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1 Introduction and Summary of Results

Entanglement is now recognized to play an important role in the emergence of space
(and space-time) in quantum gravity with calculations from a variety of different ap-
proaches [1-6]. Of course, one of the most natural frameworks where this connection
can be investigated is the AdS/CFT correspondence [7]. In particular, the elegant pre-
scription for holographic entanglement entropy [8] reveals a deep connection between
entanglement entropy and spacetime geometry [3]. However, this connection was fur-
ther extended to the dynamics of the spacetime in [9] which related the first law of
entanglement in the vacuum of the boundary CFT to the Einstein equations linearized
around the AdS vacuum in the bulk. Of course, the latter is reminiscent of Jacobson’s
derivation of Einstein’s equations from thermodynamic arguments involving Rindler
horizons in [2].

More recently, Jacobson [10] proposed an intriguing argument in which the full
nonlinear Einstein equations arise from the postulate that the vacuum entanglement



entropy for small balls is extremal. This argument makes a precise and profound
connection between entanglement and gravity. The aim of this paper is to examine a
certain key assumption that was needed for this argument to hold. In particular, it
was assumed that the variation of the entanglement entropy for quantum fields in small
casual diamonds takes a specific form. In the following, we test this assumption using
holographic calculations but first let us briefly review Jacobson’s argument:

Jacobson [10, 11] begins by considering the entanglement entropy of a small (space-
like) spherical region R in the vacuum and makes small deformations of the geometry
dga and of the state of the matter fields d]¢)). With the assumption that the vacuum
entanglement entropy is extremal, the variation of entanglement entropy then vanishes
(to leading order) through the cancellation of two contributions:

8Sotal = 0Suy + 0Sm = 0. (1.1)

Here, 0.Syy is a universal UV contribution, arising from the change in geometry. Quan-
tum gravity is expected to render this UV contribution finite and produce a result
proportional to the change in the boundary area, i.e., Sy = 0A/(4G). The IR contri-
bution 05} arises from the change in the state of the matter fields. The crucial point
for the remaining discussion is the precise form of this IR variation.

Quite generally, the first law of entanglement [12] allows the leading contribution
to the latter to be written as

0Sw = 0(H) , (1.2)

where H is the modular Hamiltonian for the density matrix p produced when the global
state is reduced to a given region of interest, i.e., H = —log p. However, this result is
not particularly useful except in special cases. One such special case arises when the
vacuum state of a CFT in flat space is reduced to a spherical region. In this case, the
modular Hamiltonian is given by the integral of the energy density Tyg with a simple
profile across the spherical region [13] — see eq. (3.2) below.

In his argument, Jacobson chooses the radius R of the sphere to be much smaller
than any (length) scale in the geometry or in the quantum field theory, but still much
larger than Planck scale ¢, — see section 3 for further discussion. Hence in this small
sphere limit, the energy density is essentially constant throughout this region and the
first law (1.2) yields

Qy_o R?
S, cor = 27 TQ—1 §(Tho) , (1.3)
where §(Tyo) is the change in the energy density in comparison to the vacuum state.

Further, d is the spacetime dimension, and Q4_o = QW%/F (d;zl) is the volume of a



(d-2)-dimensional unit sphere. Next, evaluating the expression for the change in the
boundary area at fixed volume in some maximally symmetric reference geometry, one
finds a result involving the time-time component of the Einstein tensor. Combining
this result and the above expression (1.3) for S of spheres in all reference frames and
positions, one can then derive the Einstein equations (with a cosmological constant)
for a CF'T coupled to gravity [11],

Gy + A gap = 87G 6(Tip) . (1.4)

One would like to extend the above discussion to the case of a nonconformal quan-
tum field theory. In this general case, Jacobson [10, 11] makes the assumption that
eq. (1.3) extends to the following form:

5Sim = 2 %g—ipi (5T} — 50 (1.5)

where X is some scalar operator in the QFT. For example, an initial suggestion was
that X = —7",/d in which case, the expression on the right-hand side of this equation
is proportional to (the time-time component of) the traceless part of the stress tensor
[10]. In any event, with this assumption (1.5), it is straightforward to generalize the
arguments above and derive eq. (1.4) for a general quantum field theory coupled to
gravity. Although the spacetime geometry is considered dynamical here, we emphasize
that eq. (1.5) is a conjecture for quantum field theories in a fixed flat spacetime.!

In this paper, we analyze the validity of this key assumption (1.5) within the
context of the AdS/CFT correspondence. In particular, we consider a holographic
CFT perturbed by a relevant operator Ox of scaling dimension A. That is, the action
of the boundary theory becomes

I =1Icpr+ /ddl’ A OA([L’) (16)

with some (dimensionful) coupling A\. The dual gravitational problem corresponds to
solving the Einstein equations coupled to a massive scalar field (and a negative cos-
mological constant) in d + 1 dimensions. Further, we can compute the entanglement
entropy by using the holographic prescription of [8]. Since we are only considering small
spherical regions, the holographic entanglement entropy is only probing the asymptotic
geometry of the bulk spacetime and we can proceed by only considering the asymp-
totic behaviour of the bulk fields. The metric perturbation and bulk scalar become

IThe latter follows since Jacobson considers a small sphere limit where R much smaller than any
(length) scale in the geometry or in the QFT, but still R > (p.



vanishingly small as we approach the asymptotic boundary and hence we calculate
perturbatively to leading order in the amplitude in the scalar field. In terms of the
boundary theory, R4 (T,;), R®(Oa) and R4\ are all small and we work to leading
order in these (dimensionless) quantities. The details of the calculations will be de-
scribed below in the next section, but let us present here the main results coming from
this analysis.

For relevant operators with %l < A < d, we find

d
§Sim = 27 4R <6<T00>— 1 6(T“a))

a2 —1 2A —d
22d(d + DAT(F) DA +1—4) R5(0n) (1.7)
(d—ART(A+D) Cr -

where C7 is the central charge appearing in the vacuum correlator of the stress tensor
— see eq. (2.18) below. In the deformed boundary theory, various expectation values
may be nonvanishing in the vacuum state and hence our notation above indicates, e.g.,
5{(Too) = (Too) — (Too)vacuum-> Now the first line in the above expression matches the
desired form given in eq. (1.5). However, we note that it is not the traceless part
of the stress tensor that appears here. We have also included an extra contribution
in the second line of eq. (1.7), which is proportional to § (OA)? and, as dictated by
dimensional analysis, this term is accompanied by a factor R**. Now the expectation
values, §(T;) and 6 (Oa)? are determined by infrared scales that are independent of R
and hence because d < 2A as we take a limit R — 0, the contribution in the second line
becomes negligible compared to the contributions involving 6(7,;). Hence this result
(1.7) agrees with the form of 0.5; required in the derivation of Einstein’s equations.

Note that the coefficient of the §(T%,) in eq. (1.7) is singular in the limit A — d/2.
Hence the holographic calculations must be redone for the particular case of A = d/2
— see section 2.3 — with the result

Qy_oRY d+2 1
= T T — — —Ha1 +1
2d—1 d2 Rd 5<0A>2
_ 1.
i—1 o (1.8)

1_x7l
1—x

have a new renormalization scale y appearing in the logarithmic term. In this case, the

. Also note that we

where H a1 is the harmonic number defined by H, = fol dx

dimension of §(Oa)? matches that of the stress-energy tensor and so at this order, all of

2For clarity, let us add that our notation is that § (Oa)? = (Oa)% — (Oa)?2 above and through-

vacuum

out the paper.



the contributions appear with the same overall factor of R?. Hence eq. (1.8) almost has
the desired form (1.5) except for the appearance of an extra logarithmic dependence
on R in the term proportional to 6(T%,).

Now the unitarity bound in CFTs also allows for scalar operators with conformal
dimension (d —2)/2 < A < d/2. However, this regime requires the so-called alter-
native quantization of the holographic theory [14], which will subsequently involve an
alternative holographic renormalization procedure. Interestingly, this procedure yields
the same result as for A > d/2. That is, dSy is still given by eq. (1.7) in this new
regime. However, with A < d/2, the term proportional to R?>2 becomes the leading
contribution in the small R expansion. Hence our holographic results for operators in
this regime present a challenge for Jacobson’s argument. However, let us emphasize
that the contribution proportional to R?26(Ox)? in eq. (1.7) goes beyond the first law
variation (1.2) which was central to Jacobson’s reasoning. In section 3, we discuss this
point and several ways in which, in principle, this extra contribution can be incorpo-
rated into Jacobson’s argument so that one could still derive Einstein’s equations from
an principle of maximal vacuum entanglement.

The remainder of the paper is organized as follows: We begin in section 2 by
describing the details of the holographic model and of our holographic entanglement
entropy calculations. In subsection 2.1, we compute Sy for operators with conformal
dimension in the regime d/2 < A < d, while subsections 2.2 and 2.3 describe the
computations for the regime (d —2)/2 < A < d/2 and the specific case A = d/2,
respectively. In section 3, we conclude with a brief discussion of the implications of
our results for the proposal in [10, 11]. We have three appendices to discuss certain
technical details. Appendix A describes the details of holographic renormalization in
the context of the alternate quantization. Appendix B presents a short calculation of
the contribution in the shift in the entanglement entropy proportional to (Tpy)? for a
thermal state in a d = 2 CFT. Appendix C extends the calculation of §Siz to include
the next-to-leading order contributions in the coupling .

