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CRITICAL PAIRS OF SEQUENCES OF A MIXED FRAME
POTENTIAL

IVANA CARRIZO* AND SIGRID HEINEKENT

ABSTRACT. The classical frame potential in a finite dimensional Hilbert space
has been introduced by Benedetto and Fickus, who showed that all finite
unit-norm tight frames can be characterized as the minimizers of this energy
functional. This was the start point of a series of new results in frame theory,
related to finding tight frames with determined length. The frame potential
has been studied in the traditional setting as well as in the finite-dimensional
fusion frame context. In this work we introduce the concept of mixed frame
potential, which generalizes the notion of the Benedetto-Fickus frame poten-
tial. We study properties of this new potential, and give the structure of its
critical pairs of sequences on a suitable restricted domain. For a given sequence
{am}m=1,...,n in K, where K is R or C, we obtain necessary and sufficient
conditions in order to have a dual pair of frames { fm }m=1,.... N, {gm}m=1,...N
such that (fm,gm) = am for allm =1,...,N.

Key words: Finite frames, frame potential, dual frames, Lagrange multi-

pliers.

AMS subject classification: Primary: 42C15, 42C99, 42C40.

1. INTRODUCTION

Frames, which were introduced by Duffin and Schaeffer in [11], became essential for
engineering and applied mathematics, specially for the purpose of signal processing
and data transmission. Given a Hilbert space H, a sequence {f,,} C H is a frame
if there exist positive constants A and B that satisfy

AlFIP < YIS fudl? < BIFI? VS € H.

If A= B it is called a tight frame.

The main property of frames is that they provide reconstruction formulae where
the coefficients are not necessarily unique, which is advantageous in situations that
arise in signal processing [I]. Particular frames such as wavelet and Gabor frames

are described e.g. in [I4], [9], [10], [€].
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Finite frames are used in many applications, where we often have to work in finite
dimensional spaces, since they avoid the approximation problems that come up by
truncating infinite frames. They have been studied for example in [2], [3], [I2]. In
particular, finite tight frames are very useful to solve problems in Communication
Theory, Information Theory, Sampling Theory, etc. [15], since the convergence of
the provided decompositions is fast. The frame potential in Hév - where Hy is a
finite dimensional Hilbert space - introduced in [2] by Benedetto and Fickus- turned
out to be an important tool in frame theory. In our work we define a new concept
of potential in Hl]iv X Hfiv . Whereas the Benedetto-Fickus potential measures the
orthogonality of a system of vectors, our mixed frame potential quantifies in some
sense the biorthogonality of two systems of vectors.

In [3] and [4], the problem of finding tight frames with a prescribed norm is analyzed,
which is related to the minimization of the Benedetto-Fickus frame potential. The
Benedetto-Fickus frame potential has been also studied in the finite-dimensional
fusion frame setting [5], [13].

Given a sequence {au, m=1,.. n, we study the mixed frame potential restricted to
the pairs ({fm N _1, {gm}_,) such that (f., gm) = @, and describe the critical
pairs of sequences of this restricted potential. This turned out to be related to
finding dual pairs of frames that satisfy (fy., gm) = am.

The paper is organized as follows. In the following section we give definitions and
preliminaries that we will use later. In section 3 we present some properties of
the mixed frame potential. Section 4 is devoted to characterize the structure of
the critical pairs of sequences of the mixed frame potential, which leads to the
result about necessary and sufficient conditions for the existence of dual frames
with prescribed scalar products.

2. NOTATION AND PRELIMINARIES
Let K be R or C and Hy a d-dimensional Hilbert space over K. Let {f,,}2_; and
{gm}N_, be sequences in Hy. The synthesis operator for {f,, }N_, is given by

N
T KN = Ha, T({ea}Noy) = > cnfm

m=1
and the analysis operator for {f,,}N_, by
T Hy = K™, T(f) = {{f, fm) b

We will denote with U and U* the synthesis and respectively analysis operator of
{gm}N_,. We denominate TU* and UT™* the mized frame operators:

For f € Hy we have

N N
TU(f) = > fgm) fom: and UT*(f) = > f, fm)Gum- (1)

m=1 m=1
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Two sequences { fm}N_; and {gm}_; are dual frames if

N
F=> {f gm)fm Vf €Hgor f = Zf,fm gm Vf € Hy. (2)
m=1

m=1

In terms of the operators T' and U, (@) means that TU* = I or UT* = I.

