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Abstract

We prove a Weyl upper bound on the number of scattering resonances in strips
for manifolds with Euclidean infinite ends. In contrast with previous results,
we do not make any strong structural assumptions on the geodesic flow on
the trapped set (such as hyperbolicity) and instead use propagation statements
up to the Ehrenfest time. By a similar method we prove a decay statement
with high probability for linear waves with random initial data. The latter
statement is related heuristically to the Weyl upper bound. For geodesic flows
with positive escape rate, we obtain a power improvement over the trivial
Weyl bound and exponential decay up to twice the Ehrenfest time.
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(Some figures may appear in colour only in the online journal)

1. Introduction

In this paper, we study asymptotics of scattering resonances and linear waves on a d-dimen-
sional noncompact Riemannian manifold (M, g) with Euclidean infinite ends (see section 2.1).
Resonances are the spectral data for the Laplacian on non-compact manifolds analogous to
eigenvalues in the compact setting. They are defined as poles of the meromorphic continuation
of the L? resolvent (see section 3.1)

1 [LA(M) = LA(M), Im\ > 0,
Re(N) = (=8 =X {Lzomp (M) = L2.(M), A€ C\ (~o0,0]." (1.1)
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Our results involve the structure of the homogeneous geodesic flow

¢r =exp(tH,) : T"M\ 0 — T*M\ 0,  p(x,&) = |¢|4()- (12)

1.1. Weyl bounds

Our first result is an upper bound on the number of resonances in strips,

N(R,3) := #{\ € [R,R+ 1] +i[—/,0]: \is aresonance}, B>0, R— cc.

1.3
We first state the following simple corollary of the main result: -
Theorem 1. Forall 8 > 0 we have
N(R,B) = O(R'™). (1.4)
Moreover, if the trapped set K C T*M \ 0 of @, has volume zero (see (2.6)), then
N(R,B) =o(R™") asR — oo. (1.5)

The bound (1.4) has previously been established in various settings by Petkov and Zworski
[PZ99, 1.6], Bony [BonO1], and Sjostrand and Zworski [SZ07, theorem 2]. We remark that in
general it is difficult to obtain lower bounds on the number of resonances in strips.

To state a more precise bound, we use Liouville volume of the set of trajectories trapped
for time ¢

V() = (S MOT@), T =7"(B)Np_(zx"(B)), (1.6)

where 7 : T*M \ 0 — M is the projection map, S*M = {|¢|, = 1} is the cosphere bundle, and
B is a large compact set with smooth boundary, see (2.12). We also use the Ehrenfest time at
frequency R > 0,

log R 1

t.(R) = , Amax :=limsup —log sup |de(x,8)]- 1.7
2Amax [t] =00 |t| (x&ET (1) l ( )

Here Apax € [0,00) is the maximal expansion rate and if Ap,.x = 0, we may replace Apax
by an arbitrarily small positive number and accordingly take #,(R) = ClogR for any fixed
constant C.

The following is our main Weyl bound, which immediately implies theorem 1 since V(¢)
is always bounded and lim,_, .. V(#) = 0 when K has volume zero. A connection between the
function V(¢) and resonance counting has previously been used heuristically in the literature,
see [Zwo99b, 10]. See also Stefanov [Ste03] for volume-based bounds on the number of reso-
nances polynomially close to the real axis.

Theorem 2. Foreach 3 > 0, € > 0, there exists a constant C > 0 such that

N(R, B) < CR' min [v((1 — o)t(R)). exp (21(R)) - V(2(1 — s)te(R))] (1.8)

The proof of theorem 2 follows the strategy of [Dyal5a]. We first construct an approximate
inverse for the complex scaled version of the operator —A, — A\* which shows that if \ is a
resonance, then I — A(\) is not invertible, where A(\) is a pseudodifferential operator whose
symbol is supported in a small neighborhood of the trapped set. By Jensen’s inequality, the
number of resonances can be estimated using bounds on the determinant of I — A())2, which
is controlled by the Hilbert—Schmidt norm ||A())||as. The latter norm can be bounded by the
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Figure 1. (a) A plot of the exponent m(3, v) from (1.11) in the case of positive classical
expansion rate 7, as compared to the standard Weyl law m = d — 1 and to the exponent
m'(B, ) from [Dyal5a] in the case of hyperbolic manifolds. (b) A plot of the typical
behavior of the norm |9 U (t)1ug||;> from theorem 3.

right-hand side of (1.8). The operator A(A) is defined using the dynamics of the flow for time
t.(R), and due to Egorov’s theorem up to Ehrenfest time it lies in a mildly exotic pseudodiffer-
ential calculus.

The proof of theorem 2 only relies on propagation of singularities and the semiclassical
outgoing property of the resolvent, see section 3.1. In particular it applies to a wide variety
of situations including semiclassical Schrodinger operators and asymptotically hyperbolic
manifolds (where [Vas13, Vas12] replaces complex scaling). It also applies to the setting
of Pollicott—Ruelle resonances where upper bounds based on volume estimation have been
proved by Faure and Sjostrand [FS11], Datchev, Dyatlov, and Zworski [DDZ14], and Faure
and Tsujii [FT17].

The expression (1.8) can be bounded in terms of the classical escape rate

1
~v:= —limsup " logV(t) > 0. (1.9)

t—0o0

Theorem 2 implies that (see figure 1(a))

d—1-3L, 0<p<F
N(R,B) = OR"PITY m(B,7) = (1.10)
d_ 1 - ﬁa B > %

where O(R™) stands for a function which is O(R™*¢) for each € > 0. Note that the change
in behavior for m(f, ) happens when (3 is equal to half the classical escape rate, which is the
depth at which accumulation of resonances has previously been observed mathematically,
numerically, and experimentally—see section 1.3.

Under the assumption that the trapped set is hyperbolic, there exist several previous results
giving bounds on N (R, 3) which are stronger than (1.10), see section 1.3. For instance, in the
case of d-dimensional convex co-compact hyperbolic quotients with limit set of dimension
d € [0,d — 1) we have [Dyal5a, theorem 1]

N(R.B) = OR™BIY p/(8,6) =min(26 +28+1—d,8).  (L11)

Since in this case y =d — 1 — § and Apax = 1, the bound (1.11) corresponds to (1.10) with
Ammax replaced by 1 Apnax, or equivalently 7, (R) replaced by 21, (R). The lack of optimality of
(1.8) is thus due to the fact that without the hyperbolicity assumption we can only propagate
quantum observables up to the Ehrenfest time (rather than twice the Ehrenfest time as in
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[Dyal5a]). Upper bounds on A (R, 3) are also available in the case of normally hyperbolic
trapping—see section 1.3.

On the other hand, little is known on resonance bounds in strips for smooth metrics when
@, is not hyperbolic or normally hyperbolic on the trapped set, and theorem 2 appears to
give the first general upper bound depending on the dynamics of ¢;. (For operators with real
analytic coefficients, a bound depending on the volume of an R~'/? sized neighborhood of
the trapped set was proved by Sjostrand [Sj690, theorem 4.2].) In particular, if the escape rate
is positive then theorem 2 gives a power improvement over O(R¢~!). The most promising
potential example of such systems which are not hyperbolic/normally hyperbolic is given by
uniformly partially hyperbolic systems, see [CP14, theorem 4] and [You90].

An example with zero escape rate is given by manifolds of revolution with cylindrical or
degenerate hyperbolic trapping, where theorem 2 gives an improvement which is a power of
log R—see section 7. See the work of Christianson [Chr13] for a related question of resolvent
bounds on more general manifolds of revolution.

1.2. Wave decay for random initial data
Our next theorem concerns high probability decay estimates for the half-wave group
U(1) := exp(—ity/—Ay).

It is often not possible to show deterministic exponential decay for the cutoff propagator
YU()y, ¢ € C°(M), when the trapping is sufficiently strong. However as theorem 3 below
shows, if the classical escape rate is positive then such exponential decay holds for a certain
time when the initial data is random. We apply U(#) to a function chosen at random using the
following procedure. Let I3 be the large smooth compact subset of M given by (2.12), Ag be
the Dirichlet Laplacian on B with respect to the metric g, and { (e, A¢) }52, be an orthonormal
basis of L*(B) with

(—AB — )\i)ek =0.
Fix small ¢’ > 0. For R > 0 consider the subspace of L?(B)

Er = {Zakek(x), ake(C}, Ig :={k: M €R[1 —€,1+¢]}. (1.12)

kelr

By the Weyl law [Hor09, theorem 29.3.3], & has dimension cR? + O(R~1) for some ¢ > 0.
Let

ugr € Sg:= {MESRZ ||MHL2 = ]}

be chosen at random with respect to the standard measure on the sphere. As before, denote by
K C T*M \ 0 the trapped set. Then our result is as follows:

Theorem 3. Suppose that K # 0 and ¢ € C>*(B°). Fix Cy,a,e > 0. Then there exists
C > 0 such that for allm > C,

]P[Hi/)U(t)d)uRHLz < my/V((1 — ) min(r, 21(R))) for all £ € [ log R, cOR]} > 1 Ce /e,

(1.13)
A related result in the setting of the damped wave equation was proved by Burg—Lebeau
[BL13, p 6]. To the authors’ knowledge, theorem 3 has not been previously known even in
simple settings such as a single hyperbolic trapped orbit. We expect that a corresponding
lower bound can be proved by a similar argument.
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In terms of the escape rate ~y from (1.9), theorem 3 gives the following bound with high
probability for each € > 0 (see figure 1(b)):

O(e~/2+er), alogR <t < 2t,(R);
||¢U(l‘)7/}MRHL2 = {O(R_»y/(zAmax)-'rs), 2te(R) <t < C()R.

The bounds (1.10) and (1.14) (and more generally theorems 2 and 3) are related by the follow-
ing heuristic. To simplify the formulas below assume that A,,.x = 1. Take small 5 > 0, then
by (1.10) the number of resonances in

Q={\:R/2<|ReA <R, ImA>-5}

(1.14)

is O(RY~7*+P+). Suppose that U(t) has a resonance expansion up to Im A = —/3 (similar to
[DZ, theorem 3.9] but with infinitely many terms in the expansion; such resonance expan-
sions are quite rare which is one of the reasons why the argument below is heuristic). Then
we expect for some N,

YU bug = Y e (ghug, vz)wx + O(RVe ™) + O(R™).

AEQ

A resonance

Here resonances with In A > —8 and |Re A\| ¢ [R/2,2R] would contribute O(R™°°) because
the corresponding coresonant states live in a different band of frequencies than Yug.

If we additionally knew that the resonant and coresonant states wy, v, are bounded in leoC
and form approximately orthonormal systems on supp %, then with high probability we would
have (Yug,vy) ~ R™4/2, Estimating the norm of the sum on the right-hand side of (1.15) and
using approximate orthogonality, we then expect that

(1.15)

[Vl < OR™T) + O(R'e™™).
For t > Cjlog R and C) large enough, the first term on the right-hand side dominates and we
recover (1.13) (given that (3 can be chosen small). Note that (1.13) also holds for 7 < C; log R,
but this cannot be seen from the resonance expansion because the error term in this expansion
dominates for short times.

We remark that while the above heuristic is useful to relate theorems 2 and 3, the proof of
theorem 3 does not rely on it. Instead, by a concentration of measure argument we reduce to
estimating the Hilbert—Schmidt norm of the cutoff propagator ) U(#)v restricted to a range of
frequencies. The latter norm is next bounded in terms of the volume V(7). As in the proof of
theorem 2, this strategy can only be used up to time 27,(R) so that the resulting symbols still
lie in a mildly exotic calculus.