2 Main Results

In this section, we provide the details of the calculations that produced the results given
in egs. (1.7) and (1.8) above. We start by setting up our holographic model in subsection
2.1. The results in that section are valid for general values of the scaling dimension
A. However, certain values require extra consideration; this is presented in subsections
2.2 and 2.3 — see also appendix A. In appendix C, we also present calculations to
next order in the perturbation parameter and compute subleading contributions in the
variation of the entanglement entropy.



2.1 Holographic Framework

Our holographic model is comprised of the following action,

1 1
Tk = opd—1 /dd+195\/ -G {R - §(V‘I>)2 —V(®)|, (2.1)
where
x«¢y:—§Q532+%nﬂ@%+é%¢3+oawy (2.2)

Here for completeness, we included a cubic term in the potential but this term will be
neglected in all of our calculations in the main text and it will only play a role in Ap-
pendix C. Of course, if & = 0, the metric solution for the vacuum will be pure AdS;1
with L being the curvature scale. However, in general, our calculations involve exam-
ining the Einstein and scalar field equations together and finding solutions where the
scalar has a nontrivial profile reflecting the presence of the relevant perturbation (1.6)
in the boundary theory. As noted previously, we will only be examining the asymp-
totic region near the boundary of the bulk spacetime where the metric perturbation
and bulk scalar become vanishingly small. This allows us to construct the solutions
perturbatively in the amplitude in the scalar field.

Near the asymptotic boundary, it is useful to introduce Fefferman-Graham coordi-
nates for the metric,

L2
ds® = = (d2* + gap(z, ) dzda®) | (2.3)

where z is the holographic coordinate with z = 0 corresponding to the boundary. Near
the boundary, we can expand g (z, z) as

Jan(2) = s+ > gl (x) 2, (2.4)
k

where the first term (i.e., 74) is chosen for a flat boundary metric. The standard
AdS/CFT dictionary relates the expectation value of the boundary stress tensor with
5 e;i[il T gfi). However, for the nonconfor-

mal case, we reconsider this expression in section 2.1.1. Similarly, the scalar field has

the 2¢ coefficient in this expansion, as (T,;) =

two independent asymptotic solutions,
B(2) ~ ¢o(z) 2272 + ¢y () 2, (2.5)

where, as the notation indicates, the exponent A is the conformal dimension of the
dual operator and is given by

A=—=+1/—+m2L%. (2.6)



Now, the usual holographic dictionary relates the first coefficient ¢y to the coupling A,
and ¢, to the expectation value of the relevant operator On — the explicit relations
will be given below in section 2.1.1. Implicitly with eq. (2.6) and throughout this
subsection, we are assuming the relevant operators have d/2 < A < d. As commented
before, the cases of (d —2)/2 < A < d/2 and A = d/2 will be treated separately in
subsequent subsections.

In the above discussion, the ansatz has been fairly general so that it could describe
expectation values which vary across the boundary spacetime, e.g., (Oa)(x). However,
in the problem of interest, we want to probe the boundary theory by examining the
entanglement entropy of spheres that are much smaller than the scale of any such
variations. Hence for simplicity, we will assume that our holographic background is
invariant under translations in both space and time in the following. Hence the metric
perturbations ggz) in eq. (2.4) and the coefficients ¢ in the scalar (2.5) are constants,
and our metric ansatz in eq. (2.3) is simplified with g.(z, ) reduced to g.(z). We
also impose the boundary condition that gu,(2) — 74 asymptotically to recover the
flat boundary metric in eq. (2.4). Note, however, that we are not otherwise restricting
the metric perturbations, which will allow us to consider states which are anisotropic
and stationary (but not static).

With these choices, the Einstein equations become, e.g., [15, 16]:

d—1 ¢ 1 ¢ 1 c Jab K
0 = 9 = = Gab = 9" 9ea Gl + 5990 Ga = 99t 9 + TERE (mszfb2 - —<I>3>

2 —1)z2 3
ab I 1 ab 1 1 ab 1 _cd / 12 1 271252 K 13
0=g Yab = 2 9 Jab — 59 Ibcd Yaa + P +m(m[z<p +§q)> (2.7)

Similarly, the scalar field equation following from eqgs. (2.1) and (2.2) becomes

d—1 (I)/ ab ./ L 2(1) (I)2
z 2 22 222
Moreover, we note that these equations are redundant. For example, the second equa-

tion in eq. (2.7) will automatically be solved if the first set of equations, as well as the

@// o

scalar field equation (2.8), are solved. However, this equation may still be used as a
consistency check for the solutions.

As commented above, we will construct the solutions perturbatively in the ampli-
tude in the scalar field. Hence we introduce a small expansion parameter €, so that the
scalar is written as

(I)(Z) = 8¢0 Zd_A —|—€¢1 ZA +O(€2) (29)

as z approaches zero — we re-iterate that ¢ and ¢, are now simply constants. Solving
eq. (2.8) to first order in ¢ yields the usual solution for A given in eq. (2.6). Next, we



solve eq. (2.7) to second order in €. Here, we formulate the most general ansatz for the
metric functions gq,(2) which approach 7, as z — 0,

Gab = Tab + 52 (mab Zd + Aap ¢(2) Z2A + bab Qﬁ Z2(d_A) + Cab ¢0 ¢1 Zd) + 0(53) ) (210)

where Mgy, aq, ba and ¢y, are all matrices with constant coefficients. The role of the
mgy, terms will be to introduce additional contributions to the stress-energy tensor which
are independent of the conformal perturbation. Implicitly, we have also set L = 1 here.
Substituting this ansatz (2.10) into the Einstein equations (2.7), we find the solution

o _ Nap

Gab = bap = d-1)’ (2.11)
_ 2A(d—-A) .

Cab—_7d2(d_1) Nab m%, =0.

The trace in the last term is made with the boundary metric, i.e., m?®, = 1% my;,. Here,
we must comment that there is some ambiguity in the metric ansatz (2.10) because

both my, and ¢y, appear at order z¢. In particular, if we shift these two matrices
by 0mae, = —dca Pod1 and dcyy, respectively, the metric is left invariant at this order
in the £ expansion. In fact, the Einstein equations (2.7) only fix the trace of the

24 contribution in eq. (2.10) and hence, in writing the second line of eq. (2.11), we

are making a convenient choice for these matrices which simplifies our results in the
following.

2.1.1 Holographic Renormalization

The ultimate aim is to express the variation of the entanglement entropy for a spher-
ical region in terms of field theoretic quantities. In this section, we apply the usual
holographic renormalization to evaluate various expectation values in the field theory
in terms of dual parameters in the gravitational solution.

First, we must evaluate the on-shell bulk action but to regulate the result, we
introduce a cut-off surface at z = 2. near the boundary. Then, we add a counterterm
action that cancels the divergences [17]. Hence the total gravitational action becomes

[reg - [bulk + IGHBY + [ct> (212)

where Iy, is just the action in eq. (2.1) and the two boundary contributions are
1
Igupy = _F /ddx\/ _7K|z:zs > (213)
P

L /dd:c V= <2(d — 1)+ %@2)

lee = =5

Z=2Ze¢



In these expressions, 7 is the (determinant of the) induced metric on the cut-off sur-
face. In general, the counterterm action will contain extra terms involving boundary
curvatures and derivatives of the scalar field, e.g., see [17, 18]. However, eq. (2.13) is
sufficient for the present purposes. Now we are interested in finding the expectation
value of the stress-energy tensor and the operator Oa, so we take functional derivatives
of the action, i.e.,

2 0l
aby _ iy ——_ "
T =1 50 5 (214)
1 1,
(On) = lim Olreg

where A = € ¢g. The limit z. — 0 yields the (finite) renormalized expectation values.
We performed the above calculations following appendix C of [18] and found

(Ta) = 5o (d map + 1y SR = D) asl) Lo, (215)
(%) = 53 (d = A)2A - dondy +O(E). 2.16)
(O4) = %(m —d)ér + O(e?). (2.17)

For convenience, we have also included the trace of the stress tensor above — as before,
the trace is performed with the flat boundary metric, i.e., (T%) = n® (T,;).

Finally, it is useful to consider the central charge C'r which appears in the two-point
function of the stress tensor [19, 20,

(o) Tea0) = 2 Ty al) (2.18)

where the structure of Z,, ,3(z) is completely fixed by conformal invariance. This
expression applies in the vacuum state on R? for any general CFT. Holographic calcu-
lations of this correlator then yield, e.g., [21]

C27M(d+1) 1
T QY

Cr (2.19)

for the boundary CFT dual to eq. (2.1). Recall that we have set the AdS scale L =1
and hence the last factor implicitly corresponds to (L/f,)4~1 — in fact, the same factor
appears in each of the expectation values above in egs. (2.15-2.17).



2.1.2 Entanglement Entropy Calculation

We want to compute the holographic entanglement entropy for a spherical boundary
region R of radius R. According to the Ryu-Takayanagi prescription [§8], this is given
by
2

T extA(v), (2.20)

gg_ v~R

S:

where A(v) is the area of the (d—1)-dimensional bulk surface v and we extremize over
all such surfaces which are homologous to R.

