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Abstract

We present a class of spherically symmetric spacetimes corresponding to bubbles separating
two regions with constant values of the scalar curvature, or equivalently with two different
cosmological constants, in quadratic F (R) theory. The bubbles are obtained by means of the
junction formalism, and the matching hypersurface supports in general a thin shell and a gravi-
tational double layer. In particular, we find that pure double layers are possible for appropriate
values of the parameters of the model whenever the quadratic coefficient is negative. This is
the first example of a pure double layer in a gravitational theory.

1 Introduction

Gravitational fields are created by masses (and energies), and only positive masses/energies have
been observed in nature. Therefore, the existence of mass dipoles, or of shells with mass dipole
distributions, was not expected in gravitational theories. It thus came as a surprise the demonstra-
tion that singular distributions describing the analogues of electrostatic dipole layers are actually
possible in gravitational theories with a Lagrangian quadratic in the curvature [1–4]. This was
first proven in the so-called F (R) theories with a careful analysis of the proper junction condi-
tions [1,5], and after noticing [1] that there is an exceptional possibility —when the function F (R)
is quadratic— allowing for the existence of shells supporting a “Dirac-delta-prime” type of distri-
bution. A more complete analysis along with the first examples of these gravitational double layers

was given in [2, 3]. The junction conditions were extended in the past year to the most general
gravitational theory with a Lagrangian quadratic in the curvature [4], proving in particular that
the possible presence of gravitational double layers is a shared feature for all of them –with some
peculiarities for the F (R) case.

In F (R) theories [6–8], the scalar curvature R corresponding to the Einstein-Hilbert Lagrangian
is replaced in the gravitational action by a function F (R). This kind of models can provide a unified
picture of both inflation in the early universe and the accelerated expansion observed at later
times. Within F (R) gravity, spherically symmetric black hole solutions have been found in recent
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years [9–11]. Lorentzian wormhole geometries [12–15], collapsing spherical stars [16], and thin shell
wormholes [17, 18] have all been studied in these theories. The particular case of quadratic F (R)
gravity, which has a positive mass theorem [19] and a well-defined entropy formulation [20], can
provide a self-consistent model for inflation [21]. Gravitational radiation [22] and realistic compact
relativistic (neutron and quark) stars [23] have also been investigated for Lagrangians quadratic in
the scalar curvature.

From the junction condition point of view, a non-linear F (R) always requires the equality of
the trace of the second fundamental forms at both sides of the joining hypersurface and, with the
exception of quadratic F (R), the continuity of the scalar curvature R. However, in quadratic F (R),
the scalar curvature can be discontinuous at the matching hypersurface, resulting in a much richer
structure of the matter contents supported on it: besides the standard energy-momentum tensor, an
external energy flux vector, an external scalar tension (or pressure), and another energy-momentum
contribution —resembling dipole distributions in classical electrodynamics— arise [1, 2]. All these
contributions are required to make the whole energy-momentum tensor divergence free [1,2]. This
dipole distribution can be interpreted as a gravitational double layer.

A very interesting and radical possibility was proposed in [2, 3]: the existence of pure dou-
ble layers, characterized by having, at the matching hypersurface, vanishing hypersurface energy-
momentum tensor, external energy flux vector and external scalar tension, but a non-vanishing
dipole strength. However, no explicit examples had been found up to now. Herein, in quadratic
F (R) = R− 2Λ + αR2, we present a class of spacetimes with spherical symmetry which can have,
for suitable values of the parameters, a pure double layer matching the inner and the outer regions
of a four dimensional manifold. This is the first example of such an object, and the outer geometry
is exactly that of a Kottler —or Schwarzschild-de Sitter— spacetime with positive cosmological
constant. The inner region, on the other hand, is just a portion of de Sitter spacetime (with a dif-
ferent cosmological constant). The mass parameter of the outer spacetime is directly linked to the
strength of the pure double layer, which in turn is related to the deficit of the external cosmological
constant —with respect to the inner one. A thorough analysis of the properties of the spacetime
is presented, along with a discussion of the interpretation of the results.

The plan is as follows: in Sec. 2 we provide the basic junction conditions in quadratic F (R)
and the field equations of the hypersurface energy-momentum quantities. Then in Sec. 3, we
present the general construction of static thin shells with a double layer, which can be understood
as bubbles with constant area. In Sec. 4, we show the conditions for which a pure double layer is
found. We prove that, for a fixed negative value of α, the cosmological constant on one side of the
pure double layer can be chosen between some definite limits, and then the cosmological constant
on the other side, the area of the double layer, and the mass parameter of the outer spacetime
are all uniquely determined. We also provide some conformal diagrams of the pure double layer
spacetimes. Finally, in Sec. 5, we summarize and discuss the results obtained. In this article, we
adopt units so that G = c = 1.

