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deformations of AdS3 boundary conditions
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We consider critical gravity in three dimensions; that is, the New Massive Gravity theory for-
mulated about Anti-de Sitter (AdS) space with the specific value of the graviton mass for which it
results dual to a two-dimensional conformal field theory with vanishing central charge. As it hap-
pens with Kerr black holes in four-dimensional critical gravity, in three-dimensional critical gravity
the Bañados-Teitelboim-Zanelli black holes have vanishing mass and vanishing angular momentum.
However, provided suitable asymptotic conditions are chosen, the theory may also admit solutions
carrying non-vanishing charges. Here, we give simple examples of exact solutions that exhibit falling-
off conditions that are even weaker than those of the so-called Log-gravity. For such solutions, we
define the quasilocal stress-tensor and use it to compute conserved charges. Despite the drastic de-
formation of AdS3 asymptotic, these solutions have non-zero mass and angular momentum, which
we compute.

PACS numbers: 11.25.Tq, 11.10.Kk

I. INTRODUCTION

In three dimensions a fully covariant parity-even the-
ory of gravity that reduces to massive spin-two Fierz-
Pauli theory at linearized level does exist. This is the so-
called New Massive Gravity theory (NMG), which was
proposed in Ref. [1, 2]. When formulated about asymp-
totically Anti-de Sitter (AdS) spacetime, NMG exhibits
features that are reminiscent of those of cosmological
Topologically Massive Gravity (TMG) [3, 4]. In particu-
lar, a special point of the parameter space that resembles
the chiral point of TMG exists in NMG as well. At this
point, the central charge of the dual two-dimensional con-
formal field theory (CFT) vanishes [5] and, as it happens
in TMG [6], the asymptotic boundary conditions may be
relaxed with respect to the standard Brown-Henneaux
boundary conditions [7]. The aim of the present paper is
to study how the asymptotic conditions may be relaxed.

Asymptotic boundary conditions are of central impor-
tance in three-dimensional gravity, particularly in the
case of negative cosmological constant. For the theory
on AdS3, boundary conditions are crucial to realize the
action of the conformal group at the boundary of the
spacetime [7], what is ultimately interpreted in a natu-
ral way within the context of AdS/CFT correspondence
[8]. A good example to illustrate in what sense bound-
ary conditions are essential to define the theory is Chiral
Gravity: A few years ago, when Chiral Gravity was pro-
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posed in Ref. [9], the discussion about the appropriate
boundary conditions to be imposed was the key point to
determine the consistency of the model [10–12]. It was
shown in Ref. [13] how much the properties of TMG
at the chiral point depend on the asymptotic conditions
considered. In fact, the theory presents quite distinct fea-
tures depending on whether one considers the orthodox
boundary conditions originally proposed in [7] or, on the
contrary, one opts for the weakened version proposed in
[6, 14]. In the former case, the bulk theory results to be
dual to an holomorphic CFT, whose symmetry is gener-
ated by a single copy of Virasoro algebra. In contrast,
in the latter case, TMG at the chiral point results to be
dual to a non-unitary CFT whose symmetry is generated
by the product of a Virasoro algebra and a Witt algebra
[15]. Other choices of boundary conditions leading to
different symmetry algebras at the boundary were also
considered in the literature, and the discussions about
this point are interesting and extend to different three-
dimensional models, including TMG, NMG and Einstein
gravity coupled to matter; see for instance [16–22].

In this paper, we will consider solutions obeying a set of
boundary conditions different from those of [7] and [6].
The asymptotic conditions studied here turn out to be
a deformation of Brown-Henneaux boundary conditions,
but of a different type since they not only relax the next-
to-leading components of the metric but also some lead-
ing pieces of it. Remarkably, although the conditions we
will consider change the asymptotic behavior drastically,
quasilocal stress tensor can still be consistently defined
at the boundary of the spacetime [23] and be used to
compute conserved charges associated to exact solutions
obeying the new boundary conditions. The quasilocal en-
ergy for deformed AdS3 boundary conditions was com-
puted, for instance, in Refs. [24–28]; however, as said,
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the asymptotic conditions considered here exhibit a sub-
stantially weaker damping-off.
The paper is organized as follows: In section 2, we

