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Abstract

In this thesis we consider a hyperbolic system of three conservation laws
modeling the one-dimensional flow of a fluid that undergoes phase tran-
sitions. We address the issue of the global in time existence of weak en-
tropic solutions to the initial-value problem for large BV data: such is
a challenging problem in the field of hyperbolic conservation laws, that
can be tackled only for very special systems. In particular, we focus on
initial data consisting of either two or three different phases separated
by interfaces. This translates into the modeling of a tube divided into
either two or three regions where the fluid lies in a specific phase. In
the case of two interfaces this possibly gives rise to a drop of liquid in a
gaseous environment or a bubble of gas in a liquid one.
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Introduction

This thesis deals with the global in time existence of solutions to the
initial-value problem for a system of hyperbolic conservation laws and
gives an overall review of the results contained in [8} 9, [10]. Conser-
vation laws are nonlinear first order partial differential equations that
frequently arise in physics, for example in fluid dynamics and models
of car traffic. These laws state that a measurable property of an isolated
physical system does not change evolving over time. Many situations
in nature are modeled according to the general principle that physical
quantities are neither created nor destroyed and their variation in a do-
main is due to the flux across the boundary. This is expressed by systems
of homogeneous equations of the form

U + div, f(U) =0, t>0, zeRY d>1,

where U(z,t) = (Ur(z,1),...,Un(z,t)) represents the n-tuple of the con-
served quantities and f(U) = (f1(U), ..., fn(U)) is the flux.

The mathematical treatment of conservation laws is demanding even
in the one-dimensional case, where the above system is rewritten as

U +0,f(U)=0, t>0, zeR.

One of the major issues on the study of initial-value problems is the ex-
istence of smooth solutions: even starting from smooth initial data, so-
lutions may develop discontinuities in finite time. For this reason, it
is more convenient to consider BV functions and distributional solu-
tions sorted according to entropy-admissibility conditions. As a conse-
quence, the standard tools of functional analysis do not apply and it is

X1



only by developing ad hoc techniques (Glimm scheme, vanishing vis-
cosity, front tracking algorithm) that in the last decades the theory of
one-dimensional hyperbolic conservation laws has grown and several
deep results on the well-posedeness of initial-value problems have been
proved; see the reference books [17, 21} 26, 38].

The global in time existence of weak entropic solutions to the initial-
value problem for any strictly hyperbolic system of conservation laws
with genuinely nonlinear or linearly degenerate fields and for sufficiently
small BV data is a well-established fact. Instead, no analogous result
can be proved under the assumption of initial data with merely bounded
total variation (not necessarily small), as the examples of [29] show. Nev-
ertheless, investigating the possibility for large data is a challenging
problem that can be tackled for some special systems, as it is for the
Temple ones [40].

This thesis focuses on the issue of large data for a system of the gas
dynamics that was first considered in [2]. In particular, the system arises
in a model of phase transitions for the one-dimensional inviscid flow of
a fluid and is the conservative part of a more complex system theorized
in [24]. Denoting by v > 0 the specific volume of the fluid, u the velocity,
p the pressure and )\ the mass-density fraction of the vapor in the fluid,
the system is written in Lagrangian coordinates as

vy — Uy =0,
ut"'p(Uv)\)w =0,
A =0.

The phase states of the fluid are characterized by the variable A ranging
over the real interval of values between 0 (pure liquid phase) and 1 (pure
vapor phase). The variable ) is also incorporated in the pressure

p(v,A) = GQTE/\) ,

where a()\) > 0is a C! function defined on [0, 1]. The system is strictly
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hyperbolic with two genuinely nonlinear characteristic fields support-
ing sonic waves and a linearly degenerate one supporting contact dis-
continuities, which are interpreted as interfaces keeping the fluid sepa-
rated into two different phases.

The initial-value problem includes BV data

(vo(), uo (), No(2)) vo(z) >T >0, rER.

If the function ), is constant, we immediately get the global existence of
solutions for any initial data. Indeed, in this case A(x, t) remains constant
also w.r.t z and our system becomes an (isentropic) isothermal p-system

vy —uy =0,
{ Ut +p(’U)x = Oa

for which Nishida in [33] proves the existence for arbitrarily large BV
data. When ), is non-constant, instead, Nishida’s theorem does not ap-
ply, but in [2] Amadori and Corli find that TV (v,), TV (u,) can be taken
large provided that TV(),) is small, and vice versa. Motivated by [2],
one could wonder if the Nishida’s theorem is recovered at least in the
case where )\, is piecewise constant with few jumps, say one or two.
Indeed, in this case the model reduces to either two or three p-systems
coupled through either one or two interfaces. Furthermore, the prob-
lem could be understood as the perturbation of a Riemann solution.
This subject was thoroughly studied in [31} |37] for generic hyperbolic
conservation laws and large data. Nevertheless, not all the hypotheses
required there are satisfied in this case (see [6]) and, hence, the global
existence of solutions can not be inferred from the theorems contained
therein, but has to be dealt with differently. A satisfactory answer is
given in [8,9,10].

In particular, [10] considers the case of an initial datum A, with a
single discontinuity at « = 0 that gives rise to a contact discontinuity
referred to as the phase wave. This assumption on A, allows to weaken
the hypotheses of [2] (larger bound on the BV norm of the data) and to
improve the final existence theorem. The most relevant novelties of the
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proof are the introduction of a peculiar Glimm functional that controls
the total variation of the approximate solutions and a careful tailoring
of the front tracking algorithm used to construct them. Front tracking
approximations [17, 26] are piecewise constant functions whose jumps
are located along finitely many straight lines in the (z, t)-plane, that are
called fronts and can be of two main types, shocks and rarefactions. The
standard scheme prescribes also the use of fictitious non-physical fronts
that are not needed for systems of only two conservation laws, see [7,
13]]. Since our initial data reduce the system to two 2 x 2 systems, it
would be reasonable to avoid this technicality. However, this is not the
case: non-physical waves must be taken into consideration, but the sim-
ple structure of the data allows for an unusual treatment that simplifies
the estimates.

On the other hand, [8} 9] study the initial-value problem for data with
two phase interfaces, i.e. corresponding to A, piecewise constant with
two jumps, say at x = 0 and = = 1. Clearly, this case is more complicated
than the previous one, because of the possible bouncing back and forth
of the waves in the middle region [0,1]. Here, the model describes a
fluid consisting of three homogeneous mixtures of liquid and vapor and
three main configurations (that may have a physical interpretation) can
be considered:

(d) the drop case;
(b) the bubble case;
(p) the increasing (decreasing) pressure case.

The first case is analyzed in [9], while the other two are treated in [8].
For the proof of the main result, two novel ideas are employed: the first
one is a further simplification of the Glimm functional, in which some
nonlinear terms are dropped; the second one is another original variant
of the front tracking algorithm that is essential for the adoption of this
new functional.

The thesis is organized as follows. In Chapter (I we recall some pre-
liminary concepts on hyperbolic conservation laws and we discuss the
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model studied throughout the sequel. In Chapter 2] we describe the pe-
culiar front tracking algorithm introduced in [9] and that we need to
construct the approximate solutions in the proofs of Chapter8land & In
particular, Chapter [3|contains the existence result for the single interface
case. Remark that the analysis of this chapter differs from that of the
related paper [10] for two reasons: the use of a more sophisticated front
tracking algorithm and the change of approach in the proof of the de-
creasing of the Glimm functional. The latter is also an ingredient in the
proof of the main theorem of Chapter [} where we treat the case of the
two phase waves and we conclude with some open questions.
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Chapter 1
Preliminaries

In this chapter we briefly recall some preliminary notions on the theory
of conservation laws with particular attention to p-systems, that are at
the core of the model studied throughout the sequel. As mentioned in
the Introduction, in this thesis we address the issue of the existence of
solutions to the initial-value problem for a system of conservation laws.
Hence, we devote the first two sections to review some basics on the
Riemann problem and the front tracking algorithm, which is a classical
technique used to construct approximate solutions. In Section we
focus on some well-known existence results for the p-system and, finally,
in Section (1.4 we introduce the model we are going to analyze in the
remaining chapters. As general references we cite [[17, 21} 26, |38].

1.1 The Riemann problem

Let ) CR™, n > 1, bean open set and let f : @ — R" be a smooth vector
field. We focus on systems of one-dimensional conservation laws of the

form
U+ f(U), =0, t>0, z€R, (1.1.1)

where U = U(x,t) = (Uy(x,t),...,Us(x,1)).
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Definition 1.1.1. Given U_,U; € Q and

U_ ifx <0,

: (1.1.2)
U+ lfl’ > 0,

U(x,0) :{

the Riemann problem (1.1.1), (1.1.2) is the initial-value problem consisting of
system (L.1.1)) and initial data (1.1.2).

In this section, we show how to construct a weak solution to (1.1.1)),
(1.1.2). In general, given an initial condition

U(z,0) = Uy(z), zeR, (1.1.3)

by weak solution to the problem (1.1.1)), (1.1.3) we mean a function v :
R x [0,T] — R™ that satisfies the following requests:

e the map ¢t — U(-,¢) is continuous with values in L}, ;
e (1.1.3) is satisfied;

e for every C' function ¢ with compact support contained in the
open strip Rx]0, 7' it holds

T +o0o
/0[ [pe(z,)U(2,t) + @u(x, ) f(U(2,t))] dzdt = 0.

Moreover, given a convex entropy 1 with entropy flux ¢, we say that the
weak solution is n-admissible if it satisfies the entropy inequality

nU):+qU), <0

in the distributional sense, i.e. if for every non-negative C'' function ¢
with compact support contained in Rx]0, T'[ it holds

T “+o0
/0 / lor (. (U (2,1)) + 0o, (U @, 1)) da dt > 0.

We now make some assumptions on the flux f. For example, in or-
der to have finite speed of propagation (which characterizes hyperbolic
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equations), we have to require that the Jacobian matrix of f, denoted by
Df(U), has n real eigenvalues A\ (U) < --- < A\, (U) for every U € Q.
When these eigenvalues are all distinct we say that the system is strictly
hyperbolic.

Under the assumption of strict hyperbolicity, the system admits a ba-
sis of right eigenvectors {r1(U),--- ,r,(U)} depending smoothly on U.
For each characteristic family ¢ = 1, ..., n we say that the i-th character-
istic field is:

o genuinely nonlinear if for every U € Q it holds VX;(U) - r;(U) # 0;
e linearly degenerate if for every U € Q it holds VA;(U) - r;(U) = 0.

To be able to construct weak entropic solutions to (1.1.I), (1.1.2), we
work under the hypotheses that the system is strictly hyperbolic and
each characteristic field is either genuinely nonlinear or linearly degen-
erate. The next example is a classical system of the gas dynamics and
will be used both as a motivation for the subsequent analysis and as an
excuse for computing the basic quantities just defined.

Example 1.1.2. A p-system is a one-dimensional model for the dynamics of an
isentropic gas (with costant entropy), for which one has conservation of mass
and momentum but not energy. In Lagrangian coordinates it is given by

. =0
v e = t>0, zeR, (1.1.4)
Ut +p(v)m = 07

where v > 0 is the specific volume, u € R is the velocity of the gas and p = p(v)
is a prescribed pressure law satisfying p'(v) < 0 and p”’(v) > 0. The class of
systems like (1.1.4) includes the interesting case of the so-called v-laws

p(v) = —, (1.1.5)

where a. > 0 and v > 1 are constants. In particular, v is called the adiabatic
constant and it holds 1 < ~ < 3 for the majority of the gases. System (1.1.4)
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is strictly hyperbolic with eigenvalues
A= —/ P (0) <0< /=P (v) = Ag.

The right eigenvectors are r1 = (1, /—p'(v)) —1,+/—p'(v)) and both
the characteristc fields are genuinely nonlznear. Indeed

VAL-r = (J%,O) . (1, —p’(v)) >0,

P’ (v) S~
Vg 19 = (—W,O) . (—1, —p (U)) >0

Since both the system (1.1.1) and the Riemann data are self-
similar, i.e. invariant under the transformation (x,t) — (cx, ct), force R
constant, we observe that the solutions should have the same property.
Thus, we search for solutions

U(xvt) = U(f)a §=

18

Inserting this into (1.1.1), we end up with

DfU)U =¢U,

where U is the derivative of U w.r.t. £. Hence, U is an eigenvector of the
Jacobian matrix D f(U) with eigenvalue &, i.e. for somei € {1,...,n} we
have

E=NU©),  UE©=r(0()),

by a suitable normalization of ;. Assume that the i-th characteristic field
is genuinely nonlinear and, in particular, that VX; - r; > 0. Let U_ € Q
be fixed. Then, there exists a curve R;(U_) in emanating from U _and
such that, for any U, € R;(U_), the Riemann problem (I1.1.1), (1.1.2) has
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a weak solution given by the continuos function

U_ if1‘<>\¢(U_)t,
Uz,t) = Uz/t) fN(U_)E <2< N(Ut, (1.1.6)
U+ ifx > )\Z(UJr)t,

where U(\(U-)) = U_, UN(UL)) = Uy and X (U(z/t)) is strictly in-
creasing (for ¢ fixed). We call a centred rarefaction wave and we
denote by R;(c)(U-) its orbit parameterized by o, i.e. the solution to the
Cauchy problem

% =7r,(U), Ulozo=U_. (1.1.7)
Thus, we see that for any left state U_ in () there are n such integral
curves emanating from U_, on which U, can lie allowing for a solution
like (1.1.6).
Now, assume that the i-th characteristic field is linearly degenerate.
In this case, we denote by C; (o) (U-) the solution to and we notice
that along this curve \; is constant. If there exists o, € R such that
Uy = Ci(o,)(U-), then
Uz, t) = {U‘ fo < MUt (1.1.8)
Uy ifax>NU-)t.

is a solution to the Riemann problem (1.1.1), called contact discon-
tinuity. Moreover, is weak since the Rankine-Hugoniot condition,
namely

fU)=fU-) =s(U—-U-), (1.1.9)

is satisfied along U = C;(0)(U-) with's; = A\, (U_).

This condition characterizes the i-th Hugoniot locus S;(U_) through a
point U_ as the set of points U for which there is s; € R such that
is satisfied. More precisely, we can prove the local existence around U_
of n smooth curves S1(0)(U-), ..., Sy(0)(U-), parameterized by a suit-
able o that allows for a second order tangency with the corresponding
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rarefaction curves of the same family R;(0)(U-),..., R,(0)(U-), when
the field is genuinely nonlinear. Moreover, we have that the i-th rarefac-
tion curve and the i-th Hugoniot locus through U_ coincide when the
i-th characteristic field is linearly degenerate.

Once we have derived the Hugoniot loci for system and U_,
we select the parts of these curves that give admissible shocks, i.e. that
satisfy some entropy conditions. If the i-th characteristic field is gen-
uinely nonlinear (for example, V; - r; > 0), given two points U_ and
Uy = Si(0,)(U-) for a suitable o, € R, a shock wave of family ¢ connect-
ing U, to U_ is a solution to the Riemann problem (1.1.1), of the
form

U, 1) U_ ifz <st, (1.1.10)
x,t) = 1
Uy ifz> s;t.

In particular, (1.1.10) is called a compressive shock when o, < 0 and a
rarefaction shock when o, > 0. Moreover, we say that (1.1.10) is a Lax
shock if the shock speed s; verifies the Lax inequalities:

)\i—l(U—) < 5 < /\l(U_), )\l(U_,_) < s < )\i+1(U+)a (1111)

(where Ay = —o0 and A\,+1 = +00). We have that compressive shocks
are Lax shocks, while rarefaction shocks violate (1.1.11)).

Example 1.1.3. Here we obtain the expressions for the rarefaction curves and
the shock curves of system (L.1.4), that are depicted in Figure[L.1} The rarefac-
tion curves of family i = 1,2 through a point U_ = (v_,u_) € Qare

U=R(wv)(U-): v>v_, u:u,—i—/v V-r'(z)dz,

U=R(v)(U-) : v<w_, u:u,—/v V- (z)dz,

where in both cases the curves are parameterized by v and we select only the
branch of the integral curves along which \; increases.
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As for the shock curves of family 1,2 connecting U to U_, we recall that the
speeds are

S1 = — M<O S9 = w>o

and, according to , 1-shocks must satisfy the conditions
s1 <M (U-), M(U) < s1 <X (U),
while 2-shocks must satisfy
M(UZ) <59 < X (U2), X (U) < s2.

The expressions for the shock curves are

U=850)U-): v<vo, w=u_—+/(v—v)pv-)-p)),
U=S@)U-): v>v, u=u_—+/(v—v)pv-)-pw)).

v

FIGURE 1.1: Rarefaction and shock curves through

U_ in the (v,u)-plane. The thick curves are of the

first characteristic family, while the dashed ones are the
curves of the second family.

Now, we combine the properties of the rarefaction waves and the
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shock waves to obtain the unique solution to the Riemann problem for
small initial data. We start by defining the wave curves. Let U_ €  and
ie{l,...,n}.

e If the i-th characteristic family is genuinely nonlinear, we set

Wi(o)(U-) = Ri(o)(U-) ifoc >0,
R\ sio)ws) e <o,

e If the i-th characteristic family is linearly degenerate, we set

Wi(o)(U-) := Ci(o)(U-).

Remark that, in the genuinely nonlinear case we parameterize these
wave curves by o allowing for a second order tangency at U_ between
the shock and the rarefaction curves. The importance of the wave curves
is that they almost form a local coordinate system around U_ and this
gives the possibility to prove the existence of solutions to the Riemann
problem for U close to U_.

For (o1, ...,0,) in a neighborhood of 0 € R”, we inductively define
the states wo, . . ., wy, by
Wwo = U_ N W; = Wi(O'i)(wifl) . (1112)

By the previous discussion, each Riemann problem with data

Wi—1 iffL‘<O,

U(z,0) = { (1.1.13)

w; ifz >0,

has a weak entropy-admissible solution consisting of a simple wave of
the i-th family. More precisely,

o if the i-th characteristic field is genuinely nonlinear and o; > 0, the
solution is a rarefaction wave whose characteristic speeds range
over the interval [\;, \]], where A := \;(w;_1) and A\ = \;(w;);

1) K2
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o if either the i-th field is genuinely nonlinear and o; < 0 or the i-th
field is linearly degenerate, the solution is either a shock travelling
with speed A\ := A := s; or a contact discontinuity travelling
with speed A := A = \;(wi—1).

Assume that w,, = U;. The solution to the Riemann problem (1.1.T),
can be constructed by piecing together the solutions to the n Rie-
mann problems (1.1.T), on different sectors of the (x,t)-plane.
Indeed, for sufficiently small o4, ...0,, the speeds )\f remain close to
the corresponding eigenvalues \;(U_). By the strict hyperbolicity and
the closeness of the initial states, we can assume that the n intervals
[A7, ] are disjoint. Therefore, the following piecewise smooth func-

107

tion U : R x [0, +oo[ —  is well-defined:

U- if v < Af't,

U({L‘7t): i ifme]A;Lt)\;—lt[/i:1a--~7na
Ri(0)(wi—1) ifx € A7, A t], 2 = Ni(Ri(03) (wio1))t,
Uyt ifz >\t

(1.1.14)
The following theorem states the existence of solutions to a Riemann
problem.

Theorem 1.1.4 (Lax). Assume that f is a smooth vector field defined on €,
the system is strictly hyperbolic and each characteristic field is either
genuinely nonlinear or linearly degenerate. Then, for every compact set K C €,
there exists 6 > 0 such that the Riemann problem (L.1.1), has a unique
weak solution of the form whenever U_ € K and Uy — U_| < 6.

For the proof and other fundamentals on Riemann problems we cite the
seminal paper [30].

Example 1.1.5. We return to system and consider the Riemann problem
for initial data (1.1.2). For any point U_ € Qand i = 1,2, the wave curves
W, (v)(U-) separate the plane into four distinct regions SS, SR, RS and RR;
see Figure If U, lies in any of the two above curves, then the solution is
a simple wave of rarefaction or shock type depending on which branch of the
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curve it is located. On the other hand, if U lies in the interior of one of the four
regions, consider the family of curves

F = {Wa(v)(Un) : Unm € Wi (0)(U_)} .

Remark that the three regions SS, SR and RS are covered univalently by F,
i.e. through each point U_. in one of these regions there passes exactly one curve
Wo(v)(Up,). This is no longer true for the region RR, as we will see below. The
solution to the Riemann problem is constructed as follows: we connect Uy, to
U_ on the right by a wave of family 1 and we connect U, to Uy, on the right
by a wave of family 2. Clearly, whether these waves are of rarefaction or shock
type depends on the position of U,.. The four possible outcomes are depicted in
Figure[T.3]

In the peculiar case where U belongs to RR and fails to be in a suitably
small neighborhood of U_, we observe that it cannot be connected to U_. In-
deed, not every point in this region can always be reached by a curve Ro(v)(Upy,).

FIGURE 1.2: The appearance of vacuum corresponds

to the situation where the integral converges

and the 1-rarefaction curve through U_ has the hori-
zontal asymptote u = u_ + I.

For example, if

+oo
I= / V-=p'(y)dy < oo, (1.1.15)
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the curve Ry (v)(U_) has the horizontal asymptote u = u_ + I. If we take
Us = (v_,uy) with uy > u_ + 21, one can see that there is no way that
Uy lies on any Ry(v)(Uy,), as in Figure[1.2} In particular, is verified
for pressure laws of the kind if and only if v > 1, the convergence of the
integral physically corresponds to the possible appearance of vacuum. However,
by Theorem it is still possible to solve the Riemann problem if |U, — U_|
is small enough, see Chapter 17 §A of [38]].

1.2 The Cauchy problem

In this section we study the initial-value problem for a general n x n
system of conservation laws and data (L.1.3). We are in the setting
of Theorem i.e. we have a strictly hyperbolic system where each
characteristic field is either genuinely nonlinear or linearly degenerate.
Given an initial condition U, with sufficiently small total variation, it is
possible to construct a weak, entropy-admissible solution U defined for
all times. The smallness hypothesis on the data is important since the
Riemann problems may fail to have a solution if the initial states are far
apart.

The following is a classical result on the global existence of solutions
for conservation laws; see [17, 21} 26] and references therein for a de-
tailed analysis.

Theorem 1.2.1 (Global existence of entropy weak solutions). Under the
basic assuptions of strict hyperbolicity of the system, genuine nonlinearity or
linar degeneracy of the characteristic fields, there exists a constant §, > 0 with
the following property. For every initial datum U, € L' with

VU, <6,, (1.2.1)

the initial-value problem (1.1.1), (1.1.3) has a weak solution U = U (x,t) de-
fined for all t > 0. In addition, if the system admits a convex entropy 1, then
one can find a solution which is also n-admissible.

The proof of Theorem consists of four main steps:
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u

FIGURE 1.3: The Riemann problem for the p-system
and initial states U_, U..
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the construction of approximate solutions;

the interaction estimates;

the compactness of a subsequence of approximate solutions;

showing that the limit is indeed a solution.

Theorem|[T.2.T|was first proved in the paper of Glimm [25], where the
fundamental approach was formulated and all the basic estimates can
be found. The Glimm’s result for small initial data uses approximate
solutions constructed via a difference scheme which involves a random
choice and is called the Glimm scheme. An alternative line of proof that
is exploited in the next chapters is based on a front tracking algorithm.
A front tracking for scalar equations was first proposed by Dafermos in
[22] and, subsequently, was extended to 2 x 2 systems by DiPerna in [23].
To cover the general n > 2 case, one needs to overcome the problem of
possible blow-up in the number of wave fronts. This was accomplished
by Risebro in [36] through a back-stepping procedure and by Bressan in
[16] thanks to the introduction of non-physical fronts. Early applications
of this method can be found in [1]] and [42]. Here, we essentially follow
Chapter 7 of [17], where the version of the algorithm refined in [14] is
presented.

