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END-POINT ESTIMATES FOR ITERATED COMMUTATORS OF
MULTILINEAR SINGULAR INTEGRALS

CARLOS PEREZ, GLADIS PRADOLINI, RODOLFO H. TORRES,
AND RODRIGO TRUJILLO-GONZALEZ

ABSTRACT. Iterated commutators of multilinear Calderén-Zygmund operators and
pointwise multiplication with functions in BM O are studied in products of Lebesgue
spaces. Both strong type and weak end-point estimates are obtained, including
weighted results involving the vectors weights of the multilinear Calderén-Zygmund
theory recently introduced in the literature. Some better than expected estimates for
certain multilinear operators are presented too.

1. INTRODUCTION AND MAIN RESULTS

The commutator of a linear Calderén-Zygmund operator 7" and a BM O function b,
Ty(f) = b, T](f) = bT(f) = T(bf),
was first studied by Coifman, Rochberg, and Weiss [2] who proved that
T, : LP(R") — LP(R")
for all 1 < p < co. This can be seen as a bilinear result,
BMO(R") x LP(R™) — LP(R"),
since actually

(1.1) 1T (Pllze S N0l Bro (| £1]2e-

Using duality, the above estimate has as an immediate consequence for 1 < p < oo the
bilinear estimate

(1.2) lgT(f) = fT* (Dl S lgllpe 1Sz

where p’ is the dual exponent of p, H' is the Hardy space, and T is the transpose of 7T'.
Note that (1.2) is a better than expected estimate, since trivially by Holder’s inequality
and the boundedness of T,

lgT(f) = ST (e S gl 11 o
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Both (1.1) and (1.2) put in evidence that some subtle cancellations are taking place.
These estimates have found many important applications in other areas of operator
theory and partial differential equations.

Another interesting feature of the commutators 7Ty, is the fact that they fail to satisfy
the typical weak end-point L! estimate of the Calderén-Zygmund theory. As a remedial
feature though, they do satisfy an alternative L(log L) end-point estimate, as proved
by Pérez in [9] (see [10] for a different proof).

Much of the analysis of linear commutators has been extended to other context such
as weighted spaces, spaces of homogeneous type, multiparameter and multilinear set-
tings. Higher order and iterated commutators have been considered too. The literature
is by now quite vast. We will only recount here the multilinear situation which is the
focus of this article. The purpose of the present work is to prove the optimal results for
the iterated commutators and an associated multi(sub)linear operator. In this sense,
this article complements and completes the theory developed by Lerner et al in [8],
where the reader will find further bibliography in the subject.

Let T be an m-linear Calderén-Zygmund operator as defined by Grafakos and Tor-
res in [5] and [7] (see the next section for complete definitions). In particular, such
operators satisfy

(1.3) T:LP*(R™) x --- x LP»(R") — LP(R")
whenever 1 < pq,...,p, < oo and

1 1 1
(1.4) —=— 44—

p y4 Pm

and also the end-point result
(1.5) T:LYR™) x --- x LYR™) — LY™®(R").

Let b = (by,...,b,) bein BMO™. The commutator of b and the m-linear Calderén-
Zygmund operator T, denoted here by Tx ', was introduced by Pérez and Torres in
[11] and is defined via

m

(1.6) Ton (frv- o) = T3 (frreo fo)

j=1

where each term is the commutator of b; and 7" in the j-th entry of 7', that is,
T3 ©) = T3 (oo f) = oy Ty o o)
= bjT(f17"'7fj7"‘7fm> —T<f1,...,bjfj,...,fm>.

IThe notation T i was used instead in [11] and [8]. We use the new notation to better differentiate
this commutator from the iterated ones we want to study in this article. The notation for both types
of commutators is also motivated by the estimates they satisfy.
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It was shown in [11] that 7%, satisfies the bounds (1.3) for all indices satisfying (1.4)
with p > 1. The result was extended in [8] to all p > 1/m. The estimates are of the
form

(L.7) [Tsb(E)][r S <ZWUHBMO> LT
P =1

Moreover, weighted-L? versions of the bounds (1.3) were obtained in [8] for weights
in the classes Ap (see again the next section for definitions). These classes of weights
introduced in [8] are the largest classes of weights for which all m-linear Calderén-
Zygmund operators are bounded.

