CYCLIC HOMOLOGY OF HOPF CROSSED PRODUCTS

GRACIELA CARBONI, JORGE A. GUCCIONE, AND JUAN J. GUCCIONE

ABSTRACT. We obtain a mixed complex, simpler than the canonical one, given
the Hochschild, cyclic, negative and periodic homology of a crossed product
E = A#;H, where H is an arbitrary Hopf algebra and f is a convolution
invertible cocycle with values in A. We actually work in the more general con-
text of relative cyclic homology. Specifically, we consider a subalgebra K of A
which is stable under the action of H, and we find a mixed complex comput-
ing the Hochschild, cyclic, negative and periodic homology of E relative to K.
As an application we obtain two spectral sequences converging to the cyclic
homology of E relative to K. The first one works in the general setting and
the second one (which generalizes those previously found by several authors)
works when f takes its values in K.

INTRODUCTION

Let G be a group acting on a differential or algebraic manifold M. Then G acts
naturally on the ring A of regular functions of M, and the algebra A of invariants
of this action consists of the functions that are constants on each of the orbits of M.
So, the naif idea is considering “A as a replacement for M/G in non-commutative
geometry. Under suitable conditions the invariant algebra “A and the smash prod-
uct A#k[G], associated with the action of G on A, are Morita equivalent. Since
K-theory, Hochschild homology and cyclic homology are Morita invariant, there is
no loss of information if “A is replaced by A#k[G]. In the general case the ex-
perience has shown that smash products are better choices than invariants rings
for algebras playing the role of non-commutative quotients. In fact, except in fa-
vorable cases (in which ones the smash product also works) the invariant ring of
an action never is used in non-commutative geometry, because it is a very coarse
invariant to measure properties of the action. For instance, consider the action
t-(z,y) := (e*x,ey) of (R, +) on the torus S x S, where 6 is an irrational num-
ber. Then the ring of invariants of the induced action on the algebra A of regular
(continuous, differentiable or analytical) functions is the ring of constant functions,
but the associated smash product A#R[(R,+)] has a very rich structure (which
depends of #). This was a motivation for the interest to develop tools to compute
the cyclic homology of smash products algebras. This problem was considered in
[F-T], [N] and [G-J]. In the first paper it was obtained a spectral sequence converg-
ing to the cyclic homology of the smash product algebra A#k[G]. In [G-J], this
result was derived from the theory of paracyclic modules and cylindrical modules
developed by the authors. The main tool for this computation was a version for
cylindrical modules of Eilenberg-Zilber theorem. In [A-K] this theory was used to
obtain a Feigin-T'sygan type spectral sequence for smash products A# H, of a Hopf
algebra H with an H-module algebra A.
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It is natural to try to extend this result to the general crossed products A# ¢H
introduced in [B-C-M] and [D-T]. Crossed Products, and more general algebras such
as Hopf Galois extensions, have been homologically studied in several papers (see
for instance [L], [S], [G-G] and [J-S]) but almost all of them deal with its Hochschild
(co)homology. In [J-S] the relative to A cyclic homology of a Galois H extension
C/A was studied, and the results obtained apply to the Hopf crossed products
A# ¢ H, giving the absolute cyclic homology when A is a separable algebra. As far
as we know, [K-R] is the only work dealing with the absolute cyclic homology of a
crossed product A#;H, with A non-separable and f non-trivial. In that paper the
authors get a Feigin-Tsygan type spectral sequence for a crossed products A#;H,
under the hypothesis that H is cocommutative and f takes values in k.

The goal of this article is to present a mixed complex (X, d, D), simpler than the
canonical one, giving the Hochschild, cyclic, negative and periodic homology groups
of a crossed product £ = A#;H. Under the assumptions of [K-R| our complex is
isomorphic to the one obtained there. We actually work in the more general context
of relative cyclic homology. Specifically, we consider a subalgebra K of A which
is stable under the action of H (that is \* € K for all A\ € K and h € H), and
we find a mixed complex computing the Hochschild, cyclic, negative and periodic
homology groups of E relative to K (which we simply call the Hochschild, cyclic,
negative and periodic homology groups of the K-algebra E). Our main result is
Theorem 3.2, in which is proved that (Y, d, E) is homotopically equivalent to the

canonical normalized mixed complex (E®E® ®,b, B). As an application we obtain
two spectral sequences converging to the cyclic homology of the K-algebra E. The
first one works in the general setting and the second one (which generalizes those
of [A-K] and [K-R]) works when f takes values in K.

Our method of proof is different from that used in [G-J], [A-K] and [K-R], since
they are based in the results obtained in [G-G] and the perturbation lemma instead
of a generalization of the Eilenberg-Zilber theorem.

The paper is organized in the following way: in Section 1 we summarize the
material on mixed complexes, perturbation lemma and Hochschild homology of
Hopf crossed products necessary for our purpose. Moreover we set up notation
and terminology. For proofs we refer to [C] and [G-G]. In Section 2 we obtain a
mixed complex ()? , c?,lA)), simpler that the canonical one, giving the Hochschild,
cyclic, periodic and negative homology of the K-algebra E = A# H, which works
without the usual assumption that f is convolution invertible. Finally in Section 3,
we show that when f is convolution invertible, then ()A( ,(ZZA)) is isomorphic to a
simpler mixed complex (Y, d, ﬁ). Finally, as an application we derive the above
mentioned spectral sequences.

1. PRELIMINARIES

Here we fix the general terminology and notation used in the following sections,
and give a brief review of the background necessary for the understanding of this
paper.

Let k£ be a commutative ring, A a k-algebra and H a Hopf k-algebra. We will
use the Sweedler notation A(h) = h(Y) @ h(? with the summation implicitly
understood and superindices instead of subindices. Recall from [B-C-M] and [D-T]
that a weak action of H on A is a bilinear map (h,a) +— a”, from H x A to A, such
that for h € H, a,b € A:

(1) (ab)® = a""p™,
(2) 1" = €(n)1,
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(3) a! =a.

Given a weak action of H on A and a k-linear map f: HQrH — A, welet A#H
denote the k-algebra (in general non-associative and without 1) with underlying k-
module A ®; H and multiplication map

(a @k h)(b®y 1) = ab"” (AP, 1D) @, hG)

forall a,b € A, h,l € H. The element a ®; h of A#;H will usually be written a#h
to remind us H is weakly acting on A. The algebra E := A# ;H is called a crossed
product if it is associative with 1#1 as identity element. It is easy to check that
this happens if and only if f and the weak action satisfy the following conditions:

(i) (Normality of f) for all h € H, we have f(h,1) = f(1,h) = €(h)1a,
(ii) (Cocycle condition) for all h,l,m € H, we have

f(l(l),m(l))

h(l)f(h@),l@)m(?)) = F(hD,10) F(R@1@) ),

(iii) (Twisted module condition) for all h,l € H, a € A we have

(1)

(al(l))h f(h(z), 1(2)) _ f(h,(l)7 l(l))ah(2)l(2) '

Next we establish some notations that we will use throughout the paper.
Notations 1.1. Let K be a subalgebra of A and let C'= A or C' = E.

(1) We set C = C/K and H = H/k. Moreover for ¢ € C we also let ¢ denote
its class in C, and similarly for h € H.

2) We use the unadorned tensor symbol ® to denote the tensor product ® g

ol o _ — sl — i
3) We write H * = H @y -~ @, H (I times) and C° = C®---®C (I times).

5
6

(2)

(3)

(4) Given g ® - ® ¢, e and 0 <i<j<r, wewritec;; =¢; @ Qcj.
(5) Given hi®p---@rhs € H® and 1 < i < j < s, we write h;; = h;®p- - -Qih;.
(6)

. j—it1
Given h;; € H® | we set

B @ b® = 1 @y - 9 A @4 B @ - 0 5.

- h;
(7) Given a € A and h;; € H®* " we write ahi = ( - (ahi)hi-z ) .

. j—it1 . @ G—i+D)
(8) Given a;; € A®’ and h € H, we write af; = a]! ®~-~®a?J .

(9) The symbol ~v(h) stands for 1#h € E. Moreover we also use the same
symbol to denote its class in E/A.

