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Riemannian metrics on an infinite dimensional
symplectic group

Manuel Lopez Galvan*

Abstract

The aim of this paper is the geometric study of the symplectic op-
erators which are a perturbation of the identity by a Hilbert-Schmidt
operator. This subgroup of the symplectic group was introduced in
Pierre de la Harpe’s classical book of Banach-Lie groups. Throughout
this paper we will endow the tangent spaces with different Rieman-
nian metrics. We will use the minimal curves of the unitary group and
the positive invertible operators to compare the length of the geodesic
curves in each case. Moreover we will study the completeness of the
symplectic group with the geodesic distance.

1 Introduction

The symplectic group has many applications in quantum theory with in-
finitely many degrees of freedom, i.e. in canonical quantum field theory,
string theory, statistical quantum physics and solition theory. According to
Shale’s definitions [I7], if we have a quantization R(.) of the real Hilbert
space X (H) it is of interest to determine the subgroups of the symplectic
group consisting of those g for which exists an unitary transformation Y'(g)
such that R(gz) = Y(g9)R(2)Y(g9)~" for all z € H. Let |g| := (g%9)"/?
be the absolute value operator, in [I7] it was proved that in the case of
Fock-Cook quantization (see [5] for some background) the subgroup is {g :
lg| — 1 is Hilbert-Schmidt }.

In this paper we study a variant of this subgroup, in which ¢ is only a
perturbation of the identity by a Hilbert-Schmidt operator. In classical finite
dimensional Riemannian theory it is well known the fact that given two points
there is a minimal geodesic curve that joins them and this is equivalent to
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the completeness of the metric space with the geodesic distance; this is the
Hopf-Rinow theorem. In the infinite dimensional case this is no longer true.
In [I5] and [3], McAlpin and Atkin showed in two examples how this theorem
can fail. The main result of this paper establishes that if we consider the left
invariant metric in the restricted symplectic group then its geodesic distance
makes of the group a complete metric space. In the process to do it, we use
the existence of a smooth polar decomposition in the group; this will allow
us to define a mixed metric related to the unitary and positive part of the
group. In this way we will use minimality results of the restricted unitary
group Us(H) (see [2]) and we also prove some geometric properties of the
symplectic positive operators with different Riemannian metrics.

2 Background and definitions

Let H be an infinite dimensional real Hilbert space and let B(H) be the space
of bounded operators. Denote by By(#) the Hilbert-Schmidt class

Ba(H) ={a € B(H) : Tr(a"a) < oo}

where T'r is the usual trace in B(H). This space is a Hilbert space with the
inner product
<a,b>=Tr(b"a).

The norm induced by this inner product is called the 2-norm and denoted by
la|ls = Tr(a*a)'?.

The usual operator norm will be denoted by || ||.

If A C B(H) is any subset of operators we use the subscript h (resp ah) to
denote the subset of Hermitian (resp. anti-Hermitian) operators of it, i.e.
Ap={zeA: 2" =zx}and Ay, ={r € A: 2" = —a}.

We fix a complex structure; that is a linear isometry J € B(#) such that,

J?=—1and J* = —J

The symplectic form w is given by w(&,n) = (J&,n).

We denote by GL(H) the group of invertible operators, with GL(H)* the
space of positive invertible operators, and by Sp(H) the subgroup of in-
vertible operators which preserve the symplectic form, that is g € Sp(#H) if

w(g€, gn) = w(&,n). Algebraically
Sp(H) ={9€ GL(H):g"Jg=J}.



This group is a Banach-Lie group and its Banach-Lie algebra is given by
sp(H)={z e B(H):aJ =—Jz"}.

Denote by H; the Hilbert space H with the action of the complex field C
given by J, that is; if A = Ay + 1)\ € C and £ € ‘H we can define the action
as A& = A& + A JE and the complex inner product as < £, >c=< &,n >
Denote by B(H ;) the space of bounded complex linear operators in H;. A
straightforward computation shows that B(#,;) consists of the elements of
B(H) which commute with .J.

