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COMPUTATIONS IN SYMMETRIC FUSION

CATEGORIES IN CHARACTERISTIC p

PAVEL ETINGOF, VICTOR OSTRIK, SIDDHARTH VENKATESH

Abstract. We study properties of symmetric fusion categories
in characteristic p. In particular, we introduce the notion of a su-
per Frobenius-Perron dimension of an object X of such a category,
and derive an explicit formula for the Verlinde fiber functor F (X)
of X (defined by the second author) in terms of the usual and
super Frobenius-Perron dimensions of X . We also compute the
decomposition of symmetric powers of objects of the Verlinde cat-
egory, generalizing a classical formula of Cayley and Sylvester for
invariants of binary forms. Finally, we show that the Verlinde fiber
functor is unique, and classify braided fusion categories of rank two
and triangular semisimple Hopf algebras in any characteristic.

1. Introduction

Let k be an algebraically closed field of characteristic p > 0. Let C
be a symmetric fusion category over k. Then, according to the main re-
sult of [O], C admits a symmetric tensor functor F : C → Verp into the
Verlinde category Verp (the quotient of Repk(Z/pZ) by negligible mor-
phisms); we prove that this functor is unique. We derive an explicit for-
mula for the decomposition of F (X) into simple objects for eachX ∈ C;
it turns out that this decomposition is completely determined by just
two parameters — the Frobenius-Perron dimension FPdim(X) and the
super Frobenius-Perron dimension SFPdim(X) which we introduce in
this paper. We use this formula to find the decomposition of symmet-
ric powers of objects in Verp, and in particular find the invariants in
them — the “fusion” analog of the classical formula for polynomial
invariants of binary forms. We also relate the super Frobenius-Perron
dimension to the second Adams operation and to the p-adic dimension
introduced in [EHO], and classify symmetric categorifications of fusion
rings of rank 2. Finally, we classify triangular semisimple Hopf alge-
bras in an arbitrary characteristic, generalizing the result of [EG] for
characteristic zero, and classify braided fusion categories of rank two.
The paper is organized as follows. Section 2 contains preliminaries.

In Section 3 we prove the uniqueness of the Verlinde fiber functor. In
Section 4, we define the super Frobenius-Perron dimension of an object
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of a symmetric fusion category, and give a formula for this dimension
in terms of the second Adams operation; here we also classify braided
fusion categories of rank two. In Section 5, we prove a decomposition
formula for the Verlinde fiber functor of an object X of a symmetric
fusion category in terms of the ordinary and super Frobenius-Peron
dimensions of X , and use this formula to compute the transcendence
degrees of the symmetric and exterior algebra ofX . In Section 6, we use
the formula of Section 5 to find the decomposition of symmetric powers
of objects in the Verlinde category, and in particular give a formula for
their invariants. In Section 7, we compute the p-adic dimensions of an
object in a symmetric fusion category. Finally, in Section 8, we classify
semisimple triangular Hopf algebras in any characteristic.
Acknowledgements. The work of P.E. was partially supported by

the NSF grant DMS-1502244.

2. Preliminaries

Throughout the paper, k will denote an algebraically closed field.
Unless specified otherwise, we will assume that the characteristic of k
is p > 0.
By a symmetric tensor category over k (of any characteristic) we will

mean an artinian rigid symmetric monoidal category in which the ten-
sor product is compatible with the additive structure, and End(1) = k

(see [EGNO], Definitions 4.1.1, 8.1.2). By a symmetric fusion category
we mean a semisimple symmetric tensor category with finitely many
simple objects.

2.1. Verlinde categories. Recall that the Verlinde category Verp is a
symmetric fusion category over k obtained as the quotient of Rep

k
(Z/pZ)

by the tensor ideal of negligible morphisms, i.e. morphisms f : X → Y
such that for any g : Y → X one has Tr(fg) = 0 (see [O] for details).
This category has p− 1 simple objects, 1 = L1, . . . , Lp−1, such that

Lr ⊗ Ls
∼=

min(r,s,p−r,p−s)
∑

i=1

L|r−s|+2i−1

(the Verlinde fusion rules).

Definition 2.1. We define Ver+p to be the abelian subcategory of Verp
generated by Li for i odd, and define Ver−p to be the abelian subcategory
of Verp generated by Li for i even.

By the Verlinde fusion rules, Ver+p is a fusion subcategory of Verp, and

tensoring with Lp−1 gives an equivalence of abelian categories Ver+p →
2



Ver−p as long as p > 2. Since for p > 2 the symmetric fusion subcategory
generated by L1 and Lp−1 is sVec, the category of supervector spaces
over k, we see that

Verp = Ver+p ⊕ Ver−p
∼= Ver+p ⊠ sVec, p > 2

(see [O, 3.3]).
Recall that for r ∈ Z and z ∈ C,

[r]z =
zr − z−r

z − z−1
.

Let q = eπi/p be a primitive 2p-th root of unity, and let Gr(Verp) denote
the Grothendieck ring of Verp. The following lemma is standard.

Lemma 2.2. Gr(Verp) has exactly p−1 distinct characters χ1, . . . , χp−1,
where

χj(Lr) = [r]qj .