(10) Given h;; € HE ™ we set
Y(hij) =(hi) @ -+~ @~(h;) and  (hi;) =v(hi) @4 - @4 7(hy).
(11) We will denote by H the image of the canonical inclusion of H into A#H.

(12) Given hq,...,h; € H, we will denote by (hy,...,h;) the Hopf subalgebra
of H generated by hq,...,h;.
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1.1. A simple resolution. Let T be the family of all epimorphisms of E-bimodules
which split as left F-module maps. In this subsection we review the construction of
the T-projective resolution (X, d,), of E as an E-bimodule, given in Section 1 of
[G-G]. We are going to modify the sign of some maps in order to obtain expressions
for the boundary maps d, and the comparison maps between (X, d,) and the nor-
malized bar resolution of F, simpler than those of the above mentioned paper. Let
K Dbe a subalgebra of A, closed under the weak action of H on A. Since we want to
consider the cyclic homology of the K-algebra F, in the sequel T will be the family
of all epimorphisms of E-bimodules which split as (E, K)-bimodule maps.

For all r,s > 0, let
Y,=E@4(E/A)% @4 E and X, =E®4 (E/A)% A% o E.

Consider the diagram of E-bimodules and E-bimodule maps

—0s
YQ H2 X02 d(1)2 X12 dgz
—0s

le H1 X01 d?1 X11 dg1

-0

YEJ Ho XOO d?o X10 dgo e

where (Y, 0,) is the normalized bar resolution of the A-algebra F, introduced in
[G-S]; for each s > 0, the complex (X,s,d?,) is (—1)% times the normalized bar
resolution of the K-algebra A, tensored on the left over A with E @4 (E/A)®A,
and on the right over A with E; and for each s > 0, the map pu, is the canonical
projection.

Note that X,s ~ E@y H F @A~ ® E, where the right action of K on E ®y, "
is the one obtained by translation of structure through the canonical bijection from
E@p H " to E®a (E/A)®i. Moreover, each one of the rows of this diagram is
contractible as an (F, K)-bimodule complex. A contracting homotopy

0-83: Yy — Xos and Ug+175: Xrs — Xr+1,s;
of the s-th row, is given by
005 (Y(ho,s11)) = v(hos) @ Y(hst1)

and

op1,s(V(hos) @ a1, @ ar1y(h)) = (=1)" 1y (hos) @ a1 11 @ ().

(To see that the maps 0¥ are right K-linear it is necessary to use that K is stable
under the action of H).
Let p1: Yy — E be the multiplication map. The complex of E-bimodules

— I —0 —0 —0 —0 —0 —0
E I }/0 1 )/1 2 }/2 3 Y3 4 }/4 5 }/5 6

is also contractible as a complex of (E, K)-bimodules. A chain contracting homo-

topy
UaliE—>Y0 and U;j1:Y5—>YS+1 (s >0),

is given by o, ! (x) = (—1)*x ®4 1p.
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For 7 > 0 and 1 <[ < s, we define E-bimodule maps d.: X,s — X, 411,51
recursively on [ and r, by:
0% 000 u(x) ifl=1and r =0,
-0 odlodo() if /l=1and r >0,
—Z 10 Yod=Jodi(x) ifl<landr =0,
72] 00’ Yod=Jodi(x) ifl<landr >0,

d'(x) =

for x € E®4 (E/A)® @ 4° @ K.
Theorem 1.2 ([G-G]). There is an Y-projective resolution of E

— d d d: d ds
(11) FE - X() ! X1 2 X2 2 X3 : X4 Tt
where p: Xog — E is the multiplication map,
Xum @ Koo wnd 4= Y dh S
r4+s=n =1 r=11=0

In order to carry out our computations we also need to give an explicit contract-
ing homotopy of the resolution (1.1). For this we define maps

A l )
01 s—1* Y — Xl,s—l and Optitl,s—1° Xps — Xr+l+1,s—l
recursively on [, by:
-1

Ui+l+175_l=—2000d17i00i (0<l<sandr>-1).
=0

Proposition 1.3 ([G-G]). The family
oo: £ — Xo, Tnt1: Xy = Xpgy1 (n2>0),

defined by 7o = 03 0 0y ' and

n+1 n n—r
Ont1 = z :Ul n—i+1° anJrl O fn + E E Ur+l+1 n—r—I (’I’L > 0)7
r=0 [=0

is a contracting homotopy of (1.1).

Let f<h1, ey hz> = f<<h1, ey h1> X <h1, ey hz>) and let f<h1, ey hz> be the
minimal K-subbimodule of A including f(h1,...,h;) and closed under the weak
action of (hy,...,h;) on A.

Theorem 1.4 ([G-G]). Let x = y(hos) ® a1 ® 1. The following assertions hold:
s—1

d'(x) =Y (~1)y(hoi—1) ®av(hi)y(hit1) ®a v(hij1s) @ a1, ® 1
=0
- (1)
+ (=1 (hosm) @afy @ ()

and
d?(x) = (—1)* " (hp.—2) ® f(hL) ph(l JFar, ® y(hhP),

where f(h,l)¥a;, = > ._,(—1)" (al(l))h(1> ® f(h?,1) ® i’fl)lﬁ ! Moreover, for
each 1 > 2, the map dﬁns takes x into the E- subbzmodule of Xpti—1,s—1 generated by
all the simple tensors

1RTI Q4 AT Qa1 R Qa1 Q1
with one a; in f(h1,..., hs) and 1 — 2 of the others a;’s in Flhy, ... k).
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1.1.1. Comparison with the normalized bar resolution. Let (E ® E® ® E. V) be
the normalized bar resolution of the K-algebra E. As it is well known, the complex

b _ b, 2 b’

is contractible as a complex of (E, K)-bimodules, with contracting homotopy

—gnt!

€:E—E®FE, (1:EQE ®FE-EQE. ©FE (n>0),
given by &,(x) = (-1)"x® 1. Let
6o (Xoyd) — (EQE® @E) and .: (EQE® ©E,V) — (X.,d)
be the morphisms of E-bimodule complexes, recursively defined by
go=1id, tho=id, Pp1(x® 1) =Ens10Pnodpta(x®1)

and

Yny1(y ®1) =Gpy10n o b;z-&-l(y ®1).

Proposition 1.5 ([G-G]). ¥ o ¢ =id and ¢ o ¢ is homotopically equivalent to the
identity map. A homotopy wsi1: ¢x 0 Wy — id, is recursively defined by

D=0 and w1 (3) = Enpr 0 (6 0 — id—wn 0 B))(x),
forx e EoE” 9K.
Remark 1.6. Since w(E®E®n71®K) C E®E®n®[( and & vanishes on E®E®n ®K,
w(Xon ® 1) = &(P 0 p(x0n @ 1) — (—1)"w(x0n))-

1.1.2. The filtrations of (F 9E® ® E,b,) and (X, d.). Let

Fi(X,) = @B Eoa(B/A)% 4 oF

0<s<i

and let F'(E ® o E) be the E-subbimodule of F ® B 9F generated by the
tensors 1 ® 1 ® - -- @ x, ® 1 such that at least n — ¢ of the z;’s belong to A. The

normalized bar resolution (E ®E®* ® E,b.) and the resolution (X, d,) are filtered
by

FUEQE® 9E)CF(E®E® 9E)CFYE®E® 9E)C...
and
FO(X,) C FY(X,) C F*(X.) C F¥(X,) C FY(X.) C F*(X.) C ...,

respectively. In [G-G, Proposition 1.2.2] it was proven that the maps ¢., ¥, and
wy1 preserve filtrations. In Appendix A we improve this result.

1.2. Mixed complexes. In this subsection we recall briefly the notion of mixed
complex. For more details about this concept we refer to [Ka] and [B].