1.2.1 The front tracking algorithm

The algorithm can be roughly described as follows. For a fixed ¢ > 0,
an e-approximate front tracking solution is a piecewise constant func-
tion U = U.(z,t), whose discontinuities are located along finitely many
straight line = z,(t) in the (z,t) plane (fronts) and approximately sat-
isfy the Rankine-Hugoniot condition (L.1.9). At each time ¢ > 0 the fol-
lowing estimate is expected:

S| W) = s = dalUs ~ U-)| = O(1)e,

where Uy = U(zq+,t) and U_ = U(xzo—,t). Fori = 1,...,n, recall
the i-th rarefaction curve R;(c)(U-) and the i-th shock curve S;(o)(U-),
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through the state U_ and parameterized by some o that measures the
size of the wave. Jumps can be of three types: shocks (or contact discon-
tinuities in the linearly degenerate case), rarefactions and non-physical
waves.

e Along each shock front (or contact discontinuity) z,, the points
Uy and U_ are related by Uy = Sk, (04)(U-), for a genuinely
nonlinear characteristic family &k, € {1,...,n} and o, < 0 (or
Uy = C, (04)(U-), for a linearly degenerate k,). We call |o,|
the strength of the wave and the speed s,, satisfies |s, — ©q| < € (Or
Ak, (U-) satisfies [A;, (U-) — 4| < €).

e Along each rarefaction front z,, one has Uy = Ry, (04)(U-) for
some genuinely nonlinear characteristic family k, € {1,...,n}
and o, €]0,¢]. Again, we call |0, the strength of the rarefaction
and the speed satisfies |\, (Uy) — &o| < €.

e Along a non-physical front z,, we set |0,| = |Uy — U_]| for the
strength of the wave and &, = A for the speed, where A is fixed
and strictly bigger than all characteristic speeds. For convenience,
we say that non-physical fronts belong to a fictitious n + 1 charac-
teristic family.

Definition 1.2.2 (e-approximate solution). For e > 0, we say that a contin-
uous map t — U.(-,t) € Lj, (R, R™) is an e-approximate solution of (1.1.1),
(1.1.3) if the following conditions hold: 1) as a function of (x,t), it is piecewise
constant with jumps as above; 2) the total strength of all the non-physical waves

is < e forall t > 0; 3) it holds
||Ug(-,0) - UO(')”Ll <e.

For a proof of Theorem[1.2.1] we first need to establish the existence
of front tracking approximations defined for all times, i.e. we have to
prove that there exists a constant §, > 0 such that, for every initial con-
dition U, € L' that satisfies and for every ¢ > 0, the Cauchy prob-
lem (L.1.1), admits an e-approximate solution globally defined in
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time. Secondly, one has to show that a suitable sequence of front track-
ing approximations converges to a limit U = U(z,t) that provides an
entropy-admissible weak solution.

Let ¢ > 0 be fixed. The construction of U, by means of the front
tracking algorithm starts at time ¢{ = 0 by taking a piecewise constant
approximation U, . of the initial data U, satisfying

TVUO,E STVUOS507 ||Uo,57Uo||L1 <e.
Let 27 < --- < xn be the points where U, . is discontinuous. For
each o = 1,..., N, the Riemann problem of initial states U, .(z,—) and

Us e (zo+) is approximately solved on a forward neighborhood of (z4,0)
in the (z,t)-plane by a function of the form U.(z,t) = U.((z — za)/1),
with U, piecewise constant. If the exact solution to the Riemann prob-
lem contains only shocks and contact discontinuities, then we let U, co-
incide with the exact solution; if, instead, centred rarefaction waves are
present, they are approximated by a centred rarefaction fan containing
several small jumps travelling at a speed close to the characteristic one.

Piecing together the solutions of all the Riemann problems, we ob-
tain an approximate solution defined on a small time interval. Then,
the fronts are prolonged until the first time two of them interact and a
new Riemann problem appears. Since at this time U, is still a piecewise
constant function, the newly generated Riemann problems can be ap-
proximately solved within the class of piecewise constant functions and
so on. By slightly perturbing the speed of just one incoming front at a
point of interaction, we can assume that at any time only one interaction
between two fronts can occur. Moreover, for interaction times ¢ > 0 we
choose not to partition an outgoing rarefaction when there is an incom-
ing rarefaction of the same characteristic family.

For n x n systems the main source of technical difficulty is that the
number of fronts may approach infinity in finite time: this is due to the
fact that at each interaction point there are two incoming fronts, while
the number of outgoing ones is n or even larger if rarefaction waves are
involved. Thus, one should provide a uniform (in time) bound on the
number of fronts and interactions. To overcome this issue, the algorithm
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in [17] adopts two different procedures to solve Riemann problems: an
accurate Riemann solver, which introduces several new fronts, and a sim-
plified Riemann solver, which generates at most two physical outgoing
fronts and collect the remaining new waves into a single non-physical
front that is not directly related to elementary waves of the system. Be-
low we describe these two solvers represented in Figure

FIGURE 1.4: The accurate Riemann solver (a) and the

simplified Riemann solver (b). The dashed lines repre-

sent the newly generated fronts, i.e. of a different char-
acteristic family from those of the incoming fronts.

Consider two wave fronts of size o, ¢’ interacting at a point (z,t)
of the (z,t)-plane. For a fixed p. > 0, the emerging Riemann problem
of initial states U_, U, is treated with the accurate solver if |oo’| > p.,
otherwise is treated with the simplified solver.

1. Accurate Riemann solver. We determine o1, ...,0, and wy,...,w,
as in (L.1.12). If all the jumps (w;—1,w;) were shocks or contact
discontinuities, then the Riemann problem would have a piece-
wise constant solution with < n fronts. Generally, though, the ex-
act solution is not piecewise constant because of the presence of
rarefaction waves. Indeed, if one of the jump (w;_1,w;) is of rar-
efaction type and has strength |o;| greater than a small parameter
ne > 0 (fixed at the beginning), then it is partitioned in a number
e; = ||oil/n:] + 1 of discontinuities by inserting additional states
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W; 5 between w;_; and w;. For j = 1,...,¢;, we set
wij = Ri(joi)(wim1),  @i(t) =2 + Nilwi )t — 1)

As soon as w; ; and their locations have been computed, we can
define an approximate solution as it is shown in Figure

¢
Wa,j

At =t

FIGURE 1.5: An example of approximate solution con-

structed with the accurate solver. The picture repre-

sents the outgoing fronts from the interaction at (z, t)
for a system of n = 3 equations.

2. Simplified Riemann solver. Let j > j’ be the families of the two
incoming waves of sizes o, o’. We assume that the left, middle and
right states U_, U,,, U, before the interaction are related by

Um = Wj (J)(U,) ) U+ = Wj’(UI)(Um) 5
and we define the auxiliary right state
o Wi ews W) >
T Wie+a)Uo)  ifj=4

Let V = V(x,t) be the piecewise constant solution of the Rie-
mann problem with data U_, V, constructed as in the accurate
case. By our definition of auxiliary state, V contains exactly two
wave fronts of sizes o and ¢’ if j > j/, or a single wave front of size
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o+0’if j = j'. Of course, one may have V. # U,.: if this is the case,
we let the jump (V,, U, ) travel with a fixed speed ) strictly bigger
than all characteristic speeds. Thus, in a forward neighborhood of
(z,t) we define an approximate solution as

Ule.t) Viz,t) ifz—z<At—17),
x,t) = A
U+ lf.ﬁ—i‘>A(t—ﬂ,

see Figure[1.6|(a) and (b).

FIGURE 1.6: Examples of approximate solutions con-

structed with the simplified solver. The picture rep-

resents the interacting fronts in the (z, t)-plane. Non-
physical fronts are denoted by dashed lines.

This procedure introduces a new non-physical wave front that may
collide with other (physical) fronts. When this happens, letU_, U,,
and Uy be the left, middle and right states as before and o be the
size of a physical wave of the i-th family. If Uy = W;(0)(U,,), we
define the auxiliary right state

Vi =W;(o)(U-).

Now, call V the solution to the Riemann problem with data U_, V.
given by a single front of family i and size o. Since, in general, it
holds V. # Uy, we let the jump (V,, U ) travel with fixed speed A
and we define the approximate solution as above (Figure (0)).
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It is not a-priori obvious whether the scheme is well-defined, since
we do not know if the states remain sufficiently close in order that all
the Riemann problems are solvable. In other words, we must prove that
such approximate solutions can be defined for all times. To do this, we
need to obtain a quantitative estimate on the strengths of the interacting
waves, so that it is possible to show that the approximations have uni-
formly bounded total variation. To keep track of the total variation of an
approximate solution U,, we introduce two functionals defined in terms
of the strengths of the waves. At time ¢t > 0, let z, be the locations of
the fronts carrying the jumps of U, (-, t) and let |0, | be the strength of the
wave at z,. We define a linear functional measuring the total strength
of waves in U, (-, t)

L(t) = LU(,1)) := Y _ |oal (1.22)

e}

and a quadratic functional measuring the wave interaction potential

Q(t) = QUUL( 1)) ==Y _ oo, (1.2.3)

A

where A is the set of the approaching waves at time ¢. More precisely, we
say that two fronts located at z, < x and belonging to the characteristic
families k., ks € {1,...,n + 1} are approaching if and only if k, > ks or
else if k, = ks and at least one of them is a shock. We observe that L
and @ are defined and constant outside interaction times. In order to
see how they vary across interaction times, we need some estimates on
the difference between the strengths of the incoming and the outgoing
waves.

Lemma 1.2.3 (Glimm interaction estimates). Let n > 2 and consider an
interaction between two wave fronts.

i) Let o}, o’; be the sizes of the two incoming fronts belonging to the distinct
characteristic families i,j and assume |ojo| > p.. Their interaction
determines a Riemann problem whose exact solution consists of outgoing
waves of sizes 01, . .., oy, These are related to the incoming waves by the
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estimate

los = ofl + oy = o5l + Y low| = O(1)|olo)

k#i,j

ii) Let o}, 0} be the sizes of two incoming fronts, both belonging to the same
i-th characteristic family, and assume |o}o}'| > p.. The sizes of the out-

going waves o1, . .., o, are related to the incoming ones by
joi = of = o]+ _lowl = a0 |(loil + 1o7'1) -
k#1

iii) Let o}, 0’ be the sizes of two incoming fronts of families i, j and such
that |ojo’| < pe. Then, if ony1 denotes the strength of the outgoing
non-physical wave, we have

|ont1| = O(1)|oof] -

iv) Let a non-physical front o), | interact with a wave of size oj. Then, if
on+1 denotes the strength of the outgoing non-physical wave, we have

ot = longal = O)|ojon il

For a proof see Lemma 7.2 of [17]. We consider a time 7 where two
fronts of sizes ¢/, 0’ interact and we estimate the change in the function-
als L, @ across 7. Concerning L, the estimates of Lemma yield

AL(r) = Lir+) - L(=) = O()[o"s"].

Notice that after 7 the two fronts ¢’, ¢” are no longer approaching, while
the newly generated fronts can approach all the other waves. Hence, by
Lemma we can derive

AQ(r) = Q(r+) = Q(r—) = —[o’d"| + O(1)|o"o"|L(T—).
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In particular, if L remains sufficiently small, the previous estimate im-
plies
! I
aQ(r) < 1771
Thus, we can choose a suitable constant C, such that the Glimm func-
tional, defined as
F(t) := L(t) + C,Q(t), (1.2.4)

decreases at every interaction time 7, provided that L(7—) is small enough.
Moreover, let C; € R satisfy
1
Cf TV Uf—:('v t) < L(t) <C, TV Us('a t) :
1
Since we have assumed TV U, . < §, and it holds Q(t) < L?(¢) for all
t >0, weget

TVU(,1) < Gi[L() + CoQ(®)] < CLIL(0) + CoQ(0)]
g Cl [Cl(so + 00(0150)2] .

This means that the total variation of U is uniformly bounded indepen-
dently from the approximation parameter ¢ and the time ¢.

To prove that the total number of fronts remains finite, we recall that
the accurate Riemann solver is used when the strengths of two inter-
acting waves o', 0" satisfy |0’0”| > p.. This can happen only finitely
many times, since () is decreasing and across these interactions it holds
Q(t+) — Q(t—) < —p/2 by Lemma Hence, new physical fronts
are introduced only at a number < 2Q(0)/p. of interaction points and
their total number is finite. On the other hand, a new non-physical front
is generated only when two physical fronts interact and any two phys-
ical fronts can cross only once. By this reason, we deduce that also the
total number of non-physical fronts is finite.

As a consequence, for any values of the parameters 7., p. and for
initial data with sufficiently small total variation, a piecewise constant
approximate solution can be constructed for all times ¢ > 0. To verify
that it is indeed an e-front tracking approximation satisfying the requests
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of Definition[I.2.2] it remains to prove that the maximum strength of any
rarefaction wave is uniformly bounded and that the total strengths of the
non-physical waves remains small. We refer to the end of Chapter 7 of
[17] for the details.

In conclusion, we take a sequence of parameters (¢, ),>1 decreasing
to zero. For each v > 1, the previous analysis yields the existence of an
£,-approximate solution U, of (L.1.1), with uniformly bounded
total variation. Moreover, the maps ¢t — U, (-, t) are uniformly Lipschitz
continuous with values in L' (R,R™). We can thus apply Helly’s Theo-
rem [17] and extract a subsequence which converges to a limit function
U € L}, which is proven to be the weak entropic solution of (T.1.1),

loc

(1.1.3).

1.2.2 Front tracking for systems of two conservation laws

The main technical difficulty in the proof of the well-definiteness of the
algorithm is to control the overall error generated by non-physical fronts.
This requires to introduce the concept of generation order and perform a
rigorous analysis of interactions (see Section 7.3 of [17]]). Nevertheless,
for a 2 x 2 system it is possible to avoid the introduction of non-physical
waves and always use an accurate solver to construct approximate solu-
tions. In this section, we give a sketch of the proof that is contained in
[13] and will turn useful in the next chapter.

In a few words, in the n = 2 case the only problem comes from the
fact that rarefaction fronts can be partitioned generating several other
fronts. Then, in order to ensure that the total number of wave fronts
and interactions remains finite, it suffices to verify that the number of
interactions creating possibly large rarefactions is finite. This is what is
required in the following lemma; for a proof see Lemma 2.3 of [7].

Lemma 1.2.4. Let a wave front tracking pattern made of segments of the two
families be given in [0, T[xR. Assume that the speeds of the fronts of the first
family lay between two constants a; < ag and those of the fronts of the second
family lay between by < by, with ay < by. Assume that the wave front-tracking
pattern has also the following properties:
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i) at t = 0 there is a finite number of waves;
ii) the interactions occur only between two wave fronts at any single time;

iii) except a finite number of interactions, there is at most one outgoing wave
of each family for each interaction.

Then, the number of interactions in the region R x [0, T is finite.

The only non trivial property to verify is the third one. The inter-
actions giving rise to rarefactions that have to be split are among those
that involve two incoming waves of the same family and an outgoing
rarefaction wave of the other family and with strength > 7.. This can be
inferred from Lemma We recall that for any couple of interacting
waves o}, o) belonging to the same i-th family, the strength |o;| of the
outgoing wave of family j # i satisfies

jo;1 < OW)loio| (o] + o).

Recall also that, if the initial data have sufficiently small total variation,
then it holds AQ < —|o}o}|/2. Thus, for a suitable constant C; we get

ne <lojl < OM)|oioi|(|loi] + |o7]) < Calojoil| < —2C2AQ,

as long as the total variation remains bounded (and small). This means
that AQ < —7./(2C2) and, whenever such interactions occur, the poten-
tial () decreases by a fixed positive amount: this can happen only finitely
many times since () is decreasing and ¢(0) is bounded.

Therefore, by Lemma we obtain that the total number of wave
fronts and interactions remains finite in time and the algorithm is well-
defined with no need of non-physical fronts.

1.3 Some existence results for large data

Itis clear that Theorem applies to the p-systems introduced in (1.1.4).
However, by the simple form of these equations one can prove the ex-
istence of global solutions under more general assumptions on the size
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of the data. In this section, we recall (without proofs) some well-known
results regarding this issue.

Consider the system of (isentropic) isothermal gas dynamics
with pressure law and v = 1, namely

vy — Uz =0,
a? t>0, zeR. (1.3.1)
U + 7 :0,

From Example [I.1.5| we recall that in the case v = 1 vacuum cannot ap-
pear and Riemann problems are solvable for any couple of initial states.
Moreover, in [33]] Nishida proves that it is sufficient that the total varia-
tion of the initial data

(v(z,0),u(x,0)) = (vo(2), uo(x)), Vo(x) >0 >0, reR,
(1.3.2)
is finite in order to have globally defined solutions. The uniform bound-
edness of the total variation of the approximate solutions (constructed
via a Glimm scheme) is accomplished by the decreasing of a linear func-
tional that measures the wave strengths in Riemann invariants

w(v,u) =u+alogwv, z(v,u) =u—alogw, (1.3.3)

(see Definition 17.1 of [38]). And no interaction potential is needed.

Theorem 1.3.1 ([33]). The Cauchy problem for (1.3.1) and data (1.3.2) with
bounded total variation admits a weak entropic solution defined for all times

t>0.

This result was subsequently extended by Nishida and Smoller in
[34] to any pressure law with v > 1. Here, the total variation of
the initial data can be taken large but bounded by a constant depending
on 7.

Theorem 1.3.2 ([34]). For the p-system with pressure law and
v > 1, let (vo,u,) be the initial data with bounded total variation and assume
that

0<v<v,(x) <T< 400
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for some constants v,T € R. There exists a constant C depending only on v,
such that if
(v —=1)TV(v,,u,) < C, (1.3.4)

then the initial-value problem has a weak solution defined for all times t > 0.

This means that the data can have large total variation when (y — 1) is
small: indeed, the smaller is (y — 1), the larger can be taken TV (v,, ¢,).
In particular, if v = 1, there is no restriction on the size of the data and
we recover Theorem
A further generalization of Theorem that is worth mentioning
is due to Bakhvalov. The author in [15] extends the global existence re-
sult for the isothermal gas dynamics to any pressure law satisfying the
condition
3(p")? < 2p'p"" forallv > 0. (1.3.5)

Roughly speaking, determines whether the strength of a shock
decreases by crossing a shock of the opposite family. In particular, for
the Bakhvalov’s condition holds if and only if v €]0, 1]. Hence, it
is not satisfied in the case of interest 1 < v < 3.

A condition that has the same flavor of is required in the ex-
istence theorem proved by Liu [32]. Consider the non-isentropic 3 x 3
system of the gas dynamics in Lagrangian coordinates

v — Uy =0,
us +pr =0, (1.3.6)
Et + (pu)I = Oa

where p = p(v, s) = p(v, e) is the pressure, e is the internal energy, s is
the entropy and E = u?/2 + e is the total energy. The third equation in
(1.3.6) represents the conservation of energy. In [32] the author works
under the assumption that the gas is polytropic, i.e. the equation of state

is
a? (y—1s
P(Uvs) = o exp (R ) )
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where R is a positive constant and 1 < v < 5/3. In brief, given initial
data

(v(z,0), u(z,0), E(z,0)) = (vo(2), uo(2), Eo(x)), = €R,

the global existence of solutions to the Cauchy problem holds true pro-
vided that v,, u, and s, = s(e,, p,) have bounded total variation and

(’7 - 1) TV(UO, Vo, So)

is sufficiently small. Similar results were obtained also by Peng in [35]
and Temple in [40] and all these papers use the Glimm scheme. A front
tracking technique, instead, was exploited in [11] and will be used in the
sequel. We point out that a front tracking scheme in case of initial data
with large total variation is far from being simple and a careful study of
interactions is required.

1.4 A model of phase transitions

At last, we introduce the model studied in the thesis. We focus on a
hyperbolic system of conservation laws for the flow of a fluid capable
of undergoing phase transitions from pure liquid to pure gas, including
mixtures of both. The system was first considered by Amadori and Corli
in [2] and is a simplified version of the model discussed in [20], that in
turn derives from [24]. The original model of [24] analyzes the wave
patterns observed in experiments performed on retrograde fluids (i.e.
with large heat capacity) with the use of shock tubes.

A shock tube is an instrument that is used in numerous experiments
and computational studies on the phase-changes for fluids, see [24] and
the references therein. The apparatus consists of a cylindrical metal tube
with a piston on one side and the other side either open or closed. By
compressing or withdrawing the piston, shock or rarefaction waves pass
through the fluid and phase changes are induced.
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In Lagrangian variables the system of [20]] is written as

vy — Uz =0,

Uy +p(va /\)I = EUgy (141)
1

A = ;(p —Pe) AN = 1) 4+ bedgs

where v, u are the usual state variables for the specific volume and the
velocity of the fluid, ¢ > 0 is a viscosity coefficient and b is a positive
real parameter, the ratio 1/7 is the typical reaction time and p. is a fixed
equilibrium pressure. The quantity A € [0, 1] is the mass density fraction
of the vapor in the fluid: the value A = 0 refers to the liquid phase, while
the value A = 1 refers to the vapor phase; the intermediate values of A
describe mixtures of the pure phases. Remark that here the pressure p
depends not only on v but also on A. More precisely, p is of the form

p=p(v,\) = ai(f) , (14.2)

where v €]0, +o0[ and a is a smooth positive function for A € [0,1]. In

particular, (1.4.2) satisfies
p>0, Py <0, Pow > 0. (1.4.3)

For a?(\) a possible choice is a linear interpolation between the two pure
phases, i.e. a?(\) = ko + A(k; — ko), for some constants 0 < ko < k1. A
motivation for the pressure to depend on A can be given by considering a
pressure law for real gases (the van der Waals pressure law, for instance)
when the temperature is above the critical point. In such cases what is
observable in laboratory are the two hyperbolic branches of the pressure
associated to the liquid and to the vapor phase, i.e. a*(0) /v and a?(1) /v,
respectively. The pressure curves a?(\)/v, for 0 < A < 1, interpolate
the curves of the pressure in the liquid and vapor phases for the case of
mixtures. See Figure

Notice that system is isothermal, an assumption that can be
seen as a consequence of the large heat capacity of retrograde fluids [39].
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stable liquid—> <———metastable vapor

Pef--\c----- -2

metastable liquid——F——— <—stable vapor

FIGURE 1.7: Pressure curves.

The reaction term (1/7)(p — pe)A(A — 1) on the right-hand side of the
third equation allows for metastable states because of the presence of the
equilibrium pressure p.: namely, metastable states are the vapor states
lying above the line p = p. or the liquid states lying below it. The line
p = p. in the (v, p) plane plays the role of the equal-area Maxwell line in
the standard theory of phase transitions for fluids [41].

1.4.1 The model of Amadori and Corli

Clearly, the mathematical analysis of is non-trivial and some sim-
plifications are in order. If we let ¢ = 0, for example, becomes a
system of balance laws with a reaction term that is studied in [4]. In turn,
this requires the study of the homogenous part of the system, namely

v — Uy =0,
Ut +p(va )‘)w = Oa (144)
At =0.