Proof. It is well known (and easy to show) that χj is a character.
That these are all the distinct characters follows from the facts that
Gr(Verp) ⊗ C has dimension p − 1 and that distinct characters are
linearly independent. �

Note that the character χ1 takes only positive values, and therefore
coincides with the Frobenius-Perron dimension FPdim.
Let K = Q(q) ∩ R. Then K is a Galois extension of Q, with

Gal(K/Q) = {g0, . . . , g p−3

2

} ∼= Z/
p− 1

2
Z

for p > 2, where gs is defined on Q(q) by sending q to q2s+1; for p = 2,
we have K = Q.

Proposition 2.3. The characters χj of Gr(Verp) land in K. Moreover,
for p > 2 and 0 ≤ s ≤ p−3

2
we have

χ2s+1 = gs ◦ χ1, χp−2s−1 = gs ◦ χp−1.

Proof. It is clear from Lemma 2.2 that all values of χj lie in Q(q)
and are real, so the first statement follows. The second statement is
obvious. �

Recall that for any object X of a symmetric tensor category, we can
define its symmetric powers SiX and exterior powers ∧iX ([EHO], 2.1).

Proposition 2.4. For every r > 1, we have SiLr = 0 if i+ r > p, and
for every r < p− 1, we have ∧iLr = 0 if i > r.

3



Proof. The first statement is proved in the proof of Proposition 3.1
of [Ven]. The second statement follows from the first one using the
equality

∧iLr = L⊗i
p−1 ⊗ Si(Lp−1 ⊗ Lr) = L⊗i

p−1 ⊗ SiLp−r,

which holds since Lp−1 generates a copy of sVec inside Verp. �

2.2. The Verlinde fiber functor. Let C be any symmetric fusion
category over k. The following theorem is the main result of [O]:

Theorem 2.5. ([O]) There exists a symmetric tensor functor
F : C → Verp.

We also have the following result, proved in Section 3.

Theorem 2.6. A symmetric tensor functor F : C → Verp is unique up
to a non-unique isomorphism of tensor functors.

This theorem generalizes Theorem 3.2 of [DM] for functors with val-
ues in Vec and its extension to sVec discussed in Section 3 of [De], and
its proof given below is based on similar ideas.
The functor F is called the Verlinde fiber functor, as it generalizes

the fiber functor C → sVec in characteristic zero, whose existence is a
theorem of Deligne, [De] (see also [EGNO], Theorem 9.9.26).
The functor F is constructed as follows (see [O] for more details).

First one constructs the Frobenius functor – a symmetric tensor func-
tor Fr : C → C(1)

⊠ Verp, where C(1) denotes the Frobenius twist of
C. Iterating this functor and taking tensor product in Verp, one ob-
tains the n-th Frobenius functor Frn : C → C(n)

⊠ Verp, where C(n) is
the n-th Frobenius twist of C (where Fr1 = Fr). One then shows that
for a sufficiently large n, Frn lands in D ⊠ Verp, where D ⊂ C(n) is a
nondegenerate fusion category. Then, using lifting theorems to charac-
teristic zero (see [EGNO], Subsection 9.16) and Deligne’s theorem in
characteristic zero [De], one shows that there exists a symmetric tensor
functor Φ : D → sVec. Then

(Φ⊠ Id) ◦ Frn : C → sVec ⊠Verp,

and we get F by composing this functor with the projection

⊗ : sVec⊠Verp → Verp

Remark 2.7. In fact, it is shown in [O] that the functor Frn lands in
C(n)

⊠Ver+p , so that Φ lands in sVec⊠ Ver+p .

Corollary 2.8. If C is a symmetric fusion category over k, then for any
X ∈ C, the Frobenius-Perron dimension FPdim(X) belongs to Z[q]∩K.
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Proof. By Theorem 2.5, we have the Verlinde fiber functor F : C →
Verp. This functor preserves FPdim . Thus, for X ∈ C

FPdim(X) = FPdim(F (X)) = χ1(F (X)) ∈ Z[q].

Also, FPdim(X) ∈ R, which implies the statement. �

2.3. p-adic dimensions. Let C be a symmetric tensor category over
k. Let X ∈ C. Then to X one can attach its categorical dimension
dim(X) ∈ k, and it is shown in [EGNO], Exercise 9.9.9(ii) that in fact
dim(X) ∈ Fp ⊂ k (see also [EHO], Lemma 2.2).
Further, it is shown in [EHO] that dim(X) is the reduction modulo

p of a richer invariant of X which takes values in Zp, called the p-adic
dimension ofX . In fact, there are two such invariants: the symmetric p-
adic dimension Dim+(X) and the exterior p-adic dimension Dim−(X).
Namely, let d = d0+ pd1+ p

2d2+ ... be a p-adic integer (where di are
the digits of d). We can define the power series over Fp,

(1 + z)d := (1 + z)d0(1 + zp)d1(1 + zp
2

)d2 ...

Definition 2.9. ([EHO]) We say that the symmetric p-adic dimension
Dim+(X) of X is d if

∑

j

dim(SjX)zj = (1− z)−d,

and say that the exterior p-adic dimension Dim−(X) of X is d if
∑

j

dim(∧jX)zj = (1 + z)d.

Theorem 2.10. ([EHO]) The p-adic dimensions Dim+(X), Dim−(X)
exist and are unique for any X.

3. Uniqueness of the Verlinde fiber functor

The goal of this Section is to give a proof of Theorem 2.6.

3.1. Commutative algebras in Verp.

Lemma 3.1. Let X be an object of Verp with Hom(1, X) = 0. Then
there exists N such that SnX = 0 for all n ≥ N .