1.3. Previous results

We now briefly review previous results on Weyl bounds for resonances in strips, referring
the reader to the reviews of Nonnenmacher [Nonl1, sections 4,7] and Zworski [Zwo17, sec-
tion 3.4] for more information.

When the trapping is hyperbolic, upper bounds on A/ (R, 3) have been proved in vari-
ous settings by Sjostrand [Sjo90], Zworski [Zwo99a], Guillopé, Lin, and Zworski [GLZ04],
Sjostrand and Zworski [SZ07], Datchev and Dyatlov [DD13], and Nonnenmacher, Sjostrand,
and Zworski [NSZ14]. These bounds take the form

N(R,B) = O(R’T) (1.16)
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where 24 + 1is the upper Minkowski dimension of K N S*M, and R°* can be replaced by R°

if K N S*M has pure Minkowski dimension. The bound (1.16) is stronger than the one in theo-

rem 2. Indeed, ¢_,/>(7 (t)) contains an e~ (Amex+2)1/2 sized neighborhood of the trapped set

K, which implies that (assuming that the upper and lower Minkowski dimensions of K agree)
V((1 —e)t) > Cle  Amaxld=1=0)1,

Therefore

R'" min [v((l — &)t(R)), exp (2B1.(R)) - V(2(1 — a)te(R))} > ¢ min (R, ROPA/ Amax),

See also the discussion following (1.11).

In the setting of hyperbolic quotients, Naud [Nau14], Jakobson and Naud [JN16], and Dyatlov
[Dyal5a] have obtained bounds which improve over (1.16) when § < 7/2; here v > 0 is the
escape rate defined in (1.9). See also the work of Dyatlov and Jin [DJ17] in the case of open
quantum maps. Concentration of resonances near the line {Im A = —v/2} has been observed
numerically (for the semiclassical zeta function in obstacle scattering) by Lu, Sridhar, and
Zworski [LSZ03] and experimentally (for microwave scattering) by Barkhofen et a/l BWP-+ 13.

For r-normally hyperbolic trapped sets (such as those appearing in Kerr—de Sitter black
holes), Dyatlov [Dyal5b] obtained an upper bound of the form (1.16). In this setting K is
smooth and § is an integer. Under a pinching condition, it is shown in [Dyal5b, Dyal6] that
resonances in strips have a band structure and the number of resonances in the first band with
IA| < R grows like RO*.

1.4. Structure of the paper

e In section 2 we review geometry and dynamics of manifolds with Euclidean ends (section
2.1) and semiclassical analysis (sections 2.2 and 2.3).

e In section 3 we perform analysis of the scattering resolvent and the wave propagator near
the infinite ends of M to reduce to a neighborhood of the trapped set.

e In section 4 we construct dynamical cutoff functions used in the proofs.

e In section 5, we prove theorem 2.

e In section 6, we prove theorem 3.

e In section 7, we estimate the quantity V(¢) for two examples of manifolds of revolution.

2. Preliminaries

2.1. Manifolds with Euclidean ends

Thoughout the paper we assume that (M,g) is a noncompact complete d-dimensional
Riemannian manifold which has Euclidean infinite ends in the following sense:

o there exists a function r € C°°(M;R) such that the sets {r < ¢} are compact for all ¢, and

e there exists rp > 0 such that {r > ro} is the disjoint union of finitely many components,
each of which is isometric to R? \ B(0, ry) with the Euclidean metric, and the pullback of
r under the isometry is the Euclidean norm.

The connected components of {r > ry} are called the infinite ends of M. We para-

metrize each of them by a Euclidean coordinate y € RY\ B(0,ry) so that g = E;izl dy?.
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We lift 7 to a function on T*M and parametrize the cotangent bundle of each infinite end by

(v,m) € T*(R\ B(0,79)).
As in (1.2), put p(x,§) := [&|g(v) and ¢; := exp(tH,). Then on each infinite end, we have

(n. 0,
py,n) =Inl, H,= |77|y>- 2.1
Define the directly escaping sets in T*R? by
Exr = {(nn) € T'R: [y = ro, £ m)we > 0}, 2.2
ELp = {(nn) € TR |y| > ro, £y, n)ws > O}, '
and pull these back by the Euclidean coordinates in the infinite ends of M to
Er,EL C {rzn} C T"M. (2.3)
It follows from (2.1) that for x € T*M \ 0,
xe€ér = ou(x)els, rlepu(x)) =2 \/r(x)2+ forallr >0,
2.4)

in particular r(p,(x)) — 0o as t — +oo. Arguing by contradiction, this implies that for all
xeT*M\0

r(x) = ro, r(pg4(x)) < r(x) forsomety >0 = =£(y(x),n(x))gs > 0.
(2.35)

Therefore, if a trajectory of ¢; starting on {r < ro} enters some infinite end, it escapes to infin-
ity inside this end.
Define the incoming/outgoing tails I' 1 and the trapped set K by

Py:={xeT"M\O0: r(g/(x)) A o0ast— Foo}, K: =T, NT_. (2.6)

The next lemma establishes basic properties of 'y and K; see [DZ, section 6.1] for a more
general setting.

Lemma 2.1.
1. The sets I'1+, K are closed in T*M \ 0 and
K c {r<nr}, 2.7

in particular K N S*M is compact.
2. We have locally uniformly in X,

xel'y = d(u(x),K)—0 ast— Foo. (2.8)

3. Let U be a neighborhood of K and V. C T*M \ 0 be compact. Then there exists T > 0
such that

w_(V)Ney(V) c U forallt,s > T. (2.9)

4. Assume that V.C T*M \ 0 is compact and V N T = (. Then there exists T > 0 such that
p(V) C 2N {r >R+ (- T)Z} forall 1 > T. (2.10)

Moreover, the set (UL, (V) is closed in T*M.
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Proof.

1. We first show that I'_ is closed in 7*M \ 0. Assume that xg € T*M \ 0 and Xo ¢ I'_. Then
r(pi(X0)) — oo ast — oo, thus by (2.5) there exists #y > 0 such that ¢, (X) € £5. Since
£2 is open, we have ¢, (x) € £ for all x which are sufficiently close to xo. By (2.4), we
have x ¢ T'_, showing that x¢ does not lie in the closure of I'_. A similar argument shows
that I'4+, and thus K, is closed.

It remains to show (2.7). Assume that x € T*M \ 0 and r(x) > ro. If (y(x), n(x))rs = 0,
then by (2.4) we have X ¢ I'_. Similarly if (y(x),7(x))ge < 0, thenx ¢ I' .

2. We consider the case of I'_; the case of I' ;- is handled similarly. Assume (2.8) is false. Then
there exists £ > 0 and sequences X; € I'_, #; — oo such that x; lie in a compact subset
of T*M \ 0 and d(¢p, (x), K) > . By (2.4) and (2.5), xx € I'_ implies that (¢, (X¢)) is
bounded, specifically

r(¢y (X¢)) < max(r(x¢),r79) when #; > 0.

By passing to a subsequence, we may assume that
Pr (Xk) — Xoo € T*M\O
We have X ¢ K; however, since I'_ is closed and invariant under the flow, Xoo € I'_.

Therefore Xoo & I'+. By (2.5), there exists 7 > 0 such that ¢ _7(x.,) € £°. Then for large
enough k, o, _7(x;) € £°. It follows from (2.4) applied to ¢, _r(x;) that as k — oo,

r(xe) = r(¢—-1)(Lo—1(X))) = /1§ + (e = T)* — oo,
contradicting the fact that x; varies in a compact set.

3. Assume (2.9) is false. Then there exist sequences

ty, S — 00, Xi € (p,tk(V) n Lpsk(V), Xy ¢ U.

By (2.4), assuming f;, sy > 0, we have

r(x;) < max(maxy r, rg).

Passing to a subsequence, we may assume

Xp = Xoo € T*M\ 0.

We have X € K, thus Xoo & I'y or Xoo & I'_. We assume Xoc ¢ I'_, the other case being
handled similarly. By (2.5), there exists T > 0 such that ¢7(Xs) € £. Therefore, for
k large enough we have ¢r(x;) € £5. It follows from (2.4) applied to o7 (x;) that as
k — oo,

r(en (x0)) = r(en-r(er(x0))) > \/rg+ (@ —T)* — o0

contradicting the fact that ¢, (x;) € V.

4. We assume VN T_ = (), the case VNI, = 0 being handled similarly. Arguing as in
part 1, we see that each xy € V has an open neighborhood U(xp) such that for some
T =T(x9) > 0andall x € U(xo), we have o7 (x) € £5. By (2.4) applied to ¢r(x),
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o(x) € E2N {r >0+ (- T(xo))2} for all x € U(xo), ¢ > T(xp).

To show (2.10), it remains to cover V by finitely many open sets of the form U(xo) and let
T be the maximum of the corresponding times T'(xo).

To show that |, ¢:(V) s closed, take sequences x; € V, #; > 0, and assume that ¢, (x;)
converges to some y, € T*M. Then r(y;(x;)) is bounded, so by (2.10) the sequence
t; is bounded as well. Passing to subsequences, we may assume that #; — t,, > 0,

Xj = Xoo € V. Theny,, = @1 (Xo0) € U, ¢:(V), finishing the proof. O
Following (1.6) we define for B C M
V(1) = pu(SSM N T (1), T(t) =7~ (B) Np—y(n ™' (B)).

By (2.9), if 7=!(B) contains a neighborhood of K and B’ C M is compact, then there exists
T > 0 such that

To(t+2T) C o_r(Ts(1), =0,
thus in particular
Ve (t+2T) < Vg(t), t=0. @2.11)

Since theorems 2 and 3 use quantities of the form V((1 — €)¢) where t > C~!log R, by slightly
changing ¢ and using (2.11) we see that these theorems do not depend on the choice of B, as
long as 7 !(B) contains a neighborhood of K. We henceforth fix r; > ry and put

B:={r<n}. (2.12)
By (2.4), the set B is geodesically convex, therefore

Ta(t+ to) C ¢y (Ta(r)) forallz,zg >0,
implying that

Vi(t+1) < Vg(t) forallt, 7y > 0. (2.13)
Moreover, if K N S*M # ), then we have for each A > A ax,

Vp(t) = C~le 2@=DA >, (2.14)

Indeed, if (xg,&) € KN S*M, then T5(t) N S*M contains an e~ sized neighborhood of
s (x0, &) for all s € [0, 1].

2.2. Semiclassical analysis

We next briefly review the tools from semiclassical analysis used in this paper, referring the

reader to [Zwo12, appendix E] and [DZ] for a comprehensive introduction to the subject.
For an h-dependent family of smooth functions a(x, £; i) on T*M, we say that a lies in the

symbol class Sy, (T*M) if it satisfies the following derivative bounds on 7*M, uniformly in /:

|05 0 aly,ms )| < Caph™UTHIED (ym=171,

Here v € [0,1/2) and m € R are parameters; y is any coordinate system on M which coin-
cides with the Euclidean coordinate in each infinite end. Note that we require the bounds to
be uniform as y — oco.
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We fix a quantization procedure Op,,, mapping eacha € S}, (T*M) to an h-dependent fam-
ily of operators

Op,(a): S (M) = S M), & (M)— .7 (M).

