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Abstract

In the framework of the discretization of advection-diffusion problems by means of the
Virtual Element Method, we consider stabilization issues. Herein, stabilization is pursued
by adding a consistent SUPG-like term. For this approach we prove optimal rates of
convergence. Numerical results clearly show the stabilizing effect of the method up to
very large Péclet numbers and are in very good agreement with the expected rate of
convergence.
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1. Introduction

Recently, a new discretization approach has been developed, named the Virtual El-
ement Method (VEM), that allows the use of general polygonal and polyhedral meshes
1.2,

The VEM has been applied in a wide number of contexts, such as plate bending
problems [3], elasticity problems [4 [5], Stokes problems [6] and the Steklov eigenvalue
problem [7]. A non-conforming formulation has been devised in [8]. Recently, the VEM
has been also used in the treatment of fluid dynamics models involving underground flow
simulations [9HIT]: in that context, the application of the VEM was driven by the need
of circumventing mesh generation problems. In these applications, the primal problem
is solved to compute the Darcy velocity field, that can be used afterwards to simulate
the transport of a dispersed, passive pollutant in a geological basin. The flow regimes
in underground transport phenomena are usually transport-dominated, due to the very
low diffusivity of the pollutant into the bulk fluid, thus calling for a stabilization of the
VEM.
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Many strategies have been devised to obtain a stable solution for standard Finite
Element discretizations, involving, for example, local projections [12] or suitably built
bubble functions [13, [I4]. The Streamline Upwind Petrov-Galerkin (SUPG) stabilization
method [I5H2T] has also been widely studied in very general settings. A first approach
to the VEM-SUPG stabilization is discussed in [22], in a non-consistent formulation.

Another issue related to advection-diffusion problems is the derivation of robust a
posteriori error estimates. In such context, the term robustness refers to the property
of obtaining a relation between the error and the error estimator with constants which
are independent of the Péclet number [23H28]. An a posteriori analysis for the reaction-
convection-diffusion problem with the VEM is provided in [29], not addressing robustness
aspects and the SUPG-like stabilization issues.

The aim of this work is to devise a consistent SUPG formulation compatible with
the VEM. A key aspect of the VEM is that the basis functions of the discrete functional
space are not known explicitly, but only through their degrees of freedom. As a conse-
quence, computability of discrete operators requires special care and, in particular, the
consistent VEM-SUPG formulation devised in the present work requires the introduction
of a second-order term in the weak formulation of the problem, computed by resorting
to polynomial projections of the virtual element basis functions.

An a priori error estimate for the stabilized VEM discrete solution is also proven,
showing that the order of convergence is not affected by the stabilizing perturbation
added to the problem. Numerical tests proposed in the paper confirm the theoretical
results on triangular and polygonal meshes in both the convection-dominated regime
and the diffusion-dominated regime.

The paper is organised as follows. In Section [2] we state the model problem, define
some useful notations and make some standard hypothesis on the model parameters.
In Section [3| we introduce the spatial discretization and the Virtual Element functional
space based on it. In particular, the VEM-SUPG formulation of the problem is presented
in Subsection equations , and . In Section the a priori error estimate
for the stabilized VEM discrete solution is derived, the main result being stated in The-
orem [2| Finally, in Section [5| we propose some numerical tests aimed at confirming the
theoretical results.

2. The model problem

Let Q C R? be a bounded open set and let us consider the following convection-
diffusion problem:
{—V-(KVu)—i—B-Vu:f inQ, W

u=20 on 0f,

where K € L™ () is a positive function satisfying K(z) > Ko Va € Q for a given Ky > 0,
and 8 € [L>™ (Q)]%, V- 8 € L2 (Q). We additionally assume V- 3 = 0.

The notation throughout the paper is as follows: (-,-) and ||-|| denote the L? () scalar
products and norms; (-,-), and |||, denote the L? (w) scalar products and norms, for
any w C €; moreover, [|-||, and |-|, denote the H* () norm and semi-norm; |-||,, , and
/4., denote the H* (w) norm and semi-norm; whereas |[|-|[yyq,) and ||y, denote the
Wi (w) norm and semi-norm, where p is the Lebesgue regularity and ¢ is the order of the
Sobolev space.
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For future reference, we recall the classical weak formulation of the problem. Defining
B:H}(Q) x H (Q) — R and F: H} () — R such that

B (w,v) := (KVw, Vv)+ (8- Vw,v) VYw,v € Hp (Q),
and
F(v) = (f,v) YveH;(Q),
the variational form of is
B (u,v) =F (v) YveH(9Q). (2)

We remark that, for the sake of improving readability, here we limit ourself to formulation
. More general boundary conditions can be considered as well. Furthermore, K can
be taken as a symmetric positive definite tensor, with minor changes in some definitions.