In the AdS vacuum, the extremal surface v for a spherical entangling surface is
well known [8]. In this case, the bulk metric (2.3) simplifies with ga(2) = 74 and one
can take advantage of the spherical symmetry to consider a bulk profile z(r) where
r? = > (2%)?. The minimal surface is just the hemisphere: z2 = R* —r?. In the present
case, we should extremize the area functional with a general profile z(x) in the bulk
geometry defined by our general ansatz for g, (z). However, we are only working to
leading order in a perturbative expansion around the vacuum AdS geometry. In this
case, one can show that any change in the position of the surface will not contribute
to the first order correction in the value of A(v), e.g., see [12]. Hence it is sufficient to
compute A(v) with the vacuum profile z(r) but with the perturbed metric functions
Gab(2)-

In this case, the induced metric on the bulk surface becomes®

. . 1 , ; .
hijdz'dx’ = 2 (gij(zo) + 202,uiuj) dx" dz’ | (2.21)
0

where, as described above, 22 = R? — r? and z{, = dzy/dr. Further u; are direction

cosines for the spatial coordinates, i.e., ' = ru; with the normalization Y u? = 1,

e.g., see [22]. Eq. (2.10) gives the background metric but for simplicity, we combine
the various metric perturbations as

Gij (Zo) = (Sij + 62 gij(Zo) + 0(84) . (222)

Then to leading order, the area functional becomes

d2d’l“de2
= A x\/deth;; = / 14 22 2.23
[<R V/dethy it (2.23)

—0—\/1_'_7( Zgu =) 1-|—Z0 /JZ +Z gw 20 ZOMM“’])]-

1<j

3Here and in the following, the implicit sums over Latin indices in the middle of the alphabet only
run over the spatial directions, i.e., 7,7 =1,2,--- ,d — 1.

— 10 —



It is straightforward to confirm that [ dQy_spip; = 8;; Qa—2/(d — 1) where as above,
—1

Qio = [dQyo = o /T (d;zl) Further, it is convenient to replace the radial integral
with an integration over the bulk coordinate z, which then yields
R dz 7"01_2

R 82 To 22 d—2
A(v) = Qq- — Gii —+ — 2.24

where r2 = R? — 2% Note that implicitly both eqs. (2.23) and (2.24) require a UV
regulator because various terms in the radial integral diverge as z — 0.
We note that gravity is absent in the boundary theory and so our holographic

entanglement entropy calculations are only evaluating the variation due to matter fields
in a fixed background geometry, i.e., we are calculating 6S;; in eq. (1.1). In particular,
we wish to evaluate 0S5 = S;—95), where S} corresponds to the holographic entanglement
entropy with the full perturbed metric gq(2) as in eq. (2.3) and Sy corresponds to that
when the expectation values (2.15-2.17) have some ‘vacuum’ values. In the latter case,
the metric is given by

9" = gan(d1 — B4, ma, — mGe) | (2.25)

Note that 05 is finite as all UV divergences in the entanglement entropy correspond to
the vacuum divergences and they are cancelled in the difference S; — Sy. Therefore we
may ignore the UV cut-off for the radial integral mentioned below eq. (2.24). Substi-
tuting the expressions for g;;(z) in eq. (2.10) into eq. (2.24), as well as 73 = R? — 22,
the difference leaves the following expression at order &2

d—3
27 , [ z(R*—2%) 7 ((d—2)R*+ 2?)
g 2A(d — A 1
X (5”57"%]' - % Po 01 — 1 5(¢7) Zd_m) ] ;

where as above, we have introduced the notation 6 X = X — X", Finally after making
the z integration, we obtain

2 2Ar(d§1)F(A_%+1) 2\ p2A 3
———= Q2" — o R O
gg_l d—2¢€ 16 T (A + %) (¢1) + (8 )7

where we have also used the tracelessness of mg in eq. (2.11) to replace 6% dmi; = 0myy.

— 11 -



Finally, it is easy to express eq. (2.27) in terms of field theory quantities using eqs.
(2.15-2.19). Hence, we can see to order &2

o QR 1 .
0S =2m 21 (5<T00> — IN — d6<T a>) (228)
2072d(d+ DA T (2) T(A+1—2) R*5(04)?
(d— A2 T(A+32) Cr

As noted above, the calculations described in section 2.1.1 are valid for operators with
d/2 < A < d. Hence our translation of eq. (2.27) to eq. (2.28) should only be accepted
as valid for this particular range of conformal dimensions. In this case, the contribution
proportional to §(Ox)? R?*? is negligible in the limit R — 0. The remaining contri-
butions in the first line then agree with the desired form (1.5) required for Jacobson’s
construction.

2.2 Alternate quantization

The holographic result presented in eq. (2.27) is valid for any generic value of the
scaling dimension A. That is, eq. (2.27) is not only valid for d/2 < A < d but
also for (d —2)/2 < A < d/2, where A = (d — 2)/2 is the limit set by unitarity
constraints. However, as noted above, our translation of eq. (2.27) to field theory
quantities in eq. (2.28) has only been justified for the first range of A. In the regime
(d—2)/2 < A < d/2, we need a different holographic renormalization procedure, that
goes under the name of alternative quantization [14]. This is because for A < d/2, we
cannot longer have the usual relation between A and the mass of the scalar field as in

2
A:g—w%+m%2 (2.29)

Note that with this choice the roles of the normalizable and non-normalizable modes

eq. (2.6). Instead, we need

will be interchanged. That is, the scalar field still has the asymptotic expansion in
(2.9), but now the mode corresponding to ¢g, which is still dual to the coupling A,
actually decays more rapidly in the limit z — 0.

Even though the need of an alternate quantization approach was pointed out in an
early discussion [14] of the AdS/CFT correspondence, the computation of renormalized
one-point functions using this approach appears not to have been carried in detail.
Interesting ideas on how to construct a well-defined action in this regime and beyond
the unitary bound were analyzed in [23, 24]. In this section, we comment on how this

4As we show in the next section, A = d/2 is a special case requiring a separate treatment.
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procedure is performed and will present the main results coming from the alternate
holographic renormalization. We leave the details and discussion of this method to
Appendix A — see also [25].

By requiring that the expectation values are finite and that the Ward identities
hold, we find the following unique regulated action for our case,

ITeg = Ibu”€ + ]GHBY + ]ct + ]Legendre ) (230)

where the first two terms are the standard contributions given in egs. (2.1) and (2.13)
and the last two boundary terms are given by

1

A
[ct = _W /ddl’\/ - <2(d— 1) + Eq)2> - , (231)
1
Tiegendre = =301 / d'y/=7 (2 -V —AD*)| _ . (2.32)

Note that in the counterterm action (2.31), the coefficient of ®? is modified here com-
pared to the expression in eq. (2.13). With this choice, the sum Iy, + Igupy + Lo is
finite, however, it does not satisfy the standard Ward identities, i.e., the conformal and
diffeomorphism Ward identities. The latter are restored by the addition of I7cgendgre. In
this last expression, n is the unit normal outgoing vector to the surface with z = z..
Hence this term does not have the usual form of the counterterms considered in the
holographic renormalization procedure. Instead, it should be considered as the term re-
quired for the Legendre transformation between the effective action and the generating
functional [14] — see further discussion in Appendix A.

Using the above action (2.30), we find that the renormalized expectation values
for (d —2)/2 < A < d/2 take exactly the same form given in egs. (2.15-2.17) for
d/2 < A < d. Hence, the translation of eq. (2.27) to field theory quantities is unchanged
and 05 is given by precisely the same expression as before, namely, eq. (2.28). However,
in this regime with A < d/2, the contribution proportional to §{(O0x)? R** dominates
over the R? terms involving the stress tensor. Therefore, these results do not agree
with the desired form (1.5) for 6S,x and they seem to present a challenge for Jacobson’s
derivation of Einstein’s equations [10, 11]. We will return to discuss this point in section
3.

2.3 A=d/2

It is quite clear that the expression for 4.5 in eq. (1.7) does not apply for A = d/2.
In particular, the coefficient of §(7%,) diverges with A — 0. From the holographic
perspective, the problem arises because the asymptotic expansion of the bulk scalar in
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eq. (2.9) contains a single power of z for both ¢; and ¢y when A = d/2. Of course, the
correct expansion takes the form

B(2) = £ 2%% (¢olog(pz) + ¢1) + O(£?) (2.33)

to leading order in . Note that we need to introduce an additional scale p (with
units of mass) to make the argument of the logarithm dimensionless. While this scale
is rather arbitrary in the asymptotic expansion here, we can expect that it would be
determined by infrared physics if we had a complete model of the holographic RG flow.
Note that making a different choice of p will change the value of ¢, which is still dual
to (Oa) — see holographic renormalization below. The ansatz for the metric needs to
change accordingly,

Jav(2) = Nap + 2 2° (mab + bap 7 + Cap $1 G0 Log(pz) + dap & 10g2(,uz)) +0(e%),
(2.34)

where Mgy, bap, cop and d,, are matrices with constants to be determined by the Ein-
stein’s equations. This ansatz is motivated by the form of the scalar field expansion
(2.33), i.e., every factor ¢q is accompanied by a log(uz).