Here . (M) denotes the space of Schwartz functions and .’ (M) the space of tempered dis-
tributions on M, defined using Euclidean coordinates in the infinite ends. In case M = R4,
Op, (a) is defined by the standard formula

Opy,(a)u(x) = (2wh) ™ /R y e 0 g (x, )u(y) dyde, (2.15)

and for general M it is constructed from (2.15) using coordinate charts (taking the Euclidean
coordinate in each infinite end of M) and a partition of unity, see for instance [DZ, proposition
E.14]. We also arrange so that

Op,(1) = 1. (2.16)

This gives a class of operators (which is independent of the choice of coordinate charts; see
below for the definition of AU~ (M))

i (M) = {Op,(a) + O(h™) g+ a € S5, (T"M)}.
The principal symbol map
op: Yy, (M) — SZV(T*M)/hlfz”S;’:;I(T*M), on(Op,(a)) = a,

is independent of the choice of local coordinates and satisfies for A € W} (M), B € \I/’,?;(M)

on(A*) = o4(A) + (’)(hl‘z”)sz;l, (2.17)
on(AB) = 01(A)on(B) + O(h' ™) w1, (2.18)
on([A, B]) = —ih{on(A), on(B)} + O(hz“‘z”))sﬁmuz- (2.19)

We have 0,(A) = 0 if and only if A € hl_z"‘ll’}f;] (M). Every A € ¥} (M) is bounded uni-
formly in & as an operator

A:HyM)— H, "(M), seR,

where Hj (M) is the (global) semiclassical Sobolev space, defined using Euclidean coordi-
nates in the infinite ends (see [DZ, section E.1.6]). See for instance [Zwo12, theorems 4.14,
9.5, 14.1, 14.2] for the proofs in the case v = 0, which adapt directly to the case of general v

(see [Zwo12, theorems 4.17, 4.18]). We also have for all A € \Ilg,V(M),
Al 200y 2 ) < sUP |on(A)| + O(R'>77). (2.20)

See for instance [Zwol2, theorem 5.1] whose proof adapts to operators in \11231,. Using the
explicit formula for the integral kernel of Op, (a), we also have the Hilbert—Schmidt bound

10p,,(a)|ls < C*h~*Vol(suppa), a€S),,. 2.21)

where C is some Sg’y seminorm of a.
The residual class for Sy, (M), denoted by h>°W¥~>°(M) or O(h*)g—o (), is defined as
follows:
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- N
AERPTV™M) — ||A||H{N(M)_>H£/(M) < Cyh"  forall N.

We also use the class of compactly microlocalized operators
Uy, (M) = {A = Op,(a) + O(h™)y-= | a € CZ(T"M)}.

The standard classes of symbols and operators are given by the case v = 0:
Sy (T*M) == Sp'o(T*M),  U(M) := ¥)o(M),  ¥,"™ (M) =, (M).

We have the following improvement of (2.19) when M = R?, the quantization (2.15) is used,
and one of the symbols in question is in S}":

ae SpT*RY), b e S (T*RY) = [Op,(a), Op,(b)] = —ihOp,({a.b}) + O(R ™) gt =

(2.22)

This follows immediately from the asymptotic expansion for the full symbol of Op,,(a)Op,,(b),
see [Zwo12, theorems 4.14, 4.17].
For A € U (M), the wavefront set WF;(A) C T" M is defined as follows: (xo,&) € T M
does not lie in WF;,(A)if and only if A = Op,(a) + O(hoo)q, o for somea € Sy, (M)such that
= O(h™(€)~°°) in a neighborhood of (xo, &) in T M. Here T M is the ﬁber—radlally com-
pactlﬁed cotangent bundle, see for 1nstance [DZ, sections E.1.2, E.2.1]. For A,B € ¥}! (M)
and some h-independent open set U C T°M, we say

A=B+O(h*)y-~ microlocally in U,

if WF,(A —B)N U = 0. For A € U (M), the elliptic set ell,(A) C 7'M is defined as fol-
lows: (x,§) € ell,(A) if () "0, (A) is bounded away from zero in a neighborhood of (x, £).

2.3. Functional calculus and the half-wave propagator

By the functional calculus of self-adjoint operators in U}'(M) (see for instance [DS99, sec-
tion 8]), for each ¢ € C2°(RR) the operator

Y(—H*A,) : L*(M) — L*(M)
lies in ;" (M) for each N. Moreover,

an(P(= D)) = P(IEl;),  WE($(=h*Ay)) C {I€]; € supp ¥},

and for each open set U C R,

Yp=1lonU = (—h*A,) =1+ O(h™®)y-~ microlocally in {|§|§ e U}
(2.23)

This makes it possible to describe the square root \/—A, microlocally in 7*M \ 0:

Lemma 2.2. Assume that A € U;"™ (M), WF,(A) C T*M \ 0. Then for each N, with
P6&) = €|y

hy/—=DGA, Ah\/—=D; € U, N(M),  on(hy/—AA) = 01(Ah/—Ag) = p - o3(A
WEy(hy/—AgA), WF,(Ah\/—A,) C WF4(A).

(2.24)
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Proof. We consider the case of the operator h,/—A,A. Fix C >0 such that
WE;(A) € {C' < [£]; < C}. Choose ¢ € C2°((0, 00)) such that ) = 1 near[C~!, C]. Then
by (2.23)

A =(—hA)A + O(h®) g .
Put o(\) = vV Ah(\), then p € C2(R) and
I/ ~BA = (P A)A + O )y
and (2.24) follows. O
We next prove a Egorov theorem for the half-wave propagator
U(t) = exp(—it\/—A,) : L*(M) — L*(M).
Recall that ¢, = exp(tH,) is the homogeneous geodesic flow on 7*M \ 0.

Lemma 2.3. Assume that a € S), ,(T*M) for some v € [0,1/2) and supp a is contained in
an h-independent compact subset of T*M \ 0. Then there exists a smooth family of symbols
compactly supported in T*M \ 0

a; € SQ,V(T*M), t€R; suppa; C p_s(suppa), a;=aop + O(hl_z”)S? ,

such that, with constants in the remainder uniform as long as t is in a bounded set

U(~1)Op,(@)U(r) = Op,(a) + O(h)y .

Proof. Since U(¢) is bounded on all Sobolev spaces, it suffices to construct a, such that

ao=a, d,(U(t)Op,(a)U(=1)) = O(h™)y-=. (2.25)

Using a partition of unity for a, it suffices to consider the case when supp a is contained in a
coordinate chart on M. Moreover, by induction on time we see that it is enough to study the
case when ¢ is small and thus ¢_(a) lies in a fixed coordinate chart for all s between 0 and z.
We thus reduce to the case when M = R? and Op,, is given by (2.15).

The differential equation in (2.25) can be rewritten as

i
Op,(0ra;) + z[Oph(a,),h\/ng] =0O(h*)g-o. (2.26)
We construct a, as an asymptotic series

a, ~ Zat(j), a? e h"'('_z”)Sg’l,(T*R‘l), supp a? ¢ ©_(supp a). (2.27)
j=0

To satisfy (2.26) it suffices take a,(j ) such that for some symbols

b,(j) € hj(l’z”)S?l,V(T*Rd), supp b,(j) C ¢_(supp a), b,(o) =0,
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we have

. i . . .
Op, (dra;”) + [0y (af”). /=) + Oy (b1”) = Opy (b)) + O g (2.28)

We construct a,(j), b,(Hl) by induction, assuming b,(j) is already known. Since a,(j) is compactly

supported in 7*M \ 0, by lemma 2.2 and (2.22) the left-hand side of (2.28) is

Oph (atll,(]) *Hpat(J) +bt(])) + O(h(j+1)(1721’))\1}0

hv

(R)-

Then (2.28) holds for some b,(j+1) € h(HI)(l’z”)Sg’V(T*Rd) if a,(j) satisfies the transport
equation

D = Hyal — b, (2.29)

‘We now put
B t B
a,(j) == 0djo(ao ) — / bg’) o p;_sds.
0

Then (2.29) is satisfied and thus (2.28) holds for some choice of bt(j D The support condition
on a,(j ) follows from the support condition on b§j ) The support condition on bt(j 1 follows
from this and the fact that the asymptotic expansion for the full symbol of the left-hand side of
(2.28) at each point only depends on the values of all derivatives of al(j ) , b,(j ) at this point. With

a; given by (2.27) we also have ap = aand @, = ao p, + O(hl’z”), finishing the proof. []

Lemma 2.3 gives us the following approximate inverse statement for the semiclassical
Helmholtz operator fthg — w?, which is a version of propagation of singularities used in
the proof of lemma 3.4.

Lemma 2.4. Assume that a,b € 32 (T*M) are supported in an h-independent compact

SV

subset of T*M \ 0, B' € V(M) is compactly supported, and for some T > 0,

T

¢_r(suppa)Nsupp (1 —b) =0,  WF(I —B) N | Jo_(suppa) = 0. (2.30)
=0

Then for any constant C and w € [C™!, C] + ih[—C, C], we have
Op,(a) = Z(w)B'(—1* Ay — w?) + “T/"0p, (a)U(T)Op,,(b) + O(h*°) g (2.31)
where Z(w) is holomorphic in w and satisfies the estimate for all N,

||Z(W)||H}‘—N(M)_>H;:/(M) < Cyh™'supal.

Proof. Observe that

iwt iwt

hD,(e 7 U(t)) = et U(t)(—hy/—Dg + w), U) =1
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Therefore,
iw’l 1 r iwt
1=t um) 41 / e (1) /=By — w)dr
0
iwT i r iwr
=en U(T) + % / e U(t)(hy/=Dg + w) ' (—h*A, —w?)dt.  (2.32)
0

By (2.16), lemma 2.3, and (2.30), we have
Op,, () U(T)(I — Op, (b)) = O(h™)y—o,
Op,(a)U(t)(h\/—Ag +w) ' (I = B') = O(h™®)gy-~ forallt € [0,T],

where U(—1)Op,,(a)U(t)(hy/—A¢ + w)~!is a pseudodifferential operator similarly to (2.24).
It remains to apply Op, (a) on the left to (2.32) and put

Z(w) ;:%/0 e Op, (@)U (1) (hy/— g + w) ™" dr. -

We finally establish properties of certain spectral cutoffs of width & for the operator h>A:

Lemma 2.5. Assume that ¢ € C*(R) is bounded and its Fourier transform 1; satisfies for
some Ty, T1 € R
supp 1 C (To, T). (2.33)

For weC varying in an h-sized  neighborhood of 1, define
2 2

B(w) := w(MTgw) : L2(M) — L*(M), where 1) extends to an entire function by (2.33).

Then:

1 If Ay, Ay € U} (M) satisfy
e (WFy(A2)) N WFy(A;) =0 forallt € [Ty, T1], (2.34)
and at least one of A1, Ay is in W,,0)° (M), then A3B(w)A; = O(h*°)g -
2. If additionally ¢ € #(R) and a € S, (M) is supported in an h-independent compact

subset of T*M, then we have the Hilbert—Schmidt norm bound with the constants depend-
ing only on 1), some 52 , seminorm of a, and a fixed compact set containing supp a,

|0p,(a)B(w)lliis: [[B(w)Op, (a)llizs < Ch'~pu(S*M 1 supp a) + O(h™).

(2.35)
Proof. We write B(w) using the Fourier inversion formula:
B(w) _ i f {/;(t)efituﬁ/hefithAg dr
27 Jy, '

Then (2.34) follows from the wavefront set properties of the Schrodinger propagator e 4«
(see for instance [DG14, proposition 3.8]). The estimate (2.35) follows from the proof of
[DG14, lemma 3.11]. O
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3. Reduction to the trapped set

In this section we review the global properties of the scattering resolvent and the half-wave
propagator and prove several statements which reduce the analysis to a neighborhood of the
trapped set K.