System (1.4.4) is the protagonist of this thesis and was first considered by
Amadori and Corli in [2]], where they prove the global in time existence
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of solutions to the initial-value problem for BV data
(v(z,0),u(x,0), \(z,0)) = (vo(2), uo(x), Ao(z)), reR. (14.5)

Motivated by Theorem above, the authors assume that the initial
data have suitably bounded total variation but not necessarily small. Re-
call that for small enough data the global existence to the Cauchy prob-
lem (1.44), is guaranteed by Theorem [1.2.1}

The proof of [2] exploits a front tracking technique analogous to that
described in Section for a variant including a decomposition by
path method we refer to [12]. Instead, for proofs based on the Glimm
scheme we mention [35], that contains an interesting analysis of the
wave-pattern interactions for and, in the case p = p(v,y) = v™7
with v > 1 playing the role of the variable ), we refer to [27, 28], where
the authors use both the Glimm scheme and the front tracking algo-
rithm.

Under the assumption (1.4.2), by (1.4.3)2 we have that system
is strictly hyperbolic in the whole domain Q =]0,00[xR x [0, 1] with
eigenvalues

elz—\/m, ex =0, 83:\/m~ (1.4.6)

We write ¢ = \/—p, (v, A) = a(A\)/v. The corresponding right eigenvec-

tors associated to e1, e, e3 are

1 —Px —1
7’1:(0), 7”2:(0), rgz(c). (14.7)
0 Do 0

By (1.4.3)3 the eigenvalues e; and e3 are genuinely nonlinear with

VU i A .
Vei-rizpi(v )>0, 1=1,3,
2c
while e; is linearly degenerate.
In [2] the hypotheses on the initial data are expressed in terms of

a so-called weighted total variation WTV of a()\,). This quantity arises
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naturally in the problem and reduces to the logarithmic variation of
a when the function is continuous. The idea is to prescribe a bound
on WTV(a(A,)) such that the larger is TV (v,, u,), the smaller must be
WTV(a(X,)), and vice versa.

Let f : R — 10, +00[, we define the weighted total variation of f by

WIV(f) = 2sup Y oS (148

where the supremum is taken over all n > 1 and (n + 1)-tuples of points
x; withzg < 21 < -+ < . This definition is motivated by the choice of
strengths for 2-waves that we will see in (2.1.4). Moreover, WTV(f) is
essentially related to TV (log f) as it is clear from the following formula
deduced from Proposition 2.1 of [2]:

inf f
up f

In particular, if f is continuous we have WTV(f) = TV(log f). Denote
ao(2) = a(Mo(2)), Ao = WTV(a,), po(x) = p(ve(x), Ao(z)) and assume

TV (log f) < WTV(f) < TV(log f).

a(\) >0, a'(\)>0. (1.4.9)

The quantity A, measures the total strength of the 2-waves at time 0+.
The main result of Amadori and Corli states the following.

Theorem 1.4.1 ([2]). Assume ([1.4.2) and [1.4.9). Consider initial data ({1.4.5)

with v,(x) > v for some constant v > 0. For every m > 0 and a suitable
function k :]0, +oo[ — |0, 1/2] the following holds. If

A, < k(m), (1.4.10)

TV(logp,) + (uo) <2(1—24,)m, (1.4.11)

1
inf a,

then, the Cauchy problem ({L.4.4), (1.4.5) has a weak entropic solution (v, u, \)
defined for all t > 0. Moreover the solution is valued in a compact subset of 2
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and there is a constant C'(m) such that for every t > 0

The function k£ deserves some comments. The interaction of two
waves «;, 3; of the same family i = 1, 3 produces a wave ¢; of the same
family and a “reflected” wave ¢; of the other family (j = 1, 3, j # ). For
a suitable definition of strengths (see (2.1.4)), the authors prove that

lej| < d(m) min{|el, |Bi]} (1.4.12)

where d < 1is a damping coefficient depending on «;, 5; and ||, | 5;| < m,
see Lemma 5.6 of [2]. The function k is defined by

(m) = 1—+/d(m)

= Vi (1.4.13)

it satisfies £(0) = 1/2 and it is decreaseing to 0 as m — +oco. Then,
WTV(a,) < 1/2. Furthermore, (1.4.10), can be read as analogous
to (1.3.4): the larger is m, the smaller is k(m) and vice versa. The possible
occurring of a blow-up in the BV norm when these bounds do not hold
is still an open problem.

The proof of Theorem exploits the special structure of
and differentiates the treatment of 1- and 3-waves from that of 2-waves.
More precisely, the authors consider a linear functional that is analo-
gous to that of [7] and accounts only for waves of family 1 and 3, with
a weight £ > 1 to be assigned to shocks” strengths. As we will see in
the next chapters, the choice of £ as a function of m is a crucial passage
in the proof. The linear functional referred to an approximate solution
(v,u, N)(+, t) is given by

Let) = > Pl +€ > il + Kup D I, Kip>0. (1414

i=1,3 i=1,3 YENP
;>0 7 <0

where the sum varies over the set of waves ; of family i = 1,3 and the
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set of non-physical waves v € N'P. Moreover, for 2-waves we intro-
duce L.q = ) |72, that does not depend on ¢ and is assumed to satisfy
Leq < Ay = WTV(ay).
Motivated again by [7], the authors do not use a simplified solver for
interactions between 1- and 3-waves, but only for interactions involving
a contact discontinuity of family 2. Thus, the interaction potential con-
tains only the products of approaching 2-waves to either 1- or 3-waves,
ie.

Q)= > |udl. (1.4.15)

i=1,3
(7v4:02)EA

We remark that Theorem can be restated in a slightly different
form as in Theorem 3.1 of [4]. More precisely, we rewrite conditions

(1.4.10) and (1.4.11) as

A, < (1.4.16)

N =

and

1
TV (log po) + -

TVu, < H(A,), (14.17)
inf a,

respectively. The function H :]0,1/2] — [0, 4+o00[ has the explicit expres-
sion
H(A,) :=2(1-2A4,)k"*(A,) (1.4.18)

and satisfies H(1/2) = 0 and H(A) — 400 when A — 0+. This re-
formulation is deduced from Theorem [I.4.1]as explained in Section 3 of
[4] and turns out to be very useful whenever we need to make some
comparisons.

1.4.2 The model of this thesis

The analysis of [2] is the starting point for the main results of this thesis,
that were originally proved in the papers [8, 9, [10], where initial data
with a simple structure allow to obtain more refined theorems.

In particular, we will consider initial data with A, piecewise
constant with either one or two jumps. From a physical point of view,
such models represent the dynamics of a fluid in a one-dimensional tube
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divided into two or three regions where the fluid lies in a specific phase
(which can be pure liquid, pure gas or a mixture of both).

i) The single phase wave [10]. Let A\, be a piecewise constant func-
tion with a single discontinuity at z = 0, such as

if
N(@) = 4 HT<0 e (1.4.19)
A ifz >0,

This gives rise to a single contact discontinuity traveling along the
line x = 0 in the (z,t)-plane and referred to as the phase wave.
This assumption reduces the initial-value problem (1.4.4), to
two initial-value problems for two isothermal p-systems coupled
through the interface at x = 0. See Figure where a; = a(\¢)
and a, = a(\y).

Qy | a,
x=0

FIGURE 1.8: The single phase wave.

ii) The two phase waves [8, 9]. Let A\, be a piecewise constant func-
tion with two discontinuities at x = 0 and « = 1, such as

e ifx < 0,
Ao(z) = A f0<ax <1, Aoy Ams Ar € [0,1] . (1.4.20)
Ar ifz > 1,

We define a; = a(A\¢), am = a(Am), ar = a(),) and three main
configurations can be considered:

(d) the drop case, a,, < min{ay, a,};

(b) the bubble case, a,, > max{ay, a,};

(p) the increasing (decreasing) pressure case, a; < a, < a,
(ag > am > a).
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If we assume a to be a strictly increasing function (which is a phys-
ically meaningful assumption), case (d) corresponds to the situa-
tion where \,,, < min{)\,, A, }, i.e. the mixture is more liquid in the
middle region of the tube [0, 1] than in the surrounding ones (lig-
uid drop in a gaseous environment). On the other hand, always
assuming that a is an increasing function, case (b) corresponds to
Am > max{As, A, } and models a bubble of gas surrounded by lig-

uid. See Figure[1.9]
ay | s | Q,
z=0 r=1

FIGURE 1.9: The two phase waves.

The purpose of the thesis is to prove the existence of solutions to
the Cauchy problem for (1.4.4) and initial data (1.4.5) satisfying either
(1.4.19) or (1.4.20). For brevity, we will use the following notation

TV(u,), (1421)

TV <10g(p0), > := TV (log(p,)) + mlrll

min a, ina,
and we will call ¢ the phase wave in case i) and 7, { the two phase waves
in case ii). Now, let A, indicate a measure of the strengths of the 2-
waves present in the model, i.e. A, := |J| in the single interface case
and A, := Happ(In],|¢]) (for some functions Hgq, defined on suitable
sets to be specified later) in the two interfaces case. Remark that in the
framework of [2] A, would be given by the sum |n|+|¢| # Hap,» (7], [C])-
Then, the main theorem will roughly state the following.

There exists a strictly decreasing function K :]0, +oco[ — ]0, +00[
such that if

TV (log(po), m_“” ) < K(A,), (1.4.22)

ina,

then the Cauchy problem has a weak entropic solution glob-
ally defined in time.
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Our analysis begins in Chapter [2| with the description of the front
tracking algorithm used to construct the approximate solutions. Then,
we will carry out the estimates on the functionals and complete the proof
for the single phase wave in Chapter |3| and for the two phase waves
case in Chapter [} respectively. To conclude, we will also make some
comparisons between the results obtained here and the corresponding
ones of [2].






Chapter 2

A front tracking algorithm

In this chapter we recall some other basic facts about system from
[2, 3], i.e. wave curves, strengths of waves and related notations. More
importantly, we outline the peculiar front tracking algorithm used in the
next chapters. The most remarkable novelty of this algorithm is the in-
troduction of the composite waves, that sum up the effects of contact dis-
continuities and non-physical waves. This choice is made accordingly to
the adoption of two Riemann solvers that allow to exploit an asymmetric
Glimm functional, as described in Section [2.3.3] In Section 2.1 we show
how to solve Riemann problems for system and in Section 2.2l we
list the main instructions of the algorithm. The following section is en-
tirely devoted to the analysis of interactions between waves, which is
a fundamental step in the proof of the decreasing of the Glimm func-
tional. We conclude with Section [2.4| by showing that the algorithm is
well-defined.

2.1 The Riemann problem

Recall system (1.4.4) introduced at the end of the previous chapter and
denote by U = (v, u, A) the state variables in the domain

Q2 =]0, +o00[ xR x [0, 1].

We have already seen in Section that under the assumption (1.4.2)
system (1.4.4) is strictly hyperbolic in the whole €2 and the first and third

37
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characteristic field are genuinely nonlinear, while the second one is lin-
early degenerate.

Forv > 0and U_ = (v_,u_, A_) € Q, we introduce the quantities

i1 (0, U_) == u_ + a(\_)log (U”_) , s, UL) = ul +a(A)2 ;:_*
is(v,U_) == u_ — a(\_)log (:) C o ss(,UL) = u —a(A )2 ;::

Recall the p-system for the (isentropic) isothermal gas dynamics (1.3.1)
and the wave curves of Example We find that the integral curves of

system (1.4.4) of family 1, 3, with initial point U_ € ) and parameterized
by v, are

U=L{)U-) : v >0, u=11(v,U_), A=A,
U=1I3v)(U-) : v >0, u=1is(v,U_), A= )_.

The rarefaction curves of family 1, 3 coincide with the branch of I; and
I5 along which the corresponding eigenvalue increases, i.e.

Ri()(U-) = L(v, U ) fv>o_y,  R3()(U-) = I3(v,U-){p<o_y -

On the other hand, the shock curves of family 1, 3, through a point U_
and parameterized by v, are

U=581(v)(U-): v < v, u=s1(v,U-), A=A,
U =S;3(v)(U-): v > v, u=s3(v,U_), A=A,

Remark that all these curves lie on the plane of equation A = A_ con-
tained in 2. We set
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From the above expressions we can deduce the form of the Lax wave-
curves of family 1,3 (see Figure where the role of 2-waves is now
played by 3-waves):

U=Wi(v)(U-): v >0, u=w(v,U_), A=A, (211)
U=Ws(v)(U-): v >0, u=ws(v,U_), A=A_. (212
Concerning the second characteristic family, the Lax wave curves through

a point U_ are both of rarefaction and shock type by the linear degener-
acy of the field and are parameterized by A:

U=WyMNU-): v=v_ u=u_, A €[0,1].

(2.1.3)
Notice that this wave curve lies on the plane of equation u = u_. More-

over, the pressure is constant across contact discontinuities: indeed, for
U,U_ € Qitholds

U= Wg()\)(U_) - p(v,)\) _ GQEA) _ a2(A) CLQ(A—) :p(U_,)\_).

As in [2], we introduce the following important quantities.

Definition 2.1.1 (Size of a wave). The size ~; of a wave of family i = 1,2,3
connecting two states U, U_ € Q is given by

71=;1Og(vv_>’ 72=2m, ’VS:%IOg(%)-

(2.1.4)

According to this definition, rarefaction waves have positive size and
shock waves have negative size. For convenience, we introduce the
function h as

h(v) =

i >
{” ify20, (2.1.5)

sinh~y if vy <0,
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and notice that
wi(v,U_) = u_ + 2a(A_)h(v:), i=1,3.

In this way, we can view the previous curves as parameterized by ~;, i.e.
as W;(v:)(U-), I;(v)(U-) and so on, for i = 1, 3.
Let us consider the Riemann problem for (1.4.4) with data

U(z,0) = {U = (v_,u_,A_) ifz <0, (2.1.6)

U+:<’U+,U+,/\+) ifz > 0.

To simplify the notations, we also write a+ = a(A+), p+ = p(ve, As).
If A_ = X4, then the solution to the Riemann problem is as in Exam-
ple[1.1.5/of Chapter[T} otherwise, the following result proved in Theorem
1 of [3] holds true.

Proposition 2.1.2. Fix any pair of states U_, U, in Q. Then the Riemann
problem (1.4.4), has a unique Q-valued solution made of the juxtaposi-
tion of three simple Lax waves for each characteristic family. If ~; is the size of
the waves of family i = 1,2, 3, then

1 Uy — U—
BTNT S log (p+> ) a_h(y)+ayh(ys) = +T’
. 2.1.7)
_ ay —a—
2= ar +a_
Moreover,

1

il + sl < 5 log(ps) — Tos(p-)] +
See Figure for a picture of the two cases A\_ = Ay and A\_ # A,.
Proposition[2.1.2displays the relations that must be satisfied by the sizes
of the Lax waves in the exact solution of a Riemann problem. In partic-
ular, these formulas are needed when we solve a Riemann problem by
the accurate solver. Instead, for our simplified Riemann solver we rely
on the following proposition.
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mv V3 o0 Yo /73
)\_ = >\+

A £\

FIGURE 2.1: The Riemann problem.

Proposition 2.1.3. Fix two functions ©1, ©3 that can be either the identity Id
or the function h defined in (2.1.5). For any pair of states U_, U, € € there
exist unique 1,3 € R such that:

UL — U_
73 — 71 = 7 log (?) ; a-01(m)+ay03(y3) = +T (2.1.9)

Proof. Let us call log(p4/p—)/2 =: A and (uy —u_)/2 =: B, since they
are two constant quantities once we fixed U_ and U,. Thus, we have
four possible cases to examine:

73_71:14) ’73_71:‘47
2.1.10
{ a—h(y1) + ath(ys) = B, { a-m +ayy3 = B, ( )

73_71:14) 73_’71:147
2.1.11
{ a—h(m) +a4ys = B, { a-v +a4h(ys) = B. ( )

System (2.1.10); (©1 = ©3 = h) is solved in Proposition above,
while system (2.1.10) is linear. To conclude, it suffices to study (2.1.11),,
since the two systems in (2.1.11) are analogous. In this case, by setting

k =ay/a_,itholds h(v1) + ky1 = B/(a-) — kA. If G(z) := kx + h(x),
then we have G(v1) = B/(a—) — kA. Since G is invertible and onto, we
gety1 = G 1(B/(a_) — kA). O

We stress that only for (2.1.10); the quantities 71,3 are the sizes of
the waves in the exact Lax solution to (1.4.4), 2.1.6). This is no longer
true for the other three cases.
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In addition to the above proposition, our definition of the accurate
and simplified procedures requires the concepts of Pre-Riemann solver
and composite wave. A composite wave is a stationary wave that is the
result of the composition of a 2-wave with waves taken along integral
curves of family 1 and 3. In what follows, we use the subscripts ‘L’
to refer to the Lax curves W, and ‘I’ to refer to the integral curves I;,
i=1,3.Fori=1,3and 0; € {L, I} welet

h if0, — I,
0, = ! 2.1.12)
b W6, = 1.

Definition 2.1.4 (Pre-Riemann solver). Fix §; € {L,I}, fori = 1,3. A
Pre-Riemann solver Ry, : 2 x Q@ — Rx | — 2,2[ xR is the map defined by

R0, (U=, Us) = (71,7 73); (2.1.13)

where by (2.1.12) v1,vs areas in 2.1.9) and v = 2(ay —a_) /(a4 + a_).

By Proposition[2.1.3|there are four possible Pre-Riemann solvers that
we denote by Rz, Ry, Rir and Ry,. However, only Ry, provides the
sizes of the waves of a Lax solution, while the outcome for R, Ry and
Ry may be non-entropic waves with assigned zero speed. In particular,
Ry is used to define the composite waves as follows.

Definition 2.1.5 (Composite wave). A composite wave vo = (v§,7,73)
associated to a 2-wave y and connecting two states U_, Uy € Qwith A_ # Ay,
is the wave with zero speed defined by o = Ry (U_, Us.).

In this way, we are left to deal with waves of family 1,3 and com-
posite waves belonging to a fictitious family 0. Remark that a wave g
reduces to an elementary 2-wave as long as 7} = 7§ = 0. The 73,75 com-
ponents are given zero speed and may be non-entropic. Figure[2.2|(b) is
an auxiliary picture where these components are treated as waves trav-
eling with positive or negative speed, only because it turns out to be
useful when handling interactions in the front tracking algorithm; the
real picture is Figure (a) where 3,73 are depicted as vertical fronts
sticked to the 2-wave. Note that sometimes the term “i-waves” (i = 1, 3)
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% Y% % Y %
—~—
Yo Yo

(a) (b)

FIGURE 2.2: A composite wave in the (z,t)-plane: in

(@) o is drawn as three parallel close lines, while (b) is

the auxiliary picture that is used to determine the states
in the interactions.

will be used improperly to denote both real physical waves (i.e. connect-
ing states that lie on a Lax curve) and not (i.e. when referring to states
that lie on a general integral curve or on a combination of Lax curves
and integral curves). To take into account both these possibilities, we in-
troduce the notion of generic “wave” curves of family 1 and 3 as follows:

U=®:1(m)(U-) : v=wv_exp(mn), u=u_+2a_01(y1),

2.1.14
. (2.1.14)
U = @3(73) (U_) : §=iexp<—w,), u=u-t20-05(%), )05

for all the choices of ©1, ©3, of the initial state U_ € Q and of the sizes
Y1, 7Y3-

2.2 Approximate front tracking solutions

In this section we build the front tracking approximate solutions to the

Cauchy problem (1.4.4), (1.4.5). For v € N approximation parameter, a
1/v-front tracking approximate solution U, = (v,,u,, A,) is a piecewise
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constant function, whose discontinuities are located along finitely many
fronts in the (x, t)-plane. For system jumps can be of three types:
shocks, rarefactions and composite waves. The latter travel along ver-
tical straight lines carrying each a contact discontinuity of the second
characteristic family and some other contributions playing the role of
non-physical waves.

We approximate the initial data (1.4.5) by taking a sequence

of piecewise constant functions with a finite number of jumps (vo,.., %o, )
such that, denoting p,, = a*(\,)/v,.,, we have:

o TV (log(po,)) < TV (log(p,)) and TV (u,,) < TV (u,);
° limzﬁfoo(vo,uyuo,u)(x) = hmm*),oo(vo7uo)(x);
o [[(Vo,sUow) = (vo, uo)|lg, < 1/v.

Notice that we do not approximate A, since it is already a piecewise
constant function in the cases considered in this thesis. Then, we intro-
duce two strictly positive parameters: ¢ = ¢,, that controls the size of
rarefactions, and a threshold p = p,, that depends on the initial data
and determines whether the accurate or the simplified Riemann solver
is used.

At time ¢ = 0 we solve the Riemann problems at the points
of discontinuity of (v, ,, uo,., o) as follows. By applying Ry, to the side
states of each discontinuity, we determine the outgoing waves: shocks
are not modified while rarefactions are approximated by fans of waves,
each of them with size less than o (as we saw in Section [I.2.1). At this
stage, composite waves are simply contact discontinuities and they are
not modified. Then, (v,,u,,A,)(+,t) is defined until the first time two
fronts interact.

When two wave fronts of family 1 or 3 interact, we get to
solve a new Riemann problem of initial states Uy, U_ with A_ = \y. If
one of the incoming waves is a rarefaction, then after the interaction it
is prolonged (if it still exists) as a single discontinuity with speed equal
to the characteristic speed of the state at the right. If a new rarefaction is
generated, we proceed as in Step 2 and split the rarefaction into a fan of
waves having size less than o.
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Step 4| When a wave front of family ¢ = 1,3 and size ~; interacts

with one of the composite waves, we proceed as follows:

1. if || > p, we use the accurate Riemann solver of Proposition 2.2.2]
below, possibly partitioning the newly generated rarefactions ac-
cording to Step 2;

2. if |yi| < p, we use the simplified Riemann solver of Proposition[2.2.2]
below.

Before stating Proposition we prove a useful property of com-
mutation which is essential in the construction.

Lemma 2.2.1 (Commutation of “waves”). Let i,j = 1,3 and «;, 5; € R.

Fix a choice ©;(«;), ©;(B;) and recall (2.1.14), (2.1.15). Assume that two
states U_, Uy € Q lie in the same phase (A\_ = \y). If U_, Uy are connected

by an “i-wave” of size c; followed by a “j-wave” of size B;

Uy = @;(8)) 0 @i(es)(U-),

7

then, they can be connected also by a “j-wave” of size f3; followed by an “i-
wave”

Up = @i(a) o @;(8;)(U-).

Proof. We define U* = (v*,u*,\*) := ®;(a;) o ®;(B;)(U-). Clearly, it
holds A* = A\_ = \,.

e Ifi # j, for example i = 1 and j = 3, we have

v* =v_exp(2a; — 283) = vy,
u' =u_ 4+ 2a_ (01(a1) + O3(F3)) = uy.

e If i = j = 3 as in Figure2.3|(the case i = j = 1 is analogous), we
have

v* = v_ exp(—2a3 — 203) = vy,
u* =u_ 4 2a_ (O3(a3) + O3(F3)) = uy.
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U, =U*

v

FIGURE 2.3: The commutation of two “3-waves”:

asg, 53 < 0, 93(043) = h(ag) and @3(53) = ﬂ3‘ Here

U and U, are the states connected to U_ along the 3-

Lax curve by a3 and, respectively, along the 3-integral
curve by Bs.

It follows that U* = U4 and the lemma is completely proved. O

Notice that, when 0;(a;) = h(a;) and ©;(8;) = h(3;), Lemma[2.2.]]
is a consequence of the invariance by translation of Lax curves for the
system (1.3.T); see [33].