One property that we will use in this paper is the stability of the adjoint
operation. We give a short proof of this fact.

Proposition 2.1. If g € Sp(H) then g* € Sp(H).

Proof. The proof is a short computation using the definition, indeed if g €
Sp(H) then ¢g*J = Jg~! and times by gJ we obtain gJg*J = —1 then
gJg*=J. O

The above proposition leads us to one of the most important properties of
the symplectic group, that is the stability under polar decompositions.

Corollary 2.2. If ulg| is the polar decomposition of an element in Sp(H)
then its unitary part u and its positive part |g| belong in Sp(H).

We consider now the restricted subgroup of Sp(H)
Spy(H) = {9 € Sp(H) : g =1 € By(H)} .

Since By(H) is a Banach algebra, it is clear that this subgroup is also stable
for the adjoint operation and for the polar decomposition; we denote by

Uy(Hs)=4{9 € Us(H) : gJ = Jg} and

Sp3 (H) = {g € Spy(H) : g > 0}

its unitary part and positive part respectively where Uy(H) is the classical
unitary group whose elements are Hilbert-Schmidt perturbations of the iden-
tity operator 1. It is obvious that the unitary part is a closed subgroup of
Spy(H). In the infinite dimensional setting, this does not guarantee a nice
submanifold structure; in Proposition we will prove that Uy(H,) is a
Banach-Lie subgroup of Spy(H).



Throughout this paper, if M is any submanifold of the symplectic group, we
will denote by b(g,v) the metric in each tangent space T,M. The length of
a smooth curve measured with the metric b will be denoted by

Ly(a) = /0 b(a(t), a(t))dt.

We define the geodesic distance between two points p,q € M C Sp,(H) as
the infimum of the length of all piecewise smooth curves in M joining p to ¢,

dy(p,q) = inf {Ly(a) : @ C M, a(0) = p, a(l) =q}.

3 Local structure of Sp,(H)

Some of the following facts are have been well-known for general Schatten
ideals, more precisely the Banach-Lie group structure was noted in the book
[9]. Here we will complete some details for our case of the Hilbert-Schmidt
ideal.

Given g1, g2 € Spy(H), it is obvious that g; — g2 belongs in By(H); hence we
can endow the restricted symplectic group with the metric ||g1 — ga||2.

Proposition 3.1. The metric space (Spy(H), ||-]]2) is complete.

Proof. Let (x,) C Spy(H) be a Cauchy sequence, then x, — 1 is a Cauchy
sequence in By(H). From this, we can take x € By(H) such that z,, — 1+
x := xg in ||.|[2. It is clear that x( verifies the algebraic relation xjJxy = J; to
complete the proof we will see that x is invertible. Indeed, from 2 € Sp,(H)
we have z,,Jx; = J, then this relation is transferred through the limit to xy.
We can now define the inverse of 2 as z;' := —JxjJ, it verifies:

xtwg = —JatJrg =1 and wozy' = wo(—JxjJ) = 1.

3.1 Differentiable structure

Now we will show that Sp,(#) has differentiable structure. Let us denote
spy(H) ={x € Bo(H) :ad = —Jz*}.
It is clear that sp,(#) is a Banach-Lie subalgebra of By (H).

Lemma 3.2. Sp,(H) is a Banach-Lie group.



Proof. Let exp : By(H) — 1+ Ba(H) be exp(z) = e” the exponential map. If
we compute the exponential on sp,(H), its image belongs in Sp,(H). Indeed,
if z verifies xJ = —Ja* then e*J = Je™® = J(e* )~! and thus e”Je* = J;
moreover we have that e —1 = z+12%/2+ ... € By(H). Since the exponential
is a local diffeomorphism (dyexp = Id) there exists r < 1 such that

U={z=log(g): g1l <r} =V ={gel+B(H): g1 <r}

is an analytic diffeomorphism.