As it may be expected from the situation in the linear case, the end-point estimate
(1.5) does not hold for Txp. Instead the following estimate was also obtained in [8]

m 1/m
(1.8) [{zeR" : |Top(f)(x)] >t} < Cb) [] (/ ® (Mt‘”)') da:) :

j=1 "
where ®(t) =t (1+log™ t). The result is still true if the Lebesgue measured is changed
by an A; weight (2.9). Note that for m = 1 this is the end-point result in [9]. The
estimate (1.8) is sharp in an appropriate sense. It is also the right one from the point
of view interpolation as recently shown by Grafakos et al [4].

The results for Ty were obtained in [8] via corresponding ones for the maximal

function ‘
MZ L(logL) = Z MZL(log L)

where

MZL(IOgL)(f)(Qf) = sup ||fi||L(logL),Q H i / fj dx.
Q>x i ‘Q’ Q
Independently, Tang [13] has also looked at 7%y, iterations of it, and vector valued
versions, but only for weights in the classical A, classes (whose product is still smaller
than Az). He obtained some end-point estimates but with the right-hand side term in
(1.8) replaced by a more complicated expression with an extra factor, and without the
homogeneity of (1.8), which is crucial to obtain optimality.

We will establish in this article strong bounds for iterated commutators for p > 1/m
allowing the full Az classes and again sharp end-point results when p = 1/m.

For a Calderén-Zygmund operator 7" and b = (by,...,b,) in BMO™, we define the
iterated commutators Ty, to be

(1.9) Trab (fry- -y fm) = 01, 02, - - - [brn—1, by Tlin)m—1 - - - J2)1 (£).

To clarify the notation, if 7" is associated in the usual way with a Calderén-Zygmund
kernel K, then at a formal level
(1.10)

Tiw(f)(2) = /(Rn)m T10i(@) = b)) K@, yr o ym) 1) - () dn - . .
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(See also (1.14) below for another explicit formula in the bilinear case.)
We will prove the following strong type bound for Tiy,.

Theorem 1.1. Let T' be an m-linear Calderon-Zygmund operator; w € Ap with

1 1 1
b D1 Pm

and 1 <p; <oo,j=1,...,m; and b € BMO™. Then, there exists a constant C' such
that

(1.11) I Tin(F)| oy < C T I05llsac0 T IFillms oy
j=1 j=1

At the end-point we obtain the following estimate.

Theorem 1.2. Let T' be an m-linear Calderon-Zygmund operator; W € Ay, and b €
BMO™. Then, there exists a constant C' depending on b such that
(1.12)

m 1/m
vy ({z € R" : [Tnw(f)(z)| > t"}) < C H (/ ) (Ujff—xﬂ) ug(a:)dz) :
where ®(t) =t (14 1logtt) and ™ =do ... 0P,

Moreover, the estimate is sharp in the sense that ®™ can not be replaced by ®*)
for any k < m.

To prove the sharpness of theorem above we adapt some ideas from [8]. For simplicity,
we consider m = 2, n = 1, T one of the bilinear operators for n = 1 obtained from the
(linear) Riesz transforms in n = 2, as it is done for example in [8], and the functions
bi(z) = bo(x) = log |1l + 2| and f; = fo = x(0,1). We can prove, for example, that the
estimate

e oz (L o(8) (o (4)

is false. In fact, if the inequality above were to hold, by the homogeneity we would
have that

frem s i) <o [ o (L) [ aop,,
R n
and hence, since ® is a Young function

1
sup

up g 7 €R" : 1Tn(@)] > A} < oo,
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However, using the fact that ®~1(z) = z/(logx) for z > e, it is easy to check that

eR" : |Tin(f A
SID E 1/ {z Tiw (F)(2)] > A}
1 log?(1+2) 5
Ti%q)(l/)\)|{x>e ; x2 > A}
1 log 9
= : > A\
“henm /
> SUp ———+ {m>e:L>)\}|2
A>0 <I>(1/>\2 d—1(x)

(B(C/A) — o)
SR P T ((eIVE)
C L @C
0<A<C/2e (I)((C/)‘)2)

sup log(C/\) =
0<A<C/2e

4
> ¢

W

As in the linear case and the particular multilinear case studied in [8], the proofs of
the two main theorems will be based on corresponding estimates on a maximal function
that controls the commutator, the operator My qs 1) given by

(1.13) Mog 1) (£)(z) = SQng 1£ll 2og 2.+

where the supremum is taken over all cubes () containing x. Strong bounds for this
operator were already obtained in [8] but not weak-type ones. We present in this article
the right end-point distributional estimate it satisfies (see Theorem 4.1). This operator
and the estimates it satisfies are crucial in this paper.

Our analysis will show that in fact one can also study commutators where only & < m
factors appear in (1.10), and which are controlled by an appropriate modification of
the maximal function M es ). We will concentrate only in the case where there are
m functions in BM O, which is the most difficult one, and leave other generalizations
to the interested reader. See, however Section 3 below.