Finally, we have all the tools to describe the two Riemann solvers
mentioned above. When dealing with interactions with the composite
waves, we will use the notation § to denote the incoming waves and
¢ to denote the outgoing ones, respectively. Moreover, if §; is a wave
of family i = 1,3, we refer to ¢; as the “transmitted wave” and to ¢},
j=1,3,j,# i, as the “reflected” wave.

Proposition 2.2.2. Let i = 1,3. Consider the interaction of a wave §; with
a composite wave &y = (63,6, 04) and let U_, U be the initial states for the
newly generated Riemann problem. Refer to Figure[2.4and [2.5|and define

U_ = N(G&)(U-),  Us = I(=60)(Us)-
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1. Accurate Riemann solver, |9;| > p. The solution is given by the three
waves €1, €, €3 satisfying:

(51’5’53):RLL(5—7(7+% €0 = do.

2. Simplified Riemann solver, |d;| < p. The solution is given by the two
waves €;, g satisfying:

i=1: (e1,6,e3) = Ry (U_,Uy),  e0=(85,6,03 +e3),

i=3: (e1,0,e3) = Ry (U_,Uy),  eo= (0 +e1,6,09).

Proof. Referring to Figure[2.4land[2.5)for the case i = 3, the interaction of
a wave 0; with Jy is handled letting ¢; interact first with the component
&) of the opposite family j # 4. In some sense, we have §; and 47 cross-
ing each other without changing size as a consequence of Lemma[2.2.1}
Hence, we look at the interaction of 6; with the 2-wave J: this gives
rise to the Riemann problem of initial states U_,U, defined in the state-
ment. Depending on whether |0;| > p or < p and, in this last case, on
whether i = 1 or i = 3, we choose suitable 6,63 € {L, I} and compute
R9193 (U—7 U-‘r)

1. Accurate Riemann solver. We choose 0; = 03 = L, i.e. the solution to
the Riemann problem is constituted by Lax waves. Once we have
computed

R (U-,Uy) = (e1,0,e3),

we let 1 and 3 commute in the sense of Lemmawith 5% and
55, respectively. In this way, they are prolonged as outgoing waves
of family 1, 3; see Figure (a), (b) for a picture of case i = 3. Then,
the resulting composite wave connects U, to U,, where

Up = Wi(e1)(U-), Ug = W3(—e3)(Uy).

Hence, g9 = Ry (Up, Uy) = (88, 6,65) = do.

2. Simplified Riemann solver. We have to distinguish between the case
i =1 and ¢ = 3. Once the triple (¢1, J, £3) has been determined by
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€3

(@)

FIGURE 2.4: Interaction of a 3-wave 03 with a compos-

ite wave dp solved by the accurate Riemann solver. The

actual Riemann solver is represented in (a), while (b) is
an auxiliary picture.

Ro,0,, the idea is to ‘project” the reflected wave along the integral
curve of the same family; see Figure[2.5|(a), (b) for a picture of case
1= 3.

If i = 1, we choose #; = L and 03 = I and compute
RLI([?—7 (7-1—) = (517 67 53)7

i.e. the solution is formally given by a physical wave ¢, and a non-
entropic one £3. Then, we let &; commute with 6} by Lemma
The outgoing composite wave connects U, to U, where

Uy = Wi(e1)(U-), Uy = I3(55 + e3) 0 Wa(0) o I (63)(Uy).

Hence, eg = Ry (U, Uy ) = (84,6, 55 + €3).

If : = 3, we choose #; = I and 03 = L and compute
RIL(fj—7 [7-‘,-) = (517 67 53)7

i.e. the solution is formally given by a non-entropic wave ¢; and a
physical one 3. Then, we let £5 commute with 3 by Lemma m
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€o €3

03 do
(a)

FIGURE 2.5: Interaction of a 3-wave d3 with a compos-

ite wave do solved by the simplified Riemann solver.

The actual solver is represented in (a), while (b) is an
auxiliary picture.

The outgoing composite wave connects U_ to U, where
Uy = I3(83) 0 Wa(6) o I (65 + 1) (U-).
Hence, eg = Ry (U-,U,) = (6 +¢€1,6,63).
O

By Proposition a composite wave o (t) = (74 (t),7(t),75(t)) at
a time ¢ can be understood as follows. We have that v(t) = vy, where v is

the size of a 2-wave that remains constant for all times ¢. Moreover, for
the components of family i = 1,3 we set

75(04) =0, Wé(t)ZZAvé(T) fort >0,

T<t

where Avi(7) := ¢;, if 7 is an interaction time where the simplified
solver is used with an incoming wave of family j = 1,3, j # ¢, and ¢;
is the size of the reflected wave attached to vo; otherwise, A+ (7) := 0.
Remark that sometimes we simply write -y, instead of vy (¢) when it is
clear from the context that we are referring to time ¢. With this notation
we can now introduce the strength of a composite wave.
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Definition 2.2.3 (Strength of a composite wave). Let a composite wave at
time t > 0 be denoted by vo(t) = (v¢(t),v(t), V5 (t)) . For the strength of 7o (t)
we define

o)l = o @I + I ®ll,

where
V6@ = > 1A% (), i=1,3. (22.1)
T<t
Remark 2.2.4. According to this definition, we have that the strengths of ¢
and &y in the proof of Proposition (Simplified solver) are related by

ifi=1,
leo| = |00] + ] ,fl
|61| ZfZ=3

Remark 2.2.5. The simplified Riemann solver described in this section was
first introduced in [9)] and subsequently used in [8|]. The preceding papers [2,
10] contain two different versions of the simplified procedure. More precisely,
in [2] the authors use the standard solver discussed in Section where
the errors are collected into non-physical waves traveling with a fixed positive
speed. In [10], instead, non-physical waves are attached to the fronts carrying
the contact discontinuities and travel with zero speed, thus forming so-called
composite (2,0)-waves. This idea reminds of an analogous trick used in the
important paper [306].

The main advantage of the solver of Proposition in comparison with
those of [2, (10] is that the transmitted i-wave €; is taken along an integral
curve and does not maintain the same size 0; of the incoming one, as explained
in Lemma below. This is the key feature that guarantees the decrease in
time of an asymmetric Glimm functional as the one chosen in (2.3.28). Indeed,
such a functional would not be decreasing with the solvers of [2,10].

2.3 Interactions
Fix an approximation index v. In order to prove that the algorithm is

defined for all ¢ > 0 and provides a piecewise constant solution U,
for any initial data U, ,, first we have to see how waves change their
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strengths across interactions and prove that the total variation of U" re-
mains bounded for any ¢, independently from v. This is accomplished
by introducing a suitable Glimm functional F, that does not increase
across interaction times and remains constant otherwise. This section
contains the analysis of the different types of interaction: as in [2], we
distinguish between interactions that involve a composite wave and those
occurring between two waves of family 1 or 3.

2.3.1 Interactions with the composite waves

Proposition 2.3.1. Consider the interaction of a wave 6; with a composite
wave &y = (63, 0,03) and let £;,¢;, €o be as in Proposition[2.2.2} for i,j = 1,3,
Jj # i. We have ©; = h in every case and we choose O; between Id and h
depending on the solver used. Then,

=4 ifi=1,
53—51:{ ! f

3 ifi =3,
(2.3.1)
O1(6 ifi=1,
a_01(e1) + asOs(e3) = F 1(61) fz
a,®3((53) le =3.
Moreover, the signs of €1, €3 satisfy:
d - sgnd; ifi =1,
sgne; = sgnd;, sgne; = SEn O Sel zlfz (2.3.2)
—sgnd-sgnd; ifi=3.

Proof. To prove (2.3.1), notice that for s = 1 we use Ry or Ry (i.e. ©1 =
h), while for i = 3 we use Ry, or Ry, (i.e. ©3 = h). Hence, (2.3.1) is
equivalent to

aph(8y)  ifi=1,

a-O1(e1) + a4 Os(es) = {a_h(ég) if ¢ =3.
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Recall the states U_ = 11 (63)(U_) and U, = I5(—63)(U, ) from Proposi-
tion[2.2.2] By (1.4:2) and (2.1.4) we have that

log <p+) 761 ifi = 1, ﬂ—i— —u_ _ a+h(61) ifi = 1,

and by Proposition we notice that

Uy — U_
€3 — €1 = log (g-‘r) a_@1(81) + a+@3(83) s

Hence, is completely proved.

Now, we Verlfy (2:32) for § > 0 (the other case is similar). Since for
interactions solved in the accurate way the relations contained in
have already been proved in Proposition 1 of [3], we focus on the case
where the simplified solver is used. Again we have to distinguish case
i=1andi=3. Denote k = a4 /a_ > 1.

i) When i =1, by (2.3.1) 1, 5 solve

€3 —e1 = —01, (2.3.3)
a_h(e1) + ares = arh(d1).

By substituting the expression for e3 from the first equation of
(2.3.3) into the second one, we obtain h(ey) + key = kdy + kh(d1).
Hence, it follows sgne; = sgnédy. If 47 > 0, then Ru(ﬁ_,ﬁ+) =
Ry (U_,Uy) and system 2 is linear. Thus, we get e3 = §10/2
and sgneg = sgnd; = sgn§ sgn 01, as wished. If, instead, §; < 0,
then the second formula in becomes

sinh ey + kez = ksinh d;. (2.3.4)
By substituting the expression for ¢; from the first equation of
(2.3.3) in (2.3.4), we get k(e3 + 01) +sinh(eg + 61) = k (sinh §; + d1).
If we callT'(z) := kx +sinh z, then I'(e3 + 1) = k (sinh 6; + 61) and

T(es+61) —T'(61) = (k— 1) sinh d;. (2.3.5)
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Since I' is a strictly increasing function and ¢; < 0, we getes < 0,
that is sgnes = sgnd; = sgnd - sgn d;.

ii) When ¢ = 3, by (2.3.1) €1, 3 solve

€3 — €1 = 03, (2.3.6)
a_e1 + ayh(es) = a_h(ds).

By substituting the expression for €; coming from the first equa-
tion of into the second one, we obtain e3 + kh(e3) = d3 +
h(d3). Hence, we have that sgnes = sgnds. Now, take d3 < 0
and suppose to use Ry, to solve the Riemann problem at the same
interaction point. The corresponding outgoing waves €7, €3 solve

€5 e =0 (23.7)
a_h(ET) + a+h(€§) = a_h(53).

Since €7 > 0, then system (2.3.7) reduces to (2.3.6) and by unique-
ness its solutions must coincide precisely with €1, e3. Hence,
is valid. If 63 > 0, instead, we have that h(d3) = d3 and h(e3) = €3,
i.e. in this case it holds Ry, (U_,U,) = Ry (U_, U, ). This amounts
to solve a linear system in €1, 3 and we find e; = —d36/2. Hence,
sgne; = —sgnds = —sgn d - sgn d3, as wished.

O

Summarizing, we find the following patterns of solutions at inter-
action points. When the accurate Riemann solver is used, the possible
configurations of waves are shown in Table where by 0 we denote
composite waves and by iR, iS we denote rarefactions and shocks of
family i = 1,3. When the simplified procedure is used, instead, the
outcome is an outgoing wave of the same family and type of the incom-
ing one, plus a composite wave that carries an additional error formally
computed as a reflected wave.

The next lemma is concerned with the strengths of the waves in-
volved in an interaction.
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TABLE 2.1: Patterns of solutions for the accurate Rie-
mann solver

6>0 6<0
INCOMING | OUTGOING OUTGOING
0x1R 1R+0+3R | 1IR+0+3S
0x1S 1S4+0+3S5 | 1S+0+3R
3R x0 1S4+0+3R | 1IR+0+3R
35 x0 1IR+0+35 | 1S4+0+3S

Lemma 2.3.2 (Interaction estimates). For the interaction of a wave 6; with
a composite wave dy, let €;, €;, o be as in the previous propositions, for i,j =
1,3,j # t. Then, |e; — 6;| = |e;| and the following estimates are verified.

1. Accurate Riemann solver, |;| > p:

1
lo| = |9, &3] < 518:0]. (2.3.8)
2. Simplified Riemann solver, |§;| < p:

%‘51(” 1f51 < 0and Sgl’l((2 — 2)5) > 0,

leol = olHlesl Jesl <4
5 |0;0]  otherwise,
(2.3.9)
where _
C, = Colp) = Sm};(p ) o4 (2.3.10)

is such that C,(p) — 1+ for p — 0.

Proof. The equality |e; — 0;| = |¢;| is a consequence of (2.3.1),. Moreover,
notice that the estimate for |¢;| in (2.3.9) concides with that in (2.3.8)
except for the interactions of a 1-shock with § > 0 and of a 3-shock with
d <0.

1. Accurate Riemann solver. The first equality in (2.3.8) is immediate
by the definition of the solver, while (2.3.8), is proved following
the same steps of Theorem 2 of [3].
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2. Simplified Riemann solver. We study only the case § > 0 and refer to
Figure[2.5/(a), (b). The equality |eo| = |do|+ |¢;| in is a conse-
quence of the choice to attach the reflected wave to the composite
wave, see Proposition[2.2.2] To prove (2.3.9),, we distinguish cases
according to the characteristic family and the sign of size of the
interacting wave. Recall U_, U, from Propositionh

If §; is a rarefaction, i.e. §; > 0, then Ry (U_,U,) = Ry (U_,Uy)
fori = 1 and RIL([},,(}+) = RII((},JN]JF) for i+ = 3. This means
that in both cases the two expressions in (2.3.1) are linear and, by a
straightforward calculation, we obtain |e;| = |J;6|/2.

If §; 1~s a ghock and 7 = 3, i.e. /3 < 0, we have RIL(INL,&F) =
R (U_,U;) and the estimate (2.3.9) follows exactly as in the ac-
curate case.

Finally, let ; be a shock of family ¢ = 1, i.e. consider §; < 0. Recall
from Proposition[2.2.2that we have &1 = e+, and e < 0,61 < 0;
moreover, holds. By the Mean Value Theorem there exists
an intermediate s such that I'(e3 + 61) — I'(61) = I''(s)es. Hence,
we have

(k+1)|es| <T'(s)les| = (k — 1) sinh |61],

and we deduce

k-1 . 5 . Co
leg] < E T sinh |§1] = §smh|51\ < 7\515|.

O

Remark 2.3.3. Denote [§]+ = max{J,0} and [0]— = max{—4, 0} the positive
and negative part of 6 € R, respectively. An important consequence of (2.3.1),
(2.3.2) and [2.3.8)) is that

16: + 163 [0)4  ifi = Land |5;| > p,

. (2.3.11)
|6;| 4 |6:][6]—  ifi = 3and |6;] > p.

lex] + les| < {
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Indeed, if 6 > 0 and i = 1 then by 2.3.1), (2.3.2) we get |e1| + |es| = 1] +
2|es|, which is estimated < |01] + [610| by 2.3.8). If § < 0, instead, we get

le1|+es| = [61] simply by 2.3.1), (2.3.2). The case i = 3 is entirely analogous.

2.3.2 Interaction between waves of family 1 and 3

Here we analyze interactions between 1- and 3-waves. Two situations
may occur: either the waves belong to different characteristic families,
Figure 2.6|(a), or they belong to the same family, Figure [2.6| (b). In this
last case at least one of them must be a shock. Moreover, remark that all
these interactions take place in a fixed phase, i.e. all the states involved
have the same value for A. In the following lemma we collect (without
proof) some useful results contained in Section 5.2 of [2].

o (%3 €1 €3

a3 (a) B az [ (b)

FIGURE 2.6: Interaction between two waves of differ-
ent family (a) and between two waves of family 3 (b).

Lemma 2.3.4. For i,j,k = 1,3, i # j, let oy, By, refer to the sizes of some
interacting waves of family i and k and e;, €; refer to the two outgoing waves

as in Figure
1. Ifi # k, thene; = o; and €5 = By,
2. If i = k, then the following relations on the sign of the waves hold:

i) when o; < 0and B, < 0, weget e; < 0ande; > 0;

ii) when o - B, < 0, we gete; < 0.
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TABLE 2.2: Patterns of solutions for interactions of two
i-waves

INCOMING | OUTGOING
1S % 1S iS+JR
1S X iR S+ 48
1S X iR iR+ jS

Moreover, for i = k we can derive the following useful identities as in [35]:

ez —e1 = sgn(i — 2)a; + sgn(k — 2) Bk, (2.3.12)
Be1) + h(es) = hai) + h(Be). (2313)

In Table 2.2) we summarize the patterns of solutions deduced from
this lemma for an interaction between two waves of the same family
i = 1,3. Now, we give some sharper estimates for the change in the
strengths of the waves across an interaction of this kind. In particular,
we find that the bound on the strength of the reflected wave depends
on a damping factor smaller than 1. This coefficient is not constant, but
it depends on the strengths of the incoming waves. Therefore, for later
need we assume that the size of any interacting wave ~;, i = 1,3, is
bounded by a fixed constant m, > 0:

Vil <My . (2.3.14)

We stress that this bound has to be imposed particularly to shock waves,
since rarefaction waves remain small.

Lemma 2.3.5 (Interaction estimates). Fori,j = 1,3, j # i, consider the in-
teraction of two i-waves «;, 3; and denote by €;, € ; the transmitted and reflected
wave, respectively.

i) Ibeth oy < 0 and Bi < 0, then |€Z“ > max{|ai|, |ﬁl|}
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ii) If a; - B; < O, then both the amounts of shock and rarefaction of family i
decrease across the interaction. Moreover, when o; < 0 < [3; it holds

hz—-1
gl < e(ay) - min{|eil, 8]} o) := Zzzhiz—kl'

(2.3.15)
Proof. We prove only (23.15), the rest being already seen in Lemmas
5.4-5.6 of [2]. For simplicity, we assume ¢ = 3 and distinguish between
two cases according to the outgoing wave e3. Indeed, by Lemma B.1 of
[2] there exists a function z,(-) such that €3 is a rarefaction if and only
if B3 > z,(|as]). In the limiting case 83 = x,(|as|), the shock and the
rarefaction wave cancel each other and ¢3 = 0. Thus, the interaction
gives rise only to the reflected wave ;. By setting v = |f3| = 83 and

z = |ag], from 2.3.12), (2.3.13) and €3 = 0 it follows
sinh(z — z) —sinhz+ 2 =0,

which implicitly defines the function = = z,(2).

38 x 3R — 15 + 3R‘ First we specialize (2.3.12) and (2.3.13) to this

case:

le1] + les| = —|as| + [Bs], (2.3.16)
sinh(|e1|) — |es| = sinh(|as|) — |Bs]. (2.3.17)

By summing (2.3:16) and (2.3.17), we obtain

sinh(le1]) + |e1| = sinh(|as|) — |as]. (2.3.18)

Remark that in this case reduces to
le1] < elas)]as], (2.3.19)
since |as| < |B3] by (2.3.16). We write y = |1| and call G(y, z) = sinhy +

y—sinh z+z, so that (2.3.18) becomes G(y, z) = 0. By a simple application
of the Implicit Function Theorem, there exists a function y = y(z) > 0,
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defined for all z > 0 and satisfying G (y(z),z) = 0. Since Gy(y,z) =
coshy + 1 > 0, in order to prove y(z) < c(z)z it suffices to show that
9(z) = G(c(2)z,2) > 0,i.e. g(z) = (c(2) + 1)z + sinh(c(z)z) — sinh z > 0.
Using the Mean Value Theorem together with the fact that ¢(z)z < z and
c(z) +1 = (1 —¢(z)) cosh z, we find that

g(z)=(e(z) + 1)z + (c(2)z — z) cosh ¢ > z[e(z) + 1 + (¢(z) — 1) cosh 2] =0,

for ¢(z)z < ¢ < z. Hence, (2.3.15) is proved.

‘35 X 3R — 1S5 + 35‘ In this case, the identities (2.3.12) and (2.3.13)

can be rewritten as

le1] — les| = —|as| + [Bs],
sinh(|e1]) + sinh(|eg|) = sinh(Jas|) — |Bs)-

We set y = |¢1]| and we define
F(x,y;z) = sinhy 4 sinh(y — x + 2z) — sinh 2z + z,
which is subjected to the constraints
2>0, 0<x<z,(2), max{0,z — 2z} <y < min{z, z}.

By the Implicit Function Theorem, there exists a function y = y(z; 2)
such that F' (z,y(x; 2); 2) = 0. Moreover, denoting by 3y’ the derivative
of y with respect to « and so on, we have

y = _& y' = —Fm +2Fy + Fyy(yl)2
E,’ F, ’

where

F,=1-cosh(y—ax+2) <0, F,=-cosh(y—x+z)+coshy >0,
Fop = —F,y =sinh(y—2+2) >0, F,, =sinh(y —x+ 2z)+sinhy > 0.
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Therefore, ' > 0 and

Y (2) = Sy e+ [ ;y’)2 +sinh (y) (v)* _
Yy

Hence, z — y(z; 2) is concave down and y(x; z) < 3/(0; z)x = ¢(2)z. To
conclude, it remains to prove y(z; z) < ¢(z)z. Since y’ > 0, we get
y(a;2) <y(,(2);2) < e(2)z,

where the last inequality coincides with (2.3.19) in the limiting case 83 =
%o(2), 2 = |as]. 0O

Corollary 2.3.6. If «;, 8; denote two interacting waves of family i = 1,3 and
verify a; - B; < 0, then by 2.3.14) and 2.3.15) it holds

|€j| < C(mo) min{|ai‘7 ‘61'}7 J = 17 37 .7 7é i (2320)

Remark 2.3.7. We anticipated in Section that a different damping coeffi-
cient denoted by d is used in [2|] in place of c in the estimate (2.3.15)). As pointed
out in Remark 5.7 of [2]], d is defined as

e (s, Bi)

d(m = T —
(mo) i= X (el AT

J#,
where the function €;(|a;|, |8;|) implicitly solves h(e;) + h(e; + i + Bi) —
h(a;) — h(Bi) = 0, see (5.4) in [2|]. Hence, d is an increasing function of m,
and vanishes as m, — 0 because quadratic interaction estimates hold for m,
small. Moreover, d(m,) — 1 for m, large and d(m,) > c(my,).

Remark 2.3.8. Under the notation of the proof of Lemma ie.x = f3,
z = ||, we see that the size of the reflected shock is
. . <
g = { Y@z szo(z), (2.3.21)
y(2) ife > x,(2).

The strength e; is a continuous function of x, since y (z,(2); z) = y(z) for
every z. In particular, assume that 5; > x,(|ou|), so that ; is a rarefaction.
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FIGURE 2.7: The reflected shock for interactions be-
tween two i-waves «; < 0 < ;.

For f3; in this range, the size of ¢; does not change by and the part
of B; exceeding x,(|cy|) is entirely propagated along e;. This holds since the
interaction affects only that part of 3; whose amplitude is exactly x,(|cv]). We
refer to Figure|2.7|for a graph of || = y (solid curve) as a function of B; = x,
for |oj| = z = 3. There, the vertical line marks the transition of e; from shock
to rarefaction. The other two dashed lines refer to the bounds in @2.3.15); in
particular, since lim,_, 4 o (¢(2)z — y(z,(2); 2)) = 0, the horizontal bound
becomes asymptotically accurate.

2.3.3 An asymmetric Glimm functional

In this section we outline the main features of our Glimm functional. We
postpone its precise definition to the next chapters since it is different in
each of the cases considered (one and two phase interfaces). As seen in
Section the Glimm functional is used to control the total variation
of the approximate solutions and is usually denoted by F'. Moreover, it
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is given by the sum of a linear functional L and a quadratic interaction
potential Q.