will review three-dimensional massive gravity. We will
be involved with the theory proposed in [1] formulated
on AdS3 space at the point of the parameter space at
which the central charge of the dual CFT vanishes. This
amounts to tune the value of the graviton mass in terms
of the effective cosmological constant. In section 3, with
the aim of presenting the set of boundary conditions we
are interested in, we will first summarize different choices
of asymptotic behaviors considered in the literature and
compare their falling-off conditions in the near boundary
limit. In section 4, we will present a simple example of
an exact solution that satisfies the new boundary condi-
tions but can not be accommodated neither in the Brown-
Henneaux nor in Log-gravity boundary conditions. The
particular solution we will discuss is a chiral deformation
of the extremal Bañados-Teitelboim-Zanelli (BTZ) black
hole [29, 30]. It generalizes explicit solutions to TMG
and NMG previously found in Refs. [31–33]. For these
solutions, we will show in section 5 that quasilocal stress-
tensor can be consistently defined in such a way that both
the mass and angular momentum of the deformed BTZ
hole can be computed. Remarkably, despite the drastic
deformation of AdS3 asymptotic behavior we consider,
the solutions have finite mass and angular momentum,
which we compute.

II. MASSIVE GRAVITY

A. The Fierz-Pauli action

Let us start by reviewing massive gravity in D dimen-
sions. This is given by the Fierz-Pauli action

S =

∫
dDx

(
−1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ−

∂µh
µν∂νh+

1

2
∂λh∂

λh− m2

2
(hµνh

µν − h2)

)
(1)

for the symmetric field hµν that represents the grav-
itational perturbation about Minkowski space, gµν =

ηµν + κhµν , with κ2 = 16πlD−2
P . As usual, we denote

h ≡ ηµνhµν . Here we will set the Planck length lP to
one.
The kinetic term in (1) coincides with the Einstein-

Hilbert action at second order in hµν . The relative fac-
tor −1 in the massive term is chosen for the component
h00 of the metric to appear as a Lagrange multiplier;
then the theory has only five local degrees of freedom in
D = 4 dimensions and two degrees of freedom in D = 3
dimensions.
The theory may also be formulated about other back-

grounds. Specially about (A)dS spaces, for which one
has to introduce a cosmological term to the action
above. Nevertheless, let us first discuss the theory about

Minkowski space and introduce the cosmological constant
later, after discussing the covariant extension of the the-
ory.
The equations of motion derived from (1) are

�hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ηµν∂λ∂σh

λσ + (2)

∂µ∂νh− ηµν�h−m2(hµν − ηµνh) = 0.

Here, the kinetic term coincides with Einstein tensor
for metric gµν at first order in hµν . For this reason, we

prefer to denote it G
(1)
µν [h]; namely

G(1)
µν [h] ≡ �hµν − ηµν�h− ∂λ∂µh

λ
ν − ∂λ∂νh

λ
µ +

ηµν∂λ∂σh
λσ + ∂µ∂νh, (3)

where the superindex (1) refers to the linear nature.
Now, let us go back to equation (2). Acting on it with

the differential operator ∂µ, if m 6= 0, one gets ∂µhµν =
∂νh. Plugging this back into (3) one finds

�hµν − ∂µ∂νh−m2(hµν − ηµνh) = 0. (4)

Taking the trace of (4) one finds that the trace vanishes,
ηµνhµν ≡ h = 0. This implies ∂µhµν = 0 and conse-
quently, from (3), one gets the Klein-Gordon equation

�hµν = m2hµν . (5)

This, supplemented by ∂µhµν = 0 and h = 0, completes
the set of equations of a massive spin-two field about
Minkowski spacetime.

B. Massive gravity in three dimensions

Now, let us discuss a curious feature that occurs in
three dimensions. Consider the particular case D = 3 of
theory (1); namely, consider the system of equations

(�−m2)hµν = 0, ∂µhµν = 0, ηµνhµν = 0. (6)

Next, replace the metric hµν by the linearized Einstein
tensor constructed out of it; namely, change

hµν → G(1)
µν [h] (7)

in (6). As we will see, this simple trick will lead to an in-
teresting model that is only possible in three dimensions.
After performing (7), the equations of motion turn out
to be