The next section contains some basic definitions and further background related to
the classes A of vector weights and several multilinear maximal functions from [§].
Nevertheless, the reader already familiar with the subject can skip Section 2 and move
directly to Section 3, where a key pointwise estimate involving the maximal function
M og 1), Theorem 3.1, is combined with the classical Fefferman-Stein inequality to
prove the strong bounds in Theorem 1.1. Likewise, the proof of Theorem 1.2 is obtained
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using a new weak type estimate for the maximal function Mo 1), Theorem 4.1, which
is presented in Section 4.

Before we conclude this introduction, we would like to consider analogs of (1.2) in the
multilinear setting in view of (1.11) and put in evidence again some better than expected
estimates, which are implied by the commutator results and which also motivate in part
our study of commutators. For simplicity we consider the following particular case. For
a bilinear Calderén-Zygmund operator T', we can write

(1.14) Ty (f1, f2) = 0iboT(f1, f2) — 02T (b1 f1, f2) — 01T (f1, b2 f2) + T(b f1, b2 fo).

We can use duality to obtain the surprising quad-linear estimate

[hboT(f1, f2)—frT* (hba, f2) — hT(f1,b2f2) + frT* (B, by fo) ||
(1.15) S Wbl BacollPll o | fill 2l f2ll 2y

for 1/¢q+1/r =1/p, 1 < p,q,7 < oo, and where T*! is the transpose of T in the first
variable. Notice that this is again an improvement (now both in the target and the
range) over the trivial estimate

S L®(R") x LP(R") x LY(R"™) x L"(R") — LY(R"),
where

S(b,h, f1, f2) = WT(f1, fo) — LT (b, f2) — KT (f1,bf2) + LT (h,bf2),

and which follows by Holder’s inequality and the boundedness of T'. The better estimate
obtained reflects again the presence of certain hidden cancellations. Though we will
not carry their study here any further, it would be interested to see if estimates like
(1.15) are amenable to some analysis similar to the one generated in the linear case as
consequence of (1.2).

Acknowledgement. We would like to thank Hua Wang for pointing out some typos
and a gap in a previous version of this manuscript which we have now corrected and
filled in. Also we would to thank the referee for the valuable comments.

2. SOME BACKGROUND DEFINITIONS AND ESTIMATES

2.1. Calderén-Zygmund operators. Following [5] we will assume here that T is a
bounded m-linear Calderén-Zygmund operator. That is, T" satifies the bounds (1.3)

and (1.5) and its Schwartz kernel K satisfies away from the diagonal z = y; = -+ - =y,
in (Rn>m+17

A
(21) ’K(yoayla--wym)’ S m

< |yk - yl!)
k,1=0
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and also
Aly; — y;°

m mn-+-e’
(3l —ul)

k,1=0

(2.2) K (Yo, Y Um) — K Wos -+ Y-+ Ym) | <

for some ¢ > 0 and all 0 < j < m, whenever [y; — yji| < T maxo<p<m |y — Yi|- In

particular for = ¢ Nsupp f;,

T(frr . fu) () = / K31, yn) (51 - Fn) g - - i

2.2. Orlicz norms. For ®(t) =t (1+log™ t) and a cube @ in R" we will consider the
average || f||s,o of a function f given by the Luxemburg norm

g =int3 >0+ 2 [ @ (L) ar <1,

We will need the several basic estimates from the theory of Orlicz spaces. We first
recall that

(2.3) Iflog>1 if and only if ﬁ/@@ﬂf{xﬂ)das -1

Next, we note that the generalized Holder inequality in Orlicz spaces together with
the J ohn—Nirenberg inequality implies that

(2.4) ol / 1by) — bol £(y) dy < Cllbllsaoll fllzees .0

an estimate that we shall use in several occasions without further comment.
We will also use the maximal function

Mgy f(2) = Sup 1/ o £).@>
ST

where the supremum is taken over all the cubes containing x. This operator satisfies
the pointwise equivalence

(25) ML(logL)f(z) ~ M2f($>7

where M is the Hardy-Littlewood maximal function, and we will also employ several
times the Kolmogorov inequality

(2.6) ||f||Lp(Q ) < Clf e o)’

\ I
for 0 < p < ¢ < 0o. See, e.g. [14] and the reference in [8].
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2.3. Sharp maximal functions. For § > 0, Mj is the maximal function