Fix an approximate solution U,,. For ¢t > 0 not an interaction time, we
define

L(t) = L'(t) + L3(1), (2.3.22)
and
L) = L' (U (1) = D> lul 6> Pl + > Ihe®ll,  i=1,3,
v: >0 v:i<0 Yo

where the last sum varies over the set of all the composite waves .
More precisely, |v;| denotes the strength of a wave of family i and ||v(¢)]|
is defined at (2.2.1). Notice that the strengths of the shock waves (y; < 0)
are weighted by a parameter { > 1 to be determined. We also introduce

LOy=L' O+L )= nl+ D hsl. (2.3.23)

y1€R v3€ER

We have that at an interaction between a composite wave yo = (7,7, 75)
and a wave v; of family ¢ = 1, 3, by (2.3.11) it holds

villv]+ ifi=1,

illyl- ifi =3. (2.3.24)

AL@):L@+)—LQ—)<{

The four outcomes for AL are depicted in Figure

AL decr. AL incr.
AL incr. AL decr.
v>0 v<0

FIGURE 2.8: The total variation across an interaction
with the composite wave vo = (73,7, 78).
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This suggests a possible way to define an asymmetric interaction poten-
tial. Recall that an interaction potential like that of [2] would contain
all the various products |v;7|, where ; is a wave of family i = 1,3 ap-
proaching a wave -, of second component . Across a time of interaction
between ~; and -, by we have that L decreases spontaneously
when either i = 1 and v < 0 or i = 3 and v > 0. Therefore, it seems rea-
sonable to simplify the potential by getting rid of such products |v;7|, at
least when 1; is a shock. This trimming procedure leads to the functional
Q defined as

Q) = Q') +Q%1). (23.25)
where
Q') = Q"W 1)) =D KL D bl +€ Y Imlbls ),
Yo A, v1>0 A v1<0
(2.3.26)
Q1) = Q*(U. ZKS( > hsl+€ Y halhl-),
A ,v3>0 A ,y3<0
(2.3.27)

and the first sum varies over the set of all the composite waves 7o =
(78,7,78) present in the model. The set A denotes the waves v; ap-
proaching 7 at time ¢ and K.-® are suitable positive coefficients to be
determined. By “approaching” we mean waves with negative speed lo-
cated at the right of vy or waves with positive speed located at its left.
By this choice of @), our Glimm functional

F=F'4F3, Fi=L'+Q", i=1,3, (2.3.28)

has an asymmetric character that eventually improves the conditions
to impose on the initial data. Remark that, since the parameters K;'O
depend also on the composite waves 7, i.e. on the phase waves of the
model, we obtain a different potential () for each of the cases studied in
Chapter B|land [4

The main purpose is to prove that F' does not increase across inter-
action times and, thus, remains bounded by F(0). In general, at any
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interaction time ¢ > 0 the variation AF'(t) = F(t+) — F'(t—) can be de-
composed into the sum of two terms

AF(t) = ARF(t) + ATF (1),

where AFF refers to the quantity of wave that is reflected and is always
positive, while ATF is the variation of the transmitted waves and gen-
erally has no definite sign; see Figure for a representation of both
APF and ATF in the two main cases of interaction, where the thick lines
denote the “transmitted quantity” and the dashed ones denote the “re-
flected quantity”. More precisely, consider an interaction occurring at a
time ¢ > 0.

e If the interaction is either between a composite wave and a wave
of family ¢ or between two waves of the same family ¢, fori = 1, 3,
then we set

AP =AFI, j=1,3,j+#1, A'F = AF?, (2.3.29)

(b)

FIGURE 2.9: The variations A"F and ATF: (a), (b) rep-

resents an interaction with a composite wave solved

by the accurate and the simplified Riemann solver, re-

spectively; (c) represents the interaction of two waves
of family 3.

(@)

(©)
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o If the interaction is between two waves of different family, we set

ARF =0, A'F = AF! + AF3. (2.3.30)

Notice that in the second case it holds ATF = AF = 0 by Lemmal[2.3.4,
which means that the functional remains constant across these interac-
tions. In the first case, instead, the decrease of the functional F will
follow from the following claim.

Claim 2.3.9. Foranyt > 0, we can show that ARF(t) > 0 and under suitable
assumptions on the parameters £, K #3, p it holds ATF(t) < 0. Moreover, there
exists a constant 0 < p < 1 such that

[ARR(8)]4 < p[ATF())- (2.3.31)
whence
AF(t) = [AF(t)]4 — [ATF(H)]- < (n— DIATF(1)]- < 0.

In the next chapters we will determine this 1 and, by requiring that it
is < 1, we will prove a local decreasing property for F. Afterwords, we
will combine together all the conditions found on the parameters and

we will get the global decreasing of F. See Section and

Remark 2.3.10. The functional F' obtained above has been proved to provide
larger bounds on the initial data in comparison with that used in [2} {10], which
on the contrary includes all the possible terms in the potential. We add also that
the approach of this thesis using ARF and ATF is not the same followed in [2)
8,19, 1101.

2.4 The consistence of the algorithm

Finally, we discuss the consistence of the front tracking algorithm de-
scribed in the previous sections. Namely, we show that for a fixed v the
algorithm gives an approximate solution U, defined for all ¢ > 0 and
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then a subsequence of (U, ), >1 converges to a weak entropic solution of
the problem.

As mentioned in Section[I.2.1) the algorithm must satisfy three main
requirements to be well-defined:

e the size of the rarefaction waves must remain small;
e the total number of wave fronts and interactions must be finite;

e the total size of non-physical waves must vanish as the approxi-
mation parameter v tends to 4-o0.

The last of the three requirements above is adapted to the current sit-
uation by replacing “non-physical waves” by “composite waves”. We
briefly sketch the proofs of the first two requirements, following Lemma
6.1, Lemma 6.2 and Proposition 6.3 of [2].

Lemma 2.4.1. Let i = 1,3 and consider a rarefaction with size ~y;(t) at time t.
Then, as long as the rarefaction exists, it holds

(t)] < o exp(Y 11/2), (241)

where the sum varies over all the composite waves o = (7,7, 73) of the model.

Proof. When the rarefaction is generated at some time ¢, > 0, one has
that 0 < |y;(t9)] < o. Then, if it interacts with a 1- or a 3-wave, the
size does not increase. Indeed, the size does not change for interactions
with waves of the other family (Lemma and it does decrease for
interactions with waves of the same family (Lemma[2.3.5). On the other
hand, when +; interacts with a composite wave vy = (7, 7,73) at a time
t > to, the strength may increase. Without loss of generality, assume

i = 1 and recall 2.3.8), 2.3.9). If v < 0, then the size of the outgoing
rarefaction decreases; instead, if v > 0,

e = b))+ leal < In(e)] (14 5h1) < bt exp(ll2),

where 3 denotes the reflected outgoing wave of the other family. No-
tice that, for rarefaction waves the above estimate holds not only when
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the interaction is handled with the accurate solver, but also when the
simplified solver is used. Hence, we can derive (2.4.1). O

Since the model we are considering is provided with either one or
two composite waves only, the quantity at the right hand-side of
is bounded and can be made small by choosing a suitable o.

As for the second requirement of the list, we refer to Lemma 6.2 and
Proposition 6.3 of [2]. More precisely, it suffices to prove that the number
of interactions remains bounded in finite time.

Lemma 2.4.2. Consider the front tracking algorithm described in Section
Then,

i) the number of interactions involving a composite wave and solved by the
accurate solver is finite;

ii) the number of interactions where a new rarefaction of strength > o arises

is finite.
Sketch of the proof. Under suitable conditions on the parameters £, K%, p,
one is able to show that the functional F' decreases by a fixed positive
amount any time an interaction of the kind described in i) or ii) occurs.
Since F' is decreasing and F(0) is finite, this can happen only finitely
many times. O

Notice that the statement of the previous lemma can be rephrased
by “except for finitely many interactions, the number of outgoing fronts
is always at most two”. Indeed, excluding the interactions of i) and ii),
all the other ones either involve only waves of family 1,3 or involve
composite waves and require the simplified solver. Then, from an appli-
cation of Lemma it follows that the total number of interactions is
finite.

Remark 2.4.3. One could wonder why non-physical waves must be taken into
consideration or, equivalently, why such composite waves of Definition [2.1.5]
must be introduced. In particular, the question arises in the case of the single
interface, where the assumption on \, reduces system to two 2 x 2 sys-
tems of conservation laws. Nevertheless, a formal example of [5] represented in
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FIGURE 2.10: A case of possible interactions with a

composite wave. The numbers denote the three waves

giving rise to the whole interaction pattern. The dotted

lines pass through the interactions points of the waves
in each of the two different phases.

Figure shows that the number of interactions might explode near a 2-wave
if we were to use exclusively the accurate Riemann solver. Therefore, even in the
simplest case, composite waves (non-physical waves) seem to be unavoidable.

To conclude the part regarding the consistence of the algorithm, we
devote the next section to prove that the total strength of the composite
waves vanishes as v — +o0. Finally, the convergence follows from a
standard application of Helly’s Theorem (see Theorem 2.3 of [17]).

2.4.1 The total size of the composite waves vanishes

In this section, we exploit the notion of generation order of a wave to
prove that the composite waves have total strength that goes to zero as
v — +oo, ie. by they become entropic 2-waves in the limit. For
a wave +; of family ¢ = 1,3 we define its generation order k,, as in
Section 6.2 of [2], while for a composite wave , we proceed as follows.
We assign order 1 to the middle component (which never changes) and,
when dealing with the interaction of a wave v; of strength < p, we assign
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order k., to the v} component and order k., + 1 to the other one. A
complete and more precise definition is given below.

Definition 2.4.4 (Generation order of a wave). Leti,j = 1,3,41 # j. We
assign a generation order to each wave according to the following inductive
procedure. At t = 0, any wave takes order 1. At t > 0, we distinguish three

cases. See Figure[2.11|and
o If e;,€;5,e0 are the waves produced by the interaction of a wave §;, of
strength |6;| > p and order ks,, with a composite wave 6y = (83,6, 53)
of order (ksz, 1, ksz), we set

ke, = ks, ke, = ks, +1, (keévlakag) = (k65717k68)-
See Figure(2.11|(a).
ks, + 1 (ksy, L kis) ks, (ksy + L Lkss) ks,

ks, (ksy. 1, ks2) ks, (ksyo 1, kss)
(a) (b)

FIGURE 2.11: Generation order for interactions with

a composite wave. In (a) the interaction is solved with

the accurate Riemann solver, while in (b) the simplified
solver is used.

o Ife;, gq are the waves produced by the interaction of a wave d;, of strength
|6;] < p and order ks,, with a composite wave &y = (33,6, 63) of order
(ksy, 1, kss), we set

(k(;é, 1, ks, + 1) IfZ =1,

ke, = ks,, key,1,kes) =
= = B (key ) {(k(;i—i-l,l,kég) ifi=3.
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See Figure[2.11|(b).

o If ¢;,¢; are the waves produced by the interaction of two waves of the
same family «;, B3;, we set

ke, = min {kq,, kg, }, ke, = max {kq,, kg, } + 1.

See Figure (D).

kﬁl kas max{ ka3a kﬁ‘s} +1 nlin{l{;aw kﬁa}

~

FIGURE 2.12: Generation order for interactions be-
tween waves of different family (a) and between two
waves of family 3 (b).

Trivially, the generation order for two interacting waves of different fam-
ily does not change across the interaction, as one can see in Figure 2.12]
(a).

Now, we introduce the functionals Ly, Q, F}; by restricting L, @), F' to
include only waves with generation order k. Let ¢ > 0 be a time where
no interaction occurs. For ¢ > 1 and for any k = 1,2,... we define

Ly, = Ly + L§,
where
=3 bil+e X il + 3 Y el i=13.
Vi >0 7 <0 Yo ki=k
Ky =k Ky =F 74
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The interaction potential Qy, is given by
Qr = Qi + Q3
where

%:Kl( STyl +¢ D> Inlly )

A,v1>0 A,71<0

Ky =k kyy =k
:ZKi( Sl +€ D] |73|[”7]—>,

Yo A ,v3>0 A,v3<0

kg =k kyg =k

where K2 are the same coefficients of (2.3.26) and (2.3.27). Finally, we
have
Fy =Ly + Q.

For k =1,2,... we consider:

e aset Z;, of times when two waves «; and f;, belonging to the same
family ¢ = 1, 3 and satisfying max{k,,, kg, } = k, interact;

e a set J; of times when a 1- or a 3-wave of order k interacts with a
composite wave;

e aset 7 given by Z;, U Jy.
Lett € Ty, for k > 1, and look at Figure and We notice that

APF(t) = AFq(t),  ATF(t) = AF(t +ZAFh

where AFF, ATF are the variations introduced in Section It is easy
to see that:

e ift € 7, wehave AF), = 0for h < k — 1 and, hence, ATF = AFy;

e if t € Zj, we have AF;, < 0, while AF}, has no definite sign for
h<k-1.
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Moreover, by Claim it follows that AFy,; > 0 and, under suitable
assumptions on &, K12, p, it follows that

k—1
AFy, + Z AF, <0.
h=1
Then, by (2.3.31) we get
k—1
ALy S p |AF, + Z AF,| =p ( [AF] - Z AFh) , (24.2)
h=1 _ h=1

for 0 < p < 1. Remark that the right-hand side of (2.4.2) reduces to
[AF;]— whent € J, and that AF, =0 for h > k + 2.

Remark 2.4.5. This line of proof leading to Claim[2.3.9)is not the same followed
in [2,/8,19, (101, where formula was not directly inferable by the analysis
on the decrease of F'.

For later convenience, we suitably restrict the conditions required on
the parameters to get 1 < 1 (see Proposition and we proceed as
in Proposition 6.7 of [2] to obtain a recursive estimate for Fj,. Remark
that the functional F}, increases at times 7 € 7;,_1, it decreases at 7 € T},
while it has no definite sign for times 7 € 7j, with h > k + 1. For F; we
have

Fi(t) = Fy(0) — ZAFl +Y > AR, (2.4.3)

h>1 Tp

while for Fy, k > 2, we use the fact that F},(0) = 0 to obtain

Fie(t) = Y [AR); — Z [AF]-+ Y > AF,. (2.4.4)

Ti—1 h>k Th

Here we assume that the summation index varies over interaction times
7 < t. Now, we consider the last term in (2.4.3)), (2.4.4):

SN AR, kx>1L

h>k Tpn
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This term is not zero (possibly positive) only if the interaction involves
two waves of the same family, one of order k£ and the other one of order
h, with h > k. We denote by T}, i, the set of times at which an interaction
of this kind occurs. Clearly, 7} C 75,. Moreover, we define the quantity

ap(t)= Y [AR(D]:, k=2 (24.5)

TETk-1

that appears in (2.4.4), too. Hence, we rewrite (2.4.3), (2.4.4) respectively

as

0 < Fi(t) = Fi(0) - Z [AR]-+) > AR, (2.4.6)
h>1Th 1
Ong(t):ak—ZAFk +Y D AR, k=2 (247)
h>k Th K

Proposition 2.4.6. For k > 2 it holds
k—1
ag <pFTR0)+ )Y Y AR (2.4.8)
h>k £=1The

Proof. For k = 2, we use (2.4.2) and the positivity of F; to get

T T h>1Th1

<pF(0)+ )Y AR,

h2>2Th 1

=Y [AR] < p ) [AR]- < p (F1(0)+ZZAF1)

which is (2.4.8) for k = 2.
By induction, assume that (2.4.8) holds for some k£ > 2. Since F}, > 0,

from (2.4.7) we get

Z[AFk < ap + ZZAFk

h>k Th K
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Now, by (2.4.5), 2.4.2) and by the previous inequality we find that

Qpy1 = Z AFp ]y < NZ [AF,]- — NZZAFZ
Tk

L<k Ti,e

< poy + uZZAFk — NZZAFZ.

h>k Th k L<k Ti,e

Using the induction hypothesis (2.4.8), we get

st SPPRO) Fp Y0 Y AR HuY Y AF —p) Y AR
h,>hlltz>1{ Th.e h>k Th.k L<k Ti,e
> RTee

(I ()

Notice that
() =N+ > Y AF,
he  Th,
h>k>¢
so that

a1 < pFF(0) + p Z ZAFeJruZZAFk

h>k Th i
h>k>£
=i R0 +p Yy ZAFe,
h,t 7-h ¢

h>k>¢
whence we deduce (2.4.8) for k£ + 1, since ¢ < 1. O

Proposition 2.4.7. For k > 2 it holds
t) =Y Fj(t) < pF 1R (0). (2.4.9)

jzk
Proof. For k > 2 we have F,(0) = 0. Moreover, we deduce also:
o AFy(r)=0forr e Tp h<k—2

. Aﬁk(T) = AFi(7t) >0for7 € Ti—1;
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e forallTr €Ty, h >k,
_ k—1
AF(r) < =) AF(7),
(=1

since AF (1) < 0 (under suitable assuptions).

As a consequence of the above properties, by (2.4.5) and (2.4.8) we get

ﬁk(t) = + Z ZAﬁk

h>k Th

k—1 k—1
<SEFTTRO0) 4D Y S AR =Y N N AR, = 4 R(0).

>k 0=1Th ¢ h>k 6=1 Th ¢
O

Finally, we are able to prove the vanishing of the the total strength
of the composite waves as follows. Since in the model considered there
is a finite number of composite waves, it suffices to focus on just one
of them, say 6y = (65,6,63). Once all the parameters ¢, K13, o (with
o = o, = 0+ as v — o0) have been chosen, we fix k > 1 and estimate
the total number of waves of order < k. Then, the strength of ¢, at a time
t can be bounded by

180(t)] = 180(t) [T =k} +0o ()T g<ny < Fi(t) + |00(t)| T <hy»

where [0o(t)| [ >}, is the sum of all the terms |ASY(T)| for 7 < t and
<

i = 1,3, that have generation order = k (see (22.1)). Hence, by Proposi-
tion2.4.7lwe have

160(t)| < u*~1 - F(0) + C,p|y| - [number of fronts of order < k],

which is < 1/v by choosing k sulfficiently large to have the first term
< 1/(2v) and, then, p = p, small enough to have also the second term
< 1/(2v). Now, the consistence of the algorithm is completely proved.






Chapter 3

The single phase wave

In this chapter we study the initial-value problem for (1.4.4), (1.4.5) in
the single phase wave case, i.e. when A, is piecewise constant with a

single jump
() Ae ifz <0,
o\T) =
A ifxz >0,

as in (1.4.19). In the first section we state the main theorem and make
some comments. In Section we specify the Glimm functional and
show that it is decreasing along the approximate solutions provided that
some conditions are verified. Finally, in Section [3.3| we prove the exis-
tence theorem by translating the conditions found on the parameters
into hypotheses on the initial data.

The content of this chapter comes from [[10], although several changes
were made. Two of the main novelties consist in the adoption of an
asymmetric functional F of the kind defined in and in the proof
of its decrease relying on the study of the variations A®F and ATF.

3.1 Main result

First, we set a, = a(\,), ap = a()\¢) and define

§i=odr 9t (3.1.1)
ar + ag

77
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Notice that ¢ ranges over | -2, 2[ for a,, a, positive. As in [2], the quantity
0 measures the size of the contact discontinuity located at z = 0 at the
outset of the front tracking algorithm, which is referred to as the phase
wave. We denote by

do = (5(%7 o, 63)
the composite wave originating from 4, see Definition 2.1.5] Clearly, at
the beginning we have §, = (0, 6,0).

Denote p,(z) = p (vo(z), Ao(z)) and recall the notation introduced in
(1.4.21). Below we state the main result of the chapter.

Theorem 3.1.1. Assume ([1.4.2) and consider initial data (1.4.5) satisfying

(1.4.19) and v,(x) > v > 0, for some constant v. Let ¢ be as in (3.1.1).
There exists a strictly decreasing function KC defined by

K(r) :

2 2
= log ( +1+-V1+ r) , r€]0,2[, (3.1.2)
1+r T T

such that, if § # 0 and the initial data satisfy

Uo

22) < k(o
(3.1.3)
then the Cauchy problem (1.4.4), (1.45), (1.4.19) has a weak entropic solution
(v,u, A) defined for t € [0,+o0[. If 6 = 0, the same conclusion holds with
K(|8]) replaced by +oo in (3.1.3).
Moreover, the solution is valued in a compact set of Q and there is a constant

C = C(0) such that for every t € [0, +o0[ we have

1 Up 1
T <) — 1
T+ oL, Ty (log(po), az) N Iy ( 0g(po)

TV (v(-,t), u(-, 1)) < C. (3.1.4)

Remark that condition (3.1.3) is explicit, differently from other anal-
ogous results of global existence for large data such as [27, [28} 34]. We
also observe that (3.1.3) is trivially satisfied if

Uop 1 Uo 2

[ — [ — )< =
TV (log(po)7 a€)+1 o Y (log(po), ar) <<log (2+V3),
(3.15)
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since 5
lim K(r) = +oo, lim K(r) = glog(2 +V3).

r—0+ r—2—

Then, the Cauchy problem (1.4.4), (1.4.5), (1.4.19) has a global solution if
is verified and v,(z) > v > 0 holds. This is a striking difference
in comparison with the results of [2, 4], where the corresponding bound
on the right-hand side vanishes at a critical threshold. Moreover, The-
orem improves the existence theorem of [2] when restricted to the
case of a single contact discontinuity; we refer to Section[3.3.1]for related
comments.

Remark 3.1.2. If § = 0, i.e. a, = ay, then the initial data (1.4.19) reduce
(1.4.4) to a p-system where the pressure p only depends on v. In this case, the
results of [2, 7] hold and we recover Theorem[1.3.1}

3.2 Interactions

In this section, we use the tools and the estimates discussed in Chap-
ter 2| to analyze interactions between waves. First, we introduce some
notation and we specify the Glimm functional used to prove the bound-
edness of the total variation of the approximate solutions.

Without loss of generality, we will assume ¢ > 0 for the rest of the
chapter. Recall the content of Section and, in particular, the func-
tionals (2.3.22), (2.3.26) and (2.3.27). For ¢ not an interaction time and
£ >1, K’ K" suitable positive parameters, we define

L(t) = L") +L%(t),  L'(t)= > |ul+€ D hul+lIs@l, i=1,3,

v: >0 v: <0
and

Q1) =Q'(t) + Q*(1),
Q') =K (D Imol+¢> Imel), @) =K Y |dl.

>0 z>0 z<0
v1>0 71 <0 v3>0
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Notice that the summation in Q! is performed over the set of 1-waves
approaching the composite wave from the right, while Q? refers to the
3-waves approaching dy from the left and does not include 3-shocks.
Moreover, we use the indexes ¢, r instead of i = 1, 3 for the coefficients

do

FIGURE 3.1: The parameters K‘ and K" refer to the
side from which waves approach do.

of @) to keep track of the side from which a wave approach dy, see Fig-
ure this choice will make sense at the end in the proof of Proposi-
tion[3.3.1} The Glimm functional F is, then, given by ' = F' + F® asin
2323

Finally, in order to prove Claim[2.3.9)and verify that F is decreasing,
we also introduce

o fL 1 ¢ c,
VT e 2K =114+ 2K ERKT —Cy)

K6 +1 Ko + 1}
M = ) )
: { ¢ ;
and in the sequel we separately derive (2.3.31) for 11 and o, where

41 = max My , o = max Mo. (3.2.1)

3.2.1 Interactions with the composite wave

Here we collect all the estimates concerning the composite wave. Recall
the variations A®F and ATF defined at (2.3.29). In particular, consider
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the interaction between Jp and a wave of family ¢ = 1,3 occurring at a
time ¢, as in Figure[3.2land [8.3] Then, we have

AFF(t) = AT () +AQ (), j=1,3,j#1i, ATF(t)=AL(H)+AQ(%).

