S)). Indeed, Definition[2.3 provides
an extension of U from R(S) to End(R(S)).

In the language of Clifford algebras it is well known that End(Rg ;) = Ry, . This iso-
morphism is given by the following identification between the generators of both algebras
e; — ¢ FrreiF, j=1,...,m,

gj +— ej|: FHﬁej, j=1...,m. (2.8)
Then z| is mapped, by the Clifford-polynomial representation, to the endomorphism

defined by the R,, o Clifford vector variable z| = Z;nzl xje; through the above corres-
pondence.
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2.3.2 Directional derivatives
Definition 2.6 (directional derivatives). For every pair x,y € S the operator D, , €
End(R(S)) is defined by
(DD1) D, ;|[FG] = D, .|F|G+ FD, ;[G], VF,G e R(S),
(DD2) Dy ;2] =0z Y, Vz €S,
where 6, is the Kronecker delta

Remark 2.6. For x = y the operator D, , corresponds to the FEuler operator E,, mea-
suring the degree of homogeneity with respect to x, as expressed in the following lemma.

Lemma 2.4. In the product x1 - - - xy the variable x € S occurs k times if and only if
Ex[xl...xé] :kxl...l'e

In particular, F € R(S\ {z}) if and only if E,[F] = 0.

Proof.
The defining relations (DD1)-(DD2) yield

‘ ‘
Epley - x] = Zx1-~-Ex[wj]-~-we = (Z(Sw,xj)xl---wz
Jj=1 j=1

where the scalar appearing between brackets clearly counts the number of occurrences
of z. O

Lemma 2.5. The directional derivative Dy, ., x,y € S, satisfies the following properties:

(i) Dy . maps Ry(S) into Ro(S);
(i1) Dy ,[F] =

D
(111) Dy o[F] = Dy 4

. [F] for all F e R(S);
el

F] for all F € R(S).
Proof.

(i) In view of (DD1) it suffices to prove the result for the generators of Ry (.S); hence,
consider {w, z} for an arbitrary pair w,z € S. It is easily checked that

Dy 2[{w, 2}] = 0u . {y, w} + 62w {y, 2} € Ro(S).

(ii) Every element in R(S) can be written as a sum of elements of the form f1 F} +x fa F5,
where f1, fo € Ro(S) and F1, F5 € R(S\ {z}). Hence, in order to prove the result,
it suffices to consider the canonical fornﬂ F = fiFy + xfoF5. It then holds that

—_—~ —_—~

Dy o[F] = Dy ol filFy + Dy o[ 2] Fs + FayFs = Dy o [Fi]Fr — Dyl folaFs — fayF.

1This kind of decomposition is called canonical decomposition of F with respect to z.
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On the other hand, F= flfl - fgx}’—‘\;, whence
DyolF] = Dyl A]Fy = Dyl folaFo = foyFs.
The equality then follows from (i) and Lemma
(iii) As above, we may take F' = f1 F} + 2 fo Fy, for which it holds that
Dy o[F] = DyolAlF1 + DyalfoloFe + fayFa = Fi Dyu[fi] = FowDy o[ fo] = Fayfo.
Here one has F = f1 F; — Fox fy, whence
Dy y[F] = FiDys[f1] = Fayfo — FoxDy 4 [fa],
and the equality again follows from (i) and Lemma O

These properties of the directional derivative D, , show that it behaves as a scalar first
order differential operator, and it is easily seen to be mapped by the Clifford-polynomial
representation to the scalar operator

Dy, = Z Y; Oy, (2.9)
j=1

associated to the Clifford variables z and Y- Also, the following commutation relations
with the vector multiplication endomorphisms hold.

Lemma 2.6. Let z,y,z € S. Then

(Z) [Dy,azv Z} = 6$,z Y;
(it) [Dy,z, 2|]) = 05, y.

2.3.3 Vector derivative

Definition 2.7 (vector derivative). Given x € S, the left and right endomorphisms
O[] and []0; on R(S) are defined by the axioms

[fF)0z = F[f]0x + f[F]0a, Vf € Ro(S), VF € R(S);

(D2)  0,[G] =0, 0,[xG] = 0,[2]G,
(G0, =0, [Gz)d, = G[z]0s, VG € R(S\ {z});

(D3)  [0,F|0, = 0, [Fd,], Vx,y€S;

(D4) 0z (2% = [2%)0, = 2z, Yz €S,
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Remark 2.7. It is tacitly assumed that, for any T C S with x € T, the values of
04 [F] and [F|0, for F € R(T) do not depend on whether 0;[-] or []0, are considered as
elements of End(R(T)) or as elements of End(R(S)). This assumption is referred to as
an "unpronounced axiom" in [60].

This formal vector derivative 9, is mapped by the Clifford-polynomial representation to
(minus) the classical Dirac operator (or gradient)

—Op ==Y €j0a,. (2.10)
j=1

Remark 2.8. By the canonical decomposition of F € R(S) it is easily seen that, under
the assumption (D1), (D2) is equivalent to

0.[FG) = 0,[FIG, [GF)d, = G[F|9,, VF € R(S), VG € R(S\ {z}).  (2.11)

Theorem 2.2. The axioms (D1)-(D4) yield a consistent definition of the endomor-
phisms 0z[-] and [/|05, mapping Ro(S) into R1(S). Moreover, O [x] = [¢]0, = m € R.

Proof.

Observe that (D1)—(D3) are satisfied by every first order Clifford differential operator
with constant coefficients; the specific nature of the vector derivative is determined by
(D4). Again writing every element of R(S) as a sum of terms of the form F = f; F; +
xfoFy, with f; € Ro(S), F; € R(S\ {z}), j = 1,2, we have, on account of (D1) and
(D2), that

0:[F] = 0 [f1]F1 + O fo]xFo + f20,[x]Fa,

whence 9, is determined in the whole of R(S) by its action on Ry(S) and on z. For the
scalar subalgebra Ro(S) we only need to determine the action of 9, on the generators
{y, z} with y,z € S. By (D2) and (D4) we have

89:{?/7 z} = 2(6z7zy + 61/,12) € RI(S)
So we only still need to determine d,[z]. Using (D3) and (D4) we obtain

20.[x] = 0. [37289;] = [&302] 0y = 2[2]0,,

Hence, for any pair of vectors z,y € S, it holds that J,[z] = 0,[y], implying that 0,[z]
equals a constant m € R, and similarly for the right action. O

Remark 2.9. The parameter m = 0,.[x] = [x]0, is called the abstract dimension of R(S).
In the Ro - Clifford polynomial representation m gets mapped to —0y[x] = m.

Similar to Lemma we can prove the following properties.
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Lemma 2.7. Let x € S and F € R(S). Then

—~—

(i) 0.[F] = —0,[F] and [F]9, = —[F10,;
(ii) O.[F] = _[F}az and [F]0; = _aa:[F}

Remark 2.10. The property (ii) of the above Lemma shows that, unless explicitly needed,
it suffices to study only the left action of the operator 0, (i.e. the endomorphism 0.[]),
since the right action is obtained after conjugation.

Theorem 2.3. Let x,y € S. Then

(Z) {817 y} = 2Dy,w + 6w,ym;

(1) {0z,y} = {0x,y}, where -{0.,y} denotes the right action of the operator {0.,y},

Proof.

(i) Consider F € R(S) in its canonical decomposition as before; then

YOz [F] = y0u [[1]F1 + yOe[folzFo + mfoyFy
O0xWF] = 02 [f1lyF + 0y frmEy + Oy [ folyr Fa + 2 foyFo — wfoyFy + 6, ymfoxFy,

whence
{02, y}F] = {0, y}H 1] 1 + {02, y} fol o Fo + 2 foy Fo.

Similarly,
(2Dy 2 + 6z ym) [F] = (2Dy o + 0 ym) [f1]F1 + (2Dy 2 + 6z ym) [fo] 2 F2 + 2 foy Fo.

It thus suffices to prove that {0,,y} and 2D, , + 0, ,m have the same action on
scalars, or still, on the generators of Ry(S). But for each pair z,w € S one has

{0z, y} {2 w}] = yOu{z, w} + 0u{z, why + 5I,ym{za w}
=20, oy, w} + 20y 2{y, 2} + 0z ym{z, w}
= (2Dyz + 0z ym) [{z,w}].

(ii) The above result shows that {0,,y} is a scalar operator, for which, on account of
Lemma [2.5] it holds that

{0:, y}[F] = {0, y}[F],

for all F' € R(S). The proof then follows from Lemma [2.7}




2. Radial algebras 20

The above theorem states that the operator {0,,y} behaves as a scalar first order diffe-
rential operator. In addition, property (i7) allows us to define the directional derivative
D, , from the right by means of [-]D, , := D, .[-] as it is expected from an scalar opera-
tor. This theorem also provides an alternative approach for defining the vector derivative
0, by recursion based on (i).

The following commutation relation with the directional derivatives holds.

Theorem 2.4. Let x,y,z € S. Then [Dy 5,0,] = —§, ,0;.

Proof.
Writing elements of R(S) in their canonical decomposition with respect to z,z € S, viz.
F = f1F1 + fQCCFQ + ngFg + f4$ZF4, fj S Ro(S), Fj S R(S\{I‘,Z}) ,3=1,...,4,
we obtain by Lemma [2.5]
Dy [0:[F]] = Dyo [0:[f1]] F1 + Dy,0 [0:[fo]] 2 F2 + 02 [ fo]yFa + 02,2 Dy o[ fo]m >
+ Dyyr [82 [f3H ZFB + 5@,282 [fB}Z/FB + Dy,w[fB}mFS
+ Dy,:c [az [f4” xzFy + az [f4]yZF4 + Jx,zaz [f4]IyF4
+ (2 —m+ 5$7Zm)Dy,$[f4]xF4 + (2 —m+ 51,zm)f4yF4,
while
0 [Dyz[F]] =0, [Dym[fl]] Fi+0, [Dym[fQH xks + 5z,sz,m[f2}mF2 +0. [fz}yF2 + (5z,yf2mF2
+ az [Dy,'r[f3ﬂ ZF3 + Dy,ft:[f3]mF3 + 637,282 [fB}yFZi + 5m,z(sz,yf3mF3
+ az [Dy,a:[félﬂ J?ZF4 + (2 —m + 6az,zm)Dy,;E[.f4]$F4 + 8,2 [f4]yZF4
+ (2 —m+ 5Z,ym)f4yF4 + 61,28,2 [f4]$yF4 + (2(52’?;, +m— 6z,ym)<5z7zf4yF4.
Hence
[Dy,z, 0:] [F] = [Dy,, 0: [f1] F1 + [Dy 2, O] [folx Fo + Dy, 0:] [f3]2 Fs + [Dy o, 0:] [falz2 Fy
- 6z,y (meF2 + 5m,zf3mF3 + (m + 25z,m - 5z,mm)f4yF4)a
and on the other hand,
_5z,y8x [F} = _5z,y6x [fl]Fl — 5z,y8m [fg]Z‘FQ — 5Z7yaw[f3]ZF3 — 5z,y8m [f4]$ZF4
- 6z,y (.meFQ + 5x,zf3mF3 + (m + 25z,ac - 5z,xm)f4ZF4)~

It thus suffices to prove the equality [D, ,,0.] = —d, .0, in the scalar subalgebra Ry(S).
Direct computation yields

[Dy,2:0:][f9] = [Dy.e, 0:] [flg + f [Dya, 0:] 9], f,9 € Ro(5),

whence we only have to consider the generators of Ry (S), for which it indeed holds that:
[Dy.a, 0:]{u, w} = Dy o [2(62,0u + 62,uw)] — 0z [6z,u{y, w} + 62,0 {y, u}]
= =20, 4(0g 0w + 0z 1)
= —0y,.0{u, w}. O
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2.3.4 Other endomorphisms

In what follows we use, for x € S, the endomorphisms
Oy : F — 0,F, 0y]: F — Fo,. (2.12)

The endomorphism d,| is mapped, by the Clifford-polynomial representation, to the
differential operator defined by

m

—Opl == cj0a,, (2.13)
j=1

where we are considering the identifications (2.8) for the generators ¢;.

Theorem 2.5. Let x,y,z € S. Then the following (anti-)commutation relations hold:

(1) {0z, y} = —{0:|,yl} = 2Dy o + 00 ym;
(“) [{83“ y}a Z] = 26;&,,2 Yy;
(Z“) [{896’ y}a aZ] = *25z,y Ox;
(iv) {0z, yl} = {0l y} =0 for z #y;
(v) {0., x|} = —{0.|,2} = B, independent of x € S.

Proof.

Properties (i)-(iv) are direct consequences of Lemmas and Theorems
Now, in order to prove (v), let us first show that {0,, x|} = {0;|,#}. By means of the

axioms (D1), (D3) and (D4) we easily obtain for every F' € R(S) that

Fr = (#F0. ~ °[F12.)

whence

{0u, x[}[F]

I
&
)
&,
|
&
=
8

= —{0:], z}[F].

We now still need to prove that this result is independent of z. For a pair x,y € S with
T # y we have

Fo= 5 (F(.}0, — {2.0}{F19,)
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whence
10e,a}[F] = 5 (0 [[Fle.00,] - 00 [(2.03(710,)) — aulFle
= 2 ([20F + tw,9)0.1F1) 0, — 20[F)0, — 2,9}, [[F10,]) - 0.[Fle
~ [yF10, - y[F), + i(ax[ﬁpx +{z,} [0:1F1] 9, — {2,030, |[F10,] )~ 0, 1Fla
= [yF)9, — y[F10,
= — {0, }F),
completing the proof. O

Remark 2.11. The new operator B is mapped by the Clifford-polynomial representation
to the Ro p,-valued operator

m
F — 7263‘}76]‘,
=1

the latter being the realization in End(Rg ) = Ry, m of the bivector B = — ZT:l ejej if
one takes into account the correspondences

Theorem 2.6. Let x,y € S, f € Ro(5), v € R1(S) and F' € R(S). Then,

(i) B[F] = B[F| and B[F] = B[F);

(ii) BfF] = fB[F];

(iii) [B,z] = —2z| and [B,z|] = —2x;

(iv) B[vF] = vB[F] —2Fv and B[Fv] = B[F|v — 2vF;
(v) [Dy,s, B] = 0;

(vi) [B, 8] = —20,| and [B,d,|] = —20,.

Proof.

(¢) By direct calculation we obtain:

[Fz] — 0,[F]a = B[F],
Flo,—a|F|o. = BIF)

ﬁ] =0,
o= o

(#i) Also here, direct calculation yields the desired property:

B[fF| = 8,[fFx] - 0,[fFlz = f(0,[Fx] — 0,[F|z) = fB[F].
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(#i1) Observe that
LB[F] = 2[zF)0, — 2*[F]0,,
B[zF) = [22F)0, — [z F|0, = —[2°F|0, + z[zF),
= 2Fz — xQ[ﬁ]az + m[xﬁ]&r,
whence [B, z][F] = —2Fz = —2z|[F]. On the other hand,
2|B[F] = B[F|z = 8,[Fa]z — 0,[F]2?,
Ble|F] = B[Fa] = 0, [Fa] — 0,[Fale = —20F — 220, [F) + 0, [Fale,
from which it follows that [B, z||[F] = —2xF.

(iv) If v € Ry(S) then we can write v = Y_°_, fjx; where f; € Ro(S) and z; € S. Both
equalities then directly follow from the linearity of B and properties (ii)-(7i).

(v) By means of Lemma and Theorem we obtain for B = {0,, z|} that

[Dy,x7B] = [Dy,xvaz 2[] + [Dy,xvz| 0]
= [Dy,z,0:] 2| + 0:[Dy z, 2[] + [Dy,z, 2(10: + 2| [Dy,z, 0:]
= —0y,20p 2| + 02,20, y| + 02,.y| 0. — 0y 22| O
= 5z,z{azvy|} - 52,2/{6@ Z|}

which equals zero for any z € S, on account of Theorem [2.5

(vi) Counsider F in its canonical decomposition with respect to . Then by (i7) and (iv)
we have

B0, F)| = B[0.[f1]F1] + B[0z[f2]x F2] + fomB[Fy]
= 0,[1)BIF) — 2F10, (1]
+ Op|f2)aB[Fy] — 20,[fo] Faw + 20 F0,[fo] + fomB([Fy).

Also, in view of property (v) and since Fj € R(S \ {z}) we get
E,[B[F}]] = B[E,[F}]] = 0,
whence B[F;] € R(S\ {z}) and
0x[BIF)| = 0; [fuBIF\] + foB[zF)] = 0 | fiBIF] + f2B|Fa) — 2foFpx
= 0u[ 1] B[R] + 0. | fo)wBF2] + fomB[Fy] — 20, f2] For — 220, Faa).
It then follows that

B, 0][F) = —2F10, (1] + 22 F20, [ f2] + 2£20[Fa),
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while on the other hand,
20, |[F] = —2[F)0, = 2 (Fi[f1)0, — sF21f210, — foloF310. ) -
But, since F; € R(S \ {z}) we obtain:
0 Fox] = 0, Fp] — 0, [Falw = B[] = [2F2)0, — 2[F2)0, = [1F3)0,,

which proves the first equality. The other equality can be proven in a similar
way using the (right) canonical decomposition of F with respect to z, i.e. F =
JiFy + foFow. U

These properties allow us to conclude that the second order operator {0, 0y} behaves,
as expected, as a scalar operator. In fact, it is mapped by the Clifford polynomial
representation to —2 Z;nzl 0p,;0y,;. The next result illustrates the scalar behavior of
{0z, 0y} in the radial algebra.

Theorem 2.7. Let x,y,z € S and F € R(S). Then

(1) {02, 0y}, 2] = 2 (62,20 + 0y,202);

(i) {0, 0y}[F] = {0z, 0y }[F];
(iii) {0n, 0y} = {0, Oy}

Proof.

(i) On account of Theorems 2.3 and [2.4] we obtain that:

{0z,0y}2 = 0,0yz + 0,0y %
=0y (—20y + 2D,y + 0y .m) + 0y (—20; + 2D, 4 + 6y ,m)
= —0,20y — 0y20; + 20, D, 4 + 6, .m0y + 20, D, 5 + 6, .m0,
= 2{0,0y} — 2[D;4,0y] — 2[D. 4, 0,]
= 2{0y,0y} + 2 (05,,0y + 9,..0z) .

(#3) It suffices to prove this property for products of the form z;, ---z;, with z;, € S;
this is done by induction on the number of vectors. The case k = 1 is trivial. Now,
suppose that (ii) holds for F' € R(S) (F being a product of k — 1 vectors) then we
have to prove that

{02, 0y }[2F] = {0, 0y }[2F]

for every z € S. From (4) it follows that

{02, 0}z F] = —{0x, 8y}[F]z - 26$7Z[F](9y - 25y,z[F]am~
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Theorem now yields that {0, z|} = ;.. B which implies
0p[F2] = 0,[F)z + 6, B[F)
for every z,z € S, F € R(S). Then, using Theorem (vi), we obtain

{00, 0,}ZF) = — (2, [0, [F21] + 0, [0.[F2]))
= 0, [0,[F)z +8,,- BIF)| - 0, [0.[F)= + 6... B[F)|

= —{0:,0,}[Flz + 652 [B, 0| [F] + 0y [B, 0x] [F]

= —{04, 0y }[Flz — 20, [F)0y — 20y .[F|0y
= {0y, 0y }[2F].

(4i7) This is a direct consequence of Lemma and the previous property. O

Thus, the endomorphisms {0y, 0;| : © € S} generate a subalgebra of End(R(S5)), subject
to the rules

{8za6y|} =0, {8za6y} = _{6m|76y|}

Crucial in harmonic analysis is the appearance of the Lie algebra s((2) generated by the
Laplace operator and the norm of the vector variable. Similarly, in Euclidean Clifford
analysis one obtains a representation of the Lie superalgebra osp(1|2) with odd genera-
tors given by the Dirac operator and the vector variable. Both results can be obtained
in the radial algebra level as a consequence of Theorems [2.3] [2:4] 2.7] and Lemma [2.6]

Proposition 2.1. Let x € S, then the operators x2,02 € End(R(S)) generate the Lie
algebra s1(2). In particular, the representation sl(2) C End(R(S)) is given by the corre-
spondences

1 m
H = (B+75),
2 +2

where
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Proposition 2.2. Let x € S, then the operators x,d, € End(R(S)) are odd generators
of the Lie superalgebra 0sp(1|2). In particular, the representation osp(1|2) C End(R(S))
is given by the correspondences

1 m x
H = 7(1Ez+f)7 =t
2 2 2V2
x2 0
Et= | F~ =
2 24/2
b O
= -,
where
1 1
[EY,E~] =2H, [H 7Fi]:j:§Fi, {Fi,Fi}:iiEi,
1
[H ,E*]=+E", [E*, FF] = —F*, {Ft,F } = o
[E*, FE] = 0.

2.4 Endomorphisms on R(SU S|, B)

From the observations above on the endomorphisms of R(S) it follows that
R(S) C R(SUS|) C R(SUS|,B) C End(R(S5)),

where R(S U S|, B) is the algebra generated by the set of endomorphisms S US| U {B}.
Making use of the isomorphism R,, ,,, = End(Rg,,) given by the relations (2.8)), one
obtains that R(S U S|, B) is mapped by the Clifford-polynomial representation to the
algebra R(S U S|, B) generated by the bivector B = — Z;nzl eje; and Clifford vector

variables of the form
m m
=) ze;, =) e
=1 =1

The representation R(S U S|, B) is included in the algebra of R, ,,-valued polynomials
and naturally admits the action of the operators Dy ;, Oz, ;| defined in |) 1D

and (2.13]), respectively.

In this section we establish the same consistent extensions on the radial algebra level.
These results will used in relation with a complex structure in Section 2.6 and Section
3.3. We extend the definitions of D, ,,0,,0,| from the initial radial algebra R(S) to
R(SUS|, B) preserving the meaning of D, , as a directional derivative and of 0, and 9, | as
vector derivatives. This means, for example, that we have to redefine 9,| on R(SUS]|, B)
such that it behaves as the abstract equivalent of — 27:1 €0z, acting on R, ,,-valued
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functions. Clearly this implies that we cannot simply apply the canonical embedding of
End(R(S)) in End(End(R(S))) by means of the composition of endomorphisms.

As stated in the previous section, we can embed R(S U S|, B) in End(R(S)) by means
of left or right representations of the operators z,z|. Since both representations are
isomorphic, we will continue to consider only the left one.

2.4.1 Extension of the directional derivative

First we will extend the definition of D, , for z,y € S to R(S U S|) assuming the axiom
(DD1) valid for every pair F,G € R(S U S|) and extending (DD2) as follows

(DD2) Dy ,lzl =065y, Dyalz]] =06z-yl zeS.

Then it is easy to prove the following result.

Lemma 2.8. The extension D, , : R(SUS|) — End(R(S)) satisfies Dy z[A] = [Dy o, A,
for all Ae R(SUS|).

Proof.

In view of Lemma 2.6 we have
[Dy.e,2] =022y = Dyalz],  [Dye, 2|l =022yl = Dyol2]l.
The result then follows by induction since for every pair A,C € R(S U S]) it holds that
[Dy,2, AC] = [Dy 2, A]C + A[Dy o, C].
U

This property allows us to extend the notion of directional derivative to the whole space
End(R(S)) by Dy [A] := [Dy 4, A] for all A € End(R(S)). Properties of this extension
are:

e D, , maps R(S) into R(S) and R(S]) into R(S|);
L4 Dy,m[az] = [Dy,m:az] = _5y,zam;
e DyulB] = Dy, Bl =0.

2.4.2 Extension of the vector derivative

In order to define a consistent action of the vector derivatives on R(S U S|) we have to
keep in mind that every element of R(S U S|) acts on R(S) basically as a multiplication.
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In Clifford analysis the action of the Dirac operator on a product of Clifford-valued
functions is given by

0,[AF] = 8,[A]F + 0,]AF),

where we used the so-called Hestenes overdot notation:
Du[AF] = Z ej Ay, [F

This inspires us for the abstract definition of 9, and d,| on R(S U S]).
Definition 2.8. The operators O+, 0| : R(SUS|) — End(R(S)) are defined as follows

o]

0.(A)[F] = 0, [A[F]] — 0, [A[F]], VA € R(SUS]|), VF € R(S),
0,|(A)[F] = 0, [ALF]] — 0, |[A[F]], VA € R(SUS|), VF € R(S),

where the abstract overdot action is defined recursively by

o o

(OD1) O, [1[F]) = 0, [F)
(OD|1) 0, 1)) = 0. [F]

(OD2) OulyAIF]) = ~yO, [A[F)] + 2A[D, . [F]]
(OD|2) 0, [y ALFT) = —yd, |[A[E)

(OD3) Dalyl ALF]] = —y|0, [A[F)]

(OD|3) O, [y|ALF]) = —y|0, |[A[F)] — 24D, .[F].

Remark 2.12. The defining rules (OD1)- (OD|3) for the abstract overdot action are
clearly inspired by the corresponding similar actions in the Clifford setting. For instance,
the relation (OD2) corresponds to the following property in the Clifford representation.

m

yAF Z e;yAdy, [F

= (—ye; — 2y;)Ad,, [F)

j=1
=y e;Ady [F]+2A) y;o. [F]
j=1 j=1

It now is easy to derive the recursive formulae for 9, and 9.|.
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Theorem 2.8. Let A € R(SUS]|) then

(1) OzlyA] = —y0z[A] + 2Dy 2 [A] + 05 ymA;
(i) Ou[y|A] = —y[0z[A] + 62,y BA;
(iii) Ox|[yA] = —y0Ou|[A] — dz,y BA;
(iv) Ou|[y|A] = —yl0s|[A] = 2Dy 2 [A] = 62,y mA.

Proof.
By Theorems and and Lemma [2.§| we obtain for every F' € R(S) that

Du(yA)[F] = 0 [YA[F]]) — D, [y A[F]
— YO, [A[F]] + 2D, o [A[F]] + 60.ymA[F] + yO,[A[F]] — 2A[D, o |F]]

= ~y(Ou[A[F)) ~ OL[A[FY)) +2[Dy 0, A [F] + 5,y mA[F]
= (~ydu[A] + 2Dy, ,[A] + 8, ,mA)[F],

and also
0. (y|A)[F] = 8, [y|A[F]] — O [y|A[F]
— —y|0L[A[F]] + 6,., BIA[F]) + y|0, [A[F]]
— —y|9.(A)[F] + 6., BIA[F]].
Moreover,
0| (yA)[F] = 0| [yA[F]] — 0| [y A[F]]
= Y0, |[A[F]] - 6., B [A[F]) + yo.|[A[F]
and

02| (4| A)[F] = O] W] ALF]] — u [y ALF]
= —y|0,|[A[F]] — 2D, L[A[F]] — 6, ,mA[F] + 4|0, |[A[F] + 2A[D, . [F]

= —y|(O|[A[F]] — O, |[A[F])) — 2[D,.., A] [F] — 6, ,mA[F]
= (_ylawHA] - 2Dy,:1:[A] - 5m,ymA)[F]'
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These recursive relations thus provide an alternative definition of the left operators 0,
and 0,| on R(SUS]|). A similar approach is possible for the right operators -9,, and -9,|,
which can be defined by [1]0; = 0 = [1]0,| and

[Ay|0, = —[A]Oz y + 2Dy »[A] + 65 ymA;

[Ay[10x = —[A]0y y| — 00,y AB; (2.14)
[Ay]0;| = —[A]Ox|y + 62, AB;

[Ay|]0z| = —[A]0z|y| — 2Dy »[A] — 05, mA.

Remark 2.13. As for the left actions, the recursive relations for the right actions
of the operators 9, and 0| are inspired by similar properties that hold in the Clifford
setting. For example, the last relation in corresponds to the following Clifford
property:

NE

—[Ayll0e] = = > _ 0z,[Aylle;

.
I
i

|
M-

(61’]' [A] yle; + 69314)

.
Il
s

|
M-

O, [A] (=& yl + 2y5) — 6z ymA

—

— .
I

= - _[A]ag‘) Q| - 2Dy,£[A] - 5w7ymA'
Taking into account also the mapping properties of D, . it can easily be verified that:

e 9, : R(S)— R(S);
o Ouf - R(S]) = R(S]);
® 0,,0;] : R(SUS|) — R(SUS]|,B).

We may thus extend the definition of 9, and 9, | to R(SUS|, B). To this end, we first need
to define 0;[B], 0;|[B] and then to find the corresponding recursion formulae involving
B. In order to evaluate the action of the vector derivatives on B we will extend their
domain of definition.

Definition 2.9. [operator independent of x| An operator A € End(R(S)) is called
independent of x € S if
E.[Al = |E;, Al =0.

The subalgebra of endomorphisms independent of x is denoted by I..
For an R, ,,-valued polynomial A, independent of the vector variable z in the Clifford-
polynomial representation, we have

o]

OAF] =3 )0, [AF| =3 ¢, A0, [F] = (AR,
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whence it seems logical to define on the abstract radial algebra level the overdot action
of 0, 0| on elements of I, in the canonical way by means of composition, meaning that

[e] (o) o (o)

O[AIF] = OLAIF]],  OL|[A[F]) = 0, [A[F]] forall A€ L.
As a consequence, Definition 2.8 gives,
O.|A] = 0,|[A] =0, forall A€ I,.
Since Theorem [2.6| (v) states that B € I, for all z € S, it follows that 9, [B] = 9,|[B] =

We now are able to define 9, and 9, on R(S U S|, B) using Definition for every
A € R(SUS|, B) and extending the definition of the overdot action to R(SU S|, B). Ad-
ditionally to the axioms (OD1)-(OD3), (OD|1)-(OD|3), two new axioms are needed,
prescribing the corresponding recursion relations involving B:

(OD4) O:|BAIF]) = B, |A[F ]]+23 I[ALFT),
(ODJ4) 0| [BAIF)) = BO,|[A[F]) + 20, [A[F]).
Then the results of Theorem 2.8 remain valid, together with the new relations
0:[BA] = BO,[A] +20,|[A],  8,|[BA] = B8, |[A] + 20,[A]. (2.15)
Indeed, in view of Theorem one easily obtains, for every F' € R(S), that
0:(BA)[F) = 0,[BA[F]] - 0, [BA[°]]

— BO,[A[F]] + 20, |[A] (Bé; Fl) + 20, |[A[z?]])
_p (az[A[Fn - ) o (ax| [A[ﬁw])
— (BOL[A] +20,][A) [F]

and also,

0.|(BA)[F] = 0,|[BA[F]] — 0.|[BA[F]]

— BO,|[A[F]] + 20, [A[F]| - (B@ZHA[%H n zéz[A[%]])
B (aznA[Fn - aZnA[ﬁ“n) o (am AF]) — &, [A[%n)
— (BO,J[A] + 20,]A]) [F].

Again we can define the right versions -9, -9, on R(S US|, B) in a similar way, where

AB|9, = [A)0, B~ 2(A10,]  [AB)0,| = [A)0.] B — 2(4]o,.
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Remark 2.14. As in the previous definitions, the above relations are inspired by similar
properties in the Clifford setting. In particular, one has

m m

—[AB]0y = = 0u,[AlBej = = 0y, [A] (e;B — 2¢;) = (—[A]0z) B — 2 (—[A]0,]) -
j=1 j=1
Indeed, it suffices to observe that B = — Z;nzl eje; and in consequence, [B,e;j] = —2¢;.

Following the previous recursive approach it now is possible to prove similar properties
to (D1)-(D4).

Theorem 2.9. The algebra R(S U S|, B) is subject to (A1l|) and moreover

(A2]) {z,y} is a central element in R(S US|, B), Va,y € S.
(A3|) [B,!E] = —2$|7 [B7l'|] = —2z, Vx € S.

In addition, 0,0, € End(R(S US|, B)) are such that

[fF10z = F[f10: + f[F]0z,  [fF|0:] = F[f]0:| + fF]04],
feR(SUS|) :=Algg {{z,y} :x,y € SUS|} = Ro(S), FeR(SUS| B),

(D2])  %[FG]=0,[FIG, [GF|0, = G[F|d,, G € R((S\{z})U(S|\{zl}),B),
0| [FG] = 0:|[F]G,  [GF]0:| = G[F]0.],

(D3]) O]
aa: |

= —0o|[z]] = [2]0r = —[x]|0z] = m
[z]] =

| =m,
—0Os[z] = B = —[2(10; = []0,],
(D4))  %le®] =270, = 22, Oul[ef] = [2]*)0:| = —22|, z €8,
O{r,yy = {2,930 =2y, Dul{zl,yl} = {2, y[}0u] = =2y[, = #v.
(D5])  [B,0x] = —20,|, [B,0]] = —20x.
The operator O, thus is the vector derivative in R(S) and 0y| is the vector derivative in

R(S]).

Proof.

Properties (A1|) and (A3|) were previously obtained, as is the case for the commutation
of {x,y} with every element of SUS|, meaning that for (A2|) we only still have to check
the commutation of {z,y} with B:

(B, {z,y}] = [B,x]ly + z[B,y] + [B,ylr + y[B, x| = —2{z|,y} — 2{z,y|} = 0.

Let us now compute the basic evaluations, starting with (D3|)-(D4|):
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o Opfz] = =0, [[x]] = [2]0, = —[2[]0z| = m

Observe that by (OD2) we have E;; [xl%] = —20,[F] 4+ 2E.[F], whence Theorem

223 yields

0, (2)[F] = 0,[aF) — 0u[F] = —2,[F] + 2E,[F] + mF — 9,z F] = mF,

implying that 0[x] = m. In a similar way [z]0, = —30,|[z|]] = —[z]]0z] = m are
proven.
0 [7%) = [22)0, = 22, 0.|[x|?] = [2|]0:] = —21|.

o o o

It is easy to check that 9,[2*F] = —20,[xF]| + 22 E,[F| = 220,[F]. Then

0, (¢2)[F) = 0, [42F] — 0,[a2F] = 20 F + 220, [F) — 220, [F) = 2uF
implying that 0,[z%] = 2, while for the right action
(220, = —[2]0, v + 2E,[2] + mx = 2.
The corresponding properties for d,| are proven in a similar way.
Ou{w,y} = {2,930, =2y, Oul{zl,yl} = {2|,y[}0] = —29, = #y.

In this case, it holds that

- —xa‘;[ FJ 4+ 2y, [F) - yd,[aF) + 22Dy . [F)
=2 (Y0u[F] — 2Dy 2 [F]) + 2y EL[F] + y (205 [F] — 2E4[F]) + 22Dy o [F]
= {z,y}0:[F],
whence . .
O ({z, yDF] = 02 [{z, y} F] — Ou[{z, y} F] = 2y F,

implying that 9,{x,y} = 2y. On the other hand,
{2, y}0s = [2y]0s + [yz]0r = —[2]0: y + 2Dy 5[2] — [y|0r x + 2B, [y] + my = 2y.

Again, the proof of the corresponding properties for d,,| runs along similar lines.

Oz[z|] = —0,[[z] = B = —[2]]0, = [2]0,|
On account of Theorem we have

00 (&) [F] = Oa 2] F] — O, [ F] = O[] F) + 3| 0,[F] = {0, 2] }[F) = BIF],
0] (2)[F) = 0| [wF) — 0.|[vF] = 04 |[2F] + 2 0,|[F] = {0, 2} [F) = — B[F].

On the other hand [z|]0, = —[1]0; x| — B = —B, and [2]0,| = —[1]0,|x + B = B.



2. Radial algebras 34

Next we check (D1]).

In view of (A1]|) it holds that Ro(SUS|) = Ro(S). It now suffices to prove the property
for the generators of Ro(S), since, if f, g € Ry(S) satisfy (D1]|) for every F € R(SUS)|),
we have

Oulf9F) = (0:[f1g + fO:[9]) F + f90:[F] = 0:[fg]F' + fg0:[F],
[f9F10: = F (9 [f10x + [ [910:) + fg[F]0x = F [f9)0: + fg [F]0a,
Oe|[f9F] = (Oc|[flg + fOullg)) F + f90u|[F] = O:|[f9F + fg0u|[F],
[f9F10:] = F (g [£10:] + £ [9]0x]) + g [Fl0x| = F [f9]0:| + fg [F]0a],

whence also fg satisfies (D1]).
Now, invoking Theorem we obtain for every pair y,z € S and F € R(S U S|) that:

0:[{y, 2} F] = 0x|yzF] + Oy [2yF]
= —y0,[2F] + 2Dy 4 [2F] + 6y ymzF — 20, [yF| + 2D, 4 [yF] + 65 .myF
—y (=20, [F] 4 2D, 4 [F] + 65 ,mF) + 22Dy 4 [F] + 20, .y F + 6, ymzF
— 2(—yO0z[F) + 2Dy o [F] 4 0y ymF) + 2yD, ,[F] 4 204 y2F + 0, ;myF
={y,2}0z[F] + 2 (05,.y + 0y y2) F
{y, 230, [F] + 0. [{y, 2}

and also, in view of (A3|),

82y, 2}F) = B, ly=F) + a4 F]
= —y0y|[2F] — 03,yBzF — 204|[yF| — 6, .ByF
—y (—20,|[F] — 51; 2BF) — 0y yBzF — 2 (—y0y|[F] — 03,yBF') — 05 .ByF
=A{y,2}0:|[F] = 02,2 [B, y|F — 05 [ B, 2] F
= {y, 2}0;|[F] + ( Oz,2Yl + 0 y2|) F
={y,2}0:|[F] + 0:|[{y, 2}] F.

In the same way, using now (2.14)), we get

{y, 2} F10, = [Fyz]0x + [Fzy] 0,
—[Fyl0y 2 4+ 2D, 4 [Fy| + 6, omFy — [F2]0, y + 2Dy ,[F2] + 6y ,mFz
= — (=[F)0s y + 2Dy 4 [F) + 8y zmF) z + 2D, ,[Fly + 26, ,Fz + 6. ,mFy
— (=[F10y 2 + 2D, 4[F] + 6, smF) y + 2D, . [F]z + 20, . Fy + 8, ;mF2
= [F0: {y, 2} + 2F (62,92 + 62,29)
= [F]0: {y, 2} + F [{y, 2}|0x,
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and moreover, in view of (A3|),

{y, 2} F10:| = [Fyz]0.| + [F2y]0.|
= —[Fy|0s| z + 04, FyB — [F2]0;| y + 6,y F 2B
= — (=[F)04| y + 04y FB) 2 + 6, . FyB — (=[F|04| 2 + 64 . FB) y + 6, ,FzB
= [F]0x| {y, 2} — 62 F'[B, 2] — 6, .F[B,y]
= [F]0z| {y, 2} + 2F (0z,2y[ + 6z,y2])
= [Flo:| {y, 2} + F [{y, 2}]0x|.

Then the validity of (D1]) follows from the previous computations.

In order to prove (D2]), first note that all z,y € S with y # = we have

Ixly] = —y0:[1] + 2Dy . [1] = 0, O:lyl] = —y|9:[1] = 0,
0|yl = —y0:|[1] = 0, 9|yl = —yl0:|[1] — 2Dy 1[1] = 0,
[Y|0.| = —[1]0:] y = 0, [y|]0z| = —[1]0x| y| — 2Dy .[1] = 0,
[y]ax = _[l]ax y+ 2Dy,x[1] =0, [y”aaf = _[l]ax y‘ =0.

Hence it can be proven as a consequence of Theorem and formulae that
9:(G] = [G]0, = 0,][G] = [G]0:| =0,
for every G € R((S\ {z}) U (S| \ {z]}),B).
The (left) canonical decomposition in R(S U S|, B) with respect to « € S has the form
F=fily + fouFs + fax|Fs + faxx|Fy,
where f; € Ro(S) and F; € R((S\ {z}) U (S| \ {z[}),B). Then,

6z[FG] =0, [fl]FlG + 0y [fQ]IFQG + fgax [:L'FQG] + 0y [fg]:l?|F3G
+ 302 (x| F3G] + 0z [fa]xx|FaG + f40,[xx|F4G].

However by Theorem 2.8] we have,
89;[.Z‘|F3G] = —1‘|83;[F3G] + BF3G = BF3G = 6;8[33\F3]G,
Oz [xx| FyG) = —x0,[2|F4G] + 2E,[z| F4G) + mz|F4G = —xBF,G + 22| FyG + mz|FyG
= O, |zx|F4]G,

whence 0,[FG| = 0,[F]G is obtained by direct computation. In the same way, we
compute

0:|[FG] = 0x|[[1]F1G + O:|[fa] o Fo G + f20.|[xF2G] + O |[f3] 2| F3G
+ f30:|[x|F3G] + Ou|[falzz| FAG + f10:|[zx| FuG],
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and using again Theorem [2.§ we obtain,

(’)w|[:vF2G] = —a:6$|[FQG] — BFQG = —BFQG = 8z|[a:F2]G,
8I|[£L"F3G] = —"E|8$|[F3G] - QEI[FgG] - mFgG = —mF3G = 8x|[x|F3]G,
Oy |[z2|F4G] = —204|[x| F4G] — Bx|F4G = maFyG — Bx|FyG = 0,|[xx| F4)G.
Hence, 0,|[FG] = 0,|[F]G directly follows.

In order to prove the statements regarding to the actions from the right we follow the
same order of ideas. The right canonical decomposition for elements of R(SUS|, B) with
respect to « € S has the form

F = f1F1 + fQng —+ f3F3],‘| + f4F4$Z‘|.
We then compute

[GF)0, = GFy [f1]0x + GFox [f2]0r + f2 [GFox]0y + GF5z| [f3]0:
+ f3 [GF32||0, + GFyxx| [f4]0r + f1 [GFyxx|]0,,

and

+ f3 [GF32||0:| + GFyxx| [f4]02| + fa [GFyxx|]0y|.

Now, in virtue of (2.14)), we obtain

[GFyx]0, = —[GF3)0, x + 2B, [GFy] + mGFy = mGFy = G [Fax]0,,
[GFgIZ’”am = 7[GF3}8I I‘| — GFgB = 7GFgB =G [F3x|]8$,
[GFyzx||0, = —[GF42)0, x| — GFyxB = —mGFyz| — GFyxB = G [Fyax||0y,

and
[GF31‘|](9;C| = —[GF3]8x| Q?| — 2Ex[GF3] — mGF3 = —mGF3 =G [F3£E|]8x|,
[GFyxx||0,| = —[GF4x]0,| x| — 2E,[GFyx] — mGFyx

—GFyBx| — 2GFyx — mGFyx = G [Fyxz||0,)|.

Then both results [GF|0, = G[F]0, and [GF]0,| = G[F]0;| follow by direct computa-
tion.

Finally, (D5]) is obtained as an application of (2.15) which completes the proof of the
theorem. m

In Table we summarize the main endomorphisms of R(S) and R(S U S|, B) studied
until now, together with their Clifford-polynomial representation.
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Now, in general, every property of the vector derivatives in R(S) can be generalized to
the R(SU S|, B) setting. For example, the next result is a generalization of Theorem

(v).
Lemma 2.9. Let x € S, then for every F € R(S US|, B) we have
0:[Fx] — Ox[Flax = [ F)0y — x[F)0, := B1[F],
O|[Fz] = 0| [Fl = ([2[F]0; — z|[F]0y) := Ba[F],
Ou|[Fa|] = Oy |[Fla| = [x|F|0:| — z|[F]0,| := Bs[F],
O [Fz|] — 0,[Flz| = ([2F]0s| — [F]0|) := Ba[F].

In addition, the operators B; do not depend on x, j =1,...,4.

Remark 2.15. Note that these operators are mapped by the Clifford-polynomial repre-
sentation to the Clifford operators

—Zeerj, BQ[F] = —Z&:erj,
j=1 j=1

—ZEjFEj, B4|F] = —ZejFaj.
Jj=1 j=1

Proof.

Observe that all operators involved in (2.16])-(2.19) are Ro(S)-linear. Then, as every
element of R(S US|, B) is a linear combination of terms of the form F' = V; - -V}, with
V; € SU S| U{B}, it suffices to prove the lemma for such terms.

We will proceed by induction on k. For k = 0 we have F' = 1, whence it is easily obtained
that

Oz[x] — Ox[1]z = m = [2]0, — x[1]0%,
Ox[z] = Oz|[1]z = =B = ([#[]0> — 2[1]0),
O] — O[] = —m = [2(]0z| — 2|[1]04|,
Oplz|] — O0x[1]z| = B = ([2]0:] — 2[1]0s),

with m and B clearly not depending on z.

Now assuming that all the statements (2.16))-(2.19) hold for every product F' of at most
k elements from SUS|U{B}, it should be proven that (2.16)-(2.19)) remain valid for yF,
y|F and BF. From ([2.15]) we obtain the following relations

0,[BFz] — ,[BF)z = B (9,][Fx] — 0,[F]z) + 2 (8,|[Fx] — 9,|[F]z),
[tBF), — ¢[BF|9, = B([xF|8, — z[F|,) + 2([z|F]0, — |[F].),
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and
0| [BF1] - 8,|[BF)x = B(3,|[Fa] - ,|[Fla) + 2(8, [Fa] — 0, [Fa),
[|BF)0, — z|[BF)0, = B([x|F)0; — z|[F)0:) + 2([xF]|0r — x[F]0,).
Moreover,
Oz|[BFx|] — 0z |[BF x| = B (0z|[Fx|] — Oc|[Fla|) + 2 (0z [Fx|] — 0u[F]a]),
and also

0, [BF || — 0,[BFla| = B, [Fa|] - 0,[Fla]) + 2(0,|[Fxl] - d,][Flal),
[wBF10,| - 2[BF10,| = B(2F),| - 2[F10,]) + 2([e| F10,] — «|[F13, ).

Combining the above equalities and using the induction hypothesis, it is shown that BF

satisfies (2.16])-(2.19).

Let us prove now that yF', y € S, satisfies (2.16)-(2.17). From the recursive formulae in
Theorem 2.8 we obtain

OzlyFx] — Op[yFle = —y0y[Fa) + 2Dy o [Fx] + 05 ymFx
+ (y0z[F| — 2Dy 4|F) — 0y ymF) x
= —y (0, [Fx] — 8,[Fx) + 2Fy,

while for both cases x = y and x # y we have
[xyF)0, — z[yF|0, = [{z,y} F — yaF] 0y — x[yF|0, = 2Fy — y ([xF|0, — x[F0,) .

Hence, yF satisfies (2.16). In order to prove (2.17) for yF', it is convenient to use the
following property:

yF=yVi - Ve =AV - Vey+ Zscalar l.o.p., where A € R.

In view of the induction hypothesis, this means that proving (2.17)) for yF' is equivalent
to proving it for F'y. To this end, observe that

0| [Flyzx] — Oz |[Fylw = 2y|F — (0|[F'z] — 0.[[Flz) y,
again for both cases x = y and x # y. Also from (2.14) we get

[2[FY]0r — 2|[Fy|ds = —[2|Fl0zy + 2Dy o [x|F] + x| ([F]0z y — 2Dy o [F])
= — ([2[F]0r — 2|[F]0.) y + 2y| F,

from which it easily follows that (2.17)) holds for F'y and hence for yF'.
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The statements (2.18)-(2.19) can be proven for y|F following the same order of ideas.
Indeed, from Theorem [2.8) one obtains

du|ly|Fa|] — 9. |[y|Flz| = —y|0,|[Fz|] — 2Dy ,[Fz|] — 6, ymFz]|
— (—y|0s|[F] = 2Dy 4 [F] = 65,mF) |
= —y| (0:|[Fz[] — 0c|[F]x[) — 2Fy],

while for both cases x = y and x # y one has

[2ly| F10a| — 2l[y| F1a| = [{zl, y[}F — y|2|F] 0| — [[yF]0|
= —2Fy| — y| ([2|F]0:| — «|[F]0x]) -

Comparing the previous two formulae, it follows that y|F' satisfies (2.18). In order to
prove (2.19)) for y|F, we now use the property

ylF=y|Vi- Vi =AVi - Viy| + Zsealar lLo.p., where A € R,

from which it follows that proving (2.19)) for y|F is equivalent to proving it for F'y|. Now,
observe that

Ou[Fylal] — 0x[Fyllz| = =2y F — (Ou[Fz|] — 0:[Flz|) yl.
Moreover, from we get

[2FYl10x] — 2[Fy[|0s| = —[2F]0:|y| — 2Dy 22 F] — 2 (= [F]0s| y| — 2Dy o [F])
= = ([#F102| — 2[F10.]) y| — 2y F.

Hence, y|F satisfies (2.19).
The proof that y|F satisfies (2.16])-(2.17) directly follows from the identity By — yB =

—2y/|. Similarly, the proof that yF satisfies (2.18)-(2.19)) follows from the identity By| —
y|B = —2y. In this way, we have proven that (2.16])-(2.19) hold for every F' € R(SUS|, B).
Finally, the independence of the operators B; of x can be proven very easily. For instance,
for By, the equality

0:[Fx] — 0y [Fz = 0,y [Fy| — 0y[Fly, x,y €5,

is obtained by induction as a direct consequence of the recursion formulae in Theorem

2.8 O
It now is possible to prove by induction some generalizations of Theorem [2.6] (vi).

Lemma 2.10. Let x € S. Then

{Blaaa:} = 2(aw)a {8276513} = 07 {837a$} = 07 {‘84581} = 2(61")’
{Bi1,-0,} = 20,, {Ba, 0, } = 20,|, {Bs, 0.} =0, {By4,-0,} =0,
{8178&6” = Oa {BQvaﬂf|} = _2(8:8)’ {B3aaﬂc|} = _2(856”7 {34762?” = 07

{Blv aw'} = 07 {627 6a:|} = Oa {837 813|} = _28Z|7 {647 awl} = _281
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Finally, as a direct consequence of Lemmas [2.9] and we can obtain, applying the
same induction procedure, the following important generalization of (D3).

Theorem 2.10. The operators 0,,0;| satisfy in R(SU S|, B)

0.F)0, = 0, [F,], [0:|F]9, = 0,|[Fd,], Va,y€S,
[0.F] Oy| = 0, [FO,[],  [0:F] 0y| = 0z [FOy]].