Definition 1. Let FP : HY x HY — K,

N N
ﬁ({fm}%:lv{gm}ﬁzl) = Z Z Jms Gn)(fr, Gm)-

m=1n=1

We call FP the mized frame potential of ({fm}N_1, {gm}N_,) € HY x HY.

Observe that for the case that {f,,}_; = {gm}N_;, the mixed frame potential is
equal to

N N
{fm}m 1 Z fmufn ’

which is the traditional Benedetto-Fickus frame potential of {f,,}_;

Given a sequence {a,, }_; C K we define

S’({O‘M}%:l) = {({fm}%:lv {gm}%:l) € Htjiv x leiv : <fmvgm> =y Ym=1, 7N}

3. MIXED FRAME POTENTIAL
We will see next that the mixed frame potential can also be written as the trace of

the square of the corresponding mixed frame operator, i.e. it is the square of the
Hilbert-Schmidt norm of the mixed frame operator.

Lemma 1. For any pair ({fm}h_1,{gm}N_1) € HY x HY with corresponding
mixed frame operator TU*,

FP({fm b1 {gm}hey) = Tr((TU*)? Z 2 (3)

where {\,}2_, are the eigenvalues of TU*.
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Proof. Let {e,}2_; be an orthonormal basis of Hy.

FP({ fm}m—1:{9m}m=1) {fms gn){fns gm)

I
M=
M=

3
I
o
S
I
=

<fm7 el>elu gn><fn7 gm>

I
WE
Pﬂz
M&

3
i
L
3
[
5
X
L

(fm>er)(er, gn)(fas gm)

I
NE
NE
M&

md:1 n;l =1 N
=3O e gn) fur D> (et fin)gm)
=1 n=1 m=1

[
M=~

d
(TU*er,UT*er) =Y (UT*)*TU*ey, 1)
=1

Il
-

(TU*)?er,e0) = Tr((TU*)?)

[
M=~

Il
-

Let {\,}¢_, denote the eigenvalues of TU*, counting multiplicities. Since the
eigenvalues of (TU*)? are {\2}?_, we have that

(TU*)? Z A2,

Remark 1. Observe that

d
FP({gm}mer A fm}ies) = Tr(UT)) = SN

n=1

Note that the previous result allows to compute the mixed frame potential very
easily for example for a pair ({fm}N_1,{9m}N_1) such that TU* = AId with
A € K. In this case, FP({fm})_;, {gm}N_,) = A%d.

Also, the previous representation of the mixed frame potential allows us to study
in more detail some of its properties, as we will see in the following proposition.

Proposition 1. Let {an}n_1 C K and ({fm}hio1, {gm}n-1) € S{am}h_y).

(1) If all the eigenvalues of TU* are real, then FP({fm}N_1, {gm}N_,) and

Zzzl oy, are real and
2
(Sen)

({fm}m 1’{g’m}m l 2

SHN
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(2) If all the ezgem}alues of TU* are imaginary, then FP({fm N AgmIN_ )
is real and Zm:l Qo 18 tmaginary and

2
({fm}m 1a{gm}m 1 < - (Z am)

(3) If TU* has only one eigenvalue, then

2
({fm}m 1’{gm}m 1) <Zam> .

In particular, this happens if TU* = é (ZZ:I am) 1d.

Proof. By the preceding lemma we know that if ({fn }2_1, {gm}2_1) € HY x HY,

FP({ fm}N_1 {gm}hoy) = Z A2

d d
=3 ((Re(\n))* = (Im(Mn))?) +2i > Re(An)Im(An)
n=1 n=1
(4)

where {)\,}¢_, are the eigenvalues of TU™.