Moreover, by Table[2.1|of Chapter[2|the four possible interaction patterns
obtained with the accurate solver (in the case § > 0) are the following:

0x1R — 1R+0+3R, 0x1S — 15+40+3S,
3BRx0 — 1540+ 3R, 3 x0 — 1R+0+3S.

Proposition 3.2.1. Let a wave §; of family i = 1, 3 interact with the composite
wave g at some time t > 0. Then, we have

[A"F], < m[ATF)-,

provided that

K™ > % (3.2.2)

where py is defined in (3.2.1) and C, > 1 is the coefficient introduced in
(2.3.10).

Proof. As usual we denote by €1, ¢35 the outgoing waves of family 1,3

and recall Table 2.1} By (2.3.1), and (2.3.2), we have

{ €1 — 01 = €3, lex] = [61] = [es], ifi =1,
€3 — 03 = €1, les| — |65 = —lea], ifi=3.

See Figure If the interacting wave is a rarefaction, then
by (2.3.8) and (2.3.9) we get

1
(ARF]y = [es] < 518131,
while

1
ATF = |€1| — |51| — KT‘515| = |€3‘ — Kr‘(;l(ﬂ S §|515| (1 — QKT).
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Since C, > 1, (3:2.2) implies ATF < 0. Hence, [ATF]_ > (2K" —1)|616|/2
and
ATF)_ < g [ATF]_.

1 1
AFR), < = <
[ ]+_2|515|_2KT_1

Instead, if the interacting wave is a shock, then by (2.3.8) and (2.3.9)
it holds ¢
€les| < §|515\ if [61] > p,
ARF, = .
les| < ?o|515| if [61] < p,

and
A'F =¢E|eq| — &]01] — K7€|6,6]

L1611 —2K7) o] > p,
=Elez| — K"€|616] <
5‘(51(5“00 — QKT) if |(51‘ < p.

Hence, by (38:2.2) we get ATF < 0 and

€ T .
2 < AF]_ f >
AL < 51018] < e [ATF] if [61] = p,
TG Co o
?MMSW[A Fl_ if [6:] > p,

ie [AFF), < [ATF)_.
See Figure If the interacting wave is a rarefaction, then

Elea| if 03] = p,
lex]if ds] < p,

AR =

and by (2.3.8), (2.3.9) we have

ATF = |es| — |03| — K*|030] = —|e1| — K¢|030] < —(1 4 2K%)|ey].
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€1 €3 €1
€3

60 (5 1 60 61
(@) (b)
FIGURE 3.2: An interaction of a wave of family 1 with

do solved with the accurate solver (a) and with the sim-
plified solver (b).

Then, [ATF]_ > (1 + 2K*)|e;| and

3
1+ 2K¢

ARF < gley] < [ATF]- < m[ATF]-.

Instead, if the interacting wave is a shock, we get [ARF]| = |¢;| and
AT'F = ¢les| — €]03| = —€|ex]. Thus,

[A%F4 = ler| = Z[ATF]- < [XTF]—.

Al

O

Corollary 3.2.2. The Glimm functional F' is non-increasing across time t if
the following conditions hold:

—1 2K"
£>1, K">1, Kfzf— c, < 3

7 St (3.2.3)

Proof. Remark that (3.2.3), implies also (3.2.2). Moreover, by (3.2.3) it

holds p; < 1 and, thus, we can infer

AF = [A"F], — [ATF]_ < (ju — 1)[ATF]- < 0.
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€1 €3 €3

63 (50 63 50
(a) (b)

FIGURE 3.3: An interaction of a wave of family 3 with
do solved with the accurate solver (a) and with the sim-
plified solver (b).

3.2.2 Interactions between waves of family 1 and 3

In this section we analyze interactions between waves of the same family
i = 1,3 taking place entirely in either {z < 0} or {z > 0}. Thus, by
(2.3.29) we have

ARF = ALY + AQY, j=1,3,j#1, ATF = ALY + AQY,

and by Table2.2land (2.3.12) we have

ZSXZS—)]R-FZS : |€i|—\ai\—|6i\=—|€j|,
(3.2.4)

iS X iR = jS+iR (o <0< ) : leil = 1Bil = —lej] — el
(3.2.5)

iS x iR = jS+1S (o <0< ;) : l&i] = lew| = lej| — [Bil-
(3.2.6)

We also recall (2.3.15) for the definition of the coefficient ¢ and the im-
portant assumption (2.3.14), by which we require that any shock wave
must have strength bounded by a parameter m, > 0.

Proposition 3.2.3. Consider the interaction of two waves «;, B; of the same
family i = 1,3 at a time t giving rise toe; and €, j = 1,3, j # i. If we assume
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and
1<¢< C(ﬂl%), (3.2.7)

then we have
— min{|a;l, |Bi]} < —€lejl- (3.2.8)

Moreover, it holds
[A"F, < po[ ATF -,

where po is defined in (3.2.1)).

Proof. Together with (3.2.4)-(3.2.6), the estimate (3.2.8) is essential to prove
the second statement. Notice that by (2.3:20) and (3.2.7) we have

1
&3] < elmo) ming|es], [5:]} < 2 min{led, 15[},

of which is an easy consequence.

To get for p12, we distinguish between the case where the two
interacting waves are both shocks (o, 5; < 0) and the case where they
are of different type, say «; shock and f; rarefaction (o; < 0 < ;).

‘ Case a;, 5; < 0 ‘We have

AF = |g;| PR, ATF = (el = ol = 18:)PT,

where PR = PE(|§|, K*") and PT = PT(|§|, K*") are suitable posi-
tive polynomials. Notice that by the variation ATF is rewritten
as ATF = —¢e;| PT. In particular, let z,,, x5, denote the locations of «;
and §;. Then,

1+ K%6| ifi=1and z,,,25 <0,
PR =314 K76 ifi=3and z,,, x5 >0,

1 otherwise,

and
P {1 +K"|5| ifi=1and 24,25 >0,

1 otherwise.
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Since it holds P > 1, in all the cases we have [ATF]_ > ¢|e;|. Hence,

R
i

AF, = || PR < - [ATF]. < o] ATF).

‘Case a; < 0 < 3;|We have

(les| = |Bi]) PL — Elag|Pf if g5 > 0,

ARF = ¢le;| PR, ATF = " o
E(les] = lau) Py —[Bi| PP ife; <O,

for suitable polynomials P = PH(|§|, K*") and P{, = Pl,(|6|, K“").
Now, notice that by (3:2.5) and (3:2.6) ATF can be rewritten as

ATF — {<—|aj —loal) P = gla| P if e > 0,
&g = 1BNP = |6 PT ifes <0,

In particular, we have

P {1+KT|5| ifi = 3and z,,, 25, > 0,

1 otherwise,
and

1+ K*§| ifi=3and z,,, 25 <0,
Pl'=S1+K"§| ifi=1and ., x5 >0,

1 otherwise,

pr 1+ K"|¢| ifi=1and z,,,zs >0,
? 1 otherwise.
Since it holds P, > 1, by (3.2.8) we have

AT < {(—ejl — lal) = €las] < —¢laf if; >0,
&gl = 1Bil) = 183l < 1Bl = E1Bil — |8l < —=€[Bi| ifes <O.
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Hence, again by (3.2.8) we get ATF' < —£?|e3] in both cases and, conse-
quently,
PE [

[ATF], = €lej| P < —[ATF)_ < o ATF]_.

O

Corollary 3.2.4. Under the assumptions of the previous proposition, the Glimm
functional F is non-increasing across time t if the following conditions hold for
E>1:
£~ £-1
Kf < e, S
9] 9]

Proof. By (3.2.7) and (3.2.9) we have that po < 1, whence it follows

K (3.2.9)

AF = [APF), — [ATF]_ < (up — 1) [ATF]_ < 0.

O

3.3 Proof of Theorem 3.1.1/and final comments

Assume that (3.2.3) and (3.2.9) hold with strict inequalities. This is re-
quired in order that

max{fi1, 2} < 1,

which is fundamental in the analysis on the vanishing of the strength of
dp, as explained in Section

Now, we focus on the choice of the parameters. By (3.2.3), 3 and
the coefficients K", K* must satisfy

| <ckr <t (3.3.1)

o]
§—1 ¢ §-1
S <K < (3.3.2)

The parameter K* can always be chosen in the interval given by (3:3.2)
since |0| < 2; while K" can be chosen in (3.3.1) only if 1 + |d| < £. Hence,
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by (3.2.7) we require that ¢ satisfies
1

1408 <€ < . (3.3.3)
c(mo)
In turn, this is possible if
(mo) < —— (334)
c(mo) < 77+ Eik 3.

Notice that (3.3.4) is certainly satisfied if ¢(m,) < 1/3 because |d| < 2.
Therefore, the parameters m,, §, K", K ¢ and p are taken as follows.

i) We determine the maximum size m, of the waves in the approxi-
mate solution by (3.3.4) (cis invertible since it is strictly increasing).

ii) We choose ¢ in the non-empty interval defined by (3.3.3) and then
K in that defined by (3.3.1).

iii) Finally, we choose K* as in (3:3.2) and p satisfying

2K7¢
E+1°

Co(p) < (3.3.5)

Proposition 3.3.1. Let m,, &, K", K* and p satisfy (3.3.1)~(3.3.5). Then, the
following two statements are verified.

i) Local Decreasing. For any interaction at time t > 0 between two waves

satisfying (2.3.14), it holds
AF(t) <0.
ii) Global Decreasing. Recall the functional defined in (2.3.23). If
(o) L1 {o<0}(04) + Ll{z>0y(0+) < moc(m,), (3.3.6)

and the approximate solution is defined in [0,T], then F(0+) < my,
AF(t) <0 for every t €]0,T] and (2.3.14) is satisfied.
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Proof. The local decreasing property of F' has already been proved above.
As for the second statement, we proceed as follows. For convenience, we
use the indexes R, S to denote rarefaction and shock waves, respectively.
If we restrict ourselves to consider only waves located in {z < 0}, then

by (3.2.9) we have

F(0+) < L' (0+) + L' (0+) + L*3(0+) + L**(0+) (1 + K*|9])
< LY5(0+) + LY (04) + L35 (04) + EL3F(0+) < €L T z<0y(04).

Instead, if we restrict to {x > 0}, by we get
F(04) < L*0+) (1 + K7|6]) 4+ L*(04) < €L [{z>0y(0+).
Then, we can infer
F(O+) < fzf{x<0}(0+) + fzzf{x>0}(0+)-

Now, for a fixed t < T, suppose by induction that F'(r) < m, and
AF(t) < 0 for every 0 < 7 < t interaction time. Then, by the local
decreasing property we have AF(t) < 0. This implies

F(t) < F(04) < €L 1 {2<0y(0+) + €L {z503(04).

Hence, by (3.2.7) and (3.3.6) the strength of a shock of family i = 1,3 at
time ¢ is bounded by

1 — _
|6:] < EF(t) < Ll{e<0y(0+) + §L T {2>0y(0+)

— 1 =
<L r{az<0}(0+) + c(mo) L r{z>0}<0+) <m,
and we recover (2.3.14). O

In this last part we conclude the proof of Theorem [3.1.1}

Proof of Theorem It only remains to reinterpret the choice of the pa-
rameter m, in terms of the assumption (3.1.3) on the initial data. Ob-
serve that we can approximate the initial data (already satisfying the
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three requirements of Step 1 in Section [2.2) in such a way that the jump
((pe,we, Ae), (pryur, Ar)) at the interface « = 0 is substituted by the jump
related to the 2-wave connecting (p¢, u¢, A¢) to (pe, ue, Ar) and the solu-
tion to the newly generated Riemann problem at 2 = 0+ of initial states
(pe, we, Ar) and (pr, ur, Ar). This is possible because p and v remain con-
stant across the 2-wave d. Thus, we can relate hypothesis (3.1.3) to (3.3.6)
by including in L [,~0}(0+) the total variation of p, and u, at 2 = 0 and

by (2.1.8) we can prove that

— 1 Uy
Digoen04) < 5 T, (log(p0), 22 )
<0 Qy
) (3.3.7)
— Uy
< — — .
Zien04) < 5 TV (1ogr). 22
Now, for m, > 0 consider the functions
(mg) = ————1= —— () = 2m,e(m,)
w(my) == ) R — 2(me) = 2mec(m,),

and notice that w is strictly decreasing from R to R, while z is increas-
ing on the same sets. By (3.3.4) and (3.3.7) we have to look for a value of
m, such that the following relations hold:

0] < w(my), (3.3.8)
clmy) TY (mg(po), “g) £V (log<po>7 “) <i(m,).  (339)

Since |d] < 2, we restrict the choice of the parameter m,, to have w(m,) €
10,2[, that is cosh m,, > 2: this corresponds to consider

me > cosh™(2) = log (2 + \/§> .

Since it holds c¢(w~!(r)) = (1 + r)~!, we notice that

B <1Jlrr) =K@),  relo2l,  (33.10)
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which can be written explicitly as in (3.1.2). Hence, if the assumption
(3.1.3) is verified, we can easily choose m, > cosh™!(2) such that (3.3.5),
(3.3.9) hold. Thus, Theorem is completely proved. O

3.3.1 Some comparisons

It is interesting to make a comparison between Theorem and the
analogous existence results of [2} 10]. First, we address the main result
of [2], which was proved to be equivalent to Theorem 3.1 of [4], as re-
marked at the end of Section[T.4.T] There, when applied to the case of a
single contact discontinuity, condition can be written as

TV (log(po), mm{zae}) < H(|3)), (3.3.11)

where H = H(r) is defined as in (1.4.18) only for r < 1/2, i.e.

11— d(m)

H(r)=2(1=20)k7(r), klm) = =220

, (3.3.12)

and d is the damping coefficient introduced in (T.4.13).

We can immediately see that the result of Theorem is new for
the range 1/2 < |4] < 2 and includes the case where the phase wave
may be arbitrarily large, i.e. |§| close to 2. In order to compare
with in the common range |§] < 1/2, we set 7 = |§| €]0,1/2[ and

rewrite H as
1—2r\?
_ _ -1
H(r)=2(1-2r)d [(1—7“)]'

Comparing this expression with (3.3.10), we see that 1/(1 +r) > (1 — 2r)

and
2 2
1 1—-2r 1 1 4l f1=2r
d
1—|—7‘><1—r>’ ¢ (1+r)> [(1—7")]’
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FIGURE 3.4: The function H is represented as a dashed

curve and K as a thick curve. The horizontal dotted

line gives the asymptotic value 2log(2 +/3)/3 of K as
r—2—.

since ¢ < d and c is strictly increasing. We deduce that K(r) > H(r)
for 0 < r < 1/2; see Figure Then, the conditions on the initial data
obtained here improve the ones required in the previous works [2} /4],
albeit the latter were given for a more general case.
Finally, we briefly discuss the result of [10]. The main difference with
the analysis of this chapter is the adoption in [10] of a Glimm functional
that lacks the asymmetric property. More precisely, in [10] the linear

functional is the same of (1.4.14), while the interaction potential differs
from (1.4.15) only for the presence of the weight £ attached to the shock

waves. Moreover, in [10] no distinction between the region {z < 0} and

{z > 0} is made. By following the same reasoning as above (except for

the introduction of A®F and ATF) in [10] one ends up with the following
hypothesis analogous to (3.1.3):

Uy Up
TV (1og<po>7 ae) £V (1og<po>, ar) <K(6). (313
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Notice that allows to differentiate the amount of total variation of
the data that can be taken in the two regions of the tube separated by
the interface. This is a remarkable feature that is missing in and,
consequently, also in Theorem 2.1 of [10].

3.3.2 Conclusions

To conclude this chapter, we observe that it is still unknown whether
the global existence of solutions for the system (1.4.4) and data
satisfying holds for any BV initial data v,, u,. We refer to the
final section of Chapter {4| for a few more words on open problems and
future works.






Chapter 4

The two phase waves

In this chapter we continue the analysis of system (1.4.4) by considering
the case of the two phase waves, i.e. we study the initial-value problem

(T.44), (T.45) with ), as in (T.4.20)

Ae if z <0,
Xo(x)=¢ Ay HHO0O<z <1,
A ifx > 1.

Similarly to Chapter[3} in the following sections we specify the Glimm
functional and we prove an existence result in each of the three cases: (d)
drop, (b) bubble and (p) increasing (decreasing) pressure. The content
is taken from [8} 9] and has been slightly modified to adapt to the current
setting.

4.1 Main result

Under the notation ay = a(\y), an, = a(\y,) and a, = a(),), we intro-

duce o —a “—a
n:=2-"2 Z, (:=2-" =,
A + ay ar + am

The quantities  and ¢ range over | — 2, 2[ and represent the strengths of
the contact discontinuities located at + = 0 and = = 1, respectively. We
refer to 1 and ¢ as the phase waves. Moreover, we call 79 and ¢, the two

95
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composite waves originating from 7 and ¢,

m=010.m.7), o= (C5:¢:6)-
We consider three main configurations depending on the signs of 7, (:
(d) the drop case,n < 0and ¢ > 0;
(b) the bubble case,n > 0and ¢ < 0;

(p) the increasing (decreasing) pressure case, 7 > 0and ¢ > 0(n <0
and ¢ < 0).

For brevity, we let v = d, b, p refer to these three cases: « = d for the drop
case, . = b for the bubble case and « = p for the increasing/decreasing
pressure case. In particular, by © = p we refer only to the increasing
pressure case, since the decreasing one is analogous.

In order to state the existence theorem, we have to introduce some
threshold functions. First, we recall the strictly decreasing function de-

fined in (3.1.2), i.e.

2 2
K(r) = log (r +1+ ;\/1 + 7‘> , re Ry, (4.1.1)

1+7r

that satisfies

lim K(r) = +oo, lim K(r) =0.

r—0+ r—+o0

Then, we introduce the following continuous functions related to the
stability of the two phase waves

HL:SL_>[O7+OO[7 L:d>b7p7

where S, are suitable subsets of [0,2[x[0, 2[ in which (|7|,|¢|) must be
chosen. In particular,

S ::{(|n, I<]) € [0,2[x][0,2]: max{ (1 + |g|)|g7 (1 + g')'g'} < 1},
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Sy = [0,2[x[0, 2],

while 5, is contained in ]0,2[x]0,2[ and for its definition we refer to
since it is more complicated. See Figure 4.1 for a picture of the
domains S; and S,. Notice that in the bubble case the pair (||, |¢]) can
vary inside the whole square [0, 2[x[0, 2[, while in the drop and in the
increasing pressure case they can cover only a portion of it. Moreover,
when one of the two waves 7 or  vanishes, say ¢ — 0, then these stabil-
ity conditions reduce to || < 2, which is always true.

g q

2 Il 2 nl
Sd Sp

FIGURE 4.1: The domains Sy and S,.

We define
o i<l Inl
R e e S
_ 4 2+, 20} 13

while for the definition of H, we refer to (4.5.27). For . = d,b it holds
H, = 0 only when = ¢ = 0 and, more importantly, H,(|n|,0) = |n|
and H,(0,[¢]) = [¢]: this allows to recover the single phase wave result.
Instead, for « = p we have that #,(|n|, |¢|) — +occ when either || — 0 or
|¢| — 0. Moreover, for ¢ = d, p it holds H,(|n|, |¢|) — +oo when (|1],|¢])
tends to the curved edges of S,.
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We denote p,(x) = p(vo(x), Ao(x)) and recall the useful notation
(1.4.21). The following theorem states the global in time existence of
solutions in all the three cases.

Theorem 4.1.1. Assume (1.4.2) and consider initial data satisfying (1.4.20)
and v,(x) > v > 0, for some constant v. Let . = d, b, p and (|n],|¢]) € S,. If
it holds

Uo

TV@M%% )<Kmxwmm, (414)

min{ag, am, a,}
then the initial-value problem (1.44), (T.45), (1.4.20) has a weak entropic solu-
tion (v, u, \) defined for t € [0,4o0[. If n = ¢ = 0, the same conclusion holds
with K (H,(|nl, |¢|)) replaced by +oo in @E14).

Moreover, (v(-,t),u(-,t)) € L>([0,00[, BV (R)) and the solution is val-
ued in a compact set.

Hypothesis can be read as follows: the larger are ||, |(|, the
smaller must be the total variation of p,, u,; vice versa, the smaller are
[nl, <], the larger can be the total variation of p,, u,. In addition, only for
the drop case condition (#.1.4) can be further improved by a localization
of the total variation in each of the three intervals {x < 0}, {0 < =z < 1}
and {z > 1}. Indeed, when ¢ = d the left-hand side of can be
replaced by

Uy 1 Uy
TV (log(po), 2 )+ —— TV (log(p,), 22
ww(%@>w)ﬂ+ﬂammw««<%@’%>

Uo

+ ;[;\{ <log(po), ar) , (4.1.5)
which shows that we can take a total variation of the data in the middle
region multiplied by a factor < 1. In this case, Theorem improves
the main result of [2] not only because K is sharper than H of hypothesis
as seen at the end of Chapter 3] but also because the total vari-
ation of the initial data can be taken larger in the middle region of the
tube than in the external ones. See Remark[£.6.2and [4.6.3]for the details.
The asymmetrical character of is due to the particular choice of
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the Glimm functional which is introduced and carefully analyzed in the
sequel.

We conclude this section by extracting from (4.1.4) some more infor-
mation that reminds of (3.1.5). For ¢ = d,b, we introduce the sub-level
sets of H,

Sf:{(\n|a|4|)€5L HL(|n|7|§|)<KZ}, Kk > 0.

See, for example, Figure for the drop case. Since K is decreasing,

0 0.2 0.4 0.6 0.8 1 12 1.4 16 1.8 2
Inl

FIGURE 4.2: The sub-level sets S} for x = 1,2, 3.

then for every (|}, |¢]) € SF¥ condition (4.1.4) holds if

Uo

TV <log(po), ) < K(k).

min{ag, ap,, a,}
In particular, we have K(2) = 2log(2 + v/3)/3 and the domain S? in-
cludes the segments [0, 2[ on each axis. Therefore, for n = 0 or { = 0 we
recover the same exact condition of (3.1.5).
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4.2 Functionals

Here we analyze interactions between waves. For ¢ = d,b, p, we sepa-
rately study interactions that involve one of the two composite waves
and interactions between 3- and 1-waves entirely occurring in one of the
regions separated by the interfaces.

As in Section for t > 0 (not an interaction time) and £ > 1
parameter to be determined, we introduce the linear functional L(t) =
LY(t) + L3(t), where

L) =Y bl +€ Y bl + @Il + 6l i=1,3.

~vi>0 7i<0

In the next sections we will also specify the interaction potential

Qb(t) = Q} (t) + Q?(t) ) t=d,b,p, (4.2.1)

where the coefficients denoted by K 52’”’ will keep track also of the in-

terval {x < 0}, {0 < = < 1} or {x > 1}, from which 1- and 3-waves
approach n or (y; see Figure The resulting Glimm functional F, =

K™ r
y K K,

o Co

FIGURE 4.3: The parameters Kf]”?’r refer to com-

posite wave approached (no or (o) and to the region

of provenience of the approaching waves ({z < 0},
{0 <z < 1}and {z > 1}).

L+@Q, has an asymmetrical character and decreases under certain condi-
tions on the parameters &, K fz?r and p (which are different in the three
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cases considered). We recall Tables [2.1| and [2.2] for the interaction pat-
terns and the variations A"F and ATF defined in (2.3.29). In particular,
if an interaction occurs at a time ¢ > 0 and at least one of interacting
wave is of family i = 1, 3, then by we have

AFF, = ALV + AQ?, j=1,3,j#i, ATF,=AL'+AQ'.