2.5 Hermitian radial algebra

In this section we introduce the Hermitian radial algebra which constitutes an abstract
version of the Hermitian monogenic function theory. In [64] the Hermitian radial algebra
was introduced by means of a set of abstract complex variables and the corresponding
constraints. In this thesis, it is more convenient to start from a classical radial algebra
and to introduce a complex structure on it. This approach induces the one from [64] as
a consequence.

2.5.1 Complex structure

Inspired by the classical complex structure in R?™ we give the following definition of a
complex structure on the radial algebra R(.5).

Definition 2.10 (abstract complex structure). Let J : S — J(S) be a bijective map
which produces a new set J(S) of abstract vector variables which is a disjoint copy of S,
i.e. SNJ(S) = 0. Moreover consider the algebra R(S U J(S),B) generated over the real
numbers by the set S U J(S) and a new symbol B. The pair (J,B) is called a complex
structure if on R(S U J(S),B) there holds:

(AH1) {2y} ={J(2), J(y)}, {J(2),y}=—{2,J(y)} Ve,yes,
(AH2) {z,y} and {J(x),y} are central elements, Vx,y € S,
(AH3) [B,z] = —2J(x), [B,J(x)] =2z, Vzeb.

Since the algebraic role of B is determined by J through the axiom (AH3), the term
"complex structure” will refer only to J from now on. The algebra R(S U J(S),B) is
called a radial algebra with complex structure.

Remark 2.16. As before, we will use the notation
Ro(SUJ(S)) := Algg {{z,y},{J(x),y}:x,y €S}
for the scalar subalgebra of R(S U J(S),B).

Definition 2.11. A representation of the radial algebra with complex structure R(S U
J(S),B) is an algebra homomorphism ¥ from R(S U J(S),B) into an algebra A. The
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term representation also refers to the range W(R(S U J(S),B)) C A of that mapping. In
particular, the complex structure J defines a map over the set U(S) C A by

U(z) = ¥(J(z), z€b.

Such a map is called "a complex structure on the representation R(V(S))" and is denoted
by U(J).

Remark 2.17. The restriction to R(S) of an algebra homomorphism ¥ : R(SUJ(S), B) —
A clearly constitutes a representation for the radial algebra R(S), see Definition . But
the inverse statement does not hold, i.e. not every representation for R(S) can be extended
to a representation of R(S U J(S),B). This is well illustrated by the Clifford-polynomial
representation described in Example [2.1 Indeed, if the representation - can be extended
from R(S) to R(SU J(S),B), then J gets mapped to a linear operator J that satisfies
in R(S) the rules (AH1)-(AH3). In particular, (AH1) implies that J € O(m) and
that J*> = —1I,,,, where I, is the identity matriz. This last condition clearly forces the
dimension m to be even. Hence, the Clifford-polynomial representation can be extended
to a representation of the radial algebra with complex structure only if the dimension m
is even.

Taking the dimension in Ezample 2.1 now to be 2m we map J to the complex structure
on R%™ given by
[0 I
4= [ I, 0 } '

In this way, the Clifford-polynomial representation gets extended from R(S) to R(S U
J(S), B) by considering the mapping
T—=T= Z(mjej + Tmtjlmts),  J(@) = J(z) = Z(mm-i-jej — Tjemtj);
j=1 j=1

while the element B is mapped to the bivector

m
52 E €i€m4j-
j=1

It is easily seen that this map constitutes a homomorphism from R(S U J(S),B) to the
algebra Asp o of Ro 2m-valued polynomials. Indeed, the elements z, J(z), B generate an
algebra, denoted by R(S U J(S),B), which satisfies (AH1)-(AH3). The complex struc-
ture J on R?™ is the one used for introducing the so-called Hermitian Clifford analysis,
see e.g. [9, [17).

The map J : S — J(S) is extended to the whole algebra R(S U J(S), B) by linearity, and
by the additional rules

=
)

8
I

J(F)J(G), VF,GeR(SUJ(S),B), (2.20)
JB)=8B, J(J(x))=—-z, VYxes. (2.21)
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This extension is consistent with (AH1)-(AH3); in particular, direct computation shows
that

T({z,y}) ={z.y},  T{J(2).y}) ={J(2),y}, forallz,yes.
This means, together with (2.20]), that J is the identity map on Ry(S U J(95)).

Remark 2.18. Given a representation ¥ of the radial algebra with complex structure
R(SUJ(S),B) (see Definition[2.11)), the complex structure (.J) defined on ¥(S) can be
extended to the whole algebra ¥(R(SUJ(S), B)) also by means of the rules ([2.20)-(2.21)).

In the particular case of the Clifford-polynomial representation, the complex structure J
gets extended to an algebra automorphism in the algebra Asp, o of Clifford-valued poly-
nomaals.

Proposition 2.3. J is an algebra automorphism on R(S U J(S), B).

Proof.

Every element of R(S U J(S),B) can be written as a combination of terms of the form
for-xe () - J(yr) B, with f € Ro(SU J(S)) and z1,...,2¢,91,-..,yx € S. The
result then follows from

J2 (f Xy - 'IzJ(y1) e J(yk)Bs) = (—1)l+kf Ty IlJ(yl) ce J(yk)BS

The conjugation can be easily redefined in this context by the rules
B=-B, z=-x, J(x)=-J@), €SI,
ab=ba, a,bec R(SUJ(S),B).

Also the definition of the vector derivatives d, and 0, is extended from R(S) and
R(J(S)) to R(SU J(S), B) by the following axioms:

(DH1)  0.[fF] = 0:[fIF + fO0.[F],  0;)fF] = 5]95 [f ]F+f<91(m [F],
for f € Ro(SUJ(S)) and F € R(SU J(9), )

(DH2)  0,[G] = [G]0, = 851 [G] = [G]Ds(x) = 0,

0:[xG] = 0,[z]G [Gx]0, = G[z]0x
9:[J(2)G] = 9,[J (2)|G (GJ(2)]0, = G[J ()]0
05(x)[2G] = 02y [2]G (Gz]0(z) = G[2]0s(a)
aJ(r[ () ] 8J(T[ (v )] [Gj(f} J(z) = [ € )WJ@)
0]z J (2)G] = [ J(2)|G (GzJ (7)]0; = Gz (7)]0x
Gl =0z (2)|G | [GzJ(2)|0)(x) = Gz ()]0 (x)

R((

)
forGe (S\ {a:}UJ(S\{x}) B),
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(DH3)  0:z] = [2]0; = m = 0y(4)[J(z)] = [J(2)]0s(a)>
O0[J ()] = =[J(2)]0, = 2B = =0y(a) 7] = [£]0(a)-

where m denotes the abstract dimension of R(S),

0u[2?] = [2%]0, = 2z, 0y [2%] = [2%]0s2) = 2J (2),
(DH4) Oy[zd (z)] = (m+2)J(z) — 228, [ (2)]0y = —(m — 2)J(z) — 2zB,
Ojmylxd(x)] = —(m +2)x —2J(2)B, [vJ(2)]0;) = (m —2)z —2J(x)B,

for x € S, and
gz vyt = {2, y}050) = 2J(y) = —0:{J(2),y} = —{J(2),y}0x,
for z,y € S,x # y.

Following the same idea as in Definition the action of every representation ¥ of
R(SUJ(S), B) on the algebra of endomorphisms on R(S U J(S), B) can be defined by

U(E)[U(F)) := U(E[F]), E€End(R(SUJ(S),B)),FeRSUJS),B). (222

Remark 2.19. Following , it is easily seen that the vector derivatives Oy, O0j(x)
are mapped by the Clifford polynomial representation to the Dirac operators:
m m

*az = Z(ejamj + €m+jax7n+_7‘ )’ 781(&) = i(iaﬂ) == Z(ejamm-%-j - em-‘,—jamj )’

j=1 j=1
respectively. The abstract dimension m gets mapped in this case to 2m.
Remark 2.20. Similar to Remark we here have that (DH2) is equivalent to

0.[FG) = 0,[FIG, 0()[FG) = 8,0 [FIG,
(GF|8, = G[F]0,, (GF02) = GIF)0s).

where F € R(SUJ(S),B) and G € R((S\ {z})UJ(S\{z}),B).
Following Theorem [2.2]it can be proven that (DH1)-(DH4) lead to a consistent defini-

tion of the endomorphisms 0, and d;(,). Indeed, in this case the canonical decomposition
with respect to x € S is given by

F = fiFy + foxFs + f3J(2)F3 + faxJ(z)Fy,

where f; € Ro(SUJ(S)) and F; € R((S\ {z})UJ (S \ {z}),B). Consequently, (DH1)-
(DHA4) lead to

0:[F| = O0u[fi]lF1 + Oz[fo]xFs + fomFs + O, [f3]J (x) F3 + 2 f3BF3
+0, [f4}.’£J(£E)F4 + (m + 2)f4J(£L’)F4 — 2f4$BF4,
Oy F] = Oyw)filF1 + s folrFo — 2faBFy + 0102 [f3]J (x) F3 +mf3

02y [falw T () Fy — (m + 2) faw Fy — 2f4J (2) BF.



45 2.5 Hermitian radial algebra

The introduction of the complex structure .J also enables us to extend the notion of
directional derivative. For every pair x € S, y € SU J(S), the map D, , € End(R(SU
J(S),B)) is defined by an adequate extension of (DD1) and the following version of
(DD2):

(DDH2) Dy 2] =022y, DyzlJ(2)] =02.J(y), =z€S5,
D, .[B] =0.

This extension allows to consider directional derivatives of the form D ;) , with y € S.
In that case we obtain from the previous axiom that

DJ(y),:v[z] = 6w,zJ(y>7 DJ(y),z[J(Z)] = _5w7zy'

Remark 2.21. D, , is mapped by the Clifford polynomial representation to

m

Dy = (Y502, + Ym+502,4;)
j=1

while Dy, corresponds to the twisted scalar operator

m
Z ym+] T; 8177L+J)

Jj=1

Similar to Lemmas [2.5] and [2.6] we have the following properties.
Lemma 2.11. Let x,z € S and y € SU J(S). Then

(i) Dy, maps Ro(SUJ(S)) into Ro(SUJ(S));
(ii) Dy .[F) = Dy .[F], VF e R(SUJ(S),B);
(Z“) [Dy ) Z} = 5m,zyy [Dy,m J(Z)] = §$,2J(y);
() [D Y,z B =0.

Lemma 2.12. The complez structure J satisfies the following properties:

(i) J(O5(w)[F]) = =0 [J(F)], Vx€S;
(iii) J(Dyo|F]) = Dyo[J(F)], Vzes$, yeSuJ(s).

Proof.

Using the canonical decomposition of F' € R(S U J(S), B), then applying 0y, 0 and
Dy . to
F=fiF + foxFs + f3J(2)F5 + faxJ (x)Fy,
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and
J(F) = f1J(F1) + f2J (2) ] (F2) — fsaJ(F3) — fad (x)x ] (Fy)

and comparing the obtained results, it is directly seen that the statements (i) — (¢i7) only
still have to be proven for the generators of Ry(S U J(S)). For (i) and (ii) we easily
obtain

J (0 [{y; 2}]) = 2 (02,0 () + by, J (2)) = Oy [{y, 2},
J(0:[{J(y), 2}]) = 2(0 yz2—5my) = 0y [{7(y), 2},

and

(aJ(I)[{yvz}]) (§z zy+5y xz) am[{yaz}]a
T (05 [{T(y), 2}]) = 2(8y.0d (2) = 022 () = —0:[{ (y), 2}].

The property (ii7) directly follows from Lemma (7) and from the fact that J is the
identity operator when restricted to Ro(S U J(.5)). O

The above lemma provides an alternative definition for d;(, given by the action of J on
Oz, i.e.
Oy [J(F)] = J(0x[F)

or dj(z) = J(0;) for short. Now the corresponding recursive formulae for d, and 0;(,)
are proven.

Theorem 2.11. Let z,y € S and F € R(S U J(S),B). Then

Oz[yF| = —y0[F| + 2Dy 5 [F] + 0 ymF, (2.23)
[ (y)F] = ( )02[F] + 2D () o [F] + 262,y BF, (2.24)
0:[BF] = BOy[F] + 20(2)[F], (2.25)
05y [yF] = _yaJ(x [F] = 2D s (), [F] — 204, BF,
Ay [J(y )F] —J(y )aJ(m [F] + 2Dy o [F] + 65 ymF,

Proof.

We restrict ourselves to formulae 1 23)—(2.25) Wthh yield the other three by application
of J and the results of Lemma W 2.25)) look very similar to Theorems
and [2.8] whence their proofs w111 follow the same order of ideas. However, they are tech—
nically much more involved since the canonical decomposition now contains additional

terms corresponding to the complex structure. Since (2.23)) has already been proven in
the radial algebra R(S), we will give here the main ideas of the proofs of ([2.24])—(2.25)).

From the action of 9, on F = f1Fy + foxFs + f3J(x)F5 + faxJ(x)Fy it follows that

J(Y)0:[F] = J(y)0c[f1]F1 + J(y)Ou[folowFo 4 J(y) 0 f3]J (2) F3 + J(y)Op [ falxJ (2) Fy
+ fomd (y) Fo + 23 (y) BF3 + (m + 2) faJ (y)J (2) Fy — 2f4J (y)xBFy.
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We now compute 9, [J(y)F] with
JWF = fid() i+ fad (y)xFs + f3J(y)J(2) Fs + fad (y)zJ (2) Fy,
using (DH3)-(DH4). We consecutively find

0z[J (y)] = 205,48,
Ol (y)x

I =
& | =—(m=2)J(y) + 20, , Bz,
Ou[J(y)J (x)] = 2y — 2BJ(y) + 262,48 (x),
Ol J(y)zJ (2)] = 2J(y)J (x) + 2{x, J(y)} B — (m + 2){z,y} + (m +2)J (2)J (y)

—22J(y)B — 22y + 20, 4 xJ (x)B,
yielding

0:[J(Y)F] = 0:[f1]J () F1 + Ol fal J(y)x Fa + Ou[f3]J (y)J () F3 + D[ fa]J (y)xJ () Fy
+ (2 —m)fod (y) o + 2f3yF3 — 2f3BJ (y) F3 + 2f1J (y)J (x) Fy
+2fu{z, J(Y)}BEy — (m 4 2) fa{z, y} Fu + (m + 2) faJ (2)J (y) Fa
—2faxJ(y)BFy — 2 faxyFy + 26, 4 (fiBFy + foBaFs + f3BJ(x)F3)
+ 20, y faBxJ(z)Fy

Eventually we obtain,

{02, JW)}F] = {02, J() } 1] F1 + {0, J(y) } [ folw Fo + {0z, J(y) } f3]J () Fs
+ {0z, J()} falxJ () Fy + 2 foJ (y) Fo — 2 f3yF3 + 2f4J (y)J (x) Fy
— 2f4xyF4.

On the other hand, it is easily seen that

(2DJ<y>,w + 25z,y5) (/3] () F3
+ (2DJ(y) vt 20, yB) [fa]zJ () Fy
+ 2/ (Y)Fo — 2f3yFs + 2f4J (y)J () Fy — 2faxyFy,
whence, in order to prove ([2.24), it now suffices to show that {0,,J(y)} and 2D s, » +

26,48 coincide on the generators of Ro(S U J(S)). Direct computation indeed shows
that

{00, J() {2 w}] = 2(00 2w, J(y)} + 0z, J(1)}) + 200,y B{z, w},
{00, T()}{ I (2), w}] = 2(0u,{z,y} — du,2{w, y}) + 200, B{J (2), w},

which coincide with (2D () . + 205, 8) [{z, w}] and (2D (), + 205, B) [{J(2), w}] res-
pectively.
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In order to prove we first observe
BO[F)| = Boy[f1]F1 + BOg[f2]xFa + BOy[f3]J(x) Fs + B0y | fa)zJ () Fa
+ meBFQ + 2f382F3 + (m + 2)f4BJ(l‘)F4 — 2f4B$BF4.
We now compute 0,[BF| using (A3|) and (DH3)-(DH4). We consecutively find
0, [Bz] = Op[zB — 2J(z)] = (m — 4)5,
0:[BJ (2)] = 0.[J (2)B + 22] = 22 + 2m,

8y [BrJ (x)] = 9, [xd (2)B] = (m + 2)J (z)B — 225
= (m+2)BJ(z) — 2(m + 2)z — 2BxB — 4] (x)B,

which yields

+ (m — 4)ngF2 + 2f382F3 + 2fsmF3 + (m + 2)f4BJ(Z‘)F4
— 2(111 + 2)f41‘F4 — 2f4B$BF4 — 4f4J(.’t)BF4

Then we obtain

[0, BI[F] = [0, B[f1]Fy + [0, B][fo]2 F2 + [0, B[ f3]J (2) F3 + [0, Bl [ fa]J (x) Fy
— 4fQBF2 + 2f3mF3 — 2(m + 2)f4$F4 — 4f4J(.13)BF4

On the other hand, it is easily seen that

205\ [F] = 205 (a) [f1]F1 4 20 (0 [ fo] 2 Fo 4 205 (0 [ f3]J (2) F5 4 205 (o) [ fa] 2 () Fy
— 4f28F2 + 2f3mF3 — 2('('[1 + 2)f41’F4 — 4f4J((E)BF4,

whence it suffices to show that the operators [0, B] and 20 (,) coincide on the generators
of Ro(S U J(S)). To that end, observe that

[azaB]{yaZ} = [az[{yaz}]vB] = 2‘]( [{y7z}]) = 28J(x)[{yvz}]7
[8:676]{J(y)7z} = [81:[{J(y)72}]’ ] - 2J( [{ ( ) }]) = 28J(m)[{‘](y)»z}]'
U

Using the recursion formulae for the vector and directional derivatives given in Lemma
[2.17] and Theorem one can proof the following extensions of Theorems [2.4] and [2.7]
to the Radial algebra with complex structure.

Proposition 2.4. Let z,y € S. Then in R(SUJ(S),B) one has:

i) {020y} ={0s(2), 05 }-
”) {8J(x)7ay} = _{awan(y)}'
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Proposition 2.5. Let x,y,z € S. Then in R(SU J(S),B) one has:

i) [Dy,2,0:] = =0y,.0,,
i) [Dy,z,05(z)] = —0y.205(2),
i) [Dy(y)z 01(z)] = —0y,20z,
i) [D (), 0z] = 0y,207(2)-
Proposition 2.6. Let x,y,z,w € S. Then in R(SUJ(S),B) one has:

Z) [Dy,:tv Dw,z} == 5m,w-Dy7z — 5y,sz,r7
”) [DJ(y),szJ(w),z] = 6y,sz,:E - 69:,wDy,z;

”Z) [DJ(y),mv Dw,z] = 5m,wDJ(y),z - 5y,zDJ(w),.r'

2.5.2 Hermitian radial algebra

We now introduce the vector variables and operators in the Hermitian setting using the
above complex structure J. To this end, let Rc(S U J(S), B) be the complexification of
R(SUJ(S),B), i.e.

Rc(SUJ(S),B)=R(SUJ(S),B)®i R(SUJ(S),B),
where i denotes the imaginary unit in C (i = —1) and commutes with every element in
R(S U J(S),B).
We define in Re(S U J(S),B) the involution T known as the Hermitian conjugation, by
(a+ib)t =a—ib, a,be R(SUJ(S),B). (2.26)
The complex vector variables are elements of the (mutually conjugate) sets

(x+iJ(z)):a e S},

1
seim {22

Sk = {ZT = —%(x—z}](w)) Lz € S}.

These complex abstract vector variables generate, together with B, the Hermitian radial
algebra:
R(Sc, St B) = Alge{Sc U SEU{B}} € Re(S U J(S),B),

which submits to the following rules (equivalent to (AH1)-(AH3)):
(AH1*) {zZ,U}=0, {ZI, Uy =0, VZU e Sc,
(AH2*)  [V.{z,U"}]=0, [V'{ZU"}]=0, VZUV €S,
(AH3*)  [B,Z]=2iZ, [B,Z'|=-2iZ", VZ¢c Sc.
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Every representation ¥ of the radial algebra with complex structure R(S U J(S), B)
naturally defines a representation of the Hermitian radial algebra R(Sc, S«T:, B) generated
by the elements

U(Z) = % (U(z) +i0(J(z), Wzt = f% (U(z) —i¥(J(x)), x€S;

and ¥ (B).

Remark 2.22. In the Clifford polynomial representation, the actions of the projection
operators i%(l +iJ) on the Ro om-valued vector variables x generate the maps Z and

Al of the complex abstract vector variables Z and Z1 respectively, i.e.

m

(@) + imy;)(ej — iemss) = Y 21,

DN =

Il
-

zZ —  Z= %(14—2’1)[@]:

3

7t Zh= (iD=

Il
-

j=1
1 m
—5 2 (@5 — i) (ej +iems;) = >
j =1

P— . y . [Cp— PRp— y .
where zj 1= Tj + iTmj, 2§ = Tj — iTmt; and

1 . 1 . .
fj = 5( +Zl)[ej] - i(ej - Zem+j)7 J=1...,m,
1 . 1 . .
ﬂ = 75(1 - Zi)[ej] - 75(6‘74 +7'6m+j)7 j=1...,m, (227)

are the well-known Witt basis elements.

Next the Hermitian vector derivatives 97,9z € End (R(S@, Sg:, B)) are given by
1 ) 1 )
Oz = i (0r —i0y2)), Ozt = ~1 (0r +i05(x)) »

where clearly 0, d(,) are assumed to be linear in the complexification of R(SUJ(S), B).
The operators 0z, 04 satisfy the following relations, equivalent to (DH1)-(DH4):
(DH1*)  Oz[fF] = 0z[f|F + fOz[F], Oz [fF] =0z [fIF + fO7:[F],

[fF)0z = F[fl0z + f[F]0z,  [fF]0z: = F[f]0z+ + f[F]0z+,

f € Ro(Sc, St B) == Alge{{Z,U}: Z,U € ScUSL}, F e R(Sc,SL,B),

(DH2%*) 9712G) = 0,]2)G, VG € Alge((Se\ {Z}) U St u{B}),

97:[G] = [Gloz+ = 0,
051 [21G) = 0,1[21]G, VG € Alge(Sc U (sg \ {ZT}) U{B}),
([GZ10,1 = G[Z1)0 41
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(5 +iB), 07127 =

(

(DH3*)  07[Z] =

- iB)’ [ZT]aZT =

N = N =
|3 )3

(DH4*)  0,(U,Z)=U" = (U, Z)0y,
D71(Z2,U) = 0,4(UT, Z") = U = (U, 2104+,
for all Z,U € Sc, and where (U, Z) := {UT, Z}.

Remark 2.23. The vector derivatives Oz and Oz+ are mapped by the Clifford-polynomial
representation to the Hermitian Dirac operators in the Clifford setting:

1
0z = 1 (az_ ial(l)) =

= =

Il
-

(€ + iems;) (O, —i0r,,,,) = Y 102,
j=1

J

=

1
Ozt = 1 (0z + i) =

1

(ej —i€m+j)(On, +i0s,,.,) = Z fi0zs,
Jj=1

J

where 0, 1= %(&Ei —10s,,,,) and 825 = %(81_7. +0y,,,,) as usual.

Remark 2.24. Note that on the polynomial level Z and ZT behave as independent va-
riables, as illustrated by 0z[ZT] = 04:[Z] = 0. This is also noticeable in the relations
(DHA4*) which are valid for every Z,U € S¢ including Z = U.

Remark 2.25. As in the previous cases, we can easily prove that (DH2%*) is equivalent
to

{aZ[FG] = 92[FG, VF € R(Sc, 8L, B), VG € Alge((Sc\ {Z}) uSLu{B}),

[GF|0z = G[F]0z,

{azf [FG) = 0, [F)G,

(GF|0,+ = G[F]d4, VF € R(Sc, 58, B), ¥G € Alge(ScU (5%, \ {ZT}) u{B}).

In [64], (AH1*)-(AH3*) and (DH1*)-(DH4%*) were used to define the Hermitian
radial algebra. Here, we have obtained them by the introduction of a complex structure
J subject to (AH1)-(AH3) and (DH1)-(DH4). Conversely, the complex structure can
also be obtained from the Hermitian radial algebra; indeed, it suffices to consider

v=2-2, J(x)=—i(Z+Z"), 0, =2(0z —0yzi), Oy =2i(07+0z1), VZ€ Sc.

On account of Theorem direct computation yields the following recursion formula
for 0z:

1 1
0z7[UF) = —Udz[F] + 3 (Dy,s +iD () 0) [F] + ZcSZ,U(m + 2iB)F,
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where Z = L (z+iJ(z)), U = L (y+iJ(y)) and F = Fy + iF, with Fi,F;, € R(SU
J(S), B). In this way we obtain the complex directional derivative Dy z and its Hermitian
conjugate D[T], 4 given by

(Dy,x — iDJ(y))gC) . (2.28)

N | =

1 .
DU,Z = 5 (D%x —|—ZDJ(y)7w) R D}LLZ =

Remark 2.26. The Clifford polynomial representation maps Dy, z and DZ]’Z to the com-
plex differential operators respectively

1 ) 1 m ' ) m

Dyz =35 (Dg,z + ’Dl(g)vz) =3 > Wi+ 1Wmi) (O, —i0n,,,,) = > u;0,
=1 j=1
1 ) 1 m ' ) m

Dj ;= 2 (Dﬂ@ - ’Dl(ﬂ)@) D) 25 = ) D, +i02,,) = D 050
j=1 j=1

From the definitions of D, , and D), we can easily obtain the following properties of
the complex directional derivatives, which can be used also as defining relations:

DU,Z[FG} :DU72[F}G+FDU,Z[G], DU7z[W] :5z_wa, DU,Z[WT] =0,
0

D}y 4[FG) = D}y 4[FIG + FD}; ,(G], D (W' =6zwU', D ,[W]=0. (229)

For Z = U we obtain the Hermitian Euler operators Ez := Dz 7z and Ez+ := DTZ 5. As
it is expected, these Euler operators yield the respective degrees of the variables Z and
Z1 in every product of vector variables; this property immediately follows from (2.29)).

Lemma 2.13. Let V; € Sc U S(E, j=1,...,s. Then:

o 7 occurs k times in V- Vs if and only if Ez[Vy -+ V] = kVy -+ V;
o 7' occurs £ times in Vi -V, if and only if Eg¢[Vy--- V] =€Vy--- V.

Summarizing, we can now rephrase the recursion formulae given in Theorem [2.11] as
follows:

{02,U} = Du,z + 302,u(% +1iB), {07+,U" = Df, , + Loz0(% —iB),
{0,,UT} =0, {07:,U} =0,
[0, B8] = 2idy, [a;,zg} — 20,1

(2.30)

Similar to the Euclidean case, it is known form Hermitian Clifford analysis that the
complex vector variables Z, Z " and the Hermitian Dirac operators 0z, 0+ generate the
Lie superalgebra sl(1|2), see [12]. This result also holds in the Hermitian radial algebra
and can be proven as a consequence of the commutation relations given in Propositions

24 £5 and 29



53 2.6 Relation between R(S U S|, B) and R(S U J(S),B)

Proposition 2.7. Let Z = %(m—HJ(x)) € Sc, x € S. Then the operators Z, Z1,0,,0,+ €
End(R(Sc, S(Er:, B)) are odd generators of the Lie superalgebra sl(1|2). The representation
5((1]2) € End(R(Sc, S&,B)) is given by the correspondences

1 my 1 m +_7£
o= 5(E+3) =5 (Br+Ba+3). @ =7
+ a? 1 T -
ET = ?:7§{Zaz }a G™ = \/5824“
02 A
T=—-_= = 2
E : 2{0z,07+}, G 7
j 1
L :*%(DJ(x),vaB) :g(EZ*]EZT —iB), G~ = V20,
where
BB =28, H G =465, (G0} =0={GE,GF),
[H ,E*] = +FE*, [H 7§]=i%¥, {G*,GT} =0 = {G*,G7},
[L ,H |=[L,EF]=0, [E*,G*|=[E*,GF|=0, {G* G*}=FE"*,
[E*,GTF] = -G*, {G*,GFY=LTH,
[E*,GF] = GF,
L ,Gi]:%Gi,
[L ,@]:—%@.

2.6 Relation between R(S US|, B) and R(SU J(5),B)

In the Ry 2,,-Clifford representation we have, by the identification e,,; = ic; for j =

1,...,m, that the vector variables can be written as
m m
T = E xje; +1 E Tm+i€5 = a+ b,
j=1 Jj=1

(2.31)
J(2) =Y wmije; —i Yy wie; =b—idl,
j=1 j=1

with a,b € Rg,, and al,b] € Ry 0. An abstract equivalent of this approach can also
be developed in the radial algebra setting. In Section we obtained from R(S) the
superset R(S US|, B) on the level of the endomorphisms, after which, in Section
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we defined the corresponding generalizations of the operators D, ;, 0,0, on this new
algebraic structure. From this setting it is possible to obtain a representation of the
radial algebra with complex structure R(S U J(S), B).

In order to establish such a representation, we need two different radial algebras R(.S)
and R(S1) where S = {z,y,...} and S; = {a,b,...} are disjoint sets of £ and 2¢ abstract
vector variables, respectively. We assign to each € S an ordered pair O, = (a,b) of
elements of S such that the associated family of subsets {C, = {a,b} : € S} constitutes
a partition of S;. Let us now introduce the mapping

x— X =a+ib|, Oy = (a,b), z €5,

from S to the set Sy = {a+1b| : (a,b) = O,z € S} composed of "abstract doubled vector
variables”. It is clearly seen that S5 is a subset of the complexification of the algebra
R(S1US1|,B1) C End(R(S1)), see Section Here, By denotes the corresponding B
operator on R(S7), i.e.

By = {04,al}, for all @ € 5;.
We also denote by m; the abstract dimension corresponding to R(S1), i.e.

my = d,ylal, for all a € S;.

In view of (A1)-(A1l|) we obtain for every pair X = a +ib| and Y = ¢+ id| in S that
{X7 Y} = {a’a C} - {b|a d|} = {a7 C} + {ba d}v (232)

which clearly commutes with every element in R(S; U S1|, B1). Then Ss satisfies (A1)
and in consequence it generates a radial algebra representation R(S2) of R(S).

It is possible to define a complex structure Jy on R(S2) by
Jo(X) = Ja(a+ b)) =b—ia|, VX €S9, (2.33)
and the corresponding vector derivatives are given by
Ox := 04 + 10p), 0y(x) = Op — 104 (2.34)

This map J in fact is a complex structure. Indeed, J2(S2) is a disjoint copy of Sy and
it is carefully checked below that (AH1) -(AH3) are fulfilled.

We first check (AH1)-(AH2). Using (A1]) and (2.32) we obtain
{2(X), Jo(Y)} = {b —ia|,d —ic[} = {b,d} = {a], c|} = {a, ¢} + {b,d} = {X, Y},
and also

{(X),Y} = {b—ia|,c+id|]} = {b,c} — {a,d},
{X, LX)} ={a+ib|,d—icl} = {a,d} — {b,c}.
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Consequently, {X, Y}, {J2(X), Y} are central elements and {J2(X),Y} = — {X, J2(Y)}.

Next, in order to check (AH3), we first need to obtain a candidate to represent the
element B in this setting. To this end we compute the action dx|[J2(X)]; by Theorem

(D3|) we have
Ox[J2(X)] = (00 +i0[) (b — ial) = —i (Baal] — Bo[[b]) = —2iB1.
Then on view of (A3|) we get

[—iBy,X] = [~iB1,a +ib|] = [By,b]] — i[B1,a] = —2b + 2ia| = —2J5(X),
[—’iBl, JQ(X)} = [—iBl,b - ZCL” = —[Bha\] - Z[Bl,b} = 2a + 27,b| =2X.

This way, we have proven that the correspondences
r— X =a+ib|, J(x) = Jo(X) = b —ial, B — —iBy,

define a representation of the radial algebra with complex structure R(S U J(S), B) into
the complexification of R(S; U Si|, By). Such a representation will be denoted by

U, : R(SU J(S),B) — R(SQ U JQ(SQ), —iBl).

As mentioned before, by this representation the vector derivatives d,, 9(,) get mapped
into the operators dx, dj,(x) defined in ([2.34).

Proposition 2.8. The operators Ox, 0,(x) satisfy (DH1)- (DH4).

Proof.

It suffices to check (DH3)-(DH4), since (DH1) and (DH2) are direct consequences of
(D1]) and (D2]). For (DH3) we obtain, on account of (D3|),

Ox[X] = (0o + i04))(a + ib|) = Da[a] — By|[b]] = 2m,
015(x)[J2(X)] = (96 — i0a|) (b — ial) = Oy[b] — Oal[al] = 2m,
91,0x)[X] = (9 — 10a)(a + ib]) = i(0p[b]] — Oalla]) = 2iB,

The corresponding right actions can be computed in a similar way. From these equalities,
we see that the abstract dimension corresponding to the radial algebra R(S2), generated
by the doubled vector variables, is in fact the double of the abstract dimension m; of
R(51).

To prove (DHA4), we first observe that
X? = (a+1b|)* = a® — b]* +i{a,b|} = a® + V*.
Then by (D4]) we obtain

Ox[X?] = (04 4 i0p|) (a® 4+ b*) = 0,[a?] + i0p|[b?] = 2a + i2b| = 2X,
01, [X?] = (9 — i04])(a® + b%) = 9p[b%] — i0,|[a®] = 2b — i2a| = 2J5(X).
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The computations for [X?]0x and [X?]d,,(x) are similar. For the product X .J5(X) we
have X J3(X) = (a + b|)(b — ial) = (ab + bla|) + i(b|b — aal]). Using Theorems and
we obtain

Ox [X Jo(X)] = (9, + 04 )[(ab + bla]) + i(blb — aal)]
alab + blal] — y|[blb — aau) +i (Ba[b|b — aal] + d|[ab + b|a\])

=
= (2m1b —2b|B; + Qb) +1 (QGBl — 2al — 2m1a|)

2my + 2)(b — ia|) + 2(a + ib])i By

(
(

(O — i8al) [(ab + bla]) + i(b|b — aal)]
= (ab[ab + blal] + 0a|[blb — aa|]> ti ( — Oa|[ab + blal] + 8 [b]b — aaH)

01,(x)[X J2(X)]

2q — 2mya + 2Bla|) ti (231b +2p| — 2mlb\)
= (—2my + 2)(a +ib|) + 2iB;1 (b — ial)
and similarly for the corresponding right actions. Finally we have, for X = a + ib|,
Y =c+id| in S with X #Y,
O 1p(x){/2(X), Y} = (b — 10a|)({b, ¢} — {a, d})
= Op{b, c} +1i0,/{a,d} = 2c + 2id| = 2Y,
Ox{X,Y} = (0 +i0b])({a, c} + {b,d})
= 0g{a,c} +i0p|{b,d} = 2¢ + 2id| = 2Y,
a]z(X){Xa Y} = (61) - i@a\)({a,c} + {ba d})
= Op{b,d} —i04|{a,c} = 2d — 2ic| = 2J5(Y),
Ox{J2(X),Y} = (0a + i0p|) ({0, ¢} — {a,d})
= —0.{a,d} +i0p|{b, c} = —2d + 2ic| = —2J5(Y).

and in much the same way {J2(X), Y }0,,(x), {X, Y }0x, {X, Y }0,,(x) and {J2(X), Y }Ox
can be computed. O

To complete the scheme, let us now finally investigate the form of the directional deriva-
tives in this setting.

Proposition 2.9. By the representation ¥s the directional derivatives Dy, , € End(R(SU
J(S),B)), x €S, ye SUJ(S), get mapped to the operators

Dy x = Do+ Day, D j,vy,x = Da,a — Deyp,

where X =a+ib|, Y =c+id| € Ss.
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Proof.
Using Theorem 2.8 and taking into account that a # d and b # ¢ we obtain
QDY’X = {8X7Y} — 5X’y2m1
= {8a —+ z‘é)b\,c + Zd|} — 2(5X’ym1
= ({9a,c} = {0],dI}) + i ({Oa, d[} + {Os], c}) — 20x,ym1
= (2D¢,q + 0g,cm1 +2Dgp + 0p gm1) — 20x,y My
=2 (Dc,a + Dd,b) .
In a similar way we obtain Dj,«y) x = Da,a — Dep- U

Given any representation R(¥(S)) of the radial algebra R(S}), the representation Wy
shows a way of defining a complex structure. Indeed, the composition

VoW, : R(SUJ(S),B) = U(R(S2 U J2(S2), —iB1)) (2.35)
is a representation for R(S U J(S), B) with vector variables
U(X) = U(a)+i¥(b]), abe S, (2.36)
and complex structure
U(J5(X)) = T(b) — iW(al), a,be Si. (2.37)

Formulae show that this is the case for the Clifford polynomial representation
__am Of R(SUJ(S),B) into Az, o given in Remark Indeed, the mapping _- o, is
the composition of the representation _-_,, from R(S) into A, ¢ given in example
with Wy. In other words, the following diagram is commutative:

R(SU J(S),B) —2 R(So U J5(Ss), —iBy)

X) } "

R(SUJ(S),B)

We summarize the main aspects of this representation in Table 2.2]

2.7 Concluding remarks

In this chapter we have carefully developed the radial algebra and the Hermitian radial
algebra, as the respective correct abstract frameworks for Euclidean and Hermitian Clif-
ford analysis, starting from results already stated in [66] and inspired by an alternative
approach in [64]. In the next chapter the Hermitian framework will be combined with
the abstract setting for Clifford calculus on superspace, developed in [33], in order to
establish Hermitian Clifford analysis in superspace.



58

2. Radial algebras

a1mjonIys xo[durod ' M vIqaS[e [eIpel oY) Jo uoryejussaidor rerwouijod-pIog) :g°Z 9[qel

o7 — Py = X (R (g (gl — .aa@?SSHH:.WW = T(®TF g e (f)r
1P + P = XA (Fmg s 4 NHQ.H@HMWW = Th Ry SOATIJRALISD [RUOIJISIIP
g, wg w UOISUSWIP }0eIIsqe
|71 — 99 = (X)rg (‘mpitua — Al 1T — = (M- @rg
901+ "0 = X0 (Freagltuy 4 faglo) 1= — T 70 SOATJRALIOP 10309A
((*g)y ur 1oyerddo g oy st Tg) | ((S)y Ul g Jo UOIYRZI[RAI I0JDOAI] ST &)
Tgi— g1— = 3% T@WWS — [wyly HH:WW =g (gr) amjonys xordurod
o1 —q = (x)r (Fruate — fftur) T = (@)F
pP#A2g3p9 " prto=x (Fruntts + i) I =
Q#DIgSqD qu+v =X (Frugltwy 4 .m&.mwvﬁn:mmw =T g3 fitx SO[(RLIBA 10JIA

(g ‘'S N1g)y O
(Tgr—(39)er N E9)y
uoryejuasoIdor-2 ;

ey S (g (S)r NS
uorjyejuasardar [RIouA[0d-pIOPI)

(g(S)rns)y

aImjonigs xoduwoo v

)M RIGIS[R [eIpRy




Hermitian Clifford analysis on superspace

In the previous chapter we have introduced the so-called Hermitian radial algebra in
order to establish the rules allowing for a canonical extension of Hermitian Clifford anal-
ysis to superspace. The objective of the current chapter now is to explicitly introduce
the fundamental objects of Hermitian Clifford analysis in the superspace setting. This
construction is inspired by the successful extension of orthogonal Clifford analysis to
superspace, see [33] [68, B2 [69] [71) [67]. In particular the radial algebra was proven to
be an efficient tool for giving a meaning to vector spaces of negative dimension, and
defining the fundamental objects of Clifford analysis, such as vector variables and vector
derivatives, in such a case.

In this chapter we first provide a brief overview on the superanalysis framework. Then we
establish the corresponding representation of the radial algebra in superspace together
with the mapping of the main radial algebra endomorphisms into this setting. In addi-
tion, we will establish the notion of a complex structure, as well as its realization as a
bivector, which then will lead to the Witt basis, the Hermitian vector variables, the Her-
mitian vector derivatives and the complex Euler operators in superspace. These notions
constitute the starting point for the study of this representation of the Hermitian radial
algebra. In the next chapters we plan to address some other classical issues such as the
underlying group structure, spin representations, invariance of the Dirac operators under
spin actions and also Bochner-Martinelli formulae in the Hermitian superspace setting.
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3.1 Preliminaries on superanalysis

In this section we introduce the building blocks of analysis in superspace, see e.g. [7, [72]
55]. We first give a short introduction to superspaces and commutative superalgebras. In
this setting, we provide a brief overview to differential calculus on a commutative Banach
superalgebra following the approach by Vladimirov and Volovich [72]. This approach will
not be used it in this thesis, but it illustrates how superanalysis works when one considers
co-ordinates defined on an underlying superalgebra. Then we introduce our approach to
superanalysis which follows the extension of harmonic and Clifford analysis to superspace
(see |32, 33], B85, [3T]). It considers commuting and anti-commuting variables in a purely
symbolic way, defining an associated supermanifold as in the approach of Berezin, see
7.

3.1.1 Differential calculus on a commutative Banach superalge-
bra

We recall that a vector space V over the field K (in this thesis K will always be R or C)
is Zo-graded (also called super vector space) if it decomposes as the direct sum of two
subspaces

V:V6@VT, {G,T}GZQZZ/2Z

Vectors that are elements of either V5 or V5 are said to be homogeneous. The parity of
a nonzero homogeneous element is even or odd according to whether it is in V5 or in V4,
respectively. This is, V5 is the subspace of all even elements and V7 is the subspace of all
odd elements.

Example 3.1. The easiest example of a graded vector space is V = KP4 with standard

basis consisting of the vectors ey, ..., ep,€1,...,€q, where
ej:((),...,l,...,())T7 with 1 on the j-th position, j=1,...,p,
éj:(O,...,l,...,O)T7 with 1 on the (p + j)-th position, j=1,...,q.

The elements ey, ..., e, span the subspace KPO of even elements and €1, ..., €q span the

subspace K®? of odd elements. As a vector space KP4 is clearly isomorphic to KP4,

A superalgebra A over K is an algebra over K such that it constitutes a Zs-graded vector
space A = Ag @ A7, and the multiplication on A preserves the gradation, i.e.

A?AE C Am, fOI‘ E,E S Zg.
In particular, the subspace Ag is a subalgebra of A. In the superalgebra A we introduce
the gradation automorphism -* : A — A by

Nk

* A=
{U v, X rU\e 0’ (AB>* _ A*B*, A,B c A. (31>
vt =—v, UEA;,
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Note that -* is an involution, i.e. (A4*)* = A. In addition, A* = A if and only if A € Ag.

A superalgebra A = Ag @ A7 is said to be (super)commutative if arbitrary homogeneous
elements satisfy
VW = WU, VW = —wv, VW = W, v,w € Ay, v,w € At

Thus, even elements and elements of different parities commute, while odd elements
anti-commute. It then holds that

VA = A%, ve A, A€A.

One approach to superanalysis consists in defining a differential calculus over a commu-
tative superalgebra A, see e.g. [T2]. To that end it is convenient to consider an identity
element 1 € Aj. In that way one may see the field K C Ag as a subalgebra of A. In
addition, it is necessary to equip the commutative superalgebra A with a Banach space
structure, by introducing a norm || - || : A — R which satisfies the condition

lablla < flalla l[blla, a0 €A, 1fa =1, (3.2)

where Ay and Ag are closed subspaces. Observe that the inequality (3.2) ensures that
the multiplication operation is continuous. Such an algebra is said to be a commutative
Banach superalgebra.

The annihilator of the set of odd elements (Ag-annihilator) is introduced by
tA;:={ac€A: va=ad=0,Ve A7}

Example 3.2 (Grassmann algebras). An ezample of commutative Banach superalge-
bra is provided by any Grassmann algebra of dimension 2V generated over K by the odd
canonical generators fi..., fn satisfying the conditions f; fr. + frf; = 0. In case we need
to explicitly indicate the system of odd generators, we denote our Grassmann algebra by
&(f1...,fn) and when only their number is important we write &x. When necessary,
we make a distinction between the real and the complex Grassmann algebras by using the
notation K&y (K=R or C).

A basis for &y consists of elements of the form fy = 1, fa = f;, -+ fj, for A =
{10k} U1 <j1 <...<jr <N). Hence an arbitrary element a € & has the form

a = Z aAfA, ays € K. (3.3)
Ac{1,..,N}

Every a € &5 may be written as the sum a = ag + a of a number ag := ap € K and a
nilpotent element a = Z|A|<1 asfa (in particular a¥+t! = 0). The elements ag, a are
called the body and the nilpotent part of a € &y, respectively.

In this case we will denote the even and odd subspaces by Qﬁg\?v) and Qﬁg\?dd), respectively.

The space 65\?0) (respectively, @%dd)) consists of the elements for which each term in the
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eTpansion contains only an even (respectively, odd) number of generators. In this
way, the gradation automorphism s given by a* = ZAC{I N}(—1)|A‘aAfA.

The structure of a Banach superalgebra is introduced in &y with the norm |alle =
> alaal for a € &y written in the form .

The annihilator J‘Qﬁs\?dd) is easily seen to be J‘(’ig\?dd) ={A1...,fn: 2eK}

Given the graded vector space R”¢ and a commutative Banach superalgebra A = Ag® At
over R, the superspace RP*9(A) of dimension (p, q) over A is defined as

RPI(A) = Ag x - X Ag x A x -« x Ay = AF x AL (3.4)

P q

The superspace RP4(A) becomes a Banach space if, for every supervector
x=(z,2) =(21,...,2p,21,...,24) € RPI(A),

we consider the norm

2
A

Zj

P q
7 g = > Ml + )
1 j=1

Note that the superspace is R”?(A) is a Ag-module.

In the approach to superanalysis developed by Vladimirov and Volovich (see [72]), the
superspace RP?(A) plays the same role in superanalysis as the space R? in classical
analysis. They study functions F' : i/ — A where U is an open set of RP?(A). Observe
that in particular, if A; = R and A7 = {0}, then RP0 = R?,

In the works [55] [72], it has been seen that the Ag-annihilator plays an important role
in the study of super-differentiable functions. For example, two different polynomials in
anti-commuting variables may define the same A-valued function if the Ag-annihilator is
different of {0}. This is easily seen if one considers A = & ; in this case the polynomial
Z125...2ZN41 is identically zero. This fact has important consequences in the super-
differentiation theory such as the non-uniqueness of the odd derivatives if ~A; # {0},
see [72]. On the other hand, for tA; = {0} two useful and convenient properties are
fulfilled:

1. two polynomials define the same function if and only if they are identical;

2. the odd derivative is unique according to the definition given in [72].

For the sake of simplicity, one may consider the superalgebra A such that At = {0}. By
this restriction one does not lose generality since every graded-commutative superalgebra
can be embedded in a superalgebra where the annihilator of the odd subspace equals to

{0}
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Definition 3.1 (super-differentiability [55] [72]). A function F : U — A is said to
be super-differentiable at the point x € U if there exist elements Fi(x),...,Fy(x) and

Fy(x),...,F,(x) in A such that

F(x+y)= +Zyg +Zyg §(%) +7(x,y), (3.5)

where
T (%, ¥)lla

= 0.
I¥lpa—0  [Ylpg

The elements F;(x) are called (bosonic or even) partial derivatives of F' with respect to
z;,j=1,...,p, while the elements F, (x) are called (fermionic or odd) partial derivatives
of F' with respect to Ty, , k=1,...,q. They are respectively denoted by

OF \ aF

Fy(x) = 02, [F10) = (%) Fy(x) = 03, [F)(x) =

(x).

0z,

The even derivatives 0,, always are uniquely defined. As mentioned before, the as-
sumption +Ay = {0} ensures that the odd fermionic derivatives d;, also are unique, see
72, 5.

Remark 3.1. The partial derivatives defined in are called left derivatives. Right
derivatives can be introduced similarly, but then we must replace the expression by

F(x+y)=Fx)+> Fj yﬂrZF x)y); + 7(%,¥)-
j=1

1t is readily seen that the right and left derivatives with respect to x1 ..., x, are identical,
but those with respect to x1,...,2q are, in general, different. The left and right odd
derivatives of a superfunction F are denoted by 0z, [F] = %F and [F|0y, = Fagk
respectively.

Example 3.3. Letting the operator 0, act on the product 2;2y, with j # k, we obtain

Oz, [2;2%] = @

while
[22k]0x; = — (202502, = —7%.

The above notion of even partial derivative clearly coincides with the classical partial
derivative of real analysis when Ay = R. It is easily proven that classical properties
such as the Leibniz formula and the chain rule still hold for even differentiation. Similar
properties also hold for the odd derivatives, but they require minor modifications related
to the Zs-gradation of A, see [55, pp. 14-15] for more details.
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3.1.2 Supermanifolds and superanalysis

Next to the approach in the previous section, calculus in superspace can also be developed
independently of the underlying Banach superalgebra A. Instead of co-ordinates on Ag,
Ag, we consider in this thesis variables in a purely symbolic way. This is, the set of
commuting (bosonic) and anti-commuting (fermionic) variables consist of independent
symbols z1,...,%p, 21, ...,2q; which gives rise to the supervector variable

x=(z,2) = (x1,...,2p,21,...,2,). (3.6)
The algebra generated by these variables over the field K is denoted by KP and is given

by
KP := Algg(z1,...,2p, Z1,...,2q) = Klz1,...,2p] ® &,

where &, = &(zy,...,2,) is the Grassmann algebra generated by the anti-commuting

variables 21, ... 2.

The bosonic and fermionic partial derivatives 9., = %, Op;, = % are defined as
J J

endomorphisms on KP by the relations

8Ij [1} = 07 am\j [1] - Oa
Op, 2k — 21 0z; = 051, Op,; Tk + Tk 0z, = 1, (3.7)
Oz; Tk = Tk Oz, Oz, = 150z,

which can be recursively applied for both left and right actions. From this definition it
immediately follows that

aa:jawk = a:pkawj7 aafjaw‘k = _aafkafja 8$jalfk = 8afk8$j'

Remark 3.2. When the variables x;, 2; are represented by co-ordinates with values in
Ag and A5 respectively, the notion of partial derivatives given in coincides with
Definition[3.1] at the polynomial level.