(� −m2)G(1)
µν [h], R(1)[h] = 0, (8)

where R(1)[h] represents the Ricci scalar associated to
metric gµν at first order in the perturbation hµν . Then,
taking into account (3), the first of these equations can
be written as

G(1)
µν [G

(1)[h]] = G(1)
µν [m

2h], (9)
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since, provided ∂µhµν = 0 and h = 0, it holds G
(1)
µν [h] =

�hµν . In this way, one obtains a equations that are in-
variant under linearized diffeomorphisms.
Now, an important observation: The key point to un-

derstand the peculiarity of the three-dimensional case is
to be reminded that in three dimensions there exists a
direct connection (local identification) between Einstein
tensor associated to a given metric and the metric it-
self. In fact, all solutions to three-dimensional Einstein
equations are locally equivalent, so that, in what local
information regards to, gµν and Gµν carry exactly the
same information. In particular, this implies that (9) ex-

presses the local identify between G
(1)
µν and m2hµν , which

actually justifies having done (7).
Summarizing, something remarkable has been

achieved: A theory has been obtained that is invariant
under linear diffeomorphisms and, at the same time, is
equivalent to massive Fierz-Pauli theory [1]. This is due
to the magic of D = 3 dimensions, c.f. [34]. Below we
will see how to extend this theory in a fully covariant
way.
An important observation is that system (8) can be

derived from the following action

S
(1)
NMG =

1

16π

∫
d3x

(
1

2
hµνG(1)

µν [h]−
1

4m2
G(1)

µν [h]

(
R(1)µν [h]− 1

4
ηµνR(1)[h]

))
, (10)

varying this action with respect to the field hµν .
Then, it is easy to propose a generally covariant ex-

tension of (10). Noticing that contracting the Einstein

tensor Gµν ≡ G
(1)
µν + G

(2)
µν + ... ≡ Rµν − (1/2)Rgµν and

the Schouten tensor Sµν ≡ Rµν − (1/4)Rgµν in three di-
mensions yields GµνS

µν = RµνR
µν − (3/8)R2, one can

write the NMG action [1]

SNMG =
1

16π

∫

Σ

d3x
√
−g

(
R− 1

m2
(RµνR

µν − 3

8
R2)

)
,

(11)
which represents a fully covariant parity-even theory of
massive gravity.
The equations of motion derived from action (11) read

Gµν − 1

2m2
Kµν = 0, (12)

which, apart from the Einstein tensor Gµν , involve the
tensor

Kµν = 2�Rµν − 1

2
∇µ∇νR− 1

2
�Rgµν −

3

2
RRµν −

−RαβR
αβgµν +

3

8
R2gµν + 4RµανβR

αβ . (13)

These are fourth-order differential equations for the
metric gµν . The precise combination of the square-
curvature terms in (11) satisfies the notable property of

being the trace of the equations it leads to. That is,
gµνKµν = RµνR

µν − 3
8R

2. This combination also hap-
pens to be the one that makes the dependence �R to dis-
appear from the trace of the equations of motion. This
results in the decoupling of a ghostly mode of higher-
curvature gravity. In turn, the theory contains (no more
than) two local degrees of freedom, which can be associ-
ated to a massive spin-2 field in D = 3.

C. The theory on Anti-de Sitter

NMG action (11) may be supplemented with a cosmo-
logical constant term

SΛ = − Λ

8π

∫
d3x

√
−g. (14)

The theory admits AdS3 vacua provided the effective
cosmological constant Λeff ≡ −l−2 is negative: Asking
for constant curvature solutions Rµν = −(2/l2)gµν , one

finds −Λeff ≡ l−2
± = −(Λ/2)(1 ±

√
1− Λ/m2). Generi-

cally, this gives two values for the effective cosmological
constant, which we denote l2− and l2+. Provided one of
these values is negative, AdS3 space appears as a solu-
tion, together with all the other geometries that are lo-
cally equivalent to it, like the notable case of the BTZ
black hole [29].
The metric of AdS3 spacetime can be written as

ds2AdS = −
(
r2

l2
+ 1

)
dt2 +

(
r2

l2
+ 1

)−1

dr2 + r2dφ2,

(15)
with r ∈ R≥0, t ∈ R, φ ∈ [0, 2π). The boundary of the
space is located at r = ∞.
According to AdS/CFT conjecture, if NMG on AdS3

resulted to be a consistent model, then it should be dual
to a two-dimensional CFT formulated at r = ∞. Say this
is actually the case. Then, it is expected that the central
charge of the dual CFT2 will coincide with the central
extension of the algebra that generates the asymptotic
isometry group. Its value can easily be computed to be

c =
3l

2

(
1− 1

2l2m2

)
(16)

which, indeed, agrees with the trace anomaly of the dual
CFT2 [26].
In addition to SNMG + SΛ, the theory may be aug-

mented by adding to the action a gravitational Chern-
Simons term [3]