3.1. Scattering resolvent
The L? resolvent

R,(\) = (—A, = X)) 7' LA(M) — L* (M), Im\>0
admits a meromorphic continuation

R,(\) 1 LX, (M) = L} (M), X&C)\ (—o0,0].

‘comp loc

In fact, when the dimension d is odd, R,(\) continues meromorphically to A € C, and when
d is even, R,(\) continues meromorphically to the logarithmic cover of C. One way to prove
meromorphic continuation is by constructing an approximate inverse to —A, — A?> modulo a
compact remainder which uses the free resolvent in R%—see for instance [DZ, section 4.2]
or [SZ91, theorem 1.1]. (When M has several infinite ends, we need to include the free resol-
vent on each of these ends.) Another way is by using the method of complex scaling which is
reviewed below.

To study resonances in the region (1.3), we put 4 := R™! and use the semiclassically
rescaled resolvent

Re(w) =h*Re(h'w), weC\ (—00,0],

which is a right inverse to the operator —h?A, — w?. For A = h~'w, the region in (1.3) cor-
responds to

w € Q:=[1,14+h]+i[-Bh,0]. (3.1)
For resonance counting, it is convenient to prove estimates in a larger region,
Q:=[1—2h,1+2h) +i[-Bh,2n, B> B. (3.2)

We next review the method of complex scaling, following [Dyal5b, section 4.3]. Fix small
6 > 0 (the angle of scaling) and r; > ry (the place where scaling starts). Consider the follow-
ing totally real submanifold:

Ty = {y+ifg(|y|)|§—| D yE Rd} c ¢!

where fy € C*°([0,00)) is chosen so that
fo(r) =0, r<ry; fo(r) =rtan, r>=2r;
fo(r) 20, r=0; {fy(r) =0} ={fo(r) = 0}.

Define the complex scaled differential operator Py on M as follows:

(3.3)

e on {r < ri}, Pyis equal to —h*A;

e on each infinite end of M with Euclidean coordinate y, Py is the restriction to I'y (para-
metrized by y) of the extension, —h? > i 8?}_, to C" of the semiclassical Euclidean Laplacian
—h?A. In polar coordinates y = r,
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3

Y

—
+

Figure 2. An illustration of lemma 3.1, showing trajectories of ¢; on S*M. The shaded
regions show places where Py —iQ — w? is elliptic: the darker shaded region is
{o4(Q) > 0} and the lighter shaded region is { fy(r) # 0}.

b 1 WD (d—1)i 2D, —

( )2 B A,
o L+ifg(r) (r+ifo(r))(1 +ifg(r))

(r+ife(r))?

with A, denoting Laplacian on the round sphere R,

Then Py € U2(M) is a second order semiclassical differential operator on M with principal
symbol

po = on(Ps)

given by pp(x, &) = p(x, £)*on {r < r;} and on each infinite end, in the polar coordinates y = r¢,

" T |n,|*
L+ifg(r)? — (r+ife(r)*
As shown for instance in [DZ, theorems 4.36 and 4.38] (whose proofs extend directly to the
case of several Euclidean ends), for 7 small enough so that Q C {Im(e'w) > 0} and all s € R

po(r,@:nmny) = ( (3.4)

Py — w’is a Fredholm operator of index zero HT2(M) — H'(M), w € Q,

and the poles of (Py — w?) ™! in € coincide with the poles of R, (w), counted with multiplicities.
The next statement uses the structure of the complex scaled operator together with propa-
gation of singularities to show existence of a nontrapping parametrix (see figure 2):

comp

Lemma 3.1. Assume that Q € W,""" (M) is supported inside {r < ro} and its principal
symbol is independent of h and satisfies

on(Q) =2 0 everywhere;

on(Q) >0 onKNS*M. (3.5)

Then for h small enough andw € €, the operator Py — iQ — w? is invertible H*(M) — L*(M).
The inverse

Ro(w) i= (P —iQ — w?) ™' : L2(M) — H*(M) (3.6)
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is holomorphic and satisfies for each s
-1
HRQ(W)HHﬁ(M)AH;‘*'Z(M) <Ch. 3.7
Moreover, the operator Ro(w) is semiclassically outgoing in the sense that
A Ro(w)Ar = O(h°) g~ uy for all compactly supported Ay, A, € ¥)(M) such that

WE, (A1) N WE;(A2) = e (WF,(A1)) N WF,(A2) N S*M = forall 7 > 0.
(3.8)

Proof. We follow [Dyal5b, section 4.3], see also [DZ, section 6.2.1]. We use semiclassical
elliptic and propagation estimates for solutions to the equation

Pu=fcH M), ucHT (M)
where

P =Py —iQ —w’ € Ti(M), 04(P)=py —ion(Q) — 1.
The operator P is elliptic for » > 2ry, since

n|*

on(P)(y,m) = m -

1 for|y| > 2r.

Moreover, P is elliptic near the fiber infinity of M, that is for large enough |£|. By the elliptic
estimate in the class \II% (M) (see for instance [Zwo12, theorem 4.29, DZ16, proposition 2.4],
or [DZ, section E.2.2]) there exists x € C°(M) such that for all N,

1 = X)ull g2 agy < CIIS]

M) T O(hoo)“””H,jN(M)' (3.9)
It remains to estimate « in a compact set. By (3.3) and (3.4) the operator P is elliptic outside
the set S*M N { fo(r) = 0} N {0,(Q) = 0}. By the elliptic estimate, we have for all N
HB”‘”H;“(M) < C||Bf] H (M) T O(hoo)H””Hh*N(M)

for all compactly supported B, B’ € W{)(M) such that

WE,(B)NS*M N {fo(r) =0} N {o4(Q) =0} =0, WF,(B) C ell,(B'). (3.10)

To estimate ||Au/|| for general A, we use the following statement: for each (x, §) € T*M, there
exists T, ¢) > 0 such that

exp(=T(xe)Hre o, (p)) (X, €) & S"M N {fo(r) =0} N{ox(Q) =0}.  (3.11)

Indeed, assume the contrary, and put y(t) = exp(tHge o, p)) (X, §). Clearly (x,§) € S*M. For

all r < 0, we have y(¢) € {fy(r) = 0} and thus (using that fj(r) = fj/(r) =0on {fp(r) = 0})
V(1) = exp(tH) (x, ) = @ (x,€).

Now, if (x,&) € 'y, then p_7(x, &) € {o4(Q) > 0} for some T > 0, by (2.8) and (3.5). If

(x,&) ¢ T4, then o_7(x,&) € {r > 2r} C {fo(r) # 0} for some T > 0. In either case we
reach a contradiction, finishing the proof of (3.11).

4317



Nonlinearity 30 (2017) 4301 S Dyatlov and J Galkowski

By (3.4) and (3.5),
Imo,(P) <0 everywhere. (3.12)

Using semiclassical propagation of singularities (see for instance [DZ, theorem E.49] or
[DZ16, proposition 2.5]) and (3.10), we deduce that

e2ny < OO A Ligany + OOl v
for all compactly supported A, A’ € W) (M) such that WF;,(A) C ell,(A’) and
©_2(x,§) € elly(A") for all (x,£) € "M NWE,,(A), 1 € [0, T(g)]. (3.13)

14|

Indeed, by a pseudodifferential partition of unity we may reduce to the case when WF,(A) is
contained in a small neighborhood of some (x, &) € T M. If (x,£) ¢ S*M, then we use (3.10).
Otherwise we use propagation of singularities and (3.11), (3.12), and bound the term on the
right-hand side of the propagation estimate by (3.10).

Together (3.9) and (3.13) imply that

l[ull g2 ay < Ch™"[Pul| gy ary + O(h)||u] won forallue H'(M). (3.14)

As a compact perturbation of Py — w?, P is a Fredholm operator H**2(M) — H*(M), there-
fore (3.14) implies that for 4 small enough, P : H**2(M) — H*(M) is invertible and (3.7)
holds. The restriction of the inverse to C2°(M) does not depend on s.

It remains to show that under the condition (3.8), we have AyRo(w)A1 = O(h™) g (i)
If WF;, (A1) N S*M = () or WF,(A;) N S*M = (, this follows from the elliptic estimate; thus
we may assume that Aj, Ay € U5°™ (M). Take f € H~Y (M) and put

f=Af, u:=P7'f

By (3.8), we may find A’ € (M) such that WF,(A;) N WF,,(A’) = 0 and (3.13) holds for
A:=A,and A’. Then

[[Aul| g2 4y < Ch Y| A" AL |l ) + O ull g ary = O(h°°)|[f||H;N(M),

finishing the proof. O

We now prove two corollaries of lemma 3.1, which in particular imply estimates on solu-
tions to

(Pg —wu=f, ufcl*M), wel. (3.15)
The first statement implies that

[[Arul

H () S Ch™ | Flly oy + OB lull vy When WEy(A1) NI N S*M = 0.

Lemma 3.2. Assume that Ay € W) (M) is compactly  supported  and
WF;, (A1) NTT N S*M = (. Then there exists a neighborhood U of K N S*M such that for all
Q satisfying (3.5) and WF,(Q) C U, we have
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A (I — Ro(w)(Pg —w?)) = O(h™®) -, w E (3.16)

Proof. Choose U such that

UNWFy(A) = Un| e (WF,(A1) N S*M) = 0.

>0
This is possible by part 4 of lemma 2.1. Now
A (I — Ro(w)(Py — w?)) = —i41Ro(w)Q = O(h™) g-=

by the semiclassically outgoing property in lemma 3.1 (inserting an operator in \Ilg(M)
between A; and Ry (w)). O

The second corollary of lemma 3.1 implies the following bound for solutions of (3.15):

luall 2 < CllBullg + Ch ||l + O [ull v when K 1.S*M C elly(B).

Lemma 3.3. Assume that B € W)(M) is compactly supported and elliptic on K N S*M.
Then for all Q satisfying (3.5) and WF,(Q) C ell,(B), there exist By, By, B, € ¥,""™" (M) such
that

I = (B; +hRg(w)By)B + Ro(w)(I — By)(Pg — w?) + O(h™)g-, w € L (3.17)

Proof. Take B, such that
WFh(Q) N WFh(I - BO) = [Z), WFh(B()) C Cllh(B)

Then
I — By = Ro(w)(Ps — w?* —iQ)(I — Bo)

implies that

I =By + Ro(w)(I — By)(Py — w?) — Rg(w)[Pg, Bo] + O(h™) .

It remains to use the elliptic parametrix construction to find B}, B, so that

BB = *hil[Pa,Bo] +O(h>)g-=, B1B=By+ O(h>)g-=

and (3.17) follows. O

The next statement, which is an important technical tool in the construction of the approxi-
mate inverse in section 5.1, is obtained by iteration of lemmas 2.4 and 3.2. See figure 3.

Lemma 3.4. Fixv € [0,1/2) and assume that a sequence of symbols

a €S, (T"M), j=0,1,...,L=L(h), 0<L(h)<Clog(1/h)

is supported in a fixed compact subset W C T*M \ 0 and each Sz,y seminorm of a; is bounded
uniformly in j. Assume moreover that |a;| < 1 and there exists an h-independent open neigh-
borhood V of T+ NS*M and there exists t| > 0 bounded independently of h such that the
following dynamical conditions hold for all j:
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(1 —1)ao

\ B
T

ar,

Pty (V)

Figure 3. An illustration of lemma 3.4, showing the supports of ¥a;, (1 —)a;, and
(vaj) o ¢y, (dashed), as well as ¢y, (V) (shaded). The arrows correspond to ¢;,. At each
step of the iteration, (1 — t)a; is expressed using lemma 3.2 and )a; is reduced to a;4
using lemma 2.4.