For the study of more general functions in superanalysis we consider the definition of
a supermanifold as in the approach of Berezin and Kostant, see [7, 57, 22]. A sheaf O
of algebras on a p-dimensional manifold M, maps every open subset U in M, into an
algebra O(U). This mapping is subject to well-know conditions, see [7,[57]. The standard
example is the structure sheaf that maps every open subset U € M to the commutative
algebra C°°(U) of complex-valued smooth functions on U; this sheaf is denoted by C,-
A supermanifold of dimension p|q then is defined as a ringed space M = (Mg, Orq),
where My is an underlying smooth p-dimensional manifold and O is the structure
sheaf that maps every open subset U € M, into the algebra C>*(U) @ &, of smooth
functions in U with values in the Grassmann algebra &,. Such a sheaf O is denoted
by C35, ® &,.

Associated to the variables x1,...,2,,27,...,2, we consider the flat supermanifold

Rp\q = (RP,ORPM) = (RP7C§?’ ® 6‘1);
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where &, = &(zy,...,2,) is the Grassmann algebra generated by the anti-commuting
variables #1,...2;. The full algebra of functions in this supermanifold is C*>°(R?) @ &,
which consists of superfunctions of the supervector variable x = (z, Z) of the form

F(x)=F(z,2)= Y Fa(z)za, (3.8)
Ac{l,....q}
where 24 is defined as @, ... 25, with A = {j1,...,5k} (1 < j1 < ... < jr < gq), and
Fy € C*°(RP). Similarly, one may consider other spaces of superfunctions of the form
F ® 8, where F = C*(Q), L2(12), ..., with Q C RP. In general, the bosonic functions
Fyin are complex-valued. We say that F' is a real superfunction when all elements
F4 are real-valued.

The bosonic and fermionic partial derivatives defined in (3.7) for KP naturally extend
to C1(Q) ® B, (2 C R™ is an open subset). For every F € C'(2) ® &, one can easily
verify that

0, [F] = ~[F*os, (02, [F))" = 0, [F*). (3.9)

where -* is the gradation automorphism for the Grassmann algebra &, defined in Example
B2 ie.
Frx)= Y (=)MFa@)za

AcC{l,....q}

In the same way, the following Leibniz formulae can be easily proven.

Theorem 3.1 (Leibniz formulae [7, p. 75]). The formulae

02, |[FG) = 0,,[F| G + F 0,,[G], j=1,...,p,
0z, |[FG) = 05,[F| G + F* 95, [G] j=1,...,q, (3.10)
[FG0y;, = F ([G]0g;) + ([F]0x;) G7, i=1,...,q,

hold for F,G € C1(Q) ® &,.

The body Fy and the nilpotent part F of a superfunction F(x) of the form (3.8) are
obtained by writing F(x) = Fy(z) + F(z, ) where

Fo(z) = Fy(z), and F(z,2)= Y Fa(z)za
[A]>1
Definition 3.2. Consider a superfunction F = Y, Faz, € C®(RY) @ &, even real-
valued superfunctions y;(x) € C°°(Q)®Q5ée“), j=1,...,0 and odd superfunctions yi(x) €
C*(Q)® Qif;dd), k=1,...,5 with Q an open subset of RP. We expand every y; as the

sum of its body and its nilpotent part, i.e. y;(x) = [yjlo(z) + yj(x). The composed
superfunction F(y(x)) = F (y1(x), ..., ye(x),¥1(x),...,9Ys(x)) € C®(Q) ® &, is defined

Flyx)= > Falmi(x)---,ye(x)) galx),

AC{L,.eys}
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where the even superfunctions Fa(y1(X),...,ye(x)) are determined by means of the Taylor
exrpansion as

Fa(p(x),. . pe(x) = Y ELt) (o (@), - [ye]o(@)yl(x)kl e
k1,...,ke>0
and ya(x) =y, (x) ... Y5, (x) for A= {j1,....0k} (1 <1 <...<jr < 8).

Remark 3.3. Note that the series in the above definition of Fa is finite in view of the
nilpotency of yj(x). Moreover, it is clear that Definition can be used for functions
that are not C*° as long as all the derivatives appearing in the formula exist.

Using this definition for composition of superfunctions it is possible to prove the following
chain rule in superspace, see e.g. [7, p. 75]

Theorem 3.2 (Chain rule [7, B3]). Consider the composed superfunction F(y(x)) €
C>=(Q) ® &, under the same conditions of Definition[3.3. Hence,

Oy OF 9y
- =1,...
c')xk Z Oz, 0y, Z oz, ayj F=liop,

14

0 1o} oF u g . 0
- 9 )

— Ji—— =1,...,q.

az’“ ]Z (yjafk)JrZ(Fay‘j) (yjafk>’ =l

3.2 Radial algebra representation is superspace

In |31}, 133, 34}, 135 [37] the theory of harmonic and Clifford analysis in superspace has been
developed. We now introduce the building blocks of such a theory following the radial
algebra representation approach.

In order to establish the Clifford setting in superspace we consider the homogeneous basis
€1, €m,E1,...,6, of R™?" endowed with an orthogonal and a symplectic structure.
This is done by means of the commutation rules

ejer +epej = _25j,k7 €;€r + ékej =0, €je— ékéj = Gjk> (3.11)
where the symplectic form g; j is defined by
9252k = 92j—1,26—1 =0,  gaj—12k = —Gok2j—1 =0k, Jk=1,...,n

The even dimension of the odd subspace R%2" is needed to enable the symplectic struc-
ture. Following the above relations, elements in R"?" generate an infinite dimensional
algebra denoted by C,, 27
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Remark 3.4. The elements €;, and the algebra Co 2, generated by them, may be rep-
resented by polynomial differential operators in n dimensions where we introduce real
variables a; and the corresponding derivatives O0a; (j = 1,...,n) and make the assign-
ments :

6\2j71 _>6aj7 ézj — aj, j=1...,n, (3.12)
see [68]. One indeed has the "Weyl algebra defining relations”
8aj ap — ag 8@ j,k
as operators on polynomials in aq,...,a,. This approach is entirely consistent with the
defining relations of the algebra generated only by the €;’s. When working with the whole
set of Clifford generators e; and €; which satisfy the anti-commuting relation ejé, =

—egej, the identification no longer holds. However, if one introduces an extra
orthogonal Clifford algebra generator e,,+1 with

2 .
€1 = —1, and  emyi€j = —€jemy1, (J=1,...,m),
one may make the assignment
€251 = €m410a,;, €25 = —€my1a;, J=1,...,n.

In this way, it is proven that there exists a non-trivial algebra generated by the whole set
{€1, - Em,€1...,62,} subject to the defining relations .

The classical representation of the radial algebra R(S) in superspace, where S is a finite
set composed by ¢ abstract vector variables (¢ > 1), starts with the mapping

x—>X:g+§:Z ej—l—ijej, S, (3.13)

between S and the set of independent supervector variables S = {x : x € S}. For each

x € S we consider in (3.13]) m bosonic variables 1, ..., 2, and 2n fermionic variables
N N : . m N 2n < o .
Z1,...,29,. The projections z = > =1 %j€j and £ = ) =1 2;€; are called the bosonic

and fermionic vector variables, respectively. The set of independent supervector variables
S, obtained through the correspondence (3.13)), generates a radial algebra representation
R(S) as we will show next.

Let us define the sets VAR and VAR® of bosonic and fermionic variables

VAR = | J{z1,...,2m}, VAR = ( J{a1,..., 220} (3.14)
xES x€ES
respectively, where the sets {z1,...,2,} and {#1,...,22,} correspond to the bosonic

and fermionic vector variables associated to each x € S through the correspondences
(3-13)). In this way, VAR contains m¢ bosonic variables and VAR® contains 2n¢ fermionic
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variables. They give rise to the algebra of super-polynomials ¥V = Algp{VARUV AR’}
which is extended to the algebra of Clifford-valued super-polynomials

Am,?n =V® Cm,2na
where the elements of ¥V commute with the elements of Cy, 2y,

The algebra V clearly is Zo-graded. Indeed, V = Vy @ V; where Vj consists of all
commuting super-polynomials and Vy consists of all anti-commuting super-polynomials
in V.

Note that in the bosonic case, elements in VAR generate an infinite dimensional polyno-
mial algebra, while the elements e; generate a finite dimensional Clifford algebra. Con-
versely, in the fermionic case, elements in VAR’ generate a finite dimensional Grassmann
algebra, and the elements €; generate an infinite dimensional Weyl algebra. The super-
vector variables x € S properly combine these properties, whence the correspondence
defines a radial algebra representation

\I/m,Qn : R(S) — Am,2n~ (315)
Indeed, the fundamental axiom (A1) is fulfilled in this setting since for every pair x,y € S

m n
{x,y} = =2 wjy; + Y (P25 125 — D202 1) (3.16)
j=1 j=1
is a central element in A,, 2,. Formula (3.16) is normally used to define a generalized
inner product in superspace (see Chapter ).

It is important to note that R(S) is a subalgebra strictly contained in A, 2,,. This can
be easily seen by noticing that elements of the form ve;, ve; with v € VAR, v € VAR do
not belong to R(S). From now on, we will refer to the representation R(S) as the radial
algebra embedded in A,, 2,. Such a representation allows to develop a nice extension of
Clifford analysis to superspace as it was shown in [33] 32].

Remark 3.5. Consider the variables in VAR and VAR’ represented as co-ordinates with
values in Ag and Ay respectively as in the Viadimirov-Volovich approach, see Section
3.1.1. Then, in the above representation of the radial algebra, the corresponding underly-
ing vector space on which the vector variables x are defined is given by V = R"™(A). It
is easily seen that the algebra generated by all vectors in R™2"(A) is strictly contained in
A®Cpon. In particular, R™27(A) does not contain the symplectic Clifford generators €;
(7 =1,...,2n). This makes the notion of vector variable in this supersymmetry setting
more restrictive than in the Clifford-polynomial representation. We recall that in that
case, the corresponding underlying vector space is V.= R"™ which contains all orthogonal
Clifford generators e; (j =1,...,m).

The difference is seen by noticing that the orthogonal Clifford generators satisfy the aziom
(A1) since {ej,er} always is a scalar. But that is not the case for the anti-commutator
{€;,€r} of symplectic Clifford generators. To obtain a representation of the radial algebra
in superspace it is necessary to combine the symplectic generators €; with anti-commuting
variables. In that way we get the commuting element {vé;, wey} = vwlé;, €x).
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3.2.1 Representation of the main endomorphisms

The endomorphisms defined in Section on the radial algebra R(S) can be naturally
mapped by U,, 2, into the algebra of endomorphisms over R(S), see Definition In
this section we will describe the extension of some of these endomorphisms from R(S) to

-Am,Zn-

Conjugation: The conjugation admits an extension from the radial algebra represen-
tation R(S) to A, 25, . In fact, we can define - € End(A,, 2,) by means of the following
rules:

i) - is the identity map on V.

.. - — — [ELICE SDIN N )
i) €1 "€l Gl =(-1) R P S TV I

s

This extension still is an involution on A, 2, but the anti-automorphism property, i.e.
FG = G F, which is fulfilled in the radial algebra is no longer satisfied in A,, 2,. For
example, observe that -

€j€; = —€LEj F €LE; = €} €5,
and

ve; wey, = vwege; # —vwege; = wey ve;.

Main involution: The main involution can also be extended from the radial algebra to
A 2n. The algebra homomorphism ~ can be defined in a natural way by

i) ~ is the identity map on V.
’LZ) é} = —€5, €;= —éj.

iii) FG = FG.

Its restricted actions to the bosonic and the fermionic part respectively are called the
bosonic and fermionic main involutions and are defined by the following relations:

b

Bosonic main involution - Fermionic main involution =

i) ~? is the identity map on V) i) =/ is the identity map on V),
Cn ~ b SN~ ~f N

i) & =—ej, &5 =¢j, i) &' =ej, & =—¢j,

on A T A =

iii) FG = F*G°. iii) FG" = F1GY.

It is easily seen that the main involution ™ is the composition of its bosonic and fermionic
restrictions.

The fermionic main involution is closely related to the Zs-gradation of the superalgebra
V. The gradation automorphism -* defined for Grassmann algebras in Example can
be extended to A, 2, by means of the rules:
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i) v* =vand v* = —4¢ for every v € VAR,V € VAR
i) -* is the identity map in Cy, 2p-

iti) (FG)* = F*G*.

Observe that the restriction of -* to the radial algebra R(S) coincides with the fermionic
main involution. In fact, for every vector variable x € S we have:

m 2n
)Aif = ijej — Z.T\jéj = x*.
j=1 j=1
In addition this grading automorphism is such that

vF = F* v Fe Ao veVAR.

Vector derivative: The partial derivatives with respect to the variables in VARUV AR’
are defined as endomorphisms in V by means of the recursive relations (3.7). We recall
that in this case we are considering p = m# bosonic variables and ¢ = 2nf fermionic va-
riables. These derivatives trivially extend to A, 2, by means of the commuting relations

611 €5 = ejarj, anﬂj €5 = ejazj, 8»57 € = Gjafj, 6'TJ €; = ejﬁfj. (317)

The bosonic Dirac operator 9, and the fermionic Dirac operator 0y associated to the
vector variable x € S are introduced by

Op = Zejawjv Op = 22 (éQjaﬂﬁzj—l - é2j—1aﬂf2j) : (3.18)
j=1

Jj=1

The representation of the vector derivative in R(S) is obtained by means of the left and
right super Dirac operators which are defined by

O = Oy - 0y ; F — 0,]F) — 0,[F] = 0x[F],
Oy = — Oy — Oy ; F — —[F|; — [F0, = [F]ox.

Indeed, in [33] it was proven that the above operators satisfy all axioms (D1)- (D4)
used in the definition of vector derivative on the level of radial algebra. In this case the
abstract dimension is mapped to dx[x] = [x]0x = m — 2n =: M. This parameter M is
called the superdimension.

On the radial algebra level, the left and right actions of the vector derivative are con-
nected by means of the conjugation since Oy[F] = —[F|0x holds for every F € R(S), see
Lemma [2.7] This property, however, is fully dependent on the radial algebra structure,
constituting the reason why the above relation is no longer fulfilled in general on A, 2.

For example, for the element F' = 25;_; we obtain that

8X[F] =0 [F] = 2% = —262j, while - [F]ax = [F](?& = Zégj.
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Remark 3.6. In [23], a slightly different super Dirac operator was considered in order
to obtain an osp(m|2n)-symmetry. The supervector variable in that setting was defined
as

m 2n
X = ZXjEj + ZXerjEerjv
7=0 j=1

corresponding to a super Dirac operator of the form

m 2
8X = Z an Ej + Z (8Xm+j Em+”+j - 8Xm+n+j E“’H‘j) ’

§=0 j=1
where X1,..., X, are bosonic variables, X, y1,..., Xmyon are fermionic variables and
the elements Ey, k= 1,...,m+2n, generate a super Clifford algebra subject to the rules,

EyEy + E By, = =20y, 1<k £<m,

ExEpio+ By o By, = 0, I<k<m, 1<(<2n,
Em-l—kEm-i-@ - Em-‘r@Em-i-k =0, 1< k,f <mn,
EerkEernJré - Em+n+ZEm+k = 26k,€; 1< k7£ <mn,
EernJrkEernJrE - Em+n+ZEm+n+k =0, 1< k,é <n.

The main difference between this setting and the one considered in the underlying thesis is
that the fermionic variables anti-commute with the symplectic generators. More precisely,

Xm+jE'm+k = _Em+k:Xm+j7 1 S j7 k S 277,, (319)

while the other commutation rules remain the same, i.e. X;E, = EpX; and X E; =
E; Xy for1<j<m,1<k<m+2n. Nevertheless, both approaches are closely related
since both of them allow for a radial algebra representation. The explicit connection
between both settings is given in terms of the fermionic main involution by means of the
following transformations:

X]‘:Ij7 Ej:ej7 ax.:ﬁxj, jil...,m,

J
=iV20y, .77, j=1...,n,

-1 e ~f
Xoptj = \ﬁmQj—l'fv By =iV2 ey 1, Ox

m+j

Kintntj = %fzj L Bagney =iV2 ey, 0x,in,, =iV20s,7, j=1..n.

The involution =7 is very useful in this context since it squares to the identity operator
and anti-commutes with the €;’s. Hence, we obtain
XitjBm+j = Taj-1€25-1, XntntjEmant; = T2;5€25, j=1...,n,
0% s Bmanty = =202, _, €25, 0% prins; Bt = —202,,€251, j=1...,n,

yielding X = x and O0x = —0x. As mentioned before, the relations allow for
an orthosymplectic symmetry of Ox, see [23]. In Chapters and@ we approach this
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situation from a group theoretical point of view. In particular, we prove that the operator
Ox s spin invariant, which is equivalent to saying that it is invariant under the action
of a Grassmann envelope of osp(m|2n).

Vector multipliers: In the Clifford-polynomial representation the vector multipliers
x and x| can be easily redefined using the basis multipliers e; and e;|, see . In
particular, this means that the -| action is linear with respect to the variables ;. Based on
the same idea, we define the following basis multipliers in the superspace representation:

ej:F%ejF, €j|SF4)F€j,
>, - . A Fbs
€j: F —e;F, €|+ F'— FV¢;.

They make it possible to write the x| operator defined on the radial algebra R(S) as
m 2n
x| =zl +al =) wjeil+) a6
j=1 j=1
In fact, for every F' € A, 2, we have that

m . 2n . mo 2n s
XHF}:szFej+ijFbéj:ZF$j6j+Z(Fb) J’fjéj.
j=1 j=1 j=1 j=1

In particular, for F' € R(S) we obtain F' = (ﬁb) and in consequence x|[F] = Fx.

Using the identifications:

em+j = 1€ i=1,...,m, (3.20)
€2n+j:7f€j‘ jil,...,zn,
it is easily proven that the operators ey, ..., em,€m41s---,€2m, €1, -, €2, €2n41, - -+, Edn

satisfy the commutation relations given in (3.11)), i.e. they generate the algebra Cop, ar.

For future computations we will need the following relations that can be easily proven
using mathematical induction and the recursion formulae (3.7]).

Lemma 3.1. Let x = x + & be a supervector variable. Then the following identities hold

m Am,zn
(02,7 =0, [02,7] =0, [0eyne] =0, {057} =0,  [87"] =0,
02,71 =0, [82,7"] =0, [0s,¢5l] =0,  [0,77] =0, {877} =0,
[8J,] 7~f] = 07 [aﬂfjaNf] = 07 [aﬁt]véj‘] = Oa {8£a,7} = Oa {8ia~} = 07
[amja~] =0, [axj 7~] =0, [aﬂcg ) éj‘] =0, [ay ’ *] =0, {aﬁ’ ’ *} =0,
[afﬂj’ *] =0, {afj"*} =0,

In addition, for every F' € A, 2, one has that Oy[F] = —[F*]0y.



73 3.2 Radial algebra representation is superspace

Remark 3.7. The results in Lemma are an extension to Ay, on of the formulae .

Lemma 3.2. Let F,G € A, 2. Then one has

0., [FG) = 0, [FIG,
(GF10,, = G[F|0,,, ifG € AlgR( (VAR {z;}) U VAR‘) ® Con.2ms
0,,1G] = 0 = [G]0,,.
05, [FG] = 0, [FIG,
(GFlos, = GIF10s,,  if G € Algg (VARU (VAR {2})) © Cm2n,

0,16 = 0 = (6o,

'

Operator B: Following the radial algebra approach of Theorem [2.5] and using Lemmas
and we compute the representation of the operator B = {9,,z|} acting on
F € Ay, 2n as follows:

{0, xI}F] = O [x|[F]] + x| [0[F]]

= (02 — 0) (z|[F] + 2|[F]) + (x| + 2]) (9:[F] — 0. [F])

- (cocfre] o 7o) - (o [(7) o e[ ()]
(o] 0 [F)2) (0 [(7) 4]0 () )

= (o[ o [7la) - ([(P) 2] ()] 2

However, Remark shows that
—8£ |:ﬁ§:| +8£ |:ﬁ:| xr = —Zejﬁej.

On the other hand,

Ou [(ﬁb)*i] =2 (Xn: (62j0uy;_, — é2j—133£2j)) <§: x\kﬁbe‘k>
J=1 k=1
=2 Z €2; (521‘71,1@ Fb¢, — x\ka:igj_l[ﬁb]ék)

1<j<n
<2n

N b s N b7~
E €251 (52j,k F €L — xkaf% [F ]€k>
1<j<n
1<k<2n

1<k
-2

INIA
3
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yielding,
0, [(Fb) (E} =2 Z (62J 1k62JF ekf(;gjkegj F €k>+
(i Eam
+2 ) (ézjaw‘zjfl [(F®)*]aker — C25-10z,, [(ﬁb)*]ﬂfkék)
1155527;
= 22 (égjﬁbe\gj,1 — égj71ﬁb€\2j) + 0y [(ﬁb) } z

j=1

We thus get

{0x, x|}[F Ze]Fej + 22 (eng €2j—1 — €25 \F 62J>

j=1

We can now write the representation of the operator B = {0,, x|} in superspace as a
special "bivector" 2 in Cop, an:

m n
=Y ejeil +2)  (€a5605 1] — ea5-165])
j=1 j=1

m n
E €jm+tj T2 E (€2j—1€2n+2j — €2j€2n42j—1)
j=1 j=1

In A,, 2, we can also define the bosonic and fermionic differential operators

m

n
allzzej|aﬁfj7 aﬁ|:22(é2j‘aaf2j—l _éQj—1|aﬂf2j)'
j=1 j=1

They lead to the representation of the endomorphism 9,| (see 12.12)) in this setting;
which is given by the super differential operator Ox| = 0y — 05| acting from the left.
Using Lemma we can compute the action of this operator as follows,

Ox|[F] = 0|[F] — 0o |[F]
:2Z(é2j|aﬂf2j71[F] e2g 1‘812] Zej\az]
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Then, for F € R(S) we have dy|[F] = [F]8x (see (2.12)). As it was proven in Theorem
the equality —{0x|,x} = £ holds on the radial algebra R(S). By straightforward
computation we can check that it remains valid in A, 2.

3.3 Complex structures

Following the approach given in (2.35]), we obtain a representation of the radial algebra
with complex structure R(S U J(S), B) in superspace by means of the composition

qjm,?n o \IJQ : R(S U J(S), B) — A2m,4n~

Here, the doubled vector variables U, 2,,(X), see (2.36), have the form

m 2n m 2n 2m 4n
x =Y wiej+ Y @i +i | D wmigeil+ Y Baniies| | =Y wiei+ ) @é =z +a,
i=1 =1 =1 =1 j=1 =1

while the action of the complex structure J := ¥, 2,,(J2), see (2.37), is given by

m 2n
T) = T(@)+T(@) =D (@mejej — Tjemsj) + D _(@on1j€5 — i€any;)-
j=1 j=1

In other words, the representation Wy, 4,, defined in (3.15) extends to the homomorphism
Wy 0n © Uy from R(S U J(5),B) into R(SU J(S),—i#) C Aazm.an by means of the
commutative diagram

R(SUJ(S),B) —25 R(S5 U Jo(Sa), —iB1)

3.21
m lwm,gn (3:21)

R(SUJ(S),—iB)

For the sake of simplicity, we have abused of the notations x and S used in the previous
sections for the representation W,, o,,. In case we explicitly need to indicate the dimen-
sions p, 2q of the representation ¥, o, we use the notations x € A, o4 and S C Ay, 2.

The complex structure J can be extended from R(S U J(S), —iZ#) to an algebra auto-
morphism on Asyy, 4, by means of the following relations:

i) J is the identity map on V.
Zl) j(@j):—€m+j, j(em-i-j):ej? jzla"'7m7
J(€;) = —€antj, T(€2m4j) =¢€5, j=1,...,2n.
i) J(FG)=J(F)J(G), F,Ge Agypan-
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The restriction of J to Copm,o = Ro,2m exactly yields the complex structure J used in
classical Hermitian Clifford analysis, see [14] @] and Remark On the other hand,
the restriction to Cp 4y = Algg(€1, ..., €4n) brings new insights to this study since it acts
on objects of a different nature.

In order to study the action of J on Cp 4, let us consider the representation (3.12) of
Co,4n in terms of polynomial differential operators. In this particular case, one needs 2n
real variables a;,b; (j =1,...,n) and the assignments

é2j_1 — 811,-7 ézj — aj, é2n+2j_1 — 8va, é27L+2j — bj. (322)

In the closure of the set of polynomials in the variables a;, b; we may consider the element

i{a,b) . iajb; ia;jb; (Za’jbj)
e\ % = exp ZE ajb; :He 7% where e JJ:E o
j=1 j=1 k=0 ’

This function works as a "projection wall" under the action of the above Weyl generators,
i.e.

a, et — jp; etlat) By, eleb) = jq; eitat),
These relations yield a projection J of the complex structure J. Indeed, by letting
J(€25—1) and J(€2;) act on e**") we obtain, using the substitutions (3.22), that

T (625-1) [ez'(a,b)] _ _abjei(a,w = —ajieat) = ¢y [ieua,b)} 7
T (é3;) [ez'(a,b)] = —beil@d) = D, i@ = ¢y, [Z-ez(a,b)} _
In this way, we define the projection morphism J : Cy 4, — Co,2n, by means of the relation
(&) [e“a@] — il 3(ey) [ei<avb>] : j=1,...,4n.

This operator J projects the whole action of 7 onto the algebra Cp 2, = Algg(€1,. .., €2p).
In particular,

J(€aj-1) = —J(€2n12j) = —€25,  Jea;] = I (Cantaj—1) = €251

This avoids the "redundancy" caused by doubling the already doubled fermionic part.
The above relations allow to extend the radial algebra representation Uy, 2, : R(S) —
Aam 2n to a representation of R(SUJ(S), B), where only the bosonic dimension has been
doubled. Indeed, the restriction of J to Cp 2y, can be extended to an algebra automorphism
of Agm,2n as follows

i) J is the identity in V.

J(ej):_em+ja Jlemtj) =€, J=1,...,m,
J(é2j—1) = —€yj, J(é2j) =éy-1, j=1,...,n
iii) J(FG) =J(F)J(G), F.G € Ay an.

i)

In the next section we will show that, indeed, J satisfies the complex structure axioms
(AH1)-(AH3).
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3.3.1 Verification of the complex structure axioms

Here we verify that the action of J on the radial algebra R(S) embedded in Ay, 2,
satisfies the complex structure axioms, i.e. that J is a complex structure on R(S) C

A2m,2n-

We recall that, in this setting, the supervector variables take the form

m n
X=z+2=) (w6 +Tmijemss) + ) (B25-1€25 1 + T25€25),
=1 =1
and the action of J is given by,

J(X) = J(g) —+ J(g\) = Z ($m+j€j — xjem+j) + Z (.T\Qjézj_l — fgj_léQj) . (323)
j=1 j=1
Checking (AH1)-(AH2):

{xy} ={Ix).J¥)} {Ix).v}=—{xIy)} xyeS

We clearly have

{z,y} = =2 (@595 + Tt jymes) = {I(@), I (@)},

=1
{z.g} =D zele; o} = 0= {I(2). I},
Jik
n
{2y} = fojyk[éj, €kl = Zfzj—wéj — X25Y25-1-
Jik Jj=1

and also

n
{J(@), I} = Z {@yj€25_1 — X2j_1€25, Yor€ar—1 — Yor—1€2k}
—

n
= Z —Z2jYok—1[€2j-1, €2k] — T2j_1Y2k[€2;, €2k—1]
e

Hence we conclude

m n

{7} = =2 (@0 + TmijYmis) + D P25 1425 — 250251 = {I(x),I(¥)},

j=1 j=1
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which clearly is a central element in Ay, 2,. On the other hand, we have

{3(@),y} = =2 @mrj¥j — Tjym+s) = —{z. I},

Jj=1

{J@), 9} =D Axmije; — jemej uér} = 0= {z,I ()},
J.k
n
{J(2),y} = Z {@2j€25—1 — T2j—1€2j, Yor—1€2k—1 + Y22k}
k=1
n
= Z TojY2k[€2j—1, €2k] — T2j_1Y2k—1[€2;, €2k—1]
JE=1

n
= E T2j—1Y2j—1 + L2525
=1
and
n
{2, 3} = E {@9j_1€251 + X2;€25, Yor€ar—1 — Yor—1€2k}
J,k=1
n
= E —Loj_1Y2k—1[€2j—1, €2k) + T2jY2r[€25, €21—1]
j,k=1

n
= - E Toj—1Y2j—1 + T25Y2;-
j=1

Thus we obtain

m

{3(x), ¥} = =2 (@mij¥5 — TjYmeg) + 2 (Taj 10251 + Ta9/2;) = —{x,I(y)},

j=1 j=1
which also is a central element in A, 2. O
Checking the axiom (AH3) requires the introduction of a suitable element B € Ag,;, 2y,

In accordance with axiom (DH3) we have that such an element B is determined by the
action of the vector derivative 0x on J(x). Thus we define,

B:= %ax[.](x)] = %(82 —02) (J(2)+I(2)) = % (023 (2)) = 8.3 ()])
m 2n
= Zejemﬂ- — ZéjQ. (324)
Jj=1 Jj=1

This definition is consistent with (2.21)) since J(B) = B.

Checking (AH3):
[B,x] = —2J(x), [B,J(x)]=2x, x€S8.
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Let us write B := B, — By with B, = Z;”:l €jem+; and By = E?Zl (é22j_1 + é22j). We
immediately obtain,

m

By, z] g Tplejemtj, ek = 722 i€ — Tj€maj) = —2J(x),

Bb7 Zxk ejem+]>€k‘ *O*Zxk ]7 va }
2n n
By, 2] = Z [éjz,fkék] = Z Tog [52%_1,é2k] + Top—1 [‘3\22ja6\2k—1]
k=1 Jh=1

=2 (226551 — a2j_162;) = 23 (2).
j=1
Then we conclude that
[B.x] = [By, 2] — [By, 2] = —2J(z) — 2J(2) = —2J(x).

The other statement in (AH3) is obtained by applying J to the above relation. O

In this way we have proven that the mapping oy, 2, : R(S U J(S), B) = Az 2n given
by

T — X, J(z) = J(x), B — B, (3.25)

constitutes a representation of the radial algebra with complex structure R(S U J(S), B)
in Ao 2n. The range Wo,, 2, (R(S U J(S), B)) will be denoted by R(S U J(S),B).

We now possess of all elements to complete the commutative diagram (3.21)) as follows,

R(SUJ(S),B) —2+ R(S2 U Jo(Ss), —iB)

‘I’27n,2nj/ J/‘I"m,Zn
Vom,an

R(SUJ(S),B) <5 R(SUJ(S),~i%)

where the algebra homomorphism
P73:R(SUJ(S), —i#) C Agm.an — R(SUJI(S),B) C Aam. 2n
is defined by

X € A2m,4n — X € A2m,2n7
T(X) € Appn s — 3(x) € Aspn o,
—iB € A2m74n — B e -A2m,2n-
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3.3.2 Vector derivatives 0, and 0y

In Section the vector derivatives 0., 0(,) were extended from R(S) and R(J(S)),
respectively, to endomorphisms in R(S U J(S),B). The goal of this section is to study
the corresponding vector derivatives Ox, J3(x) (see (2.22)) in the above described radial
algebra representation R(S U J(S),B) C Ay, 2n.

We first observe that the partial derivatives 0., 0z, always commute with the complex
structure J. Then, the corresponding action of J on the super Dirac operator dx can be
easily seen by means of the following bosonic and fermionic twisted Dirac operators on
Ao ont
m
Ay(a) = I(0e) = Z (€j02,0p; — €m+50x,)

<
s =

6‘]@) = J(ar) = 22 (e‘zj_lam_l + 6\2]‘61‘2].) ,

j=1
where 0,, 0, are defined as in (3.18)), i.e.

m

0y = Z (ejamj + em+jarm+j) )

j=

s =

82 == 2 (6\2]‘8952].71 - e‘zj,laﬁj) .
Jj=1

The twisted super Dirac operator Jy(x) then is defined by

0360 =I(0x) = D@y - =Oswy > o [0 =0s=0u, (3.26)
O30 = I(0x) = = O3@) — O3 (a), Oy = — -0z — Oy

This means that the above actions are subject to the relations:

{J(axm) = D30 I (F)], {J<6J<x> [F]) = —0x[3(F)),

J([F10x) = [J(F))05(x)» I([Flose) = —13(F))x. (3.27)

for every F' € Agp on-

Similar properties to e satisfied by the vector derivatives 0., 9;(,) at the radial
algebra level, see Lemma In fact, the operators dx and Oy are the corresponding
representations of 0, and J;(,) in superspace. In order to show that this is true, we
now verify that the definitions are in agreement with the axioms (DH1)-(DH4)
established in the radial algebra setting. We first check the basic evaluations.

Checking (DH3)

Ox[x] = [x]0x = M = 0300 [J(x)] = [J(x)]03(x)
(’)x[J(x)] = —[ (X)]ax =2B = —a_](x) [X] = [X]a.](x)~
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It is known from [33] that Ox[x] = [x]0x = 2m—2n =: M, since Ox represents the original
vector derivative in Asgp, 2,. Then applying J and using (3.27) we obtain 0y(x)[J(x)] =
[J(x)]03(x) = 2m — 2n.

The relation 0x[J(x)] = 2B was the one used in (3.24). Furthermore,

—[T())0x = (I(z) + I(2)) (02 + Ox) = [I(2)105 + [I(2)] 0z

n m
2 2
=2 (€51 =€)+ ) (—em+j€; +€jemss)
j=1 j=1

=2B.

Applying J on the above equalities and using again (3.27)) we conclude that —0j(x)[x] =
2B = [X}a.](x)- U

Checking (DH4)

8, [x?] = [x2]0, = 2x, D30 %] = (205 = 230),
Ox[xJ(x)] = (M + 2)J(x) — 2xB, [xJ(x)]0x = —(M — 2)J(x) — 2xB,
O3(x) [xJ(x)] = —(M + 2)x — 2J(x)B, [XJ(X)]aJ(x) = (M —2)x — 2J(x)B,

for x € S, and

{ax{xy} = {x,¥}0x = 2y = 0300 {I(x), ¥} = {I(x), ¥} D,
a.](x) {X7Y} = {Xa y}aJ(x) = 2J(Y) = _8X{J(X)ay} = _{J(X)7Y}6X7
for x,y € S,x #y.

The equalities 9x[x?] = [x2]0x = 2x and Ox{x,y} = {x,y}0x = 2y (x # y) were
obtained in [33]. Letting act J on each of the previous relations we get,

8J(x) [XQ} = [XQ]aJ(x) = 2J(X)a and 8J(x){xay} = {X7y}8.](x) = 2J(Y)
We also find

Ox[xJ (x)]

|
—
&2

= 0, [J(2)z] + 0 [ ()] + O [2(2)] = Oz [2J(2)] — Op [2I(2)] + O [J(2)2] -

However
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n
.23)] =2 26\2]‘83523.71 [QJ(Q\)] - éQj—lafzj [Q\J(i)]
n
=2 Z €2; (ézj—lJ@) + i@j) — €251 (623J($) — Téoj_ 1)
=2 26\23'6\2]'71 — 951625 | J(2) + 22 (6\2j71§\€\2j71 + ézjieéj)
j=1 j=1
n
= 2nJ(2) +2 (e\;j_l & — €oj 1By + 65 2+ e‘gjxgj_l)
j=1
—(2n+2)J(2) + 2B; 2
and
0, [23(@)] = Y €5 (53(@) = zemss ) + ems (emisI (@) + ze; )
j=1
= —-2mJ(z —|—Z (emﬂmej —ejxemﬂ)
j=1
=—2mJ(z) + Z (eremﬂ T+ 2Ty €5 — 2xjem+j)
= (- 2m+2)J )+2B
Then we conclude that
Oe[xI(x)] = 2Bz — 2nd(z) — (2n + 2)I(2) + 2B, 2
—(—2m +2)J(z) — 2By z + 2m J(2) — 2By &
= (2Bf — 2Bb)$ + (2Bf — QBb)g\
+ (2m —2n —2)J(z) + (2m — 2n — 2)J(2)
= (2m —2n — 2)J(x) — 2Bx
= (2m —2n + 2)J(x) — 2xB. (3.28)
Letting act J on (3.28]) we obtain:
3(x)[xJ(x)] = —(M + 2)x — 2J(x)B, (3.29)

and conjugating both (3.28) and (3.29)), we get

[xJ(x)]0x = —(M —2)J(x) —2xB, and [xJ(x)]0yx) = (M —2)x —2J(x)B
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Furthermore we have
n

Ox{I(x), ¥} = (92 = 02) | =2 (@mts95 — Tymss) + Y (T2j- 19251 + B2;92)
=1

j=1

m n
=2 (emts¥j — €Ymrs) +2) (€221 — €2-10)2;)
j=1

j=1

= —2J(y) —2J(y) = —2J(y)

= =2 @mtsys — Tymes) + D (@oj-192j1 + Dojyjzg) | (—0u — Ou)
j=1 j=1

= {J(x),y}0x-

Finally, from the action of J on the above relations we obtain

O30 {I(X), ¥} = 2y = {I(%), ¥} O3 )-

Checking (DH1)

ax[fF] = ax[.ﬂF"_fax[F]a aJ(x)[fF] = aJ(x)[.ﬂ-F"_fa.](x)[}w]a
[fF]0x = F[f]ox + f[F]0x, [fF|95x) = F[fl030x) + [[F03(),
fe€R(SUJ(S)), FeRSUIS),B).

It suffices to prove (DH1) just for those f generating Ro(SUJ(S)), which are given by the
anti-commutators {x,y}, x2, {J(x),y} with x,y € S. By straightforward computation
we obtain for every F' € Ay, 2, that

Ox[{x,y} F| = 2y F + {x, y }0x[F],
Ox[x2F] = 2xF + x20x[F],
Ox[{I(x),y}F] = —2J(y)F + {J(x), y }Ox[F],

{x,¥}Fl|ox = 2Fy + {x, y }[F]0x,
[x2F)0x = 2Fx + x2[F)0x,
{I(x),y} Flox = —2FJ(y) + {J(x), y }[F]Ox.

Finally, the other relations can be obtained by means of the action of J on the above
equalities. 0

The statement in (DH2) being a trivial consequence of Lemma we omit its proof.
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3.3.3 Directional derivatives

We now are able to obtain explicit expressions for the directional derivatives Dy x and
Dj(y)x in the representation R(S U J(S),B). From the radial algebra framework (see
Theorem [2.11) it is known that

{8,(, y} = 2Dy7x =+ (5,(,),]\47 {8x, J(y)} = 2DJ(y),x + 25x,yB.

For the operator {Ox,y} we first obtain

2m n 2m 2n
{0,y =141 — Z €0z, +2 Z (€2j0a,,_, — €2j-10a,,) ,Z Yker + Z YrCk
i=1 j=1 k=1 k=1

2m
=S {etemer) = S {esdhy v}

k=1 1<j<2m
1<k<2n

+2 g < {€2j0; s yner} — {ézj—15£2_77yk€k})
1<j<n
1<k<2m

+2 E ({ﬁhjafwfl7ykék} —'{ééj—laf%aykék})-
1<j<n
1<k<2n

However, from (3.11)) and (3.7)), we obtain the following relations for every pair v,w €
VAR and every pair v,w € VAR (see (3.14))):

{€j0y, exw} = =0y werej — 205 10y, — 205 kw0,
{ejav, ékU} =0= {e‘j&;,ekv},
{€2j0y, €xW} = Oy €25 — d2j—1,k O + 0251,k W Oy,

{€2;-10y, €xW} = 8y 15 €xE25—1 + 02 k 04,9 — 025,k W Dy,
whence,

2m

{0k, ¥} = — Z (—0x,y0jk€r€; — 20, k0xy — 26 1YkOa,)
jk=1

+2 E (Ox,y02j—1,k €k€2j — 02— 1.k Ox;y + 0251k Yk Oz, )
1<j<n
1<k<2n

-2 E (Ox,y02j,k €k€2j—1 + 25k Oxy — 025k Yk O, ) »

1<j<n
1<k<2n
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and consequently,

2m n
{0, ¥} =D (Gxy +29500,) +2) xy(02j-102) — €jéjo1 — 2)
j=1 j=1

n
+ 2 Z jjgj_la;gzj71 + y\zjax*zj

j=1
2m 2n

= 0x,y(2m — 2n) + 2 Z YjO0z, + Z Y0,
j=1 j=1

Similarly, for the operator {0k, J(y)}, we obtain

2m 2n
{0x,J(y)} = {aa:‘ — O, Z(merkek — YkCmtk) + Z(Zfzkéqu - ﬂ2k152k)}

k=1 k=1

{€;0u,, extymin} — {€0u,, em+ryn }

7 1

{€m+jaxm+j s ekmerk} - {em+jaxm+j s em+kyk}

NGERTNE

M= 7= L

b
E

{€2;02,,_1, Can—1Yor } — {€2;00,, ., Contor—1}
1

_|_
[\

+2 —{€2j-100,,, €21—1Y21 } + {€2j-10u,,, 2xY2r—1}
J,k=1
which leads to
m
{00, 30} == D> (=200 Ym+k0s, + Oy Ok €mik€s — Oy 67k €k€mj + 2055 YnOh, )
J,k=1
n
+2 (85,6 Y2k Oy, 1 — Oxy 0jk €26€25 — Oy 0.k €25—1€25—1 — 0.1 Y2104y, )
J,k=1

= QZ (6x’y€j€m+j + ymﬂ»&zj - yjamH)

7j=1

Z ( X,y ng 1 + 623) + y2J812J 1 y\2jflaﬂf2j)

m n
= 25x,yB +2 Z y7n+j T; rm+7 + Z y2] Toj 1 Zj2j—la:€2j)
= =
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Then, we have found the following expressions for the directional derivatives

2m 2n
Dyx =Dya+ Dy = Zyjal’j + Zgjafjv
j=1 j=1

m n

D3y x = Dia)a + Diy)z = Z(ym+jaxj ~YjO0z,,.,;) + Z(y\maafzj,l — Y210, ),

j=1 j=1

which lead to the Euler operator
2m 2n
Ex = Dx,x = ij&nj + Zx\]a%
j=1 j=1

As it is known, E, measures the degree of homogeneity in the supervector variable x of
every element of the radial algebra embedded in As;, 2,,. This situation can be generalized
to the polynomial setting.

In the algebra RP := Rxy, ..., Tom| @&(21, .. ., 2ay), we say that a polynomial Ry(x) =
Ri(x1,...,Zam, 21, ..., 22,) is homogeneous of degree k € NU{0} if, for every A € R\{0},
it holds that

Rk()\X) = )\kRk(X).

The vector space of homogeneous polynomials of degree k in RP is denoted by RPj.

A basis for RPy, consist of elements of the form z{* xgﬁ;"xfl ngl" where o; € N,

B; € {0,1} and with 23:1 a; + 2321 Bj = k. It is moreover easily seen that RPy is a
finite dimensional vector space with dimension
min(k,2n) .
2n\ (k—j+2m—1
dim RP;, = .
ey ()

It can be directly verified that RPy, is an eigenspace of Ex with eigenvalue k. The same
conclusion holds for RP;, ® Com 2n-

3.4 Hermitian setting in superspace

In the complexification CAgy, 2, of Az 2, We define the involution T as
(a+ ib)Jr =a—ib, a,b € A 2n,

which is an extension to CAgy, 2, of the Hermitian conjugation over the complexification
of the radial algebra representation with complex structure R(S U J(S),B), see ([2.26]).

The corresponding representation on superspace of the Hermitian radial algebra intro-
duced in Section [2.5.2| will be denoted by R(Sc, S(TC, B). It is generated over the complex
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numbers by the sets of Hermitian vector variables

SC:{Z:;(X—MJ(X)) :XES}, S(E:{ZT:—;(x—iJ(X)) ;xes},

and the element B defined in (3.24). The complex vector variables Z, Z in superspace
can be written as

Z= %(x—ki.](x)): %(&H’J@))Jr
2t = (xiI00) = 5 (- 3@) ~ 5 (2~ I@) = 2"+ 2

where the bosonic Hermitian vector variables Z and Z' are defined as in Remark
i.e.

1 ) 1 ¢
Z = 2 (ﬁ + z.]@)) - 2 Z(l’a + iTmtj) (€5 — i€m+j) Z %l (3.30)
j=1 =
L , 1 & . , et
Z'=-3 (ﬁ - zJ@) = =5 > (@) —iwmiy)(e; +iemig) = > 2T, (3.31)
j=1 =

while the fermionic Hermitian vector variables Z and Z f are given by

Lo 1, R N noo
Z = §(§+ZJ( )) = 52(.%2]‘ 1 +’L£C2j)(€2j71 —Z€2j) = sz](j; (3.32)
=1

j=1
ZT 1 3 (2 ¢ N - ¢t
4 = 2 ({I? —1 ) 5 E_: x2] 1 — Z(EQJ (62]'*1 + Zegj) = sz fj . (333)
Together with the commuting complex variables z; = xj + iZp4; and 2§ = T; — iTj,

we consider in this representation the anti-commuting variables 2; = 2,1 + i72; and
2 = @91 — i%9;. Moreover, the Witt basis introduced in (2.27) gets extended to

{fi = 3(¢j —em+j), {fa\— 3(E2j-1 —iea)),
f. =

J
%(ey +i€mj), fj = _’(623 1+ 1€3;).

| ol

It is easily seen that these Witt basis elements generate the complexification of Cayp, 2p
and are subject to the following commutation rules

fifx + frf; =0, fifk —fufi =0,
i+ 55T = o, ﬁWf—WWﬁ:Q
Fifh -+ £LF5 = s Bt = et = =50,

fife + fif; =0, ik + et = o,
B R =0, it + 1T 1 = o,
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As mentioned in Section the Hermitian radial algebra representation R(Sc, Sk, B)
submits to the rules (AH1*)-(AH3*). In particular, {Z, U} is a commuting object in
the whole algebra CAs,, 2, and has the form
m . ’i n .
{2, U} =zl - §szu§. (3.34)
j=1 j=1

The complex conjugation -¢ acts on the complexification of V' as the corresponding res-

triction of -, whence it is clear that
(20N =D 2wy + 33 55 = 3wz — 5 3 iy = {U.Z7),
j=1 j=1 j=1 j=1

meaning that formula (3.34) can be used as a generalized Hermitian inner product.

We also introduce the left and right actions of the Hermitian vector derivatives in this
setting using radial algebra notions. These are

1 1
aZ = Z (ax — ZaJ(x)) s aZT = *Z (8x -+ Za,](x)) ) (335)

which are valid for both left and right actions of the operators 0z, 0z:. These actions
can be re-written as

Oz- = i(8x~—i83(x)-) = i(@c - —i0y() ) — i(ay—iar@') =0z +0z",

Ogi- = — 1(8 C+i03x) c ) = i(@ - +105 () )+%(8§-+z‘a@)-) =0yt - +0z1,

0z = i( Ox — i+ O3(x)) = i(*'%ﬂ' +O3(2)) — i('%*i $03(»)) = — 0z + 0z,
Ogt = i( Ox +1i - O3x0)) = i(oaﬁi - 03()) +i('8£+z'~83@) = =0yt +-0y1.

The operators 9z and 0 are the bosonic Hermitian Dirac operators defined in Remark

223 ie.
1 1 _ i
0z = =7 (02 = i0y(x)) Zf 0z, Ozt = 7 (O +i03w) = Z;fj Oz,

while the fermionic Hermitian Dirac operators 0z and 0,+ are given by

1 = 1 =
az = Z(@ — ia]@)) = Qiij\T 6,z‘j7 azf = —1(8£*+ i@_]@)) = —Qiij\azc
j=1 j

where
1 ) 1 )
62_7‘ = 5(3% — Zaxm_'_j), az; = i(a:tj + Zazm,+‘7')7
az‘j = %(8552_7’—1 - iaff2j)? azjc = %(8552_7—1 + iaf2j)a
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are the classical Cauchy-Riemann operators and their conjugates with respect to the
variables z; and z;.

As it was shown in Section the operators 0z and Oz; satisfy the relations (DH1*)-
(DHA4%*). These relations can also be checked using the above explicit expressions, e.g.:

0212) = 0412) + 02121 =2 3§+ 3 ity = 5 [(m — ) + iB].

j=1 j=1

We also obtain explicit formulae for the complex directional derivatives in superspace
following the radial algebra approach. In fact, for every pair of Hermitian vector variables
Z =3 (x+1iJ(x)) and U = 3 (y +iJ(y)) we have (see (2.28))

1 |
Duz =5 (Dyx+iDsy)x) = Duz + Dy z,

s

1 .
DIJ z= 3 (Dy.x = iDj(y)x) = DTQ,Z + DTQ@

s

where the bosonic and fermionic directional derivatives and their Hermitian conjugates
are given by

DU Z = % Dy& + Z.DJ(H)@> = Z;n:l ujazja
Dyyz=3 (Dyg + iDJ(g),g) =010z,
Diy=3% (Dyoc iDjy), ac) =20 uf Oa
TQ =3 Dyz —iDjy), )—E; 1uj8

By the formulae (2.30]) obtained for the Hermitian radial algebra we have that
1 , )
{az,U} = DU,Z + §5z7U((m—n) +’LB), {8Zt,UT} = U,z + (5z U(( —n) —ZB),

hold in the representation R(S(C,S(TC,B). Moreover, it can be easily checked that the
above relations remain valid in CAsgyy, or,.

In the case where Z = U we obtain the Hermitian Euler operators

m

Ez :DZ,Z = szazj +Z,Z’\jaz*J and Ezi = ZZ = ZZ 8C +ZZ 82 R

j=1 j=1 Jj=1
which split the Euler operator Ex as Ex = Ez + Ez:.

It follows from Lemma |2.13[that Ez and ET measure the degree of homogeneity of the
vector variables Z and Z respectlvely7 on every element of the Hermitian radial algebra
representation R(Sc, S:E, B). As expected, also this property generalizes to

CP = (C[l‘l,...,xgm] ®Q5(f17...,f2n).
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To this end, we refine the notion of a k-homogeneous polynomial to a (bi-)homogeneous
polynomial of degree (p,q) with p + ¢ = k. We first note that every polynomial in
the variables (z1,...,Zom, 21,...,22,) may be written as a polynomial in the variables
(215 oy Zmy 255 ooy 250, 21y e ooy Zny 215 - -+ 25). Hence, a polynomial

»“m

_ c c 2 s sc
Ry o(Z,ZY) = Ry g (21, ooy 2y 255 oy 250, 21, ooy 2ny 255000, 25) € CP

is said to be homogeneous of degree (p, q), p,q € N?> U {0}, if for all A € C\ {0} it holds
that
Ry AZ,NZT) = NP (X)) R, ,(Z,Z1).