SCS =
1

32πµ

∫

Σ

d3xεµνρΓβ
µα

(
∂νΓ

α
ρβ − 2

3
Γα
νδΓ

δ
ρβ)

)
.

(17)
In such case, equations of motion (12) acquires an ad-

ditional term proportional to the Cotton tensor Cµν =
1
2ε

αβ
µ ∇αRβν + 1

2ε
αβ

ν ∇αRµβ with a coupling constant
1/µ. Equation (16) is also modified by the inclusion
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of (17): For finite µ the dual CFT2 exhibits diffeomor-
phism anomaly and thus the right-moving c+ and left-
moving c− central charges are different; more precisely,
c± = c ± 3/(2µ), with c given by (16). Chiral Gravity
theory of [9] corresponds to µl = 1 and 1/m2 = 0, and
can be naturally generalized to finite m2 by demanding
c− = 0. Here, we will be mainly interested in the case
1/µ = 0 at the point of the parameter space where c = 0,
where the graviton mass is

m2 =
1

2l2
. (18)

At this point, NMG exhibits peculiar features. For in-
stance, when (18) holds all BTZ black holes have van-
ishing conserved charges. It is worth mentioning that,
despite of this fact, the theory at c = 0 also presents
solutions with non-vanishing conserved charges [25]. We
will discuss solutions of this sort.

III. BOUNDARY CONDITIONS

A. Asymptotic boundary conditions

As we mentioned in the introduction, an important
ingredient to define the theory are the boundary condi-
tions. Standard Brown-Henneaux boundary conditions
are specified by considering deformations of AdS3 metric
(15) of the form

gµν = g(AdS)
µν + hµν (19)

and demanding the components of hµν to damp off in the
following manner [7]

htt ≃ O(1), hrr ≃ O(r−4), hφt ≃ O(1), (20)

hφr ≃ O(r−3), hφφ ≃ O(1), hrt ≃ O(r−3) (21)

where O(r−n) stands for arbitrary functions of coordi-
nates φ and t that fall off equally or faster than a power
r−n at large r. In particular, this implies

gtt = −r2

l2
+O(1), gφφ = r2 +O(1). (22)

This set of boundary conditions incorporates, in partic-
ular, the BTZ black hole solutions.
Log-gravity boundary conditions proposed in [6, 14]

permit relaxation of (22) including terms like hij ≃
O(log(r)) with i, j = t, φ. Also, other sets of bound-
ary conditions can be defined [17, 18, 21, 35]. In order
to clearly distinguish between different boundary condi-
tions, let us summarize some proposals below. To do
this, consider the following form of the metric

ds2 = dρ2 + e2ργabdz
adzb, (23)

which resembles the Fefferman-Graham expansion of
General Relativity [36], with z± being two null directions
(a, b = ±), with the asymptotic expansion

γab(ρ) = γ
(0)
ab + e−2ργ

(2)
ab + e−4ργ

(4)
ab + ... (24)

where γ
(n)
ab are functions of z+ and/or z− that do not

depend on ρ; see for instance Ref. [37].
In terms of (23)-(24), Brown-Henneaux boundary con-

ditions (20)-(21) read

γ
(0)
−− = γ

(0)
++ = 0, γ

(0)
−+ = γ

(0)
+− = −1

2
. (25)

To compare with (20)-(21) consider the change of coordi-
nates τ ≡ t/l2, ϕ ≡ φ/l, with z± ≡ τ ±ϕ and ρ ≡ log(r).
The so-called Log-gravity relaxed boundary conditions

