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Abstract

Although Wald tests form one of the major classes of hypothesis tests, they suffer from
the well-known major drawback that they are not invariant under reparameterisation.
This thesis uses the differential-geometric concept of a yoke to introduce one-parameter
families of geometric Wald statistics, which are parameterisation-invariant statistics in
the spirit of the traditional Wald statistics. Both the geometric Wald statistics based
on the expected likelihood yokes and those based on the observed likelihood yokes are
investigated. Bartlett-type adjustments of the geometric Wald statistics are obtained, in
order to improve the accuracy of the chi-squared approximations to their distributions

under the null hypothesis.
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Chapter 1

Introduction

1.1 Ouwutline

One of the key test statistics for testing hypotheses in parametric models is the Wald
statistic. It was suggested by Abraham Wald [33] in 1943, and is used widely today as
an alternative to the better known likelihood ratio test statistic and the score statistic. It
has the advantage of often being very simple to compute, as it involves only the maximum
likelihood estimates of the parameters and the expected information matrix. In particular,
in econometrics and finance the Wald statistic is used extensively. However, it does have
a major drawback in that the value of the Wald statistic depends on how the hypotheses
are formulated - or equivalently, it depends on the parameterisation used to describe the
model. One can end up with two completely different values of what should have been the
same test statistic. As it is customary to compare the value of the Wald statistic with its
limiting large-sample null distribution (which is always is the same), it can easily happen
that different parameterisations lead to contradictory conclusions. In contrast to the Wald
statistics, the likelihood ratio statistic and the score statistics are invariant under changes

of the parameterisation.

In this thesis we look into the problem from a differential geometric point of view, and try
to explain geometrically why the Wald statistic suffers from this drawback. We remark that
the intention of the Wald statistic was that it should provide a measure of the difference
between two values of the parameter. However, the concept of difference is defined only

when a parameterisation is chosen, and it depends on the choice of parameterisation.



We define a wide range of parameterisation-invariant geometric Wald statistics in the
spirit of Wald but not suffering from the above drawback. We concentrate on two very
important geometries in statistics: expected geometries, using moments of derivatives of
the log-likelihood function; and observed geometries, using mixed derivatives of the log

likelihood function.

We show that the geometric Wald test statistics defined using expected or observed ge-
ometries have a known asymptotic distribution with error of order O(n_%) under the null
hypothesis. We improve the distributional results to order O(n'%) by obtaining Bartlett-
type adjustments of the type suggested by Cordeiro & Ferrari [14].

The thesis is divided into five chapters. Chapter 1 introduces terminology and notation
used throughout the thesis. It also contains a brief summary of the requisite differential
geometry and reminders on moments, cumulants and Hermite polynomials. In Chap-
ter 2 we have a closer look at the traditional Wald statistic, illuminating the lack of
parameterisation-invariance both analytically and from a differential-geometric point of
view, We define a family of new geometric Wald test statistics for a general geometry, and
emphasise the importance of the geometric Wald statistics based on expected geometry
and observed geometry. In Chapter 3 we obtain Bartlett-type adjustments of the expected
geometric Wald statistics, and in Chapter 4 we introduce a corresponding Bartlett-type
adjustment (using observed geometry) of the observed geometric Wald statistic. We look
closer at the case of testing simple null-hypotheses in Chapter 5, and we include a few
simple examples of the adequacy of the new test statistics. Finally, in Chapter 6 there
is a short discussion on the results obtained in this thesis and on the use of differential
geometry in statistics. Since the notation can appear complicated (as terminology from
both analysis and differential geometry is used), an index of the most important notation

is included on pages 100-101.

1.2 Notation and Assumptions

Consider a parametric statistical model M with probability density function p(z;@) with
respect to some dominating measure. The parameter @ runs through the parameter space
©, which is assumed to be a differentiable manifold (a ‘smooth’ surface in IR", see Sec-
tion 1.3 on Differential Geometry for a formal definition), so that § = (6*,...,0") in some
local coordinate system on @. All vectors are assumed to be row-vectors. Let % be a

p-dimensional interest parameter and let x be a ¢-dimensional nuisance parameter, such



that 7 = p+ ¢ and 8 = (9%, ..., %2, x}, ..., x%). We shall consider only interest-respecting
re-parameterisations of ©, that is under re-parameterisation of (4, x) to (¢, £), the new

interest parameter ¢ depends only on % and not on y.

Denote the components of # corresponding to the general parameter by §°, 67, etc., the
components corresponding to the interest parameter v by 6°, 6°, etc., and the components

corresponding to the nuisance parameter x by 8%, 8°, etc.

Let 21,...,2, be observations from n independent, identically distributed random vari-
ables Xy,...,X, with distribution depending on the parameter . Let {(1)(8;X;) de-
note the log-likelihood function based on one observation, and let {(6; X) denote the log-
likelihood function based on n observations. We shall usually refer to the log-likelihood
functions simply as l(l)(O) and (@), respectively. We are assuming that the log-likelihood
functions are differentiable at least four times with respect to 6, and that all relevant
moments of the derivatives of the log-likelihood functions exist. The derivatives of the

log-likelihood function are denoted by [;(8), I;;(9), etc.

Suppose we wish to test the composite null hypothesis

Ho : ¢ =0
against the general alternative hypothesis

Hi:0€0.

Denote the maximum likelihood estimate of ¢ under the full hypothesis by 6, and the
maximum likelihood estimate under the null hypothesis by 4 = s i X
A hat above an expression denotes evaluation of the expression at 6 and a tilde denotes
evaluation at §. We shall assume appropriate regularity conditions, so that the maximum

likelihood estimators are consistent. See Cox & Hinkley [15, Section 9] for an outline.

The Einstein summation convention, i.e. automatically summing with respect to a letter
represented as both a subscript and as a superscript, is used. Furthermore, for any set of
indices I = {I1,...,In} where each of the subsets I; is of the form I; = {i;1,...,ijm,},

the following summation convention will be used extensively

CI]V"'Im{.}Il---Im — ZI'/IIII"'IIml CI’],-n,IIm, (1.2.1)



summing over all partitions I’ of I into m subsets of ‘sizes’ |I|...|In| such that the order
of the indices in each of these subsets is the same as their order in I. The number in the

braces is the number of terms to be added. E.g.

Gkt {8} 510 = Giget + Gkt + Gitjk-

The subscripts of the braces are omitted when we are summing over all indices of (.

Remark 1:
Note that this definition differs from the [-]-notation of Barndorff-Nielsen & Cox [5, 6],
Blaesild [11] and others, as it is essential here that |1}, ..., |/x| stay fixed.

Let A be a real-valued function on the parameter space ©. We denote the derivatives of &

by hy; or simply Ay, where I = 41...1, is a multi-index of length > 0. More precisely,
87’

Also, we shall need to consider real-valued functions on @ x®. Let g be a function on @ X 0.

Then the derivatives of g are denoted by gr,7, where I = (¢ --+4,) and J = (j -+ -j5) are

multi-indices of lengths » > 0 and s > 0, respectively. That is,

a'r+.9

gr,7(6;6") = —g(6;9"). (1.2.2)

0% -+ 96796 . .. 993

If s = 0,i.e. J is empty, we write g7(0;8') rather than gr,(6;6’).

We use a diagonal ‘slash’ through a function to indicate the restriction of the function to

the diagonal, e.g.

#1,5(0) = 91,5(6;0")]or=6. (1.2.3)

Unless otherwise stated, all such ‘diagonalised’ functions are evaluated at the true value

6 of the parameter, and we shall omit the argument and write e.g. g;,; for g ;(8).



Finally, the derivative with respect to 6% of 41,5(0) is denoted by g7,7,.(9), Le.

Irak(0) = b%,ggz;,](f);ﬂ)
I11;5(0) + F1,5:(6)- (1.2.4)

1.3 Differential Geometry

Much of the theory of statistical inference, e.g. the large-sample behaviour of maximum
likelihood estimators, comes from results based on differential calculus. However, care is
required when using higher-order derivatives, since operations such as differentiating or
Taylor-expanding functions with respect to the parameters depend on the parameterisa-

tion, and thus any inferences made may depend on the parameterisation.

A very efficient way of ensuring that inferences do not depend on parameterisation is to

use some concepts and language from differential geometry.

In this thesis we are concentrating on parameterisation-invariance of a specific statistical
object, the Wald test statistic. We shall introduce only enough differential-geometric
theory to support the definition in Chapter 2 of a family of new test statistics, geometric

Wald statistics and to obtain Bartlett-type adjustments of these new statistics.

We start with a few fundamental definitions. For more details see Barndorff-Nielsen &
Cox [5, 6], Barndorft-Nielsen & Jupp [8], Lauritzen [24] and Murray & Rice [29].

A topological space 2 is an r-dimensional smooth differentiable manifold if around each
point w of © there exist an open subset U of  and a map hy : U — hy(U) C IR” such that
hy is invertible, hy(U) is open in IR", and both hy and hal are infinitely differentiable.
The mapping Ay is called a parameterisation or a local coordinate system of 2. Note that

Q need not be a linear space, nor need it be given a metric.

We define a parameterised path on the manifold to be a smooth map v : (—¢,¢) — €,
where € > 0. The tangent vector to a path v at the point w = 4(0) in a manifold is the
vector %’tl((]). The tangent vectors do not depend on the parameterisation. The set of all
tangent vectors through a point w in an 7-dimensional manifold is an r-dimensional real

vector space referred to as the tangent space to Q at w and denoted by 7,,92. Let &k be a

5



parameterisation of { at w and define the paths B oyl by
W(yl(t) = b (w) + 8T,

where 62 is the Kronecker delta (i.e. Jf: =1ifz=jand 6{ = (if 4 g1 fof 6,5 =000
Then the tangent space at w is the span of the vectors 3%7{‘(0), — —%7#(0). The cotangent
space T2 is the dual of T,,Q.

A function g which assigns to each w in ) a symmetric, bilinear, positive definite function
gw from T,Q x T,8 into IR is called a Riemannian metric. In statistical inference, the
most important Riemannian metrics of interest are the eazpected information metric (the

Fisher information metric), i(w), represented by the matrix

iij(w) = 7B [L(w)(w)]
E [i)()iP(w)], (1.3.5)

and the (per observation) observed information metric, j(w), represented by the matrix

ji,j(w) = n—lti;j(w;w’a)y (1.36)
where a is an auxiliary statistic such that the statistic (&, a) is minimal sufficient for w.

1.3.1 Yokes

Most of the differential geometry used in statistics comes from yokes. Let g be a real-
valued function on Q@ x £ with derivatives gr,j(w;w’). Then g is a yoke if everywhere

on

: e
0 4) (1.3.7)
(ii) the matrix [4;;(w)] is non-singular.
Furthermore, g is a normalised yoke if g is a yoke and everywhere on 2
(iii) Hw) = 0. (1.3.8)



For any yoke g, #;.;(w) is a Riemannian metric, and by differentiating (1.3.7) we find the

following balance relations

bij(w) + f;(w) =0 (1.3.9)
£ (@) + fi (@) + fijp (W) {2}, = 0 (1.3.10)
Fiiwt(@) + fst (@) + ij0(@) {8} + Mijia(@) {8} = 0 (1.3.11)
ete.

Moreover, if g is a normalised yoke, differentiating (1.3.8) gives us the following relations

fi(w)=0 (1.3.12)
4i;(@) + £ (W) {2} + 4;;(w) = 0 (1.3.13)
Fiji(w) + fijn(@) {3} + £ 1 (@) {3} + £ (w) = 0 (1.3.14)
Biiut(@) + fijia(@) {4} + (@) {6} 00 + Fijiy (@) {4} + 4ijra(w) = 0 (1.3.15)
ete.

See Barndorft-Nielsen & Cox [6, Section 5.6] for more information on yokes.

1.3.2 Expected and Observed Geometries
In the statistical context there are two fundamental types of geometries, both closely

connected to the behaviour of the log-likelihood function on the parameter space ©. We
shall talk about

(1) expected geometries,
based on moments of derivatives of the log-likelihood function, and
(ii) observed geometries,

based on mixed derivatives of the log-likelihood function with respect to the parameter
6, and with respect to the maximum likelihood estimate f of 4. In observed geometry we
regard [ as depending on the data through (9, a) where a is an auxiliary statistic such that

the statistic (6, @) is minimal sufficient for 4.



Expected geometries use moments, cumulants, skewness of the score, the Fisher informa-
tion matrix, etc., all of which are obtained by taking expectations of the log-likelihood
function or its derivatives. We can regard this as putting a geometric structure (an ‘ex-
pected geometry’) on the manifold of statistical models. A natural way of comparing two
elements in this manifold is by using the Kullback-Leibler divergence (Barndorff-Nielsen
& Cox [6]), or ~ changing the sign — the ezpected likelihood yoke

£8:;8") = By [10(0) - 10(8")]

= ’n,_IIEgl [1(9) & 1(6’)] : (1.3.16)

By differentiating the expected likelihood yoke appropriately, we get all the above mo-
ments, cumulants, etc. Moreover, two important parameterisations arise naturalily from
this yoke; in full exponential models these parameterisations correspond to the canonical
and the expectation parameterisations, supporting the general perception that these two
parameterisations in some sense are ‘natural’ (see Efron [20]). The expected likelihood
yoke suggests a generalisation of the canonical and the expectation parameterisations to

all statistical models.

Observed geometries were introduced by Barndorfl-Nielsen [1] as an alternative to expected
geometries. He (and others) suggested ways of replacing the (expected) moments, cumu-
lants, skewnesses, Fisher information matrix, etc. with observed versions based on mixed
derivatives of the log-likelihood functions. In a sense, observed geometries are ‘closer to
the data’ than expected geometries, in that they do not involve integration (for taking ex-
pectations). Observed geometries usually require the specification of an auxiliary statistic.

We can use the observed likelihood yoke as an alternative to the expected likelihood yoke,
9(6;68') = v~ {1(6;0',a) - U(0;¢',a)} . (1.3.17)

By differentiating the observed likelihood yoke in the same way as the expected likelihood
yoke, we obtain the observed versions of the expected objects. The coordinate systems
based on the observed likelihood yoke correspond to the expected coordinate systems. In
full exponential models, the two geometries coincide, and thus the canonical and expecta-

tion parameterisations stand out as the key parameterisations in observed geometry.

Remark 2:
Note that the two likelihood yokes are normalised yokes. If g is the expected or observed

likelihood yoke then the Riemannian metric [f; ;(6)] is the expected information metric

8




i(8), or the observed information metric j(8), respectively. The expected and the observed
likelihood yokes agree to order O(n‘%). Hence, the derivatives fr,7 and gr,s agree to order
O(n_%), I and J being any sets of indices. It is straightforward to verify that the two
likelihood yokes coincide for full exponential families.

1.3.3 Tensors

Many of the parameterisation-invariant objects which arise in higher-order asymptotic
statistics can be expressed neatly in terms of tensors. Basically, a tensor is a function on
a manifold which transforms in a linear way when we change the parameterisation of the
manifold, the coefficients being derivatives of the new parameterisation with respect to
the old one. More precisely, let £ = (€*,...,£") and 7 = (71,...,7") be parameterisations

on an r-dimensional differentiable manifold, and put

i ot
€/ a T Bra
PR
T/‘i = 6&“. v
Let
o (98 (1.3.18)

where each of the indices %1, ...,%,,71,- - ., Jv takes values 1 to r, be a real-valued function
of the parameter ¢ with the indices each representing components of the parameter. The
function (1.3.18) is an (u,v) tensor if, under re-parameterisation, it satisfies
A1 peeny@u s i1ty u & Jv
Ty (1) = Ty L6, &, (1.3.19)
A (u,0) tensor is called a contravariant tensor and a (0,v) tensor is called a covariant
tensor. Note that a (0,0) tensor is a scalar and that (0,1) and (1,0) tensors are vectors.

In particular, observe that the expected and observed information matrices (1.3.5) and

(1.3.6) are (0, 2)-tensors.

We shall use the terms to lift and to lower (indices of) tensors by a Riemannian metric.

Let T be a (u,v) tensor and let 4;.; be a Riemannian metric with inverse 4. Then

J1eedv
we call the (44 v,0) tensor T -ututitute = T2 futlidl . gfutvidv the Jifted version of
Gt B . )
¢ T Similarly, we call the (0, % 4 v) tensor Tj, ;. jypuiscie = Ty Sidedi” -g'juw‘jv
the lowered version of T7 7.



1.4 Reminders

We shall be using various properties of cumulants and of Hermite polynomials. Brief
reminders on these two topics are included here, together with a result on differentiating
inverses of maftrices. For more detailed information and for proofs of the properties of
cumulants and Hermite polynomials, see e.g. Barndorff-Nielsen et al. [2] or Barndorff-
Nielsen & Cox [5].

1.4.1 Moments and Cumulants

Let X = (X1,...,Xm) be a random vector. Then, for k = 1,2,..., and r; € {1,...,m}
with 2 = 1,..., k&, we write

Bryyyry = IE [XTI - 'X?'k]

Urgpre = E[(Xpy — Kry) oo (X = By )]

for the moments and the central moments, respectively, of X. The moment generating
function of X is defined by

Mx(t) = E[X7].

The (71,.. .,’rk)th moment can be found by

61\:

Brg oty = me(O) (1.4.20)

Likewise, the (71,...,7%)%" central moment can be found by

L
Vegpeetie = me—(m,...,nm)(O)- (1.4.21)

Define the cumulant generating function by

Kx(t) = log Mx ().

The (ry,.. ., 7k)* cumulant of X, denoted by Ari,oriy 18 defined as

ak

A T O,
T1ynTh atr; R at‘l‘k

Kx(0). (1.4.22)

10
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We shall use the cumulants up to order 4. In terms of the (non-central) moments, they

are

N = Ry
)‘r,s = Ky — KyKg
’\'r,s,t =  BKpsit— fraht {3} + 2Kk Ky
AT,S,t.u = Kpsitau — Krsthu {4} + 26, 5Kty {6}

—BRpKsKehy — K skiu {3},

(1.4.23)
(1.4.24)
(1.4.25)

(1.4.26)

In particular, if the &, vanish (and hence the moments coincide with the central moments)

then (1.4.23)—(1.4.26) simplify to

Ar = 0
)‘1',3 = Hpgs
A'/',.s,t = Krgst
’\r,s,t,u = Kpstu — BrsRiu {3} .