Let {e,,}?_, be an orthonormal basis for Hg. If ({ frn}N_1, {gm}N_1) € SHam}N_))
the trace of the mixed frame operator satisfies

d

Z Tr(TU*) = (TU*en,en) =

n=1 n=1 n

N
Z enugm fmaen> =

1m=1

N
<fmagm> = Z Q-
m=1

N
Z €n;s Im fmaen>

m=1

M&

Il
-

I

M&
] =
M&

(€ns Gm){fm:s €n)

1n=1

S
I
3
I
I

I
] =

1

3
I

So, in order to study possible extrema for the real or the imaginary part of FP:
SH{am}N_,) — K, we will first consider the critical points of the functions

d
R(ALy s Aa) = R(Re(A1), ..., Re(Ng), Im(A1), ..., Im(Ng)) = Z(Re(An))Q—(Im(An))Z’
n=1

and

Z(A1s oo Aa) = T (Re(M), s Re(Aa), Im(\), s Im(Ag) = 2Y . Re(An)Im(N,)

restricted to the set A € C% ~ R?? where (M, -, Ag) € A if and only if

d N d N
ZRe(/\n)—Re<Zam> and Zlm(/\n)—fm<2am>.
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Using Lagrange multipliers for this constrained problem, we obtain that if

(A1, ..., Ag) is a critical point of R or Z restricted to A, then

LN
Alz/\zz...:/\dzazam.
ooy
Furthermore, in this case it can be seen that

(1) if Im(Aq,...; Ag) = 0 then (A, ..., Ag) is a minimum of R restricted to A and
Z(A1y.sAg) =0,
(i) if Re(A1,...,Aq) = 0 then (\1,...,\g) is a maximum of R restricted to A
and Z(A1, ..., q) =0,
(iii) if Re(A1,...,Aq) # 0 and Im(A1,...,Aq) # 0, then (A1,...,A\q) is a saddle
point of R as well as of Z restricted to A.

Thus, for any ({fn}N_,, {gm}m 1) € S({am}N_,) such that all the eigenvalues of
TU™ are real, we have that FP({fm}mil, {gm}N_,) and Em | Qi are real and

d N 2
({fm}m 15{gm}m 1 :Z 1212 <Z am)) ’

m=1

and for any ({fm}N_ 1 {gmIN_1) € S{am}N_,) such that all the eigenvalues of

TU* are imaginary, FP({fm}m 1 {gm 1) is real and Z _; Qup is imaginary
and

d N 2
I (FP{ i} (g} ) = S0 < 5 (Z %) -

If TU* has only one eigenvalue A, then A\ = % (van:l am) since A € A, and so

FP( b fom i) = S X = 4 (S ) 0

Remark 2. Note that the bounds in (1) and (2) of Proposition [Ilare not necessarily
achieved, but are attained when TU* has only one eigenvalue.

Our next step is to study critical pairs of sequences of our mixed frame potential.

4. CRITICAL PAIRS OF SEQUENCES OF THE MIXED FRAME POTENTIAL

We show now that if the mixed frame operator is the identity operator times a
constant, then the sequence {a, }m=1,. N satisfies an equality.

Proposition 2. Let ({fm}N_1, {gm}N_) € S{am}N_, be such that TU* = A1d
with A € K. Then éZf\Ll a; = A.
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Proof. Let {e,}%_; be an orthonormal basis in Hy. Since AId = TU* we have that

1 N N N
IDILIETD INRER Do) SIS
m=1 m=1 m=1 j=1

d

Z (ej,e5) =

Ul
—_

&.I)—‘

&I}—*
] =

Z fm76] e]ugm =

j=1

3
&

In order to state the following results we will need some definitions.

Let £ be a finite index set.

Definition 2. We call {f,, }mer C Hy and {gm }mer C Hy generalized biorthogonal
sequences if there exists {a, }mer C Ko such that

(fasgm) =0,  forall n#m; )
(fm,gm) = Qm, forallme L.