Proof. We proceed by induction in the length of X . Then the base of
induction is given by Proposition 2.4 and the induction step follows
from the decomposition

Sn(X ⊕ Y ) =

n
⊕

i=0

SiX ⊗ Sn−iY.
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Now let A be a unital commutative associative algebra in the cate-
gory Verp, see e.g. [EGNO, Section 8.8]. Let mn : A⊗n → A be the
multiplication morphism (so m1 = idA, m2 = m is the multiplication
in A, and mn = m◦ (mn−1⊗ idA) for n ≥ 2). There is a unique decom-
position A = A0⊕A1 where A0 is a multiple of 1 and Hom(1, A1) = 0.

Lemma 3.2. There exists N such that the restriction of mn to A⊗n
1

equals zero for n ≥ N .

Proof. Since A is commutative, the restriction of mn to A⊗n
1 factors

through the canonical map A⊗n
1 → SnA1. The result follows from

Lemma 3.1. �

Let J be the image of multiplication morphism m : A ⊗ A1 → A.
Then J is an ideal in A (note that since A is commutative, there is no
difference between left, right and two-sided ideals in A). The ideal J
is nilpotent:

Lemma 3.3. There exists N such that the restriction of mn to J⊗n

equals zero for n ≥ N .

Proof. Since A is associative, the image of mn restricted to J⊗n equals
the image of m2n restricted to (A ⊗ A1) ⊗ . . . ⊗ (A ⊗ A1). Since A
is commutative, this is the same as image of m2n = m ◦ (mn ⊗ mn)
restricted to A⊗n ⊗ A⊗n

1 . The result follows from Lemma 3.2. �

The unit object 1 ∈ Verp has an obvious structure of unital, asocial-
tive, commutative algebra.

Proposition 3.4. Let A ∈ Verp be a unital, associative, commutative
algebra. Then there exists a unital algebra homomorphism A→ 1.

Proof. Since A is unital, the ideal J contains A1. By Lemma 3.3 this
ideal is proper: J 6= A. Thus A/J is a nonzero unital, associative,
commutative algebra contained in subcategory Vec ⊂ Verp generated
by the unit object. Thus by Hilbert’s Nullstellensatz there exists a
unital homomorphism A/J → 1. The result follows. �

3.2. Fiber functors and commutative algebras. Let C be a sym-
metric fusion category and let F : C → Verp be a symmetric tensor
functor. Let I : Verp → C be the right adjoint of F (it exists since the
categories C and Verp are finite semisimple).

Proposition 3.5. (cf. [DMNO, Lemma 3.5])
(i) The object A := I(1) ∈ C has a natural structure of unital, asso-

ciative, commutative algebra in C.
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(ii) The functor I induces a tensor equivalence Ĩ : F (C) ≃ CA of
the image F (C) of F in Verp (i.e., the fusion subcategory generated by
objects of the form F (X)) with the category CA of right A−modules in
C.
(iii) The functor Ĩ◦F : C → CA is naturally isomorphic to the functor

FA =?⊗A as a tensor functor.

Proof. Part (i) follows from Lemma 3.5 of [DMNO], see [DMNO, Re-
mark 3.7]. The functor F makes Verp into a module category over C,
see e.g. [EGNO, Example 7.4.7]. It follows from definitions that the
functor I identifies with the internal Hom functor Hom(1, ?). Thus the

fact that I induces an equivalence Ĩ follows from [EGNO, Corollary
7.10.5 (ii)]. Also using [EGNO, (7.25)] we get a canonical isomorphism
of functors in part (iii). Now one defines tensor structure on the func-

tor Ĩ as in the proof of Theorem 3.1 of [ENO]; it follows immediately
from definitions that the isomorphism of functors in (iii) respects this
tensor structure. �

Note that Proposition 3.5 (ii) implies that A = Ĩ(1) is a simple
A−module. Equivalently we have

Corollary 3.6. The algebra A has no nontrivial ideals.

Let F̃ : CA → Verp denote the composition of Ĩ−1 with the embedding

functor F (C) → Verp. Note that functor F̃ is injective (that is, fully
faithful). Then Proposition 3.5 (iii) implies

Corollary 3.7. The functor F is isomorphic to the composition F̃ ◦FA

as a tensor functor.

3.3. Autoequivalences of Verp. The following result contains a spe-
cial case of Theorem 2.6 when C = Verp.

Lemma 3.8. Any tensor autoequivalence of Verp (not necessarily pre-
serving the braiding) is isomorphic to the identity functor as a tensor
functor.

Proof. It was proved in [O, 4.3.2] that the category Verp is equivalent to
the semisimple quotient of the category of tilting modules over SL(2).
The result follows from the universal property of the category of tilting
modules over SL(2), see [O1, Theorem 2.4] (this is equivalent to the
description of tilting modules over SL(2) as the idempotent completion
of the Temperley-Lieb category). �

Corollary 3.9. Let A be a fusion category and let G1, G2 be two in-
jective tensor functors A → Verp. Then G1 and G2 are isomorphic as
tensor functors.
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Proof. The classification of fusion subcategories of Verp (see [O, Propo-
sition 3.3]) implies that the images G1(A) ⊂ Verp and G2(A) are the
same. Thus there exists a tensor autoequivalence R of A such that
G2 ≃ G1◦R. Again by the classification of fusion subcategories of Verp
there exists a fusion subcategory B ⊂ Verp such that Verp = G1(A)⊠B.
Thus the autoequivalence R extends to autoequivalence of Verp as
R⊠ id. Then Lemma 3.8 implies that R ≃ id and we are done. �

3.4. Proof of Theorem 2.6. Let F1 and F2 be two symmetric ten-
sor functors C → Verp. Let I1, I2 be right adjoint functors and let
A1 = I1(1), A2 = I2(1) be the corresponding commutative algebras,
see Section 3.2. Then F2(A1) is a unital, associative, commutative al-
gebra in Verp. Thus by Proposition 3.4 there exists a unital algebra
homomorphism F2(A1) → 1. Thus we have a unital algebra homomor-

phism Ĩ2(F2(A1)) → Ĩ2(1) = A2, or A1 ⊗A2 → A2, see Proposition 3.5
(iii). Composing this with the homomorphism A1 = A1⊗1 → A1⊗A2

we get a unital (and hence non-zero) homomorphism A1 → A2. By
Corollary 3.6, this homomorphism is injective. By symmetry we have
an injective homomorphism A2 → A1. It follows that the algebras A1

and A2 are isomorphic.
We choose an isomorphism and set A = A1 ≃ A2. By Corollary 3.7

the functors Fi, i = 1, 2 are isomorphic to F̃i ◦FA where F̃i are injective
tensor functors CA → Verp. By Corollary 3.9 the functors F̃1 and F̃2 are
isomorphic. Hence F1 and F2 are isomorphic and the proof is complete.

4. Super Frobenius-Perron Dimension

4.1. Definition of SFPdim. Let C be a symmetric fusion category
over k, and F : C → Verp be the Verlinde fiber functor. For any X ∈ C
we can write

F (X) = F (X)+ ⊕ F (X)−

where F (X)+ ∈ Ver+p and F (X)− ∈ Ver−p .

Definition 4.1. Let

d+(X) := FPdim(F (X)+), d−(X) := FPdim(F (X)−),

Define the super Frobenius-Perron dimension of X as

SFPdim(X) := d+(X)− d−(X).

Remark 4.2. 1. Note that this definition makes sense in characteristic
zero, if we replace Verp with sVec, and F with the usual fiber functor;
in this case, we recover the standard notion of superdimension of a
supervector space. Also, if C = sVec and F is the natural embedding
of sVec into Verp as the subcategory generated by L1 and Lp−1, then

8



SFPdim also agrees with the usual notion of superdimension. In par-
ticular, SFPdim = FPdim in characteristic 2 and coincides with the
usual superdimension in characteristic 3.
2. Below we will give another definition of SFPdim which does not

use F .
3. It follows from the definition that SFPdim(X) = SFPdim(F (X)).

Lemma 4.3. (i) SFPdim is a character of the Grothendieck ring of C.
(ii) For C = Verp and F = id, we have SFPdim = χp−1. Thus,

SFPdim(X) = χp−1(F (X)).

Proof. Using the equivalence

Verp ∼= Ver+p ⊠ sVec,

for C = Verp and F = id we can write SFPdim as FPdim⊠ sdim,
where sdim denotes the superdimension of a supervector space. Since
FPdim and sdim are characters of the Grothendeick rings of Ver+p and
sVec respectively, SFPdim is a character of the Grothendeick ring of
Verp. Moreover, we have SFPdim(L2) = −FPdim(L2) = −q − q−1 =
qp−1 + q−p+1 = χp−1(L2), which implies that SFPdim = χp−1 (as L2

generates the Grothendieck ring of Verp). Now the general case follows
from the facts that SFPdim(X) = SPdim(F (X)) and that F induces
a homomorphism of Grothendieck rings. �

4.2. The second Adams operation and SFPdim. Let chark 6= 2.
For a symmetric tensor category C over k, the second Adams operation
Ψ2 is defined on the Grothendeick ring of C as

Ψ2(X) = S2X − ∧2X,

the difference between the symmetric and exterior squares.

Lemma 4.4. Ψ2 is a ring homomorphism Gr(C) → Gr(C).

Proof. We have S2(X ⊕ Y ) = S2X ⊕X ⊗ Y ⊕ S2Y and ∧2(X ⊕ Y ) =
∧2X⊕X⊗Y ⊕∧2Y , which implies that Ψ2 is a group homomorphism.
We have S2(X ⊗ Y ) = S2X ⊗ S2Y ⊕∧2X ⊗∧2Y and ∧2(X ⊗ Y ) =

S2X ⊗∧2Y ⊕∧2X ⊗S2Y , which implies that Ψ2 is multiplicative. �

Now we give another definition of SFPdim which does not use the
functor F .

Proposition 4.5. Let C be a fusion category over k, and X ∈ C. Then,

(1) SFPdim(X) = g(FPdim(Ψ2(X)))

where g : Q(q) → Q(q) is the Galois automorphism defined by sending
q2 to −q (note that Q(q) = Q(q2)).