(1.4.27)
(1.4.28)
(1.4.29)
(1.4.30)

One of the most useful properties of cumulants is the following, which is a simple conse-

quence of the definition.

Property:

Let Xy1,...,Xn be n independent, identically distributed copies of the random vector X.

Then the cumulants )\g‘) of the sum S(™ = Yo X, satisfy
AM = nAg,
where Ag are the cumulanis based on one observation only.

Note that this property does not hold for moments.

1.4.2 Hermite Polynomials

(1.4.31)

Let X = (X1,...,Xm) be a random vector having the m-dimensional normal distribution

with zero mean and covariance matrix V = [v;;]. We write X ~ N,(0,V) and denote the

corresponding probability density function by ¢(e; V). The covariant Hermite polynomial

T



with covariance matrix V and index I, = iy...%,, denoted by Ay (2;V), is defined by
(@ kg (23 V) = (1) ¢/ (2 V), (1.4.32)

where @ (2;V) is the rth derivative of ¢(xz;V) with respect to z, ...z;,. That is,

e

o/ (2 V) = seos=—(2; V). The covariant Hermite polynomials used here are
o | Lot

gl VY = 89—y, (1.4.33)
hie(z; V) = aizjag — v e {3} (1.4.34)
hig(2; V) = warjuger — vigerer {6} + v ;o1 {3} (1.4.35)

hsumnlni ¥} = mpmsspmmmey—nsessity {16}
+0;,j Uk, 1 8men {45} — v ;0% 1Vmn {15} . (1.4.36)

Re-arranging (1.4.33)-(1.4.36) gives

ziz; = h(2; V)40 (1.4.37)

2izser = hge(e; V) + 9526 {3} {1.4.38)

dizjepe; = hgr(z; V) + vijhe(z; V) {6} + v 50, {3} (1.4.39)
TiTiTRTBmTn = Hijktma (23 V) + 05 5B0kma(2; V) {15}

+; ;U thamn (2, V) {45} + 03 V% 10 n {15} . (1.4.40)
Trom the definitions of the Hermite polynomials, we find that

gitiEhima(23V) =  Biskimnl2; V) 95 00mn (2 V) {15}
+0%,j 0k Jmn (25 V) {45} + vi,j05,10m,n {15}
—(hijri(2; V) + i jhra(a; V) {6} + vi ;95,1 {3})vmn
=(hijrm (2; V) + vi e (25 V) {6} + i jor,m {3} v1,n
—(Pijkn(@; V) + il (23 V) {6} + vijvkn {3 vim. (1.4.41)

We shall use the following properties of Hermite polynomials.

Property 1:
Let X ~ N, (0,V), and let I, be an arbitrary non-empty set of indices of length v, then

E{hr(X; V)] = 0. (1.4.42)
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Property 2:
Let X ~ Np(0,V), and let I, and J, be two arbitrary sets of indices of lengths r and s

respectively, then

Opegs vorip o Pl o Hfeasw
E [hr,(X; V)R, (X; V)] = S e A (1.4.43)
0 otherwise.
Property 3:
Let X ~ N,(0,V +dT), where d is a scalar and T is @ m X m matriz, then
\ 2r1 ..
E [hil---dZT(X; V)] e (Tiliz) sy '(Tizr—lizr) ol d". (1'4'44)
Note that (1.4.44) does not depend on the covariance mairiz V. Furthermore,
E [hi; iz (X3 V)] = 0. (1.4.45)

For proofs of Property 1 and Property 2, see Barndorff-Nielsen et al. [2] or Barndorfi-
Nielsen & Cox [5, pp. 152-153]. Property 3 follows from Exercise 5.10 in McCullagh [27].

1.4.3 Differentiating Inverses of Matrices

We shall make use of the following result on differentiating inverses of matrices.

Let A be an invertible r X r matriz which is a differentiable function of a parameter 8,
Then

AA™Y =, (1.4.46)
where I, is the r X v identity matric. Differentiation of (1.4.46) shows that
o0, TR O [ R, |
(4 )/,- = —A14,4 (1.4.47)

and

(A_I)/ij = —AT AT + ATV AR AT A AT (2] (1.4.48)

13



Chapter 2

The Wald Test

There are three major types of standard parametric tests: the likelihood ratio tests, which

reject the null hypothesis Hy for large values of
w=2{1(8) - (D)} ;
the score tests, which reject Hy for large values of
S = 7 (0)i (8)15(9);
and the Wald tests, which reject Hy for large values of
W= n (0 - 8) () (7 - 7).

The likelihood ratio test was proposed by Neyman & Pearson [30], the score test by Rao
[32], and the Wald test by Wald [33]. As the likelihood ratio and score tests are well

known, we do not review their properties here.

The Wald test has a severe drawback, which will be discussed in Section 2.2. The main
purpose of Chapter 2 is to define versions of Wald tests which do not suffer from this

drawback.
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2.1 The Traditional Wald Test

The idea behind the Wald test is that the distance between the maximum likelihood
estimator 6 under the full hypothesis and the maximum likelihood estimator 0 under the

null hypothesis should be close to zero if the null hypothesis is true (see e.g. Buse [13]).

The Wald test statistic is defined as the squared distance between the two maximum

likelihood estimates, as measured by the information metric, that is
“ ~ " ~ =~ T
w=n(8-0)id(6-0), Gl

where () is the expected information matrix (1.3.5). Under Hgy, W is asymptotically

x?2-distributed with p degrees of freedom with error of order O(n‘%).

Remark 3:
Definition (2.1.1) of the Wald statistic is slightly different from the traditional Wald statis-

tic, usually defined as
W=mn (1/) = %) iy (%) (1/) - ¢0)T - (2.1.2)

where iy4(1) denotes the interest part of the expected information matrix. The reason
we use definition (2.1.1) rather than definition (2.1.2) is partly that it is simpler to under-
stand geometrically, and partly that definition (2.1.1) takes into account the information
contained in the nuisance parameters about the statistical model we are investigating,
whereas definition (2.1.2) treats the nuisance parameters as fixed and equal to the unre-
stricted maximum likelihood estimate x = ¥ (see Critchley et al. [18]). Note that the two
definitions coincide when we are testing simple null hypotheses, and when the parameter
space @ splits as @ = ¥ X X and ¥ = x. For example, in parametric families with cuts

the parameter space splits in this way and the two Wald statistics are the same.

2.2 Drawback of the Wald Test

For a given set of data, the value of the Wald statistic varies depending on how the null
hypothesis is formulated. That is, the test statistics for testing two algebraically equivalent
hypotheses can be very different. Breusch & Schmidt [12] show that for a given set of data

it is possible to make the Wald statistic attain eny positive value - just by rewriting the
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null hypothesis in an algebraically equivalent way.

Thus, changing the parameterisation of the statistical model may result in a different value

of the test statistic. We now indicate why this occurs.

2.2.1 Obtaining any Value of W

Suppose for simplicity that we are testing the simple hypothesis
Hl) 10 = 0

against
Hy:0€0.

Then the Wald statistic (2.1.1) is

W = nb i(§) 7.

Now, let £ = £(6) be an alternative parameterisation of ©, such that £(-) is a one-to-one,
differentiable function, mapping © into E = £(0). For simplicity we assume that £(0)=0
and that the matrix ;5% is diagonal, i.e. £(8) = ¢(6") for i = 1,...,7. We can rewrite the
null hypothesis as

Hy : £(6) = 0,

and we obtain the Wald statistic given by the &-parameterisation as

wh = néié) £

w0) (5or6®) " 0 (€)@,

For any number K > 0 and any value of # there exists a function £ such that for all

7 g—tg% = K¢, where £(0) = %65(0). Applying this function we get

!
=
\F:;

and hence Wt = K?W. By choosing K appropriately, it is possible to obtain any positive

16



value of Wt.

Remark 4:

The following explanation of the problem caused by the lack of parameterisation-invariance
of the Wald test was given by Phillips & Park [31]. The true distributions of W and W1
are (in general) different. If we knew these distributions then we could use them to assess
the significance of observed values of W and W1, respectively, and the observed signif-
icance levels would be the same. However, since the distributions are unknown, it is
usual to compare the observed values of W and W1 with their asymptotic x* distribution.
This asymptotic distribution is determined by the distribution of the first order Taylor
expansion of the test statistic. Different parameterisations lead to different higher-order
terms of the Taylor-expansions, and so the test statistic changes with the parameteri-
sation, while the asymptotic distribution remains unchanged. This means that, for the
same set of data, we might accept Hy using the #-parameterisation and reject it using the

&-parameterisation.

2.2.2 Differential Geometric Considerations

Let 6 and @ denote the maximum likelihood estimates on © under Hy and H, respectively.
Note that the maximum likelihood estimates are points on the manifold, and do not depend

on the parameterisation.

The Wald test attempts to measure the distance between the points 6 and 6 on the manifold
0O, using the inner product from the expected information matrix z(é) However, the inner
product defined by z(é) is an inner product on the tangent space T;0 of 0 at 0, whereas 6
and 6 are points on the manifold ®. There is no inner product given on ©, and thus no
such thing as ‘the distance’ between two points (see e.g. Critchley et al. [18] or Murray
& Rice [29]).

When the Wald statistic is computed, a parameterisation, A is implicitly chosen to get
points 2(§) and h(f) in a parameter space which is then identified with the tangent space
T30. Once we have points in the tangent space we can use the inner product based on
i() to obtain the Wald statistic. However, as the points 2(f) and h(f) obviously depend
on the parameterisation chosen, the Wald statistic depends on the parameterisation. In
other words, the squared distance used in the Wald statistic is the distance between h(6)

and %(f) for some (not unique) parameterisation k (see e.g. Critchley et al. [17, 18] or
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Le Cam [26]).

Remark 5:
The likelihood ratio statistic

w=2{10) - 1d)} (2.2.3)

is simply a comparison of values taken by the likelihood function on the manifold and does

not depend on the parameterisation. Also, the score statistic

§ = n~l(0)i(0)1;(0) (2.2.4)

is parameterisation-invariant, as it measures the length of a vector [,(6) = %’,—(a; z) in the

cotangent space, with a metric #(#)~! on the cotangent space.

Remark 6:
Various authors (e.g. Critchley et al. {17, 18], Le Cam [26] and Dagenais & Dufour [19])
have come up with suggestions for re-defining the Wald statistic in ways avoiding the

dependence on the parameterisation.

Critchley et al. [17, 18] discuss defining a Wald-type test statistic entirely on the manifold
0. Their Fisher geodesic statistic is defined as the squared geodesic distance between 8
and the nearest point in ®¢, where @y is the (sub)manifold corresponding to the points on
© for which the null hypothesis is satisfied. They use the geodesic based on the expected
information matrix on . Calculation of the Fisher geodesic statistic involves solving
second order differential equations (o obtain geodesics) and then minimising (to obtain

the geodesic distance). In general, this can be very complicated.

Le Cam [26] considers the confidence ellipsoids of the Wald statistic. Naturally these
confidence ellipsoids depend on the parameterisation in the same way as the Wald statistic.
As an alternative, he suggests using a function of the Hellinger distance to measure the
distance between § and @ on the manifold. He then bases confidence ellipsoids on these
(parameterisation-invariant) distances. Unfortunately, the Hellinger distances, and thus

the new confidence ellipsoids, can be difficult to compute, unless the model is very simple.

Dagenais & Dufour suggest using special formulations of the generalised Neyman’s C(a)-
statistic which are invariant and can be chosen such that they are easily computed in the
same situations where the Wald statistic is easy to compute. The Neyman’s C(a)-tests

are not directly linked to the ideas of the Wald test.
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2.3 Geometric Wald Tests

A family of new Wald statistics, geometric Wald statistics, is formulated here. The main
ideas are closely related to the arguments of Critchley et al [17, 18], the fundamental
difference being that while they construct a new statistic (the Fisher geodesic test statistic)
using the manifold itself (see Remark 6 in Section 2.2.2), here a family of parameterisation-
invariant statistics is defined using the tangent spaces to the manifold. We shall use the
differential-geometric concept of a yoke to form a coordinate system on the manifold O,
taking values in the tangent space 730 such that bis mapped to the origin and § is mapped
to a ‘relevant’ point of T;0©. A new Wald-type test statistic can now be defined as the
squared distance (given by a suitable Riemannian metric) between this ‘relevant’ point

and the origin.

Recall that a yoke g induces a Riemannian metric g ;(¢) on Q. Furthermore, for a fixed

point 0, define

1 d

1+ a - ',}___
B f gj;(aie) 90°°

9 f‘jg;j(ff’; 6) +

Ts (6;6') = ni {

where « is an arbitrary real number and f‘j is the (7,)™ element of the inverse of the
matrix [¢;;;(0; 8)]. The functions T\ (8;-) provide a family of (normal) coordinate systems,
around # € O, taking values in the tangent space to © at f (see Bleesild [10]). It is
straightforward to see that i (6;9') is a vector in the correct tangent space 730. An
intuitive argument for looking at these particular coordinates hinges on the importance
of the yoke involved. The yoke g(@;#') contains useful information about the manifold of
statistical models and about the difference between 6 and ¢'. By definition of a yoke, we
know that g(8;6') is smooth and concave locally around the diagonal g(#). Thus, for fixed
6 the steepness of the slope at (8;¢') indicates how ‘far away’ we are from the diagonal i.e.
how far ¢’ is from 8. Likewise, for fixed 6’ the steepness of g(0; §') tells us how far 6 is from
@'. The constant a is used as a weight between the two ways of expressing the discrepancy

between & and ¢'. These coordinate systems are the key to defining our statistics.

We use the inner product obtained from the Riemannian metric g ;, based on the yoke
used in the f‘,,,-coordina.te systems, to measure the squared length of the vector f’* (é, é)
in T;©. More precisely, for each o € IR, we can define a parameterisation-invariant test

statistic on the tangent space T;0© of © by

@

W = T.(6;0)46) . 7(4;0)
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= T.'(6;0)4,;(0) T.. ¥(8;0). (2.3.5)
We call this family of test statistics the geometric Wald statistics based on the yoke g.

Observe that we can write the geometric Wald statistics ﬁ/ as

W = 1 (8;047(0) T; (6:0), (2.3.6)
where
f‘,‘ (0;0’) = ’n,llz' {#g;i(ol; 9) + ! ; ag,-(ﬂ; 9’)} (2.3.7)

is the lowered version of T's (6;9").

In particular, geometric Wald tests based on the expected and observed likelihood yokes,
respectively, will be considered here. We call the geometric Wald statistic based on the
expected likelihood yoke (1.3.16) the ezpected geomeiric Wald statistic, and the geometric
Wald statistic based on the observed likelihood yoke (1.3.17) the observed geometric Wald
statistic. In comparison to other suggestions for re-defining the Wald statistic (see Remark
6 in Section 2.2.2), the geometric Wald statistic can be calculated fairly easily from the

yoke and the two maximum likelihood estimates @ and 4.

In Remark 11 and Remark 14 in Section 3.5.3 and Section 4.4.3, respectively, we find that,
under fy, the geometric Wald statistics based on either of the two likelihood yokes are

x2-distributed with error of order O(n‘%).

Remark 7:

We mentioned in Remark 3 that the traditional Wald test is slightly different from the
definition used here. Ideas for defining geometric Wald statistics closer to the original
statistic (i.e. not depending on the nuisance parameters) include (i) using the profile
likelihood for the interest parameter 7, (i) using a marginal distribution only depending
on 1, or (iii) treating the nuisance parameters as fixed and equal to the unrestricted

maximum likelihood estimates ¥.
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2.3.1 Modified Wald Tests

Hayakawa & Puri [23] suggest a modification of the Wald test when testing simple hy-
potheses
H o- 0 = 90.

They suggest replacing the expected information matrix i(f) at § in (2.1.1) by i(6o),

obtaining the test statistic

W = (0 - 60) i(60) (6 - 60) .

The motivation behind the modification is that sometimes it is easier to calculate the
expected information matrix at 6 than at §. We can generalise the modification to

composite null hypotheses as

W= (0-0)id) (5-6) . (2:3.8)

Note that this modified statistic depends on the parameterisation.

2.8.2 Modified Geometric Wald Tests

The geometric Wald test statistics can be modified in a way similar to that used by
Hayakawa & Puri to modify the traditional Wald statistic. In the geometric Wald statistic,
we mapped @ to a point in the tangent space T;© at é, in order to use the inner product
from i(é). We can modify this method by instead mapping 6 to a point in the tangent
space T30 at g and using the inner product from #(8) to form a modified geometric Wald
statistic. We define

w

£. @040 £, (4;0)
= T (@;0)4(6) T, 8;6), (2.3.9)

where £ and T (6;0") are based on either the expected likelihood yoke (1.3.16) or the
observed likelihood yoke (1.3.17).

The modified geometric Wald statistics are parameterisation-invariant. Like the un-

modified statistics, the modified geometric Wald statistics all have xf, distributions under
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Hp with error of order O(n_%).

Remark 8:
Definitions (2.3.6) and (2.3.9) cover a whole range of test statistics, when different yokes
and different values of o are considered. Tt is interesting to observe that the score test

statistic (2.2.4),
5 & n“ll.;(é;é,a)i"’j(é)lj(g;é,a.),

is very nearly the same as the modified observed geometric Wald statistic with o = —1,

-1
W = n~'(6;6,a)759(0)1;(6;6,a).

The only difference is that the geometric Wald statistic always uses the Riemannian metric
corresponding to the yoke itself — in this case the observed information metric — whereas
the score test statistic involves both the expected and the observed likelihood yokes. Note
also that when we consider models with cuts, the geometric Wald statistics based on either
of the likelihood yokes simplify to the geometric Wald statistics for the marginal model of

the interest parameter.

Example 2.1:

Consider a linear regression model
Y =a+ba; + ¢, — [

where, for ¢ = 1...n, ¥; are dependent variables, z; are controlled variables, @ is a con-
stant, b is a slope parameter and ¢; are independent, identically normally distributed
random variables with zero mean and unknown variance ¢2. For convenience, we write
the parameters as 8 = (a,b,02). Suppose we wish to test that the parameter  belongs to

some subspace ®p of R X IR x IR.