©_p(suppa;) Nsupp (1 —ajp)NV =0 forallj=0,...,.L—1, (3.18)
o (W)yc{r<nr} forallte|0,t]. (3.19)

Then we have for all w € €, on H2(M)
Opy(ao) = Z(w)(Py — w?) +J(w)Opy(ar) + O(h*)y-= (3.20)

where Z(w) : LA(M) — H*(M), J(w) : HN(M) — HY(M) are holomorphic in w € Q0 and
satisfy the bounds for each €y > 0

1Z(@)llgy gt < Coeh™" exp (Bt + €1)L), (3.21)
Imw
(@)l < Cove, exp (( = 51>L>. (3.22)

Finally, if ag = 1 on some h-independent neighborhood of K N S*M, then a decomposition of
the form (3.20) holds with Op,,(ao) replaced by the identity operator.

Proof. Fix h-independent ¢) € C2° (¢, (V); [0, 1]) such that
supp (1 —)NTL NS MNW = (.

Then supp ((1 — )a;) is contained in an h-independent compact subset of 7*M not intersect-
ing 'y N S*M, thus by lemma 3.2 for an appropriate choice of Q we have for j =0,...,L — 1

Op;, (1 = ¥)a;) = Op, (1 = ¥)a;) Ro(w) (Ps — w?) + O(h™) g . (3.23)
Next, by (3.18) we have
©—1, (supp (va;)) Nsupp (1 — ;1) = 0.

Using (3.19), fix a multiplication operator B’ = B'(x) € C°(M; [0, 1]) such that

I
supp B C {r <ri}, supp(l—B)N U o_ (W) = 0.
=0
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Since Py = —h*A, on {r < r}, we have B'(Py —w?) = B'(—h*A, — w?). Therefore by
lemma 2.4,

Op,(va;) = Zi(w)B'(Py — w?) + &“"/"Op, (¥a;)U(t,)Op, (aj+1) + O(h*) gy (3.24)

for all w € 2, where Z;(w) is holomorphic in w € Q and satisfies

12y < k™

and the constant Cy, as well as the constants in O(h*)y -, is independent of /4 and j.

Adding (3.23) and (3.24) and iterating in j, we obtain (3.20) with

Zw) = Y el I Op,(4a))U(1) ) (Op, (1 — ¥)a) Ro(w) + Z(w)B),
j=0 £=0

L—-1

J(w) = /M T Op,(¢a)U(1y).

J=0

The bounds (3.21) and (3.22) follow from here and estimate on the operator norm following
from (2.20):

max||Op, (6a7) 12,2 < 1+ o(1) ash —0.
J
In particular, for any fixed €; > 0 we have

j—1
max H H Oph(l/mg)U(tl)H < Cyes'k.
£=0

0S/SL H, " —H)

To show the last statement of the lemma, assume that ¢y = 1 on an s-independent neighbor-
hood U of K N S*M. Take B € U,*™ (M) elliptic on K N $*M and satisfying WF,,(B) C U.
Then by lemma 3.3, we have for an appropriate choice of Q, By, Bi, B, € ;"™ (M),

I =Ro(w)(I — Bo)(Pg — w?) + (Bi + hRo(w)B2)BOp,(ao) + O(h™)g-o.

Combining this with the representation (3.20) of Op,(ao), we obtain (3.20) with the identity
operator on the left-hand side. O

3.2. Wave propagator

We next study the long time behavior of the half-wave propagator U(f) = exp(—ity/—A,).
We first prove a microlocal estimate on the free half-wave propagator on R,

Up(1) = exp(—iry/—Bo) : I(RY) = IP(RY),

where Ay is the flat Laplacian.

Lemma 3.5. Let Aj,A; € VK (RY) such that there exists R > 0 with
WE;(A1) UWF4(A2) C {|y] <R},
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at least one of WF;, (A1), WF,(Az) is a compact subset of T*R? \ 0, and

('.n) € WFy(A1), n #0, 120 = (y' +t%,n> ¢ WE,(A2).  (3.25)

Then we have the following version of propagation of singularities which is uniform int > 0:

AUp(1)A1 = O(h™) g oo (Ra). (3.26)

Proof. Write A; = Op,,(a1)* + O(h*®°)g-, A2 = Op,(az) + O(h*°)y-- for some ay,az
whose supports satisfy the conditions imposed on WF;,(A;), WF;,(A,), including (3.25). The
Schwartz kernel of Op,,(a2)Uy(7)Op,,(a1)* is compactly supported and given by

K(y.y') = (2mh)~ / et (0= g, (y myay (v, 77) dny. (3.27)
Rd

Put ® = (y — y’,n) — #|n|. Then there exists ¢ > 0 such that on the support of a(y, n)a; (y', 1),

0,®| = ‘y—yl — t%‘ > c(t) > 0. (3.28)

Indeed, since y,y’ vary in a compact set and 7 is bounded away from zero, it is enough to
consider the case of bounded . Then (3.28) follows from (3.25).

Now, repeated integration by parts in 7 gives that for each N,

||IC||CN(R241) < CNhN<[>7N.

This completes the proof. O

We next use Uy(?) to write a parametrix for the propagator U(z). For ¢y € C>°(M) with
supp (1 — 1) C {r > ro} and u € L*(M), we define

(1 = 1po) Up () (1 — tho)u € L*(M)

as follows: we pull back the restriction of (1 —1)p)u to each infinite end to R? using the
Euclidean coordinate, apply (1 — o) Uy(¢), and take the sum of the resulting functions pulled
back to M. This gives an operator

(1 — o) Uo(£)(1 — ) : L*(M) — L*(M). (3.29)
Recall the sets £, £ defined in (2.3).
Lemma 3.6. Suppose that Ay € U;"™ (M), g € C°(M) satisfy for some ry > ry
(see figure 4)

WE,(Ay) C S N{r>nr}, suppto C {r<r}, supp(l—1)C{r>r}.

Then we have uniformly in 0 <t < Ch™!
UtA+ = (1 —9o)Up(t)(1 = 10)A+ + O(h™)g-o (3.30)

U(—t)A— = (1 — o) Up(—1)(1 — 10)A- + O(h™)g-. (3.31)
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Figure 4. An illustration of lemma 3.6 when 0 < ¢y < 1, showing the regions ¢y = 1
and 0 < 1)y < 1 (shaded) and the projection of WF, (A} ) onto M. The points (x,¢) in
WEF,,(A), pictured by arrows, give rise to trajectories escaping to infinity in the future
and never entering supp .

Proof. We prove (3.30), with (3.31) established similarly. For simplicity of notation, we
present the argument in the case when M is diffeomorphic to R?. The general case is proved
in the same way, reducing to the case when A is supported on one infinite end and treating
1 — 1w on this infinite end as an operator L*(M) — L*(R?) and L*(R¢) — L*(M). We identify
M with R? and use the quantization (2.15).

Since Uy(t),U(¢) are bounded uniformly in 7 on all Sobolev spaces and

WF,, (A1) Nsupp o = 0,
U(NA; = U(t)(1 — ¢0)*As + O(h™)g-.

Therefore it remains to show that uniformly in 0 < ¢ < Ch !,

W(t) = O(h™ ) g, (3.32)
where the operator W (¢) on L*(M) is defined by

W(e) := ((1 = 40)Uo(r) — U(6)(1 — o)) (1 — o)A+
Using the wave operator O, = 97 — A,, we write

e sin(t\/=A,) Tsin ((t — 1)\ /—1y) N
W(t) = cos(t Ag)W(O)Jri\/_iAg W(O)Jr/0 o,W(t')dr'.
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Next,

ihW'(0) = ((1 = vo)h/—Do — hy/=Ag(1 — 109)) (1 — tho)Ay = O(h™)y-

(3.35)

Indeed, by (2.24) both (1 — 9)hyv/—Ao(1 — 19)A+ and hy/—A, (1 — 1bp)?A are in ¥)(M).
As explained in the discussion following [DS99, theorem 8.7], the asymptotic expansion for
the full symbol of each of these operators at some point can be computed using only the de-
rivatives of 1 and the full symbols of A, Ao, A, at this point. Since Ag = Az and 1)y =0
on {r > r} D WF,(A,), we obtain (3.35).

Finally, since Ag = Ay on {r > ry} D supp (1 — 1), we have
W*OgW (1) = [1* Ag. o] Uo(1)(1 — 1o)A
Now, with Ay := [h2A,, 1]
WEF,(4;) C suppdiyy C {ro <r<n}.
Then A; and A := A satisfy (3.25), thus by lemma 3.5
RO W(t) = O(h)g-o. (3.36)

Now (3.32) follows from (3.33)—(3.36), the bound t < Ch~!, and the fact that for each s, the
operators

sin(t\/—Ag)
cos(ty/—A,), ————= 1 H;(M) — H;(M)
are bounded in norm by C(r). O

The next lemma shows that for times ¢ = O(log(1/h)), the cutoff wave propagator
AyU(1)A1, where A; € W7 (T*M) and WF,(4)) lies near $*M, can be expressed in terms
of cutoff wave propagators for bounded time. It relies on lemmas 3.5 and 3.6 and is a key
component of the proof of lemma 6.1 below.

Lemma 3.7 Let A; € U, (M), Ay € ¥}, (M), and x € Sy(T*M; [0, 1]) satisfy for some
eg>0andr, > rg

WFh(Al) UWFh(Ag) Usupp x C {r < }"2}, WFh(Al) C {|£|§ S (1 —cg, 1+ EE)},
(3.37)

supp (1 —x) N{[¢]; € [1 —ep 1+ e} N {r < r} = 0. (3.38)

Put T := \/r3 — r} and let C be an h-independent constant. Then for each sequence of times
ty..o it =2T, LLCh™', <C,

we have

AzU(ll + -+ lL)Al = AzU(Il)Oph(X)U(lz) cee Oph(X)U(tL)Al + O(/’loo)\pf
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Proof. We may assume that A; € ¥;"™ (M), A, € ¥)(M). Indeed, otherwise we may
take A} € U™ (M), A € U)(M) such that (I —A})A; = O(h®)g-=, Ax(l —A}) =
Ay (I — A)) = O(h™®°)g-, and WF,(A}), WE,(A%) satisfy (3.37), and apply the argument
below with Ay, A replaced by A/, A).

We have

AU(t + -+ 1)A; — AU(1)O0p, (x)U(t2) - - Op, (X)) U(1L)Ar = z_:Bf’
=1

By := AyU(11)Opy,(X) - - - U(te—1)O0p;, (X)U()Opy, (1 — X)U(te1 + - -+ + 1)As.