Now we solve egs. (2.7-2.8) order by order in powers of z (and log(pz)) with

m?L? = —d?/4 (and k = 0). Here we use a redundancy in the parameterization of the
metric function in eq. (2.34) to simplify the following results. We obtain
2.d (¢olog (112) + ¢1)*
a = Ta, ab — a ) 2.
Gab(2) = Nap +°2 (mb =1 Nab (2.35)

2
AT
Next step is to compute the area functional with the given metric to get S; and

with the trace of the matrix mg;, given by m%, =

the same with vacuum expectation values for Sy. As in section 2.1.2, at order 2, we
continue to use the hemisphere found in the AdS vacuum as the extremal surface and
we just need to evaluate the area functional on this surface with the new metric. Then
expanding the integrand in eq. (2.23) to order £ and considering the desired difference
of entropies, we find, after doing the angular integrals,

R
68 =8, — Sy = 2”2‘11‘2 £2 / As(z)dz, (2.36)
eP 0
with
2 %2 _ 2 .2 2 _
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The remaining radial integral is finite and so there is no need to introduce a UV cut-off.
Moreover, the integration can be performed analytically yielding

o Oy 0 Ric2 1 1
7 Q4_e Rle <d5m00 —H%jtlog(,uR)) _

9= T @i 2 dd+1) 2

do(¢7)
)
(2.38)

¢05¢1 (

where H a1 is the harmonic number® defined by H,, fo
addltlonal term proportional to R?log(uR), which comes entlrely from the logarithmic
term already present in As.

Next step is to write the expression in terms of the quantities in the boundary field
theory. For that, we would like to obtain the renormalized expectation value for both
the stress tensor and the operator of dimension A = d/2. For this special case, we will
need to introduce extra counterterms, e.g., as shown in [26]. To eliminate the extra
divergences arising from the logarithmic expansion of the scalar field, the counterterm
action becomes

d 1
L, = vy (20d-1)+ S0 o7
“ £d1/dx (( 1 Soaten) )

(2.39)

Z=2Ze¢

This boundary term removes all of the divergences in the expectation values to order £2.
Note that the logarithmic term will also introduce some renormalization ambiguities
in the definition of the expectation values, e.g., see [26]. However, as we are interested
in differences of expectation values, this will not be an issue here since the ambiguities
cancel out in the subtraction. Following a process analogous to that described in section
2.1.1 but now with the above counterterm action, we obtain

g2 1
0(Tap) = ﬁd 1 <d5mub - _77ab Po 5¢1) ) (2.40)
2
5<Taa> = 2£d 1 2¢0 ¢17 (241)
(Oa) = - Ed -0 (2.42)

Given these results, as well as eq. (2.19), we can now write the variation in the
entanglement entropy as

_ QuoRY S d+2 1
08 = 21 (5(T00> + (1) (d(d+ 0 QH% +log(,uR)))
_2d—1d2 Rd 5<OA>2
i—1  Cp

®Note that for odd values of d (i.e., integer n), this integral reduces to H,, = > -

(2.43)

111
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Hence in the small R expansion, the leading term is proportional to R?log(uR) and
the desired R? contribution is actually a subdominant contribution. Hence, we again
find that our holographic results here are in conflict with the form assumed in eq. (1.5).
We will return to discuss this point in section 3.

2.3.1 Massive Dirac Fermions in d = 2

It is interesting that with precisely A = d/2, §S acquires a logarithmic term in our
holographic calculation above. It is important to understand the appearance of this
term is special to such a holographic framework or if similar terms arise with general
CF'T’s. In the case of the free massive Dirac fermion in d = 2, the modular Hamiltonian
is known exactly and so can be computed perturbatively for small mass [27, 28]. In
this case, the mass operator has dimension A = d — 1 =1 = d/2 and so it is possible
to check whether the logarithmic behaviour is also present in that context.

We will expand the modular Hamiltonian of a Dirac field with mass m on an
interval of size 2R in d = 2 for small mR. The modular Hamiltonian for one interval is

R
H = / dx dy Vi (z)H (z,y)¥(y) . (2.44)
~R

The kernel H(z,y) is given by

= [ " a8(R(6) + R(-5)). (2.45)
1/2
in terms of the resolvent

R(B) = (C—1/2+8)7", (2.46)

where C(x,y) = (0](x)yT(y)|0) is the correlator kernel in the interval. Expanding C
to first order in the mass we have

R(B) = R(8) - R*(B) 6C R'() + - (2.47)
with [27]
RG)(w0) = [ dsua)M(5,50:0), (2.48)
M(B,s) = (m - tanh(m)%g) B , (2.49)
() = ﬁ%e“ (2.50)
2(z) = log (gfi) , (2.51)
6C(@,y) = —5= (v — 10g(2) + log(mz — y[)) 7" (2.52)
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Here ~°, v are the Dirac matrices and 7* = %41
The zeroth order calculation gives the expected conformal result [27] — see also
eq. (3.2) below:

R 2 .2
Ho = 27r/ dx iz (i/2) T3 9, W (2.53)
_R 2R

To compute the first order in the mass, since we are interested in the small size
limit of the expectation values of H, we can replace

R
o)~ ([ asayiioa)) @w) = sgow), (254)
-R
where we have used that the first order contribution is proportional to the Dirac ~°
matrix. That is, we only need the kernel H; integrated in the interval. A more detailed
calculation of local and non-local terms in H; will be presented in [29].
We insert the second term of (2.47) into (2.45), do the integral in 8 in (2.45), and

use
L 1/2
/ drin(r) = (5)" 1 sech(ms) (2.55)
0
to do the integrals in z,y in (2.54). We find
[oe} /
K = —27rRm/ dsdslw (2.56)
o sinh(s + ')

/ dz / dy 7 (z) (7 — log(2) + log(mL) + log(|z — y|/L)) thw (4) .
-R -R

The constant term in the brackets can be integrated using (2.55). The integral of the
logarithmic term can be obtained passing to the variables u = s + s, v = s — s’ and
doing the integrals over wu, v first, and then the integrals over x,y. We finally get

4 _
(H,) = —gm}z? (o + 5 + log(mR)) (D) . (2.57)
with S log | |
3 og|l —2x
= d ~ —4. : 2.
=7 /0 "I ¥ cosh(mlog(a/(1 =) — 9308 (2:58)
Together with the leading term (2.53), this gives
47TR2 a
(H) = 3 ((Too) — (1 + a +vg + log(mR)) (T°,)) , (2.59)

where we have used Tyy = (i/2)Wi? Sm\lf + mW¥ and T¢, = mPW¥. Of course, Vg
denotes the Euler-Macheroni constant, i.e., yg >~ 0.5772157.
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Now if consider applying the first law of entanglement (1.2), we arrive at

B A1 R?

05 = 6(H) = —

(6(Too) — (1 + a4+ v +log(mR)) 6(1",)) , (2.60)

which exactly coincides with the holographic result (1.8), except for the constant co-
efficient multiplying (7%,).° In order to properly compare this coefficient, a physical
choice for the mass scale p in (1.8) must first be fixed in a more complete holographic
model. In any event, we may conclude that the logarithmic contribution is not an
artifact of the holographic calculations.

3 Discussion

Jacobson’s derivation [10, 11] of Einstein’s equations makes a precise connection be-
tween entanglement and gravity. However, his argument relies on two key assumptions:
The first is that the entanglement entropy for the vacuum reduced to a small ball is
maximal for variations holding the volume fixed. We have nothing to add on this point
in this paper and will simply accept this postulate in the following discussion. The
second assumption is that the variation of the entanglement entropy coming from vari-
ation of the matter fields takes a certain form given in eq. (1.5). This is the assumption
that we examined in detail here for a class of holographic models. In particular, our
holographic calculations evaluated the variation of the entanglement entropy for small
spheres where the boundary theory is deformed by a relevant operator Oa.

Let us begin with two technical comments on our results in eqgs. (1.7) and (1.8):
First, the variation of the entropy .S, is only a scalar quantity but ref. [10] is deriving
the full tensor comprising Finstein’s equations (1.4). Hence it is important that the
variation has the form §S, = Y t%¢° where Y, is some symmetric tensor and £ is the
unit time-like vector orthogonal to the Cauchy slice containing the spherical region for
which we are evaluating the entanglement entropy. Since our analysis was done for a
general state (i.e., state which is anisotropic and stationary), it is straightforward to
verify that our holographic results for 65,z take this form. In particular, we can boost
any given background to a new reference frame while leaving the entangling sphere
fixed, and the form of our results is unchanged. That is, the first contribution in either
eq. (1.7) or (1.8) is proportional to 6(Tyo) in the new frame and hence corresponds to a
term proportional to §(7T;) in Y. Similarly, the contributions proportional to 6(7",)
and 0(Ox)? are left unchanged and so we can interpret these two terms as appearing
in Y,;, with a factor of —gqu.

6Above, we have the coefficient 1 + a + yg ~ —2.95 for the free fermion, while substituting d = 2
into the holographic result (1.8), the corresponding constant is % — %Hl/Q ~ —(0.0323.
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Our second technical comment has to do with the factor of 1/Cr appearing in the
contributions proportional to §{O)?. Naively, one may think that this factor indicates
that this term is suppressed relative to the others because our holographic framework
requires that we are working with a large central charge, e.g., this is the usual large
N limit for holographic gauge theories. However, our normalization is such that the
expectation values of any (single-trace) operators are themselves proportional to Cr,
e.g., as revealed by the factor of 1/¢2~1 appearing in eqs. (2.15-2.17). Hence this factor
of 1/Cr ensures that all three contributions in egs. (1.7) and (1.8) are contributing at
the same order in this regard, i.e., they are all proportional to C'r. A short calculation
in Appendix B of §Sz for a thermal state in a general d = 2 CFT shows that the
appearance of such factors is natural in evaluating entanglement entropy for CFTs,
even beyond holography.