On the other hand if g € Sp,(#H) meets ||g — 1]|2 < r (r < 1) the exponential
is a diffeomorphism and then its inverse is given by the logarithmic series
r = log(g) = > ¢ (—1)"% € By(H) and satisfies the condition zJ =

n=1
—Jx*. Therefore exp is one to one between U Nsp,(H) and V N Spy(H). We
have found a local chart around 1. This construction can be translated to

any point in Spy(H) using the left action of Spy(#) on itself. O

Since the exponential map exp : Bao(H.y)an — U2(H) is surjective (see [2]),
it is clear that exp(spy(H)an) = Ua(H ).

Proposition 3.3. The unitary subgroup Uy(H ) is a Lie-subgroup of Spy(H).

Proof. Let U be a neighboord of 0 in sp,(?) such that the exponential map
is a diffeomorphism, we can assume that U = {z € spy(H) : ||z||2 < r} for a
suitable r > 0. It is clear that we always have

exp(spy(H)an NU) C Ux(Hy) Nexp(U).

Conversely, suppose that g € Uy(H ) Nexp(U) then g = e¥ for some y € U,
hence 1 = gg* = e¥e¥" and then e¥ = e7¥ . Since —y* also belongs in U and
the exponential is one to one, we have that y = —y* and thus y € spy(H )an.
Then we have exp(spy(H)an NU) = Us(H ) Nexp(U) and this implies that
Us(H ) is a Lie-subgroup of Spy(H) (see Prop. 4.4 in the book [4]).

]

4 The left invariant metric of Sp,(H)
Again, using the left action of Spy(#H) on itself, the tangent space at g €

Spy(H) is
’ (T'Spy(H))g = g-5p2(H) C Ba(H).

We introduce the left invariant metric for v € (T'Spy(H)), by
Z(g,v) = g~ vll=.

bt



This metric comes from the inner product

(v,w), = (g7, 97 w) = tr((gg*) 'ow").

In the followings steps we recall the metric spray of GLy(H) with the left

invariant metric, for more details see [I]. We will follow the notation of

Lang’s book [12]. For the metric expression g — I, where [,v = (9g*) 'v

we obtain the metric spray (see [14])

F,(v) = vg v+ gv* v —vv*(g") 7"

Using the polarization formula
Py(v,w) = 1/2{Fy(v +w) = Fy(v) = Fy(w)}

we obtain the bilinear form associated to the spray, that is for g € G Ly(H)
and v = gz, w = gy € T,GLy(H),

297 'y (g9, gy) = 2y + yz + 2y + y*zr — 2y* — ya*.

The covariant derivative of the spray is D;n = n—1'(n, &) where a : (—€,€) —
G Ls(H) is any smooth curve and 7 is a tangent field along o.

Proposition 4.1. Ifn is a field along a curve a we define B = o~ & and p =
a~'n, the fields at the identity, then the covariant derivate can be expressed

by
a Dy = fu+1/2{[8, pu] + (8, p*] + [, B*]}.

Proof. From the covariant derivate formula, we have
-1 1 —1
a "Dm=a n—a T(ap,afb).

If we write n = ap and & = af, using the product rule to differentiate n we
obtain

a 'y =a = Bu+
0

The above formula can be restricted to Sp,(#) preserving the tangent fields,
that is, Spy(H) C GL2(H) is totally geodesic.

Proposition 4.2. If o C Spy(H) is a curve and n a field along o then

Din € (TSps(H))a = a.s5py(H).