A mixed complex (X,b, B) is a graded k-module (X,,)n>0, endowed with mor-
phisms b: X,, — X,,—1 and B: X,, — X, 41, such that

bob=0, BoB=0 and Bob+boB=0.
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A morphism of mixed complexes f: (X,b,B) — (Y,d,D) is a family of maps
f: X, — Y, such that do f = foband Do f = fo B. Let u be a degree 2
variable. A mixed complex X = (X, b, B) determines a double complex

b b lb \Lb
<LX3u*1 B XouP & Xiu B Xou?
b b ib
<B—X2u_1 B Xu® B Xou
BP(X) = , ,

where b(xu') = b(x)u’ and B(xu') = B(x)u’~!. By deleting the positively num-
bered columns we obtain a subcomplex BN(X) of BP(X). Let BN'(X) be the ker-
nel of the canonical surjection from BN(X) to (X, b). The quotient double complex
BP(X)/BN'(X) is denoted by BC(X). The homology groups HC,(X), HN,(X)
and HP,(X), of the total complexes of BC(X), BN(X) and BP(X) respectively,
are called the cyclic, negative and periodic homology groups of X. The homology
HH,(X), of (X,b), is called the Hochschild homology of X. Finally, it is clear that
a morphism f: X — Y of mixed complexes induces a morphism from the double
complex BP(X) to the double complex BP(}).

As usual, given a K-bimodule M, we let M® denote the quotient M/[M, K],
where [M, K] is the k-module generated by the commutators mA—Am, with A € K
and m € M. Moreover [m] will denote the class of an element m € M in M®.
Let C be a k-algebra and K C C a subalgebra. :Fhe normalized mixed complex of
the K-algebra C is the mixed complex (C' ® o ®,b, B), where b is the canonical
Hochschild boundary map and the Connes operator B is given by

Bla® - @c) =Y (-1 lecs eoae @l
i=0
The cyclic, negative, periodic and Hochschild homology groups HCX (@), HNE (@),
HPX (C) and HHE (C), of the K-algebra C, are the respective homology groups of

(C®C° @,b,B).

1.3. The perturbation lemma. Next, we recall the perturbation lemma. We
give the more general version introduced in [C].

A homotopy equivalence data
P
(1.2) (Y, 0) (X,d), h:X.— X1,

consists of the following:

(1) Chain complexes (Y, 0), (X, d) and quasi-isomorphisms i, p between them,
(2) A homotopy h from i o p to id.
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A perturbation § of (1.2) is a map §: X, — X._; such that (d + )% = 0. We
call it small if id —d o h is invertible. In this case we write A = (id —§oh)~!o§ and
we consider

1
p

(1.3) (V,0") = _(X,d+9d), h':X.— X.iq,

-1
?

with
N =0+poAoi, i*=i4+holAoi, pl=p+poAoh, h'=h+hoAoh.
A deformation retract is a homotopy equivalence data such that poi = id. A
deformation retract is called special if hoi =0, poh =0 and hoh =0.
In all the cases considered in this paper the map 6 o h is locally nilpotent, and

o(id—doh)~t =32 (5oh)™.

Theorem 1.7 ([C]). If 6 is a small perturbation of the homotopy equivalence
data (1.2), then the perturbed data (1.3) is a homotopy equivalence. Moreover,
if (1.2) is a special deformation retract, then (1.3) is also.

2. A MIXED COMPLEX GIVING THE CYCLIC HOMOLOGY OF A CROSSED PRODUCT

Recall that T is the family of all epimorphisms of E-bimodules which split as
a (E, K)-bimodule map. Since (X, d,) is an T-projective resolution of F, the

Hochschlld homology of the K algebra E is the homology of F ®@ge (X, d,). Write
X,s = E®4 (E/A)®A 9 A% @. Tt is casy to check that X,; ~ F ®Ee X,s. Let
&7 er — Xr+l 1,s—1 be the map induced by idg ®pedL,. Clearly drs s (—1)°
times the boundary map of the normalized chain Hochschild complex of the K-al-

gebra A, with coefficients in E® 4 (E/A)®4. Moreover, from Theorem 1.4, it follows
easily that

d'(x) = [GO’Y(ho) (1) ©4 7(has) © ar,]

+ Z “laoy(ho) ®a y(hyi—1) @4 Y(hi)V(hit1) ®a Y (hij2,) ® ay,]

+ (1) [1(h@)agy(ho) ©a 7 (Bre 1) @ as ]

and
P (x) = (=1)* [y (b hP)agv(ho) ©a 7 (hos—2) © f(hY}, h{V)7ay,],

where x = [aov(ho) Q4 v(hls) ® alT] and f(h,l)*a;, is as in Theorem 1.4. With
the above identifications the complex E ®ge (X, ds) becomes (X, c/l\*)7 where

n n n—r
)?n: @ )?Ts and c/l\n ::Z&%"—FZZ@"—T
rhsen =1 r=1 =0

Let

3 (Rsd) — (EQEY ®,b,)  and  9.: (EQE® ®,b.) — (X.,d.)
be the morphlsms of complexes mduced by ¢ and %, respectively. By Proposi-
tion 1.5, we have w ¢ id and gi) w is homotopically equivalent to the identity
map, being a homotopy W1 : (b* 1/)* — id,, the family of maps

®)n20’

_gntt

@H1E®E ‘"9 > E®E

—gnt!

induced by (wnH E®E ®E—>E®E ®E)

n>0"
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~ o~

2.0.1. The filtrations of (E ®E®*®,b*) and (X, d.). Let

and let F(F ® B ®) be the k-submodule of E ® E®n® generated by the classes
of the simple tensors g ®- - - ® z,, such that at least n —i of the elements x1,...,x,

belong to A. The normalized Hochschild complex (F ®E®*®, b.) and the complex
(X, d.) are filtered by

FUEQE” ) C FHE®E® ©)C FAE®E" @) C...
and

FY%X,) C FY{(X,) C F*(X,) C...

)

respectively. From [G-G, Proposition 1.2.2] it follows immediately that the maps
@, ¥y and Wu11 preserve filtrations. In Appendix A we improve this result.

Let \7n C YA/T’L be the k-submodules of E ®E®n® generated by the simple tensors
Xon, such that #({j > 1:2; ¢ AUH}) =0and #({j > 1:2; ¢ AUH}) <1,
respectively.

Let hy,...,h; € H. Recall that f<h17 ey hz> = f(<h,17 ey hi>®<h1, ey hz)) and
f{h1,..., h;) is the minimal K-subbimodule of A including f{(h4, ..., h;) and closed

under the weak action of H. We will denote by C.,(hi,...,h;) the k-submodule of
E ®E® ® generated by the classes of all the simple tensors o ® - - - ® x,, with some

T1yeoo Ty in flhy, ..., hy).
Proposition 2.1. The map (E satisfies
¢A5( [aov(ho) @4 y(h1;) ® a1 n—i]) = [aoy(ho) ® Y(h1i)* a1 n—i] + [a0¥(ho) ®a x],
where [agy(ho) ®4 x| € FI"YE ®E®n®) NV, N én(hl, oo hy).
Proof. See Appendix A. O

Proposition 2.2. Ifx=[1®xy,] € (F(E® E®n®) N 177;), then

n+1 n+1

®) N Vg
Proof. See Appendix A. O

b(x)e (K®@E® )YNF(EQE"

+1

Lemma 2.3. Let B,: E ®E® ® — K ®E® ® be the Connes operator. The
composition B o o B o ¢ is the zero map.

Proof. Let x = [ao'y(ho) ®av(hy;) ® al,n_i] € )?n_“ By Proposition 2.1,

d(x) e F(E®EY @) nT,.
N _gnt! . —@nt!
Hence Bo¢(x) € (K®FE )NFHHE®E
tion 2.2,

®) NV, and so, by Proposi-

1 n+1

~ —ont . — ~
GoBod(x) e (KQE® @) NFT(EE® ®)NVis CkerB,
as desired. O

For each n > 0, let ZA),L: )?n — )A(nH be the map D= 1Zo Bo (E
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Theorem 2.4. ()?, c/l\, lA)) is a mized complex giving the Hochschild, cyclic, negative
and periodic homology of the K-algebra E. Moreover we have chain complexes maps

BN v .
Tot(BP(X,d, D)) = Tot(BP(E®E" ®,b, B)) -
ool
given by
O, (xu’) = p(x)u' + Do Bod(x)u' ™" and (xu’) =D o (Bod) (x)u.