2 Setting: junction conditions in quadratic F (R)

In a junction problem (see e.g. [24]), the manifold M has an inner part M1 and an outer part
M2, with the gluing hypersurface Σ corresponding to a boundary hypersurface or a thin shell,
depending on the junction conditions. The first fundamental form on Σ is denoted by hµν , and

the second fundamental forms (or extrinsic curvatures) by K1,2
µν , where the superscripts —here and

elsewhere, and occasionally subscripts too— refer to the inner and outer parts ofM. The jump of
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any quantity Υ across Σ is denoted by

[Υ] ≡ (Υ2 −Υ1)|Σ.

(Observe that interchanging 1←→ 2 changes the sign of these jumps). We have not added super-
scripts to the first fundamental form because, in order to have a well-defined curvature —in the
distributional sense— even at Σ, one has to demand (as in general relativity) the agreement of the
first fundamental forms inherited from bothM1,2, that is, [hµν ] = 0 [24]. The unit normal nµ to
Σ is, as a consequence, well defined without a jump at Σ, despite the fact that for computational
purposes one usually needs to give its two expressions at both sides of Σ.

In generic F (R) theories there are additional necessary conditions [1]: the trace of the second
fundamental form cannot have a jump

[Kµ
µ] = 0

and, whenever d3F (R)/dR3 6= 0, the continuity of R across the joining surface is required, i.e.
[R] = 0 [1]. However, in any quadratic theory

F (R) = R− 2Λ + αR2 (1)

where α is the parameter selecting the particular theory, a discontinuity of R at the hypersurface
Σ is permitted [1–3]. The energy-momentum quantities supported at Σ in this quadratic case take
the explicit expressions [1, 4]

κSµν = −[Kµν ] + 2α([nγ∇γR]hµν − [RKµν ]), nµSµν = 0, (2)

where κ = 8π, Sµν represents the standard hypersurface energy-momentum tensor, and ∇ is the
covariant derivative; besides this there are also three other contributions: an external energy flux
vector

κTµ = −2α∇µ[R], nµTµ = 0, (3)

where ∇ is the intrinsic covariant derivative on (Σ, hµν); an external scalar pressure or tension

κT = 2α[R]Kγ
γ ; (4)

and a two-covariant symmetric tensor distribution

κTµν = ∇γ

(

2α[R]hµνn
γδΣ
)

, (5)

where δΣ is the Dirac delta with support on Σ, or equivalently1

κ 〈Tµν ,Ψµν〉 = −
∫

Σ

2α[R]hµνn
γ∇γΨ

µν , (6)

for any test tensor field Ψµν . This double layer energy-momentum distribution Tµν corresponds to
a Dirac “delta prime” type contribution with strength [1, 4]

κPµν = 2α[R]hµν , Pµν = Pνµ, nµPνµ = 0 (7)

resembling dipole distributions in classical electrodynamics [1–4] .
All the above contributions are required in order to make the complete energy-momentum tensor

divergence free [1, 2, 4], which is necessary for local conservation. If Kµν and R have no jumps at

1Observe that there is an error in this formula in [1–3], the indices in Ψµν were missing.
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Σ, all these contributions vanish and Σ is an ordinary boundary hypersurface. In general, there is
a thin shell plus a double layer at the matching hypersurface. When Sµν 6= 0 and [R] = 0, we have
only the usual thin shell, but if Sµν = 0, Tµ = 0, and T = 0 but [R] 6= 0, we obtain a pure double
layer.

The previous quantities also satisfy the following identities and field equations [2–4]:

κ (Sρ
ρ + T ) = 6α[nγ∇γR], (8)

Tµ = −∇ρPρµ, (9)

T = Kµν
Σ
Pµν = KµνPµν , (10)

nρhσµ[Tρσ] +∇ρ
Sρµ = −Kρ

ρTµ −∇µT , (11)

κ
(

nρnσ[Tρσ ]−Kρσ
Σ
Sρσ +∇ρTρ

)

= 2α[R]
(

RΣ

ρσn
ρnσ +KΣ

ρσK
ρσ
Σ

)

(12)

where Tµν is the energy-momentum tensor of the spacetime and the superscript Σ means that the
quantity must be evaluated at the matching hypersurface, and for “discontinuous” quantities this
means, for instance, for the Ricci tensor

RΣ

ρσ =
1

2

(

R1

ρσ +R2

ρσ

)

|Σ.