[6] correspond to considering NMG at the point m2l2 =
1/2 and supplementing expansion (24) with an addi-

tional term ρe−2ργ
(Log)
++ keeping (25). Provided NMG is

parity-even, a (−−) version of these conditions also exists

[20]. Clearly, the asymptotic behavior with γ
(Log)
++ 6= 0 is

weaker than Brown-Henneaux conditions due to the ex-
istence of a term in (23) that grows linearly as ∼ O(ρ).
In terms of radial coordinate r this corresponds to a log-
arithmic term ∼ O(log(r)).
In Ref. [21], the possibility of having contributions to

(23) that grow quadratically as ∼ O(ρ2) ∼ O(log2(r))
was considered. It was shown that such a behavior is
possible if NMG is coupled to TMG at the fine tuned
point ml2 = −2µl = −3/2. In such case, it is possible

to supplement (24) with a term ρ2e−2ργ
(Log2)
++ with (25).

Explicit solutions obeying these conditions were found in
Ref. [35].
A totally different set of boundary conditions for NMG

coupled to TMG was proposed in Ref. [17], where it was
shown that the theory at the point m2l2 = −1/2 with ar-

bitrary µ admits to add to (24) a term like e−ργ
(1)
+−. This

is a term that grows quite rapidly at large ρ, as it gives
a next-to-leading contribution ∼ O(eρ) ∼ O(r) to (23).
The computation of quasilocal stress-tensor of solutions
satisfying this asymptotic and/or the Log-gravity bound-
ary conditions was done, for instance, in Refs. [24, 25].
It is interesting to compare the behaviors listed above

with the new type of boundary conditions proposed by
Compère, Song, and Strominger in [22] in the context
of three-dimensional Einstein gravity coupled to matter.
These correspond to considering expansion (24) and re-

laxing (25) by allowing for γ
(0)
++ = ∂+f(z

+) 6= 0 with

γ
(0)
−+ = γ

(0)
+− = −1/2, and γ

(2)
−− fixed. These boundary

conditions were shown to yield an asymptotic isometry
algebra generated by the product of a single Virasoro al-
gebra and an affine Kac-Moody û(1) factor. Reduced
conformal symmetry for TMG on AdS3 with boundary
conditions of mixed chirality was also studied in Ref. [18].
Here, we will consider a different set of boundary condi-

tions. We will consider deformations of Brown-Henneaux
asymptotic (25) that correspond to supplementing ex-
pansion (24) with terms

ρe−2ργ
(Log)
++ + ργ

(New)
++ . (26)

These asymptotic conditions reduce to Log-gravity con-

ditions only in the case γ
(New)
++ = 0, while in the case
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such a term is turned on the metric (23) acquires a de-
pendence like ∼ O(ρe2ρ) ∼ O(r2 log(r)). Notice that,
in contrast to Brown-Henneaux and Log-gravity bound-
ary conditions, (26) changes the leading behavior (22)
and not only the next-to-leading behavior. In fact, (26)
permits to change (22) by

gtt ≃ −r2

l2
log(r) − r2

l2
+O(log(r)). (27)

and something similar for gφφ. This type of boundary
conditions was studied in [18] for the case of TMG, where
it was shown that these are consistent with asymptotic
conformal symmetry at the boundary. Explicit solutions
obeying these asymptotic conditions were analyzed in
Refs. [32, 33]. In the next section we will review this
type of solutions in the case of NMG.

IV. NON-LINEAR SOLUTION

A. Deformation of BTZ solution

Consider first the extremally rotating BTZ solution

ds2eBTZ = −N2(r)dt2+
dr2

N2(r)
+r2 (Nφ(r)dt − dφ)

2
(28)

with r ∈ R≥0, t ∈ R, φ ∈ [0, 2π), where

N2(r) =
r2

l2
− 4M +

4M2l2

r2
, Nφ(r) =

2Ml

r2
. (29)