Recall also that one of the parameters of the proof is m, > 0, com-
ing from the assumption that the strength of any shock wave satisfies

(2.3.14).

4.3 The drop case

In this section, we look into the estimates for Fj;. Recall that in this case
it holds n < 0 and ¢ > 0. For ¢t > 0 (not an interaction time) and Kﬁ:g"”r
positive parameters to be determined, we define the phase-dependent
interaction potentials of as

Qit) = (K5 3 181l + £ D [oal Yl + KL (D2 1ol +€ Y Joul)Icl,

o<zl x>1 x>1
§1>0 51>0 51>0 51<0
Q1) = K (D2 1l +€ D 1l )l + (KD 15l + K2 Y 1l €l
z<0 z<0 <0 o<xz<1
53>0 §3<0 53>0 §3>0

B A4 R
R R
o Co

FIGURE 4.4: The terms of Q.



102 Chapter 4. The two phase waves

Notice that the shocks missing among the terms of @4 are those of fam-
ily 1 interacting with 1o and those of family 3 interacting with (y; see

Figure[f.4

In order to prove Claim we introduce the following sets:

A 1 1 3 ¢ 1+KrMy 1+ K2
VU 2K -1V 2KE U 142K 142K ¢ T &)
1 Co
2nl[Ky = K (L+[C1/2)]/1C] + (K7 = 1) 2Ky = Co)’

1 C,
21CI[KE — K& (1 + [nl/2)]/Inl + 2K§ — 1) §2KL — Co) }

9 =

d_{1+K§|n|+Kg|g| 1+ Kjlnl+ KZ|C) 1+ Kyl 1+ KZ(]
£ ’ 3 ooe T ¢ '

The next step consists in finding the conditions to impose on the param-

eters so that (2.3.31) holds for
pd = max M, pd = max M. (4.3.1)

Proposition 4.3.1 (Interactions with the composite waves). Assume that
at a time t > 0 a wave 6;, i = 1, 3, interacts with one of the composite waves g

or {o. Then, we have
[ATFy)y < pd [ATF)-,

provided that the following conditions hold:
C

min { K¢, Ky} > =2, 43.2)
2 (KZ”(H;') —KZ;) I+ (1 —2K{)[¢] <0, (4.3.3)
2 (KZ”(l + '%') —Kf) ¢+ (1 = 2K)[n| < 0. (4.3.4)

Here, u¢ is defined in .31) and C, in (2.3.10).
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Proof. Since the two cases give symmetric conditions, we only analyze
interactions involving (y. As usual, let €1, €3 denote the outgoing waves;

see Figure [d.5]and [4.6| By (2.3.1) and (2.3.2) it holds

61—(51:?33, |El‘—|51‘:|€3|7 ifi=1
63—53:&‘1, |€3‘—|53‘:—‘€1|, if7 = 3.

(4.3.5)

If the interacting wave is a rarefaction, then by (2.3.8), (2.3.9)

we have
R 1
AFy = [e| < 1614,

and
AN'Fy = |ey| = |01] + K] |ean| — K} |61n] — K{|6:¢|
= |es| + K'[ean| — K [01m] — K¢ [6:¢]

1 m T T
< 5\51C| + K ein| — Kj|61m| — K[ [01(]

< %\MI [2 (Km(1+ |<|) K’) ||7<7|| (1-2K7)|.

Then, by @#3.3) it holds ATF,; < 0 and

1
= 2nl[KG = K (U4 [C1/2)/ICT+ (2K — 1)

[A"Fy]y < |51C| [ATF,]-,
ie. [ARFd:I+ § ,LL‘%[ATFd},.

Instead, if the interacting wave is a shock, then by the interaction

estimates (2.3.8), (2.3.9) we obtain

Elesl < SI0uCl if 1ol > p,
ARy = c
les] < 70|51C| if 61| < p.
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&1 €3

Tlo Co 0y

FIGURE 4.5: Interaction of a 1-wave with ¢, solved
with the accurate Riemann solver.

On the other hand,
A'Fy = €ler| — €01] — KE€|61¢]
§|51<\ (1-2K7) i || > p,
= §les| — K(&J01¢] <
§|(51C‘ (CO—QKE) if |(51‘ < p,

and it holds ATF,; < 0 by ([@3.2) (since C,, > 1). Hence,

3 T :
> < >
Ny < 2|51C|72Kg_1[A Fg]- if [01] > p,
dl+ <
C, C, )
7\51C| < EOKT—Cy) )[ATFd]f if [61] < p,
C o

i.e. [ARFd]+ < /Llli[ATFd},.

If the interacting wave is a rarefaction, then

ARFd _ §|€1| if |53| > P
le| if 03] < p,
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and by the interaction estimates (2.3.8)), (2.3.9) we have

ATFy = |es| — [03] = KZ'[85¢] = —ex| = KZ'|05¢] < —(1+ 2K |eu.

€1 €3

Mo 3 Go

FIGURE 4.6: Interaction of a 3-wave with ¢, solved
with the accurate Riemann solver.

Hence, ATF; < 0 and

AR < S0 < 1

< W[ATFJ* < u{[ATFy) -
¢

On the other hand, if the interacting wave is a shock, we have

ARE, — le1] + K'len| if 03] > p,
le1 if [05] < p,

and ATFy = les| — £]d3] = —€ler| < 0. Hence,

m 1+ K] n|
(1+ K™ n)ey| = ——n 0
ARE,), = ¢

1
AR i£ 155 < p,

[ATFa)- i |05] > p,
le1] =

i.e. [ARFd]+ < M%[ATFd]_. O]
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Corollary 4.3.2. The Glimm functional Fy is non-increasing across time t if
the following conditions hold for & > 1:

(4.3.6)

(rpa+Sh-m)mva-ron <o wan
(kM) - k)i +a-Kpai <o, aay
C é- f mln{K(aKz} (439)

Proof. Notice that (4.3.7) implies (4.3.3), (4.3.8) implies (4.3.4) and ¢.3.9)
implies (£:3.2). Moreover, from (£.3.6)-({.3.9) it follows u{ < 1. Thus,

AFy = [AFFy)y — [NTFy)- < (uf — D)[ATF,]- <0.
O]

In the next proposition we analyze interactions between waves of the
same family.

Proposition 4.3.3 (Interactions between i-waves). Consider the interaction
at time t > 0 of two waves «;, 3; of the same family i = 1,3 and let ¢;, £ ; denote
the outgoing waves, for j = 1,3, j # i. If (2.3.14) is satisfied and it holds

(4.3.10)

Then, we have
[ATFy) 4 < pgATFy)-,
where pd is defined in (£31)).

Proof. We proceed as in the proof of Proposition First, recall (3.2.4)-
(3.2.6) and the important estimate (3.2.8), which holds true by (4.3.10).

We distinguish between the case where «; and f; are both shock waves
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(cvi, Bi < 0) and the case where «; and j; are of different type (for exam-
ple, a; <0< Bz)

‘Case a;, B < O‘By we have

AFy = |e;| PR, ATFy = —¢le;| P,

for PR = PR(jy], c|, K“™7) and PT = PT(Jy, ||, K27") positive poly-
nomials. In particular,

1+ Kfnl+ K{|¢| ifi = 1and 24,25, <0,
1+ K'[¢] ifi=1and 0 < z,,, 28, <1,
PR(nl, ¢l K77y = { 1+ KJ* ] ifi=3and 0 < za,, 25, < 1,
L+ Kjnl + KZ|¢| ifi=3and x4, 75 > 1,

1 otherwise,

and
1+ Kfln| ifi=3andz,,, x5 <0,
Pl I¢, K™y = L4 KZI¢| ifi = 1and 24,25, > 1,

1 otherwise.
Since it holds PT > 1, we have [ATF,]_ > £|e;|. Hence,
R
—

P
[ATFy]y = |ej|PT < —[ATF]- < p§[ATFy) .

By B25), B:26) we get

‘Caseai<0<ﬁi

(=lejl = leiD) Py = Elas| Py if i >0,

AFF,; = ¢le;| PR, ATF, = { _
’ &(lej| — 1B P — |8|PT ife; <0,

L,m,r Lm,r
for P = PR(||, |¢], K,)"") and Py = P, (|nl. [¢], K, 8").
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In particular,

1+ Kfln| ifi=1and 2,25 <0,
PR([nl, 1¢|, KTy = { 1+ K7I¢| ifi = 3and 2a,, 25, > 1,

1 otherwise,
and
1+Kf;|n\+Kf|§| ifi =3 and z,,, x5, <0,
1+ KJ'n] ifi=1and 0 < z,,, 28, <1,
Pl(nl, 1], K;2") = {1+ KZ'¢] ifi=3and 0 < z,,,25, < 1,

1 +K;|77| + KZ\C| ifi =1and z,,,zs > 1,
1 otherwise,

1+ Kfln| ifi=3andz,,,zs <0,

PI(nl, I¢l, K"y = S 14 K7I¢| ifi = 1and za,, 25, > 1,

1 otherwise,

Since P{, > 1, by (3.2.8) we have ATF; < —£2|¢;|. Hence,
R PR dr AT
[ATFy]4 < ?[A Fal- < [N Fy)—.

O

Corollary 4.3.4. Under the assumptions of the previous propositions, Fy is
non-increasing across time t if the following conditions hold for & > 1:

—1 1
K < fnl K < EICI 4.3.11)

K[+ KA <€—1,  Klln|+KIC| <€—1. (43.12)

Proof. 1t suffices to notice that @.3.11), @.3.12) imply ug < 1. O
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4.3.1 The choice of the parameters
In ({3.0)-@3.9), @3.11), (#:3.12) we keep strict inequalities in order to

have

max{p{, u§} <1,

that is a fundamental requirement for the control of the strength of the
composite waves; see Section[2.4 Then, the various parameters are cho-
sen in the following order: m,, §, K" K tr and fmally p-

n,¢’
We notice that, for the choice of K", by (@3.6)2,3 and @317) it must
hold £ fo1 £-1
S~ cmind>—— > 1 (4.3.13)
2 { Inl "~ I¢] }

which is always satisfied since ||, || < 2. Moreover, by combining to-

gether the conditions obtained in {#3.6); with @37) and #@3.12)> we

get necessarily

€D+ S < rp a- D<€ -1 @s

Hence, it follows

-0+ EHI < 1)1,
which is equivalent to

4[¢|
4 =2|n| = |nC|

provided that 4 — 2|n| — [n¢| > 0. Analogously, from (4.3.6)., (4.3.8) and
(4.3.12), we get

1+ <&, (4.3.15)

Afn|
4 =2[¢| = [nc]|
provided that 4 — 2|¢| — |n¢| > 0. Therefore, it must hold

1+ <&,

<l ) }
1+4 4.3.16
" max{4—2ln|—In<|’4—2ln|—|nC| << (4.3.16)
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under the stability condition (otherwise rewritten)

ISTY [l Inl\ €]
1 1 —= 1
{( o) Ut )t
that is (In],1¢]) € Sq. Recalling the function H, defined in #.1.2), by
4.3.10) and (4.3.16) we obtain the condition

T+ Ha(lnl, I¢]) <€ <

c(my)”
Below, we summarize the choice of the parameters. Let (|5, [¢|) € Sq.

i) Recalling (4.3.10), we fix m, such that

1
c(my) < ————F——~. 4.3.17
) < T3l 14D —
ii) Then, we choose £ in the non-empty interval given by
1
L+ Ha(|nl, [¢]) <€ < . (4.3.18)
C(mO)

iif) We choose K", K" such that

E-1 g1 (€-1)- <|} (€—1)— [

;< <mm{ AT K2m |~ A2
(4.3.19)

§-1 o 5—1(&4%%M}_@—U—m

. <M <mm{ < AT m/2ieS =~ a+mRil
(4.3.20)

This is possible since these two intervals are non-empty by (4.3.16).
Thus, (4.3.6)2 3 and (4.3.11) follow and it holds

K O+JQNM<( 1) — <], K¢@+Jﬂﬂd<( 1) = Inl.

(4.3.21)
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iv) By (@3.21), we choose K7, K{ that satisfy

<l

K (14 3 Inl < Kjnl < (€= 1) =[], (4.3.22)
KZ"(lJr@)Kl < K¢l < (6=1) = nl, (4.3.23)

and, then, we can take K f; and K ¢ such that

(€ —1) — Inl — K¢

1< K) <1+ m , (4.3.24)
n
1) —|¢| - K"
1< KI<1+ (€-1) ||C<|| alnl. (4.3.25)

Notice that, by @3.22), #3.23) and the fact that K7, K} > 1, the
conditions and (£3.8) are verified; while (£.3.25) and #.3.24)
imply (4.3.12).

v) Finally, we choose p such that C, = C,(p) satisfies (4.3.9).

4.4 The bubble case

In this section we carry out the estimates for F},. Recall that here n > 0
and ¢ < 0. Fort > 0 and Kf;’)zn’r > 0, the potentials of {.2.1)) are

Q1) = [K:;@( > al+e Y |51)+K£(ZI51|+£Z|51I)]77I
= o =
+ KLY 16,
550
Q1) = [Kf(z 03] + € D7 1aal) + K2 (D0 sl +€ Y |63|)]|<|
5350 F5<0 ’5so vy
+ K5 16am].

z<0
53>0
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"o Co

FIGURE 4.7: The terms of Q5.

In this case, the missing terms in @), are the 3-shocks approaching 7 and
the 1-shocks approaching (o; see Figure As before, in the next two
propositions we list the conditions on the parameters £, K f;g” and p for
the decrease of F},.

We define
[V 20 R € 1+ K]l 14K
Pl 142K 142K 2K —1 7 2K — 1

Co C,
§2KP = Co) €K = Co) |7

o L Kplnl+ KEC 1+ Kplnl + KZIC) 1+ K2l 14 K2(C]
2 é. 9 é- ) 5 ) é. 9

and, following the exact same reasoning as in the drop case, we recover

(2.3.31) for

pb = max MY, b = max MJ. (44.1)

Proposition 4.4.1 (Interactions with the composite waves). Assume that
at a time t > 0 a wave 6;, i = 1, 3, interacts with one of the composite waves g
or {o. Then, we have

[AFF) < pd (AR,
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provided that the following conditions hold:

Co
min {1, K&} > =2, K <K, K& <K (44.2)

Here, 11 is defined in (£4.1) and C, in (2.3.10).

Proof. Since the two cases give symmetric conditions, we only analyze
interactions involving (o; see Figure and Let €1, 3 denote the
outgoing waves of family 1,3 and recall that by 2.3.1) and 2.3.2) we
have

81—(512637 |El‘—|51|:—‘€3|, le:].,
63—53:61, |<€3‘—|(53|:|E1|7 if 1 = 3.

If the interacting wave is a rarefaction, then we have

ARE, — Elea| if[d1] > p,
les|  if [01] < p,

and

ATF,

lex| = [01] + K [ewn| — K 101m] — K{|6:1¢]
= —les| + K} |ein| — K3 |01n| — K[[01¢]
—les| + (K" — K7)[01m] — K161/,

A

where the last inequality is verified since |e;| < |61|. Then, by {#.4.2)2
and by 2.3.8), 2.3.9) we get ATF, < —[e3|(1 + 2K() < 0. Hence,

§

1 < <>
[A"F] 4 < €es| < 72K

[ATFb} — S /1,({ [ATFZ,] —.

Instead, if the interacting wave is a shock, then in both the accurate
and simplified cases we have A®F, = |e3] and

ATFy = Eler| — €161] + K7 €lern| — €K 01|
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= —les| + K" €lein| — Kj&l0in| < —Elea| + (K" — K7)§[61m].

Thus, by (#4.2), it holds [ATF,]_ > £|es| and

1
(AL, = fes| < (IR < (AR

If the interacting wave is a rarefaction, then by (2.3.8), (2.3.9)

we have

1 .
le1] + K" len] < 5\53C|(1 + K nl) if |65] > p,
APFE, = .
le1] < §|53C| if 3] < p,
while for ATF}, we have

1
ATFy = les| = |0 = K'05¢] = lea] — KZ'|0s¢] < 2105¢1(1 = 2K7").

Notice that, since C,, > 1, by (4.4.2), it holds ATF, < 0. Hence,

1 . L+ K7|n| .
51051 (1 + K7 Inl) < ﬁ[ATFb]— if |d3] = p,
[AFR), < ¢
1 .
5‘53<| < 72}(”7 — 1[ATFb}_ if |53‘ < p,
¢

ie. [ARFb]+ < ﬂl{[ATFb],.
On the other hand, if the interacting wave is a shock, then by (2.3.8)
and (2.3.9) we have

) éleal + Kpelennl < SI0sCI(1+ Ky lal) 3£ 153] > o
[ATFy] 4 =
Co .
€1l = 7103 I |03 P,
el < 216 15| <
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and

ATF, = €les| — €105 — K€185¢]

£

2|53C\(1 —2K) if[03] > p,

= §ler| — K€J0s¢] <
§|53C\(Oo —2K) if |ds| < p.

By (4.4.2); we have that A’F}, < 0. Hence,

i LE R |
18I0+ Kytlal) < 5 ATR) i 15 > p,
R ¢
[ATF)4+ < o o
o < _____Z°o AT . .
5 193¢ = E@Ky - Co)[A Fy]- if |05 < p
i.e. [ARFb]+ < M?[ATFZ,},. O

Corollary 4.4.2. The Glimm functional F, is non-increasing across time t if
the following conditions hold for & > 1:

&E-1

min{ K", K"} > 1, 5 < min{ K}, K}, (4.4.3)
K"< K],  KI<K (4.4.4)
mll  em mlCl  om
L+ K- K <0, 14 KPS - K <0, (4.4.5)
C, < ﬁmm{Kn K} (4.4.6)
Proof. Notice that (4.4.2); is implied by (4.4.6). Moreover, by {.4.3)-
(44.6) it holds % < 1 and, thus, we can infer AF}, < 0. O

Proposition 4.4.3 (Interactions between i-waves). Consider the interaction
at time t > 0 of two waves «; and (; of the same family i = 1,3 and let €;, ¢
be the outgoing waves, for j = 1,3, j # i. If we assume (2.3.14) and it holds

4.4.7)
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then, we have
(AR < py[ATF) -,

where 11 is defined in (EAT).

Proof. Again we proceed as in the proof of Proposition Recall
(3.2.4)-(B.2.6) and (3.2.8), which follows from #4.7).
‘Case o, B <0 ‘ By (3.2.4) we have

ARFy = || PR, ATF, = —¢le;|PT,

where PF = P(|n|,[¢|, K,""") and PT = PT(|n|,[¢|, K, 7). In partic-
ular,

1+ Kfnl+ K{|¢| ifi=1and 24,25, <0,
14+ K] ifi=1and 0 < zq,, 23, <1,
PR(nl, ¢, K77y = { 1+ KJ* | ifi=3and 0 < z,,,25, <1,
L+ Kjlnl + KZ|¢| ifi=3and z4,, 25 > 1,

1 otherwise,

and

1+ K{¢| ifi=3and zq,,25 <0,
L+ K'p| ifi=1and 0 < 4,75 <1,
P, ICLKST) = {14 K2|¢] ifi = 3and 0 < @a,, 2, < 1,
L+ Kjn| ifi=1land zq,,25 > 1,

1 otherwise.

Since it holds PT > 1, we have [ATF,]_ > ¢|e;|. Hence,

R
AR, < %[ATFbL < JBIATR).
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‘Caseai<0<ﬁi

By (3.2.5), (3.2.6) we get

(—lejl = las|) Pl = €|y | Py if ey > 0,

ARE, = €le,| PR, ATF, = _
’ €(les| — BN PE — 1BIPT ife; <0,

where

1+ K{¢| ifi=1and zq,, 25 <0,

L+ K'n| ifi=3and 0 < z,,,75, <1,
L,m,r m -

PR(|nl, [¢], K, 07) = 1+ K¢ ifi=1and 0 < za,,25 <1,

L+ Kjn| ifi=3and z,,,25 > 1,

1 otherwise,
and
L+ Kfln| + K{[¢| ifi =3and x4, 25, <0,
1L+ KJ'|n] ifi=1land 0 < z,,, 25 <1,
Pl(nl, ¢l K27y = {1+ K2 ifi=3and 0 < z,,,25 <1,
L+ K7|nl + KZ[¢] ifi=1and za,, 25, > 1,
1 otherwise,

1+ K{¢| ifi=3and zq,, 25 <0,
1+K]7”|77| ifi=1and 0 < zq,, 28 <1,
PInl, ICL KS7) = Q14 K2|¢] ifi = 3and 0 < 2a,, 2, < 1,
L+ Kpln|  ifi=1and 24,25 > 1,

1 otherwise.

Since P{'y > 1, by (8.2.8) we have [ATF,]_ > £|¢;|. Hence,

R
AR, < %[ATFZ)L < JBIATR).
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Corollary 4.4.4. Under the assumptions of the previous proposition, Fy, is non-
increasing across time ¢ provided that the following conditions hold for § > 1:

5_1 K’m<§_1

KM <> <> (4.4.8)
! ul ¢ I<]
Kplnl + K¢l <€-1, Kl + KZ|¢ <€ - 1. (4.49)
Proof. From [#4.8), (4:4.9) it follows p4 < 1. O

4.4.1 The choice of the parameters

Now, we determine the order in which we choose the parameters. To
simplify the analysis, we let KJ" = K and K" = K f and the final
result remains unchanged. Moreover, we keep (4.4.3)-(#4.6) and (£.43),
(4.4.9) with strict inequalities, in order to get

max{yf, u3} < 1.

Once 7, ¢ have been fixed, we choose in order: m,, §, K" and K, & KL
and K f; ; at last, we choose p. First, notice that the conditions in (4.4.5)
identify a cone in the (K", K[")-plane, represented in Figure Hence,

by (4.4.5) we deduce

1<l €] m |7
K> 14+ KI5 > 14+ 21+ K7,
K> >1+K’"|77| > 14 |727|(1+KC IC‘)
that imply
1+(¢|/2 L+n|/2
ms —TBU/Z Kno> — 02 (4.4.10)
T 1= nCl/4 ¢ T 1—n¢l/4

In particular, the right-hand sides in (4.4.10) are the coordinates of the
intersection point V between the two lines of Figure[4.8] Notice also that
4.4.10) implies @E43).. Since we have chosen K 7= KJand K" = K¢,

cond1t1ons 1mply . By 4.3); and [#4.9),, we get K ] —1—
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m
Kn

FIGURE 4.8: Graphical representation of conditions

for |n| = 1/2 and |¢| = 3/2.

(& —1)|¢l/2 < £ — 1, which is equivalent to

]
Km M e . (4.4.11)
T 1-1¢l/2
Similarly, by (4.4.3)2 and (4.4.9); we get
K" =1 e £€—1. (4.4.12)
= [nl/2
By (4.4.10), (4.4.11) and (4.4.12) it follows that £ must satisfy the inequal-
ity
4 2416l | 24nl
1+ { ,|¢ \ <&.
= " a2

Since this condition has to match with (4.4.7), we must require

1+ Hy(Inl,|¢]) <€ < ; (4.4.13)

c(mo)

where H,, is the same of (4.1.3).
Summarizing, we choose the parameters as follows. Welet (|n|, [¢]) €
Sy, be given.
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i) First, we fix m,, such that

L+ Hy(|nl, [€]) <

1
- (4.4.14)

and take ¢ in the interior of the interval given by (4.4.13).

ii) Inthe (K", K[")-plane we choose a point in the affine cone defined
by (#.4.5) and sufficiently close to V. Moreover, we require (£.4.11)

and (4.4.12).

iii) We choose K = K", Kf = K" and, then, by (4.4.11) and (4.4.12)
we choose K7 and K, such that

£-1 £-1 7] §-1_ 0 _§-1 IS
S ki<t g ST g oS gD
2 ¢ " || 2 " Inl ¢ In|
(4.4.15)

and (4.4.9) holds.

iv) Finally, we choose p such that C,, = C,(p) satisfies (4.4.6).