1/6
Mif () = M) () = (supﬁ /Q |f<y>|5dy) |

Q>x

In addition, M# is the sharp maximal function of Fefferman and Stein [3],

# _ ~ .
MH(f)(a) = supint |Q|/|f ldy ~ sup|Q|/|f — foldy

and
M f(x) = M*(|f°)(2)
We will also use from [3], the inequality
(2.7) /n(Msf(l’))pw(I)dl‘ <C | (M f(@) w(x)de,

for all function f for which the left-hand side is finite, and where 0 < p,d < oo and w
is a weight in A,. Moreover, if ¢ : (0,00) — (0,00) is doubling, then there exists a
constant ¢ (depending on the A, constant of w and the doubling constant of ¢) such
that

(2.8) supp(N) w({y € R": Msf(y) < A}) < csupp(N) w({y € R : MF f(y) < A}),

A>0 A>0

again for every function f such that the left hand side is finite.

2.4. Multiple weights. Following the notation in [8], for m exponents py, ..., Py, we
will often write p for the number given by 110 =14+ 4 #, and P for the vector

— p1
P = (pla s 7pm)

Let 1 < py,...,pm < 00, a multiple weight @ = (wy, ..., wy,,), is said to satisfy the
multilinear Ay condition if for

Vg = | |w§'/pj.

it holds that

(2.9) sup ]Q\/ 1/pl_[ F;/Qw;_p;)l/p; < o0.

J=1

1/p’;
When p; = 1, <|Q‘ fQ . p“) " is understood as (ingj)_l.

One can check that A . ;) is contained in Az for each ]3, however the classes A

77777

are not increasing with the natural partial order. As mentioned in the introduction,
these are the largest classes of weights for which the multilinear Calderén-Zygmund
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operators are bounded on Lebesgue spaces, as proved in [8]) improving on the results
in [6] and [11]. In fact, one has

m
H Apj C Ap,
j=1

1

loc for

with strict containment. Moreover, in general @ € Ap does not imply w; € L
any 7, but instead

1-p} .
(210) u_jeAﬁ — wj EAmpj7j—].,...7m
Vi € Amp,

where the condition wjl-_pj € Amp/j in the case p; = 1 is understood as wjl-/ e A

Observe that in the linear case (m = 1) both conditions included in (2.10) represent
the same A, condition. However, when m > 2 neither of the conditions in (2.10) implies
the other. We refer the reader to [8] for more details on this multilinear weights.

3. PrROOF OF THEOREM 1.1

The proof of the Theorem 1.1 will rely on a pointwise estimate using sharp maximal
functions. The technique of comparing commutators with sharp maximal operators
has by now a long history of successful applications (see the comments in [8] p.15 and
the references therein).

To state the pointwise result in great generality we need to introduce some additional
for m-linear iterated commutators involving 7 BMO functions with 7 < m. Following
[12], for positive integers m and j with 1 < j < m, we denote by C7" the family of
all finite subsets 0 = {o(1),...,0(j)} of {1,...,m} of j different elements, where we
always take o(k) < o(l) if K < I. For any o € CJ", we associate the complementary
sequence o' € O _; given by ¢’ = {1,...,m}\o with the convention Cg" = ). Given
an m-tuple of functions b and o € C7", we also use the notation b, for the j-tuple
obtained from b given by (bsx),- - -, bs(j))-

Similarly to (1.9), we define for a Calderén-Zygmund operator 7', o € C7", and
by = (bo1), - - -, bo(j)) in BMO/, the iterated commutator

(3.1)  Tuw, (fi, -1 fm) = [bo)s [bo(@)s - - - [boi—1): [bo()s T)o()oti-1) - - - Jo@) o) (£)-
That is, formally

Tirw, (f)(z) = [T (@) = boiy(Wo)) | K (@1, oum) [] £iw) dy,
(Rr)™ -

i=1

where dy = dy; ... dy,. Clearly Trp, = Tiip as defined before when o = {1,2,...,m},
while Ty, = 7} when o = {j}.

The pointwise estimate that will serve our purposes is given by the next result. The

statement and its proof are similar to those of [12, Lemma 3.1] and [13, Lemma 3.4],
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which the reader my consult for further details. The difference here is the use of the
operator Mg 1y, which eventually allows to use vector weights.

Theorem 3.1. Let Ty, be a multilinear commutator with b € BMO™ and let 0 <
d <e, with0 < < 1/m. Then, there exists a constant C' > 0, depending on § and ¢,
such that

(32)  M{(Tup (B)(x) < CITIbsllmro (Megogn)(£)(2) + Mo(T(F))(x))

j=1
m—1 i
+ CY Y [T beelsroMc(Tin,, (£))(x)
j=1 oeC i=1
for all m-tuples £ = (f1,.., fm) of bounded measurable functions with compact support.