3. VEM discretization

Let 75, be a set of open polygons partitioning €2, A being the maximum diameter
of these elements. For VEM-based discretizations these polygons can have a different
number of edges from one to another and also nodes can be placed between edges forming
a flat angle, thus allowing for hanging-node-like configurations. As usually done for VEM
discretizations (see [2]), we ask that every polygon is star-shaped with respect to a ball
whose radius is greater or equal than vhg, being hg the element diameter and ~ a global
constant. Finally, for each E € T, we set

Kg = sup K(x), KY, := inf K(z),
RIS D) zeE

2
BE = sup [|B(z)]|g: -
el
To define the Virtual Element space of order k£ > 0, for some k € N, we denote by
Py (Tr) the space of possibly discontinuous functions which are polynomials of degree less

than or equal to k on each polygon and we introduce the piecewise polynomial oblique
projection IV : H! (E) — Px(Ty) such that, VE € Ty,

(V (’U — Hkvv) ,Vp)E =0 VpePy(E),
and (HZE’U, 1)8E = (v, 1)y -
The local Virtual space of order k is defined as follows: VE € Ty,
ViE .= {vn e H' (E) : Avy € Pu(E), vy € Pi(e) Ve C O,
(o, ) = (I gon, ), V0 € Ph(E) \ Py2(E) } |
and, asking for global continuity we obtain the global space V}, C H} (Q):
Vi ={v, €C%Q): v, €V VEET,}.

A function belonging to such space is uniquely identified by its polynomial expression on
each edge of the discretization and by its moments against polynomials of degree < k—2
(see [1]). As in [I], we choose the following set of degrees of freedom (see also [30] for
more details):
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1. the values at the vertices of each polygon;

2. if k > 2, for each edge e C OF, the values at k— 1 internal points of e. For practical
purposes, we may choose these points to be the internal Gauss-Lobatto quadrature
nodes;

3. if k > 2, for each vy € V} the moments (vp, mq )y, for each E € T;, and all the
monomials my € My_o (E), defined as

r—2p)* (y—yg)*?
ma(o.y) = CEE YT vy ek,
E

with & = (a1, a2), |a| = a1 +ag < k —2.

3.1. VEM-SUPG formulation

It is well known that discretizing the variational formulation leads to instabilities
when the convective term (8- Vw,v) is dominant with respect to the diffusive term
(KVw, Vv). In such situations a stabilized form of the problem is required in order to
prevent spurious oscillations that can completely alter the numerical solution. In the
following we recast the classical Streamline Upwind Petrov Galerkin (SUPG) approach
[17] in the framework of the VEM, showing that the optimal order of convergence can

be preserved.
We define the bilinear form Bg,pg: H? (€2) N HY () x Hf (€2) — R such that

BSllpg (wvv) = a(wvv) +b(w,v) +d(w,v) ) (3)
being
a (w,v) = (KVw, Vv)+ Z T (8 -Vw,5-Vv), (4)
EeTy
b(w,v):= (8- Vw,v), (5)
d(w,v) ==Y 75(V-(KVw),B Vv), . (6)
E€Ty

The stability parameter 7g is defined as usual, VE € Ty, by

he
= —— min{Peg, 1
TR e min {Peg, 1} , (7)
where Pep is the mesh Péclet number of E, given by
BehE
Pep :=mP 8

and

e [4V-(KTu) =0 Vo, € VE,
k QCE otherwhise,

having set C’f to be the largest constant satisfying the following inverse inequality:

CENE V- (KVu)llp < KVl Vo € VP 9)
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Remark 1. We point out that if u € H? (Q2), we have that

Bgupg (1, 0) = Fyupg (v) := (f,v) + Z 5 (f,B-Vv) YoecH(Q). (10)
EcTy,

Remark 2. From the definition of 7z we have the following two estimates, that will be
used in the following;:

Cihy 5
TE < 5K if V- (KVuy,) # 0 for some vy, € Vy,” | (11)
E
he
T < —. 12
bs g (12)

The Finite Element discretization of the bilinear form has been widely studied,
for example in [I5] [I7], in which optimal orders of convergence were proved. In order
to write a computable VEM discretization of problem , we define the discrete bilinear
form Bgupg,h: Vi x Vi — R such that

Biupg,n (Wnyvn) 1= ap (wp,vp) + by (Wh, vn) + dp (whyvn) - Ywp, vy € Vi, (13)

where

ap, (wh,vh) = (KH2,1th, H271Vvh)

+ Z 7p (8- TRy Vwn, B - I, Vop) . (14)
EcTh
+ (Ke +1e8%) P (I — 1Y) wp, (I =TI ) vp)
by, (wp, vp) = (ﬁ . H271th71_12710) , (15)
dp, (wp,vp) = — Z TE (V- (KH271th) B H271V1}h) , (16)
EcTh

where IV is the element-wise orthogonal L? projection on the space of polynomials of
degree less than or equal to r, as used in [2]. The stabilization form S¥: Vj, x Vj, = R
in must statisfy the following property:

SE (vn,vn) ~ |Voul Vo € ker Iy . (17)

A possible choice for S is

Ng
S* (vn,wp) = in(vh)xi(wh)v (18)

where Ng is the number of degrees of freedom on the element E and y; is the operator
that selects the i-th degree of freedom.

With the above definitions we can state a SUPG-stabilized discrete formulation of
as: find uy € V}, such that

Bsupg,h (uha Uh) = Fsupg,h (Uh) Yop, € Vi, , (19)
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having defined the discrete right-hand-side as

Fsupg,h (Uh) = (fa Hgflvh) + Z TE (fa B : Hgflvvh)E . (20)
EcTh

Finally, in order to provide an estimation of the constant C',f for each polygon, we
can make use of classical theoretical results on triangles [3I] thanks to the following
proposition.

Proposition 1. Given a regular polygon E € Ty, let Th g be a triangulation of E com-
posed by triangular elements with an edge on the boundary of E and one vertex in the
centre of the ball with respect to which E is star-shaped. Let CF be the constant of

inequality (@ Then,
. . i he\ 2
C,;E > G <m1nt€7—hyE t) ’
hg
where Cy, is such that, Vv, € VhE,

Crh2 | V- (KVup) |17 < [[KVunlf Vi€ Thg.

Proof. Summing up the inequalities on internal triangles we have

Cr > WPIV-(KVu)lf < Y [IKVunlf,
t€Th, B te€Th,E

from which it follows

& ( i h) IV (KVon) 3 < [KTun .

t€Th, B
and therefore

Ck <mintz7-h£ ht
E

2
) B2 IV (Kol < KVl |

which proves the thesis. O

4. Error Analysis

Let h := maxge7, hg and define the following norm:

ol = {HWWHZ S ||5-vv|g}2 Vo e HL(©)

EeTy

In the following, we will use the symbol < for inequalities which are satisfied up to a
multiplicative constant independent of the meshsize and the problem data K and 3, and
the symbol = for inequalities satisfied up to a multiplicative constant independent of the
meshsize only. All the constants may depend on the regularity of the VEM mesh.
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4.1. Discretization errors

The following Lemmas are devoted to estimate the error of approximation of the
bilinear forms defined by (4), and (6) with the discrete ones defined by (14)),
and , respectively. The results are based on the following approximation results for
polynomial projections (see [2, Lemma 5.1]): VE € Ty,

o - 112

lo = 0o

mENhsm|v| YVveH*(E), m<s<k, (21)
Shy "l YWweH(E),m<s<k+1ls>1. (22)

m,E ~

Lemma 1. For any sufficiently reqular function w and Vv, € Vj,

b < 23
h (w,vn) S max (23)
Moreover, if 8 € [W2 (Q)]? for some s € {0,...,k}, then
s+1
b (w,vn) = bn (w, vn)] S max [|Bllyy () A wll gy llonlly - (24)

Proof. Regarding , by the Cauchy-Schwarz inequality and the continuity of II9_,
and I19 we have, VE € Tp,

(8- TRy Ve, IR _yvn)p < B [Ty Vool | [Ty on |

w«V‘WH”%Mv

from which readily follows.
Concerning , let E € Ty, be fixed. By adding and subtracting (B -9, Vw, vh)E
in the left-hand side and using the triangle inequality,

(8- Vw, o)y — (8-, Ve, TI}_yop) | =

=8 (Vw —1I}_,Vw) ;o) + (B Y, Vw, v, — Hg_lvh)E’ <
< |(5 . (Vw — H2_1Vw) ,vh)E| + {(5 . H2_1Vw,vh — Hg_lvh)E| .