From these relations one immediately deduces that pure double layers require the following simul-
taneous conditions, keeping [R] 6= 0:

Kρ
ρ = 0, ∇µ[R] = 0, [nγ∇γR] = 0, nρhσµ[Tρσ ] = 0, (13)

nρnσ[Tρσ ] = 2
α

κ
[R]
(

RΣ

ρσn
ρnσ +KΣ

ρσK
ρσ
Σ

)

, [Kµν ] + 2α[RKµν ] = 0. (14)

The first equation in (13) implies that Σ should have zero mean curvature, while the second and
third ones are automatically satisfied if the scalar curvatures R1,2 are constants on Σ. The last in
(13) requires that the tangent-normal components of the energy-momentum tensor are continuous
on Σ, which means no discontinuity on the fluxes of heat/energies. Of course, this is trivially
satisfied if we are dealing with vacuum solutions. As observed in [2,3] it follows that, if we choose a
minimal hypersurface as matching Σ in a spacetime with constant scalar curvatures on bothM1,2

and vanishing energy-momentum tensors T 1,2
µν , then all conditions (13) are automatically satisfied

and we must only care about the two relations (14) —appropriately restricted. The meaning of
these two equations is that of energy-momentum balance including the pure double layer, due to
the very specific form of its strength (7) proportional to the first fundamental form (for details,
see [4]).

3 Spherical bubbles

We first present a general class of spherically symmetric geometries in quadratic F (R), constructed
by matching two manifolds with constant scalar curvatures, and we then provide a specific example
representing a bubble.
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3.1 General construction

We begin our construction with two static and spherically symmetric spacetimes of the form, in
standard coordinates,

ds21,2 = −A1,2(r1,2)dt
2

1,2 +A−1

1,2(r1,2)dr
2

1,2 + r21,2(dθ
2 + sin2 θdϕ2), (15)

where A1,2(r1,2) are functions of only the area coordinates r1,2 on each side, with r1,2 ≥ 0, 0 ≤ θ < π,
and 0 ≤ ϕ < 2π. In both spacetimes we choose corresponding spherically symmetric hypersurfaces
Σ1,2 with fixed constant area coordinates r1,2 = a1,2, and then we select two manifoldsM1 andM2,
defined by 0 ≤ r1 ≤ a1 and r2 ≥ a2, respectively. We mathematically construct a new manifold
M as the union of M1 and M2 with the obvious identification of points at Σ1 and Σ2 . By
identifying in a natural way the angular coordinates everywhere, the coordinates of the embedding
are Xµ

1,2 = (t1,2, r1,2, θ, ϕ) while the intrinsic coordinates —now unique after identification— at the

hypersurface Σ are ξi = (τ, θ, ϕ), with τ proper time on Σ. The induced metrics from both sides
at the joining hypersurface Σ read

dγ21,2 = −A1,2(a)

(

dt1,2
dτ

)2

dτ2 + a21,2(dθ
2 + sin2 θdϕ2) = −dτ2 + a21,2(dθ

2 + sin2 θdϕ2),

so that the equality of the first fundamental forms then implies, on the one hand

a1 = a2 := a

and, on the other hand (fixing the free signs by choosing all times t1,2 and τ to run to the future),

√

A1(a)
dt1
dτ

=
√

A2(a)
dt2
dτ

.

We adopt at the shell the orthonormal basis {eτ̂ = eτ , eθ̂ = a−1eθ, eϕ̂ = (a sin θ)−1eϕ}. In this
frame, the first fundamental form is simply hı̂̂ = diag(−1, 1, 1). The unit normal (nγnγ = 1)
pointing fromM1 toM2 has the expression, on each side of Σ,

n1,2
γ =

(

0,
1

√

A1,2(a)
, 0, 0

)

. (16)

The second fundamental forms on both sides can be computed by using

K1,2
ij = −n1,2

γ

(

∂2Xγ
1,2

∂ξi∂ξj
+

1,2

Γ
γ
αβ

∂Xα
1,2

∂ξi
∂Xβ

1,2

∂ξj

)
∣

∣

∣

∣

∣

Σ

, (17)

so that we obtain for their non-vanishing components

K1,2

θ̂θ̂
= K1,2

ϕ̂ϕ̂ =

√

A1,2(a)

a
, (18)

and

K1,2
τ̂ τ̂ = −

A′
1,2(a)