Proof. Let 8 = a™ta and u = a~'n be the fields moved to sp,(H), we will
show that a='Dyn C spy(H). Indeed p verifies uJ = —Jpu*, if we derive,
we obtain pJ = —Jp* and g is a Hilbert-Schmidt operator and that lies
in spy(H). The brackets [3, u], [8, u*], [11, 5*] are all in spy(H) since it is a
Banach-Lie algebra, then using the above proposition

a”'Dyn = fu+ 1/2{[B, ] + [B, 1] + 1, 8]} C spy(H).
O
This shows that the Riemannian connection given by the left invariant metric
in the group Sp, () matches the one of GLo(H). Particularly the geodesics of

Sp,(H ) are the same than those G'Lo(H); if go € Spy(H) and govy € go-5po(H)
are the initial position and the initial velocity then

at) = goe'¥o et =) Spy(H)

satisfies Dy&v = 0 (see [I]). In this context the Riemannian exponential for

g € Spy(H) is

Exp,(v) = ge¥ e~

5 Metric structure in Sp; (H)

5.1 Sp; (H) as a submanifold of GL(H)*

It is not difficult to prove using the functional calculus that the exponential
map can be restricted to the Lie-algebra sp,(H); making it diffeomorphic to
Spy (H); in this way

exp : 5Py (M) — Sp; (H)
is a diffeomorphism. From the stability of the adjoint operation in Sp,(H)
(Proposition [21]) we can restrict the natural action of the invertible group
to the set of positive invertible operators.

Lemma 5.1. The natural action | : Spy(H) x Sps (H) — Spy (H) given by
(9,a) — gag’
1s well defined and transitive.

Proof. The map (g,a) — gag* is well defined as a direct consequence of
Proposition 2.1} it is clear that gag* € Spy(H) and it is positive. If XY €
Spy (H), we can assume that X = e, Y = e¥ where x,y € sp,(H)p,; then if we
consider the operator g = e®/2¢7%/2 € Sp,(H) it verifies that X = gYg*. O
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Now we endow the closed submanifold Spy () with a Riemannian metric;
if @ € Sp3 (H) and = € T,Sp3 (H) = {a'/?In(a?qa""/?)a/? : g € Sp3 (1)}
we put the metric of positive operators (see [7] and [16]) given by
pla,z) := |la=2za?|,.
Remark 5.2. The above metric is invariant under the action of the group
Spo(H), that is: if x € T,Spq (H) then
plgag”, gzg") = p(a, z).
The curve y,,(t) = p'/2(p~/2qp~1/?)tp!/? = pt/2etMn@™ 2™ 2D p1/2  Spk(3)
joins p to ¢ and its length is
Ly(1pq) = [[1n(p™"2qp™"?)]|2.

This curve is minimal among all curves in Spj (H) that join p to ¢. We will
give a short proof of this fact, the key is the following inequality.

Remark 5.3. (See [11]) If dexp, denotes the differential of exponential at
x of the usual exponential map, then

p(e”, dexp,(y)) = [l 2dexp,(y)e™ 2]l = [ly]l.. (5.1)
for any x,y € Bo(H)p,.

Theorem 5.4. Let p,q € Spy (H) then ~y,, C Sps (H) has minimal length
among all curves that joins p to q.

Proof. We can suppose that p = 1, then 7v1,(t) = e’ where z = In(q) and its
length is [|z||s = || In(q)||2. If v is another curve that joins the same points,
then it can be written as a(t) = ¢*® where 3(t) = In(a(t)) C spy(H);. Using
the above remark we have

1 1
L =|lz =0y = 3(£)dt|]o < : d
p(71g) = |z — O]z I|/0 B(t) t||2_/0 18(¢) |24t
and also '
pla, ) = p(e”D dexpyy (B(1)))
= [le D2 d exp gy (B(£)e PO |y > [|B(2)]]2-
]

It can be shown that the metric space (Spy (H),d,) is complete. This fact
was proved in [§] or [I3] in another context; in this context we also can derive
from (5.1 the known inequality

dy(p,q) > ||logp — log ql|2

for p,q € Spy (H); the proof of completeness can be adapted easily, therefore
we omit them.