The log-likelihood function of 6 is

1 n
1(6) = -g (10g27r+ logaz) - WZ(Y' - — ba:i)z.

i=1
The expected likelihood yoke (1.3.16) is then
f(8;6") = n7'Eg [I(0) - 1(0)]
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1 12
= §(loga logaz+1—(;—2)
_%5 (@ = a)* + 2(a’ — a)( — B)&. + (¥ — b)?SSa) ,
where Z. denotes the mean value % * 1 2; and where 55, is the mean sum of squares

58, =137, 2} Thus,

(0:0) = (@ —at @~ b)a)

£(6;6) = %((a'-a):z-.Jr(b'—b)ssx)
0./2
f6:8) = 5 (1———) + ot 2o @ =t (= D))
and
fal88) = 12 (o —a+ @ —b)z)
F030) = 5 (@ - @)z + ('~ )SS,)

1@50) = 3 (5 -=5)-

o2 gt

Furthermore, we find that the expected information matrix is

F  HE 0
i(8) = ;175, ;%SSx 0 |,
1
0 0 s
and thus the expected formation matrix is
o2 5T A
IROESIES S~
0 0 20
where 55D, is the mean sum of squares of devmtxons 2 (x; — %)% We find I (0 0)
by
i 1 s
Ty (6;8) = n¥ { 8 el “fa(o;o)} ,
that is
B o o 1 fl4+a l1—a\/., . 7 a_
T.(8;8) = n3 (—2—52— + W) (a -+ (b— b)a,.)
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T (6:6) = ni ( 557 + 202 )((aha)m + (b— b)SS’)

1=l

2
[+ 4 nooa 1
T2 (6;6) = ni LT +5 ﬁa4§(a—a+(b b)n,) .

Finally, we get the expected geometric Wald statistic as

e d LA Lt k%
W = 02(%2—+ 202) le(a—a-i—(b b)z)

t=

1 &4—64—04(62—&2)2 T #
+"§( 25257 T onet 73 (a-a+G-bm)’) .

=1
The modified geometric Wald statistic in expected geometry follows by swapping § and @
in the above formula. We find that

o]

e —_ 4.5 ~ A
W = & (12—:23+12&2"‘) Y (a-a+ (- by’

=

L(#t -5 -a(@-0)’ 1-c ?
"3 ( 25257 t g2 Z (a~a+@-ba)) -

The likelihood ratio test statistic (2.2.3) for testing the same hypothesis is
w = 2{f) -1}
= a1 1 8 T IO O P, oV W
= (oga—oga) EEZ(.,—a— :c,) +;——Z(i—a—bn,i)

=2 52 n
= nlog%-{—n(gr —1) ﬁz(&ma-#(l;—f'))xiy,
i=1

where we have used that the maximum likelihood estimate of the variance is 6% =

2 s B 2
153, (Y—a,—ba,) and that iy (¥ — @ —boi) =no? + 0L, (a—a+ (b b)) .
The score statistic (2.2.4) becomes

S = a7 (0" (0)F(9)
; O
= 5§Z(a—a+(b—b)m;)
=1
1 (62— 52 i\ *
md (E5E 4 e e-ar6-bey )

Observe that the score statistic is exactly the modified geometric Wald statistic with

a = —1. This happens because the linear regression model is a full exponential model
-1

and, as we shall soon see, for all full exponential models we have that 5 =W.
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2.3.3 Full Exponential Models

Suppose we have a full exponential model (see e.g. Barndorff-Nielsen & Cox [5] or Efron

[20]) with density function
f(x;0) = 09" =),

and hence log likelihood function
1(0) = t(x)T — a(9).

Then @ is the canonical parameter. Let 1 be the expectation parameter, that is
n = n(0) = Iy [#(X)],

where IEg [-] denotes the mean value with respect to 8. Observe that 5y [;(6)] = 0 implies
that 7 = 25a(6). Let i(8) be the expected information matrix in the §-parameterisation.

Then the expected information matrix in the 7-parameterisation is
. o\t anT
R i 8){ =L
i) (aeT) # )( 90

3 ¥ 4 -
= (%a((;)) i(6) (%%Ta(o))
- ),

-1

where we have used that #(6) = —#f;wra(g). The two likelihood yokes coincide for full

exponential models, and they are equal to

g(61;02) = n 1B, [I(61) — U(62)]
= (0; = 0%) ai(BZ)T - (1.(01) + 0(92),

where a; = g—;;. Thus

gi(91;92) = az’(92)“ai(gl)

g:(02:01) = (0 — #) aij(61) — ai(61) + ai(61)
(6 - 63) ii3(60).

I
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The geometric Wald statistics are

)?‘r) _ n(1+a

LG ai0)+ 5256 -1) 0
i &
X (l%ﬂ(g - 6)i(d) + 1—2——«(1'7 - ﬁ)) : (2.3.10)

and the modified geometric Wald statistics are

o

—

W o= o (20— 0i0)+ 520 - 1) i @)

Do | i - T
x (FE20- 0y + 52— 7)) -

(2.3.11)

In particular, observe that

n(0-8)id) (5-5)"

n () — ) i(#) (7 — )T

SLos-
I

are the traditional Wald test statistics (2.1.1) for the canonical and expectation parame-

terisation, respectively. Furthermore,

I

n(0-9)id) (6-6)"

n (f — i) (i) (7 — 7)"

L3I

i

are the modified traditional Wald statistics (2.3.8) for the the canonical and expectation

parameterisation, respectively. Finally, note that, as the two geometries coincide for full
-1

exponential models, the score test statistic (2.2.4) is equivalent to WW. Moreover, for

multivariate normal distributions with known variance, it is straightforward to see that,
(&3

—

'fora11ya,]7V=W= S o= w,

Example 2.2:
A very simple example of the geometric Wald statistics is given by looking at the 1-dimensional

exponential model consisting of the exponential distributions, with density function
f(x;0) = gre~ ™92,

where Z denotes the sample mean. We have a full exponential model with canonical
parameter @ and expectation parameter 7 = #~1. The expected information matrix in

the canonical parameterisation is #() = 2. Thus the geometric Wald statistic (2.3.10)
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becomes

Se
fl

— i’ -~ -~ 2 ~,
n (1 T2 -0+ %(9-1 = o"l)) 6

il L e Dbt S 2
4 é 0 '
Likewise, we find the modified geometric Wald statistic (2.3.11) to be

1 g g .

-

Il

w

To assess the adequacy of the large-sample x? approximation to the null distribution of
the geometric Wald statistics, 1000 simulations were run for the exponential distribution,
testing the null hypothesis

Hy:0=1,

where @ is the canonical parameter. For sample sizes » = 12 and n = 5, the following

results were obtained:

n=12 n=>5

nominal cumulative probability | nominal cumulative probability
a | 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.950
0] 0.893 0937 0.957 0.976 0.868 0.912 0.938 0.964
0.33 | 0.889 0.931 0.947 0.968 0.862 0.899 0.923 0.949
-0.33 | 0.897 0.938 0.966 0.984 0.878 0.925 0.959 0.970
0.5 | 0.887 0.926 0.948 0.966 0.859 0.899 0.920 0.942
-0.5 1 0.902 0.942 0.970 0.986 0.884 0.933 0.960 0.979
110883 0.922 0.941 0.952 0.852 0.882 0.904 0.919
-1 10916 0.959 0.975 0.988 | 0.928 0.960 0.967 0.983
10 | 0.702 0.742 0.777 0.796 0.622 0.654 0.682 0.716
-10 | 0.733 0.768 0.796 0.826 0.623 0.662 0.691 0.720

(23
Table 1: P (WS X?;c) for ¢ = 0.90, 0.95, 0.975, 0.99 based on 1000 simulations.

In this example, the nominal cumulative probabilities (from the asymptotic x7 distribu-
tion) of the geometric Wald statistic with @ = —1 are consistently better than those for
any of the other values of o used here. The x?-approximation is very poor for a = +10,
and not particularly good for most of the other values, not even for the score statistic
which is the geometric Wald statistic for the value @ = 1. The approximation clearly

worsens as the sample size is reduced. In the next two chapters we shall try and improve
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the approximations to the limiting distributions for small sample sizes. We do this by

obtaining Bartlett-type adjustments of the geometric Wald statistics.
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Chapter 3

Bartlett-type Adjustment for )?\d/

3.1 Bartlett and Bartlett-type Adjustments

By multipying the likelihood ratio statistic by a suitable factor, the x? approximation to
the asymptotic null distribution can be improved remarkably. This factor (the Bartlett
adjustment) does not depend on the observations but is purely a function of the cumulants
of the log-likelihood derivatives (see e.g. Barndorff-Nielsen & Cox [4, 6, Section 6.3] or
Cribari-Neto & Cordeiro [16]).

A result corresponding to the Bartlett adjustment of the likelihood ratio statistic does not
in general hold for other test statistics such as the score statistic (2.2.4) and the Wald
statistic (2.1.1). In particular, it does not hold for the geometric Wald statistics (2.3.6)
and (2.3.9). There are, however, various other ways of adjusting a wide range of test
statistics to improve the approximation to the asymptotic distribution. Here we shall use
the moment generating function to find a Bartleti-type adjustment of the geometric Wald
statistics. We start out with a brief reminder of the Bartlett adjustment of the likelihood

ratio statistic and an outline of the argument behind the Bartlett-type adjustment.

3.1.1 Likelihood Ratio Test

Recall that the likelihood ratio statistic (2.2.3) for testing Ho against H, is given by

w=2{I(6) - 1)} (3.1.1)
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The statistic w is invariant under re-parameterisation and is x?-distributed under Hg, with

error of order O(n‘é).

It can be shown (e.g. Barndorff-Nielsen & Cox [4]) that the mean value of w can be

written as

Elw] = (1+1%) p+0(n%), (3.1.2)

where B is a function of the parameter § = (61...67). Define

B -1
w'= {1 + —-} w. (3.1.3)
pn
Then, trivially,
E[w] = p+0(n2). (3.1.4)

Furthermore, all the cumulants of w are corrected to order O(n‘”az'). Thus w’ has a x?
distribution with error of order O(n“%). The correction term B is a function of the joint
cumulants of the log-likelihood derivatives up to order 4. Barndorff-Nielsen & Hall [7]
show that the error in approximating the distribution of the Bartlett adjusted likelihood

ratio statistic by its limiting x? distribution is of order O(n~?) rather than order O(n“%).

3.1.2 Bartlett-type Adjustments

Cordeiro & Ferrari [14] provide a general method of using the moment generating func-
tions to obtain Bartlett-type corrections of test statistics which are asymptotically y2-
distributed with error of order O(n‘lf). Their corrections improve the approximation to

the asymptotic distribution to order O(n“%). An outline of their method is as follows.

Let § be a test statistic with a x? distribution with error of order O('n.“";z'). Then we can

find an adjusted statistic 57, defined by

5 = {1 E —:;(c +65 + (1.52)} s, (3.1.5)

having a x? distribution with error of order O(n‘%).
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Denote the moment generating function of the null distribution of S by Mg(t). The

asymptotic expansion to order O(n~') of Mg(t) can be written as
Ms(t) = B [e%]

= (1-20)7% (14 (24n)7 {A1d + Apd® + Aad® + O(d%) })
+0(n~?2), (3.1.6)

where

2t
d=
1—28

(3.1.7)

and Aj;, A; and A3 are constants.

We can rewrite (3.1.6) as

Ms(t) = (1-2t)%
+(24n)7! {A3(1 ~ 20~ 4 (4, - 345)(1 — 28)~F
+(A1 — Ag + 345)(1 — 20)~ "%
+(As — A1 — A5)(1-20)"E + 0 (1 - 20)7"%*)}
+0(n™%), (3.1.8)

from which it follows that

fs(z) = gp(e)+(24n)"" {Asgpre(2) + (A2 — 3As)gpta(z)
+(A1 — Az + 343)gpsa(e) +(Az — Ay — A3)gp(2) + O(gp4s(2))}
+0(n™ %), (3.1.9)

where fg(z) is the probability density function of § and g,(2) is the probability den-
sity function of a x*(p) random variable. Now, from the recurrence relation g,y2(z) =

ep~gp(2) we have that
fs(z) = gp(2) (1+ Bo+ Biz + Bsa? + Bsa® + 0(a*)) + O(n~¥), (3.1.10)

where

Ay — A — As
24n
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3A3 - 2A2 + A1

By 24pn
T
27 24p(p+ 2
Bs A3
24p(p + 2)(p+ 4)n’

This can be used to obtain the following result by Cordeiro & Ferrari {14].

Proposition 1:
If a statistic S has a moment generating function of the form (8.1.6) then the statistic 5’

given by (3.1.5), where

a = A3
12p(p+2)(p+4)
, A= 24
T 12p(p+2)
o Ay — A+ As
12p

has a x*(p) distribution with error of order O(n"%).

3.2 Notation

Before we start Taylor-expanding the geometric Wald statistics, we introduce some more
notation that will simplify the expansions. Let f = f(6; #) denote the expected likelthood
yoke (1.3.16). Recall from Remark 2 in Section 1.3.2 that [f;..(8)] = i(8), where i(8) is the

expected information matrix of order O(1). We define the (normalised) derivatives of the

scores by
Z = n~H;(6;X) (3.2.11)
Zii = n"3{l;(6;X) - nfy;) (3.2.12)
Zijg = w5l (6;X) — nfil, (3.2.13)
and
Z' = i9(0)Z;. (3.2.14)

We shall use subscripts a,3,7,... to denote the nuisance parts of the derivatives of the
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scores, that is

Zo = nT5l,(6;X)
Zia = n'%{l;a(();X)——nﬂ-a]

etc.

Letting [#**] denote the inverse of the nuisance part [i4,] of the information matrix ¢,

we define

Ze = yPg, (3.2.15)

Note that all the (normalised) derivatives (Z;, Z;;, etc.) of the score are of order O(1).

3.2.1 Tensorial Versions of Derivatives of the Score

In order to simplify the calculations in the expansion of the geometric Wald statistics and
to give them an invariant form, we use the following tensorial versions of the derivatives

of the score vector. Let

i = & (3.2.16)
Yi = Zij—Jip2* (3.2.17)

Yk = Zisk = FijaZim {3%iin ™ + (figomdimt (Vg ™" — fijut) Z' (3:2.18)

Subscripts «, 3,7, ... denote the nuisance parts of the Y's, that is

V. = 2
Y; = Z —iia;kzk
ete.

Note that the Y's are all of order O(1).
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3.2.2 Some Useful Tensors

To simplify the expansions of the geometric Wald statistics we introduce the following
tensors (see Barndorff-Nielsen et al. [2] or Blaesild [11])

Lise = =Tia{3Yise — Liin (3.2.19)
= Juie = Tini(= Tigre = Titig = Tiig — Fijin)

bt = ~Ligmdug® " + Lijim (3.2.20)

Fijk = _lf’ijm/kl;n{g'}jkzim'n +Ziin —fjkl;,' (3.2.21)

Bigr; = = Fii — Kijse{3} - (3.2.22)

The geometrical interpretation of the tensor £, is the skewness tensor (see Lauritzen [24]).
Subscripts «, f,7, ... denote the nuisance parts of the £-tensors, that is

f'ija = /i;ja _lja;i

bapy = oy = Tpvia

/tij;cxﬁ = _/ij;m/n;aﬁimln + /‘ij;cxﬁ

ete.

Observe that all £s are tensors and are of order O(1).

Furthermore, because we are considering only interest-respecting re-parameterisations, it

is easy to see that the following expressions are tensors

1%1 ;,ﬁ = /ag;j":i'j = Jf.ylap;sfﬂ’s (3.2.23)
-1 . 'i . o
Hip = (Jopi+ Fiap) i = 8 (fupis + Lapy) V. (3.2.24)

gl e

The geometrical interpretations of H i, s and H |, g are the expected 1-embedding curvature
and the expected (-1)-embedding curvature, respectively, of @g in © (see e.g. Barndorff-
Nielsen & Bleesild [3]). We also define the following lowered versions of the embedding

curvatures,

Hiop = i H La (3.2.25)
o

-1
Hiap = i Hpp (3.2.26)
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Finally, we define the following tensors

Tk = Figm Atn® (3.2.27)
1 1 .
Tiagk = Hiap jjkq”ﬁn (32.28)
1 1 1
T = Hieadjuge™ (3.2.29)
1 1 -y
Tiapy = — H'i;aﬁ /ﬂen”d'e {B}aﬁ—y + iaﬁ'y;i = 4,5V 'E/ozﬂ'y;e (3230)
=1 =1 T
ToBii = Hras iji™ (3.2.31)
-1 -1 -1 s ‘
Toaprms = HiopHjms . (3.2.32)
As before, we use subscripts a, 3,... for the nuisance parts of the tensors, e.g. Tijka =

it Frna® ™ Bbes

3.2.3 Sub- and Superscripts

In this section we shall differentiate between single and multiple indices. Let lower-case
letters such as %, 7, k, ... run through {1,...,7}, and let the upper-case letters I,J, K,...
run through {1,...,7,11,...,7r,111,...,7rrr}. We shall use upper case letters R, S, T ...
to denote sets of multi-indices {(I), (I, J),(I,J, K),...}, e.g. the cumulant Ap means the
set of all cumulants {A;, Aij, ..., Aij, ...}

3.3 Expected Geometric Wald Tests

The family of geometric Wald statistics (2.3.6) in expected geometry is defined as
W= Tu(6;8)i(6)T;(6;6), (3.3.33)
where
o . 1 (14« " l-a 7
B0 0) = ok { 52500500+ 525000

with f(0;0") as the expected likelihood yoke (1.3.18),

£(6;6') = n~ Iy [1(6) — 1(68")] . (3.3.34)
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Note that f‘;(é; ), f‘i(é; 6"y and W have order Oo(1).