Proof. The way to interpret (3.2) is

Mf(THb () (z) < H ;1 Bro M pgog 1y (F)(x) + “lower order terms”,
j=1

as it will become apparent in its application. Given the heavy technical notation and
for simplicity in the exposition, we only present the case m = 2. As the reader may
soon see, the general case is only notationally more complicated and can be obtained
with a similar procedure. Hence, we will limit our selves to establish the following
version of (3.2).

For by,b, € BMO we will show that

MY (Tup (f1, f2))(x) < C|lbillgao b2l Baro (Mrgogsy (f1, f2)(@) + MoA(T(f1, f2)) (@)
+ C ([Ib2llBrroMc(Ty, (f1, £2)) () + |01]| Baro M(T3, (f1, f2)) () -
For any constants Ay and Ay, write
Ty (£)(x) = (bi(w) — M) (ba(z) — M) T (f1, f2)(x) — (br(x) — M)T(f1, (b2 — A2) f2)(2)
—(b2(x) = A)T((br — A1) f1s fo) (@) + T((b1 — A1) f1, (b2 — A2) f2) ().
= —(b1(x) = M) (ba() = A)T(f1, f2) (@) + (ba(x) — M) T3, (f1, f2) (@)
H(ba(2) = M) Ty, s, (frs f2) () + T((br = M) fu, (b2 — Ao) fo) ().

Also, if we fix x € R", a cube () centered at x and a constant ¢, then since 0 < § <
1/2, we can estimate

(Ié|/|T“b Sl —|c|‘5!d"')1/6 = <|Q|/|Tnb< )(2) = c|5d2)1/6

2 — xr) — z 0 <z v
< (]Q\/QKbl(x) A1) (b2(x) = M) T(f1, f2)(2)] d)
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1/5

(|Q|/ ’ (b(z) = M) sz o (15 f2)(2 )‘6dz>
1/5

(|Q|/ ’ b2 /\2 Tbl )\1(f17f2 )‘5d2>

1/6
+ (@ /Q |T((b1 — A1) f1, (b — X2) fo)(2) — Clé dz)
=+ 1T+ IIT+1V.

We analyze each term separately selecting appropriate constants. Let Q* = 3Q) and
let \; = (b;)o~ be the average of b; on Q*, j = 1,2. For any 1 < ¢1,¢2,¢3 < oo with
1=1/¢1+1/q2+ 1/gq5 and g3 < £/ we have by Holder’s and Jensen’s inequalities,

1/4q1 1/dq2
bi(z) — M|°" d by(2) — A 5q2d)
(r@|/'1 ! ) (|@|/'2 o dz
1/0q3
. (@ /Q T, (=) dz) |

From the fact that, for every ¢ > 0

|Q|/|b b)g-l1dz < |@|/'b b)olt dz + C|(b))g — (b)a- I

< ClbilBaro
we obtain that

~
VAN

Clb1]| rro b2l Brro Msqs (T'(f1, f2))(x)
< CllbillBamollbzll Bro Mo(T(f1, f2))(x),

which is an appropriate estimate for what we want to obtain.
Since II and I1I are symmetric we only study I1. Let 1 < t1,t; < oo with 1 =
1/t; +1/ty and ty < £/6 then, by Holder’s and Jensen’s inequalities,

1/8t1 1/8t2
g o) (g [ et o)

ClIbrll Brro Mo, (Ty, 5, (f1, f2)) ()
ClIbyl| aro M(Ty, 5, (f1, f2))(x)
ClIb1|l Byro Me(T3, (f1, f2))(x).

A

I7

IN

IN N

Similarly,
111 < C|lbs|lparo Mo(Ty,_y, (f1. f2)) (@) = C|lbe|| Brro Me(Ty), (f1. f2))(2).



12 C. PEREZ, G. PRADOLINI, R. H. TORRES, AND R. TRUJILLO-GONZALEZ

It only remain to study the last term IV. We split each f; as f; = f2 + f° where
2= fxg- and f* = fi — f2. Let

3
CcC = E ¢y,
J=1

where
=T(f7, (b — X2) [5°) (),
= T(f7°, (by = Xo) f2) (),
= T(f7°, (by — Ao) £5°) ().
Then,

v o= (Q/Q\T((bl—Al)fl,(bz—)\g)fg)(z)—c\‘%lz)l/é

1/6
T((br — M) (b2 = M) ) \dz)

IN
~/~
S

g LTt =0 A2>f;°><z>—c1<‘5dz)l/5

1/6
0 §
|@r/‘T = A (b = X)) () — o dz)