Our results in egs. (1.7) and (1.8) found the appearance of a contribution to 0S5,
proportional to R?* §{Ox)?, where the power of R is completely fixed on dimensional
grounds. Such a contribution seems problematic in the regime (d —2)/2 < A < d/2
since this term decays more slowly than the desired R? terms in the limit R — 0.7
Hence it is natural to think that 0.5,z would be dominated by this contribution and so
Jacobson’s argument, which relies on the form (1.5), would be invalid. One obvious
resolution of this problem would be if there were no such operators in the UV fixed
point theory that describes the matter fields in our universe. Again, the unitarity
bound for general CFT’s allows (scalar) operators with conformal dimensions in this
problematic regime.® Hence this requirement would be a restriction on the spectrum
of operators appearing in the matter sector of a theory described Einstein gravity.

Let us also observe that the expectation values appearing in eq. (1.7) are all set
by infrared physics scales which are independent of the size of the sphere R. Now in
general, we would have

§(Oa) ~ C2p2 §(Ty) ~ Crpd and  6(T°%,) ~ Cp s (3.1)

Of course, we are considering the regime where all of these energy scales are much
smaller than that set by the radius of the sphere, i.e., poor < 1/R. However, in
arriving at the conclusion that the § (Oa)? contribution creates a problem, we are
implicitly assuming that these scales are all roughly the same, i.e., po >~ po >~ pr >~ u,
so that the different contributions in eq. (1.7) can be compared with powers of the same
dimensionless product pR. However, in general, there is no need for these scales to be

"In Appendix C, we also identified a contribution proportional to R34 §(Oa)?, which also becomes
problematic for % <A< % with d < 6. However, this contribution will always be subdominant

compared to the term discussed above in the main text.
8In fact, explicit examples are known in certain supersymmetric gauge theories, e.g., see [14].
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the same. In particular, one can imagine that there will be broad families of states
where o < por. Then even if there are operators with A < d/2, one may still have
(noR)** < (porR)? < 1 for small but finite R in a broad class of states. In this case,
gravity would be properly described by Einstein’s equations in this family of states but
it raises the intriguing possibility that this description would breakdown in other ‘low
entropy’ states.” We return to discussing this possibility later in this section.

We also considered the special case of A = d/2 for which 05}y is given by eq. (1.8).
In this case, the term proportional to §{(OA)? carries a factor of R? and so this con-
tribution can simply be absorbed into the (X) term in eq. (1.5). However, there is a
additional contribution proportional to §(T%,) with a factor of B¢ log(uR). In fact, in
section 2.3.1, we confirmed the appearance of this extra logarithmic dependence be-
yond the framework of holography. There, we found that that the same term appears
for a free Dirac fermion in two dimensions, for which the entanglement Hamiltonian is
explicitly known [27, 28]. When the theory is perturbed by a small mass, i.e., mR < 1,
it is quite remarkable that the same logarithmic term appears in eq. (2.59) with the
precisely same coefficient as in the holographic result (1.8).

The extra logarithm gives an enhanced, although only mildly enhanced, dependence
on the radius R so that the appearance of this term in 0S5z is again problematic for
Jacobson’s construction. Since the appearance of this term requires a precise value for
the conformal dimension, i.e., A = d/2, it may seem more reasonable to require no
such operators appear in the UV fixed point theory of the matter fields. Of course, in
four dimensions, a mass term for a free scalar field would be a canonical example of
such a term. However, one should expect that unless the scalar is completely free that
even weak interactions will induce a small anomalous dimension and hence eliminate
the appearance of this problematic contribution to 0.5.

We should emphasize that, apart from section 2.3.1, the calculations here are lim-
ited to holographic theories with an Einstein gravity dual. Hence there are the usual
caveats that the corresponding CFTs should have a large central charge, be strongly
coupled and have a sparse spectrum. A priori, it is not clear how universal the results
obtained here would be for more general theories. However, it seems that in fact our
calculations may extend to generic CFTs following the approach of [30]. The latter ref-
erence argued that when a generic CFT is deformed as in eq. (1.6), .S} is completely
determined by universal two- and three-point correlators in the CFT and further that
the result could be evaluated by recasting it into the form of a holographic gravity
calculation similar to those presented here. Note, however, that ref. [30] evaluated the

9As we will see below, the §(Oa)? contribution tends to make §Siz smaller than required for
Jacobson’s derivation.
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change in the entanglement entropy between the CFT vacuum and the vacuum of the
deformed theory. Hence it remains to consider excited states in the deformed theory —
see [31]. However, the primary challenge is to extend these calculations to conformal
dimensions in the regime found to be of most interest here, i.e., % <AL g.

Modular Hamiltonians

As described in the introduction, an important contribution to the variation of the
entropy comes from the first law of entanglement (1.2). In the present discussion,
examining the expectation value (H) for small spheres is related to examining what
would be commonly referred to as the ‘operator product expansion’ (OPE) of the
modular Hamiltonian. That is, H would be given by some complex and generally
nonlocal expression involving collections of operators restricted in a finite region, i.e.,
the sphere of radius R. However, if it is only examined with long wavelength probes,
we can effectively approximate H by a sum of local operators.!?
In fact, reducing the flat space vacuum of a CF'T to a sphere of radius R yields a
remarkably simple expression for the modular Hamiltonian [13]
2 _ .2
H= 27r/ di 'y Rﬁ; Too + ¢, (3.2)

<R

where the constant ¢’ is fixed by demanding that the corresponding density matrix
is normalized with unit trace. Hence in this case, the OPE only involves the energy
density and its derivatives, but of course, the derivative terms are accompanied higher
powers of R, i.e.,

H:%Rd{%ﬁmﬁvmﬁm . (3.3)
Hence in these additional terms are higher order contributions in the limit of small R,
which are then negligible for the purposes of Jacobson’s argument.

Let us add that Jacobson’s general argument compares a given state to the vacuum
in a maximally symmetric background, i.e., Minkowski space, de Sitter space or anti-de
Sitter space. This approach allows him to accommodate the possibility of a cosmological
constant, as well as the scalar contribution (X) from nonconformal matter fields in
eq. (1.5). One can easily extend the construction of [13] to evaluate the modular
Hamiltonian for a CFT in the dS or AdS backgrounds. For example, let us consider

the static patch of dS space, i.e.,
2 2

dr 9 r
+7r%dQ5_, with f2(r)=1- —. 3.4
fz(’l") d—2 f ( ) 2 ( )
10T he interested reader can find more detailed considerations of the OPE for Wilson lines and surface
operators in gauge theories in [32] and of twist operators in higher dimensional CFTs in [21].

ds* = —f(r) dt* +
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For a spherical region of radius R placed at the origin in the above coordinates, the
modular Hamiltonian becomes

2 _
Haos = 27T/ dQ dr 372 L fr) = f(B) Too + ", (3.5)

<R R f3(r)

Of course, the modular Hamiltonian (3.5) is still given by a local integral of the energy
density alone. We are interested in the regime where the radius of the sphere R is much
smaller than the dS curvature scale L.!! Then the leading curvature correction in the
OPE expansion is

2d —1 R?

- 27TQd_2 £~
d+3 L2

Has ="y

R | Tyo + Too+ -+ | - (3.6)
That is, the modifications due to the curvature scale in the first law (1.2) are suppressed
by powers of R/L < 1 and make a negligible contribution in Jacobson’s construction.
We expect that curvature contributions will again be suppressed in a similar way for
the case of a deformed CFT.

Given eq. (3.2), one may conclude that for a CFT, the contributions proportional
to (Oa)? appearing in egs. (1.7) and (1.8) take us beyond the first law of entanglement
(1.2). The coupling A does not explicitly appear in these terms and so they would also
appear for excited states of the CFT, i.e., even when A = 0. However, as noted above,
all of the contributions from the modular Hamiltonian in a CFT will only involve the
energy density and its derivatives. Hence the (Oa)? contribution cannot be contained
in the expression for 6(H) on the right-hand side of eq. (1.2). In this sense, these must
be ‘higher order’ contributions to 65y that go beyond the first law. At this point, we
should stress that Jacobson’s arguments only considered first law contributions to 6.5z
— we return to this point in the discussion below. Further, we observe that in the case
of a CFT, we have (OA)vacuum = 0 and so

5 (02 = (0x)2 > 0. (3.7)

Hence the sign of the corresponding coefficient in eqs. (1.7) and (1.8) is such that
dSir < 0(H) as required by the positivity of relative entropy, e.g., [12].

A similar discussion applies for a deformed CFT, where we may expect that
(OA)vacuum # 0. In this case, we may write

5{OA)? = (6(0n)) + 2 (Oa)sacuum 0(Oa) (3.8)

1We have chosen coordinates such that with L — oo, eq. (3.5) reduces to the standard flat space
expression (3.2). Further, the area of the spherical entangling surface is Q4_2R%~2, independent of L.
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where §(Oa) = (Oa) —(Oa)vacuum- Now the second term on the right-hand side is linear
in the deviation of (O) away from the deformed vacuum. Hence this contribution must
come from the variation of the expectation value of the modular Hamiltonian (of the
deformed CFT) in the first law.'? Note that this second term above can have either
sign. In contrast, the first term in eq. (3.8) is positive, being quadratic in the deviation
from the deformed vacuum. Hence this contribution goes beyond the first law again
and gives the leading term in the relative entropy with §(H) — 65 > 0.