Modified Exoected Geometric Wald Test
When the expected likelihood yoke is used, the modified geometric Wald test (2.3.9) be-

comes

(43

W = Tu(6;0)i(@)T;(4;0). (33.35)

3.4 Bartlett-type Adjustments

In order to compute the moment generating functions of the geometric Wald statistics
and the modified geometric Wald statistics, and hence their Bartlett-type corrections,
we need to find the asymptotic distributions of )Xi and )%7 up to order O(n”’g‘). This
is done by Taylor-expanding )/O\‘) and )%7 as polynomials in the (normalised) score vector
Y. = M,.... Y, Y11,..., Y, Y111, .., Yopr) and using a result by Barndorff-Nielsen &
Cox [5] on the distribution of Y,. Letting Ar denote the cumulants of Y,, observe that
IE [Y.] = (0,...,0) and the variance of Yx is A = [A7,7]. Let A=t = [Al/] denote the inverse
of A.

From Barndorff-Nielsen & Cox (5, Section 6.3] we find the probability density function of
Y. to be

p(Yu0) = o(Ya;A) {1 +n72Q; +n71Qs + o5}, (3.4.36)

where @(-; ) denotes the probability density function of the (r+r%+47%)-dimensional nor-

mal distribution with mean zero and variance matrix A, and

1
Q1 = EAI’J’KhIJK(Y*;)\)

1 1
Qs = ﬂ)\I’J'K'LhIJKL(Y*; A) + i)\I’J’K)\L’M'NhIJKLMN(Y*; A),

where hrj(Ye; A), hrsr(Ya; A), ete. are the covariant Hermite polynomials (1.4.33)—(1.4.36),
defined by

hrs(Ye; A) YiYy — Arg, (3.4.37)
hrak(YA) = YiY;Yk — ArgYx {3}, (3.4.38)
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hrogr(YaA) = YiYsYx¥r — A\ gYwYr {6} + Mo k {3},  (3.4.39)
hragpmn(Ye; A) = YiYsYrYrYmMYn — ArsYeYrYuYn {15}
+A1 7 K, LYMYN {45} — ALJAK,LAMN {15}, (3.4.40)

and where ALK and MWL are lifted by A1, e.g. ALK = )\I’L/\J’M)«K’N)\L,M,N.

The As and hs are all of order O(1). Thus the terms ¢y and ()2 are both of order O(1).

Remark 9:

Note that
Aij = EYY;] =i
Aije = E[YYyl=0
A = E[YiYju]=0.

Thus,

A =gl (3.4.41)

Remark 10:
Let kr denote the moments of the derivatives of the log-likelihood function for one obser-

vation. We can write f;.;(6) in terms of the moments as

It = &1 (3.4.42)
fiy = ¥ (3.4.43)
Tk = KLjk+ KLjk (3.4.44)
T = Engk+ 6Lk {8} + K15k (3.4.45)
etc.

Note from (1.3.12)—(1.3.15) that we can write f,;(6) as a sum of functions f;.;(8), such
that U K = J and [ is non-empty. Thus we can write all derivatives of f(¢) in terms of

the moments. It is not (necessarily) possible to write an isolated moment as a function of
the f7.;(0)s.
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3.5 Taylor Expansions

Taylor expansion (in any coordinate system on the full parameter space @) of Zi = Zi(é)

around the true value # of the parameter gives
0 = Zi

n'%l;(é;X)
L -3 T T | s oo
n~8(8;X) +n~4155(6;X) (7 - ¢7) + n ?Slin(6;X) (67 - 07) (6% - 6*)

+n—%%z,~jk,(o; X) (69 - 09) (8 - 6*) (0" = ') + ..

ll

Z; + [Zij + n%J}j] (éi - o:’) + % [Z,-jk + n%/ijk] (gj _ gj) (ék _ gk)

+% [Zijk! + n%/ijkl] (éj - 05) (é" - 0") (@’ - 91) + ...
By substituting § = nz ((9 - 0) and re-arranging, we find that

. s 1 s W o o i - 1 s
~Z = —ij b {Zij5’ + gfijkfs’ék} +n7 {§Zi5k5’5'° + gﬂjk15’5k5'}
+ (n_%) 2
Solving for & gives
§ = Zi4nz {i*'ﬂ'zjkzk + %z”'ﬂ'/jk,zkz’}

o T ;A iow

+n71 {z"’zk'lekmeZm + ~2-z"’ij1Z’°Zl - z"Jljk,zk’mZnglZn
1 1.

+§z"31,'°"flngijmZ” + g@”’/jklmZkZlZm
Lozt o

+§zt,3/jklzl,m/mnozkzn Zo}

+0 (n7%). (3.5.46)

Let § = n3 (@ - 0). Clearly, §* = n3 (5“ - 0“) vanishes. Furthermore, we obgerve that
Zy = «(6) = 0. Thus expanding Z, around the true value 8, substituting §%, and solving

for 6%, we obtain

2 L 1
& = 7%+ ;{V"”ﬂzﬁvZ”+§V“’ﬁ/ﬁvszqza}

(e d ,n—
- 1
+n~t {u‘*ﬁ,ﬂv'f ZpyZse Z° + 51/“"’ VAMYAVARS s PNTLLY I Al A
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£ 1
i LT I AV AR g”a'ﬁ/ﬁ

A Al A -;—1/

§ 8,
e aﬁ/ﬁqs” - ewzvzwztﬁ}

+0 (n7%). (3.5.47)

3.5.1 Taylor-expanding i~!

Observe that 53ri; ;(6) = f;.,/,(6) and 5rii (0) = [ /xa(8). Using (1.4.47)and (1.4.48),

we find that

Thus

i ()

B s
agrt (0) = ~i o T (3.5.48)
T st .
691&:331?' 1J(9) = (—Im;n/kl +/m;P/k?’p,q/n;p/l {2}k1) (3549)

9 i w1 8°
gt (08" + 07 S
= i 4o {~itmp 78]

-1 ) _simaim
+n { gL

= () +n3 #(0)8*8 + ...

; 1,
;n/p(zp’quka & sz,q/quzkzl)

Y : -2
+_2~zz.mz_7,n (~ m;in/kl + 2/m;p/kzp,q/n;q/l) Zkzl} + O(n 2)

s R g n‘% {_ii,lij,mfl;m/kzk}
tn~t {—gtlidmp P 7,7k
155 o g .
+_2_z1,ng,n ['_ -m;n/'pzp'q/qu + 2Im;P/k7’p’qfn;l/q = fm;n/kl] Zkzl}

+0(n™%). (3.5.50)

Likewise, we find that

i (6)

= #i9) 4 n-b 0 ibi(0)F 4 n1 L

' -
T T (9)6%8" +- . ..

= gitss 4
+n 1 {_z‘,lzj'm/m;n/'v(V’Y’SZO“SZO( 2 'é”’y,siaﬁﬁzazﬂ)

1 : 4 =
+§2 'k?,J’l (_/k;llaﬁ -+ 2/Ic;m./oz'Lm’ﬂik:;'n./,[?) Z Zﬁ} o O(n 2)
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_ ’ii’j & n—;— {—z‘i’k‘l‘j'l/ ) Zoz}
+n—1{ %lzj,m[ )6V B Zan,Z
1 gk ed ; 77
+§z kgl ["'/k;(/,yyq' /aps h 2fk;m/azm’nil.n/ﬁ _/k;l/aﬁ] = éﬁ}

+0(n"7). (3.5.51)

3.5.2 Taylor Expanding f‘g(G; ')

Let f“if;.](ﬁ;e') denote the derivatives of f‘,—((); 6", e.g. f‘,-;j((); ') = 505 i_'ﬁ(e 8", I‘,J(B ') =
-(,%-%i(G; ¢'), etc. We find from (1.3.9)—(1.3.15) that

@ 1 1+« l1—-a
L: = n;{ it —3 /i}

= 0 (3.5.52)
E‘ij = nk {_l_lg_a’f;ij £ I—Ta/ij}
= _n%ii,j (3‘5‘53)
/‘i‘ijk = n? {1 -; = ~Jeik = Tiiie A3} = iz {33) + }—;—a/;jk}
~ b { 23+ &) Aiis ~ Figa {3}} (3.5.54)
/%ijkz = ni {1 —; a( ~Jijia = Figia 14} = Fijiy {43 — Jija {63) + l";—a/ijkl}
= ni {%(_Ii;jkl {4} = Fijia {4} — Jija {6})
+% (/i;jkl Tivtg + Gerrs — Lyinr + Tigoer — Tragss) {3}3kl)} (3.5.55)
and that
/%i;j = Ak {1 -; a/j;i 7 - ; ali;j}
= n¥i;, (3.5.56)
/%i;jlc = n2 {1 -; a/jk;i + - ; a/z';jk}
= nk {%(fjk;i + L) — %,tijk} (3.5.57)
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g 1 (14« —Q
/I“J;k = nz { /k,z] j’%],k}
oy
= n} {g(i’k it i) +5 /fuk} (3.5.58)
o 1 1 - C\! —-Q
/rt';jkl = n?2 { ]kl,t 2 /,jkl}
0 1 ¢
Sl {5 .Jkl +/Jk1 z) + (/chl,z _ii;jkl)} (3.5.59)
T 1 (14 —a
Lijg = n? { /klm lzj;kl}
1. [
= n3 {5 ej,k'l +/kl,$]) + (/kl itd fz‘j;kl)} (3.5.60)
T 1 (14 —
/I‘i_‘ik;l = n2 { ﬁ gk + j,ijk;l}
11
sl {§ 3’” +/’-*J’=) i ([wk fijk;z)}- (3.5.61)

Thus, we find the Taylor expansion of f‘;(é; 6) around (6;6) as

Bi0id) = Fi+n b { B+ bisbi)

_ o P o] A 1o e

+n7! {i/rijkéj‘sk + Ly’ 8* + Efi;jkamk}
3 (1« As WA 1« AR 1o Ay & 1« oS
+n3 {-l}jk15’5k5‘ + —l’ijk;z5’5k5l + 51‘:’1‘;1:15’5"51 + E/ri;jklawkal} +
= wb{Fy2i+ ,rmza}
a S s o 1

+n! {/rz'j("'J'kalzt + §%"k/kzmzlzm) + LV 25,27 + 5’/a’ﬂ/ﬁqazwzs)

19 igh b giga 1  says
+5 LiikZ’ 27 + LijsaZ’ 2% + 5 Kiiap2° 2 }
+n"3 {i‘-- (ij'kil'mZkIZng" + iijrkzkzmzl z

zjk/ ,nZ lep+ zj,klml

mnp

ZuZ"ZP + %z‘i'k/k,m Zizmz»
+Eij’k/mmim’n/npqzlzpzq)
+ Lio™® (zﬂ’& ZpyZ5. 2 + 1zﬁwzﬁzf + /s Zey 2° 2

V'Y' Y AVAR S ~/ﬁ7667’y76 —16'161/6 ¥ ¢¢ZWZ¢Z¢>

"l"/I‘iijJ (ik,lzlmzm + Eik‘l/lmnzmzn>
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< i o 1 -7 ol 7 ] 1 j
+Lijia (z”’“ZkIZ’ Z% 4 -2-1.1"7,:,,,1.4’ ZmZ% + v P 75,7977 + Eua-ﬂ/mzﬂ z*zb')
a 1
+ Lo 2™ (Vﬁ"'Z’,aZ& + Quﬁﬂ/ﬁezﬁ Z‘)
1« i 1 et 1 =3 5 1«
+'6/I‘c'jklZ’ZkZI % §/Pijk;aZ’Zk5° * 5,11'3‘;0:62’2025 + gl‘i;aﬂwzazﬁzv}
+0(n~%)
= =ZL+igal?®
Y 1 :
tn"% {_ZﬁZJ 4 4P 25,27 — 7L+ @) £ 27 z*
1 ol ] 1 A o
* Wop 5(1 + ) Lia| 272 + Z(l ~ &) fiap + 5)"‘,,3;.,- + Fha™ Fops| 2°Z
1 . : ;
+n—1 {—~2—Z;_,'kZ‘7Zk o iJ'kZ,;jZk;Zl — %(1 - a),t,-jkik"ngZJ AL
1 -7 1 E g ker el o
_Ezy,kiklmZijZlZm s [5(1 + &) tiia +/a'j;a] kg 7ty
1 . 1
% [5(1 < a)/iija +/ij;a] Va,ﬁZﬁ"YZJ A 3 [5(1 - Ck) /tiaﬁ +/aﬁ;|'] Vﬂ.’YZ’Y&ZO!Z&
1 S,
+ [= 0+ @) g™ i
1 ;
'"1—2(1 + @) (2fijkz + Lot 14} + Fijia {4} + g {6})] zizkz!
1 Ly 1 Aym
+ ;1‘_(1 + @) fuad” L ¥ 5/;1;0:“" L itm
1 ;
+:1- (/‘ijk;a +/a;'x'jk 35 a([a;‘ijk ot It]l:,cv))] z’ ZkZa
1 1
+ _Z(l + @) iy ¥ Fs + 57:',7'””7'6 aBs
1 i
+3 isap + fapis + @ "/ij;aﬁ))] 752"
1 1
F 2(1 + @) £ins?™/, Bve T 5/ as;e’/s’ef Brye
1 a B g
+ﬁ (Ii;orﬂ'r +/aﬁ'v;i gz a([aﬁw;i _Ii;aﬁ'r)) 258"z

. o 77 7, 1 7
+i; 0™ (V'y’szﬁwé&de s §Zﬁ762726 +/,3~/6V'Y’6chzsz¢

1 1
+§u"fv5/5€¢zﬁqz‘ zZ¥ + Elﬁﬁ,{kz*fz*s %

1 € p—
+5 s ewZ”Z"’Z"’)} +0(n~3), (3.5.62)

and we find the Taylor expansion of f‘,’(@; 0) as

fi(6;0) = Li+nh {i}jgj + /oi‘i;jsj}

1« PN @ PPN le A
+n~? {5 L0765 + [;0696% + §,I’,-;j,caﬂa’c}
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1o S 1e S ] @ weapoms ] O ap AL A
+nE {'/I‘ijklaj‘(jk‘sl .5 ‘Q‘lrijk;l‘sjakal + §/I’ij;kz5’5}'5'§/ri;jkzﬁ’éklsl} +..n
n"% {i“.;ij T %iaza}

a 55 S a o 1 i
+n7t {l\i;j(zj'kzklzl + Ezj,k]klmzlzm) + Lia(v*P 2,27 + 5'/“"6/;3755726)

D

1e ! @ y 1a
+5 Lign2’ ZF + LiiiZ 2% + 5 LiapZ°ZP }
e {/%i;j (i""“z’"”‘ZuZmﬂZ” 4 %ij’kzkzmzlzm
i ™" Zp £ 27 + %z’j"‘i‘-mimnpzmznzp + %z‘"”‘lung’Z”‘Z"
T (lﬂvfzﬁqz&Z‘ + %ZMZV AR (AL VA A
+%m»6/56¢Z5,,Z€Z"’ > %/M&ZWZSZE + %/Mys»f €¢¢Z”Z"‘Z"’)
+Ein 2 (ik’IszZm + %ik’lllmnzmzﬂ)
s (ij,k Za ' 2% %z‘i’k/k,mz‘ ZnZ% 4 P gy 777 & %uaﬁ‘fmzﬂ' szﬁ)
+ K iap 2 (vﬁ"zqszs + %v"%sezs Z‘)

1o 3 1e Wt 1a _ la .
+€/ri;jk£ZJZkZl + §,I'ea;ij’Z’”Z°‘ + 5 liapi 2’2 72+ g Liapy?Z ZﬂZ"}
+0(n™?)

Zi — 402"
+n=k {Ziij A AR [-}1(1 + @) fijk — fz’j;k] z'z*
1 s

v [Iia;j +5(1+ O‘)/tijce] AN

1 i T
+ [~ 0+ 0 fiap = g B — s ps] 7227}
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3.5.3 Expansion for the Geometric Wald Statistic

Now, expanding the geometric Wald test statistic is simply a matter of putting together
the expansions (3.5.50) and (3.5.62) of ##+#(#), and f‘,(é,f}) and f‘j(é; 0),
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and all other 5'5 vanish.

Remark 11:

We see from (3.5.64) that with error of order O(n_%) the geometric Wald statistics have
the same asymptotic expansion as the likelihood ratio statistic (and the score statistic).
Thus, with error of order O(n‘%) the geometric Wald statistics have the same asymptotic

x? distribution with p degrees of freedom as the likelihood ratio statistic.

Alternatively, observe that the expansion of the expected geometric Wald statistics with

L :
error of order O(n™2) can be re-written as

W = iYY; - v*PY, Y, + O(n"3)
= i (Y —iaav™Yp) (Vi ~ irer™P¥p) + O(n73),  (35.72)

where [i*?] is the interest-part of the expected formation matrix i=*(). From general
results (e.g. Barndorfi-Nielsen & Cox [5]), we know that with error of order O(n~%),
the score vector (¥3,...,Y;) has a central r-dimensional normal distribution with covari-
ance maftrix #(#). Straightforward linear transformations of multi-dimensional normal
distributions give us that the vector (¥; — il'at/“'ﬁYﬁ, S, (% ip'auo"ﬁYg) has a central
p-dimensional normal distribution with variance matrix M(@), where M (4) is the inverse
of the matrix [¢*%(8)]. Thus, with error of order O(n‘;i), the expected geometric Wald

statistics (3.5.72) have a x? distribution with p degrees of freedom.

Remark 12:
Observe that the coefficients ¢f 9, (7 #inkl, & hikimn and ¢ idklmn in (3.5.65), (3.5.66),
(3.5.68) and (3.5.69) do not depend on the value of a.
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If we have a model with vanishing skewness tensor f;;., most of the coefficients of the

2 [« S . . . . .
form ¢ 9% and ¢ “9%!™ vanish, the remaining ones simplifying to

a - 1 .
CvP = ey g :y’&
Givbak = _ghi e, B8 gk
"
& - T4
C k8 gk e B8 31,6.