Jj=0

These maps satisfy Vod =id and Do is homotopically equivalent to the identity
map. A homotopy Quq1: ©u 0 U, — id, is given by
Qnia(xu’) = > Do (Bod) (x)u' .
Jj=0

Proof. For each i > 0, let

~ . o~ . __on—2i .

pu': Xp_gju' — (E® E® ®)ul,

n—2i

@ui: (E ® E® ®)ui — )/fn,giui

and

gtz

oui (B EY o — (BeE° o),

be the maps defined by (/#Eu’(xuz) = (Z(X)u", etcetera. By the comments preceding
Lemma 2.3, we have a special deformation retract

@7:20 @Ul

Tot(BC(X, d, 0)) Tot(BC(E @ BY ©,0,0)) ,  EPou’

®1120 $ul i>0

By applying the perturbation lemma to this datum endowed with the perturbation
induced by B, and taking into account Lemma 2.3, we obtain the special deforma-
tion retract

T . ~
(24)  Tot(BC(X,d,D)) =~ Tot(BC(E®E® ®,b,B)),

P

It is easy to see that EJ, ¥ and © commute with the canonical surjections

(2.5) Tot(BC(X,d, D)) — Tot(BC(X,d, D))[2]

and

(2.6) Tot(BC(E® E” ®,b,B)) — Tot(BC(E® E” ©,b,B))[2).

A standard argument, from these facts, finishes the proof. O

Let hi,...,h; € H. In the sequel we let J,(hy,...,h;) and HJpy1(ha,. .., hi)
denote the k-submodules of X,, generated by all the classes of simple tensors

X0s® a1,p—s € E®4(E/A)®A ®Z® B with 0 < s < nandsomea;in f(hy,...,hs),
and for all the classes of simple tensors xgs ® a;,,—s with 0 < s < n and some a;

in f(hy,...,h;), respectively.

Proposition 2.5. Let R; = F'(E ® E@)n@) \FY{E® E®n®). The following
equalities hold:

(1) ¥ ([aoy(ho) ® v(h1;) ® ais1,0]) = [a07(ho) @4 7(h1) @ Aig1n)-
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(2) If xon € }A%i N \A/n and there is 1 < j < i such that x; € A, then @(Xon) =0.
(3) If x = [aoy(ho) @ y(h1,i—1) ® aiy(hi) ® Ait1.n], then

zZ(X) = [aov(ho) ®a ¥(h1i—1) ®a aiy(hi) @ ai41.0]
- (1)
+ [(h$?)agy(ho) @4 Y(B1m1) © @ @ Al ),

module @0 (Xn—11 0 Jn(h1, ..., hi)).
(4) IfX = [ao’y(ho) ®’Y(h1,j*1) ®(Ij’y(hj) ®7(hj+1,i) ®ai+1,n] wzth] < ’i, then
b(x) = [aoy(ho) ®a Y(h1j—1) ®a a;(h;) ®a7(hj11,:) @ Ait1n],
module @;;(2) ()?n_l,l n jn(hl, . hl))
(5) If x = [ao’}/(ho) (29 ’)/(h17i_1) ®a;ji—1® Clj’)/(hj) & aj+1,n] with j > i, then

~ - D
D(x) = [Y(B)agr(ho) ©4 7 (h1im1) @ ag @ a5, ,],

module @0 (Xn_10 0 Jn(ha, .. hio1, ).

(6) If xon € EZ N ‘77: and there exists 1 < ji < jo < n such that xj, € A and
zj, € H, then ¥(xg,) = 0.

Proof. See Appendix A. O

Let 7, : )A(n — )?,H_l, ?an: )A(n — )A(n and tAAm: )?n_H — )A(nH be the k-linear
maps defined by

77( [G(J’Y(ho) ®a v(hi) ® a1,n7¢]) = [’Y(h(n‘) ®ayn—i® ao],
. - - &)
T ([a07y(ho) ©4 7(h1i) ® a1n—i]) = [¥(hP) ®a agy(ho) @4 (b1 1) @2y, ]

and
T W RY ARCN hg;’
ta([aov(ho) @4 v(h1) ® a1 n_it1]) = [y(hy, ) @ Az n_it1 ® aga; " |,

respectively.

Proposition 2.6. The Connes operator D satisfies:

(1) If x = [ag ®av(hy;) @ a1 ], then

n—

D(x) = (=1)7" =0+, o fj(x),

Jj=0

N

module F"=Y(Xp41) N Hps1(ha,. .., hs).
(2) If x = [ao’y(ho) XA ’Y(hli) ® a17n_i] with ao’}/(ho) ¢ A, then

D(x) = > (1)1 @4 Fy(x) + Y _ (-1, 0 fj(x)
=0 j=0

module Fi()?n_t,q) n Hj\n_;,_l(hl, ey hl)

Proof. Tt is a direct consequence of the definition of B, Propositions 2.1 and 2.5.
We leave the details to the reader. O
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3. THE CYCLIC HOMOLOGY OF A CROSSED PRODUCT WITH INVERTIBLE COCYCLE

Let E = A# H. Assume that the cocycle f is invertible. Then, the map + is con-
volution invertible and its inverse is given by y~(h) = f~1(S(h(?), h3))#S (D).
In [G-G] it was proven that under this hypothesis the complex ()? s (;l\*) of Section 2
is isomorphic to a simpler complex (X, d.). In this section we obtain a similar
result for the mixed complex ()A( , c?, lA))

For each r,s > 0, let
X = (E0A” @) p H.
The map 6,.: )?Ts — X, defined by
rs(%) = (1) [ay(ho)ary (")) -~y (V) @ a1 o] @4 BT,

where x = [aofy(ho) R4 ®aasy(hs) ® as+1,s+r], is an isomorphism. The inverse
map of 6, is the map given by

[a0y(ho) ® a1,] @k hug = (1) [agy(ho)y " (A) -4 LAY @4 v(02) @ ay,].

-l = — =
Letd, ,: X;s — Xyry1—1,s—1 bethemap d,, := 60,4115y 0@509;&1. In the absolute
case the following result was obtained in [G-G]. The generalization to the relative
context is direct.

Theorem 3.1. The Hochschild homology of the K-algebra E is the homology of
(X4, dy), where

X, = @ X, and d, = i%n +

n n—r
r+s=n =1 r=

=l
dr,nfr'
11=0

Moreover 325 s the boundary map of the normalized chain Hochschild complex of

the K -algebra A, with coefficients in E, tensored on the right over k with idzes,

@
rs(x) = (_1)T+S [Py(hg?)))aof}/(hO)’y_l(hgl)) ® a‘}ll'rf ] Ok hl,sfl
s—1
+ Z(*UTH [aoy(ho) ® air] @k hy i1 @k hihit1 @ hijo s
i=1

+ (=1)" [aov(ho)e(h1) @ ai,] @4 has
and

—2 r i B B
dra(x) = 3 (1 [y (B gy o)y~ (D) ()
=0
(2) ,(2) A (1)
® (alff )= @ f(hf—)p hP) ® a;; " | ®hiso,

where x = [agy(ho) @ a1,] @ hys.
For each n > 0, let D,, = 6,, o ﬁn 001,

Theorem 3.2. (Y, d, E) is @ mized complex giving the Hochschild, cyclic, negative
and periodic homology of E. More precisely, the mized complexes (Y, d, ﬁ) and
(E ®E® ,b, B) are homotopically equivalent.

Proof. Clearly (X,d, D) is a mixed complex and 6: ()? ,&\,ﬁ) — (X,d,D) is an
isomorphism of mixed complexes. So the result follows from Theorem 2.4. O
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We are now going to obtain a formula for D. To do this we need to introduce a
map T: H® " — A such that

Y(ho)y ™ (ha) -y () =T (b, S(ha) ™, S(hi) D)y (h§D S (hi)® -+ S(h1)@).
To abbreviate notations we set

(=7"'o8"" and U(hgy)=T/(ho,S(h1),...,S(h;)).
Since

Y(ho)y ™ (hi) -y (ha) = v(ho)¢ (S (ha)) -+~ C (S (M),

we can solve
Ulhos) =76 )C(S () D) - C(S(h) D)y (g S (B - i) @)
= A(BEG(S () -+ (SE) " (b Sk -+ hE“))
=)y ) T B (S (R m)).
We must check that T(hO,S(hl), .. .,S(hi)) € A. For this purpose it suffices to
see that this element is coinvariant under the coaction v = id ® A of A#¢H, which

follows easily because v(y71(h)) =771 (h?) ® S(hV)) and A#¢H is a comodule
algebra. Note that

aoy(ho)y  (hi) -y (h1) = aoU (B, B2y (RSP S (WD - - hD)).