2
√

A1,2(a)
, (19)

with the prime representing the derivative with respect to their corresponding arguments (i.e. r1
or r2). By using Eqs. (18) and (19), the condition [K ı̂

ı̂] = 0 takes the form

aA′
1
(a) + 4A1(a)
√

A1(a)
=

aA′
2
(a) + 4A2(a)
√

A2(a)
. (20)
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From now on, and for the purpose of the explicit construction carried out in the next subsection,
we assume that the scalar curvatures R1 and R2 are both constant, but can be different from one
another. In this case, Eq. (2) simplifies to

κSı̂̂ = −[Kı̂̂]− 2α[RKı̂̂]. (21)

In the chosen orthonormal frame, this Eq. (21) implies that Sı̂̂ = diag(σ, p, p) where σ is the
hypersurface energy density given by

σ = − A′
1
(a)

2κ
√

A1(a)
(1 + 2αR1) +

A′
2
(a)

2κ
√

A2(a)
(1 + 2αR2) , (22)

and p is the isotropic pressure given by

p =

√

A1(a)

κa
(1 + 2αR1)−

√

A2(a)

κa
(1 + 2αR2) . (23)

From Eq. (3) we easily obtain that Tµ = 0, i.e. a vanishing external energy flux vector. The
external scalar tension/pressure T has the form

T =
aA′

1
(a) + 4A1(a)

κa
√

A1(a)
α[R] =

aA′
2
(a) + 4A2(a)

κa
√

A2(a)
α[R], (24)

which by using Eq. (20) can be rewritten as

T = −aA′
1
+ 4A1(a)

κa
√

A1(a)
αR1 +

aA′
2
+ 4A2(a)

κa
√

A2(a)
αR2. (25)

From Eqs. (22), (23), and (25), it is easy to see that σ, p, and T are related by the equation of
state σ − 2p = T , which is nothing but the expression in our case of Eq. (8). We also have the
dipole distribution, with strength

κPı̂̂ = 2α[R]hı̂̂, (26)

which is non zero when R1 6= R2.

3.2 An explicit spherical bubble

To provide a concrete example of a bubble, we adopt a well known geometry for our construction.
The field equations, in the metric formalism, corresponding to Eq. (1) and with a constant scalar
curvature R admit the spherically symmetric solution of the form given by Eq. (15), in which the
metric function reads [10]

A(r) = 1− 2M

r
− Rr2

12
, (27)

where M is a free parameter (called the mass parameter) and the value of R is related to the
cosmological constant by R = 4Λ. If M 6= 0, the geometry is singular at r = 0 and the position of
the horizons, determined by the zeros of A(r), are given by the positive real roots of a third degree
polynomial. When R ≤ 0, there is only the event horizon with area radius rh; for 0 < R < 4/(9M2),
besides the event horizon with radius rh, there exists a cosmological horizon with radius rc, which
fulfills rh < rc. If M = 0, the equation A(r) = 0 is quadratic; no horizons exist when R ≤ 0 and
only the cosmological horizon is present for any R > 0, with rc =

√

12/R =
√

3/Λ in this case.
For the inner regionM1 ofM, we take a constant scalar curvature R1 = 4Λ1 and a vanishing

M1 = 0, while for the outer oneM2 we choose a constant scalar curvature R2 = 4Λ2 and a non-zero
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M2 := M 6= 0. The matching hypersurface area radius a is taken so that no event horizons are
present in both regions of M, and when R1 > 0 the region including the cosmological horizon of
the inner region is also removed. As a consequence, the following constraints should be satisfied

1− a2R1

12
> 0 (28)

and

1− 2M

a
− a2R2

12
> 0. (29)

We can interpret the whole manifoldM as having a singular hypersurface surrounding a static de
Sitter region with a cosmological constant Λ1 = R1/4, without matter and no horizons. Outside
the shell the geometry represents a Kottler (or Schwarzschild-de Sitter) spacetime with a different
cosmological constant Λ2 = R2/4, no matter, and no event horizons. When 0 < R2 < 4/(9M2),
there exists a cosmological horizon in the outer region; in this case, the radius a is smaller than the
one corresponding to the cosmological horizon. Therefore, the presence of matter is only allowed
at the matching hypersurface Σ, which then represents a kind of bubble. The construction should
satisfy the condition given by Eq. (20), which can be written in the form

(

4− 6M

a
− a2R2

2

)

√

1− a2R1

12
−
(

4− a2R1

2

)

√

1− 2M

a
− a2R2

12
= 0. (30)