9



Proof. Let F be the Verlinde fiber functor C → Verp. Then SFPdim(X) =
SFPdim(F (X)). Also, since F preserves the symmetric structure and
the FP-dimension, g(FPdim(Ψ2(X))) = g(FPdim(Ψ2(F (X)))). Hence,
without loss of generality, we can assume that C = Verp and F = id.
By Lemma 4.4 and Lemma 4.3, both sides of (1) are characters on the

complexified Grothendieck ring of Verp. Hence, as L2 tensor generates
Verp, it suffices to check the equality on L2. In this case, if p ≥ 5, the
LHS is by definition −q − q−1 and the RHS of (1) is

g(FPdim(L3 − L1)) = g([3]q − 1) = g(q2 + q−2) = −q − q−1,

as desired. For p = 3, on both sides of (1) we have −1 (here g is the
identity and L3 = 0). �

4.3. Symmetric and braided categorifications of fusion rings of

rank 2. Here is an application of the second Adams operation. Let Rn

be the fusion ring of rank 2 with basis 1, X and relation X2 = nX +1,
where n ≥ 0.

Proposition 4.6. Let n ≥ 1. There is a symmetric fusion category C
with Grothendieck ring Rn only if n = 1 and chark = 5, and in this
case C = Ver+5 .

Proof. If chark = 2 then there is a Verlinde fiber functor F : C → Vec,
so FPdim(X) must be an integer, i.e. the equation x2 = nx+1 should
have integer solutions, which is impossible. So we may assume that
chark 6= 2. We have a homomorphism Ψ2 : Rn → Rn, so Ψ

2(X) = X or
Ψ2(X) = n−X . But the multiplicity of 1 in Ψ2(X) is 1 or −1, as either
S2X or ∧2X contains a copy of the unit object 1 (but not both). So

n = 1 and FPdim(X) = 1+
√
5

2
. Also, C must be a degenerate category

(otherwise, it would lift to a symmetric category in characteristic zero
by [EGNO], Subsection 9.16, and hence would have had integer FP
dimensions, see [EGNO], Theorem 9.9.26), so chark = 5 (as dim(C) =
5±

√
5

2
, which vanishes only in characteristic 5). Thus we have a Verlinde

fiber functor C → Ver5, which is easily seen to be an equivalence onto
Ver+5 . �

Note that Proposition 4.6 completely classifies symmetric categorifi-
cations of fusion rings of rank 2, as the problem of categorification of
the ring R0 is trivial (since X is invertible).
The main result of [O2] states that in characteristic zero there is

no fusion categories with Grothendieck ring Rn, n ≥ 2. It is an open
question whether this is true in positive characteristic. However we
have the following

10



Proposition 4.7. There is no braided fusion categories C over k with
Grothendieck ring Rn, n ≥ 2.

Proof. For the sake of contradiction assume that C is a braided fusion
category with Gr(C) = Rn, n ≥ 2. Then the same argument as in proof
of [O2, Corollary 2.2] shows that C is spherical. The lifting theory (see
[EGNO, 9.16]) shows that C must be degenerate, that is 1 + d2 = 0
where d ∈ k is the dimension of the object X (as by the result of
[O2], there is no categorifications of Rn in characteristic zero). Since
d2 = 1 + nd, this is equivalent to nd = −2. Moreover by [O, Propo-
sition 2.9] the ring Gr(C) ⊗ k must not be semisimple, so X 7→ d is
a unique homomorphism Rn → k. Thus

sX,X

d
= d where sX,X is the

entry of S−matrix of C, see [EGNO, Proposition 8.3.11]. By [EGNO,
Proposition 8.13.8] we have sX,X = θ−2(1 + θnd) where θ is the twist
of the object X , see [EGNO, Definition 8.10.1]. Thus

sX,X

d
= d⇔ θ−2(1 + θnd) = d2 ⇔ θ−2(1− 2θ) = −1 ⇔ θ = 1.

It follows (see [EGNO, Definition 8.10.1]) that the category C is sym-
metric, and the result follows from Proposition 4.6. �

Remark 4.8. The argument in the proof of Proposition 4.7 works also
in the case n = 1, showing that if C is degenerate then it must be sym-
metric, and hence by Proposition 4.6 has to be equivalent to Ver+5 with
chark = 5. Another option for n = 1 is that C is nondegenerate; then
by lifting theory ([EGNO, 9.16]) it is a reduction modulo p = chark
of a Yang-Lee category Y L+ or Y L− in characteristic zero ([EGNO,
Exercise 9.4.6]), and each can be taken with two different braidings (in-
verse to each other). Thus we have four choices for each characteristic
p 6= 5 (which are distinct since lifting is faithful).
Also, the case n = 0 is easy since X is invertible. Namely, in this

case, if p = 2, then C = VecZ/2Z (Z/2Z-graded vector spaces), and the
only possible braiding is trivial. On the other hand, for p > 2 the
classification is the same as in characteristic zero, namely by quadratic
forms on Z/2Z, which are labeled by solutions of the equation θ4 = 1
in k ([EGNO, 8.2]). Thus, we have obtained a full classification of
braided fusion categories with two simple objects over a field of any
characteristic.

5. Decomposition of the Verlinde fiber functor of an

object of a symmetric fusion category

5.1. The decomposition formulas. Let C be a symmetric fusion
category over k and let F : C → Verp be the Verlinde fiber functor. Let

11



X ∈ C. Our goal in this section is to compute the decomposition of
F (X) into the simples of Verp in terms of FPdim(X) and SFPdim(X).
Let

F (X) =

p−1
⊕

r=1

arLr.

If p = 2 then a1 = FPdim(X), so assume that p > 2.