Note that the remaining coefficients do not depend on a. Furthermore, the following

o i
A-tensor and 7-tensors occurring in Wik simplify to

bigie = i — Finag

Tijki = 0
1
Thoge = 0
-1
T o = 0
—1 4.5 1 1
T afms = v H i H jiy,se

; g

When both the embedding curvature H [, 5 and the skewness tensor f£;). vanish, the
expansion of the geometric Wald statistics simplifies even more. All coefficients except
¢ 7 and ¢ 99k vanish. Also, most of the £-tensors and T-tensors in ¢ ik vanish,

leaving only

FLiswt = ~Ligmdoga®™ ™ + Lijirt

/‘fi;a‘k! = /z';jkl = Fkilsi
o .
Tiapy = Jopyi — sV . afye’

3.5.4 Expansion for the Modified Geometric Wald Statistic

To find the expansion of the modified geometric Wald statistic, we use the expansions
(3.5.63) and (3.5.51) of f(‘i(g;@), f‘j(é; f) and i~1() to get
W = T8 (0)T;6;6)
= (Zi—ii0Z%)i(Z; ~ i;,a2%)
+n7 8 {2(Zi — 110 2°) i (Zin2F — i1 23, 2"

1 1 o
¢ [—Z(l +a) Liu —/jk;l] Z*7' + [fja;k +5(1+ a)lijkq-] VAV
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By an a.rgument similar to Remark 11 in Section 3.5.3 we observe that, under the null
hypothesis, W has a x2 dlstnbutlon with p degrees of freedom with error of order O(n™ > )
Also, the coefficients C 4 and C 43D in the expansion of the modified Wald statistic

simplify in the same way as C 43K and C' “h KL in Remark 12 in Section 3.5.3.
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3.5.5 Bartlett-type Adjustment for ﬁ)

To produce the Bartlett-type adjustment (3.1.5), we need to find A, Az and As in
(3.1.6). We use (3.5.64), (3.4.36) and the approximation €” =~ 1 + & + 2% + La® when
z is close to zero, and write @O(Y,), W!(Y,) and W3(Y,) for 8"'#'}:-1@, 5’i'j'1(§’;lijI( and
g‘i’j’l‘"l'l’,-YjYKYL, respectively, where 8"33' 5 g’i*j’f" and 5‘*5'K’L are defined in (3.5.65)-
(3.5.71). We find that

My = /e($°(y*)+n-%{$l(y.)}+n-l{$=(y*)})t¢(y*; 3
x (1407 {Qu(g)} + 0™ {Qa(w)}) dy + O(n~F)
- f |27r)\|—%eii'jyiyjtﬁ%ym)\_lyz‘e(n_%{gjl(%)}—}_n—l {t%Q(y*)})t

x (14275 {Qu(ya)} + 271 {Qa()}) dyu + O(n3)
= / 2m A3 e~ b (At -2k )T

(1ot @} 0 (L @00+ )
x (14273 {Q1(3)} + 27 {Qa(v)}) dy + O(n" %)

— (%) ? / |27V|"3e~3wV 0l (1 +n2 {'3)1(3}*)?5 + Q1(!/*)}
o {% (B ()t)” + B ()t + Qup)B (gt + sz*)}) dye + O(n"3)
_ (%) (L4t {E[BE)]t+ EQuYI)

ot {8 (@00 4 B0 [0s0)B 0]+ B10:0))
o (3.5.81)

where

=1 0
K '= [ ] ; (3.5.82)

and V=1 = A1 — 2t K. Denote the generalised inverse of K~ by K, that is

i 0
K = ;
00
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and let
V =A+dK, (3.5.83)

where d is defined in (3.1.7). Observe that by Remark 9 in Section 3.4

vVl = ().+ 2 I() (/\"1—2t1{‘1)

1-—-2¢
AP B
e 1+ 1-21 21 1-2¢ ][T 0
0 L2y,
= I[r+r2+’r37

where I, denotes the s X s-identity matrix. Thus, V is the inverse of V1. Note that
|V = (1 —2t)~P|A|, and hence (3.5.81) is of the form of (3.1.6).

In (3.5.81) we are taking the expectation with respect to a normal distribution with zero
mean and variance V = A+ dK. Recall that the notation suppresses dependence of the @4
and @ on A, ie. Q1 = Q1(Ys;A) and Q2 = @2(Ys; A), where Yy ~ N,y 20,2(0, A + dK).
Using Property 3 of Hermite polynomials given in (1.4.45), (1.4.37)~(1.4.41), (3.4.41) and
symmetry when appropriate, and recalling that all odd moments of a central normal
distribution vanish, we find that
E[8'(%)|t = CYENy;Y)t
= {0, (3.5.84)

and

E[Qi(Ys; )] = %,\I"’"‘IE [Arrs(Ye; N)]
= 0 (3.5.85)

Thus, the O(n“%)-term of (3.5.81) vanishes. Furthermore, we find that

1 1 .
E{Q2(Y:;A)] = EZ/\I‘J’K’LIE [hrrer(Yi; M)+ 7—2-)\I’J'I‘ MEMNTE (b v (Ye; A)]
| BN 1 Bl
~ g/\m’k‘lz"]ik'ldz & ﬂ (3/tijk /tlmn 53 2/tijrn. /tkln) z"Jzk’lzm'nd3

== —élz [D11d + D12d2 + D13d8] 9 (3586)
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where

Also,

il

IE [ (Y.)Q1 (%3 V)]

where
Dy
D2
D3
Further,

Dip = 0
Dy = 3)\i1j‘k‘1il'7ik‘l

kel
D1z = (3Tijut + 2mikje) i

5*:1‘-1%,\%1*4’”11«3 [YiY;Yichomn] (%(d —d’+d%)+ O(d4)>
1 oo g

5 ¢ SORNEBMN (5¢; K L K v n{15} + Ko KL Am,n {45}

+ I i Ak, LAMN{45} + i jAk,LAM N{15}

— (K ; Ki,p {3} + Ki jAi,0{6} + AijAr,n.{3}) A, ~{3},m,]
x (3= &+ &)+ o)

= {12 [5‘*’”“X'"'“'P Akl Ptimijn + 3“’“”’“f\"m’"zi,ﬂj.m%k,n] d

+6 [5'i’j’k‘f\m’"’P)\kz,P (#i,miin {3})
it g‘i,j,k/\l,m:ﬂii,l (3ij,kim,n + 4ij,mik,n):| d?
+6 [(a;ri,.‘i;k,\l’m’ni,',l (3":j,kim.n |- Qij,mik,n)] d® + 0(d4)}
+0(n"%)
1 2 3 4 -
= [D21d + Dazd? + Disd® + O(d*)] + O(n™5), (3.5.87)

= 128‘"j"°'>\¢,jkl & 128”"“ Aijk

= 128’“’"“&,;’1:1 + ﬁéi’j'klim'n/\kl,m,nii,j
AR g 4 18CHIRGI™ L s

= 1280k £ 4 18RI £ g

IE[&z(Y,)]t = E[CYIY Y YY)

(30~ @+ &) +0@)) +0m )

= 8’i’j’1{'L [K;JKK,L {8} d* - Xij Kk {6}d+ Mij kL {3}]
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X (-;-(d —d* 4 d°) + O(d“)) +0(n%)
- ”21_4 {12 [5i’j'kl'm”)‘k!.mniia' + CHk (i i {3})] !
+ 1286 (i (3)) 4 + O(a)

1
= ﬂ [Dg]d + D32d2 + D33d3 "l" O(d4)] 3 (3'5'88)
where

Dy = 128’i’j’kl’mn)\kl,mnii‘j+128‘i’j’k’l(ii,jik:l {3h
Dsy = 12699k (i; i1 {3})
D3z = 0.

Finally,

1

[l

%IE [(%l(y*)) 2] 2 B[ K BmNY Y Y Y Y Y v Gi(d2 —o2d® + O(d“))
+O(n_%)

= SERENN (K K Ko {15} d° + Ko i K, {45} d2
+ K jArc i Am N {45} d + i jA K A v {15}]
X G(d2 =94 ¢ O(d‘*)) +0(n~7)

1 & & o
= {3 [C "J’klcm'n’quk!.pq (zi,jzm.n {3})

3]

24
(R )
+ ¢ Bikohmn (% 55k, 8m {15})] d?
+ 3 3’ i’j’kg't’m’n (ii,jik.lim,n {15}) & * O(d‘l)}
1

= o7 [D41d + Dgpd?® + Dyad® + 0(d4)] ) (3.5.89)

where

Dy =0
D = 3 81 i,j,klg,m,n,pq/\kl,pq ('ii,jim,n {3}) +3 8’ i,j,k&l,m,n (ii‘jik,lim,n -{15})
D43 = 3 g‘f ivj»kg'l)m!n (ii,jik,li'm,‘n {15}) 5

Then, substituting (3.5.86)—(3.5.89) into (3.5.81) yields

Ma(t) = T [ef"t]
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= (1—2t)F (14 (24n) " {Ard + Azd® + Asd® + O(d")})

+0(n"%),

as in (3.1.6), where

Ay

Ay

D11+ D21+ D31 + Dy
+128i’j’kl,mn)\k1,mnii,j + 128")]1ka (iz,jik,l {3}) N

Jy o 30 Fe 203003
8 st 120 R g+ SO N i

st Cyosg 2 Cisona: v
F2ACHIE o 4 1BCHIRI™ £ iy + 1205 (4, i1 {3))

o S @ . 2

+3 C z’J'Hcm'n’qukl,pq (zi,jzm,'n {3})
[ I 3

+3 0 z,],kcl.m,n (ig‘,jik,lim,n {15})

‘o [« 3] o . .
(87ijk + 2mikjn) 9480 4 12CH0F 4o 418Gk £y ik

+3 & BIRGH™™ (4 ik timn {15}) .

(3.5.90)

From Proposition 1 in Section 3.1.2 and Remark 11 in Section 3.5.3 we find that the

Bartlett-type adjusted geometric Wald statistic )?() " has a xf, distribution with error of

order O(n‘% ), where

with

@

1 o a2 o
w'={1—;(c+bw+aw )} W,

As

12p(p+ 2)(p+ 4)
1

12p(p+2)(p+4) {
F18E kI £ iig 4 3 & PIREIMI (i it {15})}

aie Qs i
(37ijaa + 2rint) 14965 4 12CH* £y

Ay — 243
12p(p+2)

X Fen sk ) =
2p(p £ 2) {31\1,J,k,1% i (6Tijrt + 4Tikjt)
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+128‘i,j,k1A”,j,kl + vai)j'kli'fﬂyn)\m'ﬂ’k‘ii’j

[ 5 o Xigklr: q
—18C idk jlim /titmzj.k 19 € vkt (zi'jzk,l {5})
+3 ¢ PR CmnRa) (i i {3))

_3 & R (i i i {15})} (3.5.93)
P Ay — Ay + As
- 12p

1 ROl
= 1 {("3/\i,.1',k.l + 3Tijnt 4 2mikr) i99 60
—GCHIHN ) i+ 12 C IR

s gv i,j.klg,m,n.m,\kl'm (i jimm {3})} . (3.5.94)

Remark 13:
By Remark 12 in Section 3.5.3 the coeflicients 5"’1"’“ and 5’3?"’“’"1" do not depend on the
value of a. Thus ¢ in (3.5.94) does not depend on a.

3.5.6 Bartlett-type Adjustment for W

Using the same procedme as in the un-modified case and letting o (Z.), 1 (Z) and
&' (Z. ) be short for C”’J Z:7; C""J'Kd Z;Zxk and (""'K LZ:Z;Zk Zy,, respectively, where

C’“’J C“'J'K and C'"J'I‘ L are defined in (3.5.74)—(3.5.80), we find A;, A; and A3 in the
moment generating functions (3.1.6) for the modified geometric Wald statistics, that is

]E {e;}i’t}
(1—20)7% (1+ (2an)™ {A1d + Apd? + Asd® + O(a)})
+O(n"?2), (3.5.95)

M 4 (1)
W

by determining coefficients 1311 o .l~)43 analogous to Dyy...0D43 . Trivially,

Dy = D=0
.512 = D12 = 3)\i’j,k’['l:i'j‘ik’l

1313 = Diz= (3Tz1kl + 2Tak]l) ,lecl
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Further, we find that

éi'j'Ké)\L’M’N]E [YinYI(hLMN] (—;(d —d? + d3) + 0(d4))

It

B [& (e V)]
12..
= 7 G S LiMN (K i Kx, o Kpmn{15} + K; ;K p A n{45}
+Ki i Ak, p A, N {45} + Ao jAk,LAm n{15}
— (K;,; KKk,0{3} + Ki jArk,.{6} + MijAk,2{3}) Aas,N{3}1.Mm,N]
X (%(d Py 0(d4))

il Lo a S
= ﬂ {12 {Ch.’hklAm,nyp)\kl,Pii,mij,n + C"J""Al'm'n’l,",lz_j,mzk,n] d

o
+6 [C""“/\"““'P Akt,p (1imijn {3})
-
+ C“”")\"m’”ii,z (3ij'kim,n -} 4ij,mik’n)] d2
K
+ 6 [Ch]»kAl,mynii'l (3i3,kim,n _|. 2i_7,mzk,n)] d3 + O(d4)}
+0(n%)
1 = A ~
== 2—4 [.Dzld -+ D22d2 G -D23d3 P 0(d4)] it O(n_%)’ (3596)
where
a. . i
Dy = 1201,],1:!/\‘,,1_‘“ z5 120"J,kfijk
o @
Doy = 19070k }‘{ijk on GCi,J,klim,nAm'n,klii’j
o o
F24CHE foisy + 18CHIRI™ £ ik

[&] o
s . ~: i
D23 == 12011]1 /;‘sza,l + ISCleykz‘,'fn ;‘dm zj'ko

Also,

]E[%Z(Y*)]t = IE[CWHLYY; YY)
X (%(d P+ O(d“)) +On~h)
= OuhKL [I(i'jff[{,[, {3} ) AiiKE,L {6} d+ i k. {3}]
x (%(d PP+ O(d“)) + O3
1|

= g {12 [5i’j'k['mn)\kg,mnii’j + Chirki (%5 5%k,1 {3})] d
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[0
+ 120k (4, 1iy 1 {3}) dz} +0(d*)

t ix & i
= = [Da1d + Dgpd? + Dasd® + o), (3.5.97)

where

~ & L E

Dy = 1905 Aklmntig + 124kl (3,560 {3})

532 = 120k (3,500 {3})

.533 = 0
Lastly,

2 Lo o
_;_ n [(%1(1/*)) ] tZ - -;—IE[CM’KC’l’m'NY,'Y}YKYlYmYN] (i(dZ s 2d3) + O(d4)>
+O(n'%
= %éi’j'Kél’m’N [I(.'JI(K,(IfmIN {15} d® + K; i KgiAm,n {45} d?
+ KijAR 1 Am,N {45} d + Ai jAriAm N {15}]
X G(d2 S & O(d“)) +0(n™7)

o 51-4 {3 {%’ "’j’kl%’m’"”’q Akt,pq (i5,5imm {3})
+ %’ i"""(%‘"""" Gesikaimn {15})] &
+3 G bk Gtmn (4, jik pimn {15}) d° + O(d4)}
= o [Buad+ Bad® + Dusd® + 0(a*)], (3.5.98)
where

Dy = 0
2% T & g
Dy = §OWHCmne L (ryine (3)) 43 CWECH (5 i u {15))

Dyz = 3C WECHS™ (4 ip timm {15}).
£
Substituting (3.5.86)—(3.5.98) into the analogue for W of (3.5.81) yields

Mi(t) = IE [e’%t}
w

(1—2t)7% (14 (24n) ™ { Ard + Azd? + Asd® + O(d")})

1l
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+0(n"3),
as in (3.1.6), where

Ay = Dy + Dy + Dat + Du
(a3 [»3
= 1261’J’k1Ag’j’k1 +- 12Ct’J’k }fijk

(23 x
F12CHRImD Xy iy + 120 (550 {3,

A; = Diz+ Dyg+ Day + Dy

« o
= 3)\i'_,',k';iz"7?:k’t -+ 1240k /tijk + ﬁcl""’kl%‘m‘n/\m,n‘kgii,j

o o o
+24Cl,.7,,€ /tijk + 180%]:]07:[117& j“mi."k + 12C"7.7:k;l (ia,Jik,l {3})

- o
13 a i.j.klgﬂn.ﬂ.p'l)\kl,pq (imzm,n {3})

o (o]
+3 C iyjlkcl'm'n (ii,j'ik,lim,ﬂ {15})

Az = ﬁ13 + 523 + 1333 + 543

@ [»'
= (3rijrr + 2miggr) i 4 12C80F g 4 180 k™ £ s

o @
+3 C "J'kcl'm'n (ii,jik,lim,n {15}) 2

(3.5.99)

By Remark 11 in Section 3.5.3 and Proposition 1 in Section 3.1.2, we find a Bartlett-
[+

type adjusted modified geometric Wald statistic W/, with x? distribution under the null

hypothesis with p degrees of freedom, and error of order O(n‘%), where

W’={1~%(6+5W+&W2)} W,
with
i = 2
12p(p+2)(p+4)
1 gkl ik
Q7. anip) a9 3R 9CHIk £
12p(P+2)(P+4) (JT,J]‘1+2T]¢J()Z it 4 12C fnk

o (&3 (24
LIBCWH Lyt B C WRCHIN Gy {15})}
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Ay—9As
12p(p + 2)
1 .
i 3N; i pgitdibl — (675 AT,
12p(p+2){ Mgt (6730t + 4Tikj1)

(o4 o
_I_IQCz,J,k /’ijk Al Gcz’J'klimm)\m,n,klii,j
o X s
-18C gk glm /tilm'ij,k Je 1 a0kl (ii,jik,l {3})
o (=3
+3C i'J'k‘Cm'n'qukl,pq (ii,j";m.,n {3})
o o
~3 C WIkGHmm (4. it i {15})} (3.5.102)
Ay — Ay + 4y
12p
1 qi
T 12 {‘3’\«',3'.1:,11"’%"" + (37ijkt + 27ikj1)

o
Il

o a
b WP N | el Lo PR T

o o
=B z.Llem,ﬂ,Pq)\kllpq (4 jimn {3})} : (3.5.103)

Note that, by an argument analogous to Remark 13 in Section 3.5.5, ¢ does not depend

on a. Moreover, ¢ is equal to ¢ in (3.5.94).
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Chapter 4

Observed Bartlett-type

(0

Adjustment for W

Observed geometries are natural alternatives to expected geometries. They are ‘closer to
the data’ than expected geometries, in that they do not involve taking expectations. How-
ever, they require the specification of a suitable auxiliary statistic. Since the introduction
of observed geometries by Barndorff-Nielsen [1], observed equivalents of most geometric
objects based on expected geometry have been developed (see e.g. Barndorff-Nielsen &
Cox [5, 6], Mora [28] or Murray & Rice [29]). In the spirit of the observed Bartlett adjust-
ments discussed in Barndorff-Nielsen & Cox [5, Section 5.4], we introduce in this Chapter

an observed version of the Bartlett-type adjustment considered in Chapter 3.