Definition 3. Let A € K. We say {fm}mer C Hg and {gm}mer C Hy are A-
generalized dual frames if

S T (fogm)fm = Af, for all f € span{fum}tmec and
meL
Z <f7 fm)gm = Zf, for all f € Span{gm}meﬁ- (6)

meL

In the following we will see that the critical points of the real or the imaginary part
of the restricted mixed frame potential satisfy certain Lagrange equations.

Proposition 3. Let {a,})_, € K. If {fu}N_1,{gm}N_1) is a local extrema
or a saddle point of the real or the imaginary part of the mixed frame potential
FP:S{am}N_,) — K, then for each m = 1,...,N there exists c € K such that

N N
Z (fm> gn)fn = cfm and Z (9m> frn)Gn = Cgm (7)
n=1,n#m n=1,n#m

Proof. Consider the m-th mixed frame potential denoted by ﬁm, where
FPm(fv ) <fmagm + Z fm fagn> +FP({fn}n;éma{gn}n;ém)
n#m

Since ({fm N _1,{gm}N_;) is a local extrema or a saddle point of the real or the

imaginary part of the frame potential FP restricted to S ({am}N_,), we have that
(fm,gm) is a local extrema or a saddle point of the real or the imaginary part of

FP,, in S(am) ={(f,9) e H xH : (f, >:am} where

F/‘\ﬁ ( —Oé +Z fm f,gn Z Z fnagr grafn>

n#Em n=1,n#mr=1,r#m
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Hence, the corresponding several variable constrained problem must be solved.
Using Lagrange multipliers, it can be seen that there exist ¢1,co € R such that

(I) VRe(FPw)(f,9)|(1.gm) = AV RE(LFs (g + 2V I, O (o)

or there exist ¢y, c3 € R such that

(D) VIm(FP ) (£ 9| gy = 8V REAS, 0 gy + AV IMSL 9 (o0

From (I) we have the following equations

(1) Vre() RE(FPm)( DN (fmgm) = AV Re() RS 9| (£ ,9m) F€2V Re(1) IT((
(i) Vims) Re(FPm)( DN Fmrgm) = 1V imp Re((f, )| (o, gm)+c2vlm(f I'm(
(iii) VRe(q)Re(FPm)( DN (fmgm) = 1V Re(g) R 9 (£ .g0) T2V Re() IS O (i)
(iV) vlm(g)Re(FPm)( )|(jm gm) — Clvlm R€(<f, g>)|(jm gm) +02vlm Im(< =9>)| (fmsgm)>

fa g>)| fm;Qm
( 9>)|(jm gm)>

Hence, from (i) and (ii)

N
Re ( Z <gm; fn>gn) = ClRe(gm) - CQIm(gm)a

N
Im ( Z <gm7 fn>gn) = Cllm(gm) + CQRe(gm)

N
Im( Z (fm> gn) [ | = ciIm(fim) — caRe(fm),

which yields,

2

Z <gm7 fn>gn = C19m + ic2gm = (Cl + ic2)gm

n=1,n#m

and
N

Z <fmagn>fnzclfm_ic2fm: (Cl _iCQ)fma

n=1,n#m

so we obtain the desired result if we take ¢ = ¢1 + ics.

Observe that in a similar way we can obtain from (IT) that

N

Z <9mu fn>9n = (04 - iCB)gm

n=1,n#m
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and
N

> {fmsgn)fn = (ca+ics) fim,
n=1,n#m

which implies in particular that if ({fm}N_1, {gm}¥_;) is a local extrema or a sad-

dle point of the real and the imaginary part of the restricted mixed frame potential,
then ¢4 = ¢; and ¢c3 = —cs. O
Definition 4. Let {a,,}N_, ¢ K. We say that ({fo}¥_1, {ga}¥_1) € S{am}N_,)

m=1»
is a critical pair of sequences if for each m = 1, ..., N there exists ¢ € K such that

([@ is satisfied.

Now we are ready to provide a structure of these critical pairs of sequences:

Theorem 1. Let {apn}N_; C K. If {fm Y _1,{gm N _1) is a critical pair of se-
quences, then

(1) for each m € {1,...,N}, fm is an eigenvector of TU* and g, is an eigen-
vector of UT™, and the corresponding eigenvalues are conjugates.