Therefore it suffices to show that By = O(h*°);2_,;2 uniformly in £. Since U(r) is unitary and
Op, (x) satisfies the norm bound [Zwo12, theorem 13.13]

10, 0) |1 s < 14 O(h), (3.39)

it is enough to show the following bounds uniform in ¢ (in fact (3.40) is used only for
£=2,...,L —1and (3.41) is used only for £ = 1)

Op, (X)U(t0)Op;,(1 = X)U(tes1 + -+ + 1) A1 = O(h™ ) g -, (3.40)
AU(17)0p, (1 = X)U(tgq1 + -+ - + 11)A = O(h™) g —co. (3.41)
We show (3.40) with the same proof giving (3.41) as well. Take ¢y € C°(R) such that
supp ¥ C (1 —eg, 1 +¢e), WF,(A)) Nsupp (1 — 1/)1(\5@)) = 0.
We can replace A; by ¥, (—thg)Al in (3.40) since
(=1 (~IPA)AL = O()g .
Since U(ty42 + - - - + 1) commutes with ¢y (—h?A,), it suffices to show that
AU(tpsn + -+ 11)A; = O(h™®) g, (3.42)
where
A= U~ — 101)0p, (0 U(t)0p, (1 — ) Ultes 1 )y (1P A,).
By lemma 2.3, we have A € ¥;""" (M) and

WE(A) C sy sy, (supp X) Ny, (supp (1 — x)) N{[E[; € (1 —ep, 1 + )}

Take x € ¢, (WF;(A)). By (3.38) we have x € {r>ry} and by (3.37) we have
@1, (x) € {r < m}. By (2.4) and since 1, > T we see that x ¢ go. Applying (2.4) again and
using that ze+1 > T we see that p_,, . _,(x) € £2 N {r > r,} for all s > 0. Therefore

WE,(A) C E° N {r > r}, (3.43)

©_s(WF,(A)) NWF,(A;) =0 foralls > 0. (3.44)
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Denote 7, := tgys + - + 11 € [0,Ch~"]. By (3.43) we may apply lemma 3.6 to get for some
Yo € C°(M;R), supp (1 — o) C {r > ro}

U(=10)A™ = (1 —40)Uo(—t¢)(1 — ¥0)A™ + O(h* ) g o~
Taking adjoints, we get

AU(tr) = A(1 — o) Uo(te) (1 — tho) + O(h™) g —c~. (3.45)
By lemma 3.5 and (3.44) we have

A1 = 1o)Uo(te) (1 — t0)Ar = O(h™) g=. (3.46)
Combining (3.45) and (3.46), we obtain (3.42), finishing the proof. O

Using lemma 3.7, we also obtain the following estimate used in section 6.3:

Lemma 3.8. Assume that A; € V,"™ (M),A; € U)(M) satisfy for some ry > ry and
eg >0

WFh(Al) C {V < r1} n {|£|§ S (1 — ¢, 1 +<€E)}, WFh(Az) C {r < rl}. (347)

Put Ty := \/r} — r} and assume that X' € C°(M) satisfies
supp (1 —x') N {r <r +To} =0. (3.48)

Fix Cy > 0. Then for all t € [Ty, Coh™ "], s € [0, Coh™ "), and u € L*(M) we have
142U (s + DAl 2 < [[Aallz 2 - X UA ]|z + OB) [lul| -

Proof. We first consider the case s > Tj. Fix x € C2°(M; [0, 1]) such that

supp x C {r<ri}, supp (1 —x)N{r<r}=0.
We write

t=H+---+1t, s=8+---+5, l‘j,SjE[To,ZTo}, L,LI<C0]’1_1.

By lemma 3.7 (with (r;, Tp) taking the place of (r, T')) we have
AZU(S + I)A] = AzU(S])X e U(SL/)XU(ll) s XU(IL)A] + O(hoo)q,—oo

Therefore

142U (s + DAl 2 < [[Azlloore - XU () - xU (1) Avul| 2 + O(h) [|u]| -

Another application of lemma 3.7 gives

IXU (1) -+ xU() A — xU(DA 2 = O()|ul| 2,

finishing the proof since x = xx'.
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We now consider the case 0 < s < Tp. Fix ¢ € C°(R; [0, 1]) such that supp ¢; C (0, 00)
and supp (1 — 1) N [1 — g, 1 + eg] = 0. Since U(r) commutes with 11 (—h*A,), we have

AU(s + A1 = AU(s + )1 (=P A)AL + O(h™®) g-
= Ay U(s) 1 (—h* A U()A; + O(h™) g oo

Therefore

1A2U (s + DAl 2 < [U(=5)A2U ()1 (=1* D) U(D)A ] 2 + O(h) [l 2.

By (3.47) and (3.48) we have (T*M \ 0) N ¢o_s(WF;,(A2)) Nsupp (1 — x’) = (). Therefore
by lemma 2.3

U(=5)A2U(s)t1 (=1 Ag)(1 = X') = O(h™) g .
Therefore

1U(=9)A2U ()1 (=H* A ) UMA w2 < [ Azlliz iz - I UDA ]2 + OB |u] 2
finishing the proof. O

4. Dynamical cutoff functions

In this section, we construct families of auxiliary cutoff functions which localize to smaller
and smaller neighborhoods of I'+ and are the key component of the proofs of theorems 2 and
3. These functions are defined by propagating a fixed cutoff function for a large time.

Fix constants

0<p<2v<l.

We propagate up to time pt, where ¢, is the Ehrenfest time from (1.7) in the semiclassical
scaling:

B log(1/h)
t, = e “.1)
Fix a cutoff function
X € CX(T*M\ 0;[0,1]), supp (1 —x)NKNS*M = 0. 4.2)

Define the following functions living near I'4:

Xi =x(xoe-). x; =x(xoe) =0 (4.3)

By the derivative estimates for the flow ¢, (see for instance [DG16, lemma C.1]) we have
uniformly in ¢,

Xi €SP (T°M), 0 < 1< pte. 4.4)
By (2.9), there exists T > 0 such that
@1 (supp x) Ny, (supp x) Nsupp (1 = x)NS*™M =0 forallt, > T. (4.5)

This implies the following
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Lemma 4.1. Let x, T satisfy (4.2), (4.5). Then forallty > T,t > 0,
0

@+r(supp x;F) Nsupp (x — xi7y,) NS™M = 0, (4.6)
@1y~ (SUPp X; ) MSUPP (X = Xi34) NS™M =0, 4.7)
¢, (supp x) Nsupp (1 —x) N4 NS*™M =0, (4.8)
@1, (supp x) Nsupp (1 = x)NT-NS*M=0. (4.9)

Proof. For (4.6) it is enough to show that

Prto+7(SUPP X) N sUpp X N @rpq, (supp (1 — x)) NS*M =0

which follows immediately by applying ¢4, to (4.5) with t; = T,t, =t + 1.
For (4.7) it is enough to show that

©—i—ry—(supp x) Nsupp x N, (supp (1 — x)) NS*M =0

which follows immediately by applying ¢, to (4.5) witht; =t + 19,6, = T.
To show (4.8), choose (x, &) in the left-hand side of this equation. Since (x,&) € I', by
(2.8) we have (x,&) € ¢y, (supp x) for all #; > 0 large enough depending on (x, £). Then

(x,€) € w4, (supp x) N @, (supp x) Nsupp (1 — x) NS*M

which is impossible by (4.5) with r, = 7, as soonas t; > T.

Finally, to show (4.9), choose (x,£) in the left-hand side of this equation. Since
(x,€) € T'_, by (2.8) we have (x,&) € ¢, (supp x) for all #, > 0 large enough depending
on (x,€). Then

(x,€) € w1, (supp x) Ny, (supp x) Nsupp (1 — x) NS*M

which is impossible by (4.5) with #; = #p assoonast, > T. O

5. Proof of the Weyl upper bound

In this section, we prove theorem 2, following the method of [Dyal5a]. We use the function
and the constant 7 satisfying (4.2), (4.5). We also assume that  is chosen to be homogeneous
of degree 0 near S*M and supp x C {r < ro} N {|{|, < 2}. We fix h-dependent

1 1
p,p" €10,1), Emax(p, p)<v< ok pte, p'te > Co, (5.1

with Cy a large constant, p, p’ chosen at the end of the proof, and v independent of 4, and
define the following functions using (4.1) and (4.3):

X+ = Xprs X— 1= X
which both lie in S, (T*M) by (4.4). We also use a function
xe € 7 (R), xe(0)=1, suppXe C (—1,1). (5.2)
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5.1 Approximate inverse

We first construct an approximate inverse for the complex scaled operator Py — w? (see sec-
tion 3.1), arguing similarly to the proof of [Dyal5a, proposition 2.1] and using the results of
section 4. See (3.2) for the definitions of €2, 3.

Lemma 5.1. Fix gy > 0. Then there exist h-dependent families of operators holomorphic
inw €

Z(w) :LZ(M) N HZ(M), HZ(W)||L2(M)—>H,3(M) < Ch—le(B-i-so)(P-‘rp’)te’ 5.3)
T@) M) M), 1T ) lpanymon < Cel Mt 54

such that for all w € Q and the constant Coin (5.1) chosen large enough, we have on H*(M)

fthg — W2

1= Z(w)(Po = w?) + T ()0p, (x-)Op, (x+ xe (——

)+ R(w), (5.5)

and the remainder R(w) is O(h™)g-o.

Proof. Throughout the proof we will assume that w € Q; the operators we construct are
holomorphic in w. Fix £; > 0 to be chosen at the end of the proof. We first show that

I =7 (w)(Pg —w?) +J_(w)Op,(x-) + Oh™) g, (5.6)

1Z— @)y g2 < Coerh ™" exp (14 €1)Bpte), (5.7)
I 2\ 7

V=@l < Cveoxp (= =5 +e1B)o'e). (58)

For that, fix 7y bounded independently of / and such that

2T 't,
ty>—, L:= p € N.
£1 o
We apply lemma 3.4 to

aj = Xt_qj’ tii=t+T.

Indeed, we have ag = X2 = lin an h-independent neighborhood of K N $*M and a;, = x—_. To
verify (3.18), we first write by (4.7) with ¢ = 1y,

©—n, (supp @;) Nsupp (X — aj+1) NS™M = 0. (5.9)

On the other hand, by (4.8)
supp a; C supp X, @4 (supp x) Nsupp (1 —x) NIy NS*M = 0. (5.10)

Since y is independent of &, a;, x are homogeneous of order 0 near S*M, and

supp (1 —aj41) C supp (1 —x) Usupp (x — @j+1),

4329



Nonlinearity 30 (2017) 4301 S Dyatlov and J Galkowski

we see that ¢_,, (supp a;) Nsupp (1 — aj41) is contained in an A-independent compact set not
intersecting I'; NS*M and (3.18) follows by making V the complement of this compact set.
Finally, to satisfy (3.19), we take r large enough depending on 7. Now lemma 3.4 applies and
gives (5.6)—(5.8).

We next show that

Op,(x) = Z1 (w)(Pg — w?) 4+ Op, (x+) + O(h™®) g, (5.11)

124 (w)

it < Cooh™ exp ((1+e1)Bpt). (5.12)

For that, we fix 7y bounded independently of /& and such that

2T t,
o > —, L:_p——leN
£1 o
We apply lemma 3.4 to

— + o
aj = X~ Xg(L41—j)° Hhi=t+T.

Thend = X — X+anda; = x — X,Jg. By (4.8), we have supp a, N T'y N S*M = {J; since ay is
independent of %, by lemma 3.2 we have for an appropriate choice of Q

Opy(ar) = Opy(ar)Ro(w)(Py — w?) + O(h™) g . (5.13)

To verify (3.18), (3.19) we argue as in the proof of (5.6)—(5.8) above, using (5.9) (which fol-
lows from (4.6) with ¢ = £o(L — j)) and (5.10). Now lemma 3.4 applies and, combined with
(5.13), gives (5.11), (5.12).