Further, let us add that the contribution to 0.5z proportional to the trace of the
stress tensor 6(7,) also comes from the modular Hamiltonian, since again it is lin-
ear in the deviation of the expectation value from that in the deformed vacuum. Our
assertion is also supported by results in section 2.3.1 for massive fermions in two di-
mensions, which only considers the first law contribution. Further support comes from
the results in [30], which indicate that simply replacing Ty by Tho — goo 7%/ (2A —d) in
eq. (3.2) yields the modular Hamiltonian of the deformed CFT to leading order in a A
expansion.'® This result would apply for d/2 < A < d in generic CFTs and would yield
precisely the first line of our result for §S;; in eq. (1.7). Note however that this simple
expression for the modular Hamiltonian is singular for A = d/2 and so will not apply
for this value of the conformal dimension. Our d = 2 fermion calculations in section
2.3.1, which apply to this case, emphasize that the local expressions such as those in
eq. (1.7) or (1.8) emerge from taking the OPE limit of the modular Hamiltonian. That
is, for the massive free fermions, the modular Hamiltonian is a nonlocal expression in
general, even to leading order in the mass deformation.

In general then, the OPE limit will yield 05}z as a sum of expectation values of local
operators, plus expectation values of local operators squared and higher powers. As in
eq. (3.3), the coefficients of higher dimension operators or higher powers of expectation
values will include higher powers of the radius R and so these tend to give subleading
terms. This structure will be the completely general independent of holography or the
particular details of the theory under study. Moreover, one may ask which of the con-
tributions in this expansion are determined by the modular Hamiltonian, i.e., the first
law (1.2), and which are not? In general, the expectation value of modular Hamiltonian
will yield contributions which are linear in the excitation of the expectation value of
any operator above its vacuum expectation value (e.g., §(Too), 6(T“,) or §(Oa)). Any
contributions which are not linear in such expectation values extend 05z beyond the

2Further, the coefficient of this variation is some function of the coupling, i.e., (OA)vacuum = f(A)
with f(A = 0) = 0. Hence, we can think of this as a building block available in construction of the

the modular Hamiltonian of the deformed theory.
13We expect that if we evaluate the modular Hamiltonian for any Cauchy slice other than ¢t = 0, it

will involve a nonlocal expression even at first order in .
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first law.

Four Roads to Quantum Gravity

At this point, we would like to assess the implications of our results for Jacobson’s
derivation of Einstein’s equations [10, 11]. It seems that there are at least four different
possible interpretations:'4

The first and most straightforward seems to be that the derivation only applies to
linear variations around the vacuum. That is, Jacobson’s original argument only consid-
ered variations of the entanglement entropy consistent with the first law (1.2), whereas
we showed that the problematic term proportional to R**§{Ox)? (with A < d/2) in
eq. (1.7) extends 0S;z beyond this range. Hence, the correct interpretation of Jacob-
son’s derivation may be to restrict attention to linear variations about the vacuum. As
pointed out in [10], this interpretation already seems to be necessary when considering
coherent states, which can have a finite energy density while leaving the entanglement
entropy unchanged [33, 34].'5 Unfortunately, in this case, the derivation would only
reveal the linearized Einstein equations, similar to the holographic analysis in [9]. More-
over, it would be useful to investigate more thoroughly (i.e., beyond holography) the
possibility that low dimension terms may appear in the OPE expansion of the modular
Hamiltonian to test the validity of this interpretation [29].

Above, we already suggested an alternate resolution of this issue. Namely, no
problematic second order terms would arise if there were no A < d/2 operators in the
UV fixed point theory that describes the matter fields in our universe. That is, the
spectrum of operators appearing in the ultraviolet would be restricted in order for the
infrared theory to be described by Einstein gravity. In fact, the first approach would
still require such a restriction to avoid the logarithmic contribution which appears in the
first law when A = d/2, as shown in eq. (1.8). Ruling out only operators with precisely
A =d/2 in the UV fixed point theory would seem to be a more mild restriction.

A third proposal (by Ted Jacobson) is that the contributions proportional to
R?*25(O)? could be absorbed in a manner analogous to the treatment of §(X) in
eq. (1.5).16 In the latter case, the curvature of the maximally symmetric reference
background is chosen locally to absorb this scalar expectation value, i.e.,

GMSS — _Ng,  with A=A+8rG§(X). (3.9)

4We would like to thank Ted Jacobson for his suggestions and comments on the following.

5These coherent states are not in conflict with the first law (1.2) because the energy density is
second order in the amplitude of the matter fields.

6The following approach could also be adapted to absorb the logarithmic contribution in eq. (1.8).
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If we extend this choice to allow dependence on both the state and the size of the
sphere, then setting

ka

5{OA)? (3.10)
will absorb the second order term and produce the expected Einstein equations (1.4).
Here, the (positive) constant ka is given by the ratio of the numerical coefficients
of §(OA)? and §{Tyo) in eq. (1.7). This approach has the uncomfortable feature
that A grows arbitrarily large as R — 0 (when A < d/2). Note, however, that
Cr (oR)* (£»/R)*2 < 1 ensures that the radius of curvature set by A is still much
larger than the radius of the sphere R.!” This interpretation would then to allow for
the small but finite variations and the derivation of the full nonlinear Einstein equa-
tions. However, this approach still calls for a better understanding to the role of the
maximally symmetric reference geometry in Jacobson’s construction.

A last more speculative possibility is that Jacobson’s derivation indicates that par-
ticular class of states which ‘gravitate’ according to Einstein’s equations. Recall that
we suggested that the R**§{Ox)? contribution would not be a problem, even with
A < d/2, as long as po < por, where these are the scales characterizing the vari-
ous expectation values in eq. (3.1). Hence, Jacobson’s derivation still carries through
and gravity would still be described by Einstein’s equations for the family of states.
However, this also raises the intriguing prospect that Einstein’s equations will ‘fail” for
low entropy states, where o 2 por. The idea that Einstein’s equations break down
for highly excited states is not a surprising one. For example, when the stress energy
reaches the Planck scale, i.e., o7 ~ 1/0p, in the early universe, one no longer expects
that the cosmological evolution is described by Einstein’s equations. However, the in-
teresting feature of the breakdown anticipated here is that none of the scales involved
need to be Planckian. Instead, one can anticipate a failure of Einstein’s equations even
when the energy density is much much less than the Planck scale.

If we naively carry Jacobson’s derivation ahead with eq. (1.7) (and use eq. (3.9) to
choose the reference geometry), the gravitational equation becomes

2
Gap + Ngap = 870G | (Thy) + CTTi_QA G 5O + -+ | | (3.11)

where as in eq. (3.10), ka corresponds to the ratio of the coefficients of §(Ox)? and
6{Tpo) in eq. (1.7). Hence the new 6{Ox)? term might be seen as an additional contri-
bution to the cosmological constant term in eq. (3.11). However, to properly interpret

"Here (172 = 871G (rather than the Planck scale in the holographic theory). Also recall that po
was defined in eq. (3.1). Of course, Jacobson’s derivation requires both poR < 1 and ¢p/R < 1.
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this equation, it remains to understand the role of R. Of course, R was the radius
of the spherical entangling surface but this is simply an auxiliary scale in Jacobson’s
derivation that disappears from the final Einstein equation (1.4). One suggestion would
be that R can be regarded roughly as a renormalization scale in eq. (3.11). That is, we
should think of eq. (3.11) as the appropriate gravitational equation when we are prob-
ing the spacetime on (length) scales of the order of R. Of course, this interpretation
seems incomplete since we cannot choose R arbitrarily rather the construction requires
poor < 1/R.

Further, let us comment that the sign of the coefficient ka is fixed to be positive
by the positivity of relative entropy, as commented below eq. (3.7). As further noted
there, 6(Ox)? is also guaranteed to be positive at a conformal fixed point and so the
new contribution in eq. (3.11) would resemble to a negative energy density. Beyond a
conformal fixed point, the sign of §(Ox)? might have either sign.

Hence if we apply this interpretation of Jacobson’s derivation, it seems that we are
naturally led to conclude that Einstein’s equations may ‘fail” for certain classes of low
energy states. It will be interesting to better understand how gravity is modified in
these states and the implications of these modifications. In particular, they may have
important consequences for our understanding of the cosmological constant problem,
early universe cosmology and perhaps warp drive engineering [35].
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A Alternate Holographic Renormalization

The aim of this Appendix is to show how to perform holographic renormalization for
operators in the range (d—2)/2 < A < d/2. In particular, we are interested in obtaining
renormalized one-point functions of the operator and the stress energy tensor which:
(a) are UV finite and (b) satisfy both the conformal and the diffeomorphism Ward
identities. In the usual regime with A > d/2, the well-studied procedure of holographic
renormalization gives the desired expectation values that satisfy both Ward identities.
However, the extension to cover the A < d/2 case is not straightforward and here
we present a consistent way of doing so. For that, we will merge the ideas that first
appeared in [14] with the modern approach of holographic renormalization. We also
consider a slightly different approach considered in [24] to derive the same action.