(2) for {/\j}JJ:1 the sequence of distinct eigenvalues of TU™*, there exists a
sequence of indexing sets {I;}7_, with U;-Izl I, = {1,..,N}, such that
{fm}tmer; and {gm}mer, are \j-generalized dual frames.

Proof. (1) Since ({fu}N_1,{gnIN_1) € SH{am}_,) is a critical pair of se-

m=1» m=1

quences, for m € 1, ..., N there exists ¢ € K such that

N N
Z <fmagn>fn :Cfm and Z <gm7fn>gn =CGm- (8)
n=1,n#m n=1,n#m
So,
N

TU*fm:<fmagm>fm+ Z <fmugn>fn:amfm+cfm:(am+c)fm7

n=1,n#m

and
N N
UT*gm = Z <gm7 fn>gn = <gm7 fm>gm + Z <gm7 fn>gn = (W + E)gma
n=1,n#m n=1,n#m

i.e. fp, is an eigenvector of TU™ and gy, is an eigenvector of UT™* and the
eigenvalues are conjugates.

(2) Let {\; }qul be the sequence of distinct eigenvalues of TU*. Since (TU*)* =
UT™, the eigenvalues of UT™* are the conjugates of the eigenvalues of TU™.
We call {R;}7_, the set of all right eigenvectors of TU*, and {L;}]_, the
set of all left eigenvectors of TU*, i.e. for each j =1, ..., J we have:

Rj = {f ceHy TU*f = )\Jf} = {f ceHy f*UT* = )\_Jf*}
Li={g€eH, : ¢TU* =\;jg*} ={g€Hy : UT*g= N\;g}
We know that if ¢ # j then R; L L;.
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Let {I; }qul be the sequence of indexing sets given by
Ii={me{l,..N}: TU f, = \jfrn and UT* gy, = \jgm }-
Take j € {1,...,J} and f € R;. If m ¢ I; then m € I, for some i # j, hence
gm € L; following that (f, g,,) = 0. This yields
> f gm) fm = TU* f = \if.
mel;
Analogously we obtain that for f € L;
> fmdgm = UT"f = N,
mel;
So, since span{ fmmer; € R, and span{gm}mer;, € Lj, we have that
Z (f,9m) fm =TUf = X\; f, forall f € span{fm}mer, and

melj

Z <f7 fm>gm = UT*f = )\_]f7 for all f € Span{gm}melju

mel;

9)

ie. {fm}tmer, and {gm}mer, are Aj-generalized dual frames. Moreover, we
proved that if \; # 0 then span{ fm}mer, = R; and span{gm}mer, = L;.

O

Now we describe the structure of the pairs that are local extrema of the real and the
imaginary part of the restricted frame potential. As we will see in Proposition M}
under certain conditions the same structure is also valid for pairs that are local
extrema of the real or the imaginary part of the restricted frame potential.

Theorem 2. Let {a,})_; C Kzo. Then every pair ({fm}h_1,{gm}N_1) which
is a local extrema of the real and the imaginary part of the mized frame potential
FP:S{an}Y_)) — K, can be decomposed as

{fmtmeze U{fm}mez , {gm}meze U{gm}tmez)
where

(a) TC{1,..,N}
(b) {fm}meze and {gm tmeze are generalized biorthogonal sequences
(¢) {fm}mez C (span{gm}mezc)L and {gm}ymez C (Spfm{fm}melc)l and
{fmtmez and {gm}mez are A-generalized dual frames, where
_ ZmGI Om
dim (span{ fum Ymez)

Proof. Let ({fm}_1,{gm}5_1) be a local extrema of the real and the imaginary
part of the mixed frame potential FP : S({am}N_;) — K.

(1) We have that in particular ({fn}N_1,{gm}¥_;) is a critical pair of se-

m=1>
quences, so by Theorem [ for each m € {1,..., N}, f,, is an eigenvector of
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TU* and gy, is an eigenvector of UT™, and the corresponding eigenvalues
are conjugates.