The space of all homogenous polynomials of degree (p,q) in CP is denoted by CP, 4. A
basis for CP, 4 consists of the elements

S 2 ) ) () ()

where aj,7; €N, 8;,0; € {0,1} and with 3770 a;+377_ ) B = p, Y70 v+>20—1 05 = q.
It easily follows that CP, , is a finite dimensional complex vector space with dimension

min(n,p) . min(n,q) .
. _ n\/p—j+m-—1 n\(qg—j+m-—1
dimCP, 4 = Z <j>( m—1 ) Z <])< m—1 )

j=0 =0

In addition the following decomposition holds:

k
CPy = P CPjs—;.

j=0
In the previous section, it was mentioned that CPy is the eigenspace of Ey corresponding
to the eigenvalue k. A similar property can be proven in the Hermitian context.

Lemma 3.3. If R, ,(Z,Z") is a homogeneous polynomial of degree (p,q) then
Ez[Rpq) = pRyq, and Ezi[Rpq] = qRy .

Proof.

Differentiating with respect to the complex variable A and applying the chain rule (see
Theorem , we have on the one hand

ARy (VB NZT) = 20. Ry g (A2, XZY) + )~ 2,02 Ry (A2, \°ZT)

j=1 j=1
=EzR, ,(\Z,\°ZT),
and on the other hand,
ONRy g (N2 AZ) = 05 [N ()7 Ry g (2, 21)] = pN' = ()7 Ry (2, 21),
whence,
Ez Ry (A\Z,\°ZT) = pAP~+ (X! R, ,(Z,Z1).

In particular, for A = 1 we have Ez[R, ,] = pR, 4. The proof of the other relation is
similar. O
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3.5 Concluding remarks

We have carefully introduced the defining objects for Hermitian Clifford analysis in su-
perspace through the rules determined by the Hermitian radial algebra. These rules
provide a straightforward way of defining a suitable complex structure in this setting,
giving rise to the introduction of all basic elements in the Hermitian Clifford calculus.
This complex structure can be seen either as a special automorphism on As,, 2, or as
the action of the special bivector B through its commutator with vector variables. This
action of B allows to interpret the complex structure as a special element of the set of
superrotations. In Chapters [] and [f] this theory will be further developed. This will in-
clude a deep study of the group realization of rotations in superspace and the invariance
of the super Dirac operators under the action of these groups.

In Table we summarize the main aspects of the Clifford-polynomial representation
and the representation in superspace of the radial algebra R(S).
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The Spin group in superspace

The notion of inner product in the radial algebra R(S) can be abstractly defined as

(,y) =—2-y= —%{x,y}

for z,y € S, see (2.3). In the Clifford-polynomial representation this formula clearly
coincides with the Euclidean inner product in R™. The most important invariance group
in this case is the set of rotations SO(m) which is doubly covered by the spin group

2k
Spin(m) := ij tkeNw; € smty
j=1
where S™~1 = {w € R™ : w? = —1} denotes the unit sphere in R™. The relation between

Spin(m) and SO(m) is easily seen through the Lie group representation h : Spin(m) —
SO(m)
h(s)lz] = szs, s € Spin(m), z € R™,

which describes the action of every element of SO(m) in terms of Clifford multiplica-
tion. Such a description of the spin group follows from the Cartan-Dieudonné theorem
which states that every orthogonal transformation in an m-dimensional symmetric bili-
near space can be written as the composition of at most m reflections. Basic references

for this setting are [16], 44} [48].

In this chapter we study the similar situation in the radial algebra representation R(S) C
A 2 in superspace, where the Cartan-Dieudonné theorem is no longer valid. The main
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goal is to properly define the spin group in superspace as a set of elements describing
every super-rotation through Clifford multiplication. To that end, we consider linear
actions on supervector variables using both commuting and anti-commuting coefficients
in a Grassmann algebra &(f1,..., fn). This makes it possible to study the group of
supermatrices leaving the inner product invariant and to define in a proper way the
spin group in superspace. It is worth noticing that the superstructures are absorbed
by the Grassmann algebras leading to classical Lie groups and Lie algebras instead of
supergroups or superalgebras.

We start with some preliminaries on Grassmann algebras, Grassmann envelopes and su-
permatrices in Section In particular, we carefully recall the notion of an exponential
map for Grassmann numbers and supermatrices as elements of finite dimensional asso-
ciative algebras. In Section [£:2] we further develop the Clifford setting in superspace
by introducing the Lie algebra of superbivectors. An extension of this algebra plays an
important role in the description of the super spin group. The use of the exponential
map in such an extension (which takes us out of the radial algebra) necessitates the
introduction of the corresponding tensor algebra. Section is devoted to the study
of the invariance of the “inner product” in superspace. There, we study several groups
of supermatrices and in particular, the group of superrotations SOy and its Lie algebra
500, which combine both orthogonal and symplectic structures. We prove that every
superrotation can be uniquely decomposed as the product of three exponentials acting
on some special subspaces of 50¢. Finally, in Section [£.4] we study the problem of defining
the spin group in this setting and its differences with the classical case. We show that
the compositions of even numbers of vector reflections do not suffice to fully describe
SOy since they only show an orthogonal structure and don’t include the symplectic part
of SOg. Next we propose an alternative, by defining the spin group through the expo-
nential of extended superbivectors and we show that they indeed cover the whole set of
superrotations. In particular, we explicitly describe a subset = which is a double covering
of SOy and contains in particular every fractional Fourier transform.

4.1 Linear algebra in KP?(&y)

In this section we provide some preliminaries on the Grassmann algebras of coefficients,
Grassmann envelopes and the algebra of supermatrices. The distinction between real and
complex Grassmann coefficients will be necessary throughout the entire study of linear
actions on supervector variables. For that reason, the notation K&y (K =R or C) will
be used for the Grassmann algebra of coefficients in Chapters [ and

4.1.1 Grassmann algebras and Grassmann envelopes

The Grassmann algebra K&y = ]KQSE\?U) D K@g\?dd) was introduced as a Banach commu-
tative superalgebra in Example Following the general form (3.3 of the elements in
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K&, we define the space of homogeneous elements of degree k by
K& = spang{fa: |A] = k},

where in particular KQSE\’;) = {0} for k > N. It then easily follows that

N
K6y = PKe, KoW ke c ket
k=0

In addition, the even and odd subspaces can be written as
Ko\ = PKreFY, K&y = PKreG.
E>0 k>0

The projection of K&y on its k-homogeneous part is denoted by [ : K&y — K@g{f),

ie. [a]x = Z‘A‘:k aafa. As in Example we denote the body of a € K&y by

[alo = ap =: ap and its nilpotent part by a € K&}, := @gd KQSS\],C). It is easily seen that
the projection []g : K&y — K is an algebra homomorphism, i.e.

[ab]o = aobo, a, be K&y.

Lemma 4.1. Let a € K&y such that a®> € K\ {0}. Then a € K.

Proof.

Let us write

with [a]; € K@%). If a ¢ K, let us consider k£ € {1,..., N} to be the smallest integer
such that [a] # 0. Then,
a® = a? 4 2ag [a], + b € K,

where b € @, K@%). This implies that [a]y = 0, which is a contradiction. Then,
acK. t

The exponential of a € K&y, denoted by e® or exp(a), is defined by the power series

=Y % (4.1)

Proposition 4.1. The series converges for every a € K&y and e® is a continuous
function in K&y .
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Proof.

We recall that K&y is a Banach space with the norm || - | : K&y — R defined by

lalle = > laal, a €K&y,

In particular, this norm satisfies the inequality
lablle < llalls [|b]e, a,b e K&y.

Then, it follows that

4!

[oe] ; oo j
Z ||a]'||es < Z Ha‘|'|® _ olalls
j=0 j=0 J:

whence (4.1) (absolutely) converges in K& . Now consider the ball By := {a € K&y :
le]le < R} for some R > 0, where it holds that

||a]:||® < IIGIH% < R
J! J!

it

. . J . o j
Since the series 72 % converges, we have by the Weierstrass M-criterium that 372 <
uniformly converges in Br and e® thus is continuous in Bgr. Then, e® is continuous in

K&y. (]

Now consider a Zg-graded vector space K¢ = KP0 @ K% with standard homogeneous
basis e1,...,ep,€1,...,€,, as introduced in Example In [7, p. 91], the Grassmann
envelope KP1(& ) was defined as the set of Grassmann supervector

P
w=w+w= ijej + Zufjéj, where w; € K@g\c}v), w; € K@g\?dd). (4.2)

Remark 4.1. The Grassmann envelope of a general graded K-vector space V = V5@ Vg
is similarly defined as

V(en) = (Ko @ V5) o (K6 @ 15).

The set KP4(& ) is a K-vector space of dimension 2V ~1(p+¢), inheriting the Zy-grading
of KP4 i.e.
KP1(&y) = KP(6y) @ K™ (&),

where KP9(6 ) denotes the subspace of vectors of the form with w; = 0, and
K%9(& ) denotes the subspace of vectors of the form with w; = 0. The sub-
spaces KPV(®y) and K%4(®y) are called the Grassmann envelopes of KP-0 and K%4,
respectively.

LObserve that KP+4(& ) is the superspace of dimension (p,q) over K& defined in (3.4).
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In KP9(® ), there exists a subspace which is naturally isomorphic to K?:°. It consists of
vectors of the form w = 377" | wje; with w; € K. The map [-]o : KP4(&y) — KP°
defined by [wlo = >-"_, [w;], e; will be useful.

We recall that the standard basis of KP4 is represented by column vectors, see Example
In this basis, elements of KP7(®y) take the form w = (w1, ..., wp, ws,. .. ,wq)T.

4.1.2 Supermatrices

The Zs-grading of KP? yields the Zy-grading of the space End (KP*9) of endomorphisms
on KP4, This space is isomorphic to the space Mat(p|q) of block matrices of the form

A B A 0 0 B
M_<O D>_<0 D>+<C o) (43)
Wherﬂ Aec KPP B ¢ KP*9, C € K9*P and D € K9%9. The first term in (4.3) is the
even part of M and the second term is the odd one.

Remark 4.2. The super vector space Mat(plq) is a Lie superalgebra with the Lie super-
bracket given by the graded commutator,

[(X,Y] = XY — (—1)XIMy x

for homogeneous elements X,Y € Mat(p|q). Here the grading function | X| is defined as
0 if X is even and 1 if X is odd. When seen as a Lie superalgebra, Mat(p|q) is denoted
by gl(p|g)(K). It is easily seen that the Grassmann envelope of any Lie subsuperalgebra
of 9l(p|q)(K) is a classical Lie algebra.

The Grassmann envelope of Mat(p|q) is denoted by Mat(p|q)(K& ) and consists of ma-
trices of the form (4.3), however with entries in K&y (namely, even entries for A, D and
odd entries for B, C'). Elements in Mat(p|q)(K&y) are called supermatrices.

The Zs-grading of Mat(p|q) (K& ), inherited from Mat(p|q), together with the usual ma-
trix multiplication, provides a superalgebra structure on this Grassmann envelope. More

precisely, for any k € N, let Mat(p|q)(K(’5§\l,€)) be the space of all homogeneous superma-
trices of degree k. This is, Mat(p|q) (K@%k)) consists of all diagonal block matrices

(48) aelmed)™ pe (o)

while Mat(p|q) (K@g\?kﬂ)) consists of all off-diagonal block matrices

( g 103‘ ) : Be (K@Eﬁ’“+1>)pxq7 C e (K@ﬁk“))qxp.

2Given a set S, we use the notation SP*9 to refer to the set of matrices of order p x ¢ with entries in

S.
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These subspaces define a grading in Mat(p|q)(K&y) by

N

Mat(plq) (K& ) = @D Mat(plq) (K& ),
k=0

Mat(p|q)(K®§\I;)) Mat(p|q)(K®%)) - Mat(ﬂ@)(K@S\];H)).

Then, clearly, every supermatrix M can be written as the sum of a body matrix M, €
Mat(pl|q) (K(’Sg\?)) and a nilpotent element M € Mat(p|q) (K& ) := @gzl Mat(p|q) (K@g{,ﬂ)).
In accordance with the general ideas valid for Grassmann algebras and Grassmann en-
velopes we define the algebra homomorphism

[]o : Mat(plg) (K& x) — Mat(p|g)(K&'Y)

as the projection:

we(&8) (% &)

where Ag and Dy are the body projections of A and D on KP*P and K?*¢ respectively.

We recall that Mat(pl|q) (K@E\?)) is equal to the even subalgebra of Mat(p|q). Given a set
of supermatrices S we define [S], = {[M]o : M € S}.

Every supermatrix M defines a linear operator on KP*9(& y) which acts on a Grassmann
supervector w = w + w by left multiplication with its column representation:

(A B w\ [ Aw+ Bw .
(2 1) (2)-( 18 e

In order to study some group structures in Mat(p|q) (K& ) we start from the Lie group
GL(p|q)(K& ) of all invertible elements of Mat(p|q) (K& ). The following theorem states
a well-known characterization of this group, see [7].

A B

Theorem 4.1. Let M = ( c D ) € Mat(p|q)(K&y). Then the following statements

are equivalent.

(i) M € GL(plq)(K&x).
(i) A, D are invertible.

(#ii) Ao, Do are invertible.

In addition, for every M € GL(p|q)(K&y) its inverse is given by

[y (A-BD~'C)~ ~A7'B(D-CA'B)™"
-D-'C (A-BD'0)™" (D-CA'B)”" '

1
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Remark 4.3. The group GL(p|q)(K®y) is an extension of the general linear group
GL(p) of invertible matrices in RP*P.

The usual definitions of transpose, trace and determinant of a matrix are not appropriate
in the graded case. For example, although the classical transpose

AT O
= (5 br)

of a supermatrix M is a well defined element of Mat(p|q)(K® y ), we have in general that
(ML) #LTMT

unlike the classical property. This problem is fixed by introducing the supertranspose by

AT OT

The transpose and supertranspose operations satisfy the following relations, see [7].
oy . (Odd) pPXq
Proposition 4.2. Let M, L € Mat(p|q)(K&y), z € KP(&y), B € (K@N ) and

C e (Kﬁ(NOdd))qxp. Then,

(i) (BC)" = -CTBT,
(i) (ML)*T = LSTMST,

(iii) (Mz)" = 2T MST,

(iv) (MST)ST = < 7AC\ _DB ) =SMS, wherS: ( Ié’ _OI ) ,
(v) (M’l)ST = (MST)f1 for every M € GL(p|q)(K&y).

The situation for the trace is similar. The usual trace tr(M) of an element M €
Mat(p|q)(K®&y) is well defined, but in general one has that
tr(ML) # tr(LM)

for M, L € Mat(p|q)(K® ). The notion of supertrace provides a solution to this problem;
it is defined as the map str : Mat(p|q)(K&y) — K@g\?v) given by

m(é g>:mm—mm.

The following properties easily follow from the above definition, see [7].

31, denotes the identity matrix in RF**,
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axp

s ; (odd)\P*1? ; (odd)
Proposition 4.3. Let M, L € Mat(p|q)(K&y), B € (K&, andC € (K&
Then

(i) tr (BC) = —tr (CB),

(ii) str(ML) = str(LM),
(iti) str (M5T) = str(M).
The superdeterminant or Berezinian is a function from GL(p|q)(K&y) to K(’Sg\c}") defined
by:

_det(A—-BD'C) det(A)
sdet(M) = det(D) ~ det(D— CA-1B)’

Some of its basic properties are given in the following proposition, see [7].

Proposition 4.4. Let M, L € GL(p|q)(K®y), then

(i) sdet(M L) = sdet(M) sdet(L),
(ii) sdet (MST) = sdet(M).

In the vector space Mat(p|q)(K® ) we introduce the norm

p+q

1M = llmjslle,

k=1

where m; , € K&y (j,k=1,...,p+ q) are the entries of M € Mat(p|q)(K&y). As was
the case in K&y, also this norm satisfies the inequality ||ML|| < || M||||L|| for every pair
M, L € Mat(p|q)(K&y), leading to the absolute convergence of the series

-
M

exp(M) = E -
=0 7

and hence, the continuity of the exponential map in Mat(p|q)(K&y). It is easily seen
that also the supertranspose, the supertrace and the superdeterminant are continuous
maps. Some properties of the exponential are gathered in the following proposition.

Proposition 4.5. Let M, L € Mat(p|q)(K&y). Then
(Z) eO = Ierq;
(ZZ) (BM)ST — eMST;

(iii) eM+L = eM el ywhenever ML = LM;
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(iv) eM € GL(p|q)(K&y) and (eM)_1 =eM;
(v) el@tOM — aM M. for cvery pair a,b € K(’ﬁg\e,v);
(vi) e“MCT = CeM L for every C € GL(p|q)(K®y);

(vii) ™ (t € R) is a smooth curve in Mat(p|q)(K®y), with

jt M — MM = M, and %etM =M.
t=0
(viii) sdet (eM) = eSOV,

Remark 4.4. The proofs of (i)-(vii) are straightforward computations. A detailed proof
for (viii) can be found in [7, pp. 101-103]. Similar properties to (i) and (iii)-(vii) can be
obtained for the exponential map in KBy .

We also can define the notion of logarithm for a supermatrix M € Mat(p|q)(K&y) b

ol (M — 1,y
=Sy Mo (14)
Jj=1 J

wherever it converges.

Proposition 4.6.

(i) The series converges and yields a continuous function near Ipyq

(it) In Mat(p|q)(K& ), let U be a neighbourhood of Ip,yq on which In is defined and let
V be a neighbourhood of 0 such that exp(V) :={eM : M € V} C U. Then

en(M) M, VM eU, ln(eL) =L, VLeV
Proof.

(i) Observe that

Z [ = 10| fp+q Z 1M — 1p+q||

whence, since the radius of convergence of the last series is 1, (4.4) absolutely
converges and defines a continuous function in the ball ||M — I,14|| < 1.

(ii) The statement immediately follows from the absolute convergence of the series for

exp and In, and from the identities e"* = In(e”) = z in formal power series in the
O

indeterminate x.
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It is worth mentioning that the same procedure can be repeated in K& . With the above
definitions of the exponential and logarithmic maps, it is possible to obtain all classical
results known for Lie groups and Lie algebras of real and complex matrices .

The exponential of a nilpotent matrix M € Mat(p|q)(K&Y) reduces to a finite sum,
yielding the bijective mapping

exp : Mat(p|q) (K&Y) — g + Mat(plq) (KSY)

with inverse
In : Iy 4 + Mat(p|q) (K&, ) — Mat(p|q) (K&Y),

since also the second expansion only has a finite number of non-zero terms, whence
problems of convergence do not arise.

We recall that a supermatrix M belongs to GL(p|q)(K® y) if and only if its body My
has an inverse. Then

M = My(Iy1q + My *M) = My exp(L),

for some unique L € Mat(p|q)(K&F,).

4.2 The algebra A, 5, ® R&y

Let us consider the radial algebra representation R(S) C A, 2, in superspace introduced
in Section [3:2] As mentioned before, one of the goals of this chapter is to study the
invariance under linear transformations of the inner product of supervector variables
X,y € S given by

n

1 ¢ 1 N C
(X, y)r = —§{X7Y} = ijyj ) Z(x2j71y2j — Ta;Y2j-1) € Vg. (4.5)
j=1 j=1

In order to study linear actions on the algebra A, 2, =V ® Cyp, 2, we must consider a
suitable set of coefficients. Observe that the field of numbers K = R or C is too limited
for that aim since it does not lead to any interaction between even and odd elements.
For instance, multiplication by real or complex numbers leaves the decomposition V =
V5@ Vy of the algebra of super-polynomials generated by the set of variables VARUV AR’
invariant.

The study of linear actions on 4,, 2, requires of a set including both commuting and anti-
commuting elements. In this thesis we consider the most simple set of such coefficients,
i.e. the Grassmann algebra R® y generated by odd independent elements f; ..., fiy. This
leads to the Zy-graded algebra of super-polynomials with Grassmann coefficients

V@ R&y,
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generated over R by the set of mf commuting variables VAR and the set of independent
2nl+ N anti-commuting symbols VAR U{fi, ..., fx}. In general we consider the algebra

Am,Zn & IRQﬁN =V® IRQﬁN ® Cm,?nv

of super-polynomials with coefficients in R&x ® C,, 2,,. Here elements of V @ R&y
commute with elements in Cy, 2.

In the set of coefficients R& y ® Cp, 2, one has a radial algebra representation by consi-
dering supervectors w € R™2" (S y), i.e.

m 2n
wW=w+w= ijej—i—zwj‘éj, W GR@S\C}U), ujj ER@E\?dd),
j=1 =1
where clearly the basis elements e1,...,€m, €1, ..., €, of R™2" have to submit to the

multiplication rules (3.11). Indeed, the anti-commutator of two constant supervectors
w,v € R™2"(B ) clearly is a central element in RSy ® Cpy 2p, i.€.

m n
{W,V} =2 ijvj + Z(ng_uigj - nglfgj_l) € R@g\iv).

j=1 j=1

The subalgebra generated by the Grassmann envelope Rm‘Q"(Qi ~) of constant supervec-
tors is called the radial algebra embedded in RSy & Cp, 2,,. This algebra is denoted
by Ryj2n (G ). Observe that R, |9, (S ) is a finite dimensional vector space since it is
generated by the union of the sets

{fae; |AC{1,...,N},|Aleven, j=1,...,m},
{fa€; |AC{l,...,N},|A|lodd , j=1,...,2n},

and there is a finite number of possible products amongst these generators.

Every element in R&y ® Cp, 2, can be written as a finite sum of terms of the form
aej, ---ej €7 €52 where a € R&y, 1 < j1 < ... < jp < mand (a1,...,02,) €
(Nu {0})2" is a multi-index. In this algebra we consider the corresponding generalization

of the projection [-]o which now goes from RSy & Cy, 2y, to Cppy 25, and is defined by

c e e . \Oél'.'\Oézr f— e e . \al-.-\az
[aeﬁ €, €1 €an ”]0 = [a]Oeh €jre1 €ap

We now can define linear actions on supervector variables x € S by means of supermatri-

ces M € Mat(m|2n)(®y). We recall that the basis elements ey, ..., en,€1,..., €, can
be written as column vectors, see Example Then, by writing the x =z +2 € S in
its column representation we obtain,
A B x Az + Bz
Mx_<CD)(f)_(Ox+Df). (4.6)
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This action produces a new supervector variable Mx = (Y1, ..., Ym, Y1, --,Y2n)’ where
the y; are even elements of V ® R®y while the y; are odd ones. It is obvious that the
result in Proposition (#i7) also applies to these actions, i.e.

(Mx)T =xTM5T,

4.2.1 Superbivectors

Superbivectors in R& y ® Cpy, 25, play a very important réle when studying the invariance
of the inner product (4.5)). Following the radial algebra approach (see (2.4)), the space
of bivectors is generated by the wedge product of supervectors of R™?"(& y), i.e.

WAV = §[W’V]

= Z (wjkawkvj)ejek+z (wjv\kfw‘kvj)ejék+ Z (’u}\]l}\k+w\k’U\J)6\]®ék,

1<j<k<m 1<j<m 1<j<k<2n
1<k<2n

where €; ® €, = 1{€;,€,}. Hence, the space Ril)Qn((’iN) of superbivectors consists of
elements of the form

B = E bj,k ejer + E b\jyk ejék —+ E Bj,k éj ® €x, (47)
1<j<k<m 1<i<m 1<j<k<2n
1<k<2n

where b, € R&E, b, € R&Y™ and B € RS nR&SY. Observe that the
coeflicients B; ;; are commuting but nilpotent since they are generated by elements of the

form w;v}, + wjv; that belong to RQSX,. This constitutes an important limitation for the
(2)

m|2n
structure than the orthogonal one. In fact, the real projection [B]y of every superbivector

B is just the classical Clifford bivector:

space of superbivectors because it means that R (&) does not allow for any other

Blo= Y. [bixl ejer €RE

1<j<k<m

Hence it is necessary to introduce an extension ]RSL')QE;L (By) of Rgz‘)%

ments B of the form 1) but with B, € R@g\?”). This extension enables us to consider
two different structures in the same element B: the orthogonal and the symplectic one.
In fact, in this case we have

(&) containing ele-

Blo= > [bsloeser+ D, [Bikly € ek

1<j<k<m 1<j<k<2n
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Remark 4.5. Observe that R(Q‘)Q (Bn) and bel)QE (Bn) are finite dimensional real vector
subspaces of ROy ® Cyp, 2, with

m(m —1
aim B2, (6) =287 D ot 4 (031 1) mian 1 1),
-1

The extension R |)2 (&) of the superbivector space clearly lies outside the radial alge-

bra R,j2, (), and its elements generate an infinite dimensional algebra. Elements in
2E

m|2n
bivectors preserve several properties of classical Clifford bivectors.

(Bn) is a Lie algebra. In addition, R |)2 (By) is a

(&) are called extended superbivectors. Both superbivectors and extended super-

Proposition 4.7. The space R®E

m|2n
Lie subalgebra of R ‘)QE;(QSN)

Proof.

We only need to check that the Lie bracket defined by the commutator in the associative
algebra A, 2, ® RBy is an internal binary operation in Rm|2n(®N) and RSL\Qn(QﬁN)
Direct computation shows that for a,b € R@g\c}v) and a,b € R@g\c,’dd) we get:
[aejer, beres] = ab (20 s erer — 20, 1 erej + 20, exes — 20, 1 €j€5),
laejer, ber€s) = ab (20, j ex€s — 20, 1 €5€5),
[aejek, bE, @ €5] =0,
[aejéy, be,€s] = ab (20, €, © €s + (1 — 6;,r)9s .k €j€r),
[dej€r, bé, © €] = ab (gk,s €j€r + gr,r €5€5),
[a€; © €k, ber © €5] = ab(gj,s € © €k + gr,s €r © €5 + gjr €k © €5 + Grr €5 © €5).
O
It is well known from the radial algebra framework that the commutator of a bivector

with a vector always yields a linear combination of vectors with coefficients in the scalar
subalgebra. Indeed, for the abstract vector variables z,y, z € S we obtain

120y — {9} 2] = oy 2] = {2 — (o2
ROE

m|2n

o Ay, 2] = 5 [l ] =

This property can be easily generalized to
In particular, the following results hold.

(&) by straightforward computation.

Proposition 4.8. Let x € S be a supervector variable, let {by,...,bon-1} be a basis for
R@g\e,v) and let {by,...,byn-1} be a basis for R@gf;dd). Then,

by ejex, x| = 2b, (zex — Tre)), (b €25 © €2, X] = —by (22j_1€2k + Lo—1€25),
by ejéak—1, X] = b, (22,€25—1 + Tore;), [br€2j—1 @ Ea—1, X| = by (£2;€2—1 + Tor€2j-1),

(b ej€2k, X| = by (22j€21 — Top—16€5), [by €251 ® €2, X| = by (L2j€2k — Top—1€25—-1)-
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Clearly, the above computations remain valid when replacing x by a fixed supervector
W € lezn(®1\/).

4.2.2 Tensor algebra and exponential map

Since RBy & Cpy, 25 is infinite dimensional, the definition of the exponential map by
means of a power series is not as straightforward as it was for the algebras Ry or
Mat(p|q)(R& ). A correct definition of the exponential map in R&y & Cpy, 2, requires
the introduction of the tensor algebra. More details about the general theory of tensor
algebras can be found in several basic references, see e.g. [73}, 56, [46].

Let T(V) be the tensor algebra of the vector space V spanned by the basis By =
{f17"'7fN7617"'aem7é17"'76\277,}7 ie.

T(V) = @Tj (V)

where T7(V) = spang{v; ® --- ® vj : v; € By} is the j-fold tensor product of V' with
itself. Then R&y ® Cyy 2, can be seen as a subalgebra of T'(V')/I where I C T(V) is the
two-sided ideal generated by the elements:

[ @S+ e ®fj, ej ®ex + er ® e + 2051,
fi®er—er® fj, e; ® e, + e ®ey,
fi®er—er® fy, €; Q€L — €L, Q€ — gjk-

Indeed, T'(V)/I is isomorphic to the extension of R&y & Cy, 2, which also contains
>Q2n

infinite sums of arbitrary terms of the form aej, ---e; €/ ---€52" where a € ROy,
1<ji<...<jr<mand (ai,...,a) € (NU{0})*" is a multi-index.

The exponential map
exp(z) = e* = g -

=0 7

is known to be well defined in the tensor algebra T'(V), see e.g. [46], whence it also is
well defined in T'(V')/I. It has the following mapping properties:
exp: RN @ Crpon — T(V)/I,  exp:Rypen(Gn) = Ryj2n(Gn).

The first statement directly follows from the definition of T'(V')/I, while the second one
can be obtained following the standard procedure established for R& n and Mat(p|q)(R& ),
since the radial algebra R,,|2,, (&) C R&y @ Cppy 2, is finite dimensional.
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4.3 The orthosymplectic structure in R”**(&y)

4.3.1 Invariance of the inner product

The inner product (4.5)) can be easily written as

x,y)r =x' Qy

. . I
in terms of the supermatrix Q = ( 6” 1% ) , where
T 9ei2n

In order to find all supermatrices M € Mat(m|2n)(R&y) leaving the inner product (-, )
invariant, we observe that

(Mx, My)p = (x,y)z < (Mx)" QMy =x"Qy < x" (M5"QM - Q)y =0,
whence the desired set is given by
Op = Og(m[2n)(R& y) = {M € Mat(m|2n)(R&y) : MTQM — Q =0},

Remark 4.6. It is clear that elements in the above set of supermatrices also leave the
same bilinear form in R™2"(S ) invariant, i.e.

1 1
—i{MW,MV} = —i{w,v}, M € Oy, w,v € R™?"(&y).

In general, every property that holds for supermatriz actions on supervector variables
x € S also holds for the same actions on fived supervectors w € R™" (S ).

We now study the algebraic structure of Og(m|2n)(R&y).

Theorem 4.2. The following statements hold:

(i) Op(m|2n)(RGy) C GL(m|2n)(RBy).
(i) Og(m|2n)(RBy) is a group under the usual matriz multiplication.

(#ii) Oo(m|2n)(R&y) is a closed subgroup of GL(m|2n)(R&y).

Summarizing, Og(m|2n)(R&y) is a Lie group.
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Proof.

(i) For every M € Og(m|2n)(R& ) we have

[M5T] QIM]o — Q = [M]; Q[M]o — Q =0,

(A O
[M}O - < 0 DO ) :
This can be rewritten in terms of the real blocks Ay and Dy as

AgAO = I,
DEQ9n Dy = Qay,

where

implying that Ay and Dy are invertible matrices. On account of Theorem M
thus is invertible.

(i) It suffices to prove that matrix inversion and matrix multiplication are internal
operations in Og(m|2n)(R&y). Both properties follow by straightforward compu-
tation.

(#4i) Let {M;}jen C Og(m|2n)(R&y) be a sequence that converges to a supermatrix
M € Mat(m|2n)(R&y). Since algebraic operations are continuous in the space
Mat(m|2n)(R& ) we have that

MTQM - Q = jli)IEO MTQM; -~ Q=0.

Proposition 4.9. The following statements hold:

A B

(i) A supermatric M = < c D ) € Mat(m|2n)(R&y) belongs to Og if and only if

ATA 107y, C = I,
ATB — 1CTQy,,D =0, (4.8)
BTB 4 1DTQy,D = 3.

(ii) sdet(M) = £1 for every M € Oy.

(i) (Ol = O(m) x Sp (20).

Remark 4.7. As usual, O(m) is the classical orthogonal group in dimension m and
Spa(2n) is the symplectic group defined through the antisymmetric matriz Qay,, i.e.

Spo(2n) = {Dgy € R**?" . DIy, Dy = N, }.
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Proof.

(i) The relation MSTQM = Q can be written in terms of A, B,C, D as:

ATA L1070, ATB - L0TQ0D \ _ (L. 0
~BTA-1DTQ,,0 —BTB-1iDTQ,D )~ '

(74) On account of Proposition MSTQM = Q implies that sdet(M)?sdet(Q) =
sdet(Q), whence sdet(M)? = 1. The statement then follows from Lemma

(#i1) See the proof of Theorem (7). O

4.3.2 Group of superrotations SO,.

As in the classical way, we now can introduce the set of superrotations by
SO = SOo(m|2n)(RQ5N) = {M € Qg : sdet(M) = 1}.

This is easily seen to be a Lie subgroup of Oy with real projection equal to SO(m) x
Spa(2n), where SO(m) C O(m) is the special orthogonal group in dimension m. In fact,
the conditions

MSTQM =Q, and  sdet(M) =1,

imply that
MIQMy=Q, and  sdet(Mp) =1,

(A O
w0 5,)
with AT Ag = I,,, DT, Dy = Qa,, and det(Ag) = det(Dy). But Dy € Spg(2n) implies
det(Dg) = 1, yielding det(Ap) =1 and Ay € SO(m).

whence

The following proposition states that, as in the classical case, SOg is connected and in
consequence, it is the identity component of Og.

Proposition 4.10. SOq is a connected Lie group.

Proof.

Since the real projection SO(m) x Spq(2n) of SOy is a connected group, it suffices to
prove that for every M € SOg there exist a continuous path inside SOy connecting M
with its real projection M. To that end, let us write

MZZ[M]J',

J



4. The Spin group in superspace 110

where [M]; is the projection of M on Mat(m|2n)(R®%)) for each j =0,1,..., N. Then,
observe that

N N
MITQM =Q « (D> [MT] | Q> [M]; | =Q
j=0 j=0
N k
= > X [M°T], QM- | =Q
k=0 \j=0

— MIQM;=Q, and Z[MST]].Q[M],C_J«:O, k=1,...
j=0

Let us now take the path
N
-3
3=0
For ¢ € [0, 1] this is a continuous path with M(0) = My and M (1) = M. In addition,

M®)§QM(t)o = My QM, = Q,

and for every k= 1,..., N we have,
k k
s s
S (VST QM0 = 3 [V, Q) =0
=0 =0

Hence, M (t)°TQM (t) = Q, t € [0,1]. Finally, observe that sdet(M(t)) = 1 for every
t € [0, 1], since sdet(M (t)g) = sdet(My) = 1. O

We will now investigate the corresponding Lie algebras of Og and SOy.

Theorem 4.3.

(i) The Lie algebra sog = so9(m|2n)(R&y) of Og coincides with the Lie algebra of
SO and is given by the space of all "super anti-symmetric" supermatrices

509 = {X € Mat(m|2n)(R&y) : X°TQ + QX = 0}.

(ii) A supermatric X = ( é g ) € Mat(m|2n)(R& ) belongs to sog if and only if
AT+ A=0,
B —1CTQ,, =0, (4.9)

DTQq,, + Q9D = 0.

(1ii) [s00], = s0(m) ® spg(2n).
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Remark 4.8. As usual, s0(m) = {Ag € R™*™ : AT + Ag = 0} is the special orthogonal
Lie algebra in dimension m and spg(2n) = {Dy € R . DIy, + Q9, Dy = 0} is the
symplectic Lie algebra defined through the antisymmetric matrix Qo .

Proof.

(4)

(iid)

If X € Mat(m|2n)(R®y) is in the Lie algebra of Og then e!X € Oy for every t € R,
ie. etX*"QetX — Q = 0. Differentiating at ¢ = 0 we obtain X57Q + QX = 0.
On the other hand, if X € Mat(m|2n)(R®y) satisfies X°TQ + QX = 0, then
X5T = —QXQ~!. Computing the exponential of tX°7 we obtain

etXST — i (Q(_tX)Qil)j _ Qe_tXQ_l,

1l
i=0 I
which implies that

etXSTQetX _ Q — 0’
i.e. et € Og. As a consequence, sog is the Lie algebra of Oy.

From Proposition [£.5] it easily follows that the Lie algebra of SOq is given by
{X € Mat(m|2n)(R&y) : X°TQ + QX =0, str(X) = 0}.

But X°7Q+ QX = 0 implies str(X) = 0. In fact, the condition X°7 = -QXQ~!
implies that

str(X9T) = —str(QX Q™) = —str(X),
yielding str(X) = str(X°7) = —str(X) and str(X) = 0. Hence, the Lie algebra of
SOy is s0g.

Observe that the relation X°7TQ + QX = 0 can be written in terms of A, B,C, D

as follows: \ .
AT+ A —3CT09, + B _ 0
—BT — %anC —%DTQ% — %anD e

A B
Let X = ( c D > € 500, then

weme (4 4)

X5TQ+Qxy =0.

Using (i) we obtain Al + Ay = 0 and DI Qa, + Q2,D¢ = 0 which implies that
Ap € so(m) and Dy € spg(2n). O

satisfies
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Remark 4.9. The Lie algebra soy constitutes a Grassmann envelope of the orthosym-
plectic Lie superalgebra osp(m|2n). Here we define osp(m|2n), in accordance with [23],
as the subsuperalgebra of gl(m|2n)(R) given by,

osp(m|2n) == {X € gl(m|2n)(R) : X’TG +GX =0}, G= ( I, 0 ) |

0 J2n
where Jgn:( OI Ié‘ )
—in

It suffices to note that soqg is the Grassmann envelope of
s00(m|2n)(R) := {X € gl(m|2n)(R) : X°TQ + QX = 0},

which is isomorphic to osp(m|2n). In order to explicitly find this isomorphism we first
need the matrix

1 0 0/0 O 0
0 0 01 0 0
0 1 010 O 0
R=| 00 0/0 1 0| ¢ 0(2n),
0 0 0/0 O 0
0 0 110 0 1

which satisfies RT Jon R = Qa,,. Then the mapping ® : s0o(m|2n)(R) — osp(m|2n), given
by

R _ (L. 0
o(X)=RTXR, with R—( 0 iVaRT )

is easily seen to be a Lie superalgebra isomorphism. Indeed, the matriz R is such that
RSTQR = G. As a consequence, for every X € sog(m|2n)(R) one has that

®(X)5TG + GB(X) = RS X5T (R™))°T G + GR™'XR
=R (X*"Q+QX)R
=0.

The use of Grassmann envelopes allows to study particular aspects of the theory of Lie
superalgebras in terms of classical Lie algebras and Lie groups. The osp(m|2n)-invariance
of the Dirac operator Ox used in [23] (see Remark will be obtained in the next chapter
in terms of the invariance of Ox under the action of the Grassmann envelope sog (or
equivalently, under the action of the group SOy ).

The connectedness of SOg allows to write any of its elements as a finite product of
exponentials of supermatrices in s0g, see [50, p. 71]. In the classical case, a single ex-
ponential suffices for such a description since SO(m) is compact and in consequence



113 4.3 The orthosymplectic structure in R™>*(&y)

exp : so(m) — SO(m) is surjective, see Corollary 11.10 [50, p. 314]. This property,
however, does not hold in the group of superrotations SOg, since the exponential map
from spg(2n) to the non-compact Lie group Spg(2n) = {I,,} X Spg(2n) C SOy is not
surjective, whence not every element in SOq can be written as a single exponential of a
supermatrix in sog. Nevertheless, it is possible to find a decomposition for elements of
SOy in terms of a fixed number of exponentials of s0¢ elements.

Every supermatrix M € SO has a unique decomposition M = My+M = My(1,,+2,+L)
where My is its real projection, M € Mat(m|2n)(R&};) its nilpotent projection and L =
My "M. We will now separately study the decompositions for My € SO(m) x Spg,(2n)
and Ip,42, + L € SOg.

First consider My € SO(m) x Spg,(2n). We already mentioned that exp : so(m) — SO(m)
is surjective, while exp : spg(2n) — Spq(2n) is not. However, it can be proven that

Spq(2n) = exp(spqg(2n)) - exp(spa(2n)),

invoking the following polar decomposition for real algebraic Lie groups, see Proposition
4.3.3 in [52, p. 74].

Proposition 4.11. Let G C GL(p) be an algebraic Lie group such that G = GT and let g
be its Lie algebra. Then every A € G can be uniquely written as A = ReX, R € GNO(p),
X € gN Sym(p), where Sym(p) is the subspace of all symmetric matrices in RP*P.

Remark 4.10. A subgroup G C GL(p) is called algebraic if there exists a family {p;}jer
of real polynomials
pj (M) = pj(mi1,maz, ..., Mpp) € Rlma, ..., My
in the entries of the matrix M € RP*P such that
G={M € GL(p) : p;j(M) =0, Vj € T}.

See [52, p. 73] for more details. Obuviously, the groups O(m), SO(m), Spq(2n) are
algebraic Lie groups.

Taking p = 2n and G = Spg(2n) in the above proposition we get that every symplectic
matrix Dy can be uniquely written as Dy = Rpe?° with Ry € Spg(2n) N O(2n) and
Zy € spa(2n) N Sym(2n). But the group Spg(2n) N O(2n) is isomorphic to the unitary
group U(n) = {LO e Ccnxn . (LOT)CLO = In} which is connected and compact. Then
the exponential map from the Lie algebra spo(2n) N so(2n) = u(n) is surjective on
Spo(2n) NO(2n) where u(n) = {Ly € C**™ : (L¥)" + Lo = 0} is the unitary Lie algebra
in dimension n. This means that Dy € Spg(2n) can be written as

Dy = e¥0e?0 Y, € spg(2n) Nso(2n), Zy € spo(2n) N Sym(2n).

Hence, the supermatrix My € SO(m) x Spg(2n) can be decomposed as

BXO 0 €X0 0 Im 0 XY
MO:( 0 eYoe2o - 0 eYo 0 e%o e,
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where
X = ( " 190 ) € so(m) x [spg(2n) N s0(2n)]

and
y = ( X ZOO ) € {00} X [spg(2n) N Sym(2n)].

Now consider the element I,,12, + L € SOqg. As shown at the end of Section @ the
function exp : Mat(m|2n)(RSL) — ILi2, + Mat(m|2n)(RSY) is a bijection with the
logarithmic function defined in (4.4) as its inverse. Then the supermatrix

Z =In(Iyi2, + L)

satisfies
Z
€ = Im+42n +L

and is nilpotent. Those properties suffice for proving that Z € sog. From now on we will
denote the set s0o N Mat(m|2n)(R®7,) of nilpotent elements of sog by s0o(m|2n)(RSY).

Proposition 4.12. Let Z € Mat(m|2n)(R&Y,) such that €% € SOqy. Then Z € so.

Proof.

Since €% € SOy, it is clear that % € SOq for every t € Z. Let us prove that the same
property holds for every ¢t € R. The expression

ST
etZ Qetz _ Q

can be written as the following polynomial in the real variable ¢.

N ; N
P(t) = etZSTQetz _q- Z t3(Z5T)d Q [Z thk] q

= 4! P k!
ZN:zk:tf(zST)j th=igh=i
=] (k= 5)!
N ik k I _ _
=25 Z()(ZSTVQZ’”
k=1 " |j=0
N tk
:ZEP]C(Z)’
k=1 """

where P(Z) = Z?:o (’;)(ZST)jQZk*j. If P(t) is not identically zero, i.e. not all the

Pi(Z) are 0, we can take kg € {1,2,..., N} to be the largest subindex for which Py, (Z) #
0. Then,
.1 Py, (Z)
A tTOP(t) k! 70,
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contradicting that P(Z) = {0}. So P(t) identically vanishes, yielding eZ € SOy for every
teR. O

In this way, we have proven the following result.
Theorem 4.4. Fvery supermatriz in SOg can be written as
X € so(m) x [sp(2n) Nso(2n)],

M =eXeVeZ,  with Y € {0} X [spo(2n) N Sym(2n)],
Z € soo(m|2n)(RSY).

Moreover, the elements Y and Z are unique.

4.3.3 Relation with superbivectors.

Theorem [£.3] allows to compute the dimension of so( as a real vector space.
Corollary 4.1. The dimension of the real Lie algebra soq is

m(m — 1)

dimsog = 2V 1 < 5

+2mn +n(2n + 1)) .

Proof.

Since soq is the direct sum of the corresponding subspaces of block components A, B, C
and D respectively, it suffices to compute the dimension of each one of them. According
to Theorem (7i1) we have:

mXm
Vi = {( A0 ) AT = A, Ac (R@Eﬁ“) } ~ R& ® s0(m),

0 0
1T N 2nxm
Vh = {( AN ) :C e (RoG™) }gR@E@dd) @ REX™,

2nx2n
Vs = {( o D > DTy, + 95,0 =0, D e (Re§") } =~ R&Y" @ spg(2n).

This leads to,

(m—1)

dimV; = 2¥ 1™ s dimVe=2""'m2n,  dimVs =2"""n(2n + 1).

O
Comparing this result with the one in Remark we obtain that dimR*” (By) =

m|2n
dimsog. This means that both vector spaces are isomorphic. This isomorphism also
holds on the Lie algebra level. Following the classical Clifford approach, the commutator
[B,x] BeRWF (6y), xe8, (4.10)

m|2n
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should be the key for the Lie algebra isomorphism. Proposition [4.8]shows that for every
B e Rfj‘)i (&) the commutator lj defines a linear action on the supervector variable
x € S that can be represented by a supermatrix in Mat(m|2n)(R&y), see (4.6).

Lemma 4.2. The map ¢ : R (Bxn) — Mat(m|2n)(R&By) defined by

m|2n
(2)E
¢(B)x = [B, x] Be leQn((’jN), x €8S, (4.11)
takes values in s0g. In particular, if we consider {by,...,bon—1} and {b1,...,bynv-1} to

be the canonical basis of R@g\?v) and R(’jg\?dd) respectively, we obtain the following basis
for soq.

o(brejer) = 2b, ( Bhg — Bik 0 ) , 1<j<k<m,
A o 0 Ej o .
(b(bT ej62k‘71) - b'r‘ ( 2E2k)—1 j O ) ) 1 é ] S m, 1 S k S n,
sy g 0 —Ejok-1 ,
¢(b7’6J€2k)bT‘( 2E2k:,j 0 >7 1§j§ma 1§k§na
H(by €25 ® o) = —by 0 0 L 1<j<k<n,
0 Eyjor—1+ Eapzi—1 -0~
0 0
br\’f ok— :br P 1§§k§ 3
(b( €25-1 © ez 1) ( 0 E2j—l,2k +E2k—l,2j ) J n
Obr €21 @) = b : . 1<j<k<n,
0 FEopoj — Eoj_12k—1 - T~

0 0
by €2 ® €25—1) = b, , 1<j<k<n,
P (br €2 © €p-1) ( 0 FEojor — Eop—1,2j—1 > J
where 1 < r < 2N-1 E; 1. denotes the matriz in which only the element on the crossing
of the j-th row and the k-th column equals 1 and all the other entries are zero. The order
of E; 1. should be deduced from the context.

Proof.

The above equalities can be directly obtained from Proposition whence we should
only check that all supermatrices obtained above form a basis for sog. The matrices Ej
satisfy the relations

T _ .
Ej,k = Ek,]a
Ejok—19Q2, = Ej 21,
E; 2k, = —Ejok—1,

QonEoji = Foj_1k,
QonFoj_1k = —Eaj k.
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Then

o for ¢(brejer) we have A = 2b, (Ex; — FEjx), B=0,C =0 and D = 0, whence

AT =2, (Ejy — Brj) = —4;
o for ¢(b, e;é25—1) we have A =0, B = b, E; a1, C = 2b,E2,_1; and D = 0, whence

1, . . :
icTﬁzn =0,Ej o110, = b, Ej 2, = B;

o for ¢(b, ejéa) we have A =0, B = —b,E; o1, C = 2b,Es, j and D = 0, whence

1. \
iCTan =0,Ej212n = =0, Ej ok—1 = B;

e for QS(br égj@ézk) we have A = 0, B = 0, C =0and D = —br (E2j72k71 + Egk’gjfl),
whence

DTQy, + QoD = b, (Bag—1,2in + Eoj—1.26Q0n + Qon Eajop—1 + QonFog 25-1)
= —b, (—Ear—1,2j—1 — Eoj_12k-1 + Eaj_1,26—1 + Eor—1,2j—1) = 0;

o for ¢(bT 6\2]‘,166\2]@,1) we have A = O, B = O, C =0and D = br (EQj,LQk + Egkfl’gj),
whence

DT Qo + Q20D = by (Bag 2j-102n + Bajok—1Q2n + QanEaj1.2k + Qo Fog—1,25)
= b, (Eak,2j + Eajor — Eojor — Eak2;) =0;

o for ¢(br égj_1®égk) we have A = 0, B = 0, C=0andD = b, (Egkgj - Egj_LQk_l),
whence
DT Qy, + Q2, D = by (B2 25020 — Eot—1,2j—192n + QonFog.2j — QonFaj—1,25-1)
= b, (—F2j26—1 — For—1,2j + Fog—1,2j + F2j,2p-1) = 0.

The above computations show that all supermatrices obtained belong to soy. Direct
verification shows that they form a set of 2N_1W + 2Nt omn + 2Nt n(2n + 1)
linearly independent elements, i.e. a basis of sog. O

Theorem 4.5. The map ¢ : R®E (&n) — sog defined in is a Lie algebra iso-

m|2n
morphism.

Proof.
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From Lemma [£.2] it follows that ¢ is a vector space isomorphism. In addition, due to
the Jacobi identity in the associative algebra A,, 2, ® R®y we have for all By, By €

RZ)P (By) and x € S that

m|2n

[¢(B1), ¢(B2)] x = ¢(B1)p(B2)x — ¢(B2)p(B1)x
= [Blv [BQ’X]] + [BQ’ [X, Bl]]
= [[B1, B2],x] = ¢ ([B1, Bz]) x.

implying, that [¢(B1), #(Bz2)] = ¢ ([B1, Ba)), i.e., ¢ is a Lie algebra isomorphism. O

m|2n

Remark 4.11. By virtue of Remark the algebra of extended superbivectors RZE (&y)
is a Grassmann envelope of osp(m|2n).