We consider the two terms in the sum separately. The first one can be written as

2
ow ow
(5 ) (Vw - H2_1Vw) 7Uh)E = ; <5,x1 - Hg—laxivﬂivh)E .
Estimating each term in the right-hand side we have, Vi € {1, 2},

ow o ow ow
,ﬁzvh) = ( — ) —, Bvop, — 1Y _ (@‘Uh)) <
(a k la 8.T1 k—1 axz k—1 5

< -mea g s B S il sl <
illE

< i Billw ey 1wl air g lonly g -



Concerning the second term, we have that
2
(8- Y, Vw, vy, — H%flvh Z (61Hk 19z, VT Hglvh> .
i=1 E

Thus, using the properties of projectors to add polynomials of degree less or equal than
k — 1, we have

ow
Bill)_ i —,vp — Hilvh) =
( Ox; E

8w ow
ﬁzH (511_[ ) _H07 Uh) <
( k— 16 k— 18 k—1 5
8w
@Hk 18 5sz 18 |Uh Hk 1UhHE

<hg

ow ow
51“2—167%_ - Hg—l <5in 152 )

and the proof ends using the best approximation property of the projection, the triangle

inequality and (21)):

IVonllg >

8w ow
ﬁll_‘[k 1 8 <67«Hk 18 )
< ||p;11¢ 3710 —11¢ 5,7 GiIIY — B
= 1 k—laxi k—1 T x; . 1tk — 16 laxl
ow ow
- ’ & 0x; Hk ! (B axi) E = hEﬁE |w|5+1 h hE Blaxz s,E N

< s (B 1wlora.p + 1Billws s Il11.5) -

Lemma 2. For any sufficiently reqular function w and Vv, € Vj,,

dp, (w,vp) < max K—f H\/RVU)H H\/vahH . (25)

EeT, Ky,

Moreover, if K € W3 (Q2) and 8 € [W;;H(Q)]Z for some s € {0,...,k}, then

|d (’LU ’Uh) dh (w ,Uh)| < max HB||W3+1(E) ||K||W* E) (KE +ﬁE)

E€Th KEﬂE\/Kv

R ]

s+1 X

H\fvvhH. (26)

Proof. To prove (25), we assume V- (KVw) # 0, since otherwhise the inequality is
obviously true. We use , the Cauchy-Schwarz inequality, the continuity of H271 and
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@: VE € Ty,

h
5 (V- (KI_, V) , 8- T} _, V), < 5E27EE |V (KIL)_, V) |, x
1 Kge
\Y < |k -
ol 57 ! e

0 Ke
x [Ty Vool IVl < m H\/RVUJHE H\/vah

x | -1V g [Vorllp S

X

E

Regarding , by applying the triangle inequality we have:

> = (V- (KVw), B Vo), — 7 (V- (KI_, V), 8- TI)_, Vp)
EcT,

<

< Y e |(V- (KVw = KT, Vw), - Vop) |
E€Ty,
+ 75| (V- (KIR_, V), 8- (Vo =TI} _,Vuy)),| - (27)

To estimate the first term of the right-hand-side of , we suppose V-(KVw—KII?_, Vw) #
0, we use the Cauchy-Schwarz inequality, , @D and :

~ 2
75 |(V- (KVw — KII,_; Vw), 8- V) ;| < Cehpfe

- 2Kg
VCrhefe
2Kg

|V (KVw = KII)_; Vw) ||, x

< Vol < [KVw — K1, Vo, [ Vol <

<VOEE

he ||Vw — IR _; V| H\/RVU’LHE ~ 2 /Ky

<V Crbr

PN

1
het ] PR H\/RVU;LHE .
Concerning the second term of (27)), we have

75 (V- (KIY_, V) , B+ (Vo — TI9_, V), =
2
ovy, Ovy,
=T BiV- KII)_, Vw »7_1_[07 ()) )
E;< (KT >5$z‘ "\ 0xi ) )

and we can bound each term of the sum by using the properties of the projection, the