Let {)\j}'f:l the sequence of distinct eigenvalues of TU*, where Aj is an
eigenvalue of TU* which satisfies that [A;| < |);], for all j < J.
Take {I;}7_, the sequence of indexing sets given by

Ii={me{l,.,N}: TU*fn, =\ fm and UT* g, = Xjgm }-

By Theorem [ { fin }mer; and {gm }mer, are Aj-generalized dual frames
forall j =1,...,J.

We will show that { f, }mers, is linearly independent in R; for any j < J.
The proof that {gm}mer,; is linearly independent in L; for any j < J is
analogous.

Assume that { fy, }mer; is not Li. in R; for some j = 1,...,J — 1. Then
there exists a nonzero sequence of {ry, }mer, C K such that |r,| < & for
all m € I; and Emel T Qm frn = 0.

We will assume without loss of generality that ({ £} _1, {gm 2 _;) min-
imizes the real part of the mixed frame potential. The other cases can be
proved in a similar way.

a) If Re(\y) < 0 we take hy € Ry and hy € Ly, such that (hy, hs) = 1.

Let m € 1,..., N and u,, € K such that u2, = a,,. We define for each

mel . ,NU,:(=1,1) = S(am), Un(t) = (Bm(t), ym(t)) where

Bon(£) = { \/1 — sgn(Re(amAj))t2|rm|? fn + trmumhs, m € Ij;
and

(1) = V1 = sgn(Re(am X)) 2 [rm[2gm + trmumha, m € Ij;

" 9m, m ¢ Ij.

We have that {U,,(0)}N_, = ({fm N _1,{gm}_,) and

N N
Re(FP)({Wm(t)} 1) = Z B () Y (8)) (Bn (£), ym (1))

By the product rule

dRe(FP)
dt

M=

({\I/m(o)}r]le) = (rmumhi, gn){fn, gm)+

Il
-

el
e

L

n

fmu rnunh2><gm7 fn>+

fmugn fnu rmumh2>

HMZ Il MZ

+ Re Z Z<fm;gn><rnunhlvgm> =

mel; n=1

S1+ 89 4+ S5+ S4.
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S1 = 0 since for m € I;, we have that (f,,gm) = 0 for n ¢ I; and
(hi,9n) = 0 for n € I; because hy € R;. In a similar way we see that
S, 53 and S; = 0. Hence we obtain

dRe(FP) B
T({‘I’m(o)}%:l) =
2 (&
TR (wm()1) Rmz Z (8 (0), 7 0)) +
N
+ Re Y 3 (8,,(0),7,(0)) (5, (0) +Rezz ))(Bn(0),7,,(0)) +
mel; n=1 mEIJn 1
N
+ Re Y Y (8,00, 1 (0))(8,(0),7m (0)) + Re > Z ))(Ba(0),7m (0)) +
mel; n=1 mel; n=1
+ReZZBm )) (B (0) +ReZZﬂm )) (B2 (0), 77, (0)) +
mel; n=1 mEIJn 1
N
+ Re Y > (Bm 0))(3,,(0) —i—ReZZ ))(Bn(0), 7, (0)) +
mel; n=1 mel; n=1
+ReZZBm )) (B (0) +ReZZﬂm ))(Bn(0), 7, (0)) +
mel; n=1 mel; n=1
N , , N , ,
+ Re Y Y (B 0))(8,,(0), 7 (0)) + Re > > (81,(0), 4 (0))(5,,(0), 7 (0)) +
mel;n=1 mel; n=1
N , N , ,
+ Re > Y (Bm 0))(B,(0), 1m(0)) + Re Y > (Bm(0),7(0))(B,(0), 7, (0)) +
mel; n=1 mel; n=1

N
+ Re 30 3 (B (0), 3 (0)) (5, (0), 3m(0))

We obtain that Sa
S1 = 5 = S11 = S16 =
sums S3 = Sg = Sg =

dt?
mel;

thusd Re( FP)({\I/ ( )

dat?
by assumption.