1/5
(\Q! / IT((br = M) £, (b /\2)f§°)(z)—03|5d2)
= IVi+IVa+1Va+1V,

We choose 1 < p < 1/(2)). Since pd < 1/2, we can estimate V] using Hélder’s
inequality and the fact that T" is a Calderén-Zygmund operator

1/(pd)
vy < (|Q|/}T — X)L, (by A2>f§>(z>!”5dz)

< CIT((br = AT, (b2 = 22) I 2o, 2

1

< C_/‘(bl(z)_)\l)f?(z)‘dz_/|(b2< — X)f (2 ‘dz
Ql /o Ql Jo

< C|lbrl|Bao 11l Laog £).@1102l| Bazo || f2ll Laog £).0

<

< Clbillsuollb2llBro Migog 1y (f1s f2) ().
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Since IV, and I'V3 are symmetric, we consider for example IV5, and estimate
T((br = M)V, (b = Xa) £5°)(2) = T((br — M) 7, (ba — M) f5°) ()]
T — z|¢|(b - A d
S/ !(51(%) . Al)fl(@/l)l / | | |( 2(y2) 2)f2<y2>| Y2 dyl
3Q

(|2 =l + |z — yo)?te
R”\SQ

e/n
/ b1(y1) — A1) fi(m |dylz 3’“\5]”1/" DT / |(ba(y2) — A2) fo(y2)|dys
(3*1Q)

> |Q|£/n
Z ((31Q)) 1/n 2n+e (/(3k+1Q) 1b1(y1) — A1) fi(yr)] dyl) %

» ( /@w@ ba(y2) — o) o) dyQ)

< CZ 3% ||bl||BMoHb2||BMo||f1||L (og £).3++1Q1 2l L(10g 1) 35410

< C||b1|| Barol|ball Baro Mrgog )y (f1, f2) ().

Fiinally, the term IV} is estimated in similar way and we deduce
[T((br = M)T®, (b2 = A2) f3°)(2) = T((by = M) 7 (ba = A2) f57) ()] <

< Cb1|| Baro| b2l Brro Mrgog ) (f1, f2) ().
The proof is complete. O

We note that we can also obtain analogous estimates to (3.2) for m-linear commu-
tators involving j < m functions in BMO. That is estimates of the form

(3.3)  MF(Tup, (f))(z) < H b0y | BMO M L(10g 1), (F) () + “lower order terms”,

k=1
where M og1), denotes the analog of M) but with only log factors in the f,
functions. (Note that Mg 1), = /\/lL(logL when ¢ = {j}.) The lower order terms

are now of the form
I

LT 16wl Brr0 Me(Tirw, (£)) ()

k=1
for [ < j, where 7 is subset of ¢ of cardinality [, and nUn’ = o. Note also that trivially
(3.4) Mg 1), (£)(2) < Mpog 1) (£) ().

These pointwise estimates are the key for the strong and weak-type estimates with
multiple weights. In particular, they yield an appropriate version of the following
Coifman-Fefferman type inequalities ([1]).
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Theorem 3.2. Let 0 < p < oo, let w be a weight in Ay, and suppose thatb € BMO™.
Then, there exists a constant C,, (independent of b) and a constant c¢,,(b) such that

(3.5) /n Tuw (F)(2)[Pw(@)de < Cy [ 105l 10 /Rn M gog ) (F) () w(z)dz,

j=1

and

sup w({y € R™ [Ty (£)(y)| > 17})

>0 (I)(m)(%)
3.6 <cp(b) sup ————
(3.6) < cu(b) t>%)) é(m)(%)
for all £ = (f1, .., fm) bounded with compact support.

w({y € R" : Mpgogr)(F)(y) > 1™}),

Proof. The proof of these types of estimates is by now standard. We refer the reader to
[12, Theorem 1.6] and [8, Corollary 3.8 and Theorem 3.19]. The arguments there can
be followed step by step in this new case. We briefly indicate such arguments in the
case m = 2, but, as the reader will immediately notice, an iterative procedure using
(3.3) and (3.4) can be followed to obtain the general case.