In [14], it was proposed that the generating functional of the theory in which A
is given by eq. (2.29) is in fact the Legendre transformation of the one with A given
by eq. (2.6). This would suggest that in the holographic renormalization procedure
we should add a term that would play the role of this Legendre transformation. In
fact, this will be a boundary term of the form ® (n-V) ®, where 7 is the unit normal
vector to the surface with fixed z = z.. So the most general action that includes all
possible counterterms that are relevant to our case'®, and also includes this Legendre
transformation term is

Leg = Iy + IouBy + Lot + ILegendre » (A.1)

where the first two terms are the standard contributions given in egs. (2.1) and (2.13)
and the last two boundary terms are given by

1 A
Iy = _W /ddx\/ —y (2(d— 1)+ 5®2) I (A.2)
1 )
[Legendre - _W / ddl’\/ - (B dn-Vo + A(I)z)‘2226 . (A?))

Here, ~ is the determinant of the induced metric in the surface z = 2., and A and B
are numerical constants to be determined in order to satisfy all our requirements. In
the counterterm action, we have already fixed the coefficient of ®? so that the sum

9

Lvwr + Igupy + 14 is finite and yields finite expectation values.! However, these

expressions do not satisfy the desired Ward identities.

18In general, we can have counterterms proportional to curvatures of the boundary metric, for
instance. We are neglecting those terms are we are fixing a flat boundary metric. Other terms including
higher powers of ® are also negligible as they will be higher order in the expansion parameter e.
9Note that this coefficient is different from that in the standard expression in eq. (2.13).
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Hence our goal will now be to determine A and B so that it is possible to get finite
expectation values and satisfy both Ward identities. Note that we only have two free
parameters to satisfy three (or four) different requirements. Getting finite expectation
values for Ox and T, will give B = B(A). Satisfying the trace Ward identity will then
fix A. If this procedure is consistent, and we will show it is, then we should be able
to automatically satisfy the diffeomorphism Ward identity, that is independent from
the other. Checking that the second Ward identity is satisfied then provides a highly
nontrivial check of our results. At this point, let us add that in fact, the finite part of
this resulting (finite) term (A.3) yields

82

ot / d'z (28 — d) go = — / EDN(ONE (A4)

Itegendre =

Hence we have produce exactly the expression required for the Legendre transform in
the boundary theory — more details on this procedure are given in [25].

So the first step is to compute the expectation values for the stress tensor and the

operator and set B as a function of A by requiring them to be finite. Note that in

this regime we will need to cancel terms proportional to z~4+24

€

holographic renormalization approach the counterterms are set to cancel the terms

, whereas in the usual

proportional to 2722, An important point in our calculation is that even though we
are mostly treating ¢, and ¢g as independent in this perturbative analysis, in a more
general setup ¢;, proportional to the expectation value of Oa, will be a function of
¢o, the coupling. Then, if we want to compute the variation of some element X with
respect to the source A we should consider both contributions,

52«_1(52( 5X5q51) (A5)

5 2\ | 591660

In the case of the usual holographic renormalization, the second term will be negligible,
but will be important in this case. In fact, we will be assuming that ¢; is just propor-
tional to ¢, i.e., ¢1 = ki1¢g. This assumption is reasonable, at least at this order in
the € expansion, as any higher order terms will include additional powers of €. In any
event, even though this will give contributions to the different parts of the action, the
final result will not depend on this assumption.

Now we need to take variations with respect to the different terms in the regulated
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action. For that, it would be useful to consider,

2 0
ab o . - reg
(1) = lim, V=99 549
' 2 0lreg 0%ea | Olreg 0P
o reg c reg A6
i (e ) o
. 1 6l
(Oa) = 21613?0 V=g oA
RS B Y P Sy ¢
_ 1 reg c reg -~ . A
50 g0 (B2 %) o

To compute the variations we will be closely following Appendix C in [18], fitting our
formulas to the present simpler case where the scalar field does not have any dependence
on the boundary spacetime coordinates. For instance,

20271 5 (Iyuar. + Iorpy)

z
\/_—'7 5,}/ b = 5 (’}/ac’ybdaz’)/cd - ’}/ab’yCdaZ’yCd) s ’ (A8)
2081 § (Iyuir + Loupy)
/=~ 5P = 20.9 s, (A.9)
2041 51, 1 A
f_—v 5’7; =57 (2(d— 1)+ Eqﬂ) N (A.10)
2041 51,
=-Ad A1l
N - (A1)

The variations of the Legendre action are also straightforward, i.e., the variation with
respect to the induced metric is analogue to eq. (A.10), but with the term B ® (n-V) ®.
Then we need to recall eq. (A.5) when taking variations with respect to the source A.

Now we can compute the expectation values of interest. The first requirement
we want to impose is to have finite expectation values, so we will concentrate in the
divergent terms, i.e., again, in this regime, these are the ones proportional to z=%+24.
In the computation of the energy density, 7%, the divergent terms read as

1
Tiiy = 7 oI (BA+ A), (A.12)
P
which gives
A
B = N (A.13)

Note that B = 0 implies A = 0, which, as mentioned, will give a finite I,.,. We
might also consider choosing A = —A/2 with which the term proportional to ®* in
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the Legendre action will cancel that in the counterterm action. This would produce
a boundary term (with B = 1/2) resembling that appearing in the original discussion
of [14]. However, we will find that neither of these choices yields the desired Ward
identities. It is important to mention that by satisfying eq. (A.13), the expectation
values of the spatial components of the stress tensor, as well as of Ox, also become
finite.

Next step is to determine the coefficient A by requiring that the conformal Ward
identity is satisfied. Given the relation, between A and B, the finite expectation values
for the operator and the trace of the stress energy tensor turn out to be,

1 2A — d)(4A + A?

(T%) = _Qgg—l¢0¢152( )(A + A7) : (A.14)
1 (2A+A)(2A —d

(Oa) = —%g_l( >(A Jore. (A.15)

The conformal Ward identity reads
(T%) = (d— A) A (Oa4), (A.16)
where \ = €¢y. Comparing these expressions, we conclude that

A=-A and hence B =1. (A.17)

Substituting these values back into eq. (A.3), we obtain the regulated action that
appears in egs. (2.30-2.32) in the main text. Of course, by construction, it is finite and
satisfies the conformal Ward identity.

Still, the inclusion of the Legendre term is novel, so we would like to check whether
with this action, we also satisfy the diffeomorphism Ward identity,

VO T, = (Oa) O\ (A.18)

Of course this is trivial to satisfy in the case where neither the stress energy tensor nor
the coupling have any space-time dependence. But we are looking for a nontrivial check.
For that, we will assume now that all our coefficients have some temporal dependence.
Of course, in general this can set up a much more complicated problem such as the one
considered in [18]. However, working at leading order in the perturbation parameter ¢,
we will have some simplifications. In particular, we will assume that to leading order
the expectation values won’t be modified with the exception that ¢g, ¢; and mgyy will
be now functions of time. Then, we have,

82

-~ gpdt

(aman(t) - =22 Do0) . a

(Too(t))
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and the Ward identity, as there is only time dependence, simplifies to

Oy (Too(t)) = —(Oa(t)) € Oeo(t) - (A.20)

Now, it is obvious that the naive evaluation of the identity will not be satisfied, as
the LHS will contain a term proportional to my,(t) and the RHS will not.?’ However,
we have an extra constraint coming from the Einstein’s equations. By adding time
dependence, there will be a new nontrivial 2zt equation, R.; — %@@82@ = 0, which
determines my(t) in terms of ¢{(t) and ¢}(t). Computing that extra equation we
obtain,

min(t) = ~ 2227 Do 0y - BB Dy gy aa

Now it is now straightforward to show that the diffeomorphism Ward identity (A.20)
is perfectly satisfied if we impose this condition.

The fact that we obtain a consistent Ward identity given our choice of A and B
is highly nontrivial and provides an argument in favour of this alternate holographic
renormalization procedure. After the whole process we obtained an action that provides
finite expectation values that satisfy both Ward identities in the regime where (d —
2)/2 < A < d/2. As far as our knowledge goes, this was not calculated before in the
literature and it would be nice to have further checks of this proposal. For example,
we can test that this generates the correct thermodynamics when we analyze the full
black hole case [25]. As for now, this shows that holography can deal with this kind
of cases. Moreover, as detailed in the main text, this provides a confirmation that in
this regime, the leading term in the entanglement entropy expansion for small spheres
is not simply related to the stress energy tensor alone but rather involves (O ).