Let Tr : K → Q be the trace map, given by Tr(x) =
∑

p−3

2

s=0 gs(x).
For example, for r not divisible by p, we have

(2) Tr(qr + q−r) = (−1)r−1.

Theorem 5.1. For p > 2 we have

ar =
1

2p
Tr
(

(q−r − qr)(q − q−1)(FPdim(X)− (−1)rSFPdim(X))
)

.

In other words, for r odd, we have

ar =
1

p
Tr((q−r − qr)(q − q−1)d+(X))

and for r even, we have

ar =
1

p
Tr((q−r − qr)(q − q−1)d−(X)).

Proof. Applying gs ◦ FPdim and gs ◦ SFPdim to the decomposition of
F (X), we get, for each s = 0, . . . , p−3

2
:

gs(FPdim(X)) =

p−1
∑

r=1

ar[r]q2s+1

and

gs(SFPdim(X)) =

p−1
∑

r=1

(−1)r−1ar[r]q2s+1 .

Clearing denominators, we get

gs((q − q−1) FPdim(X)) =

p−1
∑

r=1

ar(q
(2s+1)r − q−(2s+1)r)

and

gs((q − q−1)SFPdim(X)) =

p−1
∑

r=1

(−1)r−1ar(q
(2s+1)r − q−(2s+1)r).

12



Let us extend the sequence ar to all integer r by setting ar = −a−r =
ar+2p (in particular, ar = 0 if r is divisible by p). Then we can rewrite
the above sums as summations over Z/2pZ:

gs((q − q−1) FPdim(X)) = ±
∑

r∈Z/2pZ
arq

±(2s+1)r

and
−gs((q − q−1)SFPdim(X)) = ±

∑

r∈Z/2pZ
arq

±(p+2s+1)r.

Now taking the inverse Fourier transform on the group Z/2pZ gives
the desired result. �

5.2. Transcendence degrees. Let X be an object of a fusion cate-
gory C over k. Recall from [Ven] that the algebra of invariants (SX)inv

(which is an ordinary commutative k-algebra) is finitely generated.
Let Trd+(X) be the transcendence degree of this algebra, i.e. the
largest number of algebraically independent elements. Similarly, let
Trd−(X) be the transcendence degree of (∧X)inveven (the largest number
of even algebraically independent elements). It is shown in [Ven] that
Trd+(X) = d if and only if SX is a finitely generated module over
k[z1, ..., zd] ⊂ (SX)inv, and likewise Trd−(X) = d if and only if ∧X is
a finitely generated module over k[z1, ..., zd] ⊂ (∧X)inveven. This implies
that Trd±(X) are preserved under symmetric tensor functors between
fusion categories.
It follows from Proposition 2.4 that Trd+(Li) = 0 if 2 ≤ i ≤ p − 1

and Trd−(Li) = 0 if 1 ≤ i ≤ p− 2, while Trd+(L1) = Trd−(Lp−1) = 1.
Therefore, we have

Proposition 5.2. (i) One has Trd+(X) = a1 and Trd−(X) = ap−1.
(ii) One has

Trd+(X) =
1

p
Tr(|q − q−1|2d+(X)),

and

Trd−(X) =
1

p
Tr(|q − q−1|2d−(X)).

Proof. (i) is immediate from the above, and (ii) follows from (i) and
Theorem 5.1 by plugging in r = 1, p− 1. �

6. Decomposition of symmetric powers of simple objects

in Verp

We will now apply Theorem 5.1 to compute the decomposition into
simples of SiLm, the symmetric powers of the simple object Lm ∈ Verp,

13



for each 2 ≤ m ≤ p − 1 and 0 ≤ i ≤ p −m (note that by Proposition
2.4, we have SiLm = 0 if i > p − m). To do so, we need to compute
the FPdim and SFPdim of SiLm.
As before, we assume that p > 2. Let

(

n

m

)

z

:=

∏m
j=1(z

n−j+1 − z−n+j−1)
∏m

j=1(z
j − z−j)

be the symmetrized Gauss polynomial (the z-binomial coefficient).

Proposition 6.1. (i) For 2 ≤ m ≤ p− 1 and 0 ≤ i ≤ p−m,

FPdim(SiLm) =

(

i+m− 1

m− 1

)

q

,

(ii) One has SFPdim(SiLm) = (−1)i(m−1) FPdim(SiLm).

Proof. (i) Let Verp(SLm) be the Verlinde category attached to the
group SLm (see [O], 4.3.2, 4.3.3 and references therein). The Z+-basis
of Gr(Verp(SLm)) is {Vλ}, where λ runs through dominant integral
weights for SLm such that (λ + ρ, θ) < p, and we have a character of
this ring given by

(3) Vλ 7→ dimq Vλ =
∏

α>0

[(λ + ρ, α)]q
[(ρ, α)]q

,

where α runs through positive roots, θ is the maximal root, and ρ the
half-sum of the positive roots (the q-deformed Weyl dimension formula,
see [BK], 3.3). It is easy to see that all these values are positive.
Let V = Vω1

, where ω1 is the first fundamental weight, i.e., V is
the tautological object. Then SiV = Viω1

for i ≤ p − m. So, by (3),
dimq S

iV =
(

i+m−1
m−1

)

q
. Hence FPdim(SiV ) =

(

i+m−1
m−1

)

q
.