So in ¢t = 0 there is a maximum of Re(ﬁ) restricted to {W,, (t)}

= S4 = S5 =
= Yomer, |7 |?|Re(a ) Aj|. For the rest of the
S1a = Re(A\s) X ey, |7m|?|otm|. Finally

16
=> 5
=1

S7 :Slo 2812 :Slg = S15 =0 and

i.e. we have that for all t € (—1,1)

Re(FP)({W,n()}N_1) < Re(FP)({¥,n(0)}N_,) =

PREP) (g 00N =4 (‘ S [P Re(amA))] + Re(As) 3 '“”'2'0””') |
mel;

_1) < 0, since the sequence {r,, }Y_; is nonzero

m=1>

Re(FP)({fu}N 1. {gm}N_1))
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which is a contradiction since we assumed that ({fn}Y_1, {gm}Y_;) is
a local minimizer of Re(FA'f’).

b) If Re(A;) > 0 we use the same function U, (t) = (B (L), vm(t)) as
defined in a), but choose hy € Ry, he € L such that (hy, he) = —1.

Analogously as in a) we obtain

dRe(FP) B
T({‘I’m(o)}%:ﬂ =0.

For the second derivative we have

2 e D
LR (0 O1) =1 [ 5 —lrmPIRe@nr)] = Reh) S rmflnd

melj mel;

If Re(\y) > 0, we know that ZEEL) (g (0)}N_,) < 0.

Soint = 0 there is also a maximum of Re(ﬁ) restricted to {U,,, ()} N_,,
which is a again a contradiction since ({fmn}Y_1, {gm}Y_;) is a local

minimizer of Re(ﬁ).
Now consider Re(Ay) = 0. Let mg € I such that 7,,,, # 0. If Re(qmoA;) #

0, then %({\IJWL(O) N_1) <0 and we are done.
If Re(oumyA;) =0, we are in the only case where we use the hypothesis
that we also have a local extrema in the imaginary part of the restricted
mixed frame potential.

Observe that if j < J then A\; # 0, since |A;| > |As| and A; # Aj.
Also, we have that o, # 0. So amA; # 0, thus we know that if
Re(amyA;j) = 0, necessarily Im(cun,)A; # 0. Using the same curve
{W,, ()} _,, but replacing in the definition Re(a,A;) by Im(cu,A;)
in case there is a minimum in the imaginary part, and by —Im(a;,A\;)
in case there is a maximum, we also arrive to a contradiction for this
particular case.

Hence we can conclude that {fn,}mer, is linearly independent in R;.

(4) As we observed before, if j < J then A; # 0. Let w; be such that w3 = ;.
We will prove that {wlj Jn}ner; and {w% gn}ner; are biorthogonal sequences
forj < J:

By item (3) we have that {w% fatner, is 1i. in R; and {%gn}nelj is Li in
L;. In item (2) we showed that for all f € R;,

> i gm)fm =N T

mel;

SO

St I g

y ——
w; W,
mel; J J

We also proved that for f € Lj,

S A fm)gm = N T

mel;
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o) {%fn}ngj and {%gn}nelj are a basis of R; and L; respectively. Hence
J J
for I € I; we have f; € R; and g; € L; and

Z <fl7 -?U_m>f_m —Ji

mel; J ‘7

fl g

0

[
—

E |

|

!

—_
N—
=
+

=
§l§
By

melmAl VI
Since {w%.fn}nelj is a basis in R; it follows that (JJ—ZJ, ZJ:”;) =0 forany! € [,
I #m, m, and <£l , 3)@) =1 and so we obtain the result.