From Eqs. (22) and (23), we obtain that

σ =
1 + 2R1α

κ

aR1

12

(
√

1− a2R1

12

)−1

+
1 + 2R2α

κ

(

M

a2
− aR2

12

)

(
√

1− 2M

a
− a2R2

12

)−1

(31)

and

p =
1 + 2R1α

κa

√

1− a2R1

12
− 1 + 2R2α

κa

√

1− 2M

a
− a2R2

12
, (32)

and from Eq. (24) we find that

T =
α[R]

κa

(

4− a2R1

2

)

(
√

1− a2R1

12

)−1

(33)

or equivalently

T =
α[R]

κa

(

4− 6M

a
− a2R2

2

)

(
√

1− 2M

a
− a2R2

12

)−1

. (34)

As shown before, the external energy flux vector is zero (Tµ = 0), the dipole distribution strength is
given by Eq. (26), and it is non zero if R1 6= R2. A particularly interesting case, which is actually
the main goal of this paper, corresponds to a pure double layer, to be presented in detail next.

4 Pure double layers

As we have already discussed, a pure double layer must satisfy conditions (13) and (14) while
keeping [R] 6= 0. From the previous construction, all the conditions in Eq. (13) are already met,
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except for the first one which amounts to taking Σ as a minimal timelike hypersurface on both
sides, or equivalently, to setting T = 0. Thus, by using Eqs. (33) and (34) we impose that

R1 =
8

a2
(35)

and

R2 =
8

a2
− 12M

a3
. (36)

For these values, the condition (28) is always satisfied, but the inequality (29) requires that

a > 3M (37)

that we assume henceforth. This condition would not restrict a if the parameter M were negative.
However, we are going to prove later (see Sec. 4.1) that the total quasi-local energy of the model
as seen from the exterior M2 is proportional to M with a positive constant of proportionality.
Therefore, in order to keep the energy positive we assume that M > 0 from now on. This sign of
M is actually related to the balance of the cosmological constants, as follows trivially from Eqs.
(35) and (36):

[R]

4
= [Λ] = −3M

a3

so that a positive M implies a deficit in the outer cosmological constant with respect to the inner
one.

It is obvious from Eq. (35) that R1 > 0, and then the combination of Eq. (37) with Eqs. (35)
and (36) provides

0 <
R1

2
< R2 < R1 . (38)

Furthermore, expression (36) implies that R2(a = 3M) = 4/(9M2) and also that R2 is a decreasing
function of a on the allowed range a ∈ (3M,∞); hence we deduce that

R2 <
4

9M2
. (39)

This implies that the cosmological horizon is always present in the outer region.
Concerning conditions (14), the last in them is simply Sµν = 0 or, in other words, that σ and

p are both zero. By replacing Eqs. (35) and (36) in Eq. (32) and taking p = 0, we obtain an
expression that relates a and M with the quadratic theory coefficient α:

− 8α

(

3− 3M

a
+

√

1− 3M

a

)

= a2, (40)

so that we deduce that α must be negative. From Eq. (40) we can also see by using the inequality
(37) that

−16α < a2 < −32α .

By introducing here Eq. (35) this inequality becomes

− 1

2
< αR1 < −

1

4
. (41)

At this point, it is clear that Eqs. (30) and (31) are automatically satisfied —and the same
holds for the first in (14). Finally, from Eq. (26), the components of the dipole strength are given
by κPı̂̂ = Ωhı̂̂, with

Ω = 2[R]α = −24M

a3
α (42)
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Figure 1: Pure double layer bubbles in quadratic F (R). Plot of αR2 as a function of αR1, with R1 and R2 the
scalar curvatures, and α the quadratic coefficient of the theory. The values of R1 and R2 are positive while α is
negative (see text). The allowed values for R1 and R2 compatible with M > 0 and a positive quasi-local energy are
shown by the solid line. The continuation shown with the dashed line would be the feasible if M < 0 were permitted,
but this leads to negative energies as proven in subsection 4.1.

which has the same sign as M and can also be expressed in terms of only M and a as

Ω =
3M

3a− 3M +
√

a(a− 3M )
. (43)

It is more appropriate for the physical interpretation to express the results in terms of α, R1, and
R2. We can invert Eqs. (35) and (36) to find the bubble area radius a and the parameter M :

a =
2
√
2√

R1

, (44)

and

M =
4
√
2(R1 −R2)

3R1

√
R1

. (45)

By replacing these values of a and M in Eq. (40), we find that R1 and R2 are related with α by
the equation

− 1

α
= R1 + 2R2 +

√

R1(2R2 −R1). (46)

Hence, if the parameter α of the quadratic theory is given and is negative, we can choose one of
the cosmological constants within the allowed limits, and then the other is immediately fixed by
relation (46). Thus, once α < 0 is fixed, one can choose any value of the scalar curvature R1 within
the allowed range (41) and obtain the associated value of the scalar curvature R2 from Eq. (46),
which gives

R2 =
−2− αR1 +

√

−αR1(4 + 7αR1)

4α
. (47)
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Figure 2: Pure double layer bubbles in quadratic F (R). The dipole distribution strength has components κPı̂̂ =
Ωhı̂̂, with Ω = 2α[R] shown as a function of αR1.