Cauchy-Schwarz inequality and the triangle inequality:

avh avh

ov ov
5 <v. (BiKITY_, Vw) aT;h - Hglal'}:)E

8’Uh 3vh
+TE <Vﬂz - (KI)_, V) Tom; s Ox; >E -

= (¥ (AR, ) — 9 (0 (3K, 22—, 200
T; 0z )

b 0
e (M (V8- (KITL V) = 95, (KT, P), G20 T )
i t/E
-
< e (17 (KIG_ () T (BT, Tw))

{9 (V8 - (KT, V) = 95: - (KT, Vo) | ) | v/K 9w

E
We consider the two terms inside the parentheses separately. To estimate the first one, we
first use the fact that II{_, is the best L? (E) approximation in Px_1(F), then inequalities

and @D, and finally :

75 || V- (BKI)_, Vw — I}, (BiKIT,_,Vw))||, <
Crph?
< 2 V- (BKIG Vw11 (3K, Vw)) |, <

- VCghg

T |B:KII)_, Vw — I} (BiKIT)_, Vw)||, <
< VCrhg
- 2K
< VP (ke (1% - )+ 30 - 1 (3] ) <
S \/QCE;E (h%ﬁEKE (wlst1 8+ B |ﬁz‘KVw|s,E) S
- \/@hEﬂ

~ oK, <5EKE \w|3+1,E + ||5||Wgo(E) HK||W;;O(E) ||st+1,E) :

To estimate the second term we use the fact that II? , is the best approximation in
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Py_1(E), the triangle inequality, inequality and the estimate :

e |, (VB - (KIIR_, Vw)) — V3, - (KII)_, V)|, <

e

2PE

x (|[I)_1(VBi - KVw) — Vi - KVuw|| , + || VB - K (Vw =TI}, Vw) || )

< 7 ||[I_, (VB - KVw) — VB; - KII)_, V|, <

S QhﬁE (hE IVBi - KVw|, i+ hpKe [|Bllw g [0, E) S
hSJrl
S 2 (IKlhwe o) 181wty Nollogs i+ Ko DBl ol ) -
O
Lemma 3. For any sufficiently regqular function w and Yvp, € Vy,
S g S ] [l

EeTh

Moreover, if K € Wi () and 8 € [Wgo( )] for some s € {0,...,k}, then

IK]| HBH%V;O(E)
WS
la (w, o) — an (w,vy)] S | max = LI O [

EETy, VK

H\fvvhH. (29)

Proof. Let vy, w € Vj,. We first prove considering E € Tp. Regarding the terms
involving the VEM stabilization, we first point out that, as a consequence of , we
have

S (1= T0F) . (1 =9 0n) 5 IV (o0 =17 0) | 9 (0~ T8 o) - (G0
Applying the Cauchy-Schwarz inequality, (30 and the continuity of projectors,
af (w,vp) = (KH2_1Vw,H2_1Vvh)E + 715 (8-} _1Vw, B - ) _ IVvh)
+ (Ke +7168%) ST (I -1Y) w, (I -1 ) vs) < (Kg + 768%) x
x ([Te—y V| ([0 Von || + (7 = T07) | [|(7 = T ol ) S

< g VR [VRval,

Concerning (29), by adding and subtracting (KVw, Hk_1Vvh)E = (IIY_, (KVw) , Voy,)
and (B6TVw,II)_, V), = (II}_,(B8TVw) , Vuy,), and exploiting the triangle inequal-
ity we have, VE € Tp,,

E

|a® (w,va) — ay’ (w,vp)| < |(KVw — KH%?IVw,H271Vvh)E|
+|(KVw = Iy (KVw), Vor) | + (Kg + 763
x |SP((I =1 ) w, (I —T0Y) vp)| + 76 | (B8TVw — BBTIL)_, Vw, II)_, V)|
+ 7B |(6BTVU) — 10, (BBTVw) ,Vvh)E‘ .
11



The first term is bounded as follows, exploiting the definition of projection, its continuity

and :