5.2 Sp, (H) as submanifold of the ambient space

Here we will think Spj (#) as a submanifold of the real Hilbert space Hg :=
R @ By(H)p, with the natural inner product

<Ata,p+b>=Au+Tr(b%a).

From the action given by Lemma [EJ] we can define for each a € Spy (H) the
map
ma : Spy(H) — Spy (H), malg) = gag™.

Observe that, since the action is transitive this map is onto and as in the
case of the full space of positive invertible operators B(H)" (see [6]), we have
that o,(b) = b*/2a~'/? defines a global smooth section of 7,. Note that this
map is well defined and its image belongs clearly to Sp,(H).

If g is any element in Spy (H), we can consider the real linear map

1
Hg : HR —)HR, €r+— §($+QJ$JQ)

This map is well defined and a short computation shows that the range

belongs to By (H)p,.

Lemma 5.5. The map 11, is idempotent and its range is g/2sp,(H)ng"/?.
Moreover, its adjoint map for the trace inner product s ll,—1. If g =1 this
map 1is the orthogonal projection onto spo(H)p.

Proof. First we prove that II; is an idempotent map. Indeed, using the fact
that gJg = J,

I () = Iy (z+gJzJg+ gJ(x+ gJatg)Jg) =

AN

(x+gJ:EJg)) =

N | —

1
= Z(:c +2gJxJg + (91g)Jx] (9] g)) = y(x).
Now we will prove that Ran(Il,) = ¢'/2sp,(H)ng"/?. Indeed, let g'/2xg'/?

with = € sp,(H ), then using that g'/2J¢'/? = J (that is ¢*/? € SpJ (H)) and
the relation of x with J we have

1
Hg(gl/ng1/2) _ §(g1/2xg1/2 +gl/2gl/2ng/2:L’gl/2Jg) _ gl/2xg1/2.

Finally, note that the range is contained in g'/2sp,(H)ng"/?;
1 el i i 12 172\ ,1/2
§(x+ngJg):g S\9 g +g/Jdxdg e g e
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To conclude we must show that the expression in the bracket anti-commutes
with J, here we will use that J? = —1 and the relation ¢'/2.J = Jg~ /%

(971/23:971/2 +gl/2J:Ung/2)J _ —g71/2JJ37Jg1/2 . Jg*1/2xg*1/2 _

_ _J(gl/QJl,ng/Q +g_1/2xg_1/2).

Now we will show that I} = II,-1; first note that if z,y € Hg by the invariant
and cyclic properties of the trace we have

Tr(ygJaJg) = Tr(—JygJzJg]) = Tr(JygJeg™ ') = Tr(g *JygJz)
=Tr(g~ JyJg 'a).

Then the inner product is

1 1
<y(x),y >=Tr (y(é(:ﬂ + ngJg))) = §Tr(yx + ng:EJg) =

1
=5 (Tr(yx) +Tr(g ' JyJg 'z)).
On the other hand, we have

(Tr(yx)+TT(g_1Jng_1 ))

DO | =

1
<, M1 (y) >=Tr (5 (y+g—1Jng—1)x) —

0

5.2.1 Linear connection and geodesics

It is natural to consider a Hilbert-Riemann metric in Spy (#), which consists
of endowing each tangent space with the trace inner product. Therefore
the Levi-Civita connection of this metric is given by differentiating in the
ambient space Hg and projecting onto T'Spy (H). For this, we define the
positive ambient metric as;

pamb(ga l‘) = ||IL‘||2

were z € T,Sps (H). Using the formula of the projector over its range and
Lemma [5.5], we can calculate the orthogonal projection onto T,Sps (H); that
is

L,

ot ) = Mg (g +115 = 1) 74 = (I + 115 — 1) 7' = (g + - — 1) -
Then, if v is a smooth curve in Spj (H) and X(f) is a smooth tangent field

along 7 the covariant derivative is
D

ZX() = By (X(1))
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Proposition 5.6. A curve « is a geodesic of the Levi-Civita connection if
and only if it satisfies the differential equation

aca + JaJ = 0.