The corresponding values of the bubble radius a and the mass M are calculated from Eqs. (44)
and (45), respectively. The dipole strength Ω is then found by combining Eqs. (43) and (47):

Ω =
−2− 5αR1 +

√

−αR1(4 + 7αR1)

2
. (48)

A similar but more complicated analysis can be done in terms of R2 instead of R1. The results are
graphically shown in Figs. 1 and 2. For the conformal diagrams of the solution, see Sec. 4.2.

4.1 Quasilocal energy and the sign of M

In general relativity we know that M represents the total mass of the body creating the spacetime
M2 and can be given quasi-local descriptions as the Misner-Sharp mass or the Hawking quasi-local
energy among many others [25]. The situation is different in principle in F (R) theories, and one
can prove [26] that the correct generalization for a quadratic theory with Lagrangian (1) is given
by the quasi-local energy

E = (1 + 2αR)M . (49)

The question arises whether one can have a negative mass parameter M < 0 while keeping a
positive energy E. This might be possible in general, as long as 2αR < −1, but it is not feasible
in our pure double layers due to the strict relation between R1 and R2 at both sides. To prove it,
observe that E1 = 0, and thus we only need to consider E2 = (1 + 2αR2)M . The allowed range of
αR1, given by inequality (41) for M > 0, extends to −1/2 < αR1 < 0 if we also let M < 0. In this
case, formula (47) —which is valid independently of the sign of M— implies that αR2 is smaller
than a certain (negative) maximum and always larger than −1/2, as shown in Fig. 1. Therefore,
1 + 2αR2 is positive for the pure double layers, and the sign of E2 is necessarily the same as the
sign of M . This restricts the analysis to the case with M > 0.

We can actually provide a possible physical interpretation of the dipolar strength Ω in terms of
the quasi-local energy E. The difference between the energies at both sides of the double layer is

E2 − E1 = E2 = (1 + 2αR2)M = M(1 + 16α/a2 − 24αM/a3) = Ẽ +ΩM
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Figure 3: Conformal diagrams of the two regions M1 and M2 composing the total spacetime. As usual null radial
lines are at 45o. On the left picture we show the portion of static de Sitter spacetime describing the inner part
of the bubble. The origin of coordinates r = 0 is represented by the dotted line, while the pure double layer is
placed at r = a. Only the shaded zone describes the inner region M1, and this has to be joined to the exterior
M2 depicted on the right picture, which represents the conformal diagram of the portion of Schwarzschild-de Sitter
spacetime describing the outer part M2 of the bubble. This spacetime “starts” at the timelike hypersurface r = a
—representing the pure double layer— within a static region. Then, the metric can be extended, to the future and
to the past, across the cosmological horizon labeled r = rc, leading to past and future null infinities J ±, and also
to a new event horizon r = rh that encloses the singularities shown by double lines and marked as r = 0. The
metric can then be extended towards “the right” indefinitely, by alternating an infinite number of cosmological and
event horizons. As we see, such a bubble only removes some of the many singularities of the Kottler spacetime,
and therefore it might be better to cut the outer part by placing a second, symmetric, bubble, before the first event
horizon appears. This is represented in Fig. 4.

where Ẽ = M(1+2αR1) is the energy that the double layer would have atM1, that is, if the cosmo-
logical constants did not jump. A kind of perfect balance seems to exist between the cosmological
constants and the presence of the pure double layer with its dipole strength.

4.2 Extension across the cosmological horizons: Conformal diagrams

From our previous discussion we know that there are no horizons in the inner regionM1 but, given
that Eq. (39) always holds, there appears a cosmological horizon on the outer region of the bubble
M2. This horizon is placed at r = rc with rc defined by

1− 2M

rc
− R2

12
r2c = 0.