(K (Vo =TI, V) , T Vop), S VKg ||V — T, V|, H\/RwhHE <

S VKehy |w|s+1,E H\/RVUhHE

The second term is bounded by the Cauchy-Schwarz inequality and :
(KVw =TI} _; (KVw) , Vo), < ||[KVw =TI, (KVw)|| ||VU;L||E <

IKllwe (o
5 hSE |Kvw‘s,E < hs T ey Hs+1 E vavhH

\ﬁ

The third term is estimated using , the Cauchy-Schwarz inequality, the continuity of

H2—1 and :
< BE

EN2

ﬁ
E hs+1‘w|s+1EH\FvvhH <

75 (BT (Vw —II)_,Vw) I} V), S Sohe ||[Vo — IR, V||, [Vl g <

_ 18l
VLAl

hs+1 |w|s+1 E H\FvvhH
The fourth term can be estimated similarly:
w (BTVW —IR_, (B6TVw), Vun), < 75 [|B6TVw — IR, (BATVW)|| ;, | Vol

75l VO], 5 B it R

STE hEv
VKE
Finally, we consider the terms involving the VEM stabilization and, applying again ,

we are left to estimate projection errors. Proceeding as above, exploiting the continuity
of Hkv7 and the estimate on 7g in we obtain

A

Ke ||V (w = IFw) |5 [V (o0 = T on) | 5

bV

’

Ke
< 7\/7v

7} |V (0= 1) |9 (on =70 | < b ol | VKT

4.2. Well-posedness of the discrete problem

In this subsection we prove, in Theorem[I] an inf-sup condition for the discrete bilinear
form defined by 7 which ensures the well-posedness of problem .

Lemma 4. There exist a constant o > 0 such that

an (vn,vn) > alupll® Vo, € V. (31)
12



Proof. Let v, € V}, and fix E € Tj,. From the definition of a;, in we have
2
al (vp,vp) = H\/RHQAVU;IHE +TE Hﬁ . H271VUhH2E
+ (Kp +7p8%) S7 (1 = T0Y) va, (I = 1)) vp) -

From and the properties of the orthogonal projection, we have that there exists
c¢* > 0 such that, VE € Ty,

SE (T =T7) vy (T = TIY ) wn) = ¢* ||V (vn — TIY 0)|[2 > ¢ || Von — TI)_, Vo |2,

and then

(Ke +766%) ST (I =10 ) vn, (I —IIY ) vp) >
> ¢ (Kp +p6%) || Vor, = 1), Vo ||, >

2
> o (| VK (7o =1 yvon) [+ m 18- (Fon =1V )

The thesis is thus proven choosing oz = min {¢*,1}:

2
ay, (vn, vn) > H\/Rng—lvvhHE + > 18- 11 Vun [,
EeTy,

2
+e* <H\/R (Vo =T, Von) | _+75 18+ (Von — T, Vo) HZ) >
2 2
min {c*, 1} <“\/RH2_1th" + H\/R (Von — Hg_lvyh)H
7 |8 Ty Von| 5+ 7 |18+ (Ton = T, Vo) |[3;) =

> e 1) (VRS 475 18-Sl ).

O
Lemma 5. Let g € H} (). Then there exists ¢* € V}, such that
ap (¢",vn) = a(q,vn) Yup € V).
Moreover,
"l < = lall (32)
«
la=a" I S hlldl (33)
being a the coercivity constant in .
Proof. The proof is formally the same as the one for |2 Lemma 5.6].
O
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Lemma 6. For any vy, € Vj,

Bsupg (v, vn) = 3 |||vh I (34)
Proof. Let vy, € Vj. Since we have homogeneous Dirichlet boundary conditions and
V- B =0, it holds
1
(8- Vup,vp) = —3 (V~ B,vi) =0.

We have, using the definition of Bgypg, and the Cauchy-Schwarz and Young inequalities
and the estimate @,

Buupg (v, vn) = H\/RwhHQ + > w8 Vouly - e (V- (VKYW) 8- Wh)E >
EET;

h

> VRS + 5 w13 Vel 7 (VRO 13- Pl 2 | VR
E€Ty,

£ S8 Vol - e IV (KVu)l% > Hﬁwhuz S N

EcTh

1 3 2 1
+ 575118 Vunlh > 5 | VRVa| + 3 Srels- whné > 2 lonl?
2 4 fot 2 2
h

O

Theorem 1. Suppose K € L™ (2) and § € [W})C(Q)]Q Then, Yvn, € Vi, and for h
sufficiently small,