Finally, let us comment on how the same action was derived in [24] without asking
that the Ward identities be satisfied. Instead, the two requirements to fix A and B
were finiteness of the on-shell action and stationarity of the action with either Dirichlet
or Neumann boundary conditions. The scalar field part of the action is,

1 1 1 1 A
I, = —?/ V-G (—(ch)2 + —m2<1>2) — ﬁ/ NG ((— + A) ®*+ B ﬁ-ch) .
QEP M 2 2 2€P oM 2
(A.22)
Now, varying the bulk action by parts (with respect to ®) one gets equations on motion

plus a boundary term. Then we impose the usual boundary behaviour to the scalar
field, i.e., ®(2) = e¢pz?2 + ¢, 2%

20Tn this section, /(t) will mean 9 (t).
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By carefully analyzing the finite part of the action, we arrive to a variation that
reads,

1
+(2A+ Bd—d+2A) ¢ d¢r) - (A.23)

Now, imposing finiteness involves analyzing the divergent terms of the action and yields
the same condition as found before in eq. (A.13), i.e., B = —A/A. However, as an
additional constraint, we also want the action to be stationary under so-called Dirichlet
(i.e., ¢y fixed) or Neumann conditions (i.e., ¢g fixed).?! For the Dirichlet boundary
condition, we choose A = 0 = B to remove the boundary term in the first line of
eq. (A.23). However, for the Neumann boundary condition, we need to cancel the
second line which fixes A = —A and hence B = 1 (just as found above by requiring
the Ward identities to be satisfied).

B (Ty))? contribution for d =2 CFT

A simple calculation shows that a term proportional to the square of the energy den-
sity appears with a factor of 1/c¢ in the entanglement entropy of a d = 2 CFT. The
entanglement entropy for an interval of length 2R in a thermal state is given by [36, 37|

S(2R.T) = 3 log o

¢ lgnh(zﬁRzn] | 6.1

where ¢, T and § are the central charge,?® temperature and short-distance cut-off,
respectively. Considering the shift from the vacuum entanglement entropy, we have

c sinh(2rRT)
08 =S2R,T)— S(2R,0) = - log | ———— B.2
2R, T) - S(210) = 1o | R (8.2
and in the regime RT < 1, we may expand this expression to find
c c
6S ~ —(2nRT)* — —(27RT)" +---. B.3
S QrRT) - L (2nRT) + (B.3)
Further, the thermal energy density is given by
(Tyo) = %cTz (B.4)
21Recall that with A < d/2, the (non)normalizable mode is associated with ¢g (¢1) in eq. (2.9).
22Here, we use the standard conventions for d = 2 CFTs where (T%,(2) Tww(w)) = (Zi/j)4' Note

that the conventions in eq. (2.18) yield Cr = 4e.

— 32 —



and hence eq. (B.3) becomes

AnR? 1672 R
_ T2 - (B.5)

05 3 (Too) = 15 ¢

The first term matches precisely the expected first law contribution given in eq. (1.3)
for d = 2. Two observations for the second order contribution are: first, the sign is
negative ensuring that 65 < 6(H) and second, the coefficient appears with a factor of
the inverse of the central charge. This factor is precisely analogous to those appearing
in the second order contributions in egs. (1.7) and (1.8). We might also observe that
this factor arises here because the expectation value of the energy density is itself
proportional ¢, as shown in eq. (B.4). Similar formulae can be obtained holographically
in any number of dimensions — see section 3.2 of [12].

C Higher order corrections

In all of our computations, we have two different deformations: the first one is the de-
formation of the theory away from the conformal one; and the second is the excitation
of the state away from the new vacuum. We are parameterizing these small deforma-
tions with our parameter . In this Appendix, we will compute the next-to-leading
order corrections, i.e., the €% corrections, to the entanglement entropy. The procedure
is analogous to the calculations in section 2.1 but with a series of modifications. First,
we need to include xk # 0 in the scalar potential (2.2). Without this cubic term, we
would not find an extra contribution to §S at order 3. Then, since the scalar field
equation (2.8) is now nonlinear, we need to include cross-terms between the ¢y and the
¢ series in the scalar field expansion.

Note that while the following analysis is valid for generic values of A, at this order,
there will be certain special values (e.g., A = 2d/3) that need to be analyzed separately
because of the appearance of extra logarithms, as appeared for A = d/2 in section 2.3.
We do not contemplate those cases in the rest of this Appendix.

At order €2, the ansatz for the scalar field will have the most general form

D(2) = Poez® 2 + prez® + fL pRe22D) 4 £, 9222 4 fapopre®2?. (C.1)

As before, ¢y and ¢; will be free parameters related to the coupling and the expectation
value of Oa and the f;’s are constants to be determined by the equations of motion.
The ansatz for the metric is completely analogous, i.e., we write all the possible &3
terms possible. We report here just the answer obtained after solving the equations to
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order £ (and linear order in k). The scalar field solution can be written as

D(2) = poe 22 + pre ™ + (C.2)
) g 22 ¢7 2% by 2
e (2(20[ “3A)d—A)  2A(d—3A) T A= A)) '

For simplicity, we limited the present calculations to a state described by a static
and isotropic bulk geometry, i.e., go;(x) = 0 and g;;(2) o 6;; in eq. (2.4), but our results
for the third order corrections are still general. At second order, this choice corresponds
to restricting the coefficients in eq. (2.10) to have a simple diagonal form and in the
end, it only affects the solution for mg,. The third order corrections for the metric have

a simple form with: gu(z) = gﬁz) + €% Nap g3(2) where?

2k ¢} 25 ¢ 27
93(2) = = <9A(d— 38) 0 A)d 30 )
Aot =Ms (A= A)gha A
(@ —-A?)(d-3A)  ARd—A)(2d - BA)) '

Of course, the functions at order €2 are precisely the same as found in section 2.1.
Hence the solution goes back to the previous one if we set x = 0 and restrict to terms
of order up to 2.

With the perturbation of the metric in hand, we can now proceed to compute the
entanglement entropy. However, a few comments are in order before that though. First,
in the holographic computation of the entanglement entropy for perturbed states, we
have two different contributions: one related to the change in the background metric
and the other related to the change in the position of minimal surface. The leading
metric corrections appear at order £2. This means that corrections in the position
of the extremal surface (the semi-sphere for CFT’s vacuum) will appear at this same
order but the leading corrections which this shift in the position makes to §.S appear
at order £*. Of course, this argument tells us that we can neglect that contribution for
the current computation, which only considers corrections up to order 3.

Now let us write 0.5 in the form

. 27TQd_2

58 = /R (6% Asa(2) + € Ass(2)) dz, (C.4)

d—1
le

where we already integrated the angular coordinates. Of course, Asy(z) is the leading
order contribution that we already computed in eq. (2.26). After some algebra, Ass3(z)

2We thank G. Sarosi and T. Ugajin for pointing out a mistake in this formula in a previous version
of this draft.

— 34 —



turns out to be

Ass(z) = m% ((d—2)R + =) (C.5)
o} 2221 A ¢ 097 22 (d—=A)¢gopr2"2
(9A(d —3A)  (@—-A?)(d-3A) AR2d—A)(2d-— BA)) ‘

Again, the integrand is everywhere finite so there is no need to introduce a cut-off.
After integration, the entanglement entropy receives three types of e3-contributions,

55 =055 4655 + 655, (C.6)
where
s Qq I (&)1 (28
55; — _ﬂ-dil25¢i{>/€R3A ( 2 ) 3A( 32 ) ’
i 12T (3413)
. Qu_s AL (F59) I (552
5553 _ _L 5 2 Rd-i—A 2 2 C.7
? =1 G000 K 2(d — 3A)(d — A)T (+5+3) (G7)
: Qu d— A (L) I (=542
o5 = -T2 gt s, o AT T
lz 2(2d — 3A)AD (24=543)

Each of the three contributions are proportional to the cubic coupling in the scalar
potential k. Hence we see that it was important to add that term in order to get a
nonzero result at this order in the € expansion.

Next we would like to write 0S5 in terms of field theory quantities. For that, we
should carry out the holographic renormalization procedure as in section 2.1.1. As
we introduced an extra cubic term in the scalar potential, we should expect that new
divergences will arise and that we need to modify our counterterm action in order to
remove them. In fact, one can show that a finite action is produced with

1
2041

Iy = /ddx v (2(d BRI ¥ S N )q>3> (C.8)

2 6(2d — 3A

2=Z¢

Next, we need to compute the expectation value for the stress tensor and the scalar
operator. However, this computation does not produce any extra contributions to either
the expectation value of the stress tensor or of the operator. So the expectation values
are unchanged at order 3. Using eq. (2.17), we can rewrite the entanglement entropy
contributions (C.7) as functions of the field theory coupling and expectation value. In
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doing so, we find

L 5{0)" | a PN 1 (45 T (25

3 2

=, o " 38— P (257) (©9)
? Cr (d— 3A)(2A d)> )T (HE5£2) '
. d— A (=1 1 (=2+2

555 = —x Quy X 5(0p) p s T AT ( 2 ) (=) (C.11)

A(2d — 3A)(2A — d)T (2=2£2)

So, in all, we have three different possible contributions to order &3, each one
proportional to a different power of the expectation value for the operator. Note that
the last two terms will give higher order contributions in the R expansion when A < d,
but depending on the space-time dimension, the first term can also be important when
(d—2)/2 < A < d/2. Of course, an alternative renormalization procedure would be
needed in that case to make sure that the term remains unchanged in that regime.
But assuming this is true, then that term would dominate over R? contributions in the
small R expansion. We can write A as A = d/2 — v, with 0 < v < 1. Then the first
term would scale as R to the power 3d/2 — 3v, that consequently gives that a power of
R smaller than d if v > d /6. Of course for this to happen, d < 6 (because v < 1). Even
in that case, there will be a term proportional to €2 that scales as R?2, that would be
the leading contribution to the entanglement entropy.
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