For each 0 < i < n, let F'(X,) = @ycyc; Xn—s,s- The complex (X,,d.) is
filtered by FO(X,) C F}(X,) C F3(X,) C....

Given elements hy,...,h; € H, we let HJ,(hy,...,h;) denote the k-submodule
of X,, generated by all the elements [agy(ho) ® a1,] ®% hys, with » > 0 and some

a; € f(hl, ..., h;) (for the definition of this last expression see the discussion above
Theorem 1.4).

Let 7,: X, — Xpt1 and #7.,: Xpy1 — Xpi1 be the k-linear maps defined by
7(x) = [a0v(h§") @ a1 ] @k VS - hY) @5 h(P

and

fH(Y) = [’Y(hz(‘i)ﬂaoﬂh ol (h§+)1) 11;11] Ok h§+1 ®r s,
where
X = [ao’Y(ho) ® al,n—i] ®rhy; and y = [ao’Y(ho) & al,n—i} ®k hyy1,
respectively.
Theorem 3.3. Ifx = [aofy(ho) ® aLn_i] Qk hy;, then

D) = S (—1)iE, 0 7(x)

j:0

+Z DUy (7S (0 )3 (1) - (8

(1) p @ @) . @
®aj 10— ® aU(h{", h{?Y) @ (ale )" St )] @ h{),
module F"(Yn+1) n HjnJrl(hl, ey hz)
Proof. Tt follows straightforwardly from Proposition 2.6, the equality D = 0 o Do

0—1, and the formulas of § and §~!. O
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3.1. First spectral sequence. Arguing as in [G-G, Proposition 3.2] we see that,
for each h € H, there is a morphism of complexes

I (Bed” ©,b) —» (E0A” 8,b.),

which is given by ¥ ([agy(ho) ® a1,]) = [¥(h®))agy(ho)y (V) ® ah(z)] and that,
for each h,l € H, the endomorphisms of HX (4, E) induced by 9! o 9. and by 9
coincide. So, HX (A, E) is a left H-module. Let

s—1

dy: HE(A,E) @, HY — HE(A,E) o, H®

and

1

- & et
D,: HX(A,E) @, H® —HXAE) o, H®
be the maps induced by E and Y 77_o(— )Js+7"tj 07, s, respectively.

Proposition 3.4. Assume that H is a flat k-module. For each r > 0,

HE (A, E) = (HE(A,E) @, H® ,da, D..)

is a mixzed complex and there is a convergent spectral sequence

E? =HC,(HX(A,E)) = HCE (E).

Proof. Consider the spectral sequence (E%,.,dY,)y>0, associated with the filtration

F°(Tot(BC(X,d, D))) C F'(Tot(BC(X,d, D))) € F*(Tot(BC(X,d,D))) C
of the complex Tot(BC(X,d, D)), given by

F(Tot(BC(X,d, D)) = P F'™ (X n_s;)u
7>0

A straightforward computation shows that:

—7 527 . — .
e B, =P((Foa” @) er B )u and ), is Py,
j=0 j=0
527 . ~ ~
o Bl = @(HT(A, E)o,H® )uﬂ and d! is d + D.
j=0

From this it follows easily that HX (A, E) is a mixed complex and

—_~—

E2, =HC,(HS (A, E)).

In order to finish the proof it suffices to note that the filtration of Tot(BC(X,d, D))
introduced above is canonically bounded, and so, by Theorem 3.2, the spectral
sequence (E7,.),>0 converges to the cyclic homology of the K-algebra E. O

—_~

Corollary 3.5. If HX(A,E) =0 for alli > 0, then HCX (E) = HC, (HX (A, E)).

Proposition 3.6. Assume H is a separable algebra and let t be the integral of H
satisfying e(t) = 1. Then
B — HO(H7 Hf(A,E)) if s is even,
0 if s is odd,
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and for s even the map d2,: E2, — E?_, r+1 18 given by

dQ(Z[aov ®a1r) ZZ J+1>T{ <2>)®aj+1r®ao®ah”]

+Z 3 [HEORD)ay (1) o (@l @ 12D, 1O) 0 2],

where Y lagy(h)®ai,| is an r-cycle of (E®Z®*®7 b.) and > lagy(h) ® a1, denotes
its class in Ho(H, HE (A, E)), and similarly for the other terms.

Proof. The first assertion is trivial and the second one follows from a direct com-
putation using the construction of the spectral sequence of a filtrated complex. To
prove this it is convenient to note that

_ . —1 ~
tg o ﬁ([aoﬁ’(h) ® alr]) —d ([aO’Y(h(l)) ® alr] Rkt R h(z)) € Im(ds)
We leave the details to the reader. O

3.2. Second spectral sequence. In this subsection we assume that f takes values

in K. Under this hypothesis the maps El vanish for all | > 2 and we obtain a spectral
sequence that generalizes those given in [A-K] and [K-R].

For each r > 0, we define a map

Hey (EoA® @) — EgA° o,
h@X+—>hpx

by hw [ay(u) @ ar,] = [y(h®)ay(u)y (A1) @ af,”].

Proposition 3.7. For each r > 0 the map » is an action of H on E ®Z® Q.

Proof. 1t is trivial that » is unitary. Next we verify the associative property. By
definition

e (e [@y(w) @ ay]) = [P (D )ar(w)y ™ (B0 aW) @ (agi”)””].

Since

(a%)" = FO, M)l m 1@ h®) Ay @)y (h) = IO, ROy RP)

and f~! is the convolution inverse of f, we have
> (b [ay(u)®ay,]) = {7(1(4)h(4))a7(u)771(h(l)),yfl(l(l))(@f(l@)?h(2))all<j)h(3)}'
By the twisted module condition applied twice,
Y BT D) = (S(B), R )y (S( h“> ) LS, )v( SIM)
= £ S(), K9 7 (S, 1) £(S(2), S0 ) (500
=f- ( h(3) h(4))f ( h(2) (Z(Q)) 1(3)) ( l(l)h(l) )
=f ( (1 S)h(B))l(4) h(4))f (5(1(2)h( )) 1(5)) (S(l(l)h( )))
=f! (S @) p@)) 16 )h(?’))f_ (l(4),h(4))7(5(l(1)h(1))).

Combining the precedent identity with the fact that f~! is the convolution inverse
of f, we obtain

I » (h > [ay(u) ® alr]) = ['y(v(s))afy(u)ffl(S(v(z)), v(B))’y(S(v(l))) ® ah(n )}

= 1 P)ar(wy 0P o ap,” .
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where v = lh. Since the last expression equals (Ih) » [ay(u) ® a;,], this finishes the
proof. O

For each r > 0, let M, be E ®Z®T®, endowed with the left H-module structure
given by ». For each r,s > 0, let B,s: M, ® " M1 ®p H®* be the map
defined by

r

Blx) = Y (=1)TH [y (b7 SRS - D)) 4 (0 )
j=0

@ p @) g .. p@
®ajp1, @ aoU(h{", h{Y) @ (a?} )ho (hache )} @, h{?,

where x = [aofy(ho) ® alr] ®4 his. For each r,5 > 0, let

Or: Hy(H,M,) - Hy(H,M,_1) and D,: Hy(H,M,) — Hs(H, M,11)

be the maps induced by 825 and B,s, respectively.

Proposition 3.8. For each s > 0,

—_—~

HY(H,E) == (H,(H, M.),0.,D.)

is a mized complex and there is a convergent spectral sequence

—_~—

&2, — HC, (HX (H, B)) = HCK, (E).

Proof. Consider the spectral sequence (£

T8I

0¥ )v>0, associated with the filtration

FO(Tot(BC(X,d, D))) C F'(Tot(BC(X,d, D))) C F*(Tot(BC(X,d,D))) C ---
of the complex Tot(BC(X,d, D)), given by

F(Tot(BC(X,d, D))n) = P F~¥ (X 20,
§>0

where F/(X,,) = DPo<r<; X, m—r. A straightforward computation shows that

o &= @(Mr72j ®r H®S)uj and 02, is @Eifzj’suj,

320 7>0
hd g}s = @HS(H,MT_Qj)’U/j and 671‘3 iS 6 +D
Jj=0

From this it is easy to see that HX (H, F) is a mixed complex and

—_~—

&2 =HC,(HX(H,E)).