B upen (U, wh)

sup —EL o g (35)

wn €V, (o

Proof. Let vy, € V), be fixed and let v} € V}, be the function, whose existence is guaranteed
by Lemma such that ay, (v§,wr) = a (vp,wp), Ywy, € Vj,. By definitions and ,
since aj, is symmetric, we have, by (34)),

Biupg.n (Vnyvp,) = an (vh, vh) + by (vn, vy) + di (vn, vp,) = a (vh,vh) + b (v, vp)
+ dn (Vn, v,) = Bsupg (Vn, ) + 7 (vn, vp) > |||Uh||| + 7 (vn,v)
where

7 (v, vy) = bn (vn, vg) = b (vn, ) + b (Vn, 05 — vp)
+ dn (vn,vy,) — d (vn, v3) + d (v, vy — vn) -
By Lemmas [I| and [2}, the continuity of b and d, that can be proven as for and ,

and by and (33)), there exists a constant C, > 0 depending on [|K|[;« k), Bllw1 ()
and on the approximation constants in and 7 such that

Ir (v, 3| < Cot [ VRV u| | VKV

14

llonl® . (36)



Then, by and the following lower bound holds:

1 2 * « *
Buupgn (0nsvn) = 5 [onll® + 7 (on,07) = (5 = Coh) Tonll il

which yields the thesis for
o

2C, "

h <

4.8. A priori error estimate

To derive an a priori estimate that shows optimality of the rate of convergence of
this SUPG approach, we will use the following estimate on the VEM interpolator (see
[2, Lemma 5.1]):

VE € Th, Vo € H*(E), [l — @1l g Shp "ol p:VssmeNm<s<k+1,s>2.
(37)
We are now ready to prove the following result.

Theorem 2. Suppose u € H*t1(Q), K € W5,(Q), B € [ngl(ﬂ)f for some s €
{1,...,k}. Then, for h sufficiently small,

lu = unll Z 2 (lullyr +1£1,) - (38)

Proof. First, by the triangle inequality we have
2 2 2
e = unll™ < llu —wrll™ + flun —url”

and, by ,

o=l = 3 H\/Rv<u—uI>H2E+Hﬂkuz)lléS

EcT,

<> Ke+BE) IV—unly < Y. (Ke+B83) b ull, -
EeT, EcTh

We are left to estimate the norm of ej, := up — uy. Since e, € V3, by there exists
wyp, € V3, such that

Biupg,n (€n,wn) Z lenl| flwnll -

Using the exact and discrete problems and ,

llerll llwnll 3 Boupg,n (wh — wr, wn) = Faupg,h (Wh) — Bgupg p (ur, wn) =
= Fuupg,h (wp) — Foupg (wn) + Bisupg (u, wp,) — Bsupg,h (ur,wn) = Fsupg,n (Wh)
- Fsupg (wh) + Bsupg,h (U —ur, wh) + Bsupg (ua wh) - Bsupg,h (ua wh) . (39)

Note that for our choice of the degrees of freedom and stabilization (defined in ), it
makes sense to compute Bgupg,n (4, wp,) as in (13)-(16), because u € H? (Q) € C°(Q) for
Q) C R2. If the solution u does not have the regularity for pointwise evaluation, definition
for the VEM-stabilization function has to be properly modified.
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The first difference in can be written as:

Faupgh (Wn) = Faupg (i) = > (f, (M0, = I wy + B+ (Te_y —I) V), . (40)
EeTy,

The first term of the sum in is bounded as follows:

(fs (s = D wn) = (1= 1Gy) /o (Mg — D wn) < [f = T, f

X ||wn — 11 1wh||E Shi fleoy phe IIthH <

2 e | VRTw ] < — 1y llons

The second term of the sum in can be treated as follows:

2
<f»ﬁ-<H21—I>th>E=Z(<HM )(@f»a?) <
i=1 E

(2

8wh

2
<3N -1 Gl | 5

§jnzquH»/*VumH

I
<R

Going back to , we estimate the continuity of Bgupg,n, given by , and ,
and the estimate on the VEM interpolator in :

VATT

s,E |”wh|”E .