Proof. Using the last expression of the orthogonal projection E, we have

D
aa(t) =0& (@) =0& d+a ' JaJa ' =0.

The study of this equation will appear elsewhere.

5.2.2 Completeness of Sp; (H) with the geodesic distance
Here we study the completeness of the metric space (Spd (H),d, ). It is

) PPamb

easy to verify that if we have any curve v C Spy (#H) that joins a to b, then

1
o=t < [ 50t = Ly, 000
From this inequality we have that
la—bll2 <d,,,,(a,b), foralla,be Spy(H). (5.2)

The key to prove the completeness will be the Proposition B.I] and the exis-
tence of smooth sections o,.

Proposition 5.7. The metric space (Spy (M), dy,,,) is complete.

Proof. Let (x,) be a Cauchy sequence for the metric d,, ,, from equation
(52) we have that (x,) is a Cauchy sequence in |[|.||z and then from Proposi-
tion B we can take z € Spy (H) such that ||z, —x||s — 0. Using the continu-
ity of the global section o, we have that ||o,(z,)—1||2 = ||oz(2n) —0.(2)]]2 —
0. For n large we can take z, € sp,(H) such that o,(x,) = e** and then it is
clear using the previous fact that ||z,[|» — 0. Let v, (t) = e**ze’*" be a curve
in Spd (H) that joins 7,,(0) = z and ~v,(1) = eze™ = m(0.(x,)) = 2;
then if we compute its length,

1 1
mmwwzfn%mmm:/n%wwwﬁm%mm%wﬁ
0 0

< 2|zullallz el — 0.

Then
dpamb(xndx) S Lpamb (’Yn) — O

11



6 A Polar Riemannian structure

The polar decomposition of g € Spy(H) induces a diffeomorphism
Spao(H) —= Us(H) x Sp3 (H), g — (u,|g]).

This fact was noted in Prop.14 (iv) on page 98 of the book [9]. The unitary
group Us(H ;) is a Riemannian manifold with the metric given by the trace.
We can endow the product manifold Ux(H ;) x Spg (H) with the usual product
metric, that is: if v = (z,y) € T,Us2(H ;) x T}y Sps (H) we put

1/2
P((u.]g]), v) = (Hu‘leS +p<|g\,y>2)

1/2
_ (qué ; |Hg|-1/2y\g|-1/2u§) . (6.3)

This is the product metric in the Riemannian manifold Uy(H ;) x Spy (H).
The map ¢ is an immersion, from this we can define a new Riemannian
metric in the group in the following way: if v,w € (T'Spy(H)), we put

(v, w) g = (dpy(v), dpg(W)) wg))-

It is clear that ¢ is an isometric map with the above metric and if « is any
curve in the group Sp,(H) we can measure its length as Lp(p o «).

Theorem 6.1. Let g € Spy(H) with polar decomposition u|g| and suppose
that u = e® with x € spy(H)an and ||z|| < 7, then the curve a(t) = e*|g|* C
Spo(H) has minimal length among all curves joining 1 to g, if we endow
Spo(H) with the polar Riemannian metric (6.3).

Proof. By the polar decomposition, ¢ o a(t) = (e, |g|") and its length is

1/2

1
T T 2 2

Lp(poa) :/0 P, lgl"), (we', Ingllg|))dt = ([lz]l; + [ Ing]l)
Let 8 be another curve that joins the same endpoints and suppose that

B = B8, is its polar decomposition where 3; C Uy(H;) and By C Spy (H),
then

LP(woﬁ):/o P((ﬁl,ﬁQ)a(BlaBQ))dt:/O (||51||3+P(52752)2)1/2dt.