Our coordinates do not describe the region beyond the cosmological horizon, with r > rc, but a stan-
dard extension can be obtained by simply defining Eddington-Finkelstein-type advanced/retarded
coordinates

v± = t±
∫

dr2
A2

2
(r2)

so that the metric onM2 becomes

ds2 = −A2(r2)dv
2

± ± dr2dv± + r22
(

dθ2 + sin2 θdϕ2
)

.

By gluing different patches of this type one can obtain a maximal extension in the standard way.
However, if we performed such an extension we would end up with a typical spacelike singularity of
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Figure 4: The conformal diagram of the total bubble, avoiding any curvature singularities but allowing for dis-
tributional curvature tensors. This metric is obtained by joining the two portions shown in Fig. 3 across the
hypersurfaces labeled r = a as explained in the main text, and by then doing a similar procedure on the symmetric
“right” part of the cosmological horizon. The two shaded parts are equal copies of the portion r < a of static de
Sitter spacetime with Λ1 > 0, and the non-shaded part is a portion of Kottler spacetime with Λ2 ∈ (Λ1/2,Λ1),
mass parameter M = (Λ1 −Λ2)a

3/3 and without any event horizons —so that the curvature singularities have been
removed. There are pure double layers on the hypersurfaces r = a drawn with thick lines, having total strength
Ω = −8α(Λ1 − Λ2) = −24αM/a3 which is positive —as α is required to be negative. In the limit Λ2 → Λ1 the pure
double layer disappears, M vanishes and one ends up with the entire de Sitter spacetime.

Schwarzschild type with r = 0 beyond the cosmological horizon, and there would appear an infinite
number of event and cosmological horizons as in the usual Kottler metric with positive cosmological
constant. This is graphically explained in the conformal diagrams presented in Fig. 3.

Given that we wanted to remove the singularities and event horizons from the inner region,
it does not seem acceptable to have this kind of behavior elsewhere, and therefore we propose a
different, more interesting and symmetrical possibility. This is shown in Fig. 4. The basic idea is
to place another bubble when the area radius becomes r = a again, with exactly the same junction
conditions, so that the region with r < a is again replaced by a second, “mirror” symmetric,
bubble with the same properties. The total spacetime is thus free of curvature singularities but
including pure double layers at r = a, the junction between the different cosmological constants.
The total spacetime can be thought of as having two, antipodean, static de Sitter bubbles with
a Kottler portion —a portion without singularities— in between. Alternatively, one could try to
make identifications between the two mirror bubbles to produce a unique one.

5 Discussion

In this paper, we have constructed spherical bubbles of constant area radius a in quadratic F (R)
gravity with Lagrangian (1) by using the corresponding junction formalism. We have adopted for
the inner region a vacuum solution with constant scalar curvature R1 = 4Λ1 and no mass, and
for the outer one another vacuum solution with constant scalar curvature R2 = 4Λ2 and non-zero
mass parameter M , leading to non-zero quasi-local energy E2 = (1 + 2αR2)M . The matching
conditions result in the presence of a thin shell, where the energy-momentum tensor is singular (it
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has a distributional part), characterized by a hypersurface energy density and a pressure. When
R1 6= R2, there is also an external scalar tension/pressure and a double layer tensor distribution,
with a strength proportional to the jump of R across the shell and to the quadratic coefficient of
the theory α. A third additional contribution that appears when R1 6= R2, corresponding to the
external energy flux vector, is zero in our construction because both scalar curvatures are chosen
to be constant.

The possibility of the existence of pure double layers is a remarkable property that distinguishes
quadratic F (R) gravity from other (non quadratic) F (R) theories and from general relativity. We
have found that our bubble construction constitutes an explicit example where this interesting
feature is present, whenever the quadratic coefficient α is negative.

When α < 0, −1/2 < αR1 < −1/4, and 0 < R1/2 < R2 < R1, for a given value of α, there is
always a combination of the values of R1 and R2 for which the energy density and the pressure at
the shell are both zero (and also the scalar external tension/pressure), but the dipole distribution
strength κPı̂̂ = Ωhı̂̂ is not, resulting in a pure double layer. Once α < 0 is chosen, so that the
gravity theory is fixed, these bubbles threaded by pure double layers have an area radius and a
mass parameter determined by the value of R1 (or R2). The double layer is pure only when there
is a fine tuning between the parameters; if not, the thin shell gradually reappears. This feature
can be visualized in Fig. 1: moving along the curve maintains the double layer pure, but outside
it the thin shell is present, with non-vanishing energy density and pressure. This is reminiscent of
the analogous behavior in classical electrodynamics [27], where pure dipole layers arise when the
charge surface densities at both sides of the layer are of opposite sign but equal in absolute value;
otherwise, a surface charge density also arises. Therefore, this is not necessarily an indication of
instability of our pure gravitational double layers.