We have the Verlinde fiber functor F : Verp(SLm) → Verp(SL2), and
F (V ) = Lm. Hence F (S

iV ) = SiLm, and the statement follows.
(ii) It is clear that SiLm is in Ver+p if i(m− 1) is even and is in Ver−p

otherwise, which implies the statement. �

Let SiLm = ⊕p−1
r=1arLr.

Corollary 6.2. If i(m− 1)− r is odd, then

ar =
1

p
Tr

(

(q−r − qr)(q − q−1)

(

i+m− 1

m− 1

)

q

)

,

and if i(m− 1)− r is even, then ar = 0. In particular,

(4) dimk(S
iLm)

inv =
1

p
Tr

(

|q − q−1|2
(

i+m− 1

m− 1

)

q

)

.

14



Proof. This follows from Proposition 6.1 and Theorem 5.1. �

These formulas can be written more combinatorially using that for
any Laurent polynomial f(z) with integer coefficients such that f(z) =
f(z−1), we have

2Trf(q) = τ(f),

where

τ(
∑

j∈Z
bjz

j) = p
∑

j∈Z
(−1)jbpj −

∑

j∈Z
(−1)jbj = p

∑

j∈Z
(−1)jbpj − f(−1),

which follows from (2). For instance, from (4) we have

(5) dimk(S
iLm)

inv =
∑

j∈Z
(−1)jbpj,

where
∑

j∈Z
bjz

j = −
1

2
(z − z−1)2

(

i+m− 1

m− 1

)

z

.

More generally, we have

ar =
∑

j∈Z
(−1)jbpj,r,

where
∑

j∈Z
bj,rz

j =
1

2
(z−r − zr)(z − z−1)

(

i+m− 1

m− 1

)

z

.

Remark 6.3. Since Verp = Verp(SL2), formula (5) may be viewed as a
“fusion” analog of the classical Cayley-Sylvester formula for the number
N(i,m) of linearly independent invariants of degree i of a binary form of
degree m, which says that N(i,m) = b0 (see [S]). Indeed, this formula
is recovered from (5) as p→ ∞.

Remark 6.4. Let G be a simply connected simple algebraic group
over k (for simplicity assumed of type ADE), h the Coxeter number
of G, and p > h. Let Verp(G) be the Verlinde category corresponding
to G (see [O], 4.3.2, 4.3.3). The simple objects of Verp(G) are highest
weight modules Vλ, where (λ+ρ, θ) < p. Using a similar method to the
above, we can compute the decomposition of F (Vλ). Namely, similarly
to the SLm case, FPdim(Vλ) = dimq(Vλ), given by formula (3) (this is
a character and all its values are positive). Also, for each λ, F (Vλ) is
in Ver+p or Ver−p depending on whether the element −1 = exp(2πihρ) ∈

SLprincipal
2 ⊂ G acts by 1 or −1 on Vλ in characteristic zero (see [O],
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4.3.3). In other words, we have SFPdim(Vλ) = (−1)(λ,ρ) FPdim(Vλ).
Thus we get F (Vλ) =

∑

r arLr, where

ar =
1

p
Tr

(

(q−r − qr)(q − q−1)
∏

α>0

[(λ+ ρ, α)]q
[(ρ, α)]q

)

7. p-adic dimensions in a fusion category

The following proposition relates the p-adic dimensions with the su-
per Frobenius Perron dimension.

Proposition 7.1. One has

SFPdim(X) = (Dim+⊠FPdim)(Frn(X)) = (Dim−⊠FPdim)(Frn(X)).

where n is such that Frn : C → D⊠Ver+p , with D ⊂ C(n) nondegenerate
(see Subsection 2.2).

Proof. Since D is a nondegenerate fusion category, it admits a super
fiber functor, and thus both p-adic dimensions in D coincide with the
usual superdimension. This implies the statement. �

Theorem 7.2. (i) Dim+(Lr) equals 1 if r = 1 and r − p if r > 1.
Dim−(Lr) equals r if r < p− 1, and −1 if r = p− 1.
(ii) The p-adic dimensions of any object X of a fusion category are

as follows: if F (X) =
∑p−1

r=1 arLr then

Dim+(X) = a1 +
∑

i>1

(i− p)ai, Dim−(X) =
∑

i<p−1

iai − ap−1.

Proof. (i) Let r > 1. By Proposition 2.4, (1 − z)−Dim+(Lr) is a polyno-
mial of degree ≤ p− r. Thus, −Dim+(Lr) is an integer between 0 and
p− r. Since Dim+(Lr) must equal dimLr = r modulo p, we conclude
that Dim+(Lr) = r − p.
Let r < p − 1. By Proposition 2.4, (1 + z)Dim

−
(Lr) is a polyno-

mial of degree ≤ r. Thus, Dim−(Lr) is an integer between 0 and r.
Since Dim−(Lr) must equal dimLr = r modulo p, we conclude that
Dim−(Lr) = r.
The remaining cases r = 1, p − 1 are easy, as the corresponding

objects are invertible.
(ii) is immediate from (i). �

Corollary 7.3. One has

lengthF (X) = Trd+(X) + Trd−(X) +
Dim−(X)− Dim+(X)

p
.

Proof. This follows from Theorem 7.2(ii), using that lengthF (X) =
∑

i ai. �
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8. Classification of triangular semisimple Hopf algebras

in positive characteristic

The following theorem classifies traingular semisimple Hopf algebras
in any characteristic, generalizing Theorem 2.2 of [EG] in characteristic
zero.
For a finite group scheme G over k, let kG denote the dual Hopf

algebra O(G)∗ to the function algebra O(G) of G.