‘We also have

Opy(x-) = Zy(w)(Po — w?) + Op, (x-)Op,(x) + Oh™)g-o, 1 Zy (@)l o> < Csh™".
(5.14)

Indeed, choose Cj in (5.1) large enough so that Cy > 2T . Similarly to (4.5) we have for some
e >0
supp (x—) Nsupp (1 —x) N{l —&" < [§lg < 1+€"} € p_r(supp x) Nsupp (1 — ).
The right-hand side is a compact set which by (4.8) does not intersect I'y N'S*M. Now (5.14)
follows by lemma 3.2 applied to the operator Op,, (x—)Op, (1 — x).
Finally, put
_ —hn’A, —W? 1-— A
Ze(w) 1= h e (BT gy = L),

It follows from (5.2) that supp {ZJ\E C (—1,1), in particular g is entire and Zg can be de-
fined. Then

1Z ()

_hZA 2
#), HoH S Ch. (5.15)

= Zp(w)(—h2A, — w?) + XE( :
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By (2.34) and the fact that Pg = —h*A, on {r < ri}, we see that as long as r; > ro + 10,
we have

—thg —w?

h ) + Oy

0P, (x+) = Oy (x+)Z(w)(Ps — ?) + Op, (- )xe (
(5.16)

Combining (5.6), (5.14), (5.11), (5.16), we obtain (5.5) with

2(w) = Z- () +J- () (Z (@) + Op, (x-) (Z4 (@) + Opy (x1)Ze(w) )

and (5.3), (5.4) follow from (5.7), (5.8), (5.12), (5.14), (5.15) as long as we choose
g1 < 80/,8. O

5.2. Proof of theorem 2
Fix g9 > 0 and let

Aw) = T()0p,(x-)0p, (e (-2 4 R ()

be the operator featured in lemma 5.1. Then A(w) is a Hilbert-Schmidt operator on H: (M)
and its Hilbert—Schmidt norm is estimated by (2.35) and (5.4):

A s < 1T @R - [0puI0m e (2= s 001)

Ch!—de2(=h™ " Imwte0)o’te 1y (§*M A supp v N supp X_) + O(h*)

Ch! =42 M=)t Y (o4 1) + O(h) = Vi con(—h™" Tmw)
(5.17)

NN

where we use (1.6) and the fact that

supp X+ NSupp x— C @, (T((p + p)te)).-
Consider the Fredholm determinant

F(w) = det(I — AW)?), we.
We have by (5.17)

IF(@)| < exp (JA@W) e ) < exp (lA@)fis) < exp (Vpyroa(B)) forallw € Q.

(5.18)
On the other hand, if we put wy := 1 + ik € Q, then by (5.4) the norm [Awo)ll 2 r2 s
bounded above by % as long as the constant Cy in (5.1) is large enough. Therefore, we have
7 = AG)) ™ gy < 2 and thus

|F(wo)| ™" = | det(I — .A(wo)z)_1| = ‘det (I + .A(wo)z(l — A(wo)z)_l)’

< exp ([ Awo) (I = Awo)) le ) < exp (2[|A(wo)llfrs) < exp (2 con(B))-
(5.19)
By (5.5) we have
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(Po—w?) ™' = (1= AWw)?) ™ (I + Aw)) Z(w).
—1

Therefore, the poles of (Pg — w?)~" in 2 are contained in the set of poles of (I — A(w)?)~!,
that is in the set of zeroes of F(w), counting with multiplicity. (The multiplicities are handled
using Gohberg—Sigal theory, see for example [DZ, section C.4].) By (5.18), (5.19), Jensen’s
bound on the number of zeroes of F(w) (see for instance [DJ17, lemma 4.4]; we dilate the
regions (3.1), (3.2) by 27"), and the relation of the poles of (Pg — w?)~! with resonances of
A, we see that the bound

N(R, B) < CR™"exp (2(B + £0)p'1e(R)) - V((p + p')1e(R)) + O(R™°)
(5.20)
holds for all p, p € [0, 1) satisfying (5.1), g > 0, and 5 > 3, with ,(R) defined in (1.7); here
the constant C depends on /3. We assume that K N S*M # (), since otherwise there is a reso-
nance free strip of arbitrarily large size (see for instance [DZ, theorem 6.9]). Then by (2.14),
we may remove the O(R™°°) remainder in (5.20). )
Now, put p’ := Cp/t.(R), where Cy is the constant in (5.1), and p := 1 — €9, 5 := [ + €.
Then (5.20) implies (using (2.13))

N(R.B) < CR™"-V((1 — &)t(R)). (5.21)
If we instead put p := p’ := 1 — 237 g, B := B + €, then (5.20) implies
N(R,B) < CR "exp (2Bt.(R)) - V(2(1 — 287 'eo)t(R)). (5.22)

Choosing €y small enough, we see that (5.21) and (5.22) imply the bound (1.8), finishing the
proof of theorem 2.

6. Proof of wave decay on average

6.1. Hilbert—Schmidt bound

We first use the results of section 3.2 to obtain a Hilbert—Schmidt bound for the wave propaga-
tor. Assume that x € SY(T*M:; [0, 1]) satisfies for some r, > ry and e > 0,

suppx C{r<r}, supp(l—x)N {|§|§ el —epl+eg]}n{r<rt=>0.

PutT =,/ r% — rg. By (2.4) the following stronger version of (4.5) holds:

@1, (supp x) N @_, (supp x) Nsupp (1 — x) N {|£|§ €[l —eg, 14+¢eg} =0 foralln,n, >T.
(6.1)

Take an energy cutoff function ¢, € C°(R) such that
supp 12 C (1 —eg, 1 +ep). (6.2)
Fix constants 0 < p < 2v < 1 and denote by 7, the Ehrenfest time, see (4.1).

Lemma 6.1. Fix gy € (0, 1). Then for each t € [5¢,'T, pt,],
109, (X*) U (20)92 (= Ag)Op, () lfis < Ch™V(2(1 = £0)t) + O(h™). (6.3)

Proof. Fix 7, bounded independently of /& and such that

T t
—, L:=—¢N, L2>5.

151 ,
€0 I

WV
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Putfy:=1 — T > 0. Fix ¢3 € C>°(R; [0, 1]) such that for some &g < &g
supp 3 C (1 —eg, 1 +eg), supp (1 —w3)N[1 —Eg, 1+ =0, suppips C (1 —Eg, 1+ Eg).
Put

X =Us(E)x.  Xi = X(X © @x9)-

Similarly to (4.4), Xt € Sy’ (M) for|s| < pt,. Using (6.1), the proof of (4.6), (4.7) gives for
alls > 0

@n, (supp Xy) Nsupp (X — X;'yr,) = 0, (6.4)
@y, (supp X; ) Nsupp (X — Xs14) = 0 (6.5)

We have 1, (—h?A,)0p,(x* — X¢) = O(h°°)y-=. Moreover, since 1»(—h?A,) commutes
with U(21)

Oph(X2 - )?()_)U(zf)%(—thg)Oph(%r) =O(h™)y—.
It follows that

Op, (xX*)U(20)12 (= Ag)Op, (x*) = Op, (X )U(20)12(—1* Ag)Opy (X ) + O(h*) g

(6.6)
From (6.6) and lemma 3.7 (taking £ in place of ) we get
0P, (%) U(20)ta (—H* A )Op, (1)
= 0p,(% )U(1) (Opy (DU (1)) ™ 4 (—1 A )Opy (%) + O ). .

We next transform the right-hand side of (6.7) into an expression involving the cutoffs ;.
First of all, we claim that

(0P D)V ()" ~ Op,(H)U(1) -+ Opy (KU (1) ) (122 Opy (R ) = O )y
(6.8)

Indeed, the left-hand side of (6.8) is equal to 25:1 B, where
B} = (Op,()U(1))" " Opy(X = X ) U1)OP,(Riy 1) U(11) -~ Opy (K U122 )Op, (i),
in particular Bf" = (Op,(X)U(11))“~'0p, (X — Xi )U(t1)¢2(—h*A,)Op,,(Xy ). By lemma
2.3 and (6.4) with s := (¢ — 1)ty we have
OP,(X = X6, )U(1)0p, (T U(—11) = O(h™)y =
for ¢ = 2,...,L and a similar argument with s := 0 gives
Op;,(X — X U (11) 92 (—h* 8¢ )Op,,(Xg )U(—11) = O(h™) g

Therefore B = O(h*)y-~ and (6.8) follows.
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‘We next claim that

Op, (%o )U (1) (0p,(X)U(1)) "~ Op, (X,
—0p, (X5 )U(11) -+ Op, (X 1y, U (11)Op, (i (X © 9-1)) = O(h™) . 6.9)

Indeed, the left-hand side of (6.9) has the form Zé:l B, where

By = 0p, (X0 )U(t1) O, (X1, )V (1) 0P (X — Xiz,)U(11) (Op, (D) U (1))~

—1 ~
Op,(X1y,)

for/{=1,...,L —1and

By = Op,(Xg)U(t1) - Opy(X 1 _1,, ) U (11)OP, (X — X1y (X © 1)) -

By lemma 2.3 and (6.5) with s := (¢ — 1)tp, £ = 1,...,L — 1, we have
U(=11)0P; (X (g 1), ) U (11)OP4 (X — Xiy,) = OB )y

and a similar argument with s := (L — 1), gives
U(—1)0P(R3_ 1) U(1)0P, (% — X (¢ © 6-1)) = O ).

Therefore B, = O(h™)y-~ and (6.9) follows.
Combining (6.7)—(6.9), we obtain
Op, (X*)U(21)th2(—h* Ag)Op, (x°) = A—AAL + O(h™) g =,
A_ = 0p,(Xo )U(11) - - Op, (X 1), ) U (1),
A = Op, (%EO(X o @—Lto))v
Ay = U(0)Opy (X1, U(11) - Opy (X ) U (1) 2 (—h* Ag)Opy (X )-

In fact the remainder is O(h>)ys since its range consists of functions supported in {r < r,}.
By (2.20) and since 0 < )Zsi < 1,wehaveash — 0

A+l 22 = O(1).
Therefore

10p, (X)) U(2) %2 (=1 Ag)Op, (3% |lns < CllA|ns + O(h™). (6.10)

Finally, we have by (2.21)

A|Ifs < Ch™*Vol (supp X N Ly, (supp X) N @14, (supp X)) < Ch=*V(2Lty) < Ch=*V(2(1 — o)1)

where in the last inequality we use (2.13). Combined with (6.10) this gives (6.3). O
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6.2. Concentration of measures
Let & C L2(B) be as in the introduction, in particular for some constant ¢ > 0
Ng :=dim & = cR? + o(RY).

Denote by Sk the unit sphere in . Let ug € Sk be chosen randomly with respect to the stan-
dard measure on the sphere.

Lemma6.2. Let A : E — L?(M) be a bounded linear operator and take R large enough so
that Ng > 10. Then for all m > 10,

— 2
P(||Aur| 2 ay > mNg /(| Alls) < 2e7/16. (6.11)

Proof. Denote by p the standard probability measure on Sg and let eq, . . ., ey, be an ortho-
normal basis of £g. Consider the function f(u) = ||Aul| 2, u € Sg. We have

E(f(ur)?) = / (Aur(a). Aug(a)) ,, dp(a)

Sk

Ng
= /5 Z (arAer, ajAej>L2 du(a)
R

kj=1
L 1
= e > llAed” = NfRHAH%s.
k=1

The function f'is Lipschitz continuous; indeed, for u,v € Sg

[Aull> — [|Av]l] < [AGn = V)2 < [Allggre - llu = Olle, < [|Allns - [l = 0le,.