Observe that in particular we saw that if m € I, 7 < J we have that
Oy = Aj.
By item (2) we have that for all f € L;
S £)g =Mt

JEly

Let {e,}¥™E7 be an orthonormal basis in L. Then

1 1
dimLJ Z Qm = dimL] Z <fm7gm>

mel; “ mely
1 dimL
JmGIJ J=1
dimL
dszJ Z Z - €} {gm; €5)
mely j=1
dimL
= Z dlmL Z <fm5ej>gm5ej>
J mely
dszJ 1

= Aslej,ei) = AJ.
P dimL, J<€j7€j> J

Similarly, we obtain

m = A
dszJ ;a 7
J

Finally, we obtain the decomposition

{1 = {fmtmer,e U{fm}i mely
and
{gm}ﬁzl ={gm}tmer,e U{gm}tmer,-
By item (4) we have that {fm}mer,. and {gm}mer,. are generalized
biorthogonal sequences. From item (2) and (5) it follows that {fm}mer, and

{gm}mer, are Aj-generalized dual frames where \; =

dszJ Zmell
So, setting I = I;, we have the desired result.
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O

As mentioned before, under some additional hypothesis we can assure the same
structure for a pair that is a local extrema of the real or the imaginary part of the
restricted frame potential:

Proposition 4. Let {an,}Y_; C Ko and ({fm}D_1,{gm}N_1) € S’({am}%zl)
such that TU™ is injective.

(1) If there exists an eigenvalue Ny of TU* such that Re(\;) # 0, the decompo-
sition of Theorem[d can be obtained assuming only that ({ fm 3 _1, {gm N _1)
is a local extrema of the real part of FP : SHam}N_)) — K.

(2) If there exists an eigenvalue Ay of TU* such that Im(A\y) # 0, the decompo-
sition of Theorem[d can be obtained assuming only that ({ fm 3 _1, {gm_1)
is a local extrema of the imaginary part of FP S({amIN_)) — K.

Proof. In each case the proof is the same as the proof of Theorem [ except that
we set

I=1;= {m : TU*fm = Ay fm and UT*gm :)‘_ng}

associated to Ay (which now not necessarily satisfies |Ay| < |A;| for all j < J). The
result follows from the observations in item (3) of the proof of Theorem O

We finally obtain the following result concerning dual frames with prescribed scalar
porducts.

Corollary 1. Let {a,,}N_, C K. Then the following statements are equivalent:

(1) There exists ({fum}N_1,{gmIN_1) € S{am}N_,) which is a pair of dual
frames.

(2) There exists ({fm}N_1, {gm}N_1) in S{am}¥_,) such that TU* has only
real eigenvalues, F/'\P/’({fm}%:l, {gm}N_1) =d and Re(zﬁzl ) > d.

Proof. (1) = (2)

Assume ({fm N1, {gmIN_1) € S{am}¥_,) is a pair of dual frames. Then TU* =

m=1»

Id and so 1 is the only eigenvalue of TU*, which implies that FP({ fu }N_,, {gm}N_)) =

m=1>

d. By Proposition[2lwe have 22:1 a,, = d, hence in particular Re(zzzl ) > d.

2)= (1)

Take ({fm}N_1, {gm}N_1) € S({am}¥_,) such that TU* has only real eigenvalues,
FP({ fu} =1 {gm}ni1) = d and Re(3,,_ am) > d.

Since all the eigenvalues of TU™* are real, by Proposition [Il we have that

FP({fn}zrs {gmbymr) and iy am ave real and FP({fn}yr {gm}iizn) =
d > 5(22:1 am) . Since 22:1 Oy, = Re(zzzl am) > d, we obtain d =
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2
1 22:1 am) ,and so ({fm}N_1, {gm}N_,) attains the lower bound of the re-
stricted frame potential. Hence, as we could see in the proof of Proposition[Il TU*
has only one eigenvalue equal to é 22:1 Q=1

On the other hand, ({fn}_1,{gm}2_;) is then also a local minima. So, by item

(5) of the proof of Theorem [2] 527]:’1:1 Oy, = ﬁ Eﬁzl Qm, which says that
dimLy =d,ie. {fm}N_1,{gm}N_,) is a dual frame. O

Remark 3. If we assume N > d, the statements in the previous corollary are also

equivalent to say that Zﬁzl a,;, = d. This is a consequence of Proposition 2] and
of Corollary 3.7 in [§].
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