As already mentioned the philosophy in the approach is that terms involving M, can
actually be treated as “lower order terms”. In fact, as in [8] and using the Fefferman-
Stein inequality (2.7) ,

— —

| Trw (Fllzrw) < [IMs(Traw () 2o w)
(3.7) < CIME(Tan(F)llzrw-

Using the pointwise estimate in the previous theorem and again the Fefferman-Stein
inequality we can continue from (3.7) with

< Clnllswoltallmwoll (IMogos iy (Flrw + 1MLl v

+ C ([|b2ll Baro | M(Ty, (fr, fo))ll o) + 101l Baro | Mc(T3, (f1, f2)) |l o)

C o lsssollball ol (Mg 2y (Pl oty + 1M T o)

+C (102l aro | MF(Ty, (f1, fo)) o) + 01l maro | MF (T3, (1, f2))ll o) -

If we take € small, we can now repeat the procedure using the results in [8] and estimate

IMZ(T (D) oy < CIMP) o) < ClMrgog ) (Pl 2rw);

and for e < €,

| MF(T, (f1, f2)) || o)

IN

IN

Cllb1||Brro <||ML(1ogL)(f)||Lp(w) + [[ Mo (T'(f1, f2))||LP(w)>
< Clbllsmo <HML(logL)( Loy + I|1ME(T(f, fz))HLp(w))
< C ||b1||BMO||ML(logL)(]F)||Lp(w)-

A
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Similarly,
IMF (T3, (1 ) o) < Cllb2llBaro M pog £y (F)l o)

The desired inequality now follows.

We observe that to use the Fefferman-Stein inequality as argued in [8, pp.32-33],
one needs to verify that certain terms in the left-hand side of the inequalities are finite
when the right-hand side ones are (when the right-hand are infinite there is nothing to
prove). However, if one assumes b in (L>°)™, then everything is clear because of the
boundedness properties of T'. The passage to b in BM O™ is standard, and combining
it with Fatou’s lemma, one gets the desired result.

The proof of (3.6) also follows the pattern for the corresponding estimate relating
Tsp and My pogr) in [8, pp. 33-35]. We also briefly indicate some of the details
needed when m = 2. To further simplify the presentation, and since we do not intend
to keep track of the exact dependence on b, we assume that the BMO norms of the
functions b;s are equal to one. Note that the doubling properties of ® will produce a
constant ¢(b) in the general case. It should be noted though that, unlike the strong
case, such constant is not multilinear in b.

Using the pointwise estimate for M (Tip( F)) we get

"3 1( iy w({y € R"|Tup (F)(y)| > #°}) < Sup q)(%(l)w({y € R"Ms(Tuw (£)(y)) > £°})
< sup @(2%( I ({ H(Tiw() (@) > t2}>
< Csup —(1~ ! w ({Mpgogr)(f1, f2)(z) > t°})

>0 PA)(1)

+C'sup @(2}( >w ({ M(T(f1, f2))(x) > })

t>0

+Osu gy (DT (1 f) (@) > )

t>0 ®
1
+Csup ———w ({ M(T (f1, f2))(z) > t*})
>0 P2 )(
= [+ IT+I1IT+1V.

We claim that the main term is I, which will give the desired result. In fact, from the
estimates

(3.8) MA(T(f1, f2))(x) < M(f)(z) < Mpigz(f)()
(

and the weak-type version of the Fefferman-Stein inequality
I1 < 1.

2.8) we easily get that
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To estimate I1] we invoke again (2.8) and the results for the M# function of com-
mutators of lower order to get for e < ¢,

HI < Canp oo ((MAT (. f)@) > 7))

= ‘P(%(%)w ({ Moy (P@) > £})

oup s (Mo(T(h, ) (@) > 7)),

Iterating the procedure and using (3.8) we arrive to [11 < I. The term IV is completely
analogous. Again, to be able to apply (2.8) some justification is needed. But one can
always assume the weight to be bounded and use a limiting process. We refer to [§]

and omit the rest of the details.
O

Proof of Theorem 1.1 We can now easily finish the proof of Theorem 1.1. Since for
W in Ag, the weight v is in A, we can use one more result from [8] on strong bounds
for M (0g ) and conclude from (3.5) that

[Ty (£) (2)Pra(2)de < Coy [T 1015000 / (Mrgog 1) (£) () v () dix

R ]:1 n

< Co, [T105ll5ac0 TTUAl20s (-
j=1 j=1

4. PROOF OF THEOREM 1.2
We start with a new weak type end-point estimate for Mpqog1) -

Theorem 4.1. Let W € Ay. Then there exists a constant C' such that
(4.1)

vg ({2 €R" : Mygogry(f)(2)] > ¢"}) < C f:[l (/R o0m) (|fj§x)\) wj(ﬂﬁ)dﬂ:) "

Moreover, this estimate is sharp in the sense that ®™ can not be replaced by ®*) for
any k < m.