By the Levy concentration of measure theorem [Led01, 2.6]

P(|f(ur) — M(f)] > Al - 1) < 26~ Me=27/2 < 2e=Ner™/4 forall > 0 (6.12)

where M(f) is the median of f(ug), namely the unique number with the properties

P(flur) > M(P) > 5. B(f(ug) < M(f)) >

N —
N —

We next estimate the difference between M (f) and E(f(ug)). By (6.12)
() = M) < Bl ) = MU = [ (1) = MUf)| > r)

0o 2
<2/ exp(—iNer )dr
0 4|Alls

< 4|AlusNy 2.

Since [E(f(ur))| < v/E(f(ug)?) by Jensen’s inequality, we have

M(f) < 5]|A[lusNg >,
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Using (6.12) with  := (m — 5)Ng /> > LN /%, we obtain for m > 10

_ _n?
P(f(ur) > mNg *[Allus) < P(\f(ur) — M(F)| > nlAllus) < 26~/
finishing the proof. O

6.3. Proof of theorem 3

Recall from (2.12) that B = {r < i} for some r; > rg. With & > 0 the parameter from
(1.12), fix eg > 0 such that

(1= (14 (1 —eg, 1 +ek) (6.13)
and fix ¢, € C°(R) such that
supp 1y C (1 —eg, L +eg), supp (1 — ) N[(1 =€) (1 +&)?] =0. (6.14)

Let ¢ € C2°(B°) be chosen in theorem 3. Without loss of generality we assume that || < 1.
We assume that R is large and put

h:=R"".
We use the definition (1.12) of the space Eg to show the following microlocalization statement:

Lemma 6.3. We have forall u € &
(I = o (=h* Ag))oull 2 = O(h™)|lu

Proof. Let {e;} be an orthonormal basis of L?(B) with (—Ag — A?)e; = 0. Then it suffices
to show that for each k such that 2\, € [1 —€’,1 + £'], we have

(I = 2 (=h*Ag))erl|2 = O(h).

Let ¢/ € C°(B°) satisfy supp 1 Nsupp (1 — ) = 0. Then (1 —')(I — a(—h2Ag))p =
O(h®) -, therefore it suffices to show that

[Bexl|l2 = O(h), B := /(I — (=1 A))0 € U)(M). (6.16)

|12 (6.15)

The Schwartz kernel of B is compactly supported in 3°. The function ¢; solves the equation
(= Ay — (h\) e =0 in B°

and the operator —h2A, — (h\)? € U2(B°) is elliptic on WFy(B) due to (6.14). Then (6.16)

follows from the semiclassical elliptic estimate, see for instance [DZ, theorem E.32]. O

Let x' € C°(M) satisfy (3.48) and fix r, > ry such that supp x’ C {r < r,}. By lemma 3.8
combined with (6.15) we have for all u € Sy

[WU(s + t)oullr2 < [[YU(s + )1ha(—h* Ag)vpul| 2 + O(h™)

6.17
< I U~ Ag)pullz + OGH) ©1D

forall 1 € [Ty, Coh™'], s € [0, Coh™'], where Ty := /13 — r2.
Using (6.17) and lemmas 6.1 and 6.2, we now give
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Proof of theorem 3. With £, « > 0 the parameters in the statement of theorem 3, take
€0, P, v such that

0 <ep <mi (6 ! ! ) <p<2v<li
min (=, a0, ——, — |, :
S TEE  T0A e 10 THg T
Let #.(R) be defined in (1.7). Fix a sequence of times
gologR =1ty < t; <--- <t =2pt,(R), < (1+eg)timy, i1

with the following bound on L (seen by rewriting the inequality above as
log#; < log(1 + &¢) + logt;—1)

_ 10g<50Amax)

1<L<1 .
log(1 + &)

Fix x = x(x) € C°(M; 0, 1]) such that

supp x C {r <r}, supp (1 —x)N{r<r} =0, supp(l—x)Nsuppx =0.
(6.18)

We view x as a function of (x,£) € T*M and note that x, ), satisfy the assumptions of
section 6.1. Then lemma 6.1 (with ¢ := 1;/2) gives foralli = 1,...,L

DU (1) 2 (=1 Ag) P llis < CHV((1 = €0)t:)
where we remove the O(h*°) remainder by (2.14) using the assumption K # (). Furthermore,
X*x' = x"and x*¢ = 1), s0

XUt r (=1 Ag)tbllus < Ch™*/V((1 = £o)ti). (6.19)

Write 21 := CoR. Suppose that € [ log R, CoR]. Then there exists i > Osothatt € [f;, fi41].
By (6.17) with (#;,t — #;) taking the role of (7, s)

PMMWWWMSm¢ﬂ@—k@mMMMm»EMMGMmM}

EPN%WQMFﬁAﬁWﬂyg%%WO—k@mMmh%@m} (6.20)

where we again use (2.14) and the monotonicity (2.13) of V(¢) to remove the O(h>°) error.
Now, since ;41 < (1 +&9)t; fori =0,...,L — 1and 27,(R) < (1 4 €)1z,

(1 — 250) min(tH_l,Zte(R)) < (1 — 260)(1 + 60)1‘,‘ < (1 — 60)2‘,‘.
Using (6.19) and the monotonicity of V(r), we have

N;ﬂwmmwp#%Wwaqu—@m<c¢wu_%@mmwgam»

Lemma 6.2 applied to A := x'U(t;)1»(—h*A,)% then implies that there exists C > 0 such
that forallm > C

2

PM%U@W&—WAWMM;>%V®G1—k@mmmHJMmD]g%””?
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Therefore, by (6.20)

IP’[HwU(t)quHLz < m\/V((l — 2e0) min(z, 2t (R))) forall ¢ € [r;, t,~+1]} >1-2e"/C.

Taking an intersection of these events for i = 0, ..., L then gives

P[Hsz(t)quHLz < my/V((1 — 2¢0) min(t. 21,(R))) for all € [ep log R, COR]} >1—4Le/C,
finishing the proof. O

7. Examples

71. Manifolds of revolution

Consider the warped product M = R, X Sz_l with metric
g =dr* + a(r)’go(,dd)

where g is the round metric on the sphere, o € C*°(R; R ), and there exists C > 0 so that
alr)=1r|, |r|>C.

Then M is a manifold with two Euclidean ends so theorems 2 and 3 apply. The symbol of the
Laplacian is given

pP=p+a(r)po, po= Il
where p, 7 denote the momenta dual to r, . We compute

2pH, = H,x = 2p0, + 207> (1) (r) pod, + o~ *(r)Hy,.
Therefore, for a geodesic (r(t), 6(t), p(t), n(t)),

F=p~'p
p=p a3 (r)a(r) po
po=0.
Throughout this section, we assume that
+a/(r) 20 for £r > 0. (7.1)
Notice that
i =p a7 (r)a(r) po. (7.2)

To understand trapping on M, we use
Lemma 7.1. For any geodesic (r(t),0(t), p(t),n(t)) € {p = 1}, we have forall t > 0
p(0)r(0) =0 = [r(5)| = [r(0)] + [p(0)], (7.3)

p(0)r(0) <O = [r(=0)| = |r(0)] + [p(0)]. (7.4)

Proof. We prove (7.3) under the assumption r(0) > 0, p(0) > 0, with the other cases han-
dled similarly. By (7.1) and (7.2), we have r(¢)#(¢) > 0 for all +. Moreover, 7-(0) > 0. This
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implies that r(z) > 0 for all r > 0 and thus #(¢) > 7(0) = p(0) for ¢t > 0. This immediately
gives (7.3). [l

Denote by K C T*M \ 0 the trapped set, see (2.6). Lemma 7.1 implies that
K c{d(r)=0, p=0}.
On the other hand, if p(0) = 0 and o/ (r(0)) = 0, then r = r(0) and hence
K ={d'(r)=0, p=0}. (7.5)

72. Example with cylindrical trapping

We now consider two special examples of manifolds of revolution. First, let M be given as
above with (see figure 5)

B L |l <2
r) =
@ 7|, |r| = 4.

such that 7o/ (r) > 0 when |r| > 2. Then by (7.5),
K={r| <2, p=0}.
We estimate V(¢) when ¢ > 1. Fix
B:= {|]r] <3}.
Since p = 0 for |r| < 2, we have
{Irl < 1, |pl < p/t} C Ts(1).
On the other hand, suppose that |p(0)| = 4p/t. Then by lemma 7.1,
max([r(1)] [r(—1)]) > 4.
Therefore,
p-i(Ts(21)) C{Irl <3, [p| < 4p/t}.
In particular, this shows that there exists C > 0 so that

c 'ty <arh.

73. Example with degenerate hyperbolic trapping

Next, we study a less degenerate situation. Fix an integer n > 2 and let M be given as above
with (see figure 5)

o {i Eroe e

such that ro/ (r) > 0 for r # 0. Then by (7.5)
K={r=0, p=0}.

Fix small 7 > 0 to be chosen later and let

B=A{r| <7}
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Figure 5. Examples of surfaces of revolution studied in section 7.2 (left) and section 7.3
(right).

We consider the flow on {p = 1} = §*M, so that
pP=1—a(r)po>1-po.
Recall that py is constant on each geodesic.

We henceforth assume that £ > 1. Observe that if py < 1 — 7, then|p(0)| > 7'/2 and hence
by lemma 7.1 max(|r(z)|, |[r(—1)|) > /7 = 7. Therefore

p-(Ts(20)) N S™™M C{|r| <7, po=1—7}

By symmetry considerations, to understand the set ¢_,(75(2¢)) N S*M it suffices to consider
the set of trajectories which satisfy

p=1, po=1—7, r(0)>0, p0) =0, r(t) <. (7.6)
Lemma 7.2. Under the assumption (7.6), for T > 0 fixed small enough and large t we have

r(0) < Ct T, (1.7)
p(0) < Cr T, (7.8)

Proof. Note that 0 < r(0) <r(f) <7. Moreover, we have a(r(0)) > ,/po. Since

F=p=+/1—a(r)=?py, we have
/r(’) dr T dr
= = < S S
r0) V1—a(r)™2po  Jro) V1 —a(r)72po

Using the inequality a(r) — a(s) = C71(r — s)r*"=1,0 < s < r < 7, we have
T 0 2 71/2 T _

1< / (1 _ M) dr < C/ (a(r) — a(r(0))) V2 4y

(0) a(r) (0)
< c/ (r—r(0)) /22 dr < Cr(O)l—"/ (u— 1)~ 227" du < Cr(0)'

r(0) 1

This implies (7.7).

Next if py > 1 then

p(0) < 1 a(r(0)) 2 < Cr(0)™

and in this case (7.7) implies (7.8).
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Finally, consider the case py < 1. Since for 0 < r < 7,1 — a(r)™?p,

have

/T dr /Oo dr
< | —FL < 4
0o V1—a(r)=2py 0 1—po+r/4

Making the change of variables r = (4(1 — pg)) 2 u, we get

1 1—n

T du
2n — < C(1 — 2
/o T2 ( po)

t < C(1—po)

which implies

2n

1 —po < Ct T,

‘We now have by (7.7)
p(0)* =1 —a(r(0))po < 1 —po+ Cr(0)* < Cr~

which gives (7.8).

0= 1—po+ 37 we

O

Applying lemma 7.2, we obtain the volume bound puz(¢—,(S*M N Tp(2t))) < Ct™ 7 and

thus

ntl

V() < Ct .
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