4.4 The Spin group in superspace

So far we have seen that the Lie algebra sog of the Lie group of superrotations SOq has a
realization in R® y ®Cy, 25, as the Lie algebra of extended superbivectors. In this section,
we discuss the proper way of defining the corresponding realization of SOq in T'(V)/I,
i.e., the analogue of the Spin group in the Clifford superspace framework.

4.4.1 Supervector reflections

The group of linear transformations generated by the supervector reflections was briefly
introduced in [69] using the notion of the unit sphere in R"?"(® ) defined as

S(m|2n)(RG ) = {w € R™?"(By) : w? = —1}.

The reflection associated to the supervector w € S(m|2n)(R®y) is defined by the linear
action on supervector variables

PY(w)[x] = wxw, x €8S. (4.12)

It is known from the radial algebra setting that ¢ (w)[x] yields a new supervector variable.
Indeed, for x,y € S one has

yry = {z,y}y —y'e = {z,yly + = = = — 2(z,y)y.
Every supervector reflection can be represented by a supermatrix in Mat(m|2n)(R&y).
Lemma 4.3. Let w = w + 0 = > 7", wje; + Zjil w;€; € S(m|2n)(RBy). Then, the
linear transformation can be represented by a supermatriz

) € Mat(m|2n)(R& )
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with
A(W) = _2DﬂEm><mD& + L,
B(W) = DyE'rnXQnDQQQna
O(W) = _2DQE27L><HLD£7
D(w) = DyEanxan Dy Qon + Ion
where
w1 w1 1 1 ... 1
Dy = v Dy = v Epxg=|1 ¢ . 1] €RPH
W, Wap, 1 1 ... 1
Proof.

Observe that ¢ (w)[x] = wxw = {x, w}w +x = 31", yrer + > ry Yrh, where

m n
Yp = —2 g wijwgT; | + Tp + E Woj_1WEToj — WojWrTaj—1,
=1 =1
m n
Ur = =2 | Y wiwpz; | + Tk + Y —waj 1wk + W WL 1.
=1 =1
Then,
h(w)x = A(w) B(w) Z
Ciw) Diw) )\ @
where,
2
wy WoW1 Wm W1
w1 W2 w% o WpwWae
A(w) = =2 ) ) . ) + I, = 2Dy EmsmDuw + I,
2
W1 Wy, W2Wyp ... Wy,
—wWaw  W1W1 ... —W2W1 Wop W1
N —WawW2 w1ws o —W2npW2 Won—1W2
B<W) = . . . . . = DyEmXQnDQQ%u
_w2wm wlwm e _w2nwm w\2n71wm
w1w1 ’LUQU)H . wmw‘l
R wlufg ’LUQUJ\Q e wmw‘2
C(W) =-2 . . . . = _2D£E2n><mD&7

WiW2p W2W2p ... WynWap
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’wQ’LU\1 —wlwl . Wonp W1 —w‘gn,lwl
WaWz  —WiW2 ... W2pW2 — —Wap—1W2
Wollap, —WiW2n ... WopW2, —Wop_ 1Wap

= DQE2TL><2TLDQQ2TL + I2n~
O

Remark 4.12. Algebraic operations with the matrices A(w), B(w), C(w), D(w) are easy
since

prmDimeq = ijz prqa (413)
j=1
EpxonDyQon DiyEoy g = 2 ZWQj—lwzj Epxq- (4.14)
j=1

Proposition 4.13. Let w € S(m|2n)(R&y). Then p(w) € O and sdet ((w)) = —1.

Proof.

In order to prove that ¢(w) € Oy it suffices to prove that A(w), B(w),C(w), D(w)
satisfy (4.8). This can be easily done using (4.13)-(4.14) and the identity

m n
2 2 N .
—1l=w"=— E wj + E Woj—1Wj-
=1 =1
In fact, we have

A(W)TA(W) = 4DQEm><mD2£Em><ng - 4DgEm><mDﬂ + Im

=4 wa DﬁEmX77LD£—4D£EmeD&+Im7
=1
and

C(W) Q20 C(W) = 4Dy B 2n DusQan D Fonsem Do = 8 [ D 35113 | Doy Esem Dus

j=1
Then,
1 m n

5CW)7 2,0 (w) =4 > wi—1—3 Wi 1w | DuExmDu+Im = I
j=1 j=1

A(w)T A(w)—
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Also,
A(W)TB(W) = _QDQEmeDiEmXQnDQQQn + DyEmXQnDQQZn
=2 Z w]2 DEE"U@"DQQQYL + DﬂEerXQnDQQZ7z,7
j=1
and

C(W)TQQ7LD(W) = _QD&EmX2nDQQQTLDH\EQTLXQTLDEQQTL - QDQEmXQrLDQQZn
=—4 Zw\2j71w\2j Dy ErxonDyQ2n — 2Dy Eryxon DyS2n.
j=1
Hence,

. 1 . m n
A(W)TB(W)—§C(W)TQQ7ID(W) =2 |- ijz + 1 + ngj_lng DyEmX2nDQQ2n =0.

j=1 j=1

In the same way we have
B(W)TB(W) = _QZnDQEQnXmDiEmXQnDQQQH = - ijz Q2anE2n><2nD£‘92na
j=1

and

D(W)TQQnD(W) - QQHDQ‘EQnXQnD@Q2anE2nX2nDQQQn + 292anE2n><2nDQQQn + QQn

=2 | Y i 1wy + 1 | QonDuEanan Duan + Qon,

Jj=1

whence
. . 1 - " . 1
B(W)TB(W)+§DT(W)QQnD(W): — Zl wj2 +1+ Zl Waj1Waj| Qon D Eanxan DwQan + 59%
j= j=
1
= —Qoy.
52

Then, A(w), B(w),C(w), D(w) satisfy (4.8) and in consequence, 1)(w) € Og. To prove
that sdet(¢)(w)) = —1, first observe that 1(w) = v(w)~! since

P(w) o p(w)[x] = wwxww = x.
Hence, due to Theorem [.1] we obtain

A(w) = (A(w) — B(w)D(w)"'C(w)) ",
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yielding

_ det [A(w) — B(w)D(w)~'1C(w)] 1

sdet(1(w)) det[D(w)] ~ det[A(w)] det[D(w)]’

We will compute det[D(w)] using the formula det[D(w)] = exp(trln D(w)) and the fact
that D(w) — I3, is a nilpotent matrix. Observe that

s . D — I n J > . Dw‘E n nDuiQ n J
lnD(W) _ Z(_l)ﬁ-l( (W) 2 ) _ Z(_l)ﬁ-l( w2 /><2'/ w S E2 ) ]
=1 J =1 J
It follows from (4.14) that
j—1
(DwPBonx2nDw an)] =21 Zw2j—1w2j D Eop x2n Dy Qo .
j=1
Then,
= Z Jj—1
o YT ( j=1 w\2j71w‘2j)
mD(w) = | > (~1)7+! S DyBanx2n Dy Qan
=1 J
and in consequence,
2] (Z’n 3 N ‘7
> , j=1 w2j71w2j) = .
trlnD(w) = 721(71)J+1 j =—1In 1+221w2j_1w2j
j= =
Hence 1
det(D(w)) = - .
j=1
Similar computations yield
m
det(A(w))=1-— QZwJ
j=1

which shows that n . .
142300 waj Wy

sdet(v(w)) = =257 w2 =—1.
j=1j

We can now define the bosonic Pin group in superspace as

Piny(m|2n)(By) = {w1---wi : w; € S(m|2n) (RGN ), k € N},
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and extend the map v to a Lie group homomorphism ¢ : Piny(m|2n)(&x) — Og by
¢(W1 .. Wk)[x] =W WEXWL W = ¢(W1) 0---0 ¢(Wk)[x]
It is clearly seen that the restriction of ¢ to the bosonic spin group, defined as
Spin, (m|2n)(Gy) = {w1 -+ Way : w; € S(m|2n) (RS ), k € N},

takes values in the subgroup SOg C Oyg.

In the classical case, the Pin group and the Spin group are double coverings of the
groups O(m) and SO(m) respectively. A natural question in this setting is whether
Piny(m|2n)(Gy) and Spin,(m|2n)(By) cover the groups O¢ and SOg. The answer to
this question is negative and the main reason for this is that the real projection of every
vector w € S(m|2n)(R& y) is in the unitary sphere S~ of R™, i.e.,
m
[W]o = Z[U}j]oej and [W}g =—1.

Jj=1

Then, the real projection of ¢ (Piny(m|2n)(&y)) is just O(m), while [Oglo = O(m) x
Spa(2n). This means that these bosonic versions of Pin and Spin do not describe the
symplectic parts of Oy and SOg. This phenomenon is due to the natural structure of
supervectors: their real projections belong to a space with an orthogonal structure while
the symplectic structure plays no role. Up to a nilpotent vector, they are classical Clifford
vectors, whence it is impossible to generate by this approach the real symplectic geometry
that is also present in the structure of Oy and SOq. That is why we have chosen the name
of "bosonic" Pin and "bosonic" Spin groups. This also explains why we had to extend
the space of superbivectors in section [f.2.1} The ordinary superbivectors in R& y @Cyn 2n
are generated over R@g\?v) by the wedge product of supervectors. Then, they can only
describe so(m) and not sp,(2n) and in consequence, they do not cover sag.

As in the classical setting (see [47]), it is possible to obtain the following result that
shows, from another point of view, that Pin,(m|2n)(® ) cannot completely describe Oy.

Proposition 4.14. The Lie algebra of Pin,(m|2n)(By) is included in jo‘)Qn(QﬁN).

Proof.

Let v(t) = wi(t)---wg(t) be a path in Piny(m|2n)(&x) with w;(t) € S(m|2n)(R&y)
for every t € R and «(0) = 1. The tangent to v at t =0 is

k
d
dl =3 " wi(0)--- wh(0) - -- Wi (0).
t t=0 j=1
We will show that each summand of C(li—z | 4o belongs to Rfil)%(ﬁ N)-
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For j =1 we have w{(0)w2(0) - - - w;(0) = —w/ (0)w1(0). But wy(t)wy(t) = —1 implies
{w1(0), w1(0)} = W (0)w1(0) + w1 (0)w (0) = 0.

Then w}(0)w1(0) = 3{w/(0), w1(0)} + W/ (0) A wi(0) = w}(0) A wi(0) € R, (&)
For j =2,

=

w1 (0)w5(0) - - Wi (0) = w1 (0)w5(0)w2(0)w1(0)
= [w1(0)w5(0)w1(0)] [w1(0)wa(0)w1(0)]
= —1(w1(0))[w5(0)] 1 (w1(0))[w2(0)]-

But 1(w1(0)) € Og preserves the inner product (see remark [4.6)), so

w1 (0)wh(0) - Wi (0) = (w1 (0))[wh(0)] A ¢h(w1(0)[wa(0)] € R, (S).

We can proceed similarly for every j =3,... k. (|

4.4.2 A proper definition for the group Spin(m|2n)(®&y)

The above approach shows that the radial algebra setting does not contain a suitable
realization of SOyg in the Clifford superspace framework. Observe that the Clifford repre-
e (&) lies outside of the radial algebra R,,|2,, (&), which

m|2n
suggests that something similar should happen with the corresponding Lie group SOq. In
this case, a proper definition for the Spin group would be generated by the exponentials

(in general contained in T(V')/I) of all elements in RZE (Bn), ie.

m|2n

sentation of sog given by R

Spin(m|2n)(® y) = {eBl eBe By, By e ROE (By) k € N},

m|2n

and the action of this group on supervector variables x € S is given by the group
homomorphism h : Spin(m|2n)(®y) — SOq defined by

h(e?)[x] = ePxe™ P, BeRPE (®y), xes. (4.15)

m|2n

In fact, for every extended superbivector B, h(e®) maps supervector variables into new
supervector variables and admits a supermatrix representation in Mat(m/|2n)(R&y) be-
longing to SOg. This is summarized below.

Proposition 4.15. Let B € Rifi(@N), Then,

h(eP)[x] = e?Px, Vx € S.

Proof.
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In the associative algebra A, 2, ® R®y, the identity

[B,[B...[B,x]..]] = i: (k) Bix(—B)k~7

k =0\
holds. Then,
B _ By, —B _
h(e”)[x] = e"xe = (Zkz'>x<z 1 )
k=0 k=
[e%S) k j B k—j
=X (> X ((k _) )!
k=0 \j=0 7" J
_il zk: k B (_B)k—a
~ Ll i)
k=0 §=0
= 1
= E[B’[B L Byx] L]
k=0 " 4
_ i ¢(B)Fx _ . ¢(B)
= k!
O
Remark 4.13. Proposition means that the Lie algebra isomorphism ¢ : Rfi‘)i(ﬂﬁjv) —

500 is the derivative at the origin (or infinitesimal representation) of the Lie group ho-
momorphism h : Spin(m|2n)(&y) — SOy, i.c.,

B = p(e'P)  vieR, BeRIE (oy). (4.16)

m|2n
On account of the connectedness of SOy it can be shown that the group Spin(m|2n)(& )
is a realization of SOq in T'(V))/I through the representation h.
Theorem 4.6. For every M € SOq there exists an element s € Spin(m|2n)(Sx) such
that h(s) = M.
Proof.

Since SOy is a connected Lie group (Proposition [4.10), for every supermatrix M € SO
there exist X1, ..., X} € s0g such that eX1 ... eX* = M, see Corollary 3.47 in [50]. Taking

Bi,..., By € R () such that ¢(B;) = X;, j = 1,...,k, we obtain

Mx =Xt eXix = e?B) . o?(Br) x — p(ePr)o... o h(ePr)[x] = h(ePr - ePr)[x].

Then, s = eB1 ... eBr € Spin(m|2n)(® ) satisfies h(s) = M. O
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Table [4.1] below provides a comparative overview concerning the Spin group in both
settings: Fuclidean Clifford analysis and its extension to superspace.

Euclidean Clifford Clifford analysis in superspace
analysis
Bilinear form (e = zy; | (Xy)r=3 x;y; — 35 > (Toj 1925 — T2;92;-1)
j=1 j=1 j=1
Invariance SO(m) SOo(m|2n)(R&N)
Body SO(m) SO(m) x Sp(2n)
Lie algebra so(m) 500(m|2n) (RSB N)
Real dimension W -1 (M +2mn+n(2n + 1))
Bivectors > bjkejer S bikejertd, bjrejert > Bjk€; O €k
1<j<k<m 1<j<k<m 1<5<m 1<j<k<2n
1<k<2n
Iwasawa My = e*, M =eXe¥e?, X € s0(m) x [spg,(2n) Nso(2n)],
decomposition X € so(m) Y e {Om} X [spg(2n) N Sym(2n)],
Z € s00(m|2n)(R&L)
Spin group/ Spin(m) Spln(m\?n)(@N
elements V1 Vg, v; € ST ePr...ePr B e Rm‘%(@]\f)

Table 4.1: Comparative overview of the Spin realization of the rotation group.

The decomposition of SOg given in Theorem [£.4] provides the exact number of exponen-
tials of extended superbivectors to be considered in Spin(m\Qn)(@ N) in order to cover

the whole group SOg. If we consider the subspaces 21, 23, 23 of Rm\z (B ) given by

1

[I]

[I]

¢~ (s0(m) x
¢~ ({0} x
o 1(500(m|2n)(R(’5+))

[spo(2n) Nso(2n)]),
X [sp(2n) N Sym(2n)]), dimZs = n® +n,

1
dim=; = % 2
(4.17)
1
dim =3 = dim s0q — % —n(2n+1),

we get the decomposition Rm‘Qn(QﬁN) = =1 B Ey P =Z3, leading to the subset

= = exp(E1) exp(Z2) exp(E3) C Spin(m|2n)(Gy),

which suffices for describing SOg. Indeed, from Theorem [4.4]it follows that the restriction
h : = — SOy is surjective. We now investigate the explicit form of the superbivectors in
each of the subspaces =1, Z5 and Z=3.



127 4.4 The Spin group in superspace

Proposition 4.16. The following statements hold.

ejer, 1<j<k<m,
(Z) A basis for =1 is égj,l ® €9k_1 + égj Oe, 1<7<k<n,
€251 O €z — €25 © €1, 1<j<k<m.
égj_1 ®© ézj, 1 <5 <n,
(ii) A basis for Zg is: Q €351 © €21 — €25 ® €2, 1< j <k <n,
€251 O €ap + €25 O o1, 1<j<k<n.
(iii) Z3 consists of all elements of the form with bj k, B, € R@g\?v) NR&Y and
bjx € RS

Proof.

We first recall that a basis for the Lie algebra spg(2n) is given by the elements

Ajr = Eojop—1+ Eopoj1, 1<j<k<n,
Bj = Eoj_1.9k + Far_1,2, 1<ji<k<n,
Cix = Fopoj — Foj_1,26-1, 1<j<k<n,
Dj k= FEajor — Fag—1,25-1, 1<j<k<n,

where the matrices Ej; € R"*" are defined as in Lemma It holds that

AT =B, 1<j<k<n,
Cix = Dj, 1<j<k<n,
C}:jZC]‘J‘, lfjgn

Hence, for every matrix Dy € spg(2n) we have

Do= Y (ajsdjk+biuBin+cuCin) + Y djxDjk,

1<j<k<n 1<j<k<n
n
T
Df = Y (akBjx+bindin)+ Y (GaDix+dixCin) + > ¢iChj,
1<j<k<n 1<j<k<n j=1

where Qj ks bj’k, Cijdj’k € R.

(i) From the previous equalities we get that DI’ = — Dy if and only if
Do= Y ajx(An—Bix)+ > cx(Cik—Dix).
1<j<k<n 1<j<k<n
Then, a basis for spg(2n) Nso(2n) is
{Ajr —Bjr:1<j<k<n}U{Cjr—Djr:1<j<k<n}

The remainder of the proof directly follows from Lemma [4.2]
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(i) In this case we have that DI = Dy if and only if
Do= > ajx(An+Bin)+ D> k(Cix+Dix)+ Y ¢iChj
1<j<k<n 1<j<k<n Jj=1
whence a basis for spg(2n) N Sym(2n) is
{Ajr+Bjr:1<ji<k<njU{C;;:1<ji<n}U{Cir+Dj):1<j<k<n}
The remainder of the proof directly follows from Lemma [4.2]
iii) This trivially follows from Lemma [4.2} O

4.4.3 Spin covering of the group SO

It is a natural question in this setting whether the spin group still is a double covering
of the group of rotations, as it is in classical Clifford analysis. In other words, we will
investigate how many times Z C Spin(m|2n)(&y) covers SOg, or more precisely, we will
determine the cardinality of the set {s € 2 : h(s) = M} given a certain fixed element
M € SOy.

From Proposition we have that the representation h of an element
s =ePreB2els ¢ 3, B; cHy,

has the form
h(s) = e®(B1) o¢(B2) ,#(B3)

Following the decomposition

M = eXeY e?

given in Theorem for M € SOy, we get that h(s) = M if and only if
e?Br) = X By =¢~(Y), By = ¢ '(Z).

Then, the cardinality of {s € E : h(s) = M} only depends on the number of extended
superbivectors B; € Z; that satisfy e?(B1) = ¢X_ Tt reduces our analysis to finding the
kernel of the restriction

hlexp(z,) : exp(E1) — SO(m) x [Spg(2n) NSO(2n)]
of the Lie group homomorphism h to exp(=Z;). This kernel is given by
kerh|exp(51) = {eB : 6¢(B) = Im+2n, B e El}'

We recall, from Proposition [£.16] that B € Z; may be written as B = B, + B, where

B, € Ré?,)n is a classical real bivector and

B, € ¢~ ({O0m} x [spa(2n) Nso(2n)]) .
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The components B,, B, commute and in consequence, e® = eBoeBs. Consider the pro-
jections ¢, and ¢4 of ¢ over the algebra of classical bivectors R(()i)n and over the algebra
¢~ ({0} X [spo(2n) N so(2n)]) respectively, i.e.

b0 RE), > 50(m), 6 61 ({0} % [sbe(2n) N 50(20)]) — spy(2n) N1 50(20),

0,m

where

wmy= (508, bes,

Or equivalently:

{m(Bo)[x] = [Bo,z],

¢s(Bs)[z] = [Bs, 2], Xx=xr+2€8S.

Hence e?B) = Ly 10, if and only if e®o(Bo) = [ and e?=(Bs) = [,.. For the first
condition, we know from classical Clifford analysis that Spin(m) = {e® : B € R(()g,)n} is a
double covering of SO(m) and in consequence,

e¢o(Bo) — Im7
implies
eBo = 41.

Let us now compute all possible values for e®: for which e?:(Bs) = I,,,. To that end, we
need the following linear algebra result.

Proposition 4.17. Every matric Dy € s0(2n) N sp(2n) can be written in the form
Do = RYRT where R € SO(2n) N Spg,(2n) and

0 6
—6; 0
Y= , 0, €R, j=1,....,n. (4.18)
0 6,
-6, 0
Proof.
The map ¥ (Dy) = %QDO (QT)C, where
1 ¢ 00 0 0
0O 01 ¢« ... 00
e=| . . . . . . . |ecve

0000 ... 1 ¢
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is a Lie group isomorphism between SO(2n) NSpg(2n) and U(n). It is easily proven that
U is its own infinitesimal representation on the Lie algebra level, and in consequence, a
Lie algebra isomorphism between so0(2n) Nspg(2n) and u(n). The inverse of ¥ is given
by

1 c
L) = 5 [(QT) LQ+QT Le QC] .
For every Dy € s50(2n)Nsp(2n), let us consider the skew-Hermitian matrix L = ¥(Dy) €

u(n). It is known that every skew-Hermitian matrix is unitarily diagonalizable and all
its eigenvalues are purely imaginary, see [54]. Hence, L = ¥(Dy) can be written as

L=Uo (UT)"
where U € U(n) and
D = diag(—ib4,...,—iby,), 0; € R.
Then,
Do =¥ (L) = RER”
where R = U~1(U) € SO(2n) N Sp,(2n) and ¥ = U=1(D) has the form . O

Since ¢4(Bs) € s0(2n)Nspg,(2n), we have ¢,(B,) = RYRT as in the previous proposition.
Hence, e?:(B<) = Re®RT where €> is the block-diagonal matrix

e¥ = diag(e?2, ... ") with %% = cos;I5 + sin6;Qs.

Hence e?:(Bs) = [, if and only if e* = I,,, which is seen to be equivalent to 0; = 2k;m,
kjeZ (j=1,...,n), or to

Y= 22]{?]'71' (Egj_l,gj — E2j,2j—1)7 kj el (j = 1, PN ,n).

j=1

Now, SO(2n) N Spg(2n) being connected and compact, there exists Br € ¢~ (s0(2n) N
spo(2n)) such that R = e?(Pr). We recall that the h-action leaves any multivector
structure invariant, in particular,

hle?] (R(2)E (@N)) cROP (&y)

m|2n m|2n
for every B € Rfl‘)zb; (&x). Then, using the fact that ¢ is the derivative at the origin of
h, we get that the extended superbivector

h(ePm) g~ (D)) = ePrg~ ! (B)e Pr
is such that

¢ (ePrp~ 1 (D)e Br) = ?Br)xe=¢(Br) = RYRT = ¢(By),
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implying that B, = eBr¢~1(X)e~B%. Then, in order to compute eB: = ¢Br ¢¢ (%) ¢=Br
we first have to compute e# (%), Following the correspondences given in Lemma [4.2 we
get

D) = 2km T (Boj1,0j — Bajoj1) = »_ kym (63,1 +€3;) -
j=1 =1

and, in consequence
n n
e (® = exp Z k;m (égj_l + 6\22j) = H exp [k;m (e‘§j_1 + éQQj)] . (4.19)
j=1 j=1

Let us compute exp [ (6\22]471 + é22j)]7 je€{l,...,n}. Consider

a=2f; = €51 — i€y, b = —2f; = €251 +i€y;
where ¢ is the usual imaginary unit in C. It is clear that

ab = €3, | + €3, +i(ey_162; — €25€25_1) = €3, 1 +€3; +1,
and [a, b] = 2¢ which is a commuting element. Then,

exp [ (égj_l + 6\22]')] =exp (mab — i) = —exp (7w ab) .

In order to compute exp (7 ab) we first prove the following results.
Lemma 4.4. For every k € N the following relations hold.

(i) [b* a] = —2ikb*!, (ii) aFbFab = a*t1bFT! — 2ik aFb*.
Proof.

(1) We proceed by induction. For k = 1 we get [b,a] = —2¢ which obviously is true.
Now assume that (7) is true for & > 1, then for k + 1 we get

bF*'a = b (bFa) = bab* — 2ikb* = (ab — 2i)b* — 2ik b* = ab" ™ — 2i(k + 1)b".

(ii) From (i) we get a¥b*ab = a”* (ab® — 2ikb*~1) b = aFT1b*! — 2ik aFb*. O
Lemma 4.5. For every k € N it holds that
(ab)" = (20)"7 S(k.j)a’b,
j=1

where S(n, j) is the Stirling number of the second kind corresponding to k and j.
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Remark 4.14. The Stirling number of the second kind S(k,j) is the number of ways
of partitioning a set of k elements into j non empty subsets. Amongst the properties of
Stirling numbers we recall the following ones:

o S(k,1) = S(k,k) =
o S(k+1,j+1)=8(k,j)+ (G +1)S(k,j+1).
d Lt (e — 1)
o ,;S(M)ﬁ =
Proof of Lemma[{.5

We proceed by induction. For k = 1 the statement clearly is true. Now assume it to be
true for k > 1. Using Lemma [£.4] we have for k + 1 that

(ab)**1 =N "(—2i)*77 S(k,j)a’b’ab

-

<
Il
—_

(—2i)*=7 S(k, j)al T I Tt 4 (—2i)*179 5 S(k, j) alb’

I
W

j=1
= (=2i)%ab + | > (=2i)* 7 [S(k,§) + (j + 1)S(k,j + 1)]a’ I | 4 aFFIpkF!
j=1
k+1

=) (=201 S(k+1,j5)a’bl.

<.
I
—

Then we obtain

00 k o k k
Tal m
e bzzﬁ(ab)kzl—i—zzk—( 2i)*=9 S(k, ) a’b’
k=0 k=1 j=1
o0 o0 k
= 1+ZZ7L'(_22>1< 7 S(k,j5)a’b’
J=1k=j
S —J S (—2mi) UM
=14+ (=2i)7 | Sk, j)| a’b
Jj=1 k=j
oo —2mi J
— 143 (-20) e . ) i = 1
; J!
j=1

from which we conclude that exp [m (é22j_1 + égj)] = —exp(mab) = —1.
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Remark 4.15. Within the algebm Co,on = Alg]R{el, ..., €2} the elements €3j_1, €25 may
be identified with the operators ei'0, ;€ T ‘a; respectwely, the a;’s being real variables.
Indeed, these identifications immediately lead to the Weyl algebra defining relations

€1'0y; " 1'ay — e 1'ap e1"0y; = 04 a1 — 04, = - (4.20)

Hence é22j_1 + e‘QQj may be identified with the harmonic oscillator i (ng — a?) and in

consequence, the element exp [7r (6‘2ij1 + égj)] corresponds to exp [m’ (82], - af)} . We
recall that the classical Fourier transform in one variable can be written as an operator
exponential

_ T T (52 2
Flf] = exp (Zl) exp (Zz (5‘aj — aj)) [f]-
Hence, exp [m’ ((ﬁj - af)} = —F* = —id, where id denotes the identity operator.

Observe that the representation (u 14.20)) for the é;’s is equivalent to the one mtroduced mn
. The only difference between them is given by the use of the constants e*

Going back to (4.19) we have

70— L exp [r (30 + 3] = (D5,

whence B+ = 41. Then, for B = B, + B, € Z; such that e?(B) = I,, 1 5,,, we have

ef = ePoels = +1,

i.e. ker hlexp(z,) = {—1,1}. This way, we have proven the following result.
Theorem 4.7. The set = = exp(E1) exp(Z2) exp(Z3) is a double covering of SOyq.

Remark 4.16. As shown before, every extended superbivector of the form

N

B= ZEJ 62]14-62]) 0; € R,
j=1

belongs to Z1. Then, though the identifications we can see all operators
0.
exp Z ?]71'2'(82 H exp [ a?)] = H exp (—ngi) .7-'3]_91',

as elements of the Spin group in superspace. Here, .Fgfj denotes the one-dimensional
fractional Fourier transform of order 20; in the variable a;.
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4.5 Concluding remarks

In this chapter we have shown that vector reflections in superspace do not suffice to
describe the set of linear transformations leaving the inner product invariant. This
constitutes a very important difference with the classical case in which the algebra of
bivectors z A y is isomorphic to the special orthogonal algebra so(m). Such a property
is no longer fulfilled in this setting. The real projection of the algebra of superbivectors
R7(12L|)2n
algebra of supermatrices so0g, corresponding to the group of super rotations.

(&) does not include the symplectic algebra structure which is present in the Lie

That fact has an major impact on the definition of the Spin group in this setting. The
set of elements defined through the multiplication of an even number of unit vectors in
R™2"(& ) does not suffice for describing Spin(m|2n)(&y). A suitable alternative, in
this case, is to define the (super) spin elements as products of exponentials of extended
superbivectors. Such an extension of the Lie algebra of superbivectors contains, through
the corresponding identifications, harmonic oscillators. In this way, we obtain the Spin
group as a cover of the set of superrotations SOy through the usual representation h. In
addition, every fractional Fourier transform can be identified with a spin element.



Spin actions in Euclidean and Hermitian
Clifford analysis in superspace

In this chapter, we study the operator actions on superfunctions, associated to the h-
representation of the spin group in superspace, see (4.15). These operators are given
by

H(s)[F(x)] = sF(sxs)s, L(s)[F(x)] =sF(sxs), s¢& Spin(m|2n)(&y). (5.1)

As in the classical case, the super Dirac operator Oy is invariant under those actions. Ex-
plicitly this invariance is expressed through the commutation of Jx with the infinitesimal
representation

iL(etBM

dL(B) = =

2)E
o BeR( (By).
The action of the representation dL on the basis elements of Rg‘);;

class of super angular momentum operators.

(B) gives rise to a

In addition, we also study these spin actions within the Hermitian Clifford system in
superspace. The basics of Hermitian Clifford analysis in superspace were introduced
in Chapter [3] following the notion of an abstract complex structure in the Hermitian
radial algebra. We first study the group of complex supermatrices Up(m|n)(C®y)
leaving the Hermitian inner product {Z,U'} of complex supervector variables inva-
riant, see . The real representation SOP(2m|2n)(R®y) of this group is com-
posed of all SOg(2m|2n)(R® y ) supermatrices which commute with the complex structure
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J € SOg(2m|2n) (RS ). The group Ug(m|n)(C&y) contains U(m) x U(n) as its complex
projection and preserves the connectedness from its classical antecedent U(m). But, as
is the case for SOg, also Ug(m|n)(C&y) does not preserve the compactness and cannot
be described by a single action of the exponential map on its Lie algebra. Nevertheless,
its isomorphic copy SOZ(2m|2n)(R® x) may be decomposed as the product of only two
exponentials, respectively acting on the elements of so(2m) x [spy(2n) N so(2n)] and
500(2m|2n)(RG;) which commute with J.

The subgroup SO (2m|2n)(R& y) is covered by a subgroup of Spin(2m|2n)(®y), which
is denoted by Spiny(2m|2n)(&x) and generated by the exponentials of extended su-
perbivectors that are invariant under the action of the complex structure. Using the
above-mentioned decomposition for SOJ(2m|2n)(R&y), we construct a subset =y of
=M Sping (m|2n)(® ) which constitutes a double covering of SOJ (2m|2n)(R® y). Those
properties allow to prove the invariance of the twisted super Dirac operator dj(x) under
the Sping(2m|2n)(® y)-actions.

5.1 Spin invariance of the super Dirac operator

In this section we study the invariance of Jx under the spin actions defined in .
To that end it suffices to consider the H and L actions on super-polynomials depend-
ing on a supervector variable x € S, i.e. elements of the space RP = R[zy,..., 2] ®
R& (21, ..., 22,), but with coefficients in R& y ® Cp, 2, This is, the subalgebra Py, C
A on @ RSy defined as l

PN oy =RON @ Cron @RP = REN ® Crron @ R[21, .., ] @ B(@1, ..., 22).

We recall that the partial derivatives d,,, 9z, are defined in V®R® v as in where we
are considering p = mf commuting variables in VAR and ¢ = 2nf + N anti-commuting
variables in VAR'U {f1..., fn}. The extension to A, 2, ® R&y is trivially defined by
means of the commuting relations between the the derivatives 0,,, 0z, and the
Clifford generators e;’s and €;’s.

Following the radial algebra approach it is possible to extend some important involutions
from A, 25, to Ay, 2, ® RB . In particular, the conjugation can be defined on A,, 2, ®
R®y as the linear map satisfying

aej ...€j €0 ...€, =€ ... €, ...€, a€VRIRGy;

where (see Section [3.2.1))

s+1)
ke 22D

€, ---€ €0 €, = (—1) €0y - €0,€5, -y

This conjugation map can be continuously extended from the algebra of coefficients

ROy ® Cpy2n to T(V)/I. This leads, amongst others, to relations of the type eF = ¢F.
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The extension of the set of Clifford-Grassmann coefficients to T'(V')/I allows to consider
polynomials in the space

Tpfr\z[,Qn = T(V)/I & R[l’l, cee 737?71] ® QS(:L'\lv ... >=7§2n)7

i.e. super-polynomials with coefficients in T'(V')/I. Every linear action on ’Pf:{lzn can be

extended by continuity to ’TPﬁlQn.

It is easily seen that the H and L spin actions defined in (5.1) are are Lie group homo-

morphisms from the spin group to the group of automorphisms on TPT]nV‘Qn, i.e. H and

L are Lie group representations of Spin(m|2n)(®y). It is our aim to show that both
representations commute with the super Dirac operator Oy, whence 0y can be called an
invariant operator under the action of the spin group. The proof can easily be reduced
to showing the invariance under the L action, i.e. to showing that

[Ox, L(s)] =0, s € Spin(m|2n)(Gy).

Let End(T’PﬁlQn) be the space of endomorphisms on 7'73%2” and

dL : RZ)Y () — End(TPY )

m|2n

the infinitesimal representation of L, defined, as above, by

L(eB) = edLB), BeR®F (&),

m|2n

It then suffices to prove that dx commutes with dL(B) for every basis element of Rgl)f; (Bn).
To this end, we need the following result.

Proposition 5.1. Let B € Rfj‘)ZErL(QSN) Then

m 2n

AL(B) = B = 3 ((B.x),0:, = Y (1B.x])vr0,

j=1

where ([B,x]); denotes the j-th co-ordinate of the supervector variable [B,x], see .

Proof.
For every superbivector B we have by definition that

iL(etB)

dL(B) = —

Then

IL(B)[F(x) = %

yr [etBF(e—thetB)]

t=0
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Writing y = e tFxetP = e 1(B)x, we have that

dy

o = —¢(B)x = —[B,x].

t=0

Hence, the chain rule in superanalysis (see Theorem [3.2)) yields

dL(B)[F(x)] = Z%%F 1By Z% %F BB
J t=0
m 2n
_Z<[B,x])j8x] Z( )mﬂ 0z, [F)(x).
=1 j=1
O

Using Proposition [I.8] the following results are now easily obtained for the basis elements
of RV (&),

1
dL(bejer) = —2b (20, — T10,, — iejek)’ 1<j<k<m,
dL(bejegk 1 —-b (2;10]8:,0% N +x2k8x eje‘gk,l), 1<5<m, 1< k<n,
dL(bejéar) = —b(20;0p,, — Top—10z, — €j€21), 1< j <m,1<k<n,

—b(22j0p,, — Por—10m,; , — €2j_1 © €2z),

dL(bGQJ 1 ® 62k <k< n,
—b(—295 10y, _, + Top0s,; — €25 © €2p—1),

)
)=
)
dL(béyj—1 ® €a—1) = —b(22;0p,, _, + TorOu,, , — €251 © €2_1), <k<n,
) =
)
dL(béy; @ €ap—1) =

1<

dL(béa; © €ax) = b(@j_10p,, + Tor—10s,, + €2; © €2z), 1< J <k<n,
1<
1<

< k <n,

where b, b are arbitrary basis elements of R@S\c}v) and R@E\?dd) respectively. These ope-
rators explicitly define the sog-action on Pﬁ 20" We now are in the condition of proving
the desired property.

(2)E
m|2n

[0x, dL(B)] = 0.

Proposition 5.2. For every B € R (Bn) it holds that

Proof.

It suffices to prove the commutation relation of dx with dL(B) for every basis element
B of R®F (6y). As an example, take B = bejéa,_1; it then is easily obtained that:

m|2n

[éQE 8f2[ 17637\2166931'] = 07
= —6Hbejamu 19

[6248121 17bxj Top—1
[625 8I2( 17b6362k 1

[62£ 183;25,171:] Tok_1] — [626 18:82g7b€j62k 1] O

| =
]
]
| =

[€20-1 Oy, D T2k 0p,] = =0k 0 b €20 10,,,
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whence

[625 813‘2[_1 ) dL(b\ejéQkfl)] = _51674 6€jaf2z—1 ’
[€20-1 Ouyy, dL(bejeap1)] = Ok 0 b €20 104,

and yet

[6'1, dL(Bejégk_l)] = 72251%@ 6(6‘7‘8@2[71 + égg_lamj) =-2b (ejam‘2k71 + égk_lamj) .
/=1

On the other hand,
[eé 8;6@,611'3;5%71] = 65,j 66@896\219717

[6@ 81@; Berawj] = 07

le¢ Oz, bej€25_1) = =200 b€2p—104,,

whence

[0, dL(Bejeon—1)] = =2 8,00 (€, + €ar-102,) = =26 (€0, + C2k-10x,) -
=1

Finally, we obtain that
[6x, dL(b\GjéQkfl)] = [8£, dL(b\eje\Qkfl)] — [6@ dL(b\ejégk,l)} =0.

The proof proceeds in a similar way for all other basis elements of Rfjl)zb; (Bn). O

e above result implies the sog-invariance of the super Dirac operator, and as a conse-
The ab It lies the so f th D tor, and
quence, its invariance under the spin actions H and L.

Corollary 5.1. For every s € Spin(m|2n)(&y) it holds that
[0x; L(s)] = 0 = [0x, H(s)].

Remark 5.1. As it was announced in Remarks [5.6 and [[.9, here we approached the
osp(m|2n)-invariance of the super Dirac operator from a classical group theoretical point
of view, with the help of the Grassmann algebra structure.

The above-given operators dL(B), with B € RZE (Bn) being a basis element, exactly

m|2n
coincide with the ones provided in [23] when one gets rid of the Grassmann coefficients
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and applies the transformations given in Remark[5.6. These operators are,

Kjr = X;0x, — Xx0x; — %EjEk, 1<,k <m,
Kimk = ~X30%,10ey, — Xk, + 5 EsFins, 1<j<m, 1<k<n,
Kjmtntk = X;0x,, = Xman+eOx; — %EjEm-Hc, 1<j<m, 1<k<n,
Kotjomte = —=Xm+30x,, i — Xtk Ox gy — %Em+n+jEm+7L+k7 1<35,k<n,

1 .
Kontjmantr = Xm0y = Xmtnah Xy + 7 {Em+ntjs Emtrt, 1<j,k<n,

1 .
Km+n+j,m+n+k = Xm+n+jaXm+k. + X’m+n+kaXm+j - §Em+jEm+k7 1 S 7 k <n.

5.2 Linear transformations on Hermitian supervectors

In this section we study some fundamental aspects of Hermitian Clifford analysis in
superspace. In particular, we are interested in the group of supermatrices leaving the
Hermitian inner product invariant. This leads to a restriction of the spin group,
depending on the so-called complex structure J defined in Section [3.3

5.2.1 Commutation with the complex structure J

The fundaments of Hermitian Clifford analysis in superspace were introduced in Chap-
ter [3| through the representation of the radial algebra with complex structure R(S U
J(S),B) C Asp2n. The complex structure J was introduced in Section as an al-
gebra automorphism over Agy,, 2,. It is easily seen that J can be trivially extended to
A27n,2n & RﬁN by

(7) J is the identity on V @ RS y;

(Z’L) J(ej) = —€m+j, J(6m+j) = €y, j = 1,...,m;
J(€2j-1) = —€95, J(€5) = €251, =1,...,m;

(iii) J(FG) = J(F)I(G) for all F,G € Ay on @ RE .

The action (3.23)) of J on supervector variables can be written in a supermatrix form as
_ r]2m 0
T = ( 0 QQn ’

0 I,

where
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It is easily seen that J is an element of both the Lie group SOq(2m|2n)(RG ) and the
Lie algebra s0,(2m[2n) (RS y). In addition, J? = —Is, 12,

Remark 5.2. We recall that for m = n, the antisymmetric matrices Jo, and sy, are
used to define two different copies of the symplectic group, i.e.

SpJ(Qn) = {Ao S R2nx2n . AgJQnAO = Jgn},
SpQ(2’I’L) = {D() S R2n><2n : DgQQnD() = QQn}
The matrices Jon, and Qo only differ by a permutation of the basis vectors. The relation

between them is seen by means of the orthogonal matriz R satisfying RT Jop R = Qay,, see
Remark[[.9. Hence,

DEQ9, Dy = Qa,, <= DIR'Jo,RDy = R" J5,R <= (RDoR")" Ja,, RDoR" = Jo,,
meaning that
Dy € Spg(2n) <= RDoR™ € Sp;(2n)

or equivalently,
RSpq(2n) RT = Sp,(2n).

The map v(Do) = RDoR”T thus constitutes a Lie group isomorphism between Spg(2n)
and Sp ;(2n), whence also the corresponding Lie algebras

500(2n) = {Dy € R*"**" : DIy, + D2, Dy = 0},
507(2n) = {Ag € R¥" 2 AT oy + Jan Ag = 0},

are isomorphic. These observations allow us to speak of "the" symplectic structure inde-
pendently of Qap, or Jop,.

In accordance with the radial algebra property (DH3), the actions of the Dirac operators
Ox, Oy(x) on the supervector variables x and J(x) give two important defining elements:

2B (). Indeed, in Sec-

the superdimension M and the fundamental bivector B € Rzmmn

tion we proved that
Ox[X] = Oy(x)[J(X)] = M = 2m — 2n, Ox[J(x)] = —03(x)[x] = 2B,
where )
B = Z ejem—i-j — Z éjz.
j=1 j=1
Since J € s0¢(2m|2n) (RS y ), another important characterization of B is that
[B,x] = —2J(x) or equivalently ¢(B)= —2J. (5.2)

In Section we introduced the representation R(Sc, SE, B) of the Hermitian radial al-
gebra in superspace. This algebra is easily seen to be a subalgebra of the complexification
(CAQm,Qn ® COy of -/42m,2n Q@ ROy, ie.

CAzp 20 @ CBN = (A 2n QREBN) B i (A2 2n @ ROEN) =V @ Copp2n @ CBp,
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where the imaginary unit ¢ commutes with every element of Asgy,, 2, ® RS . Similarly the
complexification of T(V)/I is T(Vg)/I. The Hermitian and the complex conjugations
are trivially extended from CAsy, 25, to CAgp, 2, @ C&y by the rules

(a+ib)t =a — b, (a + ib)° = a — ib,
where a,b € Agp 2n @ RO .

We recall that the projection operators % (I2m42n £ 1J) acting on the supervector varia-
bles x € S produce the Hermitian supervector variables

Z = %(x—FiJ(x)) AR —%(x - iJ(x)).

The actions of every supermatrix M € Mat(2m|2n)(R&y) on Z, Z' are given by

7 - %[x—f—iJ(x)] — %[MX—H'MJ(X)], (5.3)
ZT:—%[x—z’J(x)] — —%[Mx—iMJ(x)]. (5.4)

In particular, we are interested in supermatrices preserving the Hermitian structure, i.e.
commuting with the projection operators % (Izmt2n £ 1J). The subspace

Matz(2m|2n)(RG ) C Mat(2m|2n)(R&y)
of such supermatrices clearly is given by
Maty(2m|2n)(RB ) = {M € Mat(2m|2n)(R&y) : MJ = IM}.

In this way, for every M € Maty(2m|2n)(R&y) the linear transformations (5.3)-(5.4)
yield two new Hermitian supervector variables U, U depending on y = Mx, i.e.

) Ut =y~ ().

Proposition 5.3. Let M = é g ) € Mat(2m|2n)(R&y). Then the following

statements are equivalent:

(i) MJ =JM;
(ii) the matrices, A, B,C, D satisfy
AJ2m = J2mA7 BQ2n = JZmB; CJQm = Q2nC’\7 DQ2n = Q2nD

(iii) the matrices, A, B,C, D have the form

_ Al A2 . Bl P N N
A_(AQ 141)7 B_(B1Q2m>’ C_(01’_92n01)7
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and b
D= {Djk}j,kzl,.,.,n with Djy, = ( —0jk  Gjk )

mXx2n

uhere Ay, 4, € (ko) ", By e (Rol) ", c e (o) and

Ajk, bjk € R@g\?v).

Proof.

The equivalence between (i) and (ii) easily follows from the block structure of the su-
permatrices M and J. To prove the equivalence between (i) and (iii) we first write

o A1 Ag . (ev)
A<A3 A4>’ Ay (Ref”)
. B R (odd) mx2n
B‘(Bl)’ Bje(RQSN ) .
i . . . o 2nxm
C = (C|C), C; € (Rﬁ%dd)) ’

(ev) 2x2
D= {Djk}j,k:L.“,n’ Djx € (R(%N )

Then, direct computations show that

- —A; Ay
AJQm = JQmA < < — A, A3 >

A3 A4 o Al A2
_(—A1 —A2>‘:’A—<—A2 A1>’

By = JomB > ( g;gz: ) - ( —g‘i ) — B- ( Bfim )
Clom = Q2,C = (—C,|C)) = (00| 0nC,) < (Cy] — 0nCY),
Dy = QonD = DjiQ = WDy <= Djy = < _Zj: fé: )

0

We recall that every complex supervector variable Z and its Hermitian conjugate Z have

the following form, see (3.30))-(3.33)),
ADIETEDIEI Zh=> i+ 51
j=1 j=1 j=1

j=1

whence they can be written as the column vectors
Z . \T
Z:(~>:(21,...,zm,21,...,2n) ,

A

z° T
c __ = . c c NS
Z —(Zc = (20, 2, 2 2n)
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In this way, the equalities Z = 1 [x +iJ(x)] and ZT = —1 [x — iJ(x)] can be rewritten
in the matrixl] form as:

Z =Px, Z°=P°%, where P:(P g),

0
and with

1 0 0]z O 0
o1 ... 0|0 2z ...

p=| . . . . . =i, eC™
0 0 110 O 7
1 4 0 O 0 0
0 1 ¢+ ... 00

Q=1 . . . . . .| e,
0O 0 0 0 ... 1 1

These complex matrices play a role in every computation involving the supervectors Z
and x. In particular, they satisfy the following relations.

P(PT) =28,  (PT) P =Dy, +id, PJ=—iP. (5.5)

Every linear transformation of supervector variables in S defined by a supermatrix M €
Maty(2m|2n)(R&y) is associated to a transformation of Hermitian supervectors in Sc¢
determined by

U=_[Mx+iJ(Mx)], x€S.

1
2
This transformation can be written in terms of a supermatrix ¢ (M) € Mat(m|n)(C&y)
as

U=¢(M)Z with Z:%(x—&—iJ(x)).

Indeed, the above relation can be rewritten as PMx = ¢ (M )Px, meaning that ¢ (M)P =
P M, or equivalently,

Y(M) = %PM P7)°. (5.6)

Using Proposition [5.3] we easily get

Al A2 Bl . > T\ ¢
7/) _A2 Al Blg2n = < Al N ?A2 1B1 (Q 21 c > . (57)
G, —®.C | D QG 5@D(Q7)

Remark 5.3. It is known from Proposition [5.3 that the matriz D is composed of 2 X 2
blocks Djy. It then easily follows that %QD (QT)C ={ajx — b }tjr=1, n-

IThe complex conjugate M¢ of a supermatrix M € Mat(p|q)(C®y) is defined componentwise.




145 5.2 Linear transformations on Hermitian supervectors

Proposition 5.4. The map ¢ : Maty(2m|2n)(R&y) — Mat(m|n)(CSy) is a real alge-
bra isomorphism.
Proof.

Using the properties of P given in (5.5) it easily follows that ¢ is invertible and its inverse
is given by

»Y(L) = % [(PT)C LP+PTLe PC} . L € Mat(m|n)(C&y).
That 1 is an algebra isomorphism follows from its real-linearity and from
YO )(My) = {PM; (PT)° PM, (PT)°
- iPMl (Iyyon +iJ) My (PT)°
— i [PMMs (PT)" + iPIM, M; (PT)]
= s, (PT)" = (M M,).

2
0

5.2.2 Invariance of the Hermitian inner product. The group SOE)].

We are now interested in the invariance, under linear actions, of the inner product (3.34)
between Hermitian supervectors, i.e.

m i n -
(Z,U)C:{Z7UT}:szu§—§szuj, Z,U € Sc.
j=1 j=1

In particular, we want to describe the set of supermatrices M € Mat(m|n)(C&y) satis-

fying
(MZ,MU)¢ = (Z,U)c, Z,U € Sc. (5.8)

Observe that (-, -)c can be written in a matrix form as
0 -

Then a super matrix M € Mat(m|n)(C® y) satisfies the condition (5.8) if and only if
Z" (MPTHM® —H)U®=0,  orequivalently M°"HM®—H =0.

(Z,U)c = ZTHU®, where H= ( I 0 ) .
n

Hence the set of supermatrices leaving the inner product (3.34) invariant is given by
Uo = Ug(mn)(COy) = {M € Mat(m|n)(C&y) : (MST) HM — H = o} :

which is a closed subgroup of GL(m|n)(C®y) and in consequence a Lie group.
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Proposition 5.5. The following statements hold:

(i) a supermatric M = (

(i7) (sdet M) sdet M =1 for every M € Uy;

(¢3) [Ugl, = U(m) x U(n), where U(k) denotes the unitary group of order k.
Proof.