4.1 Notation

Let the log-likelihood function based on n observations be denoted by /(¢;6,a) where
is an auxiliary statistic such that (é, @) is a one-to-one function of a minimal sufficient
statistic. Note that ¢ can depend on the number of observations, ». Let ¢ = ¢(6;6")
denote the observed likelihood yoke (1.3.17) of order O(1), that is

g(0;6") = n" {i(6;0',a) — 1(6';6',a)} . (4.1.1)
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Recall from Remark 2 in Section 1.3.2 that [¢; ;(6)] = j(#), where j(6) is the observed

information matrix of order O(1). Define the (scaled) score by
T = n_%lg (9; é,a) ; (4.1.2)
and let

Z\ = j%(0)Z;. (4.1.3)

We shall use subscripts «, 8,7,... to denote the nuisance part of the derivative of the

score, that is

Zo = n3l,(6;X).

Letting [v®#] denote the inverse of the nuisance part [f, ] of the information matrix 7,

we define

Z® = v*PZ,. (4.1.4)
Note that the derivatives of the score are of order O(1).

4.1.1 Some Useful Tensors

Define the following useful tensors analogous to (3.2.19)—(3.2.22):

Fije = —g,ij;k{3}ijk —fix (4.1.5)
= ﬂi;jk = H'jk;i (= ﬂj;ik i H'ik;j = dk;e’j - ifij;k)

Liskl = ~Lizmd™ gt + i (4.1.6)

bigee = = Eigmd™ " B3} + Ligwr — Bint (4.1.7)

Figr, = = Fig — Rig {3} (4.1.8)

The tensor f£;;;, has a geometrical interpretation as an observed version of the skewness
tensor (3.2.19).

65



We shall use subscripts «, 3,7, ... to denote the nuisance parts of the #-tensors, that is

/‘"t’ja = dt';joe - jja;i
Fapy = HBaipy — Hpvia
~Hismbniopd” " + Bijiap

/ts'j;aﬁ

ete.

Observe that all {s are tensors and are of order O(1).

We find that the following expressions (which are analogues in observed geomeftry of

(3.2.23)—(3.2.24) in expected geometry) are tensors

1 . A 3
Hip = Mupgd™ — O™ (4.1.9)
-1 A.

HBipg = (fupyt Liop) i = 8 (upis + Lapy) V7. (4.1.10)

1 <1

The geometrical interpretations of H |, 5 and H [, 45 are the observed 1-embedding curva-
ture and the observed (—1)-embedding curvature, respectively, of @ in ©, corresponding
to the expected embedding curvatures (3.2.23) and (3.2.24). Define the lowered versions

of the embedding curvatures by

i " 1. 7
Hiop = JijHig (4.1.11)
—~1

g ‘
Hiop = Jij Hp (4.1.12)

Finally, we define the following tensors

Tiskt = Kijm Arin® (4.1.13)
Fimit = Hiap ity (4.1.14)
Fisos = HianHips " (4.1.15)
}'i;aﬁ”r = “‘}11%';0»5 jﬁ'ery”b"6 {3}aﬁw+g’uﬁw—j"-‘ws’cdaﬁw;c (4.1.16)
Tapii = Hiap Lins™ (4.1.17)
Padins = BinpH s (4.1.18)

As before, we use subscripts o, §,... for the nuisance parts of the tensors, e.g. Tijra =

Kiit Aemad™, etc.
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4,2 Observed Geometric Wald Tests

In observed geometry we use the observed likelihood yoke (4.1.1) to define the family of
geometric Wald test statistics (2.3.6) by

b o= B0 O 6:6)

= T8 0)%(0)T;(6; ), (4.2.19)

where

14+«
2

T'i(6;6) = n3 { g;:(9';0) + 152—39:-(9; 0’)} :

Note that f‘i(é; 0), f‘i(é; #) and W have order O(1).

Modified Observed Geometric Wald Test
When the observed likelihood yoke is used, the modified observed Wald test statistic (2.3.9)

becomes

W o= 8606
= T:(8:6)j(0)T;(d; ). (4.2.20)

4.3 Observed Bartlett-type Adjustments

An asymptotic expansion, in observed geometry, for the conditional distribution for the
conditional distribution of the score vector I, = (l4,...,1;) given the auxiliary a is given
by Mora [28]. Using her result, we find the probability density function of Z, = n~%l, to
be

p(n”%1.;6]a)
= @(Z)){1+n" R + 07 By + O(n7E)} (4.3.21)

P(Zs; 0]a)

i

where ¢(; 7) denotes the probability density function of the r-dimensional normal distri-

bution with mean zero and variance matrix j(8),

(R ;
Rl = EJ 'IJJ’ Jk'n ,tijkhl'mn(z*;J) (4.3.22)
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S :
Ry, = —ZJk'IJ"mJJ’ /fij;klhmn(z*;J)
1 .
+2 7 fam i kP SA( foone — Kt 18% 50 Ponnpe (Zei 7)
+ﬁj i jand gher jhogmat g0 & o B Bpgratul Zas 3, (4.3.23)
and hi;(Zi; 3), Pijk(Za; 3), hijei(Zx; §) and hija(Zy; §) ave the covariant Hermite polyno-
mials defined by

hij(Z;§) = ZiZj - jijs (4.3.24)
hijk(Zi;§) = ZiZiZx - §i,j 2 {3} (4.3.25)
hijri(Za33) = ZiZiZrpZy — §i,jZrZi {6} + Jidna {3} ; (4.3.26)

Rijkimn(Ze35) = ZiZ;Zx 21 ZmZn — §i; ZxZ1Zm Zn {15}
74,3k Zm Zn {45} — Ji,jdk15m,m {15} - (4.3.27)

The hs are all of order O(1), and thus the terms Ry and R are both of order O(1) with

error of order O(n™1).

4.4 Taylor Expansions

By Taylor expanding Z; = Z;(#) (in any coordinate system on @) around the true value
of the parameter 6, and letting § = n%(ﬁ — @), we have that

n“%l,‘(ﬁ; f,a)

= nigi(6;0)

= n3g(0) + b (0) (I — o) + ndgu(0) (89 - 07) (0 - 0¥)
ikl <51(630,0) (¢ - )(é ) (8 -0") +...

= 0478 +n2 {é i;jkaﬂak} +n? {éy‘.;jk,éféké"} +0(n"%).

Z;

i

Solving for é¢ gives

2
- 1 +3,7 +Lym n 1 *1,5 7k 7l
+n1 {5.7 ’de;kﬂl' mmkaZ ZP — &’ < j;k,m.d"*z’zm}

¥ = Z‘—n-%{lj"" j;mZ’“Z’}
+0 (n7%). (4.4.28)
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Similarly, let § = ni (é - 0). Then % = n? (5" - 0“) vanishes. Observe that Z, =
n’*%la(é; 6,a) = 0 by the definition of §. Thus expanding around the true value 8 we find
that
b = Z,
— n_lila(é; b, a)
= n%ga(g; é)
= 0 {d, +£,5(0) (5° = 0°) + 4,.,(0) (6 - &)
+%yam(o) (0° = 0°) (67— 07) + do,0) (6° - 0°) (6 - 0°)
+lda q0) (6 —0") (09 —07) + l4@75((9) (% - 0°) (67 - 07) (8° - &%)
P05~ 0) 7 7) (= 0) + 0 (9~ %) (3~ ) (4 -0
e husn(0) (0 = 0) (69 - 07) (3~ %) +..)
= .70:;:'6 fre= .7oz;ﬁ5ﬁZ +n"2 {%ﬁaﬁ’ygﬁgﬁ' +d ﬂ.-gﬁﬁ" + lja,ijsigj}

+nt {% awgﬂgwga 4 %Jaﬁwsﬁ@a' —j ﬁuﬁﬂ&’ﬁ”

1
+_6—d0l;ijk6'6]6k} + O(n_%).

Substituting (4.4.28) for 6%, and solving for §%, we obtain
o . 1
60‘ = ZO‘ + n % {ya'ﬁg,ﬂ'y'izlz‘y + _Va’ﬁd Z’yzﬁ}
{ a,f [g’ sV If'rw * jﬂ'y,u dg,v,k] g’l ‘J] VAV AW

l:ﬁ'yey s + H’ﬁqs,a‘F dﬁe,zu 761]1] AVAVA

A [“!fﬁqac + 585397" " s ¢] Zva‘Ze} +0(n"3). (4.4.29)

4.4.1 Taylor Expanding j™!

Observe that 52¢7j; ;(6) = .5 /%(6) and 3—9%]';’3'(9) = f;i/(0). Then from (1.4.47) and
(1.4.48) we find that

8 .i; ol
) = ST e, (4.4.30)
62 4,m 4, .
agkagl] WO) = 3™t + Iip eI oyt {23 10)- (4.4.31)
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Thus,

L el e
Jz,](o) — ':J(g)+n ;-6—0’;-'7,3,j(0)6k+73

1 9
2 aarga (005 +

= M4 ni {—jimg 02 }
A (G Gy (=53 g 7 70)

1 1,1 2y . -
+§-7 g (— min/kl 7 24n1;p/k-7p’q n;q/l) Zkzl} + O(n 2)

'. . _l .- .;
= j 4 p3 {_Jz.lja,mm;m/kzk}
e 1 R S .
it {Ejz.mjj,n [(dm;np + B )3 skl

+2(dm;pk + jkm;p)jp,q(jn;h} + ﬂ'm;q) = ”m;n/kl] ZkZl}

+0(n™%).
Likewise, we find that

()

RR i @ e S
(@) +n ;—8_“ (8)8* +
= jiyj + n—%‘ {__]z k]:,'lé ;l/aza}

(4.4.32)

62 1,3 skl
5 aokaof’ PR

+n_1 { Jt IJJ’m m.;n/*yl ’Y (da6 1.717 = *d ﬂ6ZaZﬂ)

1. P i L8
+§J"’k.7j'l (—ﬂk;l/aﬁ + 2Wsifad lfk;n/ﬁ) Zaﬁﬂ} +O(n™2)

= J""j-!-n_% {—J M a2 }

{ Jil s dym m-n/ﬁ‘/ j 'ZiZ{x

1.
o [~ s + 2o ™ thsnss ~ Buifas] 2° 7ﬁ}

+0(n~%).

4.4.2 Taylor Expanding f‘i(O;G')
From (1.3.9)-(1.3.15) we get that

o 1 (14 l—«
Ly = 7“{ 3 9';;+ B ﬂl‘}
= 0
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(4.4.34)
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o
Kiix

[=4
Lk

and that

5 (it = B 14} — Bijia {4} — 45,0 {63) + l‘;—aﬂlijkz}
";— %(—ji;jkl {4} - 9(ijk;l {4} - ﬁij;kl {6})
+% (ﬂ’i;ﬂc: — v + WGinr; — Liir + Bt — i) {3}jkl) } . (4.4.37)

2
—n3j; (4.4.35)
b {15 i~ o 03 — i )+ T o
ak {50+ ) gk~ g 13} (44.30)
{1 +a

o 1 (14« 11—«
/I‘i;j = B { 2 dj;i + ) j"?}
1 .
= By (4.4.38)
7 i{l4 @ 1 — a
1 (1
= n? {E(ﬂljk i +ﬂ'mk) ,l,]k} (4.4.39)
g 1 (14 a
Lise = 2{ 5 Hkij + Uk}
b i !
= n2 {‘i(dls Ry +dt_7» ) = /{”k} (4440)
g 1 [14« 11—«
Lo = m2 { 5 Hikii Tg’i;jkt}
z [ o
= n2 {ﬁ(g,i;jk! +4g,jkl;i) + E(yjkl;g _ji;jkl)} (4441)
x 1 1 + l—c
/I'ij;lcl = n? { ) ﬂ/kz,ij + g dm,kl}
i1
= n2 {E(ﬂ’g ikl +ﬁkl u) + (ﬂ'kl 314 y@j;kl)} (4.4.42)
< 1 (14« 11—«
/I‘ijk;l = n2 { %) dl'zjk + Tdmkl}
|
= n?2 {g(jz]kl +jl,:]k) 2 (j] ik ”k 1)} . (4443)
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Thus, we find the Taylor expansion of f‘;((;; f)) as

T:(6;)

/%i +n% {%{j‘%j + /%i;jgj}

+nt {%/%ijkgjék e /%ij;kgjak T %i‘i;jkgjgk}
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4+ el ([ﬂ'ﬁs;j”&'cﬂl«ye;k * %jﬁ—y;jk ¥ %ﬁpq;ljl’mﬁm;jk] 7zt
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1 1
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(/1 1 1
+[ (G4 @i+ i) 7"+ (50~ @ i+ ) V"
1 .
+ (.y,ij;czﬁ + fapiis + ¢ Bapii; — »dij;o:ﬂ))] 7' 7°2°
Fam 1
% (Z(l — Ot) ,f,,img + Ejag;‘-) VE,Edﬁ'ye
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1 il . ;
+ [fjﬁqeyc"p!f&[z;j 5 “2“4@,,5;]' S Ejﬂe;j'/ ¥ 751/‘] VAVAVAL

1 1 o .
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and we find the Taylor expansion of f‘i(é; 0) as

i!‘i(é; é)
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4.4.3 Expansion for the Geometric Wald Statistic

We obtain a Taylor expansion of the observed geometric Wald statistic by combining the
expansions (4.4.32) and (4.4.44) of j49(f) and f‘i(é; 6) and f‘j(é; 9),

s

T:(6; 6)49(6)T;(6; )
(=Zi + §5,02°)5"(~ Z; + 35,0 2%)
+‘I'L"]§ {2(—Zg -+ jc-,aZ"‘)j“"j
1

X ([_Z(l + ) Fiw — g,jk;l] VAPA

1 :
+ ['2“(1 + @) ke + Bigsar + ™" aﬁ;k] AV

1 e 1.
+ [ 70— O o + hap + 0 s 2°2°)
H(=Zi + 402N~ 2 + §5,02%) (=55 Gt + i) Z*) }

74



+071 {2~ 2 + 550 2°)(5)

X ([G(l + @) Zijm + %Ifim;j 5 %dij;m) P e

‘112‘ (éi;jkz — Btz — 3iina — s — Hijia {6})

= (ji;jkl — Biki + ik — 3thiin + s — 3ﬂ’kl;ij)] VAVAVA

2
1 1 b 1
(“Z(l -+ a) ,ig'la = 5#{1;0{) JI' jm;jk + (5(1 + a)it]ﬁ + dz],ﬁ) Vﬂn,da'y;k

+% (y/i;aﬁ'y + Lopyi + (g — ﬂ’i;ap»y))] VA AV A

+5i P ([dgs;jlls’ej,yc;k + %jﬂmk - %g’m;,j"mdm;jk] kg
s [dﬁ've”mbj&/:;j + ‘;‘%ws;j * %A‘fﬁe;j”c’wde] AAVA

+ [%jﬁ'véc 5 %jﬂw¢”¢'¢éﬁe¢] ZWZ&ZE))

+(~Z; + §i,a Z°) (—J'""jj’m(y',k;m + Bitem + Jima + jm;k,)Z")
X ([—i(l + ) £im -yjk;l] z*7

+ [%(1 + @) Like + Bk + J'j,pvﬂ'”daﬁ;k] gtz

+ E(l — @) fjap + %daﬁ;j + %J‘jn”"’sﬂ'aas] ZaZﬁ)

4399 ([~30+ @) e ~ g 72"

+ [%(1 +&) fizat i + ji,ﬁuﬂ-”f,faﬂ;j] Ziz”

+ [ 70 @) iap + g+ 3" ] 2°2°)

X ([—%(1 +a) i — ﬁjk;z] A

+ [%(1 + @) Fika + Bt + Jig?™" aﬁ;k] AV A

+ [%(1 —a)tiap+ %g/aﬂ;j + ‘é‘jj,'yV’Y'Sdaﬁa} Z"‘Zﬁ)

+(=Zi + 56,0 2°)(~ Z; + 55,0 2%) (=355 113 ™ Ziep 2

1 o im i .
+‘2‘] g [_ﬂ/m;n/pjp qﬂqu + 2g,m;p/k.7p’qﬂ’n;q/l _dm;n/kl] ZkZl)}

75




-I—O(n“‘%
= 5227 = japZ°ZP
+n—% {—%(1 = a)/(iijiZjZk
1 - 1 :
+5(1 = 30) 10 227 2% ~ [!faa;i +5(1- 3a)f'mp] AVAY
1 7 7
‘o [daﬁ” +5(1-a) ;aﬂ,,] 4"'4‘32’1}
o 9 7 1 4
+n7 {[ 16 " g2t 1_6a2)/lijm/tkln.7m’n
1 y 114410 1 173 7k 7l
G = " Hijym bran + (1~ 20) (lfijk;l _y,l;ijk)] YA A
3 1 : 1 {
+ [(-—Z 426 — Zaz)Jl’m Ligt Fma + Z(l +a) (J"m Fiitheom{3}ika = fijka + j.ijo,;k)
! hm -lm
_1_2(5 S 7a) (3-7 e Icllﬂ’,dgk;m 2= da;i]k + ,g,ijk;o() 3" ia;lﬁm;jk + dia;jk
1 1 &
Hll- 3P Hin ,tjk,,] gl
A | 1 | s =l 1 T
+ [(g —zot §a2) 35 it Frop + (Z O 1042) 3 ko Aitp
1 o g 1 i 1
+Z(l — 30)5% fiin H e + §Jk’lﬂ'i sclliop — §¢'j;aﬁ + 57“ ikl — 5%5;1‘,'
+3j k’ldia;kﬂz;jﬂ = Grogp — 0 (j 5 Fikalipa{8Yiip — Huuijo + d,'jg;o,)
1 : 1
-i-§a (Jk’lltijkﬁa,@;l{‘?}jaﬁ o ,di;jaﬁ e gjaﬁn’) —-(1- 3a)lﬂ’6ﬂi;a,fy/jm
1 1 7
—u'y’&Hi;a,»,Hj;ﬁ,a] 2 7igegP
1 1 L 1 . 1
+ KZ i Zaz) T Kiio gy — 5(1 = 3a)F fiio Hisp
i 1 r
5" il + B + Z(l + @) (J % tiiadlpi{3}iy — Bosipy + diaﬁw)
1 4 3, .1
"E(l + 5’:!) (3]J’k/tz'jaﬂﬁfy;k = ji;a,@'y + ﬂ,aﬂ'y;i) + §(J~ &= O‘)VS’ I{i;a.b"/fﬁ'yc
1 g
+3vH i 6pery = Hogysi T+ Jis Vs’cdaﬁ’%f] 2'2°2° 7"
(PR PR 1 i
P E=1g Bt 6% )7 Ficig Hyig — 6(1 — )35 Finplysi; — Bouipns T Bupryis)

1 e | 1.:.-1 -1
441 = 36)7 i by + 339 Hioa Tims] 2°2°272° 4 O H)

where
Cid = i 52{'[3 yoB (4.4.47)
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Remark 14:

Recall that the observed and the expected information matrices coincide to order O(n“]i)
(see e.g. Barndorff-Nielsen & Cox [6, Section 5.5]). Then expansion (4.4.46) shows that
to order O(n‘%) the geometfric Wald statistics based on observed geometry have the same
asymptotic distribution as the likelihood ratio statistic. That is, the geometric Wald

statistics are x?-distributed with p degrees of freedom, with error of order O(n";’).