Using the Minkowski inequality (see inequality 201 of [I0]) we have,

/ B+ p(52, o) Pt > ({ / ” 61||2}2+ { /Olp%,ﬁ;)}Q) e

12



= (La(en + La(5?) 7

It is know that the geodesic curve e has minimal length among all smooth
curves in Uy(H ;) joining the same endpoints (see [2]); using this fact and
from Theorem [5.4] we have,

Ly(Br) = Lo(e") = |[zll2 and Ly(B2) > Ly(e"™1%) = || 1n |g]]]
then it is clear that Lp(p o ) > Lp(p o ). O

Remark 6.2. Let p,q € Spy(H), suppose that u,|p| and u,|q| are their polar
decompositions, from the surjectivity of the exponential map we can choose
2 € §po(H)an such that u, = uye® with ||z|| < =, then the curve

2 ~1/2 ~1/2
(1) = wpe [p[Y*(|p| 2 |qllp ™) p]* C Spa(H)
has minimal length among all curves joining p to q.

The above fact shows that the curve o, , is a geodesic of the Levi-Civita
connection of the polar metric. Its length is

1/2
2 _ _ 2
(||z||2+||1n|p| Y2iglip) 1/2||2) .

From this, the geodesic distance is

dp(p,q) = (da(up, ug) + dy(lpl, |a)?) .

Special case: normal speed. If the initial condition v € sp,(H) is
normal, then the geodesics starting at the identity map coincide with the
geodesics from polar metric. Indeed, if v = x 4 y is the decomposition in
5Py (H)p @ spy(H)an and v is normal a straightforward computation shows
that x commutes with y, thus we have

etv* et(va*) _ etv — et:vety.

This equation shows that the geodesic are one-parameter groups when the
initial speed is normal.

Proposition 6.3. The metric space (Spy(H),dp) is complete.

13



Proof. Let (x,) C Spy(H) be a Cauchy sequence with dp, if z,, = u,, |z,| is
its polar decomposition, we have that

1/2

(1t 43,) < lp (. Tr) = (Aot 0, )* - (], ] )?)

then the unitary part is a Cauchy sequence in (Us(Hj),ds) and by [2] it
is dy convergent to an element u € Us(H ;). Analogously the positive part
is a Cauchy sequence in (Spy(#),d,) then it is convergent to an element
g € Spy (H). If we put = := ug € Spy(H) then,

1/2

d’P(.Tn,.T) = (dQ(umn7u)2 + dP(‘xn‘7g)2) — 0.

0

In the next steps we will compare the geodesic distance measured with the
polar metric versus the left invariant metric. To do it we need the following
proposition first.

Proposition 6.4. Given p,q € Spy(H), if we denote v := |p|=*/?|q||p|~/?
we can estimate the geodesic distance dz by the geodesic distance dp as,

dz(p,q) < c(p,q)dp(p,q)

where ,
c(p,q)* = 2max { "™ (|ip|llp= )", Ipllllp~"] }-

Proof. The proof consist of estimate Lz(ay,,); if we derive «,, we have,
dp,q — upzetz|p|1/26tln(v) |p|1/2 + upetz|p|1/2 1n(v)6tln(v) |p|1/2

and the inverse of the curve o, , is

|71/267t1n |71/267tz -1

u

ayl=|p @ p oL

After some simplifications we can write

iy g = |p| e O p| 22 p| 2 MO p| V2 4 | T2 I (v) [p] 2

P,

1/26tln(v 1/2

, taking the norm and using the parallelogram rule

Let 2 = [p| Ip|

we have,

o gépally = lla™ 2z + [pl =/ (o) [p|/2|3
< 2(|l~ 2]} + [[lp1 72 In(v) p|213)
<2l [ll® =03 + Ml 20% )l 1pl2)%). (6.4)
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We can estimate ||z|* and ||z~!||* by

o1 < [llp] 21" e ON = ||p| 22l

and
1> < lpl 2" Ol = =22l

If we define

n(v - 2 -
c(p.q)* = 2max { N ([Ip[[[[p=1)" I/~ 11}

from (6.4) and taking square roots we have,

1 . 1/2
o, beipalla < clp, ) (12112 + | () |2) " = ¢(p, @)dp(p, q),

then
dz(p,q) < Lz(ay,) < c(p,q)dp(p, q).