Proof. Our goal is to estimate [Q| = [{Mrog)(f1, f2, -, fm) > 1}|. The set €2 is open
and we may assume it to be not empty. It is enough then to control the size of every
compact set F' contained in 2.

For x € I there exists a cube () with x € () such that

(42 [T5lee> 1.
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Thus, by a covering argument, we can extract a finite family of disjoint cubes {Q;}
whose dilations cover F' for which

(43) Fl<C) Qi
and {Q;} satisfies
[Tl5leq > 1.
=1

We use again the notation C}* for the family of all subset o = (0(1), ..., 0(h)) extracted
from the set of indeces {1,...,m} using 1 < h < m different elements. Given o € C}
and a cube Q;, we say that i € B, if || fom)lleg, > 1 for k =1,...,h and || fom o0, <1
fork=h+1,...m

Let us consider o € C}"* and i € B,. Denote

k
), = H ”fo(j)”‘P,Qi
j=1

and IIy = 1. Then it is easy to check that Il > 1 for every 1 < k < m. It follows that

1<l = |l fotm lo.@ Hi-1 = [ forw Hi-1llo.q,
or, equivalently (by (2.3))
1

4.4 —
(4.4) @l o,

P (fg(k) Hk_1> > 1.

In particular,

1 1
(45) < P (fo‘(m) Hm—l) < — P (fa(m)) o (Hm—l) .
1Qil Jo, 1Qil Jo,
Now, by taking into account the following equivalence

if1<j<m-—h-—1, by (4.4) we get
OV (M) = V(| fopmim—jille.)

< 1
< C(I)(j) (1 + o (fo(m—j) Hmjl))

1
Cm ) (fotm—y) UV, 4).
|Q:] Qz

From (4.5), by iterating the inequality above, we obtain

C o’m a‘m 2) m—
b !@@\ o, 2 om) !QI/ ' (Jotmn) B ()

<
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m—h—1
= C ( H |C§ | Uty (fa(mj))) o) (ITx)
i JQi

j—O

m—h—1 b
- C( ]0 r@\/ 2 (fotnp )<g¢<m‘h><||fa<j)||¢,@)>.

since ® is submultiplicative.
Thus, since i € B,, we have || fo(j|le,0, > 1 for j =1,...h, and it follows

4.6 1<C 2 PUTY Plm=hrh( .
( ) U |Qz| 0; fam ]) H|Q| fU(J)

7=0

Now, since for 1 < h < m and 0 < j < m — h — 1 we have that ®U+D(¢) <
Pm=h) () < @) (¢) and "D (t) < ™ (1), we deduce

or equivalently

Thus, going back to (4.3) it follows that

o(F)” (; uw@»)m
S Y w@)

h=1 0€C" i€ B,

Q

IN

m

(355 S iTuamor (& [ )

h=1 oceC}" i€Bs j=1

m

< ¢ (/ ) (f;(1)) j<y>dy)

]:

IN

which concludes the proof of (4.1).
We now prove that the estimate (4.1) is sharp in the sense stated in theorem.
We claim that the following estimate is false

1/m
(4.7 o Migog () > X"} < O (Hn@m b 'f7'>|m>
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We let A = 1 and then the estimate to be studied is

(4.8) {2 : Mrgogny(£) > 1™ < C T V(£

j=1
for any f with all the components positives. Hence by the same homogeneity we replace
fuby

(4.9) Hz : Mpgogry(f) > A™}H™ < C/R@(ml) <)\f_;) H/Rq)(ml) (f)

Now, let f; = x(0,1)- If (4.9) holds, since ¢ is a Young function, we conclude

1 m m
(4.10) iup —Q)mfl(Afm) Hz € R : Mpuogry(f)(x)] > A"}H™ < C.
>0
However, observe that, by definition of || - ||¢,q, it follows for any subset A that
|xalle0 = ——1o—. Hence, if 2 > e we have
¢~ rar)
m . 1
Mo 1) (£)(2) = SQUPH 1fillog 0.0 = [1x(0,0) | Ttog £),(0.2) = iy

j=1

Thus, taking into account that ®®)(t) = (1 + log™ ¢)*, the left-hand side of (4.10) is
bigger than

1
Hr>e: ——— > A}H™ > sup

sup > -
@—1(@ 0<A<1/e Pm—1(L

1
AS0 (I)mfl ()\fm)

1 o(L
2 5, Sup (_f)l
2 0<A<5 om(5)
> | 1
> ——— sup log—
mm=12 0<A< & A
= 00

Given (3.6) and (4.1) the proof of Theorem 1.2 is almost routine. The reader can
see [8, pp.38-39] and easily adapt the arguments.
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