In order to finish the proof it suffices to note that the filtration of Tot(BC(X,d, D))
introduced above is canonically bounded, and so, by Theorem 3.2, the spectral
sequence (£, 07, )»>0 converges to the cyclic homology of the K-algebra E. (|

T8)YTSs

—~—

Corollary 3.9. If H is separable, then HCEX (E) = HC,, (Hé{(H, E)).
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4. SOME DECOMPOSITIONS OF THE MIXED COMPLEXES

Let [H, H] be the k-submodule of H spanned by the set of all elements hl — lh
with h,l € H. It is easy to see that [H, H] is a coideal in H. Let H be the
quotient coalgebra H/[H, H]. In this section we study decompositions of the mixed
complexes (E ® E®*®,b, B), ()2' 7@ﬁ) and (Y, d, ﬁ) induced by decompositions
of H.

For h € H, we let h denote the class of h in H. Given a subcoalgebra C' of H
and a right H-comodule (N, p), we set NC = {n € N : p(n) € N® C}. Tt is well

known that if H decomposes as a direct sum of a family (C;);er of subcoalgebras,
then N = @,., N.

For each n > 0, the module £ ® E®n® is an H-comodule via
pn([aoy(ho) @ - @ any(hn)]) = {aofy(hél)) R ® aw(hS}))} O héQ) hP)

and the map p, : E®F® ® — (E®E® ®) @i H is a morphism of mixed complexes.
This last result implies that if C is a subcoalgebra of H , then

—n _on—1 __omn _ _on+l
WE®E® @°)CE®E” ®° and B(E®E® @°)CE®E’ .
Let (E ® E®*®C7bC,BC) be the mixed subcomplex of (E ® E®*®,b, B), with
modules E® E° ®C. We let HHXC(E), HCXC(E), HPXC(E) and HANXC(E)
denote its Hochschild, cyclic, periodic and negative homology groups, respectively.

Similarly, for each n > 0, the module )?n is an H-comodule via

pu([a07 (o) @47 (h1) @ a1n-]) = [a0y (k) @4y (b)) @ | @,

and the map p,: X, > X, ®Hisa morphism of mixed complexes. Consequently,
if C is a subcoalgebra of H, then
d(X) S X7 and Du(XY) € X7

~

Let ()?C, c?c, ﬁc) be the mixed subcomplex of ( , A,ﬁ) with modules )?g The
homotopy equivalent data introduced in Theorem 2.4 induces by restriction a ho-

motopy equivalent data between ()?C,C?C,[A)C) and (E ® F®*®C,bC,BC). So,
HHEC(E), HCEC(E), HPX-Y(E) and HNX¢(E) are the Hochschild, cyclic, peri-
odic and negative homology of (X ¢ de, DC), respectively.

Suppose now the cocycle f is invertible. A direct computation shows that the
H-coaction of (X,d, D), obtained by transporting the one of (X,d, D) through
: (X,d,D) — (X,d, D), is given by
[aov(ho) ® a1, |Qihys — [aov(hél)) ® alT] ®kh523) ® héQ)S(hgl) e hgl))hf’) N A
This implies that if His cocommutative, then

Xi= @ X.= @ A" «um”
r4+s=n r4+s=n
= . . —C =C —=C
For each subcoalgebra C' of H, we consider the mixed subcomplex (X ,d ,D )
of (7, d, 5) with modules Y: It is clear that 6 induces an isomorphism
6¢: (X°,d°, D) — (X°,4°, D).
So, HHEY(E), HCEC(E), HPK-Y(E) and HNXC(E) are the Hochschild, cyclic,
periodic and negative homology of (YC,ECEC), respectively.
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By the discussion at the beginning of this subsection, if H decomposes as a direct
sum of a family (C;);er of subcoalgebras, then

(Bo B ©,6,8) =PEE o 0% B%)
iel
(iiﬁﬁ) _ @()?07&@7130)
iel
and
(X.d,D) = PE",d". DY)
iel
In particular HHX (E) = D.c: HHE % (E), etcetera.
In the sequel we use the notations introduced in Section 3.1 and 3.2.

Lemma 4.1. Assume that H is cocommutative and H is a flat k-module. If C' is
a subcoalgebra of H, then for each r,s > 0,

d(HX (A, EC) @, H®') CHE(A, EC) 0, H®
and
D(HE (A, EC) 0, B ) C HE (A, EC) a0, H®
Proof. Left to the reader. O

Proposition 4.2. Assume that H is cocommutative and H is a flat k-module. Let
C be a subcoalgebra of H and let
Hf (A, BC) o= (HE (A, ) 0, A, dC, DY)

be the submized complex of HX (A, E) with modules HX (A, E€) @, H®". There is
a convergent spectral sequence

—~—

E% = HC,(HE (4, EC)) = HCKS (B).
Proof. Left to the reader. O

Lemma 4.3. Assume that H is cocommutative. If C' is a subcoalgebra of ET, then
ME =EC® A% ® is an H-submodule of M,, for each n > 0. Moreover

a(Hs(Han)) g Hs(Hanfl) and D(Hs(Han)) g Hs(Han+1)~
Proof. Left to the reader. O

Proposition 4.4. Assume that H is cocommutative. Let C be a subcoalgebra ofﬁ
and let

—_~

HX(H,EC) = (Hy(H,M9),0.,D,)

be the submized complex of HX (H, E) with modules Hy(H, MS). There is a con-
vergent spectral sequence

—_~

€2, = HO, (HE (H, EC)) = HCK (B).
Proof. Left to the reader. O
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APPENDIX A
This appendix is devoted to prove Propositions 2.1, 2.2 and 2.5.
Lemma A.1. We have

n n—r

— _ 0 -1 l
On+1 = =00 41 © Oppq O Hn + § E Optlt1,n—r—0>
r=0 [=0

Proof. By the definition of i, 0! and 7 it suffices to prove that
o (E®a (EJAE ©4A)=0 foralll>1.

Assume the result is false and let [ > 1 be the minimal upper index for which the
above equality is wrong. Let x € E®,4 (E/A)®A" @4 A. Then

-1

ol(x) = — ZUO od " ool(x) = —c%od 00’ (x).
=0

But, because 0%(x) € E ®4 (E/A)% " ® K, from the definition of d' it follows

that d' o 6%(x) € Im(0y). Since 0”0 0¥ = 0, this implies that o!(x) = 0, which
contradicts the assumption. O

Lemma A.2. The contracting homotopy & satisfies doa = 0.

Proof. By Lemma A.1 it will be sufficient to see that c%oo~topoc®oo=tou = 0 and
olog! =0 foralll,I’ > 0. The first equality follows from the equalities j100® = id
and 0~ ' oo ™! = 0. We now prove the last one. An inductive argument shows that
there exists a map 4! such that 0! = 6% 0~' o for all I > 1. So o' ool = 0, since

clearly 0% 0 0% = 0. O

Remark A.3. The previous lemma implies that ¢, (y ® 1) = (—=1)"7 o ¢)(y) for all
n>1.

Let L,s C U,s be the k-submodules of E ® 4 (E/A)®f‘ ®Z®T ® E generated by

the simple tensors of the form

1®av(h,) ®a, ®1 and 1®4 y(his) ® ay, @ y(h),
respectively.

Note that under the identification X,s ~ F ® F®Z ® Z®T ® FE, the subspaces
and L, and U, of X, correspond to k®y ﬁm ®Z®T ®k and k®, F(X)Z ®Z®T QRH,
respectively.

Lemma A.4. It always holds that d'(Lys) C U,ti—1.5—1, for each | > 2. Moreover
d"(Lys) € ELps—1 4 Up s

Proof. We proceed by induction on [ and r. For [ = 1 and » > 0, the result
follows immediately from Theorem 1.4. _ Assume that s > [ > 1, r = 0 and that
the result for [ > 2 is true for every d7,’s with arbitrary r/,s" and j < [. Let

x = 1®4 v(hys) ® 1. By the very definition of d’, the above inclusion of d'(L,s),
and the inductive hypothesis

-1
d'(x) = — Zao od™Iod(x)
j=1

-1
€ oo dlil(ELowg_l) + Z a%o dlij(Uj_Ls_j)

j=1
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-1
= 0% 0d I (Uj_1.y),
j=1

where the last equality follows from the fact that
Im(0") C ker(¢°) and d'"~'(ELys_1) C Im(c?),
by the definition of d'~'. Now, by the inductive hypothesis,
dI(Uj_15-5) CLi—2 s E forl—j>1
and
d"(Ui—2s—141) C BUi_2 51+ Li—2 s, E.