4.5 The increasing pressure case

Finally, we prove the decreasing of the functional F}, in the increasing-
pressure case. We recall that both n and ¢ are positive. For ¢ > 0 not an
interaction time, we define the terms of (4.2.1) as follows:

Q) =K (X e+ e D ) + K5 (D Il + € > |51|>1n|
o<xz<1l o<xz<l x>1 x>1
51>0 51<0 51>0 51<0
+ K (D 1m0 a1l
i =
Qi) =K4 Y lognl + (KED 105+ K23 10s])Icl.
5350 5550 O

Notice that the missing shocks in @), are those of family 3 approaching
both 7 and (o, see Figure [£.9]
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A4 I

R,S
"o Co
FIGURE 4.9: The terms of Q,.

In order to prove Claim we set
p = { L 0D L K C

2K —1° 142K 3 E2Kr —C,)

£
1+ 2K + 2/C(KE = K21 = [nl/2))/Inl”
1

2[n|(Ky — K (1+(¢1/2)/I¢1+ K¢ = 1)

Co
28 |n| (K — K (1+ Co[¢1/2))/1¢] + 2K = Co) }

14 4 r T m
i = {4 K 1 G K 1A, 14

€ ’ £ A S
In the sequel, we recover (2.3.31) for
ph = max M7, ph = max M. (45.1)

Proposition 4.5.1 (Interactions with the composite waves). Assume that
at time t > 0 a wave 6;, i = 1,3, interacts with one of the composite waves 1

or {o. Then, we have
[ARFP]+ < sz [ATFP]—a
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provided that the following conditions hold:

m CO m
K> =2, Kyl + (K¢ = K¢ >0, (452)

Co : .
2 (KZ”(l + 7ICI) - K;) In| + (Co — 2K7)[¢] < 0. (4.5.3)

Here, 1Y is defined in .5.1) and C, in (2.3.10).

Proof. Let €1,e3 denote the outgoing waves and recall that for interac-
tions with both 7y and (j it holds

e1—01=¢3, le| —[01] = les], ifi =1,
83—(53261, |E3‘—|63|:—‘€1|, IfZ:?)7
by 2.3.1), (2.3.2). In this case we separately treat the interactions with

the two phase waves since the interaction potential is not symmetric
with respect to 79 and (.

‘ Interactions with 7 ‘Assume i = 1. If 41 is a rarefaction, then by (2.3.8)
and (2.3.9) we have

1 .
les] + K |es¢| < §|5177|(1 + KZ'Cl) if 6] = p,
ARF, =
1 .
les| < 5\5177| if |01] < p,

and in both the accurate and the simplified cases it holds
1
A'F, = |e1| — |61] — KJM61n| = |es| — K]'[d1n] < §|5177|(1 —2K").

Thus, by #5.2); (since C, > 1) we have A’F,, < 0 and

1+ K™
_ L+ K7l

1
R < = m
(A} < gloml(L+ K1) < Sy

[ATFP]— < uf [ATFP}—-
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Instead, if ¢; is a shock, then by (2.3.8) and (2.3.9) we have

€les| < Sloml 151> p
ARF, = o
sl < 5710wl if 6] < p,

and

A'F, = €let| — €]61| — KM €|o1n)

&

Slowl(1L—26K7) |5 > p,

= &les| = K€loun| <
§|51n|(6’0 —2K") if 6] <p.

By (#5.2); we get ATF,, < 0. Hence,

1 .
§|5177| < W[ATFA* if 61| = p,
[AFF,]4 < !
P =1 C, C, .
- lown] < W[ATFA— if [01] < p,
n o

Le. [ATF,], < pf[ATF).

Now, let 1 = 3. If 43 is a rarefaction, we have

Nﬁ,{aa|iﬂm|zm
L=

lea| i 1] < p,
and in both the accurate and the simplified case we get

ATF, = |es| — |03] + K" |es¢| — K}|6sn| — K£|05¢]
= —le1] = K'er(| = (K¢ = K)[63¢| — Ky |6an]
q

= —le1] = K"eal| - (Kf;‘i'(Ké —K?)M) |63
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Then, by (2.3.8), (2.3.9) and (4.5.2) it holds

. , 5
AT, < ~lar| - K lcl = 2l (165 + (- )

= — ey [1+2Kf; +2 (Kf ~ K1 |’27|)> |§H <o.

Thus,

¢ T
AF, |-
<lea| < 1+ 2K+ 2|¢[(KL — K7'(1 — |77|/2))/|77|[ g

[ATF )4
Le. [ATF], < pf[ATF)_.
Instead, if 03 is a shock, Af'F), = |e1] and ATF, = {|e3|—£[03| = —£leq].
Hence,

1
*[ATFP]— < ﬂﬂATFp]—-

(AL = o] = ¢

Interactions with ( ‘ Assume i = 1 and refer to Figure and If 6,
is a rarefaction, by (2.3.8) and (2.3.9) in both the accurate and the simpli-
fied case we have

1
ARF, = |es] < 5\51C|
and

AN'F, = |ey| = |01] + K] |ean| — K{16:¢| — K |81
= |es| + K" |e1n| — K£|61¢] — K [017]

ey - ;) 6m] — K16.¢]

IN

les| + (Km(l +

IN

%|51<| [2<Km(1+|g|) K)'Z: (1-2K7)] .

Hence, by [@5.3) (since C,, > 1) it holds ATF,, < 0 and

1
—2nl(Ky = K (U4 [¢1/2) /160 + K - 1)

A, < S16i¢] < ATF),
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Le. [AF, < pi[ATF]-.
On the other hand, if §; is a shock we get the same estimates as before
in the accurate case, while in the simplified case we have

C,
ARFp =les| < 7|51<|

and by (4.5.3) it holds
T g m CO T |77‘ r
A'F, < 5|<51g| [2 (Kn (1+ 7|g\) — Kn) 1§l +(C, —2K7)| <0.
Hence,
[A"F,]4 < Co (ATE,)_,

= 2Ky — Ky (L+ ColdI/2) /1K + €KL - Co)

Le. [ATF ], < pf[ATF)_.
Now, assume ¢ = 3. If d3 is a rarefaction, then by (2.3.8), (2.3.9) we
have

Eler| + K¢lewn| = Eleal(X + K nl) if [0s] = p

ARF, =
le1] if [05] < p,
and
A'F, = |es| — 03] — K{'65¢] = —|e1] — K{'[65¢| < —[en|(1 4+ 2K").
Hence,

§(1 + K5 [nl)

B < M) <
[ATF, ]+ < Ele|(1+ KM nl|) < 1+ 2K

[ATFP]— < pf [ATFP}—-

If, instead, 43 is a shock we have

arp _ el F K el = (U Kl if [8s] > p,
R E if |03] < p,
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and ATF, = €les| — |05 = —€|e1|. Hence,

1+ K} [n|

[ATF)4 < el 1+ Knl) < ¢

[ATF,) - < p[ATF) -

O

Corollary 4.5.2. The Glimm functional F,, is non-increasing across time t if
the following conditions hold for & > 1:

Ky' < ﬂ%‘l 5%1 + K;’%@ ~K"<0, G, < fﬁn (4.5.4)
Kplnl+ (K¢ — KM)[¢] =0, 1+K?§—K,T <0, (4.5.5)
(5;1 - Kf&) Inl + (KZ”( - @) - Kf) <0 (45.6)
(1-K{)[C|+ (K,;n(l + §) - K;) In| <0, (4.5.7)

€+ 05 - ere) a1 +e (s ) - ;) i <o, @59

Proof. Notice that (4.5.2), is implied by (#.5.4)3 and (.5.3) is implied by
(4.5.8). Moreover, by (#.5.4)-.5.8) it holds p} < 1. O

Remark 4.5.3. Thanks to a more careful analysis of the interactions between
3-rarefaction waves and 1o, here we obtain that @.5.5), and improve
the corresponding condition (5.2), found in [8]. Then, the existence result con-
tained in this thesis is slightly better than that of [8]].

Proposition 4.5.4 (Interactions between i-waves). Consider the interaction
at time t > 0 of two waves of the same family i = 1,3 and assume 2.3.14).
Then, we have

[ARFP]-i- < Ng[ATFp]—

under the condition

(4.5.9)
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Here, 11} is defined in (&5.1).

Proof. The proof is omitted since it is completely analogous to that of

Proposition and O

Corollary 4.5.5. Under the assumption of the previous proposition, F), is non-
increasing across time t provided that the following conditions hold for § > 1:

Kpsss KU < (4.5.10)
Krlnl+ KZI¢| <€—1,  Kfnl+ K{¢ < &—1. 4.5.11)
Proof. By (4.5.10), (4.5.11) we get uf, < 1. O

4.5.1 The choice of the parameters

Here, we make some comments and we establish the order in which we
can choose the parameters. Remark that we keep strict inequalities on

the conditions (.5.4)-@&5. 8) and #.5. 10) (|Z.5.11 ).
First, we can rewrite (£.5.5); and (4.5.6) as

K¢l < Kfnl + KEIC),

il K21l (- ) < Keflnl + Kicl,

and (&57) as
¢ .
K (4 Sl 101 < sl + xc2lcl

By (4.5.11) we have the following necessary conditions

K¢l <¢—1, éhél|n|+Kg"|<\( ‘77|)<5—1. (4.5.12)

2
\C|)

Ky (L 20l + ¢ < € - (4.5.13)
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Notice that (4.5.12); and (4.5.12), are equivalent since the latter inequal-

ity can be rewritten as

(1-12) (i - (6~ vy <0

and || < 2. Moreover, by (#5.5)> and (@5.4), we have to require

K > 14+ KPS K> S+ K (4.5.14)

that give the following lower bounds on K" and K™

s LH(E—Dic]/4 (€—=1) +&n|
! 1—¢ncl/4 2(1 = &pncl/4)°

Remark that (4.5.14) represents an affine cone in the (K", K, g”)—plane
under the condition

K> (4.5.15)

4
C Tl
The vertex is the point whose coordinates are given by the right-hand
sides of (£.5.15). Hence, K" must be chosen in the non-empty intervals
identified by (#.5.12), #5.15),, while K" must be chosen in that iden-
tified by @5.13), @5.19):. By (.5.12),, for K" we get the necessary

conditions

(4.5.16)

(€—1) +&nl m

21 —emeym sl < K -1 4517

21—l << e 45.17)
while for K" we get
L+(E-DICY ;| [ et I
TTognea W R)lIC < K (U TR Inl I < €1 (45.18)

To simplify the expressions, we introduce the notation || = z, (| = y
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and £ — 1 = z. Then, the previous inequalities can be rewritten as

3
a;yz?—&-(y—2+2xy)z+xy<0, (4.5.19)
@Y 4 (T, v oy
L (- 1) e+ (1+5)e+y(1-2) <0, @520

respectively. We also denote

x 3 x
a(:v,y) = 7y7 b((E,y) :y_2+§1'y, C((E,y) =y, d(.’ﬂ,y) = Zya
e T — Y _
so that (4.5.19), (4.5.20) become
a(z,y)z* + b(z,y)z + c(z,y) <0, (4.5.21)
d(z,y)2* + e(z,y)z + f(z,y) <O, (4.5.22)

respectively. Notice that the coefficients «, ¢, d, f are positive, e is nega-
tive and b may change sign. In order that each of these equations have
distinct solutions, the discriminants b2 — 4ac and e? — 4df must be strictly
positive. If b < 0 and e < 0, all the solutions are positive. Thus, for

(4.5.19) we impose

2
3 3
y—2+ 5y <0, (y —2+4 Qxy) —22%y% > 0, (4.5.23)

while for (4.5.20) we require

(%(4 oy 1)2 —ay [(1 n %) 24y (1 - %)] >0, (4524)

Assuming (4.5.23) and (4.5.24), we denote by z1 2(z, y) the solutions to
the equation in (4.5.21) and by z3 4(x, y) the solutions to the equation in

E52).
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Hence, by (4.5.16)—(4.5.20) we get

4
1+ max{zl(xa y) 3 23(1:7 y)} < E <1+ min{ZQ(I7 y) 724(393 y) y ;y - 1}
(4.5.25)
Therefore, we can introduce the domain S, represented in Figure 4.1]as
the set given by

S, = {(x,y) : max{zﬂx,y),z:;(ay)} < min{Zz(x,y),Z4(CE,y)7 :;1;/_1}}7

(4.5.26)
and the function H, as defined by
Hy(nl,[¢]) = max{ 21 (1ol KD, 2l IS} @5.27)
By (4.5.9) we find that the condition that relates m,, to |7/, (| is
1
1 —. 5.
+ Hy(Inl, IC]) < m) (4.5.28)

Once fixed (|n|, [¢]) € S, we proceed with the choice of the parame-
ters.

i) We choose m, such that (4.5.28) holds and, in turn, we choose &
satisfying both (4.5.25) and

L+ Hp(Inl, [¢]) <€ < (4.5.29)

c(my)
so that (4.5.9) holds.

ii) We choose K", K g" in the interval identified by (|71.5.17 ) and (IZ.5.18 ),
i.e. satisfying

E=D+&nl _ o €1
(T encl /) T ST (4530
M <KM< w (4.5.31)

1= ¢[ncl/4 T KL/ 2l
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In this way, #5.4),, @5.5)2 and @5.10) hold. Then, we choose
K= Kf, K} = K[ such that

KZ(Cl ¢ ¢ §-1
K =K' : 4532
g <= Ee<prmge @9
K, (14 1¢/2) Il + 1¢] e
K'=K! — . 4.5.33
ml+1c] <En=Ko<prmge ¢

Thus, (4.5.5); and (4.5.7) hold.
iii) Finally, we notice that {4.5.8) is equivalent to

G

(€+ 0%

T m OO T
- &z) e+ (R Gei) - 1 )l <o,
(4.5.34)
Then, by taking p sufficiently small (since Co(p) — 1if p — 0+)

and ¢ > 1, (4.5.34) is implied by (4.5.4)s.

4.6 The Proof of Theorem 4.1.1

Now, we collect into a single proposition all the results obtained so far.
Proposition 4.6.1. For v = d,b,pand (|n|,|¢|) € S., let m, > 0 satisfy

1

c(my)

L+H, (|nl, [¢]) <

(4.6.1)

and assume the following:

(d) in the drop case the parameters £, K f;?” and p satisfy (£.3.18)-(4.3.25)
and (4.3.9);

(b) in the bubble case the parameters &, Kﬁf’r and p satisfy @E4.11),
@EA12), (GAT14), (@AT5) and (E4.6);

(p) in the increasing pressure case the parameters €, Kf;”?’r and p satisfy

@529)-({@5.33) and @54)3 and {5.9).
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Then, the following two statements are verified.

i) Local Decreasing. For any interaction at time t > 0 between two waves

satisfying (2.3.14), it holds

AF,(t) < 0.

ii) Global Decreasing. Recall the functional defined in (2.3.23). If

L(0+) < myc(my) (4.6.2)

and the approximate solution is defined in [0,T)], then F,(04+) < my,
AF,(t) <0 forevery t €]0,T] and 2.3.14) is satisfied.

Proof. Fix v = d, b, p. The first statement concerning the local decreasing
property was proved in the previous sections. As for the global decreas-
ing property, observe that, if we restrict to consider only waves located

in {0 < 2 < 1}, by @3.11), #48) [@5.10) we have

F,(0+) = L(0+) 4+ Q.(0+) < L(0+) (1 + max{K]"|n|, KI"[C|})
< £2zr{0<r<l}(0+)7

while if we restrict to either {z < 0} or {z > 1}, by @:3.12), (£.49) (#5.11)

we have

F,(0+) = L(0+) + Qu(0+) < L(0+) (1 + K4 |n| + KL7[¢])
< ELlp<orufz>13(0+).
Then,
F,(0+) < €°L(0+).

Fix ¢t < T and suppose by induction that F,(7) < m, and AF,(7)
for every 0 < 7 < t, interaction time. Then, the inequality AF,(t)
implies that

<0
<0

F,(t) < F.(0+) < EL(0+).
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Hence, by (4.6.2) the size of a shock 9; (i = 1, 3) at time ¢ satisfies

1 1

|6;] < gE(t) < EL(0+) < o )E(OH <m,

and (2.3.14) is verified. O

Remark 4.6.2. In the drop case, the estimate on the global decreasing of the
Glimm functional can be improved by localizing the variations in the three re-
gions separated by the interfaces. For convenience we use R, S to indicate rar-
efaction waves and shock waves, respectively. By in the middle region
{0 < z < 1} we have

Fa(0+) =L(0+) + Qa(0+)
<L'(04) + L'(0+) (1+ K'nl) + L*3(0+)
+ L3R(0+) (1+ K{'[¢])
<LYS(0+) + LY (04) 4+ L35(04) + L3 (04)
szr{0<z<1}(0+>-

Then,
Fy(04) < €L1{p<0y(04) + ELT {013 (0+) 4+ E2 L {1513 (04),
and becomes
Ll{a<0y(0+) + e(mo) LI {o<a<1} (0+) + Li{a13(0+) < moc(mo). (4.63)

Remark that an analogous localization property of the total variation is not true
in the remaining cases v = b, p.

The proof of Theorem is similar to that of Theorem and fits
into the general framework outlined in Chapter 2| In this last section,
we finish it and add some final comments.

End of the Proof of Theorem It only remains to reinterpret the choice
of the parameter m,, in terms of the assumption (4.1.4) on the initial data.
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Fix v = d, b, p. By (2.1.8) we can prove that

1 o
L(0+) < 5TV (log(po), mm{aeama}) . (4.6.4)

Now, by @.3.17), @.4.14), (@5.28), (4.6.2), #.6.4) and (2.3.15), we look for

an m, satisfying the following inequalities:

H. (], I<]) < w(mo), (4.6.5)
TV <10g(po)a min{agu(:za}) < z(my), (4.6.6)
where
1 2
w(my) = o) 1= P p— 2(my) := 2myc(my).

Notice that w(m,) is strictly decreasing from R, to R4, while z(m,) is
strictly increasing on the same sets. Recalling (4.1.1), we have

z (w™i(r)) = K(r), r €10, +00].

Hence, if the assumption (4.1.4) is verified, it is easy to prove that one
can choose m,, such that (£.6.5), hold. Thus, Theorem is com-
pletely proved. O

Remark 4.6.3. Consider the drop case. As in the proof of Theorem we
can approximate the initial datum in such a way that we can relate hypothesis

(@.1.4) to (.6.3) by including in L|{o<p<1y(0+) (L1 {z>13(04), respectively)
the total variation of p, and u, at the interface x = 0 (x = 1, respectively) and

by (2.1.8) we can prove that
1 Uo 1 Uy
Llw<oy(0) =5 TV {log(po), = ). Lle>1y (04) < 5 TV { log(po). > ).

— 1 Uy
<— — .
Lr{0<m<1}(0+)_2 OEXI <1 g(Po); m>

(4.6.7)
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Now, by @.317), @.6.3), #.6.7) and (2.3.15)2, we have that m,, must satisfy

Uo Uo
TV (1 ) ™V (1 —o
TV ( 0g(po), w) +e(mo) TV, ( 0g(po), am>

U
+ xT;{ <log(po), ar) < z(my,), (4.6.8)
where the left-hand side corresponds to (4.1.5).

We conclude the chapter with a comparison between Theorem [£.1.7]

and Theorem 3.1 of [4]. First, notice that condition (1.4.16) can be written
as

Il +1¢l < 1/2,

when applied to the current problem. Then, we have that the set consid-
ered by Amadori and Corli in [2, 4], namely

Sic = {(alI6h € 020021 Inl+1dl < 3 |

is contained in S,, for « = d, b: indeed, for + = d it follows from the fact
that

+ 1
max{(l—i- %)Lg', (1+ g')lg} < L' 5 |<| < T

while for . = bitis trivial. As for ¢ = p, only by a numerical computation

we can verify that Suc\({(|7],0) = [n| < 2} U{(0,[C]) = [¢] < 2})is
contained in S,. Moreover, we claim that

Ho(Inl, I¢]) < [nl + <] (4.6.9)
when (|1}, [¢]) € Sac. We show {.6.9) just for ¢ = d, b.
(d) Consider the drop case. By (4.1.2) we have that

4[]

T2 — | <l
T g S = () <2,
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which holds true in Sy¢. Since Hgy is symmetric w.r.t. |n| and |(],
the claim is completely verified.

(b) Now, consider the bubble case. Since H,;, is symmetric w.r.t. || and
(|, to prove the claim it suffices to verify that it holds

(2 + [n])4[C]
(2 = ) (4 = |nc])

Simplifying the expression (4.6.10), we find that it is equivalent to

<In|+ |- (4.6.10)

[nl21¢] + nll¢I® = (2Ing| + 2I¢1* + 4l + 8[¢]) +8 > 0,

which is satisfied if [¢| +|¢|* +2|n| +4|¢| < 4. Since || < 1/2—1¢],
this last inequality is verified if

1 1
(5-100) 61+ kP2 (5 -kl ) + 41t <4
that is when [(] < 6/5. Therefore, (4.6.10) holds.

Now, condition (1.4.17) here becomes

TV@M%% L }%)<mw+mm (4.6.11)

min{ag, Gm, ar
where recall that the function H(r) is only defined for » < 1/2 and is
given explicitly in (1.4.18) and (3.3.12). Since K(r) > H(r) in the com-
mon range r < 1/2 (refer to the end of Chapter[3) and it holds

K(#H.(Inl, 1<D) > Kl + 1) > H(|nl + [<]),

we have that (4.1.4) improves (4.6.11). Consequently, we obtain en-
hanced conditions on the initial data in comparison with [2, 4], even
though the latter results apply to a wider class of A,.
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4.6.1 Conclusions and open problems

This chapter concludes the analysis on the global existence of solutions
to the initial-value problem (1.4.4), with A, piecewise constant
with either one or two jumps. As already mentioned, the results ob-
tained so far are among the few existing theorems for large BV data.

Concerning system (1.4.4), some important questions remain open
that are worth looking into. For example, at present we are not sure
whether or not the global existence of BV solutions for the inital value
problem (1.4.4), with one or two phase interfaces fails if we do not
assume the aforementioned threshold bounds on the initial data. Thus,
it would be interesting to investigate the possibility for patterns of waves
in the front tracking scheme that lead to the blow-up in finite time of the
BV norm of the approximate solutions when the threshold is violated.
However, this would not confirm the failure of the global existence at
all, since the blow-up might be due to instabilities of the front tracking
approximations. Such is a problem that comes up also in the case of a
p-system with pressure p that does not satisfy the Bakhvalov condition
(1.3.5): in [18] the authors stress that, even if they are able to construct
a pattern of waves for which there are no uniform bounds on the total
variation, this does not mean that the global existence may not hold.

Moreover, in order to complete the well-posedness picture for (1.4.4),
in the case of large data, it remains to study the uniqueness and
continuous dependence of solutions from the initial data. It is not clear
yet if, thanks to the simple form of the equations in (1.4.4) and the con-
sequent explicit definition of wave curves and strengths of waves, the
approach with the functional of [19] would turn out to be as easily man-
ageable in the case of large data as are the estimates in the proof of the
existence part.
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