For M > 0 this metric exhibits an event horizon at
r =

√
2Ml. Being an Einstein space with negative cos-

mological constant in three dimensions, BTZ geometry is
locally equivalent to AdS3, and it is asymptotically AdS3
in the sense of [7]. The parameter M in (28)-(29) in the
case of General Relativity corresponds to the mass and
angular momentum of the extremally rotating black hole.
In the case of TMG at the chiral point µ = 1/l, in con-
trast, the mass of such a solution is zero, and the same
happens in NMG at m2l2 = 1/2.
Now, consider a deformation of (28)-(29) of the form

ds2 = ds2eBTZ +Habdz
adzb (30)

where z± are the coordinates introduced before, with
a, b = +,−. Here, Hab are three functions of the co-
ordinates φ, t, and r. The large r expansion of Hab de-
termines the asymptotic boundary conditions.
It turns out that an exact solution to NMG at the point

m2l2 = 1/2 (c = 0) is given by the particular deformation

Hab(r) = l4δ+a δ
+
b

(
k0 + k2r

2
)
log

(
r2 − 2Ml2

2Ml2

)
(31)

with k0 and k2 being two arbitrary constant.
Geometry (28)-(31) is not conformally flat, so it is not

an Einstein manifold. Still, it presents constant curvature

invariants that only depend on l. This geometry presents
a curious geodesic structure at the radius r =

√
2Ml,

where the extremal BTZ geometry presents its horizon.
In general, function (31) diverges at r =

√
2Ml, except

in the special case k0 = −2Ml2k2 we will refer to later.
Solutions similar to (28)-(31) exist for NMG coupled to

TMG at the point c− = 0. For the theory with 1/µ = 0,
provided it is parity-even, (28)-(31) remains a solution if
one changes Nφ → −Nφ and z± → z∓. Metrics (28)-(31)
were also studied in Ref. [32, 33], and solutions locally
equivalent to them appeared already in [31, 35].

V. CONSERVED CHARGES

A. Auxiliary field formulation

In this section, we will compute the conserved charges
associated to solution (28)-(31). To do so, we will first
write the quasilocal stress-tensor, which first requires the
introduction of suitable boundary terms in the action. In
order to write down the boundary terms for NMG, it is
convenient to rewrite the theory in a different way. In
fact, there exists another action, other than (11), from
which equations (12)-(13) may de derived. This amounts
to introduce a symmetric rank-two auxiliary field fµν and
consider the alternative action

SA =
1

16π

∫

Σ

d3x
√
−g

(
R+ fµνGµν − 1

4
m2(fµνf

µν − f2)

)
,

(32)
where, again, Gµν is the Einstein tensor made out of
metric gµν , while fµν is a non-dynamical field. After
varying with respect to field fµν we find the equation
fµν = (2/m2)Sµν , and plugging this back into action
(32) we recover (11).
In general, higher derivatives actions like (11) require

additional information to be provided about the variation
of the fields at the boundary. In such cases, it is not
enough to fix the variations of the metric at the boundary,
but it is also necessary to specify the variation of the
normal derivative of it. In the case of General Relativity
this problem is solved by the addition of the Gibbons-
Hawking term to the action. In the case of NMG, on the
contrary, such boundary term is not enough. The authors
of [24] gave a prescription for a variational principle in
NMG based on the second order derivative action (32).
Following the criterion of [24] it is sufficient to fix the
variations of gµν and fµν at the boundary and add to
the action a suitable boundary term that supplements
the Gibbons-Hawking contribution.

B. Boundary terms

Then, as said, boundary terms SB are added to action
(11) for the variational principle to be defined in such a
way that both the metric gµν and the auxiliary field fµν
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are fixed on the boundary ∂Σ. With this prescription,
the boundary action SB reads

SB = − 1

8π

∫

∂Σ

d2x
√
−γ

(
K +

1

2
f̂ ij(Kij − γijK)

)
.

(33)
Here, we use the convention that Latin indices i, j = 0, 1
refer to the coordinates on the constant-r surfaces, while
the Greek indices are µ, ν = 0, 1, 2 and do include the
radial direction r as well. Now, γij is the two-dimensional
metric induced on ∂Σ and Kij is the extrinsic curvature,

with K = γijKij . Matrix components f̂ ij are defined as

f̂ ij ≡ f ij + 2f r(iN j) + f rrN iN j , where N i are the shift
functions of the metric gµν to be written in Arnowitt-
Deser-Misner (ADM) form

ds2 = N2dr2 + γij(dx
i +N idr)(dxj +N jdr), (34)

with the radial lapse function N2.
The first term in (33) is of course the Gibbons-Hawking

term. The other two terms come from the higher-
curvature terms of NMG. Notice that in (33) the field

f̂ ij couples to the Israel tensor Kij − γijK in the same
manner as the field fµν couples to the Einstein tensor
in the bulk action (32). Besides, pushing this analogy
forward, one may suggest to supplement (33) with pure
boundary terms of the form