Thus, by the definition of ¢°, we have d'(x) € U;_1,5—;. Suppose now that r > 0
and the result is true for all the d’, ’s with arbitrary r’,s" and j < [, and for all
the d',,’s with arbitrary s’ and 7/ < 7. Let x = 1 ®4 v(h1s) ® a1, ® 1. Arguing as
above we see that

d'(x)=-0od 0d’(x) (mod U,yj 1.4 1)
Finally, by the definition of d° and the inductive hypothesis,
oVod od’(x) €0’ 0d (AL, s+ Lr_1:A)
C oAU 12,51+ U951 A)
CUryi-1,5-1,
which finishes the proof. O

We recursively define y(hy) * ay, by:
o v(hy) xa,, = ay, if s=0and y(his) *xa;, = y(hys) if r =0,
, , )
e Ifr,s > 1, then vy(hy,)*ay, = Zizo(—l)"y(hl’s,l)*aiﬁ ®7(h§2))®a¢+1m.

Let V,, be the k-submodule of F ® E®n ® E generated by the simple tensors
1®x1, ®1 such that z; € AUH for 1 <i <n.

Recall that H-Im(f) denotes the minimal k-submodule of A that includes Im(f)
and it is closed under the weak action of H. We will denote by C,, the E-sub-

bimodule of F® E®n ® E generated by all the simple tensors 1 @21 ® -+ @2, ® 1
with some z; in H-Im(f).
Proposition A.5. The map ¢ satisfies
p(1@a7(hy;) ®ain;®1) =1@y(hy)*a,—; @1
module F*~1(E E® ® EYnvV,nC,.

Proof. We proceed by induction on n. Let x = 1 ®4 v(hy;) ® a;,—; ® 1. By
item (2) of Theorem 1.4, the fact that d'(x) € Up,—i1i—1,i— (by Lemma A.4), and
the inductive hypothesis

fodod(x)c FFYEQE® @E)NV,NC,  foralll>1,
So,
G(x) =Eo0dod(x)+Eopod(x) (mod FrH(EQE® ®E)NV,NC,).
Moreover, by the definition of d° and Theorem 1.4
£ogod(x)=(-1)"¢0dp(1®av(hi) @ ar i),
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and

1 IRy N Y it (2)
fogod (x)=(-1)¢op(1®@a7(h1;i1)® a1, i ® v(h;™)),

since ¢(EL,_5_15) C E® B 9K C ker(¢). The proof can be now easily
finished using the inductive hypothesis. O

In the sequel we let J,, denote the E-subbimodule of X, generated by all the
simple tensors

1RA21 Q4 Ca2sQa1 Q- Ra,®1 (r+s=n),
with some a; in the image of the cocycle f.

The proof of [G-G, Proposition 1.2.2] is divided in several parts. The first item
of the following result improves part (b).

Lemma A.6. We have:
(1) Letx =1®4 v(hy;) @ @41, Ifi <n, then

7(x) =0%(x) = (-1)" @a y(hi)) ® a1, ® 1.
(2) Ifz=1®47v(h1 ;1) @ a;n_1 @ apy(hy), then 0'(z) € Up_is111.i-1-1 for
1>0 and o'(z) € J,, for 1> 1.
(3) Ifz=1 ®A'y(T,i_1)®aiyn_1 ® (hn), then o'(z) =0 for 1 > 0.
4) Ifz=1247(1,; 1) ®@ain 1 @ any(h,) and i < n, then 7(z) = 0°(z),
module @;;S(Un_l,l NJy).

(5) Ify =1®@ay(h1n-1) @ any(hy), then 5(y) = —0® 0 o=t o puy) + o°(y),
module @?;OQ(UH_U NJy).

6) Ifz=1®4 v(h1n_1) @ y(hy), then 5(z) = —0% 007! o u(z).
() Ifz=1®4av(h1-1) @ a;n—1 @ y(hy) and i < n, then 5(z) = 0.

Proof. We first claim that if [ > 1, then o!(x) = 0. We proceed by induction on .
By the recursive definition of ¢! and the inductive hypothesis

-1
ol(x)=— ZO‘O od " ooi(x) = —0%o0d o0’ (x) = (-1)" o' o d (x @ 1).
=0

In order to finish the proof of the claim it is sufficient to note that ¢ o 6% = 0
and that, by the very definition, d'(x ® 1) € Im(¢?). When i < n — 1 item (1)
follows clearly from the claim. When ¢ = n — 1 it is necessary to see also that
ol oo™l o u(x) = 0, which is immediate, since 0! o u(x) = 0 by the definitions of
wand o~!. We will next prove the first part of item (2). By definition this is clear
for o¥. Assume the result is valid for o® with 4 < . Then, by Lemma A .4,

-1
ol(z) ==Y o0%cd 7 oo(z)
j=0

C 0% od I (Up_ivijr1i-1-j)

Co"EUn—ir1i-1-1) + 0" (Un—iyric1F)

= Un—i+i+1,i—1-1;
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as desired. We now prove the second part. By Theorem 1.4, the recursive definition
of ¢! and the definition of ¢, we know that

-1
ol(z) ==Y 0%cd T ooi(z)=—-0"0d 00" (z) (mod J,).
j=0

Since 0¥ o d' 0 6'"1(z) € 0% 0 d*(U,,—i11,i—1), in order to finish the proof it suffices
to see that 0% o d"(Up,—it1,i—1) C Jy, which is a direct consequence of Theorem 1.4
and the definition of ¢°. Ttem (3) follows immediately by induction on I. Items (4)
and (5) follow easily from the definition of 7, item (2) and Lemma A.1l. Finally,
items (6) and (7) follow from the definition of 7, item (3) and Lemma A.1. O

Let V,! be the k-submodule of F ® E®n ® E generated by the simple tensors
1 ®x1,, ® 1 such that #({j : ; ¢ AUH}) < 1. (Note that V,, C V..
Let R, = F(E®E°. @E)\FIrY (EQE® ®E).

Proposition A.7. The following equalities hold:

(1) v(1@v(hy) ®ait1, ®1) =1®4 y(hi;) ® a1, @ 1.
(2) fx=1®x%x1,®1 € R, NV, and there exists 1 < j < i such that z; € A,
then ¥(x) = 0.
(3) IfX =1® ’}/(hlyifl) (9 aﬁ(hz) ® Aj+1,n ® ]., then
Y(x) =104 v(h1,—1) @4 aiy(hi) @a 41, 1
p s (@)
+1®av(hyi1) ®a; ® L, ® v(hi™),
module @,_3 (Up_1, N Jy).
(4) ]fX =1® ’Y(hl,j—l) %) ajy(hj) [ V(hj—i-l,i) X QA1 ®1 ’UJZth] < i, then
Y(x) =1®ay(hij-1) ®a a;y(hy) @4 y(hjt1:) @ Aip1, @1,
module @,_3 (Up_1, N Jy,).
(5) ]fX =1® ’Y(hl,i—l) X aj j—1 [ aj’y(hj) X Aj41n ®1 ’U)Zth] > i, then
<)
Y(x) =1047(h 1) ®a; ®a,, @9(h),
module @;;S(Un_l,l NJn).
6) fx=1®x1,®1 € R; NV, and there exists 1 < j; < jo < i such that
zj, € A and z;, € H, then ¢ (x) = 0.

Proof. 1) We proceed by induction on n. The case n = 0 is trivial. Suppose n > 0
and the result is valid for n — 1. Assume first that i < n. By Remark A.3 and the
inductive hypothesis,

Y1 @y(hy) @aj11,, ®1) = (=1)"Fo (1 ®y(hi) ® aiy1,0)

=(—1)"7(1 ®av(hy) ®a41,n),

and the result follows from item (1) of Lemma A.6. Assume now that i = n. By
Remark A.3, the inductive hypothesis and item (6) of Lemma A.6,

Y(1®y(hi,) ®1) = (-1)"70(1 ®@v(hin))
=(-1)""0% 00 o pu(1®ay(hi 1) @ y(hy)).