7 The metric space (Spy(H), dz)

In this section we will prove the main result of this paper, that is the
completeness of (Spy(H),dz), it will be deduced from the completeness of
(Uy(Hy),ds) and from Proposition 6.4l The next lemma is essential for the
proof.

Lemma 7.1. If (z,) C Spy(H) is a Cauchy sequence in (Spy(H), dz) then it
is a Cauchy sequence in (Spy(H),||-]]2)-

Proof. First we take W, U geodesic neighboords of 0 and 1 respectively such
that
Expy : W — U := Exp; (W) C Spy(H)

is a diffeomorphism. If (z,) is dz-Cauchy, given small ¢ there exist n(e)
such that dz(x, '@, p, 1) = dz(2y1p, ) < € ¥p. Then we can suppose that
z ., € U for all p. Let a,(t) = etrel»=%) = Exp,(tv,) with v, € W be
the minimal curve that joins 1 to x, 'z, ,, then

dz(ﬂfﬁll’mpa 1) = LI(ap) = ”UpH2 <é&.

We have
1 1
o sy — 1z < / (82t < / (&)l iy () ol
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lap ()] = [le"rerma)|| < elvlle < e,

From this,
||$;1$n+p — 12 < e>¢e, for all .

This fact shows that the sequence is bounded in the uniform norm; indeed
if we take ¢y such that the sequence belongs in the geodesic neighboord U,
then there exists ng (fixed) such that [z, 2,1, — 1]l < €*, for all p.
Then if m = ng + p > ngy, we have

lznoll = lzmll] < l2ng = @mlle < l2no 125 @agp = Lz < lzn,lle*eo;
then
m=notpll < Mmll = 2 ] + l2no |l < [l [[(1 + e*0eq) Vp.
To complete the proof, if n is large, we have

|2ty = Talle = l2n(@ Tnsy = Dlls < lalle’®e < Ke¥e p.

Now we are in a position to obtain our main result.
Theorem 7.2. The metric space (Spy(H),dz) is complete.

Proof. Let (x,) C Spy(H) be a dz-Cauchy sequence, by the above lemma it

is ||.||-Cauchy; then from Proposition Bl there exists & € Spy(H) such that

Ty M x. Now we will show that z,, k) x; indeed from the continuity of the

module we have that |z,| converges to |z| in ||.||2 and its unitary part u,,K =
T, |1, |7t converges to u, = x|z|7!. The sequence |z|~/2|z,||z|~'/? converges
to 1 and then the geodesic distance dy (||, |z]) = || In(|z| 2|z, ||2]Y/?)]]2 —
0. By the equivalence of metrics in Uy(H ;) (see [2] for a proof) we have

2
@dQ(umn7um) S ”U‘:Bn - U‘JBH2 S d2<u$n’um)

1/2

and then
dp (2, 1) = (da (g, , uz)? + dy(|2n], |2])?) " — 0.

From Proposition [6.4] we have dz(z, z,) < c¢(z, z,)dp(x, x,); now we will see
that ¢(x, z,) is uniformly bounded. Indeed, for n large we can suppose that
|z,| < |z| + 1 then according the notation of Proposition

vn = [V a2V < Ja TR (o] + D2V = 1 o]

16



and by the monotonicity of the logarithm In(v,) < In(1 + |z|~!) and then
| In(v,) || < || In(1 + |z|71)|| for all n. Finally we have

n(vn - 2 -
olw, 2n)* = 2max{ NN (|lzfllz7H)7, o]l ]}

< 2max{ Mz a7 )%, flella )}

is clearly uniformly bounded and then it is clear that dz(z, z,) — 0.
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