Remark 15:

For models with vanishing observed skewness, the coefficient 8‘ hik simplifies to

airjvk > . 3 §
k il o, 8,8
C = —Sf;,ﬂ gty By Hipqs
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Furthermore, the following f-tensor and 7-tensors occurring in € “/'*! simplify to
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i
For models for which the observed skewness £;;; and observed embedding curvature H ¢, 5

both vanish, the expansion of )7\; simplifies even more to
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4.4.4 Expansion for the Modified Geometric Wald Statistic

We find the expansion of the observed modified geometric Wald statistic from the expan-
sions (4.4.45) and (4.4.33) of T;(6; §), T';(6; 6) and 371() to be
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+n"2 {-—-5(1 + Ol),tiij ZJZk

-+

+

EE)
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+%(1 +30) £1;a 5 7% —~ [ya,,;,. + %(1 + 3a) ;f,-o,,,] Ziz*ZP
+ [Jaﬁ.y +30+ a)fam] 2°2° 2" }
st {[( 4+ 2ot 150%) fim ™

+§(1 + Q)i ™ i Kkin + ~(1 +a) (ﬁ.‘jk-z —ﬁz-,ijk)] AVAVAYA
+ [(‘“% il i 3™ Aot Akme + (1 +a) ( " Eiithhosm {8} ika = Bijke + ﬁija;k)
"%(1 +a) (3jl’m Kaallivan — Bagin+ ﬂ';jk;a) = 3" eotFmsik + Fiosin
+%(1 +30)% Hi ,ij,w] 7i7i 7 7°
+ [(% = ia + 102) jk"lf«'jk/zaﬁ + ("1‘ = “1“04 + laz> 7 Fika Litp
o (1 +3a)j* I/fz,kH I,a.ﬂ h —J o — 1}%,&;6 + 55" fapipthsii — %ﬁaﬂ;ij
5 i — Biosin + 50 (j ! iraflipa{3Yiso — ﬂ'a;ijﬁ e dij,a;a)

o (jk’l Liiihoap{3tios — fijup T+ djaﬁ;i) — (L 30‘)1/%61}1 iy Aips
" By j;ﬂ.s} AV AL
+ [(i + 2a — %az) T Rij gy — %(1 + 3a)jj'k/tija;fk;ﬁn
“jj’k&{ia;jg'k;pq P d;a;ﬁq + %(1 + ) (jj’k /tn'jayﬁ'y;k{zi}iﬁ’)‘ = ﬁa;iﬁry + ﬂ,iaﬁ;q)
~ 251~ 70) (37 Aijatlprs ~ B + Haprs) + oL+ @ Kt f
+3v Mﬁ i '59/66;7 e yaﬂ'ni + jiﬁ"&’cg’aﬁ'v;c] AVAVIS A

A SO . 1

+ [(_E - g2+ 5 ) I LispFivs — g (1 +20)(35" Liaptysj — Busps + Bapris)

1 P | 1...=1 -1 o 4
+Z(1 +30)7™ Hia,p Fjys + ZJ"JHi;a,ﬂij.ﬁ} Z Zﬁng} +0(n g)

. B s X
= CWZ;Z; + n~5CH* 2, 2; 7y + n 1 CYM 2,2, 2121 + O(n~ %), (4.4.50)
where
CH = i §0 pob (4.4.51)
61 ik _ j‘t l]J,m]k,n [___(1 +a)/tl'mn:| +5k J:l 2 dam mﬁ [ (1 + 3a)/flmﬂ}

—I—JJ' z ] [_-2-(1 + 3a) il'yﬁ— Hln'ﬁ]

is 1
4'5:;‘3,2?’?7 p08 B 1 [5(1 + a) /tﬁew] (4.4.52)
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91"ijkl qdm a2 gyn ki alyg 9 5 _1 2 e
St T e Bt g*t Tmnpq—g(l’*'a’)/fm;npq
W, 3 1 1
+5£¥ ]t,mJ],'an,one,ﬁ [(—Z R Zaz) TmnpB — Z(l aF a)/tm;npﬁ

5 1 1
+1_2(1 iy a) /tﬂ;mnp 2 /tmﬁ;np +'2_(1 s 30") T‘m;ﬁ»ﬂp]

i i 1 1 1
+5’;‘f5 Fppet e Kg =5 5 _éaz) Tmnyé

1 1 1 1.3 -1 1 1
¥ (Z il 50! 4 Zaz) Tmyné + (Z 4 Za’) T ~,6,mn —'2_Ilmn;'76 oo §/t~(6;mn
1 1 1

= Fmoyins = EO-'/t'y;mn& +0 s — (14 30) Toniyins — Tm;n;'v.S]

j'kJ '.1 16 ﬁ» 1"[’ }_ = .]; 2
+6a,ﬁ,ry Fhmyd Py [(4 + 2« 4a ) Tmbep

1 —1 1
—'5(1 + 30{) T §,e;mep +;m6;c¢ K Z(l + a) j&;mcw

1, 3 1 1
+E(1 - 7a)/tm;6¢:¢ +§(1 =k a) Tmibep — Tm;6c¢}

RAN! € Bl b6, 7 7T !
805 v Ay b K—E —ea Eof) Tewbx

a: 1w 1
1 + 30{) 5 51’1’1¢’X +— T €,¢',05’x +6(1 + 20{) Itﬁ;¢¢x] 2 (4'4’53)

ol
4

7
The same arguments as we used in Remark 14 in Section 4.4.3 show that the asymptotic

o
distribution to order O(n‘%) of W is a x? distribution with p degrees of freedom. The
(23

simplifications in Remark 15 in Section 4.4.3 apply to W as well.

4.4.5 Observed Bartlett-type Adjustment for VO{I

An observed version of the Bartlett-type adjustment (3.5.91) can be found by determining
Ay, Az and Az corresponding to the conditional moment generating function given the

auxiliary statistic a, that is

R e
Mﬁqa(t) = E [e |a]
= (1-2t)F (14 (24n)~ {41d + Azd? + Asd® + O(a*)})
+0(n"%). (4.4.54)
Let #°(Z,), ©(Z.) and %2(Z,) be short for £ Z;2;, Ci* 2, 7; 7y and G412, 2; 2,7,

respectively, where 5""9', Chik and Gkl are defined in (4.4.47)-(4.4.49). Then by

(4.4.46), (4.3.21) and the approximation e” ~ 1+ z + 12? + 12® when z is close to
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zero, we find that

My () = /e('z?)o(zm)-l-n_%{i?)l(z,)}-{-n"l {3;2(::.)}):99 (5215)

x (14075 {Ra(z)} + 07t {Ba(2)}) dza + O(n"F)

=/ omil-heBoGa—greimted (H{ B pram { B })e
X (14275 {Ra(2)} + 07 {Bo(2)}) die + O(n™F)

= /|27rj “hg B (1 + a8 {B (2t} + 07 {% ("%l(z*)t)2 + 5”2(»2*)‘5})
x (14278 {Ry(2)} + 17 {Ba(2)}) dzw + O(nF)

= (1-20)% / 27 (1 — 26y ~hem 3 (02074 (14 0B {821+ Ra(z)}
-1 {-21- (B (2u)t)” + B2yt + Ba(m) B ()t + Rz(z*)}) de FOME)

= (1-2t)8 (14073 {B [$Y(Z.)la] ¢ + I [Ra(Z0)]a]}
4t {-21-1E [(&Sl(z,,)t)z |a] P [8(2.)]a) t + I [Ra(Z)BY(Z.)]d] ¢

+ E[Ry(Z.)|a]}) + O(n~5). (4.4.55)

We are taking the conditional expectation with respect to a normal distribution with zero
mean and variance V = (1 — 2t)~'j = (1 + d)j. Note that R; and Ry both depend
on the observed information matrix 7, i.e. Ry = Ri(Z.;7) and Ry = Ry(Z,;7), where
Zy ~ N.(0,(1 4 d)7).

In the following, let IE[-] be short for the conditional expectation with respect to a
N:(0,(1 + d)j) distribution. By Property 3 of Hermite polynomials given in (1.4.45),

and symmetry, we find that

E[#(2.)|t = CY*EB(2:2;7]t
= 0,  (4.4.56)

and

1103 [RI(Z*; ])]

Lt v
3T LB ()
8 (4.4.57)
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Thus, the ()(n‘%)-term of (4.4.55) vanishes. Moreover, we find that
. | N ST
E(Ry(Zai)] = =755 fijalE [fomn]
L s samanns s
g8 TP Rt = Fitis {3} 10T (g

1
+'7'§.7 Jj'q] ’T]t 3.7 e 'n.,u /tqk }flmn [thTﬂ‘u]

= —Z/fag,w“f”d + "“(lfmkl Arii 13%im) (ji’jjk’l {3}) a?

1
+72' Fisk Fimn (J g ghlymn {15}) d?

= = [Dnd + Dizd? + Diad® + 0(d*)] (4.4.58)

where

Dy = =64ijuiis*!

Dy = 3 (/i;jkl - Lisml {3}jk¢) Fha gl

Diz = (37w + 2mikst) §495%1
Also,

o . la.. 5 & » 1
B [8Y(Z)R(Ze )|t = 3 & WRGAGT o0 R 127 Dt (-—(d—~ &+ &%) + O(d‘*))
1

o:
= ﬁ taik /'pqu ,p] % n'TIE [huklmn + J:,Jhklmn {15} + Jt,y?k then {45}

+7i,5 Ik 4dmom {15} = (hijrr + Jijhut {6}
+3i,i 98,0 {3}) Fmm {3} imal (d — & + d°) + O(d*)
I w i od e RS :
= 15 C " e d 5™ [65i155mkmd
+(97:, 3k, Tmom + 1240 105.mIkn)d

+ (95, dkidmn + 63itdjmibn)d] + O(d*)

1
= ﬂ [Dg]d + D22d2 + D23d3 “ O(d4)] ? (4‘459)
where
o o
Da = 120 Fijk
Dy = 24059k g +18 & hikjhm g g
Doz = 12 8 bk /iijk + 18 8 s;"7.']:.']'1""1lszl'mji,.f'
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Further,

I [#%(2.)| ¢ L AVAVAY WA (—;—(d - LBy O(d‘*))

SRR (hijha + i gl {6} + Fijdna {3}]

— d? + d*) + O(d")

e [ji,jjk,z {3} 42 + 233k {3} d + Jijdng {3}]
d—d? + &) + O(d*)

skl (5 ing {3} (d + d)] + O(d*)

[Dsrd + Dazd? + Dasd® + O(a%)] (4.4.60)

Qr o~ Qe

AT

ol= X NI X N Qe

Qe

2|~

where

By = 1205 (g (8D
Dz = 12 % (G 1 {3))
Daz = 0.

Finally, we find that

1 o 2 i . 1
S [(wl(z*)) ] $? = 5 C ik G R [ 2, 7 73 1 Do T (Z(dz - 2d%) + O(d‘*))
T & e O A A
= 3 C Bk C Lmng, [hijkl'm,n + Ji,iPkimn {18} + Ji,jdk 1 homn {45}
+ji,jjk,ljm,n {15}] (d2 35 2d3) 25 O(d4)

1 o .0y & i 5
Sl e [iadsminm {16} (42 + )] + O(a?)

1
= o [D41d + Dy2d® + Dyad® + 0(d4)] ) (4.4.61)
where
Dy = 0
Dy = 3 Ca' ik g' Lot (i1 d5mdkm {15})

2 Q . . o
Dys = 3C hak & ymn (Ji,l]j,m.]k.n {15}) .

Then, substituting (4.4.58)—(4.4.61) into (4.4.55) gives

IE [efvt]a]

(1 - 20)7% (14 (24n)™ {Ayd + A2d® + Asd® + O(d*)})

M)

i
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+0(n%),

as in (4.4.54), where

Ay

As

D11+ Do+ Dz + Dy
=8 fij;k;ji’jjk’l +12C Wik g+ 12 G ik (Jiidka {33) 5

Dyg+ Dyz + D3y + Dy

(4.4.62)

s a a oy s
3 (/fs;jkz = Friij {3}jk1) FIH 424 C W g + 18 C BRI B i

e e o AN
+12 C #904 (i g {3Y) + 3 € 99 C B (G s dnadim {15)),

Diz+ Doz + D3z + Dys
(37ijmt + 27ik50) G g0 4 12 € WF Eiin
ios y o g« J o o
+18 C BkGUm g Gig + 3 C Bk G IR (G g m {15)

By Proposition 1 in Section 3.1.2 , we obtain an observed Bartlett-adjusted observed

geometric Wald statistic,

where

a 1 o a2 e
W’={1—;(c+bw+aw )} W,

As

12p(p+2)(p + 4)
: i a
T 12p(p+2)(p+4) (3751 + 2rikgn) 555 +12 C “9F g5

X sikslam . o gogp X .
+18 C Bikhm g dii + 3 C BEE G (G ik G m {15)),

A2 - 2A3

12p(p + 2)
1

£ e ([3)fi;jkt = 3 fijua {3} 1 — 67ijn — 47, ikjl] Jrh

12p(p + 2)

+12 C “0 (5i i1 {31) = 18 C W50 fic
o o & « . .

-3 ik Gt b (Jegdridim {15})) ?

Ay — Ay + As
12p
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s
12p

[(3 ijut; + 12 funegn + Bragia + 2mansn) 34 5%] (4.4.66)

Observe that ¢ does not depend on the value of @. Under the null hypothesis, }?{) ! has a

x? distribution with p degrees of freedom and error of order O(n‘%).

4.4.6 Observed Bartlett-type Adjustment for W

@

o o - ooy
Let %O(Z*), ©'(Z.) and ©*(Z,) be short for CHZ;Z;, CHi*Z,Z:Zy and CWH 7,772, 7),
respectively, where C*, C%* and €% are defined in (4.4.51)~(4.4.53). We can find A,

A; and Az in the moment generating functions (3.1.6) for the modified geometric Wald

statistics, that is

fl

Ma(t)
W

(1-20)7% (1+ (24n) ™ {Ayd + Ay + Asd® + O(d*)})

+0(n~%), (4.4.67)

by calculating coefficients ﬁu e .543 analogous to Dyy...D43. We find that

Dy = D=0

Dy; = Dy3=3 (/f;;jkt = Kijt {3}jkl) g

Diz = Dijz= (8Tijr + 2margr) 709504

We find that

E [%I(Z*)Rl(z*;j)] t

Lo G g s - 1

= 6 C z,J,k]l,ij,qJ ’ /tpquE [ZiZjZkhlmn] (E(d s d2 + dS) S O(d4))
1 %k e g

= 506 IR foand TI™ T E [Bijkimn + Ji i Pktmn {15)

+37i 53k B {45} + Jijdk1dmn {16} — (Rijrr + Ji jhw {6}
+7i,i 3k {8}) dmyn {BYimal (d — @ + d°) + O(d*)

i i A [
= 15 O bk qurjl,pjm,an,r [ﬁﬂi,ljj,mjk,nd

+(97i,3.5k 13mm + 125515 5.m Ik )2

'l'(gji,jjk,ljm,n + Gji,ljj,‘mjk‘n)da] A 0(d4)

i i % <
= o [Da1d + Dyad? + Disd® + 0(d%)] (4.4.68)
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where

Also,

D [%z(z*)] ¢

where

Finally,

%113 [(%l(z,,))z] 2

where

Dy = 12 é Gk /tijk
X i a
Dy = 24C ™k Fip +18C w’kjl'm/tklmji.j

Dag 12 5 i'j‘k,tijk + 18 6 i’j'kjl’m /tklmji,.f‘

Il

fl
e

i,j,k,I]E [Zzzjzkzl] (%(d —> d2 + d3) + O(d4))

SRR [hiie + Ji it {6 + Fiidk0 {3})
- d* + d°) + O(d")

("}19’ ~ Q%Q

el [Jm]k {8} d® + 243k {3} d + ji iy {3}]
d— d®+ &) +0(d")

FTTN

= X N= X N
Qm

hikid [ji.jjk,l {3} (d + dz)] +0(d*)

| =

= [ﬁgld + 532(12 + ﬁ33d3 <+ 0((14)] " (4.4.69)

N
g

Dsy = 120 %k (5 5k 1{8})
Dgy = 120 "% (5531
D33 = 0.