(i) The relation (MST)C H°M = H¢ can be written in terms of A, B,C, D as
( (AT A+ i (CH)°C (AT B+4(CTH)°D )_(Im 0 )
= (BT) A+ 5(DT)°C —(BT) B+5(D)'D )\ 0 3 )°
(ii) This is easily obtained from (M5T)“HeM = He.

(#4i) Applying the homomorphism [-]y to each of the relations in (i) we get for

(A O
[M]O - ( 0 DO )
that (A(:)F)CAO = I, (Dér)cDo = I,, or equivalently Ag € U(m), Dy € U(n). O

As it was done in the previous chapter for SOy, it can be proven that this generalization
of the unitary groups U(m) and U(n) is connected.

Proposition 5.6. Uy is a connected Lie group.

Proof.

This proof is similar to the one of Proposition [£.10] showing the connectedness of SOy.
The strategy is to find for every M € Uy a continuous path M(t) (0 < ¢ < 1) connecting,
inside Uy, M with its complex projection My, which belongs to the connected group
U(m) x U(n). This continuous path is given by

N .
M(t) =3 Vi),

where [M]; is the projection of M on Mat(m|n)(C®%)). O
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As in the classical case, the Lie group Ug(m|n)(C&y) is related to SOg(2m|2n)(R& )
through the complex structure J. Indeed, it is clear that supermatrices in the group

SO7 = SO7 (2m|2n)(R& y) = SOg(2m|2n) (RS ) N Mat(2m|2n) (RS v ),

have the double property of keeping the bilinear forms {x,y} and {x,J(y)} for x,y € S
invariant. But for the Hermitian inner product we have

1 ) 1 ) 1 _

@ V) = (2,07 = { 5c+ 360, -5 - 196 | =~ [x.9) = i(x 3],
whence the action of every supermatrix in SO leaves the Hermitian inner product inva-
riant as well. This property is summarized below.

Proposition 5.7. The map ¢ defined in (@) is a Lie group isomorphism between
SO3(2m|2n) (RS y) and Ug(m|n)(CBy).
Proof.

It is clear that 1) defines a smooth map and in addition, it was proven in Proposition
that ¢ is a group homomorphism. It thus only remains to show that 1/1(808) = Uy. To
that end, first observe that ¢(Q) = H¢ and

(¢(M)ST)C — %PMST (PT)C — w(MST).

Using Proposition we get for every M € SOg that
(L(M)*T) H (M) — H® = (M T)$(Q)p(M) —(Q) =4 (M5TQM — Q) =0,

meaning that ¢(M) € Uy, and consequently 1(SOJ) C Up. On the other hand, for
L € Uy we get

¢71(L)ST — ~ [pTsTpe (PT)C (LST)C P} — 1 ((LST)C> .

N | =

Hence,
GHLSTQUTHL) - Q= (L)Y H)y (L) — ¢ (HE)
= v (L°7) B - BY)
=0.

This shows that the supermatrix M = 1~!(L) belongs to Og, but we still have to
prove that sdet(M) = 1. To that end it suffices to compute sdet(My), since sdet(M) =
sdet(Mp). From Proposition [4.9( we know that

(A 0
MO_(O D0>
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with Ag € O(2m) and Dy € Spg(2n). In addition, MyJ = JM, which implies in particu-
lar that AgJom = JomAg. Combining this with AEAO = Iy, straightforward computa-
tions yield AL Ja,, Ag = Jom, or still Ag € Sp;(2m). Hence, det(Ag) = det(Dyg) = 1 since
the determinant of a symplectic matrix always equals 1, implying that sdet(My) = 1.
Whence M = )~ (L) € SO} and in consequence ¢~ (Upy) C SOP. O

The above proposition leads to the following result on the Lie algebra level.
Proposition 5.8. The Lie algebras of SO and Uy are given by
s0y = 507 (2m[2n)(RG ) = {X € s00(2m[2n)(RGy) : XTI = IX},
Uy = tp(m[n)(C&y) = {X € Mat(m|n)(C&y) : (X5T) H + H'X =0},  (5.9)

respectively. In addition, 1 : 505 — ug is a Lie algebra isomorphism.

Proof.

If X € Mat(m|n)(C®y) belongs to the Lie algebra of Uy, it satisfies ! € Uy for every
t € R. Differentiating both sides of the equality

et(XST)CHcetX — H¢
and evaluating at t = 0, we get
(XST)"H® + HX = 0.

On the other hand, it is easily seen that every supermatrix satisfying the above condition
is such that !X € Uy for every t € R. Then, the Lie algebra of Uy is the one given in

69).

The Lie algebra of SO} is similarly obtained: differentiating both sides of e!MJ = JetM
we get MJ = JM. Vice versa, if MJ = JM then clearly e!MJ = JetM.

Since 1 : SOg — Up is a Lie group isomorphism, its infinitesimal representation di :
50 — up turns out to be a Lie algebra isomorphism, see [50]. The map dv is obtained
from ¢ through the relation e? 4 (X) = ¢(e!X), t € R, X € so). Differentiating at ¢t = 0
we get

d d |1 c 1 c
dp(X) = —p(e* = — [-Pe* (PT = -PX (PT)" = y(X).
v(X) = ) dt[2e (BO|]_ = aPX (P =v(X)
Hence, 1) is its own infinitesimal representation. O

Remark 5.4. Straightforward computations show that the body projections of SOF, U,
503 and uy are given by the sets

[S08]_ = [S0(2m) NSp,(2m)] x [SO(2n) NSpo(2n)],  [Uol, = Ulm) x U(n).

[s07], = [s0(2m) Nsp;(2m)] x [s0(2n) N spo(2n)] o], = u(m) x u(n),
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where

u(k) = {Ag € C¥** : (AD)" 4 Ay = 0}
is the classical unitary Lie algebra in dimension k. Here, v is a Lie group isomorphism be-
tween [SOY ] and [Uolo (respectively a Lie algebra isomorphism between [s03]o and [ug)o).
The projections vz, and q,, of ¥ over [SO(2m) N Sp;(2m)] and [SO(2n) N Spg(2n)]
(Iso(2m) Nsp ;(2m)] and [s0(2n) Nspy(2n)]), respectively, are given by

Vi, (Ao) = %PAO (P7)* ¥Q,, (Do) = %QDO (D
They define the Lie group (Lie algebra) isomorphisms
V7, [SO(2m) N Sp;(2m)] — U(m), Yy, : [50(2m) Nsp ;(2m)] — u(m),
Ya,, : [SO(2n) N Spg(2n)] — U(n), Ya,, : [s0(2n) Nspg(2n)] — u(n).

In the Euclidean Clifford setting in superspace, it has been shown that the fundamental
symmetry group SOq is connected but non-compact, the non-compactness being due
to the realization of Spo(2n) in the real projection of SOp. The introduction of the
complex structure, and the consequent refinement of the symmetry group, causes the
corresponding body projection [Ug], = U(m) x U(n) to be compact, while Uy remains
non-compact. Indeed, an example of an unbounded sequence { M (k)}ken in Ug is

T —ikbE
— m 2 mxn
M{(k) = ( B0 B I )

where b € C@S{;dd) and Epy, is defined as in Lemma As a consequence the map
exp : 505 — SOg may not be surjective. However, SOJ can be fully described by products
of exponentials acting in some special subalgebras of soJ. Indeed, write M € SO} as

M = My +M = My(Iomion + L),

where My € [SO]] is the real projection of M, M € Mat(2m/|2n)(R®Y) is its nilpotent
projection and L = My "M. Since [SO]]o =2 U(m) x U(n) is connected and compact, the
exponential map is surjective on this group, see Corollary 11.10 in [50], whence we can
write

My = e~ X € [50(2m) Nsp;(2m)] x [s0(2n) N spg(2n)].

As explained in Section there is only one matrix in Mat(2m|2n)(R&};) whose
exponential equals Is,, 42, + L, viz Z = In(I342, + L). Following the decomposition
of SOg in Theorem we get that Z € s0o(2m[2n)(RSY,). In addition, we recall that
Iomton + L commutes with J, meaning JL = LJ. Thence

N LI
Z = n(Iyny0, + L) = 2(71)%17

j=1

commutes with J as well. In this way, we have obtained the following refinement of
Theorem 41
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Theorem 5.1. Every supermatriz M € SO} can be written as

X € [so(2m) Nsp;(2m)] x [s0(2n) N spg(2n)],

M =eXe?  wh
¢ e {ZGsog(Qmpn)(Res;),

with 503 (2m[2n)(RSY) = sof N Mat(2m[2n)(R&SY). In addition, the element Z is
unique.

5.3 Spin realization of SO}

In this section we aim at finding the spin realization of the group SOJ, i.e. the subgroup
Spiny(2m|2n) (&) of Spin(2m|2n)(® ) containing all spin elements which correspond to
elements of SO7 through the h-representation . To that end we must first find the
representation of the Lie subalgebra soj C so¢ in the algebra of extended superbivectors,
ie. ¢~ Y(s0]) C R;ﬁgn(ﬁ ~)- The exponentials of these bivectors yield all elements of
Sping(2m|2n)(& ), leaving the super Dirac operators dx and Jy(x) invariant.

5.3.1 The Lie algebras so} and ¢'(s0}).

Propositions and show that soJ can be described as the set of supermatrices of
the form

A A B AT+ A4 =0
! 2 | B AT — 4y =0
M = 7A2 A1 B192n Wlth \2 \QT ’ (510)
B, —C; Q9, =0
Cl —anCl ‘ D 1 1 2n = Y
DT 4+ D =0,

since the conditions for being an element of sog given in (4.9) can rewritten in this case
as

AT Ay AT+ A

N s T
N N B C
B—-CTQ,, = 1 — At Qo = 0,
? < B192n ) < ClTQZn ) ’

DTy, + Q9D = (DT + D)Qy, = 0.

AT+A:<A1T+A1 AngA?):o,

The relations in (5.10) provide an easy way of computing the dimension of soj. Indeed,
we can write 508 as the direct sum of the real subspaces Wy, Wy, W5, W, where

Ay 0|0 mxm
Wy = 0 A |0 |:AT+A4,=0, A € (R@Eﬁ”) ,
0 010
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Wa = ~Ay 0|0 | Al Ay =0, 4; € (ROY") :
0 00
0 0 OlTQQn . dd 2nxXm
we=< | o o | ¢l |:Cie(refy ),

00 0 2nx2n
Wa= 0 0] 0 |:DQy=0D, DT+ D=0, De (R&{") ,
0 0|D

This leads to

-1 1
dimW1:2N’1%, dimW2:2N*1%,
dim W5 = 2V "12mn, dim Wy = 2V "1p2,
whence
-1 1
dimsoj = 2V ~1 m(mQ ) + m(m2+ ) +2mn +n?| =287 (m 4 n)2.

We now look for the representation of sof in the Lie algebra of extended bivectors. To
that end, consider M € sog, B = ¢~ }(M) € RPE (6n) and x € S. Then

2m|2n

MI=JM <— MJIx=JIMx,
— G(B)IX) = IG(B)(x).
— [B,I(x)] = I ([B,x)) = F(B), I(x)],
<= B=J(B).

We recall that J is an automorphism on A, 2, @ RS .

In this way, we have obtained that

¢ (s0)) = {BeRPE (By): B=I(B)}.

2m/|2n

In order to find the explicit form of the elements in ¢~!(s0]) we need the following
computations:

J(ejen) = emijemer 1<j<k<m,
Jlejemtr) = ekems; 1<jk<m,
Jlemtjemtr) =ejep 1 <j<k<m,
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J(ej€an-1) = €myj€ar  1<j<m, 1<k<n,
J(ejéor) = —emyjfor—1 1<j<m, 1<k<n,
J(emyj€on—1) = —ejéa, 1 <j<m, 1<k <n,
J(emt;€21) = €€2,-1 1<j<m, 1<k<n,
J(€2j-1 © €95_1) = €25 © €ag, 1<j<k<n,

(
J(€gj_1 ®€ap) = —€2j @ éap—1 1< j<k<n,
J(€2; ©€gp—1) = —€25_1 O €y, 1< j<k<n,
J(€aj ©€op) = €251 01 1< j<k<n
Applying J to both sides of the equality

B = Z bjak ejer + Z Bj,k ejék + Z Bj,k éj ® €k,

1<j<k<2m 1<j<2m 1<j<k<2n
1<k<2n

we obtain that B = J(B) is equivalent to

b],k}: m+],m+7€ 1§]<k§m7
b] m+k — bk ,m—+j 1 S j7 k< m,

Boj_10k = —Bojor—1 1<j<k<n,

Boj_1,2k-1 = Baj ok 1<ij<k<n,
BQJ 12J—0 1<5<n.
) if

Hence, B € ¢! and only if B = By + By + B3 where By, By, B3 are of the form

m

Bi= > bixlejer+empiemir) + D bjms €i€mts
1<j<k<m j=1

+ E bjmtk(€j€mik + €xemij),
1<j<k<m

By = E bjok—1(€j€2k—1 + €myj€ar) + bjon(ej€an — emyj€ar—1),

1<j<m
1<k<n

B3 = E Boj_1,2k-1(€2j—1 © €21—1 + €25 © €ap,)
1<j<k<n

E Boj_12k(€25—1 © €2 — €25 @ €ap_1).
1<j<k<n

Summarizing, we have obtained the following result.



153 5.3 Spin realization of SO}

Proposition 5.9. Let {by,...,bon-1} and {b1,...,ban-1} be the canonical basis oflR@S\e,U)
and R@E\?dd) respectively. Then, a basis for ¢~1(s0) is given by the elements

br(ejer + em+tjemtr), 1<r<2V 1l 1<j<k<m,
), 1<r<2V-l 1<j<k<m,
), 1<r<2Vl 1<j<m, 1<k<n,

) 1<r<2N-l 1<j<m, 1<k<n,

by(€2j—1 ® €21 + €25 © €31), 1<r<2V7l 1<j<k<n,
by (€251 © €1, — €25 © €2p—1), 1<r<2V7l 1<j<k<n.

br(€jemtk + €kem;
br(ej€ak—1 + €m+j€ar

br(ej€ak — €m+j€ak-1

)

Remark 5.5. Obviously the algebras ¢~ 1(s03) and so) are isomorphic. This fact can
be double checked through the previous result from which it follows that dim ¢~ (s03) =
2N=1(m 4+ n)2.

5.3.2 The group Spiny(2m|2n)(&y)

We may now introduce the group

Spiny = Sping(2m[2n)(Gy) := {eP1---eP* . By,..., By € ¢~ (s0}), k € N}.
This is a Lie subgroup of Spin(2m|2n)(& ) which completely describes SO through the
h-representation, as shown in the next result.

Proposition 5.10. The group Spiny covers SOg.

Proof.

The Lie group isomorphism SOg = Up shows, in view of Proposition that SO?
is connected. Hence, for every M € SOj there exist Xi,..., X, € sop such that
eX1...eXr = M, see Corollary 3.47 in [50]. Taking B, = ¢~1(X;), j = 1,...,k, and
using the relations (4.15]) and (4.16)), we get for x € S that
Mx =Xt ... eXrx = ¢?(B1) .. o#(Bry
= h(eB1) o oh(eP*)[x]

=B eBrxe ™ Br. 7B = h(eB1 -~~6B’“)[X].

whence M = h(s) with s = eP1 ... eB* € Spinj. O

The decomposition for SO} given in Theorem allows to describe the Spinj-covering
of SOJ more precisely. Indeed, following the decomposition given in (4.17)) we obtain the
Lie subalgebras of ¢~1(s0])

[1]

1 =Z1N¢ '(s0]) = ¢ ' ([s0(2m) Nsp,(2m)] x [s0(2n) Nspg(2n)]),

P
23 =E5N ¢ '(sop) = ¢ (507 (2m[2n) (&),
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yielding the decomposition ¢! (s03) = ZJ ©=J (observe that Z,N¢~!(s0]) = {0}). This
leads to the subset Zj = exp(Z7) exp(Z4) C =N Spiny, which can be seen to constitute
a double covering of SOY.

It is easily seen that =Y is composed of all elements in ¢~!(s0]) with real coefficients,

ie. Ef = [¢7!(s07)] ), while ] contains all nilpotent elements of ¢~ (so7). In this way,

we obtain from Proposition that a basis for =7 is given by

ejek + emijlmik, 1 <J<k<m, €2j10€k 1+ 0€y, 1<j<k<
€jlmik +eklmij, 1<j<k<m, €106y —€yOenp_1, 1<j<k<n

We recall that an important element of SOF is J itself. In order to find the spin element
that represents J, or equivalently, an element By € = such that e?Ba) = J we first

compute
o Indop, 0
In(J) = ( 0 0y, ) .

Observe that both Js,, and 9, have eigenvalues i, —i, with multiplicity m and n, res-
pectively. It easily follows that

™ ™
In Js,,, = §J2m7 In Q2m = §Q2m-

Using the relations (5.2) we get InJ = 7J = —Z¢(B), or equivalently By = —7B. The
spin element sy associated to J thus is given by

8
sy = exp( Z Hexp( ejem_H) Hexp(4(egj 1 —|—62]2))

Jj=1
m
2
2m/ U — €j€m+j) HeXP(4(€21 1"+ e ))

Remark 5.6. In the purely fermionic case, i.e. m = 0, the element sy may be identified
with the operator

n
T, .
exp | o Z (82j — a?) = exp (—nzz> F,
j=1
see remarks and[{.16l Here, F denotes the n-dimensional Fourier transform.

The fundamental extended bivector B provides other characterizations for ¢~1(sof) and
Spiny.

Proposition 5.11. Let B € RgﬁgJ@N). Then ¢(B) € so0} if and only if BB = BB.

Proof.
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It suffices to observe that

¢(B)I =Jp(B) <= [6(B),¢(B)]=0 <= ¢([B,B])=0 < [B,B]=0.

Corollary 5.2. Let s € Spiny. Then ssy = sj35.

The following table summarizes the main aspects concerning the spin realization of the
unitary group in both Hermitian Clifford analysis and its extension to superspace.

Hermitian Clifford Hermitian Clifford analysis
analysis in superspace
Bilinear form (Z,U)c = > zju§ (Z,U)c = Y zu§ — £ 3 2u5
Jj=1 j=1 Jj=1

Invariance U(m) = SO(2m) N Sp,(2m) Uo(m|n)(CBN) = SO (2m|2n) (RS x)

Body U(m) U(m) x U(n)
Lie algebra u(m) = so(2m) N sp;(2m) uo(m|n)(CGHN) 22 s0f (2m|2n) (RS v )
Real dimension m? 2N=1(m 4+ n)?
Bivectors BeRY, : B=J(B) BeRY (6x): B=J(B)
Iwasawa Mo = e, M =eXeZ, M €S0}
decomposition X € u(m) X€[s0(2m) Nsp;(2m)]x[s0(2n) N spg(2n)],

Z € s00(2m|2n)(R&T)

Spin group/ Sping(2m) Spiny (2mk2n)(@51v)
elements s € Spin(2m) : [h(s),J] =0 | eB1...ePr . B, € Rg‘i(ﬁN),J(Bj) = B;

Table 5.1: Comparative overview of the Spin realization of the unitary group.

5.3.3 Sping-invariance of Oy,

Our final goal is to show the invariance of the twisted Dirac operator dy) under the H
and L actions of the group Spiny, i.e.

[a](x), L(S)] =0= [8J(x),H(S)], Vs € Spiny . (5.11)

Following the same reasoning as in Section it suffices to prove that Jy) commutes
with the infinitesimal representation dL(B) of L(e?) for every B € ¢~!(s0}). Using



5. Spin actions in Clifford analysis in superspace 156

Proposition we obtain for B = J(B) that

Jj=1 Jj=1

J(dL(B)[F)) =3 (BF - Z ([B, x])jawj [F] — i ([B, x])mﬂafj [F])

= BI(F) - _m (1B,21) 0., 3(F)) - 3 (1B.21) _owla(p)

= dL(B)[J(F)].

Corollary [5.1] then yields that
Ox [dL(B)|G]] = dL(B)[0x[G]],

whence, applying J to both sides and writing F' = J(G), we get for every B € ¢~ !(s03)
that
O3(x) [AL(B)[F]] = dL(B)[03(x)[F1].

In this way, we have proved that [0(x),dL(B)] = 0 for every B € ¢~ '(s0j) and in
consequence ({5.11]) holds.



Distributions and integration in superspace

Integration on superspace is based on the notion of the Berezin integral given by

—n
/ =7 "0, - O,
B

see [7]. This functional plays the same role in the Grassmann algebra ®s,, as the general
real integral
dvy
R™
in classical analysis. Traditionally, the Berezin integral is combined with the classical

real integration in order to integrate superfunctions over real domains, i.e. the integral
of a superfunction F' over Q0 C R™ is given by

| [ rasav. (6.1)

Some important classical results, such as a Stokes and a Cauchy-Pompeiu formula have
been established for the super Dirac operator, see [38]. Yet, these extensions have im-
portant limitations since they only consist of real integration combined with the Berezin
integral, instead of considering general integration over domains and surfaces defined in
terms of both commuting and anti-commuting co-ordinates in superspace.

The study of spherical harmonics (and monogenics) has lead to an important development
of integration theory in superspace. For example, in [35] [BI] the Berezin integral was
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related to more familiar types of integration like Pizzetti’s formula, see [61]. In this way,
the integral of a polynomial P over the supersphere was introduced as follows:

/ P ) (A, P)O) (6.2)
ss = 227 jIT(j + M/2) " m™I2» ) .
where Am\2n = —8,2( is the super Laplace operator and M = m — 2n the corresponding

superdimension. In the later work [24], formula (6.2) was extended to more general
superfunctions on the supersphere by considering the integral

F:2/ /5(x2+1)FdV£, (6.3)
SS m JB

where 6(x? + 1) denotes the Dirac distribution on the unit supersphere. Following this
last distributional approach, some important problems were solved. In particular, closed
formulas for the Pizzetti integral and a Cauchy-Pompeiu formula for the supersphere
were obtained, see [24].

Nevertheless, the approaches given in and are still limited. They only refer
to the particular cases of integration of superfunctions over real domains or over the
supersphere. The main goal of this chapter is to extend and unify both approaches
by defining integration over general domains and surfaces in superspace. The principal
idea of this extension comes from a distributional approach to classical real integration.
Indeed, suppose that @ C R™ is a domain (m dimensional manifold) determined by some
inequality go(x1,...,%m) < 0 and let 9 be its boundary (m — 1 dimensional manifold
in R™) determined by the equation go(x1,...,2m,) = 0. Then the integrals over Q and
9 can be rewritten adl]

/ (Vav, = [ H(~go@)()dV,, and / (VdSw = [ 6(g0(@)) Bulgo]@)] () dVa,
Q R™ o0

Rm™m

respectively; where H is the Heaviside distribution and ¢ the Dirac distribution. In this
way, one may see the integrals fQ and [, s Dot as functionals depending on geometrical
sets of points 2 and 0f2; but as functionals depending on the action of the Heaviside or
Dirac distributions on a fixed phase function gq.

As will be shown in this chapter, this last approach is the more suitable one to extend
domain and surface integrals to superspace. In particular, we will illustrate it by inte-
grating over a super-paraboloid and super-hyperboloid. Moreover, this approach will be
used to obtain a Cauchy-Pompeiu formula, valid not only for real domains and for the
superball, but for every domain with smooth boundary in superspace. This allows to fo-
llow a completely analytical method which uses the Cauchy kernel as a true distribution
rather than as a smooth function with a singularity at the origin. This distributional
Cauchy formula will play an essential role in obtaining a Bochner-Martinelli formula for
holomorphic functions in superspace, see Chapter [7]

1These formulas will be discussed in detail in section
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6.1 Superfunctions

From now on, we work with superfunctions F'(x) of the supervector variable x, see (3.8).
In particular, we will consider these functions as elements of the spaces F ® &5, where
F = CF(Q),C>®(Q) and Q C R™. Following the classical approach, the (real) support
supp F of a superfunction F' is defined as the closure of the set of all points in R™ for
which the function F(-,Z) : R™ — 3, is not zero, see . From this definition, it
immediately follows that

supp F' = U supp Fa.
Ac{1,....2n}

Definition [3.2shows a nice way of producing interesting even superfunctions out of known

functions from real analysis. Let us consider in particular a smooth function F' € C*°(R)

and an even real superfunctio a=a+acC?®R™)® Qﬁéf;’) where ag and a are the

ev)

body and nilpotent part of a, respectively. The superfunction F(a(x)) € C°(R™) ®Q5é
then is defined by

n

F(a):F(ao—i—a):Z EjF(j)(ao). (6.4)

§=0

Straightforward calculations show that the above expression is independent of the split-
ting of the even superfunction a if the function F' is analytic in R.

Proposition 6.1. Let a,b € C°(R™) ®Q5g;v) be real superfunctions such that a = ag+a,
b = bg + b, where ag, by are the bodies of a, b respectively and a, b are the corresponding
nilpotent parts. Then, for every analytic function F' € C®(R) the following statements
hold.

(i) Fla+b)=Y"_o 5 FO)(a+1by),

(ii) Fla+b)=Y2) % FO)(a+b),

g!

(iii) Fla+b) =3, &% FO)(a).
The easiest application of the composition ([6.4)) is obtained when defining arbitrary real

powers of even superfunctions. Let a = ag+a € C*°(R™)®@ 5 be a real superfunction
and p € R, then for ag > 0 we define

L J=0,

dg+1)-(q+i-1, j>o0, &

aP — Z a; (—1)7 (—p); ag*j, where (¢); = {

2We recall that a being a real superfunction means that a = ) 4, aaZa where all the elements a4
are real-valued functions.
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is the rising Pochhammer symbol. Observe that if the numbers ¢ and g + j are in the

I .
set R\ {0,—1,-2,...} we can write (¢q); = (Ig(—i_)]) Making use of this definition of
q

power function in superspace, we can easily prove that its basic properties still hold in
this setting.

Lemma 6.1. Let a = ag +a and b = by + b be real superfunctions in C*°(R™) ® Qigiv)
such that ag,bg > 0. Then, for every pair p,q € R we have

(i) a’a? = aP, (1) (ab)? = aPbP, (i) (aP)? = P9,

Proof.
For ag, by > 0, the equalities
(a0 + X)P(ao + X)? = (ag + X)P*,

[(ao + X)(bo +Y)]" = (a0 + X)P(bo +Y)?,
((ao + X)P)* = (aog + X)P1,

are identities in formal power series in the indeterminates X and Y. Then, making the
substitutions X = a and Y = b we obtain 4), 4i) and éi7). Observe that the nilpotency
of a and b avoids every possible convergence issue. O

The absolute value function can be defined for real superfunctions in C*°(R™) ® Qﬁéﬁf) by
|a|:(a2)1/2: {a lf (1020,
—a if ag<0.

As in the classical case, the absolute value function can be extended to the supervector
variable x, since its square is an even super-polynomial, i.e.

m n
2= =32+ 3 gy iay € CF(R™) @ 617,
Jj=1 Jj=1

It is clear that —x? has non-negative body. Hence, the element (—x2)'/? is well defined.
In this way, we define the absolute value of a supervector by

x| = (—x2)V/2 — (|22 — 42 12 _ - (_1)j$2j F(%)
= ) = (e =) = i r g g

|£|172j’

1

where |z| = (Z;”:l x?)i as usual.

Proposition 6.2. Let x,y be supervector variables and a € C*°(R™) ® Qﬁéiv) be a real
superfunction. Then,
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(i) lax| = |allx],

(i) |x + ay| = |x| + aF(x,y,a) where F(x,y,a) is a superfunction depending on X,y
and a.

Proof.

(i) By Lemma [6.1] we get

ax] = (~(ax)?)* =

[N
—~
S
N
—~
|
s
N
~—
~—
N|=
Il
—~
S
[}
~—
Nl=
|
»
[}
~—
[N

= laf|x].

(73) We first write
(x+ay)? =x* +a{x,y} + a’y* =x* — av,

where v = —{x,y} — ay? is an even element. Then, using Proposition iit), we

get
1 1
Ix+ay| = (—(x+ay)®)? = (—x* + av)?
_ [e’e} (a’U)j ]-;(%) (_XZ)%—]
=0 Jt T =)
= [x|+aF(x,y,a),
where 5
= ad? T(2) L
F(x,y,a) = o (—x?)2 T
; jtoTE-d)

O

As usual, we say that a function F' € C'(Q) @ &,, ® Cpn2n (2 being an open subset of
R™) is (left) super-monogenic if Ox[F] = 0. As the super Dirac operator factorizes the
super Laplace operator:

Am|2n = —832( = Zaa%] - 428952]‘—18952]'7
j=1 j=1

monogenicity also constitutes a refinement of harmonicity in superanalysis. More details
on the theory of super-monogenic and super-harmonic functions can be found for instance
in |35} BT, 37 36, 23].

6.2 Distributions in superanalysis

In this section we study some properties of distributions in superanalysis. We pay parti-
cular attention to the extensions of the Heaviside and Dirac distributions to this setting.
They play an important réle in the definition of domain and surface integrals in super-
space, as it will be shown in the next section.
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6.2.1 Superdistributions

Let D’ be the space of Schwartz distributions, i.e. the space of generalized functions on
the space C§°(R™) of complex-valued C*°-functions with compact support. As usual,
the notation

/m of dVy = (a, f), (6.6)

where dV, = dx; - - - dx,, is the classical m-volume element, is used for the evaluation of
the distribution oo € D’ on the test function f € C§°(R™).

Let £ be the space of generalized functions on the space C°°(R™) of C°°-functions in
R™ (with arbitrary support). We recall that £’ is exactly the subspace of all compactly
supported distributions in D’. Indeed, every distribution in & C D’ has compact support
and vice-versa, every distribution in D’ with compact support can be uniquely extended
to a distribution in &', see [19] for more details. This means that, for every o € &',
evaluations of the form extend to C*°(R™) (instead of C§°(R™)).

The space of superdistributions D’ ® ®,,, then is defined by all elements of the form

a = Z QAL A, A eD. (6.7)
AcCA{l,....2n}

Similarly, the subspace £ ® ®a,, is composed by all elements of the form (6.7) but with
oap €&l

The analogue of the integral me dV, in superspace is given by

/ :/ de/:/ av,.,
Rml2n m JB BJR™

where the bosonic integration is the usual real integration and the integral over fermionic
variables is given by the so-called Berezin integral (see [7]), defined by

(_1)nﬂ_fn 2n

/B:”* O+ O = g0

This enables us to define the action of a superdistribution @ € D' ® s, (resp. a €
&' ® Byy,) on a test superfunction F € C§°(R™) @ By, (resp. F € C°(R™) @ G3,) by

oF = Qay, TAXB.
/R7n|2n Z < A fB>\/B A2B

A,BC{1,....2n}

As in the classical case, we say that the superdistribution oo € D' ® &g,, vanishes in the

open set @ C R™ if
/ aF =0
RmI[2n
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for every F' € C§°(R"™) ® B2, whose real support is contained in §2. In the same way, the
support supp a of a € D' @ By, is defined as the complement of the largest open subset
of R™ on which « vanishes. Hence, it can be easily seen that

supp o = U Supp aa.
Ac{1,...,.2n}

This means that £ ® &, is the subspace of all compactly supported superdistributions
in D' ® By,

6.2.2 Multiplication of distributions

We now define the multiplication of distributions with disjoint singular supports. We
first recall that the singular support sing suppa of the distribution o € D’ is defined
by the statement that z ¢ sing supp « if and only if there exists a neighbourhood U, of
x € R™ such that the restriction of a to U, is a smooth function. It is readily seen that

sing supp o C supp Q.

Definition 6.1 (multiplication of distributions, [20, 53]). Consider two distribu-
tions a, B8 € D' such that sing supp a N sing supp B = 0. The product of distributions a8
is well defined by the formula

(aB, ¢) = (@, Bx9) + (B, a(l = X)), ¢ € CF(R™), (6.8)

where x € C™(R™) is equal to zero in a neighbourhood of sing supp B and equal to one
in a neighbourhood of sing supp c.

Remark 6.1. For our purposes Definition[6.1] is sufficient, however the product of two
distributions in D' can also be defined under more general conditions, see [53, p. 267]
and [20] for more details.

It is easily seen that if a, 8 € D’ vanish in Q@ C R™ then the product af vanishes in
as well. Hence
supp aff C supp o U supp .

As a consequence, if o and 8 have compact supports (i.e. a, 8 € £’) then «f also has
compact support (i.e. af € &’). The product is associative, commutative and
satisfies the Leibniz rule, see [20, [53].

The notion of singular support can be extended to distributions a@ € D’ @ 5, by the
statement that ¢ sing supp « if and only if there exists a neighbourhood U, of z € R™
such that the restriction of a to U, belongs to C°°(U) ® ®ay,. In this way we obtain for
every a € D' ® B, of the form that

sing supp o = U Sing SUPp oA .
Ac{l,...,n}
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In the same way, we define the product of superdistributions «,3 € D’ ® &5, with
sing supp a N sing supp 5 = 0 by

aB= > aaBpiazs, (6.9)
where the distribution a4 is to be understood in the sense of .

6.2.3 Properties of the j-distribution in real calculus.

We now list some important properties of the §-distribution in real calculus. This is
necessary to introduce and study the main properties of the Heaviside distribution and
all its derivatives in superspace.

Proposition 6.3. Let j, k € NU{0}. Then

- 0 <k
5@ E_ )Y o )
(@) e {(_1)k k(1) 60 (2), k< j.

Proof.

For every complex-valued test function f € C*°(R) we have

[ 89 @at p(a) do = (<17 [ 1)

=0
=(-1y (Z @ ()" 070 <x)>
£=0 =0
' min(j,k) i X B -
= (=1 ; @) (k—l)!xk SO0 .

Clearly, if j < k the above expression equals 0. For 0 < k < j we obtain,
/ 89 (z)2* f(z) da = (—1) <2>k!f<jk>(0)
R
= (1) (i) k!/(_l)j*kzs(j*k)(x)f(x) dx
R

= [vrm(3) o0 @)
(]

In order to study the composition of the real d-distribution with real-valued functions in
R™ . we first need the following result.
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Proposition 6.4. Let g € C®(R™) be a real-valued function such that dz[go] # 0 on
the surface gy ' (0) := {w € R™ : go(w) = 0}. Then for every j € NU {0}, it holds that

0. [89(90(2)] = Oulanl @) 5+ (g0 ).

Proof.

From the chain rule for partial derivatives acting on the composition 6% (gg(z)) it im-
mediately follows that

0,,18(95 ()] = 69V (go(2)) s, [90] (), (6.10)
see (6.1.2) in [63, p. 135]. O

Proposition 6.5. Let go, ho € C°(R™) be real-valued functions such that hg > 0 and
Dxlg0] # 0 on the surface gy (0). Then, for j € NU{0} it holds that

. ) (go(z
09 (ho(z)go(x)) = W. (6.11)

Proof.

We proceed by induction on j € NU {0}. In order to prove the statement for j = 0 we
first observe that the following simple layer integral identity holds (see Theorem 6.1.5 in
53, p. 136]):

8(g0(x)) f(z) AV, = f(w)

= dSu, 6.12
110 1Palgol@)] ¥ (6.12)

where dV, = dx; - - - dx,, is the classical m-dimensional volume element and dsS,, is the
Lebesgue surface measure on the surface g ' (0). We also have

dz[hogo] = Oz[ho]go + hoOz[go],

which implies
9z [hogo](w) = ho(w)0z[go](w)

if go(w) = 0. Thus applying (6.12) to goho, instead of gg, we get

_ f(w) _ d(go(z))
SN fe) Ve [ it 15— . ey @) Ve

Rm™

for every complex-valued test function f. Hence,

d(ho(2)go(z)) =
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Now assume (6.11)) to be true for j > 1. We then prove it for j + 1. Letting 0, act on
both sides of (6.11) we get
z[holgo 89 (hogo) + hody[go] 691 (hogo)

~ Dulgo] 09V (go)  j 1
h%-i-l h]0+2

x[ho] 89 (go).  (6.13)

By Proposition [6.3] and the induction hypothesis we get

. . 5
hogo 6V (hogo) = —(j + 1)8Y) (hogo) = —(j + 1) hjg—glo),
0
which implies,
. ) 58U (g,
90691 (hogo) = —(j + 1)}%320)
Substituting this in (6.13) we easily obtain
: z[g0] 69 (9o)
ho0s[go] 691 (hogo) = g
0
which is equivalent to
) 5(”1)(90)
89U (hogo) = T
Observe that the factor d,[go] can be cancelled since d,[go] # 0 in gg *(0). O

6.2.4 /-Distribution in superspace

In this section we introduce the §-distribution in superspace together with all its deriva-
tives. As usual, the Heaviside distribution will be introduced as the corresponding anti-
derivative of the Dirac distribution. In [24], these distributions were introduced for some
particular cases corresponding to the supersphere.

Consider an even real superfunction g = go + g € C°(R™) ® (’5&2’0 such that d;[go] # 0
on the surface gy '(0). The distribution 6(*)(g) is defined as the Taylor series

5™ (g) =Z%5(’“+J)(go)7 keN-2:= {—1,0,172...}
=0 I’

The particular case k¥ = —1 provides the expression for the antiderivative of §, i.e. the
Heaviside distribution H = 6(=1) given by

17 g0 Z Oa

6.14
0, go<O. ( )

H(g) = H(go) + ) _ % 8971 (go), where  H(go) = {

j=1

3For p, q € Z we denote pN+q := {pk+q : k € N} where N := {1,2,...} is the set of natural numbers.
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These are suitable extensions of the considered distributions to superspace, as we will
show throughout this chapter. It is easy to check that a property similar to Proposition
i) holds for the above definitions. i.e.
6®)(a+b) = Z?(S(k+j)(a+bo), keN-—2, (6.15)
j=0

where a = ag + a, b = bg + b are real superfunctions in C*(R™) ® (’5(eu .

Let us prove now some important properties of the d-distribution in superspace.

Proposition 6.6. Let ¢ = go + g € C*(R™) ® Qﬁéiv) be a real superfunction such that
Dxlg0] # 0 on gy *(0). Then, for j € NU{0} it holds that

i) ¢769) (g) = (=1)75!6(9),
i) gtV (g) = 0.

Proof.

Using Proposition we get,

76D (g) = (g0 +8) 6V (g0 + g) = l;() 1 Lgi §UHO( 1
n  min(j,p) . 4
> ( ) g 8 ()

p=0 k=0
min(j,p) : ;
_ ek (NG =R (T+p—k\
Zg 2 Y “(ozm( i)
n min(j,p) N (s
i g7p (p) _1\k J M
1) p;op!(s (90) ];) (1) (k:) (p—k)!
Writing
o (j +p)! __p Uttt
(j+p k)!_(j+p)(j+p_1)...(j+p—k+1)_( 2 (_j_p)k7
and
. p! e )
(p k)!_(p)(pil)...(pfk‘i’l)_( 1) (*p)k’
we get

min(j,p) . . . min(j,p) .
k(G +p—k)! _ (+Dp) k(7Y _(=p)k
2 (1 (k) v o 2 OV (k) SRR

Jj+p) . ‘
= #21571(_]7 -p,—p—J1),
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where 5 F(a,b,c, z) denotes the hypergeometric function with parameters a, b, ¢ in the
variable z, see [2, p. 64]. Using the Chu-Vandermonde identity (which is an special case
of the Gauss Theorem, see |2, p. 67]) we obtain

T G (=) (=j+1)--(=1) g
2F1( —p,—Pp ‘771)* (—j—p)‘ - (_j_p)(—j—p—|— 1)--~(—p—1) N (]+p)'

Whence,
min(j,p) . 3
z]:p (_1)k J (,7 +p— k)' :j'
k) (p— k) 0

k=0
and as a consequence,

g'80(g 'Zfa“f’) 90) = (=1)/516(g).

For the proof of (i) it follows from Proposition [6.3| that

n

95(9) = (90 +8) Y ??5“)(90)

7=0
n n—1 .41
g/ gitl
Z*, 5(] (90) Z I 5(])(90)
=0 J 7=0
n—1 j+1
00 o) + 30 F-0 g0)
pl i=o J
=0.
Hence, using (7) we have that ¢/T160) (g) = (=1)75! gd(g) = 0. O

Proposition 6.7. Let g = go+g and h = ho+h be real superfunctions in C*°(R™)® Qﬁ(ev
where gy and hg are their bodies and g resp. h their nilpotent parts. Let us assume that
dxlg0] # 0 on gy (0) and hg > 0 in R™. Then,

0(hg) = @

Proof.
We first prove the result for h = hg > 0. From Proposition we obtain

Zn h J 5(1) 5
j=0 !

Writing % =K, we get for h = hg + h that

(g +Kg))

d(hg) = d(hog +hg) = & (ho(g +Kg)) = I
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It thus suffices to prove that for K nilpotent the equality

5 ((g+Ka)) = 1%

holds. Finally, using (6.15) and Proposition (i) we get

Sg+Kg) = 3 =L 00 (g) = | o1/ | 8o = o) o (-1K = 20

j=0 " Jj=0 Jj=0

Proposition 6.8. Let g = g9 + g € C*(R™) ® Qﬁéiv) be a real superfunction such that
dz[g0] # 0 on gy ' (0). Hence 69 (—g) = (=1)76W)(g) for every j € NU{0}.
Proof.

This directly follows from the corresponding property in real analysis; 6) (—xz) = (—1)76U) ().
Indeed,

" (=) = L o
30(—g) = 32 B 500 (gy) = (17 3 BE 5608 g0) = (150 ().

6.3 Integration in superspace

In this section we define general domain and surface integration in superspace using the
above definitions for the Heaviside and Dirac distributions. This form of integration
turns out to be an easy and powerful formalism which has as natural antecedent in the
real case.

Indeed, let Q@ C R™ be a domain defined by means of a real-valued function go € C(R™)
as @ = {z € R™ : go(z) < 0}. The characteristic function of 2 is given by H(—go); this
easily leads to the following expression for the integration over (2

/ f@)dVe = [ H(-go(x)f(z) dVa. (6.16)
Q R™

The function gg is called the defining phase function of the domain €.

Let us now consider go € C°°(R™) such that 0,[go] # 0 on the (m — 1)-surface

T =gy (0) = {w € R™ : go(w) = 0}
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Then the non-oriented integral of a function f over I' can be written as the simple layer
integral

5(g0(2)) 10 [90)(2) | f(z) AV = / 5(1) ( / fw) dsw> dt = / f(w) dSu,

(6.17)
where dS,, is the corresponding Lebesgue measure; see Theorem 6.1.5 [53] p. 136]. Ob-
serve also that the exterior normal vector to I' in a point w € IT" is given by

 Buleolw)
") = B, )@

This leads to the following formula for the oriented surface integral

R™ o (D)

[ s ds, = [ san(a) dulanl(o) £o) av (6.15)
Formulas (6.16)), (6.17) and (6.18) share a very important characteristic: they describe
integrals over specific domains and surfaces as integrals over the whole space R de-
pending only on the defining function gg. In other words, they show the transition of
the concept of integral as a functional depending on a set of points of R™ to a functional
depending on a fixed phase function gg.

This last approach will be used to define domain and surface integration in superspace
using formulas which are similar to (6.16)),(6.17)),(6.18]). Given an even real superfunction
g€ C*R™)® &) one may consider the superdistributions H(—g) and §(g) as the

2n
formal "characteristic functions" for the domain and surface associated to g respectively.
As in the classical case, the superfunction g defining a domain in superspace is called a

phase function.

Remark 6.2. Following the above approach we arrive at a calculus in superspace that
is independent of the representation of the variables x;, Z; as co-ordinates with values
in some commutative Banach superalgebra A, see Section [3.1.1. Observe that defining
domains and surfaces as sets of points in R™2"(A), see (3.4l), may not be convenient
since it strongly depends on the topological properties of A.

Example 6.1. The supersphere RS*™~ 112" and the corresponding superball RB*™2" of
radius R > 0 are associated to the superfunction

m 2n
Cg(x)=x2+ R2=R® |z + 2> = R? - fo + Zanj_l:fgj.
j=1 j=1

The Dirac distribution corresponding to the supersphere RS*™~1127 g

n \2j )
52+ R) =Y 7 U (R? — [zf?).
j=0 7
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The Heaviside distribution corresponding to the superball RB*™2" s

n 2 .
HOE 4+ %) = H(R® —[af?) + 32 50 6070 (7 — laf?).

j=1

6.3.1 Domain integrals in superspace

As mentioned before, our approach considers domains in superspace (1,2, given by
characteristic functions of the form H(—g) where g(x) = go(z) + g(z,2) € C*°R™) ®

Qﬁéiv) is a phase function. In this sense, (1,2, plays the same role in superanalysis as its
associated real domain Q,, := {z € R™ : go(z) < 0} in classical analysis.

Definition 6.2. Let Q,2, be a domain in superspace (defined as before) satisfying the
following two conditions:

o the associated real domain )y, 10 has compact closure;

o the body go of the defining phase function g is such that 0z[go] # 0 on go_l(()).

The integral over Qp,)2,, then is defined as the functional fﬂ o cnt (Qm|0) 6y, — C
given by

/ F = / H(—g)F, F e C" 1 Qo) ® Ba. (6.19)
Q”L‘Qn Rm[2n

The evaluation of the expression requires the integration of smooth functions on
the real domain 2,9 to be possible. This is guaranteed by the first condition imposed
on the super domain ,,)2,. On the other hand, if g is not identically zero, the above
definition also involves the action of the Dirac distribution on gg, see (6.14). For that
reason, we restrict our analysis to the case where d,[go] # 0 on gy *(0), in order to ensure
that this action is well defined.

The most simple examples for illustrating the use of Definition [6.2] correspond to the
cases g = go or ¢ = —x2 — R?; i.e. integration over real domains or over the superball
respectively. The integral (6.19)) then is given by

//Fde,
QJB o

/ H(x? + R*F,
RmI[2n

respectively. These are the two particular cases that have been treated in the literature,
see [24] [38]. The superball (and the supersphere) will also be used in this thesis as an
illustrative example. In Section [6.4 we work with integrals over other super domains such
as a super-paraboloid and a super-hyperboloid.

and
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Proposition 6.9. The volume of the superball RB™?" of radius R > 0 is given by

————RM M ¢ 2N,
vol(RB™?™) = { (M 4+ 1) ¢

0, M € —2N,

where M =m —2n (m #0) is the corresponding superdimension.

Proof.

The volume of the RB™/?" is obtained by integrating the function F = 1 over RB™I??
following Definition ie.

voz(mm\%):/ 1:/ /H(R2—|§|2+§‘2)dvm
RBmI2n m JB N

where
H(R® —|z|* +2%) = — |z + Z 5“ V(R — z]).
Since 22" = nlz; - - - 25y, we obtain
[ H(R = 1ol +5%) = 7 60O e,
and consequently,

vol(RB™?") = / sV(R? — |z[?) dV,. (6.20)

Effectuating the change of variables z = rw, where 0 < r < oo and w € S™ ! .= {z €
R™ : 2% = —1}, we get dV,, = r™ 1drdS,,. Hence,

vol(RB™I?™) :w*"/ (/ s=V(R? —r2)rm1dr) dS.
Snl—l 0

=" Am/ 5(”*1)(}22 —r3rmlar,
0

where
27Tm/2

Am:/ Sy =
st I(F)

is the area of the unit sphere S™~! in R™. Changing variables again, now through

E
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—1/2

t = R2 72, we obtain r = (R2 — )"/ and dr = —1 (R2 — £)~"/? dt. Then, it holds that

_n R2 -
vol(RB™I?") = %/ s D) (R2— )57 at

_17T_n Am dn_l 2 m__q
T 2
t=0
n—1
T A, m N\ Smeon
:TH<573)R 2n, (6.21)
j=1
where for the special cases n = 0, 1 we are considering the expressions H;:ll (% - j) = %
and ngl (% — j) := 1. Since we consider m # 0, it is easily seen that
n—1 () M
H(m—j>:{F<?2n+1> 5 ¢
M
=12 0 7 €N
whence substitution in (6.21)) completes the proof. O

Remark 6.3. Proposition[6.9 provides a suitable extension to superspace for the volume
of the ball RB™ := {z € R™ : |z| < R} (R > 0). We recall that in the case n = 0 the

volume of RB™ equals F(T,#Rm
2

1)

In real analysis the choice of the phase function gy defining a certain domain €,,, C R™
is not unique. Indeed, for every real-valued function hg € C(R™) with hy > 0, the
function hggg defines the same domain as g, i.e.

Qjo ={z € R™ : go(z) <0} = {2 € R™ : ho(z)go(z) < O}
A simple example is the unitary ball B C R™ which can be described by
lz] -1<0, or —2>-1<0,

since
—z® — 1= (lz| + 1)(|z] - 1).

However, integration over €2,,)o remains independent of the choice of the function gg
that defines €2,,)9. Indeed, in real analysis it is easily seen that H(—go) = H(—hogo) for
ho > 0. This property remains valid in superspace.

Proposition 6.10. Let g = go + g and h = hg + h be real superfunctions in C*°(R™) ®

(’5%}) where go and hg are their respective bodies. Let us assume that dz[go] # 0 on
95 -(0) and ho > 0 in R™. Then

H(hg) = H(g).
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Proof.

We first prove that H(hog) = H(g). By Proposition [6.5{ we obtain (hog)?6V =1 (hogo) =
g70U =1 (go) for j € N. Hence,

H(hog) = H(hogo) +Z ! 56~ Y (hogo) = H(go +Z 6“ Y(go) = H(g).
j=1

If we write K = %, we get for h = hg + h that
H(hg) = H(hog +hg) = H(g + Kg),

whence it suffices to prove that H(g + Kg) = H(g). Using (6.15) and Proposition
(i4) we obtain

H(g+Kyg) = +Zf935“ Y(g) = H(g).

O

This allows us to define the notion of a pair of phase functions that define the same
domain (or surface) in superspace.

Definition 6.3. Let g, € C*°(R™) ® 05;”) be two phase functions such that 0[go] # 0
on gg 1(0) and dz[po] # 0 on vy '(0). They are said to define the same domain (or

surface) in superspace if there exists a real superfunction h € C®(R™) ® 6(@) with
ho > 0 in R™ such that ¢ = hg.