Bsupg,h (u—ur,wn) 3 flu—urlly [lwally S 57 [l flwnll -
The estimate of the last difference in is obtained by applying (24)), and (29):

| Bsupg (4, wn) — Bsupg,h (u, wn)| < la (u,wn) — ap (u, wp)]
+ 16 (u, wn) = bp (u, wp)| + [d (w, wp) = dp (w, wi)| 3 0 (Jull 4y (lwall; -

5. Numerical Results

In this section we will consider two benchmark problems in the domain © = (0,1) x
(0,1) in order to numerically evaluate the rates of convergence of the discussed VEM-
SUPG stabilization both in the convection-dominated regime and the diffusion-dominated
regime. VEM orders from one to three are used.

5.1. Test 1

As a first test we consider problem with constant K and 8. In particular the
transport velocity field is
ﬂ('ray) = (%,7%) ’
16



and we perform two sets of simulations corresponding to two different values of K: in a
first set of simulations we use K = 1073, whereas K = 107 is used for a second set of
simulations. The meshsize range is chosen in such a way that for all the values of the
VEM order k the mesh Péclet number is both greater and lower than one for K = 1073,
whereas it is much greater than one for K = 107Y.

The exact solution for this problem is given by

65536
u(z,y) = Wx?’(l - 95)3/3(1 -vy).

In Figures we show the convergence curves obtained with K = 1073 (left) and
K = 107% (right). The error reported is based on the difference between the exact
solution and the projection of the discrete solution on the space of polynomials of degree
k, accordingly to the VEM order k varying from 1 to 3. The error is measured in the
L2 () and H! (Q)-norms and is plotted with respect to the number of degrees of freedom
(Ndof). For each mesh we also report the values of the minimum and maximum mesh
Péclet numbers. Note that the left y-axes scales refer to the mesh Péclet numbers,
whereas the right ones refer to the error measure. The very good agreement between the
numerical behaviour and the expected rates of convergence in is evident.

5.2. Test 2

For the second test, non-constant coefficients are used and the flow regime is transport
dominated in all the simulations performed. We have set:

1n—7 1422 Ty

B(z,y) = (3 +10y(z + y*)*, -1 =5z +y*)*) ,

and the exact solution in this case is:

utesp) =000yl - 0)1 ) (0 5) (-3 ) (v-3) -

We now compare the solution obtained with the VEM-SUPG method described in the
present work on a family of polygonal Voronoi meshes generated by PolyMesher [32],
made up of polygons with four to eight edges (see Figure , with the solution obtained
on standard triangular meshes. Figures [2c| and show a comparison between the un-
stabilized solution and the one obtained using the SUPG stabilization for second order
VEM, showing a very good agreement with the exact solution (Figure for a given
polygonal mesh. Convergence curves were obtained for VEM formulations of order from
1 to 3 and are reported in Figure [3] The error was obtained by comparing the exact
solution to the polynomial projections of the discrete solutions. On each plot we also
report the maximum and minimum mesh Péclet number for each considered meshsize.
Also in this case, the left y-axes refer to the mesh Péclet numbers, whereas the right ones
refer to the error measure. Note that for all orders and meshes, this problem is always
convection-dominant (minge7;, Peg > 1 for all meshes). Again, the plots show a very
good agreement between the experimental orders of convergence and the ones provided
by Theorem [2| independently of the mesh used.
17
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Figure 1: Test 1. Convergence curves
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Figure 2: Test 2. Sample mesh, exact, unstabilized and stabilized solutions

6. Conclusions

In this paper we have considered the advection-diffusion problem with a VEM based
approach. The stabilization considered is a natural extension to the VEM of the classical
SUPG stabilization for the standard FEM. It is known from the VEM literature that
VEM discretizations require the introduction of a stabilization term to ensure coercivity
of the discrete operators. A VEM stabilization of the SUPG stabilization is therefore
needed. Under sufficient regularity assumptions of the data and of the exact solution,
we have shown that both the advective-SUPG stabilization and the corresponding VEM
stabilization for coercivity (stabilization of a stabilization) do not pollute the rates of
convergence of the VEM discretization.

Numerical results confirm the proven theoretical behaviour. Moreover, stable good
discrete solutions are obtained also for very large Péclet numbers in the order of 10°
and mesh Péclet numbers in the order of 107. The numerical results also show a reliable
stabilizing effect for the proposed formulation of the SUPG stabilization without the
introduction of an excessive diffusive effect.
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