In our model, the construction of these simple bubbles is possible in any quadratic F (R) gravity,
but pure double layers may appear only if the theory has a negative α. In this case, the energy-
momentum tensor of the spacetime takes the distributional form

Tµν = 8
α

κ
(Λ2 − Λ1)∇ρ

(

hµνn
ρδΣ
)

where δΣ is the Dirac delta supported on the hypersurfaces Σ : {r = a} and hµν is the first
fundamental form on Σ. Hence, Tµν is supported only on Σ; that is, it vanishes everywhere except
at r = a, describing there a dipole-like —in the sense of a Dirac-delta derivative— source. In these
pure double layer spacetimes, the exterior region has a deficit in the cosmological constant with
respect to the interior one, due to the presence of the double layer at Σ. This deficit is related
with the mass parameter by M/a3 = (Λ1 − Λ2)/3. It is also remarkable that the construction of
this pure double layer requires Σ to be a minimal hypersurface, in direct analogy with the minimal
surfaces describing classical soap bubbles.

On the other hand, it is well known [6] that any F (R) gravity theory is equivalent to a certain
scalar-tensor theory. In particular, quadratic F (R) is equivalent to the Brans-Dicke theory with
parameter ω = 0; in this case, the scalar field φ is related with R by φ = 2αR− 1, with a potential
V (φ) = 2Λ + (φ2 − 2φ − 3)/(4α) [6]. From this point of view, the double layer corresponds to an
abrupt discontinuity in the scalar field φ. In our bubble construction, the scalar field would have
different constant values φ1 and φ2 at each side of the matching surface, which can be interpreted
as some kind of effective gravitational constants. In the special case of pure double layers, it is
interesting to note that the discontinuity in the scalar field, given by [φ] = 2α[R], is precisely the
value Ω corresponding to the dipole strength of the double layer.

It is usually claimed that a quantum theory of gravity requires the presence of the quadratic
terms in the Lagrangian; in this case, double layers like those discussed in this work may arise
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as an idealized representation of situations where the cosmological constant has an abrupt jump.
However, the shell matching in a generic quadratic gravity (not F (R)) requires the continuity of the
second fundamental form —which is the proper matching in general gelativity (GR)— and in this
sense, as pointed out in previous articles [1–4], hypersurfaces in GR with a proper matching would
actually become double layers in any regime where quadratic terms start to be non negligible. For
example, when approaching a quantum regime in which quadratic terms become significant, any
classical GR solution that can be approximately described by a matching procedure will become an
approximate solution which contains, on the matching hypersurface, a gravitational double layer.
On the other hand, in quadratic F (R) the matching allowing for shells only fixes the continuity
of the trace of the second fundamental form, and thus GR thin shells of matter or some classes
of less conventional theoretical objects, such as GR braneworlds, domain walls, gravastars, and
wormholes may become double layers if the quadratic term cannot be ignored. In particular, as
we have shown for the case of the simple bubbles studied here, pure double layers may appear in
some of these models if the relevant parameters are properly fine tuned. The simple model we
have presented herein can also be considered as a valid spacetime in GR, where it represents a thin
shell with a traceless energy-momentum tensor. It would be very interesting to find pure double
layers in non-F (R) quadratic gravity, where the models would be properly matched solutions in
GR but pure double layers when the quadratic terms start to dominate. This is an open problem
that deserves further consideration.

Acknowledgments

E.F.E. and G.F.A. are supported by CONICET and Universidad de Buenos Aires. J.M.M.S. is
supported under grants FIS2014-57956-P (Spanish MINECO-fondos FEDER), IT956-16 (Basque
Government), and EU COST action CA15117 “CANTATA”.

References

[1] J.M.M. Senovilla, Phys. Rev. D 88, 064015 (2013).

[2] J.M.M. Senovilla, Class. Quantum Grav. 31, 072002 (2014).

[3] J.M.M. Senovilla, J. Phys. Conf. Ser. 600, 012004 (2015).

[4] B. Reina, J.M.M. Senovilla, and R. Vera, Class. Quantum Grav. 33, 105008 (2016).

[5] N. Deruelle, M. Sasaki, and Y. Sendouda, Prog. Theor. Phys. 119, 237 (2008).

[6] A. De Felice and S. Tsujikawa, Living Rev. Relativity 13, 3 (2010).

[7] T.P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010).

[8] S. Nojiri and S.D. Odintsov, Phys. Rep. 505, 59 (2011).
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