Remark 6.4. Proposition shows that the integral over Q,|2, defined in does
not depend on the choice of the superfunction g defining Q. j2,. The example of the

superball RB™2" of radius R > 0 illustrates very well this property. Indeed, the domain
RB™2" can be defined by means of any of the two superfunctions

|x| -R  or - x* - R2

Both definitions for RB™2" can be used in without changing the result of the
integration since —x2 — R? = (|x| + R)(|x| — R) where

M) = x| + R= R4 3 CVEYTG)

12
= ' TG

|z ., and ho(z) =R+ |z| > 0.

6.3.2 Surface integrals in superspace

Similarly to the case of super domains, we define a surface Fm,l‘gn in superspace by

means of §(g) where g(x) = go(z) + g(z,2) € C*(R™)® 05 ¢) is a given phase function.
If €2, |25, is the super domain associated to g as in Deﬁmtlon. then we say that I',;, _1 2,
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is the boundary of €,,|2, and denote it by 'y, _1j2, := 0Qypj2,- This way, I';,_1)2, plays
the same role in superspace as its real surface

L1j0 := 00 = {z € R : go(z) = 0}

in classical analysis.

Based on the formulae (6.17) and (6.18) concerning the real case we now define the
non-oriented and oriented surface integrals in superspace.

Definition 6.4. Let T',,,_y)2,, be a surface in superspace (defined as before) satisfying the
following two conditions:

e the associated real surface I'y, 110 C R™ is a compact set;

e the body go of the defining phase function g is such that 93[go] # 0 on 961(0).

The non-oriented and oriented surface integrals over T'y,_1)2, are then defined as the
following functionals on C™ (Fm—l\o) ® Boy,

/F F= . 00l F /

m—1|2n

ox F = —/Rm‘zn 5(g) Ox[g] F, (6.22)

m—1|2n
respectively.

Remark 6.5. Proposition [0.8 assures that the sign of the superfunction g does not play
a role in the non-oriented case.

When g = go, the integrals (6.22) reduce to the product of the classical real surface
integration and the Berezin integral, i.e.,

F(w, £) dSy, n(w)F(w, £) dSy, (6.23)
Ty 10 /B Tp10 /B

see formulae (6.17)-(6.18).We will now verify that, when restricted to the supersphere
RS?"~1127 the definition of the non-oriented surface integral still coincides with the one
given in [24].

Proposition 6.11. The non-oriented integral over the supersphere RS*™—12n (R>0)
can be written as

/RSM% F= 2/m /Bé(R2 +x2) |x| F(x) dVy = 2R/m /B 5(x% + R?) F(x) dVj.
(6.24)

Proof.
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We first observe that d[R%+x2] = 2x. Following (6.22)), the non-oriented surface integral
of F over the supersphere RS™~1:2" is given by

/ F:2/ /5(R2+x2) x| F(x) dV,
RSm—1,2n mJB

Let us prove now that, as in the classical case, one can substitute |x| = R in the above
expression. Consider the real distribution G(t) = §(R2 —t)tz, t > 0. Then, we can write
in superspace

§(R? +x?) x| = §(R? + x?) (—x2)% = G(—x?) = G(|z|* — 22 Zn:

D(|al?).
7=0
However, in the distributional sense, it is easily seen that
G(t) = 6(R? — t)t* = R6(t — R?),
whence also
GY(t) = ROV (t — R?), j=0,...,n.
Substituting this in the above formula we obtain,
§(R% +x?)|x| = Z 50 (lz|? — R?) = R6(R? 4+ x?),
which completes the proof. O

The non-oriented integration over the supersphere , and the integration of super-
functions over real surfaces (6.23), have been studied in the literature, see e.g. [24] [38].
In particular, was proven to be an extension of Pizzetti’s formula for polynomials.
The simplest example for application of Pizzetti’s formula is obtained when integrating
the function F' = 1; which leads to the surface area of the supersphere RS™~ 127,

Proposition 6.12. The surface area of the supersphere RS™~%2" of radius R > 0 is
given by

27TM/2

area(RSmflun) = F(%)

0 M e —2N+ 2,

RM=1 M ¢ —2N+ 2,

where M =m — 2n (m # 0) is the corresponding superdimension.

Proof.
Using (6.24)), the area of the surface RS™~ 12" is given by

area( RS™12") = / 1= 2R/ / §(x* + R?) dV,,
RSm—1,2n m JB
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where
n 27
X
(x? + R?) = —4 z|?
; 7 = [z[%)
implies
/ §(x® + R?) = 6M(R? — |z?).
B

By the co-ordinate changes x = rw, w € S™~ ! and r = tz we get

area(RS™ 12" = 2Rn ™" SM(R? — |z[?) dV,
Rm

= 2Rﬂ'7”/ </ §M(R2 — p2)pmt dr) dSy
§gm—1 0

=71 " Ap R/ SM(R? — )t dt
0
dTL

_ —rLA R — [ m—l]
den —R2
m
_ n Am (7 _ ) m—2n—1 2
T H 5 )R 7 (6.25)
Jj=1
where for the special case n = 0 we put by convention ngl (% — j) := 1. Since we
consider m # 0, it is easily seen that
n r(s) M
)= §iai
i 0 He-N+1,
whence substitution in (6.21)) completes the proof. O

As for domain integrals, we can prove that Definition does not depend on the choice
of the defining superfunction g for the surface I',_1|2,,-

Proposition 6.13. Let g = go + g and h = hg + h be real superfunctions in C>°(R™) ®

Qﬁéiv) having go and hg as their respective bodies. Let us assume that dx[go] # 0 on g *(0)
and hg > 0 in R™. Then,

(i) 0(hg)Oxlhg] = d(g)0x[g], (4i) 6(hg)|Ox[hgll = 0(g)|0x[g]l-

Proof.
Using Propositions [6.6] and [6.7] we get

s(hg)oxlng] = X2 (o 1hlg + horla)) = a()oxla).
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which proves (7). In addition, by Propositions [6.2] and [6.7] we get
3(hg)|0x[hgl| = d(hg)|0x[hlg + hdx[d]|

_ @ h|ox[g)l + gF (hdxlg), Ox[h]. g) | = 6(9)l0xlg]l.

which proves (ii). O

6.4 Other examples and applications

In this section we study some more examples of integration in superspace over domains
and surfaces. To that end, let us observe first that, as in the classical case, it is possible
to define intersections amongst domains as well as between a surface and several domains
in superspace.

Indeed, let Q; (j = 1,...,k) be domains in superspace defined by means of the phase
functions g;(x) = g;.0(z)+g;(z,2) € C* (Rm)®(’5g‘:). The intersection Q,, 2, = ﬂ?zlﬂk
is naturally defined as the domain with characteristic function

H(=g1)... H(~gx).

If we also consider a surface I',,,_q2,, defined by d(g) with g(x) = go(z) + g(z,2) €
C*(R™) ® 6&27}) being a phase function, the intersection I'y, 12, N |2, is defined by
the characteristic function

6(9)H(~g1) ... H (1.

The domain 2,2, = ﬂ?zlﬁk plays the same role in superspace as its associated region

k
Qnpo = [ | {z € R™ : gj0(2) < 0}

Jj=1

in R™. In the same way, 'y, 1|2, Ny 25, is the super-analogue of the intersection of the
(m — 1)-surface I'p,_1j0 = g5 *(0) with the region Qumo-

Now assume that €, o has a compact closure and the body functions go, 91,0, - -, gk,0
have non vanishing gradients on the respective surfaces g * (0), g1, 5(0), ..., g,;(l)(O). Hence,
Definitions and H extend to (2,2, = ﬂé?:le and Iy, 112, N Q|2 Tespectively by

putting
/;27n|2n

/ F:/ 3(9) [0xlg]] H(=g1) ... H(—gi)F,
Trc1)20 N 2n RmI2n

P o). Ha)P

/ o F = — / 5(9) 0xlg) H(~g1) .. H(—gi)F.
Tonc1120nN2m 20 Rm™ |27
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6.4.1 Super-paraboloid of revolution

Let us consider the paraboloid of revolution in 3 real dimensions defined by

A2

T3 = 1‘% + a:% =T where T = T1€e1 + To€9.

We define its extension to superspace by means of the superfunction
m—1 n
~2 2 N N ~12 £2
9(x) = =X —xp, = § T — § Toj_182j — T = |&]° — 2y — 27 (M > 2),
Jj=1 Jj=1

where, in this case, =2z —zpep and X =2+ =X — ;€.

The set
{z e R™: |2|? — 2,, <0}

clearly is non compact. However, its intersection with the region
{z e R™ : x,, € [0,h]} (h>0)

gives a compact subset composed by the interior and boundary of the paraboloid x,, =
|£|> with height A > 0. This means that we can integrate over the domain (and sur-
face) defined by the superfunction ¢ in superspace with the restriction z,, < h. This
object will be called the super-paraboloid of revolution of height h > 0 and is denoted by
Sp" 2" More precisely, the domain and surface associated to SP;" 2" are given by the

characteristic functions
H(—g)H(h — z)

and
§(9)H (h — ),

respectively.

Proposition 6.14. The volume of SP:L'Z” is given by

M-—1
2 M+41

T
o T M M ¢ —oN+1,

vol(SP, 2 ) = T(AE2) ) ¢ *
0 M e —2N+1.

(6.26)

Proof.

Observe that

UOZ(SP,‘;”‘Q”):/MM H(g)H(hxm)/Oh </Rm1/BH(g) dV@) A,

Because
n 2
T

g
H(—g) = H(xm - |@|2 +£2) = Z %6(3_1)(37171 - |@|2)
i=0 7’
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we have

/ H(—g) = 7" 60D (2, — |2[2).
B

Hence, by formula (6.20) we get

/ / H(—g) dVi =q " / 5(n_1)($m _ ‘@|2) dVi — vol <$§n Bm—1|2n) 7
RrRm-1JB Rm—1

which leads to

M-1
/ / H(—g) Vs = { p(azgmy ™+ M & —2NHL
rRm-1.JB B
0 Me —-2N+1,
whence for M ¢ —2N + 1 we obtain
M-—1 h M—1 M1 M-—1
T2 M—1 T2 h—= T2 M+1
vol(SPmlzn) = 7/ Tm®  dTm = h™z
h T 2+1) 0 F(M;l) M2+1 F(M2+3)
and vol(SP,zn‘zn) =0 for M € —2N + 1. O

Remark 6.6. The above result is an extension of the volume formulae for the corres-
ponding paraboloids in the known classical cases m =2, n =0 and m =3, n = 0.

e In the case m = 2, n = 0, the parabola SPslo = {(z1,72) € R? : 22 < x5 < h} is
known to have the volume (i.e. area in R?)

n2 4 5
2h3/2 —/ widry = -h2.
_h3 3
This is exactly the result obtained when substituting M = 2 in .

e In the case m = 3, n = 0, SPE‘O = {(z1,22,73) € R3 : 22 + 23 < x3 < h} is the
body generated by the rotation of the curve x3 = x2 around the x3-axis from x1 =0
to x1 = h2. The volume of SP,?‘O is known to be

1
hz
27r/ z1(h —2?)dx, = EhQ,
O 2

coinciding with the result obtained when evaluating formula for M = 3.

Proposition 6.15. The surface area of SP,T‘% for M > 1 s given by

M—-1

T2 M1 1 M—-—1 M+1
——h Fi|—,—; ;—4h 6.27
F(Mjl) 2 2 1( 23 2 ) 2 9 >7 ( )

area(SP,znl%) =

where o Fy (a,b; ¢; z) denotes the hypergeometric function, see [2, p. 64].
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Proof.

In this case,

area(SP) = [ ota)oulal 1h =) = [ ' ([ [ s josla avs) d,.

We recall that Ox = 0x — Oz, €m. Then
8x[g] = (85c - awmem)(_fcz - -’Em) == —85([)22] + azm [xm]em = —2)A( + €m,

which leads to |Ox[g]| = (—4%2 + 1)%.

Let us now c0n51der the distribution D( ) = §(t — ) (4t +1)2, (£ > 0). The evaluation

of Din —x% = |2 — 2 % equals o(g ’8 g ’ and is given by
D 52\ - ( 1)j£ D(J) 12
(5 =30 I Do (ap)
j=0
implying

Then,

area(SPM") = (1) 7" /Oh </Rm1D (12%) d >d:cm

By the change of variables & = rw, r > 0, w € S™ 2 we get dVz = rm=2dy dS,, and

(71)%*”/IR D™ (|z|*) dVz = (~1 )”f”/ ( +OOD( ") (r?) m2dr) dS.,

m—1

_ ( 'n, *nATn 1/ D n) d

_ 77"1‘% 1 e

N 2 o D( ) dtn [t } dt

m Al () ; mea_,
- QF(iin) /0 5 (t—am) (46 + 1) 377> d

whence,
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where the last equality has been obtained from the change of variable z,, = ht.

Let us now compute the last integral which only converges when M > 1. To that end,
we first recall Euler’s integral representation formula for hypergeometric functions, see
Theorem 2.2.1 2], p. 65]. For a,b,c € R such that ¢ > b > 0, the hypergeometric function
oF1(a,b;¢; z) can be written as

Sy (a, b s 2) = M)I;((Z)—b)/o (L=t b=1(1—e=b=Tar.  (6.28)

Writing a = f%, b= %, c=b+1= % and z = —4h we obtain for M > 1 that

1
1, M-3 2 1 M—-1 M+1
4th + 1)=2 (¢t dt = - —; ;—4h
/0( +)2()2 7‘[_12 1< 27 2 ) 2 ) )7

from which the result follows O

Remark 6.7. Similar to the volume (see Remark , by we obtain an extension
of the surface area of the corresponding paraboloids for the known cases m =2, n =0
and m =3, n=0.

e In the case m =2, n =0, SP,?'O is known to have the surface area (i.e. length in
this case)

1
h2 1 1 1 Sinhil(Zh%)
Substituting M = 2 in we get the same result:

sinh™(2h2)

113 1
area(SPY%) = 2h%,Fy (—2, 5355 —4h> =h? (1+4h)2 + 5

e In the case m = 3, n = 0, the paraboloid SPS'O 1s known to have the surface area
h 1
1 1 \?2 T 3
2 2(1+—) 4 :f{4h 15—1}.
’/T/O X3 < + 4.1‘3) x3 6 ( + )
Substituting M = 3 in again we get the same result:

1
area(SPY%) = wh o Fy <2, 1;2; 4h) = % [(4h +1)% - 1] .

6.4.2 Super-hyperboloid of revolution

In 3 real dimensions, we consider the one-sheeted hyperboloid of revolution obtained by
rotating the hyperbola 27 — 3 = 1 around the xs-axis. The Cartesian equation of this
hyperboloid is

x% + w% - x% =1
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We define its extension to superspace by means of the superfunction
m—1 n
gx)= Y af —an, = Y dyyady — 1= % —1-a.  (m>2).
j=1 j=1

Observe that the set
{QERM:@F—JJQ —-1<0}

m

is non compact. However its intersection with the region
{z e R™ : &, € [=h, D]} (h>0)

gives a compact set (symmetric with respect to the plane z,,, = 0) that is composed of the
interior and the boundary of the hyperboloid |£|?—22, = 1 in R™ with half height h. This
means that we can integrate over the domain (and surface) defined by the superfunction
g with the restrictions —h < z,, < h. This object will be called the super-hyperboloid
of revolution of half height h > 0 and is denoted by SH;W”. The domain and surface

associated to SH,T‘Q” are given by the characteristic functions
H(fg)H(h - xm)H(h + $m)

and

respectively.

Proposition 6.16. The volume of SH,T‘Z” s given by

M-—1
ohm~Z 1-M 1.3 2
mlon F ,535;—h°), M¢& —-2N+1,
vol(SH, 12 ) =< T(H5H) 2 1( 2022 ) ¢ +

0, M e —2N+1.

(6.29)

Proof.

Observe that

vol(SH™?™) :/ H(—g)H(h — 2)H(h + )

RmI2n

h
:/ </ /H(f{2—|—xfn+1)dvj> iy,
—h \Jrm-1 /B

/H(fc2+x$n+1):/H(zfn+1—|i|2+22)
B B

. 2 i—1),.2 012
22/375% (22, +1— |2])
=0 '

— g 5(17,—1)(.%,3“ +1-— |@|2)

where
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Using (6.20)) we obtain,

/ / H&E 422 +1)dVe =7 6 Y22 +1-|2)?) dVi = vol ((mfn - 1)%Bm—1‘2") .
Rm—1JRB - Rm—1 -

Hence,

M—1 M1
/ /H(fi2+m2+1)dV~: F?Tél)(xiﬁl) T, M¢-2N+1,
rRm—-1JRB m - 07 M € _2N+ 1.

This implies, for M € —2N + 1, that vol(SH,:le") = 0. But for M ¢ —2N + 1 we have

M-—1

ml2n 2w 2 h M—1 hﬂ'% 1 M-1 1
UOl(Sth ):F(;—l)/o (2, +1)" 2 dxnl:W/o(1+h2t) Tt 2 dt,

2
where the last integral has been obtained from the change of variable t = 2—’; Using
Euler’s integral representation formula (6.28) for hypergeometric functions we get for
o= 1—2M7bzéjc:b+1:%andz:—h2 that

1 (! M-1 1 1-M 1 3
— | (1+Rr*)"z t72dt= oF — = —h?
2/0( + ) 2 1( 2727 >u

which completes the proof. O

Remark 6.8. Formula constitutes an extension of the volume formulas for the
corresponding hyperboloids in the classical cases m =2, n=0 and m =3, n=0.

e In the case m = 2, n = 0, the hyperbola
SH,QLIO ={(z1,20) €ER?: 22 — 22 <1, ~h <25 < h}
is known to have the volume (i.e. area in R?)

h
2/ (1+22)% doy =2 [h(hz F1)E 4+ sinh_l(h)] ,
—h

while evaluating for M =2 gives

-1

1
vol(SHilO) =4h o F (2, BY

N W

;—h2> —2 [h(h2 +1)% 4+ smh—l(h)} .

e In the case m =3, n =0,

SH,?IO = {(z1,20,73) €ER® :2? + 23 —23 <1, —h < a3 <h}
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is known to have the volume

h h2
7T/ (x§+1)dm3:27rh<1+3),
—h

while substituting M = 3 in yields
1 h?
vol(SH) = 2h o Fy <—1, 5 2 h2> = 27h (1 + 3) .

Proposition 6.17. The surface area of SH,TI271 is given by

Ahr T 1 13-M 3
m|2n r (b) £
area(SH, ") = 2

0, M e —2N + 3,
(6.30)
where F1(a;b1,be;c; 21, 20) denotes Appell’s hypergeometric function, see [4, p. 73].

Proof.
Observe that

area( SHm‘Qn /]R ) «[9]| H(h — ) H(h + )

/i(/w/ )

Ox[g] = —(0x — 8xmem)(§<2 + zfn +1) = —0x[%%] + Os,, [xfn}em = —2X 4+ 2z €.

where

Then,

M

|0x[9]] = 2|% — Tmem| =2 (—)22 + xfn)

Using Proposition [6.8] we write

ol

5(9) |0xlgll =20 (X* + 22, +1) (—%* +22,)? = K(-%?),

where K denotes the distribution

N

K(t)y=26(zp, +1—1) (t+a7,)*.

Moreover

22 A12 a2 - (_1)7@2]‘ @ (152
K(-%*) = K(12]* —2%) =) ~————KY(|z]),



6. Distributions and integration in superspace 186

/ 5(9) 10xg]] = / K(-%%) = (~1)" " K (|2]2),
B B

h
area(SH;ann) z/ (/ (—1)"71'”K(")(|i’|2)dV5;> dx,.
Rm—1

—h

whence

and finally

Direct computations yield

(71)%*”/ K™ (&)%) dV; = (71)%%/ (/ K(”)(TQ)erdr> dS.
Rmfl 8771—2 O

_ (—1)n7T_nAm—1 /OO K(n) (t)tm2—3
2 0

ﬂ-inAm—l & dn m—3

et [ R [

T A1 m—1 . > M-—3
5 H( 5 —g)/o K(t)t

j=1
where for the special case n = 0 we put by convention H(;:l (m—l —j) := 1. For
% € —N, it immediately follows that H (— - j) = 0 and in consequence
area(SH,TlQn) 0. But for -3 ¢ —N we have,
" Ayl 0 1o
e [ KO (apyav, = T An T )/ 20 (e, 41— 1) (t+a) 05 de
Rm—1 2T (T - n) 0
271.1\/12*1 (2 ) +1)%( 9 +1)w1;3
T (M=) \“Pm Lm -
T (#5)
Thus,
iy AT L,
area(SH), ") = — 5~ / (207, +1)% (z7, + 1) 7 dap,
F( 2 ) 0
2hr T

e / 2 )B4 (6.31)

2

2
where the last equality has been obtained by the change of variable t = %

The last integral can be written in terms of the so-called Appell’s hypergeometric function
of the first kind. Such a function constitutes an extension of the hypergeometric function
of two variables and it is defined by

— S J+k (bl) (bZ) J k
(a’ b17b2ac Z]_,ZQ - Z )J+k]'k' 2122

)
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see [4, Chapter IX] for more details. We now recall the integral representation of
Fi(a,by,bo;c; 21, 22) for ¢ > a > 0, see [4, p. 77]:

L'(c) ! -1 —a—1 —b —b
Fi(a; by, by c = = ¢ 1—6)° ¢ 1 — z18) "7 (1 — 2ot) "2 dt.
asbrboscin,22) = prom s [ 0 a1 = )
Taking a = %, b, = —%, by = ¥7 c=a+1= %7 21 = —2h? and z, = —h? we obtain,

M-3 _ 1

1
/(2h2t+1)%(h2t+1) Tt rdt=2F (-— -;—2h27—h2). (6.32)
0

Finally, substitution of (6.32) into (6.31)) yields (6.30). O

Remark 6.9. Similarly to the previous results, extends the known formulae for
the surface area of the corresponding hyperboloids in the classical cases m = 2, n = 0
and m =3, n=0.

o The hyperbola SH?L‘O (see Remark is known to have the surface area (i.e. length
in this case)

(1+h2)% 1 1 ! 1 1 1
5= 4/ (20f = )% (2} — 1) 72 dan = 2h/ (2h%t +1)3t 3 (B2t + 1) dt,
1 0

where we have used the change of variable x1 = (th2 + 1)%, 0<t<1. Then
immediately shows that

which is the same result obtained when substituting M = 2 in .

e The hyperboloid SH}?;‘O is known to have the surface area

h
27r/ (202 + 1) day =7 [2h(2h2 +1)% + 23 sinh—l(ﬁh)] .
—h

On the other hand, substituting M =3 in we obtain

1 1 3
2 2%

1

=7 [2h(2h2 +1)% 423 sinh—l(Q%h)] .

area(SH,?;IO) =4hm Fy ( i —2h%, —h2>

A summary of all previously computed volumes and surface areas is provided in Table

6.1
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6.5 Distributional Cauchy-Pompeiu formula in super-
space

The integration over general domains and surfaces in superspace introduced in Section
[6-3] allows to extend and unify the respective known versions of the Cauchy-Pompeiu
formulae in superspace. In [24] [38], the following Cauchy-Pompeiu formula was proven
for bounded domains 2 C R™:

Yy T T

where v," 2" is the fundamental solution of the super Dirac operator J, see [37]. The
proof of this formula runs along similar lines as the traditional approach (see e.g. [44]
p. 147]). It does not require the use of distributions since it only considers integration
over real sets composed with the Berezin integral. In [24], another version of the Cauchy-
Pompeiu formula was obtained for the unit supersphere S~ 12", Its proof is based on
and uses the distributional approach on the supersphere described in Example

/ VP (x — y)228(x% + 1)G(x) +/ P (x -y H (X2 4+ 1) (0xG(x))
RmI2n

RmI2n
— Bm
_ ] OW) yEBT ey
0, y ¢ B™.

Both formulae generalize, in a certain way, the classical Cauchy-Pompeiu theorem in
R™; see e.g. [44 p. 147]. Yet this extension is not complete. Indeed, formulas
and only allow for integration over real domains (and surfaces) and the superball
(and supersphere) respectively. In this section we show how our general integration
approach allows to obtain a distributional Cauchy-Pompeiu formula in superspace for

which (6.33)-(6.34]) are obtained as particular cases.

We start with the following Stokes theorem in superspace.

Theorem 6.1 (Distributional Stokes Theorem, [24]). Let F,G € C*(Q) ® G, ®

Cm,on and o € 5'®(’5§ZU) a distribution with compact support such that suppa C Q2 C R™.
Then,

/ (Fo) aG + Fa (9:G) = — / F (00) G. (6.35)
RmI2n RmI2n

Proof.

The proof is based in two fundamental observations: the support of « is compact and
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the operator [, 0y, is identically zero. Hence, for F,G € C*(Q) ® B, we have

9. [FaG) = 0, / 9. [FaG] = 0.
B

Rm

But
0z [FaG] = (0, F)aG + Fa(0,G) + F(0,0)G,
and by we get
Og[F*aG] = (0zF")aG + F(9z aG) = —(F0z)aG + Fa(9;G) + F(9; )G,
whence,

/ (0.F)aG + Fa(9,G) = — / F(9,0)C, (6.36)
Rml2n R

m|2n

/ —(FO3)aG + Fa(0,;G) = — / F(9p0)G. (6.37)
RmI2n RmI2n

Subtracting (6.36)) from (6.37]) we get (6.35) for F,G € C*(Q) ® &o,. The extension to
Clifford valued functions in C*°(Q) ® Ba,, @ Cyy, 2y, s easily done by multiplying from the

left and from the right with the corresponding Clifford generators e, e;. (|

In particular, if we take o = H(—g) with ¢ € C*(R™) ® 655:) being a phase function
such that {go < 0} is compact, we obtain a Stokes formula in superspace compatible
with the notions of domain and surface integrals that we have introduced in Section [6.3]

Corollary 6.1. Let g = go+g € C>°(R™) ®®§f) be a phase function such that {go < 0}

is compact and 9y[go] # 0 on gy ' (0). Then, for F,G € C®(Q) @ G, @ Cpn2n such that
{90 <0} C Q one has

/Rmm H(-9)[(FO) G + F (0G)) = [ Fi(9)alslG. (6.38)

RmI2n

Proof.

The support of H(—g) clearly is {go < 0}, which is compact. Then (6.38) is the result
of substituting & = H(—g) in (6.35)) and proving that 0x[H(—g)] = —0x[g]0(g). Indeed,
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by (6.10) we get

= —0(90) D [90] G oy O 818 Do)+ 50 g0y o]
=1 '
-~ (=8) sy S8V o
= =0y lg0] > 09 (—g0) — O, [g] =—0"(—g0)
=0 L =0 7
— 0., lanldte) - 0n.lg) (50) - 15" (a0
= —0x,[916(9),

the last equality being obtained on account of the nilpotency of the element d,, [g] which
implies 9,, [g]g™ = 0.

Using formulae (3.10)) we easily get by induction that 9z, [g/] = jg’ 10y, [g]. Then,

n

Z@wk { 5(J V(g )} = —Zl((;g_)]l_)lafk[gw(j_l)(—go)

-0} (00) - B0 an) )
= —0x,[8]0(9)-
Now, one easily concludes that Ox[H(—g)] = —x[g]d(g)- O

As an immediate consequence one obtains the following Cauchy theorem for super mono-
genic functions.

Corollary 6.2 (Clifford-Cauchy theorem in superspace). Let g = go+g € C°(R™)®
ev) be a phase function such that {go < 0} is compact and 9,[go] # 0 on gy *(0). Then,

for every super-monogenic function G € C(Q) @ B, @ Cry2n such that {go < 0} C Q
one has

/ 5(9)0xlg]G = 0.
Rm™|2n

In order to prove the distributional Cauchy-Pompeiu formula we need a distributional
version of the Stokes formula . We recall that two distributions in & ® ®,,, can
be multiplied if they have disjoint singular supports, see Definition and . Going
back to the proof of the Stokes formula , we have that

0y, [BaG]dV, = 0,
R'HL
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and

/ 0z, [8aG) = 0.

where o € 5’®Q52ev) and 3 € £ ®®,,, are such that sing supp aNsing supp 8 = 0. Hence,
we can repeat the proof of Theorem [6.1] - to obtain (6.35)) but with F' € 5’ ® 62n ® Cpn,2n
satisfying sing supp N sing supp F' = (). Applylng thls reasoning to , for which
we are considering o = H(—g), we immediately obtain the following consequence

Corollary 6.3. Let g = go+g € C°(R™) ®Q5§f) be a phase function such that {go < 0}
is compact and Jy[go] # 0 on g(;l(O). Moreover let f € €' @ By, @ Cpy 2, such that

sing supp BN g~ +(0) = 0.

Then, for G € C*(Q) @ Gay, @ Cpy2n such that {go < 0} C Q one has

/ H(—g) [(80x) G + B (0xC)] = / 86(9)0x 191G, (6.39)
Rm2n RmI[2n

where the distributional products H(—g)(80x), H(—g)B, Bd(g) are understood in the
sense of -.

Proof.

It suffices to note that sing supp H(—g) = g5 *(0). O

In [37], the fundamental solution of the super Dirac operator Jx was calculated to be,

n—1 2k+117. n 2k .|
m|2n _ 2 k m\O 2n—2k—1 n 2°7k! m|0  \2n—2k

Z 1 Pakred -y 1 P . (6.40)

k=0 k=0 ’
where @?‘0 is the fundamental solution of @7. Observe that

m|0 m|0 1 4
(@) = (@) = S 1] Tz
The superdistribution ]"*" satisfies
" (x) = 0(x) 2" = 6(x) = 1" (%),
n!
where
" 2n
o(x) = 6(:U)Fg

defines the Dirac distribution on the supervector variable x and &(x) = 6(x1) - 0(zm)
is the m-dimensional real Dirac distribution. It is easily seen that

(0(x—y),G(x)) = / o(x —y)G(x) = Gly), (6.41)

RmI[2n
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or equivalently,

- 6(z —y)Ga(z)dVy = Gal(y),

" « w2n s .
f/(z—y)2"§A=yA,
B

n!

where y = y +y and G € C*°(Uy) ® &2, with Uy C R™ being a neighbourhood of y.

In 1D we can effectuate the substitution 5 = VT‘Q"(X —y) with y = y + 3 such that

go(y) # 0. Indeed, it is easily seen that sing supp V{n\2n(

get

x —y) = {y}. In this way we

/ 5(x — y)H(—g(x))C(x)
RmI2n

= / V"2 (x—y) 8(g(x)) (9xg(x)) G(x)— / VP (x—y) H(=g(x)) (0cG(x)) .
RmI2n RmI2n
(6.42)

Let us now examine the distributional product

n

5= ) H(=g00) = Ty =92 30 B 50— st (gn(e))

=0

It is clearly seen that sing suppd(z —y) = {y} and sing supp U= (—go(z)) = g5 *(0),

whence, immediately shows for go(y) # 0 that
8(z — )Y (=go(x)) =0, j=1,....n.

Thus §(x —y)H(—g(x)) = d(x —y)H(—go(z)) and then, yields

/ 5(x — y)H(—g(x))C(x) = / 5(x — YV H(~g0(x))G(x) = H(—g0(1))C(y).
RmI2n RmI2n

(6.43)
Substituting (6.43) into (6.42) we obtain the following distributional Cauchy-Pompeiu
formula in superspace.

Theorem 6.2 (Cauchy-Pompeiu theorem in superspace). Let g = go + g €
C*®([R™) ® 65?) be a phase function such that {go < 0} is compact and Jz[go] # 0
on g 1(0). Then, for G € C®(Q) @ Bay, @ Cyy 2 such that {go < 0} C Q one has

[ A = 31000600 (g () Gx) — [ ) H (g0 (06)

RmI2n
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As mentioned before, Theorem [6.2] extends and unifies the known Cauchy-Pompeiu for-
mulae (6.33) and ( (see Theorems 7 and 11 in [24]). Indeed, in the particular

case g = go, formula (6.33) immediately follows from (6.44). On the other hand, for
g(x) = —x? — 1, formula (6.44)) yields the supersphere case (6.34)).

The Cauchy integral formula for super-monogenic functions then reads as follows.

Theorem 6.3 (Cauchy integral formula in superspace). Let g = go+g € C°(R™)®
Qﬁéev) be a phase function such that {go < 0} is compact and 9,[go] # 0 on gy *(0). Then,

n

for every super-monogenic function G € C®(Q) @ Gz, @ Cpy 25 sSuch that {go < 0} C Q
one has

/R . VP (x — y) 6(9(x)) (Bxg(x)) G(x) = { (6.45)



Bochner-Martinelli formula in superspace

The Bochner-Martinelli integral representation constitutes a classical generalization, to
the case of several complex variables, of the Cauchy integral formula for holomorphic
functions in the complex plane. This representation reads for every holomorphic complex
function f on some bounded domain Q C C™, with smooth boundary 0f2, as

)= [ f(2)KzU), UeQ, (7.1)
o0

where IC(Z, U) is the exterior differential form of type (m,m — 1) given by

m

K(z,0) = DS g

(2mi)™ =

¢ =
J c
dzj,

‘Z7Q|2m

C_
Zj u

with Jz\; = dzf Ao Ndz§_y Ndzf g N Ndzgy Adz A - A dzy, and ¢ denoting
the complex conjugation. The form K(Z,U) is the so-called Bochner-Martinelli kernel.
When m = 1, this kernel reduces to the Cauchy kernel (27i)~1(2 — u)~!dz, whence
formula reduces to the traditional Cauchy integral formula in one complex variable.
For m > 1, K(Z,U) fails to be holomorphic but it still remains harmonic, see e.g. [59].
Formula was obtained independently and through different methods by Martinelli
and Bochner, see e.g. [58] for a detailed description. The interest for proving different
generalizations of the classical Bochner-Martinelli formula has emerged as a successful
research topic.

A second important generalization of the Cauchy integral formula is offered by Euclidean
Clifford analysis. In this framework the Clifford-Cauchy integral formula for monogenic
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functions reads

f() = /6 A ) n(a) f@)dSs, yeo.

Observe that this representation corresponds to the pure bosonic version, i.e. n = 0, of
formula (6.45). This integral formula has been a cornerstone in the development of the
Euclidean monogenic function theory.

Both integral representations above were proven to be related when one considers Hermi-
tian Clifford analysis. Indeed, in [II] a Cauchy integral formula for Hermitian monogenic
functions was obtained in the purely bosonic case by passing to the framework of circulant
(2 x 2) matrix functions. This Hermitian Cauchy integral representation was proven to
reduce to the traditional Bochner-Martinelli formula when considering the special
case of functions taking values in the zero-homogeneous part of complex spinor space.
This means that the theory of Hermitian monogenic functions not only refines Euclidean
Clifford analysis (and thus harmonic analysis as well), but also has strong connections
with the theory of functions of several complex variables, even encompassing some of its
results.

The main goal of this chapter is to extend the Bochner-Martinelli formula to super-
space by exploiting the above described relation with Clifford analysis. We first address
the problem of establishing a Cauchy integral formula in the framework of Hermitian
Clifford analysis in superspace (the building blocks of which were introduced in Chapter
3). To this end, we use the general distributional approach to integration in superspace
provided in the previous chapter. Finally, we establish the connection between Hermitian
monogenicity and holomorphicity in superspace by considering an specific class of spinor
valued superfunctions (Section . As one may have expected, the obtained (super)
Hermitian Cauchy integral formula reduces, when considering the correct projec-
tions, to a new extension of the Bochner-Martinelli formula for holomorphic functions in
superspace.

7.1 Hermitian-Stokes and Hermitian-Cauchy theorems

The aim of this section is to translate the distributional Stokes theorem and the
Clifford-Cauchy theorem [6.2) into the Hermitian Clifford analysis framework in super-
space.

In the remainder of this chapter, we will denote by € some open region in R?™. As
was the case with Oy, the notion of super-monogenicity may be naturally associated to
J3(x) as well. Then a function F' € CH(Q) ® By, ® Com 2y is called a (left) Hermitian
super-monogenic (or hs-monogenic) function if it satisfies the system

Ox[F] = 0= O3(x)[F]

or equivalently, the system
8Z[F] = 0 = 8ZT[F]
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For further use we recall that
(2)* = (z)* =0, (02)° = (921)* = 0,
and moreover,
Domjan = —0% = =03 (x) = 4{02, 0zt } , {0x, 03} = 0,

where
2m n
E 2 E
A2m|2n = 6xj - 4 afzjflaafzj
j=1 Jj=1

is the corresponding super Laplace operator. Moreover, if one defines
Z|* = |27 = {Z,27},

one immediately has

m

. n m n
i~ N
Z)? = |Z1)? =) 225 - 3 Yz =) @t =Y daamy; = x[P = I(x)
i=1 i=1 =1 =1

In Section the theorems of Stokes and Cauchy were already formulated in terms of
the super Dirac operator dx. Clearly, the action of the complex structure J allows to
restate both theorems for d(y), leading to their “twisted” formulations below.

Theorem 7.1 (Distributional Stokes Theorems). Let F,G € C*(Q) @ &3, @ Cpy 20,
and a € &' ® (’5;") a distribution with compact support such that suppa C Q. Then,

/ (Foy) aG + Fa (9,G) = — / F (040) G,
R2m|2n

R2m|[2n

/]R27n|2n (Fa‘](x)) aG + Fa (aJ(x)G) = _/ F (8J(x)()[) G.

R2m|2n

Corollary 7.1. Let g = go+g € CDQ(RQ"‘)(@@%)) be a phase function such that {go < 0}
is compact and 9y[go] # 0 on gy ' (0). Then, for F,G € C®(Q) @ Gy, @ Cpn2n such that
{90 <0} C Q one has

L HE PG+ F @O = [ Folg)onlslG.

R2m|2n

/R| H(=g) [(FO30) G+ F (050G)] = / F8(g)y0[9]G-

R2m|2n

Corollary 7.2 (Clifford-Cauchy theorems). Let g = go + g € C*(R™) ® 6%2”) be
a phase function such that {go < 0} is compact and dz[go] # 0 on gy *(0); and consider
G € C™(Q) ® Bay, @ Cpy 2, with Q such that {go < 0} C Q. Then,
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(i) if G is Ox-super-monogenic, one has
/ 3(9)0x[9]G = 0.
RmI2n
(ii) if G is Oy(x)-super-monogenic, one has

/ ) 5(9)3J(x)[9]G:0~
Rm[2n

Using (3.35)) we easily obtain the following equivalent results in terms of the Hermitian
Dirac operators dz and Oz .

Corollary 7.3 (Hermitian Clifford-Stokes theorems). The following formulae hold
under the same conditions as in Theorem [Z]

/ (Faz) aG + Fa (azG) = — / F (aza) G, (72)

R2m|2n R2m|2n

/ (Fog1)aG + Fo (0g:G) = — / F(9g10) G. (7.3)
R2m|2n R2m|2n

Corollary 7.4. The following formulae hold under the same conditions as in Corollary

VA

/Rmm H(—g)[(Foz) G + F (02G)] :/ F3(9)2]9]G,

R2m|2n

[ o Fae = [ o

R2m|2n

Corollary 7.5 (Hermitian Clifford-Cauchy theorems). Let g = go+g € C°(R™)®
QS;ZJ) be a phase function such that {gy < 0} is compact and 9,[go] # 0 on gy *(0). Then
for every sh-monogenic function G € C°(Q) ® Gay, @ Cpy 2n such that {go < 0} C Q one

has

/ 6(9)0zlg]G = 0, / §(9)0z+[9]G = 0.
R2m|2n R2m|2n

7.2 Fundamental solutions for dx and Oy

In this section we provide explicit expressions for the fundamental solutions of the super
Dirac operators dx and Oj(x), and perform some important computations with them.
First we need the following result, for which we consider a general bosonic dimension
m € N (not necessarily even).

Theorem 7.2. If M = m — 2n ¢ —2N + 2, the fundamental solution Vim|2n gen in

has the form

m|2n _ 1 X
vy (%) = Sm—1i2n| [x| M
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where \Sm’1|2"| = % 1s the surface area of the unit supersphere, see Proposition|6.1%
2

Proof.

We first recall that the fundamental solution of A¥ | where A,,, = Z;n 1 8 is the Laplace
operator in m bosonic dimensions, is given by

i (e — _ GO (k)
o (L) = |Sm=1|2k=1 (k — 1)! He L(20—m )_ 92k 7m/2 (k) |z|™ (7.4)

if m—2k ¢ —2N+ 2, see [3]. Then the above formula can be used for every k < n, since
the condition m — 2n ¢ —2N + 2 directly implies m — 2k ¢ —2N + 2. Indeed, it suffices
to observe that m — 2k =m — 2n+ 2(n — k) with n — k& > 0.

Since AR+l = (—1)k+192k+2 we can write

Lz k1) lapte
m|0 k+1. ml0 P) x -
Popro = (—1) y2k+2_22k+27rm/2f(k+1) [ k=0,1,...,n—1, (7.5)
L2 oK) sl
m|0 ml0 | 2 X |T -
ity = B [l = I T) e F=0heone L (70

It is easily seen that (7.6 also holds for k = n. Indeed, writing

mlo I' (3 —n) z|z[*"

Pl T Tt m/2 (4 1) |z™

we immediately obtain

L(g-n) e
m|0 _ 2 = _ .m0
0 |eith] = 3 T2 T() [z P

This means that the above expression for w%il constitutes a fundamental solution for

2n+1
o2n+1,

Now, substituting (7.5)-(7.6) into (6.40) we get

n [nlp(m _p_q 2(k+1) "o (m 2k
m2n T lz (2 ) |z| p2n—2k=1 4 Z = ( 2 ) z |zl g 2n—2k

T Tn—k) |z © (n—k+1) g™ ©

k=0 k=0

n m _ 2k m 2k
1 l ( k) @| 22 2k+1+zr (2 k) £@| an—Qk]

= T+ 1) [z (n—k+ 1) 2 *

1 —~ T (% — k) 2k—m 2n—2k ( ) L op
M |7‘ x + i xo. (77)
oy 'n—k+1) 212 I'(n+41) |z|™
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Recall (see (6.5)) that

1 ~2¥ T (3 —m+j)
S |$|2— \2 ;2m—| | m+2n—2j
= E i
_ 1 = F(%* ) 2k—m 2n— 2k
r(g—n)z)r(n— +1)|‘

Substituting the later into (7.7) we obtain

joizn _ 1 (r(@f)_ r(s) )

2nM/2T (n+ 1) |z|™ =

+

1 = 27TM/2 |X|M I‘(n—i—l) |§|m
1 X

= [Sm—112n] [x|M’

which completes the proof. O

If we now consider an even bosonic dimension, i.e. M = 2m — 2n, we easily obtain the
fundamental solution of Jy(x) as shown in the next result.

Corollary 7.6. For M =2m —2n ¢ —2N+ 2, i.e. m > n, the fundamental solutions of
Ox and Oyx) are given by,

2m|2n 1 X
1 T|S2m-li2n| x| M7
and
2m|2ny 1 J(X)
Jo ) = |S2m—112n| [x| M~
respectively.

7.2.1 Finite part distribution and spherical means

One of the fundamental tools used in the distributional calculus with 1/12 mI2n and J (1/12 mlz”)

is the distribution "finite part” Fpt!, on the real line. For a better understanding, we
give its definition and list some of its main properties.

Let p be a real parameter, ¢t a real variable and consider the function
wo_ Jt=0,
* o, t<o.

For p > —1 the function ¢4 is locally integrable and hence constitutes a regular distri-
bution, i.e.

+oo
(t ) = /O P (F) dt, 6 € C°(R). (7.8)
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The finite part distribution Fpt% is an extension of the regular distribution #/| to every
value ¢ € R. The idea of this extension is to consider only the finite part of the integral
(7.8). In this way, for —1 < u, one easily defines

(Fptly, ¢) = (th, ),

while for values of the parameter u in the strip —(k+ 1) < p < —k, k € N, one puts

Jj— 1)() ehti

+oo (G
(Fpth, ¢) := Elim / th(t) dt + Z ¢

—0% —D8 (u+9) )
and finally, for negative entire exponents u = —k, k € N,
+oo k=1 (- 1) c—k+i ¢(k—1)(0)
Fpth, ¢) := li t=Rg(t) dt # 1
(Fpts, )= lim, / ol)di+| . (;-1 T ) oy e

i=
The notation oo
Fp / P (t) dit
0
is often used for (Fp !/, ¢).

Proposition 7.1. The following properties hold for Fpth .

(i) tFpth = Fpth™, u e R,

/’(‘Fpti_la /j/¢ _N+1a
(i1) —Fpt“ = L1

—k)Fpt P 4+ (=1DF=6® (), pu=—k keN-1.
+ k!

In order to compute finite part distributions in R™ we need the so-called generalized

spherical means, see e.g. [I8, [I7]. Let ¢ € C°(R™); putting x = rw, r = |z|, we define
the generalized spherical means

1
r) = [Sm1] /m ) P(rw) dSw,

SO(r) = 2O wdl(r) = i [ wotrw)

It is clear that
O] : Ry = C, »M[g] : Ry — C™,

are C'*° functions with singular support. We now list some important properties of these
spherical means. The proofs of these results can be found in [I§].
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Proposition 7.2. For a test function ¢ € C§°(R™) one has
(i) Oz ¢] = rsW[g],
(ii) 2W[z ¢] = —r £ [g],

(iii) [0, ¢] = (9, + L) £W[g],
(iv) 2W[8, ¢] = -0, 5O [g],

(v) (6(r), = O¢]) = (5(x),9),
(vi) (5(r),=M[g]) =0,
(vii) (&'(r),ZW[¢]) = 1 (0:0(), 6).

We now have introduced all elements needed for computing the action of the distribution
Fp |z|} on a test function ¢ € Cg°(R™), i.e

(Fplz|}, ¢) —Fp/ z|* p(z) dV, —Fp/ / w)r™ ! drdS,
= Fp/ pAtm—1 (/ o(rw) dSw> dr
O S?nfl

=" Ep [ IO ar
0

= |57 (Fprytm =, 5O g]) (7.9)

This motivates the introduction of the following distributions (see [I8| [I7]):
(Th.¢) = 5"~ (Eprt, 2©fg)]).,
(Un,9) = 81 (Fprt, 2Vg]),

where © = A 4+ m — 1. In this way, one has in R that

z |z|*

|z|™

Fp'=— =T, Fp = U,. (7.10)

Indeed, the first equality directly follows from ([7.9) while for the second one it suffices
to note that

" "
it o) - [ ZZswav,
™ R [2[™ N

=Fp / / phtl-m wqﬁ(rw)rm_l dr dS,
0 Jsm-1

~p /0 T ( /S  wg(ru) dSw> dr

= 15" (Fort, SV[9]) = (Un, ).
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7.2.2 Distributional calculus for V12m|2n and J(yfmp")

We are now able to compute dy[J(v2™*")] and D3(x) [v2™2"] with the help of the above
defined distributions.

Proposition 7.3. For m >n (i.e. M = 2(m —n) ¢ —2N + 2) it holds that

2m|2ny; _ 2B 1 M xJ(x) By

Ox[I (1 )| = S2m—112n| Fp e + S2m—12n| Fp REEE + E‘S(X)’ (7.11)
oml2n; _ —2B 1 M J(x)x By

0311 = |S2m—112n]| Fp x| M + |S2m—112n]| p x| M+2 E‘S(X)» (7.12)

where the distribution Fp a > 0, is defined in superspace as

‘X|M+(x’
1 1 " T(m—k+2) z|?* ook
Fp = = pEMTER, 7.13
x[Me T T(m—n+2) 2 Tn—k+1) © |zgPmte® (7.13)

k=0

Remark 7.1. For n=0, formulae — coincide with the corresponding expres-
sions in the purely bosonic case computed in [T1).

Proof.