The result follows now immediately from the definitions of y, c~1 and ¢°.

2) We proceed by induction on n. Assume first that there exist j; < jo < n such
that z;, € A and z;, € H. By Remark A.3 and the inductive hypothesis,

P(x) = (-1)"7o(1 ® x1,,) = (=1)"7(0) = 0.
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Assume now that x1, = y(hy;-1) ® a; ,—1 ® y(h,,). By Remark A.3 and item (1),

P(x) = (=1)"7op(1@x1n) = (=1)"7(1 @4 y(h1i1) © ain1 @ 7(hn)),
and the result follows from item (7) of Lemma A.6.

3) We proceed by induction on n. Assume first that ¢ < n. Let
y=1R®24 m ®a aiy(hi) @ aj41,n,
z=1Q®4 m R a; @ a?fl),nfl ® fy(hgz))an.
By Remark A.3 and the inductive hypothesis,
P(x) = (=1)"7 o (1 @y(hii-1) ® aiy(hi) @ aiy1,) = (—1)"5(y + 2),
module 5(@§;§(Un—l—l,l N Jn-1)A). So, by items (1) and (4) of Lemma A.6,
Y(x) = (-1)"0"(y +2),

module @i;g(Un_u NJn) + 00( ;;g(Un_l_u N Jn_l)A). Using the definition of

0¥ we obtain immediately the desired expression for 1)(x). Assume now that i = n.

Let
y =127y, 1) @ay(h,) and z=1®47v(hy, 1)@ any(hy,).
By Remark A.3, item (1) of the present proposition and item (5) of Lemma A.6,
Y(x) = (=1)"Fod(y) = (-1)"7(2) = (-1)" "0’ 007! 0 u(2) + (-1)"0"(2),

module @'~ (U,_1; N J,). The established formula for ¢(x) follows now easily
from the definitions of p, c~! and o°.

4) We proceed by induction on n. When i < n the same argument that in item (3)
works. Assume now that j <i— 1 and i = n. Let

y =1@v(hy ;1) ®a;y(h;) @ y(hjy1n),
z=1047(h1;-1) @4 a;7(h;) @a YMj1,0-1) © ().
By Remark A.3 and the inductive hypothesis,
Y(x) = (-1)"7ov(y) = (-1)"5(2),
module 7 (] (Un—1-11 N Ju—1)E). So, by items (4) and (6) of Lemma A.6,
P = (~1)™ 00 0 o 4(a),

module @] (Un—1, N Jn) + 0% (@5 (Un—1-1, N Jn-1)E). The formula for ¢ (x)
follows now easily from the definitions of pu, 0~! and ¢°. Assume finally that
j=i—1and i=mn. Let

y=1®47(hin—2) @4 an_17(hn-1) @ (hy),
z=1847(h1, 2) ®an1 @y (hn1)7(hn).
By Remark A.3 and item (3),
P(x) = (=1)"0 0 p(1 @ y(h1n-2) @ an-17(hn-1) @y(hn)) = (=1)"0(y + 2),

module E(EB?:_OS(Un,l,l,l N Jn,l)E). So, by the fact that 0°(z) € Uz ,,—2NJ,, and
items (4) and (6) of Lemma A.6, we know that

Y(x) = (-1)""o 007 o p(y),

module @7;02(0%71,1 NJp) +o° (@7;03((1717171,1 N Jp—1)E). The formula for 1 (x)
follows now easily from the definitions of u, o~% and o°.
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5) We proceed by induction on n. Let

y=1®7(hii—1) ®a; ;-1 ®a;v(h;) @aj11n,
T n @)
z=1Rav(hi ;1) ®a; @ aity, 1 ® 'y(hj ay,.

By Remark A.3 and item (1) or the inductive hypothesis (depending on j = n or
j<mn),
Y(x) = (-1)"7o¢(y) = (=1)"0(2),
module 7 (@3 (Un—1-1, N Jn—1)A). Thus, by item (4) of Lemma A.6,
h(x) = (=1)"0° o p(y) = (—1)"0"(2),
module @f;g(Un,l,l NJp) +o° (@;;S(Un,l,l,l N Jn,l)A). The result is obtained
now immediately using the definition of o°.

6) We proceed by induction on n. By Remark A.3 and item (2) or the inductive
hypothesis (depending on z,, ¢ AUH or z,, € AUH),

Y(x) = (—1)"7 o ¢(1 ® x1,,) = (—1)"7(0) =0,
as desired. 0

Lemma A.8. The following equalities hold:
(1) Ifx=1®v(hy)® a;n—; ®1, then
po(xr)=1@~v(hy)*a;,—; ®1

module F*=1(E 9E° © EYNnV,.

(2) If x=1®x1, ®1 € R; NV, and there exists 1 < j < i such that z; € A,
then ¢ o (x) = 0.

3) If x=1®~(h1,—1) ® a;v(h;) @ aj41,n, ® 1, then

_ hi), (2)
pov(x) =a; " @ (YO ) @ (k) +ai1n @1
h{M
+1®@v(hy;i1)* (az‘ ® aih,n) ©y(h?),
module F"Y(E@ E° @ E)N AV, + F2(E®@ B © E) N V,H.
4) Ifx=1®v(h ;1) ® ajy(hy) @ v(hjt1,:) @ @1, ® 1 with j < i, then

n{"
dovix) =a; " @ (v ) © () rania 91,

module F=(E@ E® ® E)N AV, + F2(E®Q E° © E) NV, H.
5) Ifx=10x1,®1 € R; NV, and there exists 1 < j < i such that xj € A,
then ¢ o (x) € FiI=1(E RE° ® EYNnV,H.
Proof. Ttem (1) follows from item (1) of Proposition A.7 and Proposition A.5, and

item (2) follows from item (2) of Proposition A.7. We will next prove item (3). By
item (3) of Proposition A.7,

n() —
¢(a; "t ©av(hP)_ ) ©@a y(hi) © a1 ©1)

+6(18a7 (1) ©a @alt,, & ()
(o ? i+1,n % ’

¢ 0 (x)
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module qu(EB;;g Un—11)- So, by Proposition A.5,
i), )
o) =0, @ (1) @ (k) *ai1n 91
hi? (2)
+1® ,‘Y(h17i_]~) * (ai ® ai-:—l,u) ® V(h’z )a

module FI~YE ® B o EYNAV, + F32(E® B o E)NV,H. We leave the

demonstrations of items (4) and (5) to the reader. O

. __ontl
Proposition A9. If x =1®x1,®1 € RNV, then w(x) € F'(E® Y ®
E)N V1.

Proof. We first claim that if x = 1® %1, ® 1 € R; NV}, then w(x) =0. For n =1
this is immediate, since w; = 0 by definition. Assume that n > 1 and the claim
holds for n — 1. Then,

w(x) =&(¢o(x) = (~1)"w(l ®x1n)) =0 Pot(x) =0,
where the last equality follows from the facts that ¢ot)(x) € V,, (by items (1) and (2)
of Lemma A.8) and V,, C ker(§). We now prove the proposition by induction on n.
This is trivial for n = 1 since w; = 0. Assume that n > 1 and the proposition is
true forn — 1. Let x=1®x1, ® 1 € R; N'V,!. Since

w(x) = E&(do(x) = (—1)"w(l ® x1n)),
and, by items (3)—(5) of Lemma A.8,
Eogoyy(x) € FI(E 9E% ® E)N Vi,
in order to finish the proof it suffices to check that
fow(l®x1,) € F(E® e E)N V1.

By the inductive hypothesis and the claim:

o If 2, € A, then w(1®x1,) € FI(E®E® ©E)NV,A,

o If 2, € H, then w(1®x1,) € FY (EQE" ® E)NVyH,

o If z, ¢ AUH, then w(l ® x1,) = 0.
In all these cases the required inclusion is true. O

Proofs of Propositions 2.1, 2.2 and 2.5. They follow immediately from Propo-
sitions A.5, A.9 and A.7, respectively. O
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