SC =
1

8π

∫

∂Σ

d2x
√
−γ(m0+m1 f̂+m2( f̂

2− f̂ij f̂
ij)+...),

(35)

with adequate constant mass coefficients mi, and f̂ ≡
f̂ ijγij . In fact, these terms are in general needed to reg-
ularize the action and define finite conserved charges, for
instance in the context of holographic renormalization
[24–26, 28]. Here, because of the special properties of
the theory at the point c = 0, we will not need to intro-
duce such terms in the action to regularize the charges.
This is because for the theory on AdS3 it is required to
introduce a counterterm like

SC ∝ c

∫
d2x

√
−γ (36)

which in this case vanishes. See [24–26, 28] for a discus-
sion on counterterms and the different choices of asymp-
totic conditions.

C. Quasilocal stress-tensor and charges

Now, having introduced the boundary terms, let us
analyze the definition of the Brown-York tensor in NMG
as done in Ref. [24]. This tensor is defined by varying
the full action S = SA + SB + SC with respect to the
metric γij , namely

Tij =
2√−γ

δS

δγij
|r=const

, (37)

and then taking the limit r → ∞. The explicit form of
Tij is cumbersome and can be found in [24] . It involves
the fields γij , fij , and its derivatives
Conserved charges are then defined in terms of inte-

grals [23]

Q[ξ] =

∫
ds uiTijξ

j , (38)

where ds is the line element of the constant-t surfaces
at the boundary, u is a unit vector orthogonal to the
constant-t surfaces, and ξ is the Killing vector that gen-
erates the isometry on ∂Σ to which the charge is asso-
ciated. In the case of the mass, the components of this
vector could be ξi = Ntu

i, where the lapse function N t is
the lapse function of the two-dimensional metric induced
at the boundary expressed in the ADM decomposition.
Let us compute the charges associated to solutions

(28)-(31). The action of the theory evaluated at these
solutions at large r diverges like ∼ c r2 +O(1), which in
this case is finite in virtue of (18). The conserved charge
associated to vector ξ = Ntu can be shown to behave like

Q[Ntu] = lim
r→∞

2(k0 + 2Ml2k2)

1 + l2k2 log(r2/(2Ml2))
;

which tends to zero if k2 6= 0 while it tends to 2k0 if
k2 = 0. However, this is not the definition of quasilocal
energy we want for k2 6= 0 configurations. Instead, we
prefer to define the mass with respect to the boundary
Killing vector ξ = ∂t. The mass associated to it reads

Q[∂t] = 2(k0 + 2Ml2k2). (39)

For k2 = 0 this result coincides with the result Q[∂t] =
2k0 found in [25] for a particular case of this geometry,
while for k2 6= 0 this gives a new finite contribution to the
mass that happens to be proportional to the parameter
M of the extremal BTZ solution. Notice that if k2 = 0
then Ntu tends to ∂t when r tends to infinity.
The angular momentum, on the other hand, being the

charge associated to Killing vector ∂φ, is given by

Q[∂φ] = 2(k0 + 2Ml2k2)l. (40)

Again, for k2 = 0 one reobtains the result of previous
computations [25], while it receives a correction when the
O(r2 log(r)) terms is included. This means that solutions
have mass equal to angular momentum for all values of
k0, k2, and M .
It is a remarkable property of NMG at the critical point

m2l2 = 1/2 (i.e. c = 0) that non-linear solutions exhibit-
ing asymptotic behavior of this kind happen to have finite
conserved charges.
It is worth mentioning that the two terms contribut-

ing to (39) and (40) come from different terms in the
large r expansion in (31); while the piece that depends
on k0 comes from the O(log(r)), it being consistent with
Log-gravity boundary conditions, the second piece comes
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from the new O(r2 log(r)) dependence. It is notable that
the latter depends both on k2 and M .
There is a special case for which the deformation (31)

vanishes at r2 = 2Ml2; namely, when k0 = −2Ml2k2.
With this choice of parameters the solution exhibits
special features; for instance, the effective potential of
geodesics does not diverge. Remarkably, in this case con-
served charges (39) and (40) vanish.
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