From Corollary [7.6] we have in distributional sense that

2m|2ny 1 1
J(v )*WJ(X)pr-

O3 (P2 = W (ax {Fp PJM] J(x) + Fp @ax [J(x)])

2B 1 1 1
- |[S2m—1[2n| Fp x| M + |S2m—1]2n] Ox [ P||M} J(x) (7.14)
Using (7.10)) and ((7.13)) we obtain,
1 1 " T(m—k) T
x| = o [ Topam 22772 1
0 [p|x|M} F(m—n)kz::ol“(n—k+1)a [ Totam 27| (7.15)

where

ax |:T2k_2m§\2’ﬂ72k3:| — _8£ [TQk_zm} £\2n*2k +T2k:—2m 8@ |:£\2n72k:| )
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By Propositions [7.1] and [7:2] we now get,

(0 [Ton-2m] ) = —(Tot—2m, 0 [8]) = =[5 1 (Fpr3 =1, £ [0,0])
=g (ot (o4 22 ) 5000
= 8?7 <dd Fpritt 2<”[¢1> — [s2 1 ((2m — 1) Fpr 2, £0g])
= |81 (2K — 1) Fpr2t =2 — 508/ (r) — (2m — 1) Fpr =2 5D g])

_ (2k‘ . 2m)‘§2m_1‘ <Fp?“ik72, Z(l)[¢}> _ 5k,0|82m_1‘ <(5/(T)7 2(1)[¢]>

5k70|82m71‘
= (2k —2m) (Uzg—2m—1, ¢) — ~ om <8£6(l) , ¢>
5} Smel

= <(2k —2m)Usjp—am—1 — %a@@) , ¢> ,

or equivalently,
5} Smel
0 (Ton—2] = (2% — 2m)Uns s — 20" 5(a).
m
Moreover,
R {Q«anﬂc] —2(n— k/,)£\2n72k717 k=01,....n,

where we are formall defining 02 ™! := 0 in the case k = n. Hence we conclude that

ax {T2k—2m £2n—2k:|

5k,0|82m_1|

=2(m — k)Usk—2m-1 27" +2(n — k) Topom 27" 7271 + =50 0y0(z) 2"
m 'z
(7.16)
Substituting this into (7.15)) we obtain,
1

Ox —
o

1 " 20 (m — k) n 2n—2k—

= Tm—n) Z M=kt 1) [(m k) Usp—2m—1 22" + (n — k) Top—opm 2°" 2 1}
k=0

IWe recall that the element 2 ~1 does not exist due to the nilpotency of 2.
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which yields

1
on P
2 ~I(m—k+1) 2n—2k = L'(m —k) 2n—2k—1
= Usp—om— —=T5_
I‘(m—n) |J€_0 P(?’L—k+1) 2k—2m—1 L +kZ:0 F(ﬂ—k) 2k—2m L
ﬂ-m 2n
+ 0,0(z) 2

2 —~D(m—k+1) -2k N~ L(m —k+1) \2n—2k+1
= Usk—2m— = Lak—2-2m L
F(mn)LZ_OF(nkJrl) 2k—2m—-1L +k:11“(n—k+1) 2k—2—-2m L
,R_’rn
am(; 2n
* ml(m—n)T'(n+1) — ()2
n _ 2%k—2 2k —2
_ 2 P(m—k+1) <F x|z - +Fp £|2|2m )on_Zk
I(m—n) &= T(n—k+1) |z |z
2F(m + ].) 2 T 2
Uf e n 816 n
T a1 002+ o — T 1) 2@
2% (T k+1) o 20(1m + 1) .
T(m —n) z_: (r(n— k+1) Plgpmz® Tttt 2t
ﬂ.m
0x6(z) 2"
* ml'(m —n)l'(n+1) * (z)2
Then from (7.13]) we get,
2x I'(m+1) 1 9
Ox |F = I'(m— 1)F — e
{ ’ |xM] F(m —n) { ot VP s~ T4 n) P e
2F(m + 1) 2 T 2
U_om_1 2" 0z0 "
T a1 0021t o — T ) 2@
X ™
=2(m—n)F ,6(z) 2" 1
(m = n) Fp |x| M+2 + mI(m —n)I'(n+1) Ou0(z) 2 (7.17)
Substitution of (7.17)) into (7.14) yields
OxlI (")
1 1 xJ(x) ™ 2
- _(9BFp—— + MF 8,0(x)I(z) 22" ) .
e (2B g 4 M T e A 3 2”)
(7.18)

Observe now that, for any complex valued test function ¢, one has

(0:6(2) I(z),0) = — (6(z), 0 [I(z)g])
=—(0(z), —2Byp + 0x [¢] I (z))
= (2Byd(z),9) ,
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which implies that

Hence, since

n!
we obtain,
™ oo _ 2T 20 _ [SP1E)
ml(m = )T+ 1) 0:6(z) J(z) 2" = ml“(%)n! Byé(z)z”" = By6(x).

Finally, substituting the later into (7.18]) we obtain ([7.11]). Formula ([7.12)) easily follows
from applying J to both sides of (7.11)) and using the properties J2[12"1?"] = —p2mI2"

and J(B) = B. O

7.2.3 Hermitian counterparts of 2"*" and J(v2"*")

Similarly as above, we introduce the following Hermitian counterparts to the pair of

fundamental solutions (1/12"”2"7 J(yfm‘zn)), for m > n:

t
\Ij;n|n _ V12m|2n + ZJ(V12m|2n)7 \Ij;n|n _ (V12m\2n _ ZJ(VIQm\Qn)> 7

or equivalently,

;
m|n o 2 Z mint . 2 Z
by (Z) - |82m—1|2n| ‘Z|M’ by (Z) - |SQm—1|2n| |Z|M’
where we recall that |Z| = |x|. As in the purely bosonic case, see e.g. [II], ¥ and

t
\Ilgn‘n are not the fundamental solutions of the Hermitian super Dirac operators 0z and
Oz+. Indeed, from (7.11)-(7.12)) one obtains the following results.

Proposition 7.4.

min _ m + 1By 5 + 1B 1 B M YAV _ ominf
079, = m d(x) |S2m—1]2n| p x[M  |S2m-1f2n] Fp x|[M+2 Uy Oz,
(7.19)
m|n m ’nT
Ozt UM =0 = 0" 9y, (7.20)
m 'I'LT min
Oz0 =0 =00,
. M . T
mint _ m —1iBy B 5 +iB 1 M 272 n
Ot Wy = — o(x) S2m—12n| Fp x| + S2m—12n]| Fp Ix[M+2 ~ vy Oz
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Proof.

We will only prove the left equalities in (7.19) and ([7.20]) since the remaining ones can
be proven along similar lines. We first observe that

mi|n 1 . m|zn . m|zn
g0} = 7 (0x = i030x)) (Vf A (e ))

-1 (™" 4 0303 (™M) ) 1 (I W™ P") = By )|

11 1B 1 2M xJ(x) | 2By (X))]

=1 {25()() T <|S27n—1|2n| Fp R T S2m—12n Fp REEE

m + 1By 1B 1 M xJ(x)
) .
om (x) + S2m—12n| Fp x| M + g|sem—12n| * P x| M+2

On the other hand it can be easily proven that
xJ(x) = —i|x|? + 21Z'Z.

Substituting this result into the above formula, we get (7.19)). For (7.20) it suffices to
note that

min 1 . mlzn . mlzn
azr\lfl In _ ~1 (8x + Za](x)) (1/12 12 + ZJ(I/12 12 ))
1 2m|2n 2m|2n . 2m|2n 2m|2n
= _Z [<3XV1 2n _ 8J(X)J(V1 | )) +1 (8XJ(Z/1 | ) + a](x)ul | )}
which completes the proof. O

Proposition shows that the functions \Iﬂlnln and \IJTMJr are not hs-monogenic. Nev-
ertheless, they can be combined in a (2 x 2) circulant matrix in order to obtain the
Hermitian Cauchy formulae in superspace. This approach is inspired by the one used in
the purely bosonic case, see e.g. [11] [62].

Theorem 7.3. Introducing the particular circulant (2 x 2) matrices E|

f
A Oz O min (W7 ey (60
D(Z,ZT) - < aZT az ) 5 \I}2><2 = \Il’rn|nT \Ilmln 5 6 = 6[2 = 0 5 s
1 1

one obtains that | |
D(z.z) 'II’Q"XZ(Z) =4d(x) = ‘I’;nxg(z) D (z,z)-

7.3 Hermitian Cauchy-Pompeiu formula in superspace

X
the above-introduced matrix context. This observation is crucial for the matrix approach

Theoremmeans that \Il;nlg may be considered as a fundamental solution of Dz z) in

2J5 denotes the identity matrix of order (2 x 2).
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used in Hermitian Clifford analysis to arrive at a Cauchy integral formula. Moreover, it
is remarkable that the Dirac matrix Dz zi) factorizes in some sense the Laplacian, i.e.

1

T A2m 2n 0
D(z,z1) (’D(z,zf)) — ( ()‘ Agmj2n ) ’

with
t Ozt Oz
D = .
(Pzzn) ( Oy, Oy
Thus, in the same setting, we associate, with every pair of Clifford-valued superfunctions
G1,G3 € C™(Q) ®@ By, ® Com 2n, the matrix function

1 [ Gi1 Go
G (GG -

Definition 7.1. The matriz function G is said to be (left) SH-monogenic if
Dz21)G3 =0,

where 0 denotes the matrixz with zero entries.

The above definition for S H-monogenicity explicitly reads

0z[G1] + 021 [G2] = 0,
9z[G2] + 9z [G1] = 0.

When considering in particular G; = G and Gy = GT, the SH-monogenicity of the
corresponding matrix function
G Gt
G = ( Ee )

does not imply, in general, the sh-monogenicity of G and vice versa. As a clear example
to illustrate this consider the matrix G = 'Ilglx‘g, ie. G = \I,;nln_ An important exception
to this general remark occurs in the case of Grassmann-valued functions. Indeed, if

G € C>(Q) ® By, one has

02lG) + 07:1GT] = > (110-,[G] + 15 0::[G]) +20 Y (11 05, [G) = 102G
j=1 j=1

02T + 021[G) = > (1105, 1G] + 1, 0:(61) + 203 (11 0, [6] — ;022 (6.
j=1 j=1

Hence, in this case the S H-monogenicity of G is equivalent to

0.,[6] = 0.:1G) = 0
9;,[G] :ai;[G] =0, j=1,...,n,
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which can be re-written as

92[G] = 0 = 941 [G.

Another important case occurs when considering the matrix function

G 0
oo (G 0)

with G € C>(Q) ® &3, @ Cam2n- Also in this case the SH-monogenicity of Gy is
equivalent to the sh-monogenicity of G. It suffices to note that

[ 9z2]G] 9G]
D (z,z1)Go = ( 3zzf [G] aZZ[G] )

We are now in condition to reformulate the Hermitian-Stokes theorem given in Corollary
in a matrix form. The proof easily follows by taking deliberate combinations of the

formulae (7.2))-(7.3).
Theorem 7.4. Let F} and G} be a pair of matriz functions of the form with

entries in C°(Q) @ Gay, ® Com on. Let moreover o and B be distributions in &' ® ngif)
and consider the circulant matriz distribution

_(a B
==(5 1)
such that supp 3 := supp U supp B is a subset of Q. It then holds that

/RZ |2’(1?21D(Z’ZT)) 2G; + F 2 (DzznGs) = —/ F; (Dz21%) G5, (7.22)

R2m|2n

Considering now a phase function g = go + g € C*®(R?*™) ® 05(22”) such that the real set
{go <0} C Qis compact and 9,[go] # 0 on g5 *(0), the corresponding matrix distribution

_ _( H(-g) 0
S =H(—g)l, = ( 0 H(—g) > (7.23)

is a commuting matrix satisfying
9zlg]  Oz:[g] )
D X=-¢ = —4(9)D .
(Z,Z1) (9) ( dztl9]  z[g] (9) (Z,ZT)[Q]
Hence formula ([7.22]) takes the following form, when substituting ([7.23):

H(—g)[(lep(z,zf)) G% + F21 ('D(z,zf)Gé)] = F21 6(9)D(Z,ZT)[9] G%~ (7-24)

R2m|[2n R2m|2n

In order to prove the Hermitian Cauchy-Pompeiu formula in superspace we proceed as
in the previous chapter. We first observe that in (7.22)) the matrix function Fy can be
replaced by any matrix distribution

= ( Z g ) ’ 7,0 € @Gy, @ Com,2n, (7.25)
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such that the sets
sing supp X := sing suppy U sing supp o,

and

sing supp 3 1= sing supp a U sing supp S,
are disjoint. Under these conditions, can be proven for F} = Y by taking deliber-
ate combinations of — with F' = v and F = 0. We recall that these substitutions
are possible since distributions with disjoint singular supports can be multiplied and the
Leibniz rule remains valid for such a product, see and . Applying this reasoning

to (7.24), for which we are taking ¥ = H(—g)I>, we immediately obtain the following
Hermitian analogue of Corollary [6.3]

Corollary 7.7. Let G} be a matriz function of the form with entries in C*>(Q) ®
Ban @ Coman. Let g = go +g € C°(R*™) ® 65(;”) be a phase function such that {go <
0} C Q is compact and dz[go] # 0 on gy *(0), and let X be a matriz distribution of the

form such that

sing supp X N g~*(0) = 0.
It then holds that

H(*g) [(T’D(z,zf)) G% +7 ('D(z,zf)G%)] = T 5(9)D(z,z+)[g] G%v (7-26)

R2m|2n R2m|2n

where the distributional products H(—g) (XD z z+)), H(—9)Y and YXd(g) are to be un-
derstood in the sense of and .

Proof.
It suffices to note that sing supp H(—g) = g~1(0). O

Let us now consider the supervector y = y + g, its Hermitian counterparts

U= %(y—l—z’J(y)), UT=—§(y—z’J(y)),

and the matrix distribution

vz -v) ez - u) )

\Ilg;lg(z B U) - ( ’m|nT m|n
v""(zZz-0U) v,"(Z-10)

where we recall that

2 Z-U t 2 zt - Ut
vz -U) = vtz -U) = .
1 ( ) |S2m—1i2n| |Z — UM’ 1 ( ) |S2m—1i2n| |Z — UM

The following Hermitian Cauchy-Pompeiu formula in superspace then is established.
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Theorem 7.5 (Hermitian Cauchy-Pompeiu formula in superspace). Let G be
a matriz function of the form with entries in C°(Q) @ Gy, ® Com,on, and let

g=go+geC®R™ ® ngif) be a phase function such that {go < 0} C Q is compact
and O;[go] # 0 on g5 *(0). It then holds that

[ B U)8(6(0) Dz 90] G
= [ ) WEZ - U) (D2 G )

_ {G;m, 90(y) <0,

Yy
0, go(y) >0 (7:27)

Proof.

The outline of this proof is very similar to the one of Theorem [6.2} It is easily seen that
W (Z—U) is a matrix distribution in the variable Z with singular support {y}. Hence,
for go(y) # 0 we have that

sing supp H(—g(x)) N sing supp lIl;nxlg(Z —U) =0.

This means that one can take Y = \Il;nxlg(z —U)in 1) From Theorem it follows
that
b(x—y) = ¥55(Z~ V) Dz z),

leading to
[ o) - 3G
= [ = Ol Pz o) L)
[ ) WEEZ - U) (Paan GY) . (729
In Section [B8 it was proven that

§(x —y)H(—g(x)) = 6(x — y)H(—go(z)).
Then formula yields

/me S(x—y)H(—g(x))G5(x) = / S(x—y)H(—go(z))Gi(x) = H(—go(y))Gi(y).

R2m|2n -

Substitution of the later in (7.28) gives the desired result (7.27)). O

This theorem now leads to the following Hermitian Cauchy integral formulae in super-
space.
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Corollary 7.8. If the matriz function G} is SH-monogenic then,

G3(y), g9o(y) <0,

/Rmm oz~ U)S(g(x)) D(z.21[9(x)] G3(x) = {07 goé) 0

Corollary 7.9. If the function G is sh-monogenic then,

GO(y)a g ( )<07
> 0.

/ W55(Z — U) 6(g(x)) Pyz.21)[9(x)] Go(x) = { 0 (7.29)
RmI2n Oa g() (y)

The above result may be considered as a Hermitian Cauchy integral theorem for the sh-
monogenic function G. For n = 0 the above result becomes the purely bosonic Hermitian
Cauchy integral representation. The study of its boundary limits leads to Hermitian
Clifford-Hardy spaces and to a Hermitian Hilbert transform, see e.g. [10].

Remark 7.2. The second summand at the left hand side of formula s the well-
known Téodorescu transform, which is denoted by

T, = [ | H(o(x) (7~ U) Ghx)

This operator constitutes a right inverse to the Dirac operator. Indeed, using Theorem

and one easily obtains

DuunTyGa(y) = [ H(-g(x)i(x —y)Gi(x) =

R2m|2n

07 gO(y) > 0.

{G;(y>, go(y) <0,

The combination of the above inversion formula with the Hermitian Cauchy-Pompeiu
Theorem yields a Hermitian Koppelman formula in superspace, see e.g. [13]. This
formula reads as follows for go(y) < 0:

U (Z — U)6(g(x)) D 2.2/ [9(x)] G5 (x) + Ty D7 21)G3(y) + D unTyGa(y)

RmI2n

= 2G5(y).

7.4 Integral formulae for holomorphic functions in su-
perspace

7.4.1 Holomorphicity in superspace and sh-monogenicity

Every superfunction F(x) € C®(Q) ® &a,, Q2 C R?™, can be written in terms of the
Hermitian supervector variables Z and Z' as

F(Z,2Y) = Y FaplZ.2)Z,Z}, Fap € C™(9), (7.30)
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where

Zpy=2j 2, A={j1,.. .k}, 1< <...<jpx<n,

Zy =25 25, B={l,....0}, 1< <...<l,<n.

s

The notion of a holomorphic function in the purely bosonic case then naturally extends
to superfunctions.

Definition 7.2. A superfunction F(Z,Z") of the form 1s said to be holomorphic
in the bosonic and fermionic complex variables z1, ..., 2Zm, 21, ,2n if

Oxe[F] = 0z [F] = 0, j=1....m, k=1...,n.

J

This holomorphicity condition is equivalent to saying that the function F’ does not depend

on the conjugate variables 2§, ...,25,25,...,25, L.e.

’Tmo rno

F(Z,Z')=F(Z)= ) FalZ)Za
AcA{1,...,n}

Let us now connect this holomorphicity notion in superspace with sh-monogenicity. To
that end we start by introducing the classical primitive idempotent

Iy = ﬂfl T finfm’

where
t 1 , .
fjfj:§(1+lej€m+j), ji=1,...,m.

This idempotent clearly satisfies e;I, = —iepn, ;I or equivalently f}[b =0.

A similar element to I, can be constructed in terms of the symplectic generators €;’s.
We first recall that the elements €2;_1, €2; can be identified with the following operators
when acting on the corresponding spinor space:

€25—1 —7 €2m+1 8aja €25 — —€2m+1 Gj,

where a1, ..., a, are commuting variables and es,,,+1 is an additional orthogonal Clifford
generator, see e.g. [68, 23] and Remark In the remainder of this chapter, we will
consider the above-given identification. We then need to find an element Iy similar to I
in the spinor space that consists of all smooth functions in the variables a1, ..., a,. This
element Iy has to satisfy the key property

€aj—11y = —i€y;ly, or equivalently, Ou; Iy = iajIy.

Such a function is given by

. n
i
Iy = exp 52@? ,
j=1



7. Bochner-Martinelli formula in superspace 214

which clearly is a null solution of the operator ij, ie.

. [N . €2m+41 .
ijIf = —5 (egj,1 —I-Zegj) If = — 2+ (8%. - zaj) [If] =0.

Proposition 7.5. A superfunction F € C®(Q) ® &a,, is holomorphic in the variables
Zly.ey Zmy 215+, 2n if and only if the spinor-valued function FIyly is sh-monogenic.

Proof.

We first observe that

m
0z[FIoI) =Y 0. [F 1§t 1,1y + QZZaZJ 1§,V I,I; =0,
j=1 j=1
while on the other hand,
0z [FL,I) = 0.c[F]f; I,I; — 2 Z Oz [F)§; In1 s, (7.31)
j=1 j=1

whence it is clear that holomorphicity for /' implies sh-monogenicity for F'I; 1.

Assume now that FI,I; is sh-monogenic. In order to prove that F' is holomorphic,
it suffices to show that all the elements §; Iy, fi Ipl; are linearly independent when
considering coefficients in C*°(Q) ® &, see (7.31)).

We have,
Bido=ffe (1) B flafm
=il (1= 1) Tl
11 j=1li=115 Tj41)5+1 mlm>
yielding,
FfiZo = O 1. (7.32)
Moreover,
€om . i —
filplp = Lfly = I 2 H (Oa; +iaj) exp Za = Iyeamy1ia; exp 5 Za?
j=1

Hence, taking into account ([7.31), the sh-monogenicity of FI,I; reduces to

Za ,C fj Ib — 0 Zé) Ib€2m+1iaj exp % EZ: = 0,
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implying

m

> 0w [F1ij Iy = 20y 0:x[F) Iyeamriag = 0.
j=1

j=1

Multiplying the above expression from the left by fL we get, on account of l) that
Oc[F]1p = 0. This directly implies that 0.¢[F] = 0 for every k = 1,...,m, whence the
previous equality reduces to

n

Z 6,2; [F] Ib€2m+1iaj = 0.

j=1

Finally, by taking ay = 1 and a; = 0 (j # k) we obtain 0, [F] = 0 for every k = 1,...,n.
O

7.4.2 Bochner-Martinelli theorem for holomorphic superfunctions

The above result shows that considering functions of the form FI,I; establishes a con-
nection between Hermitian monogenicity and holomorphic functions in superspace. In
this section, we investigate the nature of the Hermitian Cauchy integral formula obtained
in Corollary [7.9] for this type of functions.

To this end, we will explicitly compute the left-hand side of (7.29), taking G = FI,I;
where F(Z) = 3", Fa(Z) Z 4 is a holomorphic function. We first obtain,

D721 |9(x)] Go(x) = ( gzzf[[f;(gcx))]] : ) ( F(Z())Iblf . )

:< Ozl9(x)|F(Z) 1,1 )
Ozt lgX)F(Z) I * )’

where the second columns have not been written, since they only duplicate the first ones
(in reversed order) on account of the circulant structure of the involved matrices. Further
calculation yields,

0zl9CNF(Z) I Iy = Y 0:,l9(x)] F(Z) (7} I)I; +2i Y 02,[9(x)] F(Z) I, (157 1) = 0,

Jj=1 Jj=1

and as a consequence,

Dl Go) = (o benr L)
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Hence

Uz~ U)é( < D<z zh) [g

- m\n 321\ )] F(Z)Ibe * )

_ ( v (7 _U)s(g(x)) O [g(x)] F(Z)I,I; )
m‘n(z U)d(g9(x)) 0zi[9(x)] F(Z)IpI; =

Denoting the even element |Z — U| = p we compute

v (Z — U)3(g(x)) 01 [g(x)]

— ) (2~ 1) 0plao0l+ 2 - 1) 01 Lo

+ M[(Z ~0) oule)+ (2 - 0) o [g(xn} .

We now consider each term in the previous sum separately, obtaining

(2 - U)! 041 lg(x)) = <Z<zj —uy)° f}) (Z i O [g<x>]>

Jj=1

== (2 —uy)° Ox wwz 2 — ;)¢ Dze[g(x)] (1 = 5f}),

J#k
(Z-U)"0,+[g(x)] = —2i (Z( 2 —uj) f*) (me )
= QiZ 2 — u3)" 0z [9(X)] ),

M:

(Z*Q)Tazf l9(x)] = —2i (__ (25 — uy)* > (Z fi 0 )

= =20y (25 —y) O [g(O fiT;T — 20> (25 — 1) Dz [9(x)] (% + fffﬁ) )

ik 7=1
(Z2-0U) 01l90)] <Z<z] —w)”fﬁ) (ka azk[ﬂxﬂ)
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This yields,

(Z - U)'0,il9(x)] F(Z)I1; =0,
>

(2-U) 0,1l PRI =

N N T
(Z2-1) ozl F@)BIs =0
Hence we obtain

v (Z - U)a(g(x)) g1 [9(x)] F(Z) 1,1

— o |2 = )" 0 la0] + Y35~ )0 o] | P2V

Jj=1 Jj=1

26(g9(x))
= |21 oM D}y 2l9(x)] F(Z) LI},
where the differential operator

m

Dy yz =) (2 —w) 0+ Y (35— ) 0z = {‘9% (Z - U)T} ) (2 - iB)
j=1

Jj=1

is the Hermitian directional derivative with respect to Z' in the direction (Z — U)T
introduced in Chapter [3]

Thus, the Hermitian Cauchy integral formula (7.29) for go(y) < 0 yields the following
two statements:

S o e DL fla() F@)Iy = PO
: )

The first one leads to the following integral representation of holomorphic superfunctions.

Theorem 7.6 (Bochner-Martinelli formula in superspace). Let F(Z) € C*(Q) ®
®a,, be a holomorphic function in the variables z1 ..., 2m, 21, ..., 2n, (M > n), and let
g=go+geC®R™) ® Qﬁéiv) be a phase function such that {go < 0} C Q is compact
and O;[go] # 0 on g5 *(0). It then follows for go(y) < 0 that

2 (9(x))

= N pt -
T oy T2 O Pe-u2ls 0] F(Z) = F(U) (7.34)
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Remark 7.3. The above theorem indeed constitutes an extension of the classical Bochner-
Martinelli formula to superspace. In the next section it will be shown that reduces

to when n = 0.

On the other hand, the second statement yields the following result.

Theorem 7.7. Under the same conditions as in Theorem [7.8 one has

/Wf@(X)) ﬁ 0:l9(x)] F(2) = / a o) ﬁ 0-:19(x)] F(2),
. Z5 — Uy - 2k - Iik
—92i /szf(g(X)) i 9z [9(x)] F(Z) = /Rzm‘zf(g(x)) Z O 0.[9(x)| F(2),

L 8l600) g 0 F(@) = = [ b0 5 05la(x)) F(2),

Proof.
The proof directly follows from expanding expression ([7.33)). We have,

(Z-0)0z:[9(x)] = (Z = U) Ozt [9(x)] + (£ = U) D41 [9(x)]

where

(Z - U) 0y1l9()] = (i( u5) fj) (i o0 [g(xn>= > ) la
(2~ 1) 9119 = —%@(zj w5) fj) ( fi s [g(xn> =2 37 (s =) Lol
(2-1) drlo)] = (_( — iy fk) (fj F 0 [g(x)]) = X G ool
(Z2-U) 011060 = —21(:1(@ i) ff) ( 0 [g<x>]> =2 3 (=) o)
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Hence ([7.33)) reads
o
T e, oy 2[5 ) 2 1060] ~ (e — w) 0 ]| F@ T 1
1<j<k<m
g SN S [aiCes — ) D24 [900] — (i — 1) 05 90| F(2)ofi o]
[S2m =12 Jpomian [Z = UM | &= 7)ol kTR O5Lg il fols
] 0(g(x .
g [ B S [ - ) 050 + (e~ ) D50 FR) T
m2mlzn 1<j<k<n
] 1
- ‘827%1'2”‘ o % > (- u;) Oz [g(x)] F(Z) f2 1,Ir = 0.

1<j<n
Thus, it suffices to prove that all the elements
fife Inly, 1<j<k<m,
fif boly, 1<j<m, 1<k<mn, (7.35)
§i ¥k Indy 1<j<k<n,
are linearly independent when considering coefficients in C*°(Q2) ® ®4,,. So take A; p,

Bjk, Cjr € C®(Q) ® By, such that

S AbifebIlp+ Y Bifife LI+ Y Cixfifallp =0 (7.36)
1<j<k<m Lgism 1<j<k<n

We now observe that

FEFL (Fife IoIf) = (8 30cn — Or05 k) Io1
Tl G5f T Ig) = 0,
HAL (57 1) = 0.
Multiplying from the left by f; fi (1 < s < €< m)we obtain A, I,]; = 0 which

implies A, ¢ = 0, whence we are left with

Y Bixfiie I+ Y Cindfa oIy =0.
S 1sjsksn

In the same order of ideas we get,
T (e Tl f) = ~0p000 s 1 5 (57 e InIy) =0
fe' 1 (Ffe T ly) = 500k0s,5 101, fe' 78 (f Fe Lo L) = 0,

whence multiplying now the remainder of (7.36) from the left by fﬂ fi(1<s<m,
1 < ¢ <n) yields B, = 0, thus further reducing the equality to

Y. Cikfiihly =0.

1<j<k<n
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Finally, we compute

et enen 1
fo 551 (5 I Iy) = =7 (0ei0s + 05,500k ) Lu g,

In this way, we have proven that all coefficients in ([7.36)) are zero, meaning that all

which allows to conclude that Cy 4 = 0 after multiplying (7.36) by ;" f.f (1 < ¢ < s <n).
elements (7.35)) indeed are linearly independent. O

7.4.3 Some examples
In this section we study some particular but important applications of the Bochner-
Martinelli formula in superspace.

Case 1.
We first consider the case of a purely bosonic phase function g(x) = go(z) € C°(R?*™),
i.e. g = 0, which satisfies the same conditions as in Theorem [7.6] In this case, formula

(7.34) reads

i o oo | 6 - w0 lan(@] | F@) = FO). ) <o

(7.37)

This formula reduces to the classical Bochner-Martinelli formula (7.1)) as we will show
next. We begin by recalling the following classical result for surface integration over
T := g, '(0), see [53, p. 136],

L, sl @ av = | fa)ds.

The j-th coordinate n;(z) of the exterior normal vector n(z) to the surface I' at the point
z € I is given by
693]‘ [9](z)

@ = B @]

Hence, from the above formula one easily obtains

[ dlonle)on, ln@lf@ ave = [ n@ia) ds..
Moreover, since I is a smooth surface in R?™, we can write
duj = (1) "'n;(2) dS,
where d/az is the differential (2m — 1)-form

d/x;:dml/\---/\dxj_l/\dxj+1/\.../\dx2m.
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This allows to change the above distributional approach to classical surface integration
by differential forms. In particular, we have that

[ loote) 0sla@)f @ ave =5 [ Slanl@) (0, + 0., on(a)) ) Ve
RZ’HL R2’HL

1 .
7/F(nj(§)+mm+j(@)f@) dSy

2

2

We now write,
(CY My = ()T, () e = (1) da,
with

da; = (day A damir) A A ([dzf] A dTms ) A A (do Adogy), §=1,...,m,

S

Azmyj = (do1 ANdTmg1) Ao A (dxj A {dTmes])) Ao A (dep Adzoy), j=1,...,m,

where [-] denotes omitting that particular differential. We then obtain,

m(m—1)

[ staen ol av. = S [ (@ - i) s

On the other hand,

Qv — idoys = -2 (;) T = (1) ™30 o) (;) =

where we have introduced the complex differential forms
d/z\jc-: (dzy Adz§) A A (dzy Ad2S]) AL A (dzg A dzg,),
A28 = d2§ Ao A (2SI L Az Nz AL A de,

m(m+1) . ==
mmtl) _

which are clearly connected by d/z\Jc =(-1) I dzs.

Hence,

[ s ozl av. = i (3) [ i@ &,
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Applying this last result to the left side of formula (7.37)) yields
/ (L, 2o mtol =y Fyav
|SZm |S2m—1]2n| pam 0\=2)) @27 150 = Z — UM z

= 5 1|2n|/ ym—i+1 (;)m/ d ;MF(Z)

vl (25— )

j=1
Then ([7.37) can be rewritten as
(m—n-1lg" // 1yt = (z; — u;)"
dze 2 " Y) ) pz) = F(U 0
(2im)m J|Z UM (2) (U),  go(y) <0,

which exactly coincides with formula (7.1]) for n = 0.

Case 2.
We now examine the form which ([7.34)) takes on the supersphere of radius R > 0 defined
by means of the phase function g(x) = —x? — R2. Observe that

m . i n e
9() =[x — R = |2 ~ R* = {2,2) ~ R = 3"z = 5 3 2% — .
j=1 j=1

Then, 9.¢[g(x)] = z; and 9:¢[g(x)] = 12;, leading to

DY vzl Z )2+ 5 Z )2 =1{Z.(Z-U)'}.
Hence, the Bochner-Martinelli formula on the supersphere of radius R > 0 takes the form
2 S({Z,Z"} — R?
ML 12,20y} F@) = FU).. <R

|S2m71\2n| R2m|2n ‘Z — U|]M



Summary

Clifford analysis nowadays is a well-established discipline within mathematical analysis
that may be seen as both a generalization of the theory of holomorphic functions in
the complex plane and a refinement of classical harmonic analysis. In its most simple
setting, the Clifford function theory focusses on the notion of monogenic function, i.e.
a null solution of the Dirac operator 9, = Z;nzl ;0. This setting is known as the
Euclidean case (also the term orthogonal Clifford analysis can be found in the literature).
The fundamental group leaving the Dirac operator invariant is Spin(m) which is a double
covering of SO(m).

More recently further refinements and generalizations of Euclidean Clifford analysis have
been studied. Amongst the most important and well-studied refinements of Euclidean
Clifford analysis we find so-called Hermitian Clifford analysis, which focusses on h-
monogenic functions, h-monogenicity being expressed by means of two mutually adjoint
Dirac operators which are invariant under the realization of the unitary group U(m) in
Spin(2m).

Harmonic analysis and FEuclidean Clifford analysis have been extended to superspace by
means of a representation of the so-called radial algebra. This theory introduces some
important differential operators (such as Dirac and Laplace operators) on the flat super-
manifold R”?" and uses them in the study of special functions, orthogonal polynomials,
integration, etc.

The main goal of this thesis is to further develop the extension of Clifford analysis to
superspace initiated in the works of Hendrik De Bie and Kevin Coulembier, [29, 22]. In
particular our purpose is threefold. In first place, we aim at extending Hermitian Clifford
analysis to superspace (Chapters 2, 3). The second goal is to provide a suitable definition
for the (super) spin group and to study the underlying group actions in both Euclidean
and Hermitian settings in superspace (Chapters 4, 5). Finally, the third objective is to
further develop integration theory by introducing and studying integration over general
domains and surfaces in superspace depending on bosonic and fermionic variables on
equal footing (Chapters 6, 7).

We now give a detailed overview of the contents of the chapters in this thesis.
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Chapter 1: Introduction

In this introductory chapter we describe the mathematical framework for this thesis.
First we give a brief overview of both Euclidean and Hermitian Clifford analysis, to-
gether with a description of the underlying abstract radial algebra.Then an explanation
of the meaning of superanalysis (or analysis in superspace) is given. Here, we provide an
account of some important historical approaches that have been used for superanalysis
and comment on the extension of Clifford analysis towards super-symmetry. Finally, a
detailed account of the goals and the content of this thesis is provided.

Chapter 2: Radial algebra

This chapter is devoted to the study of the abstract framework for Clifford analysis offered
by the radial algebra. The radial algebra has been proven to be an important tool for
deriving a theory of Dirac operators in superspace from the standard Euclidean one and
for giving a meaning to spaces with negative integer dimension. In this chapter, we study
the Hermitian radial algebra in order to extend the theory of Hermitian Dirac operators
to superspace. We first provide a detailed account of the algebra of endomorphisms of the
radial algebra and on the notion of radial algebra representation. Then, the Hermitian
radial algebra is introduced by means of the notion of abstract complex structure. At
the end, an important representation of the radial algebra with a complex structure is
presented at the level of endomorphisms.

Chapter 3: Hermitian Clifford analysis on superspace

The main goal of this chapter is to introduce the building blocks of a Hermitian mono-
genic function theory in superspace by means of a representation of the Hermitian radial
algebra. To that end, we first provide an overview of the superanalysis framework. We
mainly discuss two approaches to superanalysis: the one based on differential geometry
where variables are represented as co-ordinates taking values in some commutative Ba-
nach superalgebra, and the one based on modern algebraic geometry where variables are
defined in a purely symbolic way giving rise to a supermanifold with a structural sheaf of
superfunctions. Using this last approach, we then recall the main aspects of the extension
of Euclidean Clifford analysis to superspace. In particular, the vector multipliers give rise
to a natural way of introducing a complex structure on superspace which immediately
leads to the corresponding extensions of all basic objects such as Hermitian Dirac ope-
rators, complex Euler operators, etc. The definition of all these objects is validated by
checking that they satisfy the abstract relations provided in Chapter 2 for the Hermitian
radial algebra.
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Chapter 4: The Spin group in superspace

There are two well-known ways of describing elements of the rotation group SO(m).
First, according to the Cartan-Dieudonné theorem, every rotation matrix can be written
as an even number of reflections. And second, they can also be expressed as the expo-
nential of some anti-symmetric matrix. In this chapter, we study similar descriptions of
the corresponding extension of SO(m) to superspace. To that end, we consider linear
actions on supervector variables using both commuting and anti-commuting coefficients
in a Grassmann algebra. This allows to study the invariance of the inner product in
superspace from a classical group theoretic approach which contains all information on
the underlying symmetry superalgebras obtained in [22] 23].

We first provide some basics on Grassmann algebras, Grassmann envelopes and super-
matrices. Next, we further develop the Clifford setting in superspace by introducing the
Lie algebra of superbivectors. An extension of this algebra is crucial in the description of
the super spin group. While studying the invariance of the bilinear form that extends the
Euclidean inner product to superspace, we obtain the group of so-called superrotations
SOp whose Lie algebra sop turns out to be a Grassmann envelope of osp(m|2n). The
group SOy is also an extension of the symplectic group. While still being connected, it is
thus no longer compact. As a consequence, it cannot be fully described by just one action
of the exponential map on its Lie algebra. Instead, we obtain an Iwasawa-type decompo-
sition for this group in terms of three exponentials acting on three direct summands of
the corresponding Lie algebra of supermatrices. At the same time, SOq strictly contains
the group generated by supervector reflections. Therefore, its Lie algebra is isomorphic
to a certain extension of the algebra of superbivectors. This means that the Spin group
in superspace has to be seen as the group generated by the exponentials of the so-called
extended superbivectors in order to cover SOy. We also study the actions of this Spin
group on supervectors and provide a proper subset of it that is a double cover of SOy.
Finally, we show that every fractional Fourier transform in n bosonic dimensions can be
seen as an element of the spin group in superspace.

Chapter 5: Spin action in Euclidean and Hermitian Clifford anal-
ysis in superspace

In this chapter we study the action of the spin group on superfunctions. In the first
place, we prove the invariance of the super Dirac operator dx under the classical H and
L actions. This follows from the sog-invariance of dy, i.e. the commutation of 9, with the
infinitesimal representation dL of L acting on the Lie algebra of superbivectors. These
actions are also studied in the Hermitian setting, where we study the group invariance
of the Hermitian inner product of supervectors introduced in [42]. The resulting group
of complex supermatrices leaving this inner product invariant constitutes an extension
of U(m) x U(n) and is isomorphic to the subset SOJ C SOq of elements that commute
with the complex structure J. The realization of SOg within the spin group is studied
simultaneously with the invariance under its actions of the super Hermitian Dirac system.



Summary 226

Chapter 6: Distributions and integration in superspace

Distributions have been proven to be an important tool in the development of an inte-
gration theory in superspace. In particular, distributions were used in [24] to obtain a
suitable extension of the Cauchy formula to superspace and to define integration over
the superball and the supersphere through the Heaviside and Dirac distributions respec-
tively. The goal of this chapter is to extend the distributional approach to integration
over more general domains and surfaces in superspace.

We first introduce domains and surfaces in superspace by means of smooth commut-
ing phase functions g. In this way, one can define domain integrals and oriented (and
non-oriented) surface integrals in terms of the Heaviside and Dirac distributions of the
superfunction g. Then it is shown that the presented definition for the integrals does
not depend on the choice of the phase function g defining the corresponding domain or
surface. Moreover, some applications of these approaches are shown by computing the
volume and surface area of a super-paraboloid and a super-hyperboloid of revolution.
At the end of the chapter, a new distributional Cauchy-Pompeiu formula is obtained
generalizing and unifying the previously known approaches.

Chapter 7: Bochner-Martinelli formula in superspace

In this final chapter the Bochner-Martinelli integral representation for holomorphic func-
tions of several complex variables is extended to the superspace setting. This is done by
exploiting the intrinsic connection existing between the Hermitian monogenic function
theory and the theory of holomorphic functions.

We start by addressing the problem of establishing a Cauchy integral formula in the
framework of Hermitian Clifford analysis in superspace. We then establish the connec-
tion between Hermitian monogenicity and super holomorphicity by considering a specific
class of spinor-valued superfunctions. It turns out that after a certain projection of the
obtained (super) Hermitian Cauchy integral formula one obtains a new extension of the
Bochner-Martinelli formula for holomorphic superfunctions. It is indeed proven, at the
end of the chapter, that such a projection coincides with the classical Bochner-Martinelli
representation when considering only m complex bosonic dimensions.
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Cliffordanalyse is heden ten dage een gevestigde discipline binnen de klassieke wiskundige
analyse, die terzelfder tijd kan worden beschouwd als een veralgemening van de the-
orie van holomorfe functies in het complexe vlak en als een verfijning van klassieke
harmonische analyse. In haar meest eenvoudige vorm kunnen we de cliffordanalyse
zien als de studie van monogene functies, dit zijn nuloplossingen van de diracopera-
tor 0, = Z;”:l €0, ; in deze context spreken we van euclidische cliffordanalyse (al wordt
in sommige bronnen ook de term orthogonale cliffordanalyse gebruikt). De fundamentele
groep die de diracoperator invariant laat, is de zogenaamde spingroep Spin(m), die een
dubbele bedekking vormt van de speciaal orthogonale groep SO(m).

Meer recent werden verdere verfijningen en veralgemeningen van euclidische cliffordana-
lyse bestudeerd, zoals bijvoorbeeld hermitische cliffordanalyse. Deze theorie draait rond
de studie van h-monogene functies, oplossingen van twee hermitisch toegevoegde dirac-
operatoren, welke invariant zijn onder de actie van een realisatie van de unitaire groep
U(m) in de spingroep Spin(2m).

Zowel harmonische analyse als euclidische cliffordanalyse werden ook ingevoerd in de
superruimte, door gebruik te maken van een representatie van de zogenaamde radiale
algebra. Binnen deze theorie worden een aantal belangrijke differentiaaloperatoren (zoals
de diracoperator en de laplace-operator) geintroduceerd op de vlakke supervariéteit R
teneinde ook daar speciale functies, orthogonale polynomen, een integratietheorie, en dies
meer, in te voeren en te bestuderen.

Het doel van deze thesis is de verdere ontwikkeling van cliffordanalyse in de superruimte,
als vervolg op het werk van Hendrik De Bie en Kevin Coulembier, [29, 22]. In het
bijzonder kunnen drie specifieke doelstellingen worden onderscheiden. Eerst en vooral
zullen we hermitische cliffordanalyse invoeren in de superruimte (Hoofdstukken 2 en
3). Vervolgens gaan we op zoek naar een geschikte definitie voor de super-spingroep en
bestuderen we de corresponderende groep-acties in zowel de euclidische als de hermitische
context (Hoofdstukken 4 en 5). Tot slot ontwikkelen we een theorie van integratie over
algemene domeinen en oppervlakken in de superruimte, die de fermionische en bosonische
variabelen op een gelijkwaardige manier incorporeert (Hoofdstukken 6 en 7).

We geven nu een gedetailleerd overzicht van de inhoud van de respectieve hoofdstukken.
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Hoofdstuk 1: Inleiding

In dit inleidend hoofdstuk beschrijven we het wiskundig kader voor deze thesis. Eerst
wordt een kort overzicht gegeven van euclidische en hermitische cliffordanalyse, alsook
een beschrijving van de corresponderende radiale algebra. Vervolgens wordt de beteke-
nis uitgelegd van superanalyse (of: analyse op de superruimte). Hierbij geven we een
overzicht van de verschillende historische benaderingen van superanalyse en wordt er ook
ingegaan op de uitbreiding van cliffordanalyse naar dit kader. Tot slot geven we een
gedetailleerd overzicht van doelstellingen en inhoud van deze thesis.

Hoofdstuk 2: De radiale algebra

Dit hoofdstuk is gewijd aan de studie van de radiale algebra, die het abstracte kader
vormt voor cliffordanalyse. De radiale algebra is een belangrijk instrument gebleken
om van de theorie van diracoperatoren in de euclidische ruimte over te gaan naar de
superruimte en hierbij een betekenis te geven aan ruimten met een negatieve (gehele)
dimensie. Daarnaast bestuderen we in dit hoofdstuk ook de hermitische radiale algebra,
teneinde ook de theorie van hermitische diracoperatoren uit te breiden tot de superruimte.
Eerst bespreken we in detail de algebra der endomorfismen in de radiale algebra en het
concept van een representatie van de radiale algebra. Vervolgens wordt de hermitische
radiale algebra ingevoerd middels het concept van een abstracte complexe structuur. Tot
slot stellen we een belangrijke representatie voor van de radiale algebra met complexe
structuur op het niveau van de endomorfismen.

Hoofdstuk 3: Hermitische cliffordanalyse in de superruimte

Het belangrijkste doel van dit hoofdstuk is de bouwstenen in te voeren voor een hermi-
tisch monogene functietheorie in de superruimte, door gebruik te maken van een repre-
sentatie van de hermitische radiale algebra. Daartoe geven we eerst een overzicht van
het kader waarbinnen we in de superanalyse werken, en we beschouwen hierbij twee
verschillende mogelijke benaderingen. De eerste is gebaseerd op differentiaalmeetkunde,
waarbij de variabelen voorgesteld worden als codrdinaten die waarden aannemen in een
commutatieve Banach superalgebra. De tweede is gebaseerd op moderne algebraische
meetkunde, waarbij de variabelen op een puur symbolische manier gedefinieerd wor-
den, wat aanleiding geeft tot een supervariéteit uitgerust met een structurele schoof van
superfuncties. We werken verder binnen het tweede kader, waarbij we vectormultiplica-
toren gebruiken om op een natuurlijke manier een complexe structuur te definiéren op
de superruimte, wat ons in staat stelt onmiddellijk alle fundamentele objecten van her-
mitische cliffordanalyse in te voeren, zoals hermitische diracoperatoren, complexe Euler-
operatoren, etc. De respectieve definities worden hierbij gevalideerd door te checken
dat ze aan alle abstracte voorwaarden van de hermitische radiale algebra voldoen (zie
Hoofdstuk 2).
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Hoofdstuk 4: The super-spingroep

Er zijn essentieel twee verschillende manieren om de elementen van de rotatiegroep SO(m)
te beschrijven. Vooreerst zegt de stelling van Cartan-Dieudonné dat elke rotatiematrix
kan worden ontbonden in een even aantal spiegelingen. Daarnaast kan een rotatiema-
trix ook worden geschreven als de exponentiéle van een anti-symmetrische matrix. In
dit hoofdstuk bestuderen we gelijkaardige beschrijvingen van de tegenhanger van SO(m)
in de superruimte, en we beschouwen daartoe lineaire acties op de supervector variabe-
len, gebruik makend van zowel commuterende als anti-commuterende coéfficiénten in
een Grassmann algebra. Dit stelt ons in staat de invariantie van het inproduct in de
superruimte te bestuderen via een groeptheoretische aanpak, zoals in [22] 23].

We beschrijven eerst de belangrijkste aspecten van Grassmann algebra’s and superma-
trices, en we voeren in de Clifford setting de Lie algebra van de superbivectoren in. Een
uitbreiding van deze algebra zal cruciaal blijken voor de karakterisatie van de super spin-
groep. Als we de invariantie bestuderen van de bilineaire vorm die de tegenhanger is in de
superruimte van het euclidisch inproduct, bekomen we de groep van zogenaamde super-
rotaties SOg, een uitbreiding van de symplectische groep waarvan de Lie algebra so(y een
Grassmann omhullende van osp(m|2n) blijkt te zijn. Deze groep is wel samenhangend
maar niet langer compact, en kan bijgevolg niet meer volledig worden gekarakteriseerd
door de actie van één enkele exponentiéle afbeelding op zijn Lie algebra. In de plaats
daarvan verkrijgen we een Iwasawa-decompositie in drie exponenti€le afbeeldingen die
inwerken op de drie termen in de directe somontbinding van de corresponderende Lie
algebra van supermatrices. We merken ook op dat SOg de groep omvat die gegenereerd
wordt door spiegelingen t.0.v. supervectoren, waardoor de corresponderende Lie algebra
isomorf moet zijn met een welbepaalde extensie van de Lie algebra der superbivectoren.
Dit betekent dat, om een bedekking te verkrijgen van SQg, we de super-spingroep dus
moeten zien als de groep gegenereerd door de exponentiélen van de zogenaamde uitge-
breide superbivectoren. We bestuderen vervolgens de actie van deze spingroep op de
supervectoren en identificeren de deelgroep die een dubbele bedekking is van SOq. Tot
slot tonen we aan dat elke fractionele fouriertransformatie in n bosonische dimensies kan
worden gezien als een element van deze super-spingroep.

Hoofdstuk 5: De actie van de super-spingroep in euclidische en
hermitische cliffordanalyse

In dit hoofdstuk bestuderen we de actie van de super-spingroep op superfuncties. Vooreerst
tonen we de invariantie aan van de super-diracoperator 0y onder de traditionele H en
L acties, steunend op de sogp-invariantie van Jy, i.e. het commuteren ervan met de in-
finitesimale representatie dL van L inwerkend op de Lie algebra der superbivectoren.
Deze acties worden ook bestudeerd in het hermitisch kader, waar we de groepinvariantie
onderzoeken van het hermitisch inproduct van supervectoren ingevoerd in [42]. De groep
van complexe supermatrices die dit inproduct invariant laten, vormt een uitbreiding van
U(m) x U(n) en is isomorf met de deelgroep SOj C SOg van elementen die commuteren
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met de complexe structuur J. De realisatie van SOg in de spingroep wordt terzelfder tijd
bestudeerd als de invariantie van het hermitisch systeem onder de acties ervan.

Hoofdstuk 6: Distributies en integratie in de superruimte

Distributies zijn een belangrijk instrument gebleken bij de ontwikkeling van een integratie-
theorie in de superruimte. In het bijzonder werden distributies gebruikt in [24] om een
geschikte uitbreiding te bekomen van de Cauchy formule en om integratie te definiéren
over de superbal en de supersfeer, door gebruik te maken van de Heaviside en de Dirac
distributie. Het doel van dit hoofdstuk is om de distributionele benadering van integratie
uit te breiden naar meer algemene domeinen en oppervlakken in de superruimte.

We voeren domeinen en oppervlakken in de superruimte in door middel van een com-
muterende, gladde fasefunctie g. Op die manier kunnen domein- zowel als georiénteerde
(en niet georiénteerde) oppervlakintegralen worden gedefinieerd in functie van de Heavi-
side en de Dirac distributie geassocieerd met de superfunctie g. We tonen dan aan dat
onze correponderende definitie van integraal niet athangt van de keuze van g als fase-
functie voor het beschouwde domein of oppervlak. We passen onze aanpak toe op de
berekening van het volume en de oppervlakte van een super-omwentelingsparaboloide en
een super-omwentelingshyperboloide. Op het einde van het hoofdstuk stellen we nog een
nieuwe en unificerende distributionele Cauchy-Pompeiu formule op.

Hoofdstuk 7: De formule van Bochner-Martinelli in de super-
ruimte

In dit laatste hoofdstuk bekomen we een tegenhanger in de superruimte van de inte-
graalrepresentatie van Bochner-Martinelli voor holomorfe functies van meerdere com-
plexe variabelen. Dit gebruikt door voluit gebruik te maken van het intrinsieke verband
dat bestaat tussen de theorie van hermitisch monogene functies en deze van holomorfe
functies.

We starten hierbij met het opstellen van een Cauchy integraalformule in de context van
hermitische cliffordanalyse in de superruimte. Daarna leggen we het verband tussen her-
mitisch monogeniteit en superholomorfie door een klasse van superfuncties te beschouwen
met waarden in de spinorruimte. De bekomen (super) hermitische Cauchy formule leidt
dan, door projectie, tot een nieuwe uitbreiding van de Bochner-Martinelli formule voor
holomorfe superfuncties. Op het einde van het hoofdstuk wordt dan bewezen dat de
gebruikte projectie samenvalt met de klassieke Bochner-Martinelli representatie als we
enkel de m complexe bosonische dimensies beschouwen.
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