Theorem 8.1. Let H be a finite dimensional triangular semisimple
Hopf algebra over a field k of any characteristic (see [EGNO], Chapter
5). Then there exists a semisimple finite group scheme G over k, a
central element ε ∈ G(k) of order ≤ 2 (with ε = 1 if p = 2) and a
twist J ∈ kG ⊗ kG such that H = kGJ as a Hopf algebra, and the
universal R-matrix of H is R = J−1

21 R0J , where R0 = 1 ⊗ 1 if p = 2
and R0 =

1
2
(1⊗ 1 + 1⊗ ε+ ε⊗ 1− ε⊗ ε) otherwise.

Note that this classification is completely explicit. Namely, by Na-
gata’s theorem ([DG], IV, 3.6), G = Γ⋉A, where Γ is a finite group of
order coprime to p and A is the dual group scheme to a finite abelian
p-group P ; in other words, we have kG = kΓ ⋉ O(P ). Moreover, the
twists J for G are classified in terms of subgroup schemes of G and
2-cocycles on them in [Ge], Proposition 6.3. Namely, a twist corre-
sponds to a nondegenerate class ψ ∈ H2(G′,Gm), where G

′ is a group
subscheme of G. It is easy to see that G′ is conjugate to Γ′⋉A′, where
Γ′ ⊂ Γ and A′ ⊂ A is Γ′-invariant. Now the Hochschild-Serre spectral
sequence (for group schemes) implies that ψ is pulled back from Γ′ (as
the cohomology H i(A′,Gm) vanishes for i > 0, so the pullback map
H i(Γ,k×) = H i(Γ,Gm) → H i(G,Gm) is an isomorphism). Since ψ is
nondegenerate, this implies that A′ = 1, i.e., the twist J comes from
kΓ⊗ kΓ, i.e. corresponds to a subgroup of central type Γ′ ⊂ Γ.

Proof. We may assume that chark = p > 0. For p = 2, this is immedi-
ate from [O] (see [O], Corollary 1.6), so let us assume that p > 2. The
category RepH is a symmetric fusion category. Let F : RepH → Verp
be the Verlinde fiber functor. Since RepH is integral (i.e., has integer
FP dimensions), F lands in sVec ⊂ Verp, as this is the largest integral
subcategory of Verp. Thus, as in [O], 1.3, RepH = Rep(G, ε), the cat-
egory of representations of G on superspaces on which ε acts by parity,
where G is a semisimple finite supergroup scheme over k and ε ∈ G(k)
is an element of order ≤ 2 acting on O(G) by the parity automorphism.
(For a general theory of affine algebraic supergroup schemes we refer
the reader to [Ma].)
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It remains to show that G is in fact an ordinary group scheme. This
is shown in [Ma] (see Corollary 43 and Theorem 45); here we provide
an alternative proof. We will need the following two lemmas.

Lemma 8.2. If M is a subsupergroup scheme of G containing ε, then
Rep(M, ε) is semisimple.

Proof. Recall that if C is a fusion category and Φ : C → D is a surjective
tensor functor ([EGNO], 6.3) to a finite tensor category, then D is also
fusion. Indeed, D is an exact C-module ([EGNO], Example 7.5.6),
hence semisimple. Now take C = Rep(G, ε) and D = Rep(M, ε), and
take Φ to be the restriction functor. �

Now let G+ be the even part of G (i.e., O(G+) = O(G)/I, where I is
the ideal generated by the odd elements, which is automatically a Hopf
ideal), and G0

+ its connected component of the identity. By Lemma
8.2, Rep(G0

+) is semisimple. Thus, by Nagata’s theorem ([DG], IV,
3.6), G0

+ is abelian.
Let Lie(G) = g+ ⊕ g− be the Lie algebra of G, decomposed into the

even and odd parts. Let G0 be the connected component of the identity
in G.

Lemma 8.3. The action of G0
+ on g− is trivial. In other words, G0

+

is central in G0.

Proof. Let x ∈ g− be an eigenvector, on which G0
+ acts by a character

χ. We claim that [x, x] 6= 0. Indeed, assume the contrary, and let N
be the supergroup scheme generated by ε and exp(kx). Then we have
a surjective restriction functor Rep(G, ε) → Rep(N, ε), so Rep(N, ε) is
semisimple by Lemma 8.2, which is a contradiction.
Now, G0

+ acts on [x, x] by χ2. But [x, x] ∈ g+, hence χ
2 = 1, as G0

+

is abelian.
But χ has order which is a power of p, so χ = 1. Thus, Lemma 8.3

follows from Lemma 8.2 (which implies that the action of G0
+ on g− is

semisimple). �

We see that we have a central extension of supergroup schemes

1 → G0
+ → G0 → exp(g−) → 1,

where exp(g−) = Spec ∧ g− (purely odd abelian supergroup scheme).
Let P be the supergroup scheme generated by ε and G0, and Q be
the supergroup scheme generated by ε and exp(g−). Thus the cate-
gory Rep(Q, ε) is a tensor subcategory of Rep(P, ε). But the category
Rep(P, ε) is semisimple by Lemma 8.2. Hence, Rep(Q, ε) is semisim-
ple. This can only hold if g− is zero. Thus, we have G0 = G0

+, hence
G = G+, as desired. �
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