(o]
G idk & SR [ 22 2 % B ) G(d2 —-2d%) + O(d“))

= N

(o3 o
= = ik G WMIE [heiktmn + i jPktmn {15} + Ji,i5k 1hmn {45}
+Jiidkidmm {15}] (d* — 2d%) + O(d*)
1. @ ey
= g€ taske, 3 lymis [Ji,l]j,ka,n {15} (d® + ds)] + 0(d*)

1 Sk S ~
s -éz [D41d + D42d2 + D43d3 'I' O(d4)] ] (44'70)
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o [23
D42 = 3 C t'J'k C I'm,n (ji,ljj,mjk,n {15})

o o
Dis = 3C W% CU™ (Gigjmikn {15}) -
We substitute (4.4.68)—(4.4.70) into the analogue for W of (4.4.55) to get

Mo (1) = IE[eW"‘Ia}
Wa

(1 —20)7% (14 (24n) 7 {A1d + Apd® + Aad® + O(d*) })
+0(n~%), (4.4.71)

as in (4.4.67), where

Ay = Dy + Do+ Da+ Dy
[s]3 (e 3
= =64 g+ 12 C Bk g +12 C W9k (5 250{3)),

Ay = Dia+ Dar+ Das+ Dag
(23 &3
= 3 (fugmt — Autgs {8Yju) 375 + 20 C 10k o 418 CHikGm g 5

o (¢4 o
+12 € W8 (e i3k 1 {8)) + 3 C Wk € W™ (5, gk it {15))

As = Dis+ Das+ Das+ Das
a ..
= (3rijui + 2maazn) j 55 + 12 C 9 £y
(23 o - g
+18 C #4554 gy i + 3 € 59% € H™® (5 sjnggtm {153) -
2.
We find a modified observed Bartlett adjusted geometric Wald statistic W / by Propo-

sition 1 in Section 3.1.2. The adjusted statistic has a x? distribution under the null

hypothesis with p degrees of freedom and error of order O(n—%). Let

o 8 o2 =
W = {1 - %(é+ bW +aw )} W, (4.4.72)
where
g o As
12p(p+ 2)(p +4)
1 i o
— e N gkl e
= ]_,?,p(p -4 2)(13 i 4) ((37'1,31:1 + 2Tzk‘71)] 70412 c i;]k
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[ed o o
118 C kgl £, dig +38 C W% C L™ i tdim {15})) ,  (4.4.73)

; o Ar—24s
T 12p(p+2)
1 ..
e TR R o e s AR 5y o P 5% <2, 2kl
= 12p(p+2) ([31&;,“ 3 Zig {3} i1 — BTijme 4T:Icgl] J77
(o] (2]
+12 € “9 (5 5dn1 {3)) — 18 C %9455 g
o [=3
D e R R R (4.4.74)
§ o= Ay — Ay + 4
12p
L 5,3 ki
= 1oy [(3fijkz; + 12 Ziir + 37k + 2Tikjl) 47 ] : (4.4.75)

Observe that & does not depend on e. Moreover, ¢ coincides with ¢ in (4.4.66).
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Chapter 5

Simple Null Hypotheses

When we are testing a simple null hypothesis, the Taylor expansions of the geometric
Wald statistics simplify remarkably in both expected and observed geometries. Hence,
obtaining the Bartlett-type adjustments (3.5.91) and (3.5.100), and (4.4.63) and (4.4.72)

becomes more manageable.

Suppose we wish to test the simple hypothesis
Ho = 00

against

Hl:HGO.

As in the previous sections, we denote the maximum likelihood estimate of # under the

alternative hypothesis by 4.

5.1 Expected Geometry

Recall that the family of geometric Wald statistics (2.3.6) in expected geometry is defined

as

W = f‘e(é; 00)ii’j(é)i-x‘j(é; bo), (5.1.1)
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with

%5(0; §)= n: {1 _; O‘f;i(e’;a) + 1—;—af,:(0;9’)} .

where f(8;6') is the expected likelihood yoke (1.3.16),

1(6;0) = n B [1(0) — U(8))] . (5.1.2)

We use definitions (3.2.16)—(3.2.22) and (3.2.27) of the relevant Y- #- and 7-tensors from
Section 3.2. Again, we denote the cumulants of the vector Y, = (Y1,...,Yp, Yi1,..., Ypp,
Y111, .+ - Yppp) by Ar. Observe from (1.4.25) and (1.4.26) that

Aijk = Kijk
Aij il = —Kijim i " Kn bl + Kijkl — Kijhkl (5.1.3)
Aijkd = —KigmP™ K k1 + Kijkl — Kijikl

Aigkd = Kigkd = bi50k,1 {3},

where the xs are the moments of the normalised derivatives Z;, Z;; in (3.2.11)~(3.2.12) of
the log-likelihood function given by (1.4.20). Thus, by the definitions of the #-tensors and

7-tensors we find that

Lijk = Aijk (5.1.4)
Aigmt = Nijkt + Nijiky (5.1.5)
Bji = Mg+ Nigk {3} (5.1.6)
Biget; = =ikt = Mgt {3} — Aigm {6} (5.1.7)
Tight = Aigmi " Aklne (5.1.8)

5.1.1 Bartlett Correction of )X)

From (3.5.64) we find that the Taylor expansion of the geometric Wald statistic for testing
a simple null hypothesis is

b= Ti(0;00)(O)T;(6; 60)

= ,it':].Y‘.Y"j 3 n—% {%i’kij'IYinkYk _ _;_(1 _ a)/tijk'ii'l".j'mik'nylymyn}

ot { MY W VY, Y, + SRS VYL Y,
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+%(—5 +80) £, YR Y,

9 7 1 i 1 iy s akp
+ [(E = -8-a e Eaz) Tijhl — /f"ij;kl = (6 = Ea) /ti;jkl] R ZJ’"zk’pzl’quYan%}

+0(n~7). (5.1.9)
Thus, the Bartlett-type adjusted geometric Wald statistic (3.5.91) simplifies to
« Al o a2 o
W' = {1 = —(c+bW +aW ) W, (5.1.10)

where

= 1l 3 9 27 o\ . 1_ 9 2) . ) ot
a = ]_2p(p+2)(p+4) ((4 2a+ i « )Tlecl + (2 30!-'— 20{ Ttk_ﬂ gy

1 ?
b = p(p+2) ((—3 +120) A5k + (=6 + 120) Az {3} 51

+(3 — 6a — 6a®)rijr + (5 — 12a — 3a2)7ikﬂ) g ki

1 -
& = Yo (=3Nikt + 120051 — Aijkt — Nigsht) + 3Tiga + 2rigge) i35,

[+3
Bartlett Correction of W
Likewise, from (3.5.73) we find that the Taylor expansion of the modified geometric Wald

statistic for testing a simple null hypothesis is

@
W = Ti(fo;6)i"(8)T;(b0; )
= Y40t {2ii’kij 1Y Ya Ve - ';-(1 4 a)/ejkii’lij’mik‘"l’iYmYn}
n—l {ii’lij’mik’nnjkY(YmYn 4 3ij,kii,nbil.nYinlemYn
1 e
~5(5+3a) AisdBEmiaP Y, VY, Y,
9 o 1 2 . 1 1 jhmgdnikpilay vy y
7+ E‘F §°—’+ 6% ) Tkt — L= g( + @) hosa| TP, YV Y Y,
+0(n"%). (5.1.11)

We find that the Bartlett-type adjusted modified geometric Wald statistic (3.5.100) sim-
plifies to
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w, (5.1.12)

where

A 1 3 ?_ 27 2) e (,1_ _‘? 2) ) S
¢ = 12p(p+2)(p+ 4) ((4+2a+ T Tijht + 2+3oz+2a_r Tikgt ) 9%

- 1
b = T (—3(1 + 20)Ai gkt — 6(1 4+ @)Aij i {3}
+(3 + 3a — 6a?)rij0 + (5 + 60 — 30:2)1',',”-;) ik
= 1 i
Bl (=8Xi et + 120 Niki1 — Mgkt — Aijikt + B7ijat + 2ringt) 85948,

5.2 Observed Geometry

The family of geometric Wald statistics (2.3.6) in observed geometry for testing a simple
null hypothesis is defined as

W o= D(8:60)i 1 (O)TT(6: 60), (5.2.13)
where

1+
2

l—-a

g,i(6';0) + 5 gi(0; 9')} -

Fi(60) = n# {
and where g(8;6') is the observed likelihood yoke (4.1.1)
9(0;0") = n~" {1(6;6',a) - 1(0;0,a)} .
Let Z; and Z° be as in (4.1.2) and (4.1.3), respectively, and use (4.1.5)-(4.1.8) and (4.1.13)
to define the relevant #- and 7-tensors from Section 4.2.
The expansion of )?\‘I simplifies to

14(03 6079 ()T (03 80)
T . 1 i 7§ 7k
515229 4 03 {"5(1 - @) fijuZ Z’Zk}

W
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9 7 1 1 i
+n-l {I:(-i-é = —8'0.' -+ 1—6012) Tijkt — 6(1 - 20!) /ti;jkl] Z ZJZkZI}

+O(n~3). (5.2.14)

Then the observed Bartlett-corrected geometric Wald statistic (4.4.63) for testing a simple

null hypothesis becomes

o

o2 o
W' = {1 = %(c +bW +aW )} W, (5.2.15)

- 1 3 9 2T a2\ . i 92) ..)-i,j-k.l
‘T 12p(p+2)(p+4)((4 g+ 4“)"’”’“”“(2 3a+ 50" ) Tikit | 7

1 : ok Aok
" T DTy (8 iimi + 120 ijus + (3 = 6 — 60%)mijus + (5 — 12— 3a)ria) 7454,
5
¢ = 12 (3}'(”“ + 12 L, it + 37Tk + 27':1:]1) 7 'JJkl

[a 3
Observed Bartlett Correction for W
We find that the Taylor expansion of W for a simple null hypothesis is

<3

—

W= TilB;0)5(60)T(603 )
= -]',J2121 +n2 {—'"/tzijtZ"’Zk}
42 1 o
Wi {[( B + ) Tijkl = 6(1 i O‘)/fi;jm] Z’Z’ZkZl}
+O(n“5).

Finally, we find that the observed Bartlett-corrected version of the modified geometric

Wald statistic for testing simple null hypotheses is

= S o B BT B

W= {1—;;(5+bw+dw )} w, (5.2.16)
where
a 4 3 27 8 l ? ,2) 5 ) 1.0 okl
‘ 12p(p+2)(p +4) (( % a+ )T'J“ + (2 +3e+ 5o | T ) 775,
b 1 .,i .
b= 12p(p +2) (3 £ist; — 60t fiyjaa + (3 + e — 6a®)ijua + (5 + 6 — 3e®)riksi) 595,
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Example 5.1:
We return to the Example 2.2 in Section 2.3.3 of the exponential distribution. Recall that
the expected and the observed geometry coincide for full exponential families. In Section

2.3 we found that the geometric Wald statistic is

o 3l 7 é i
W=nZ ((l'l'a) (1—5)4-(1"0‘)('5“‘1)) ’

We find a Bartlett adjusted version of W by calculating @, b and ¢ in (5.2.15). The

log-likelihood function of the exponential distribution in the canonical parameterisation is

1(0;0) = log 6 — g

Then,
li;j(a;é) = 3}5 l,-;jm(ﬂ;é) = 562.
li;ﬂﬂ(e?é) = %0-32‘ lijn(0; é) = 0
Lin(6;0) = 0 Lijka(6;6) = 0.
Thus,
o= Lisiki é%
B = %’s.z Liini 0
Fiskt, = %—f" Tkt = 5%-

We find that

~ 1 L I P P LN
% = 12x3x5((4 2°‘+4a)452+(§"3°‘+§“)4g_4)(0)

1. 2 2
= —(1~—
36 (L~ 3)

1 1 1
b = x3(® (‘651) A (65)
& (3 ~ B 6a2) 461_4 £ (5 — 120 — 3a2) 4i) (é2)2

1 . a
= ﬁ(7~18a)




= B0 el @

[e3

o, wy ffd 2 & gy o 1 2.2 9
W' = (1—n {5+ (7—18a)w+36(1—3a)w W,

where

& 1 § é #
W:nz ((14—&)(1—5)4‘(1_‘&)(5_1)) 2

To investigate the effect of the Bartlett-type adjustment, 1000 simulations were carried
out, to estimate the cumulative probabilities of the adjusted geometric Wald statistics );.1()

for the exponential distribution when testing the null hypothesis
Ho 10 = 1,

where @ is the canonical parameter. For sample sizes n = 12 and n = 5. The simulated
cumulative probabilities corresponding to nominal cumulative probabilities of 0.900, 0.950,
0.975 and 0.990 are given in Table 2.
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n=12 n=5

nominal cumulative probability | nominal cumulative probability
« | 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990
010916 0.962 1.000 1.000 1.000 1.000 1.000 1.000
0.33 | 0.904 0.943 0.958 0.982 0.913 0.969 1.000 1.000
-0.33 1 0.940 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.50.898 0.936 0.953 0.975 0.894 0.938 0.972 1.000
-0.5 |1 0.956 1.000 1.000 1.000 1.000 1.000 1.000 1.000
110.897 0.936 0.963 1.000 0.900 0.939 0.977 1.000
-1 [1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
10 | 0.788 0.812 0.839 0.856 0.783 0.793 0.802 0.816
-10 | 0.787 0.805 0.819 0.852 0.758 0.775 0.786 0.802

Table 2: P (ﬁ) '< x?;c) for ¢ = 0.90, 0.95,0.975, 0.99 based on 1000 simulations.

Comparing the entries in Table 2 with those in Table 1 in Section 2.3, indicates that
there are slight improvements in the chi-squared approximation when « is positive. It is
obvious, however, that for o negative the upper tail of the distribution of the adjusted

Wald statistics is shorter than that of the the limiting y? distribution.
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Chapter 6

Discussion

In this thesis, a family of new and parameterisation-invariant versions of the Wald statistics
has been defined. Ideas from differential geometry have been used as a guideline to defining
test statistics with a geometrically intrinsic meaning. The distributional properties of the
.new statistics have been investigated, and Bartlett-type corrections have been applied in
order to approximate the asymptotic behaviour of the statistics better by the limiting

distribution.

The geometric Wald statistics form a wide family of test statistics. Here we have mainly
looked at the expected geometric Wald statistics and the observed geometric Wald statis-
tics, but the definition (2.3.5) allows any yoke to be used. Also, when a yoke has been

decided on, there is a whole family of tests to choose from, depending on the value of o.

A few ideas for further investigation of the geometric Wald statistics introduced in this

thesis include:

(i) which one of all these geometric Wald tests?

(ii) what happens if we use a yoke that is not one of the two likelihood yokes?
(iii) how do the geometric Wald statistics behave for different values of a?

(vi) is it only the Il‘,,- and T‘l‘»parameterisations that have an intuitive meaning?
(v) what are the power properties of the geometric Wald statistics?

(vi) when do the geometric Wald statistics simplify?

Looking at special cases where the geometric Wald statistics simplify could give us some
knowledge about the geometrical ‘shape’ of the test statistics — and about the special

cases.
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As mentioned in Section 2.3.3, the values ¢ = 1 and @ = —1 correspond to the canonical
and the expectation parameterisations, respectively, in full exponential models. It would
be interesting to investigate how this concept generalises to other statistical models. More
research is also needed on the score tests (2.2.4) that we have come across a few times
as being ‘almost’ one of the geometric Wald tests. The traditional definition of the score
statistic is not consistent in its use of geometries. Comparing the traditional score statistic
to the two geometrically ‘correct’ statistics, (i) the observed score statistic

2 . o
W: lﬂ(é; 0, a,)j_l(a)lg'r(g; 01 a’)7

or (ii) the exzpected score statistic

-1

W= T4l (0))i~ (8)IE;(lor (6)]

could give us a better understanding of one of the key instruments in parametrical statis-
tics, - and (possibly) an improvement of the score test. Naturally, when the two geometries
coincide (e.g. for full exponential models) the traditional score test has a ‘correct’ geo-

metrical form.

In general, the importance of differential geometry in statistics is first and foremost that it
encourages statisticians to concentrate on parameterisation-invariant procedures. Further,
differential geometry can provide a geometrical insight and perhaps a better understand-
ing of parametric statistical inference as we know it. A complete understanding of the
correspondence between differential geometry and statistics has not yet been established.
There is still a long way to go, but maybe this thesis will be just a small step on the way

to complete this understanding.
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Index of Notation

> 2

=1

x

Ziy Zijy Zijik
i, Yij, Yige
Z

7

general parameter

interest parameter

nuisance parameter

unrestricted m.l.e. of 4

m.l.e. of & under Hy

(scaled) moments

(scaled) cumulants

auxiliary statistic

likelihood function

(scaled) expected information

(scaled) observed information

nuisance part of ¢ (expected) or j (observed)
expected likelihcod yoke

typical yoke

observed likelihood yoke

mixed derivatives of a yoke ¢ at (8;6)
(normal) coordinate system

derivatives of T ; at (6;9)

tensors (expected)

tensors (observed)

embedding curvatures (expected)
embedding curvatures (observed)

tensors (expected)

tensors {observed)

(normalised) derivatives of the score (expected)
tensorial versions of Z;, Z;;, Z;;;, (expected)
(scaled) score (observed)

Z; lifted by ¢ (expected), or by j (observed)

100

(1.4.20)
(1.4.22)

(1.3.5)
(1.3.6)

(1.3.16)
(1.3.7)
(1.3.17)

(2.3.7)

(3.2.19)(3.2.22)
(4.1.5)~(4.1.8)
(3.2.23)-(3.2.24)
(4.1.9)-(4.1.10)
(3.2.27)~(3.2.32)
(4.1.13)~(4.1.18)
(3.2.11)~(3.2.13)
(3.2.16)—(3.2.18)
(4.1.2)



w

W

=0

w

Ma(t)

Mo (2)
W

)f{)/

W

traditional Wald statistic
geometric Wald statistic (general yoke)

modified geometric Wald statistic (general yoke)

a4
moment generating function of W (expected)

moment generating function of W (observed)
x

moment generating function of W (expected)
(24

moment generating function of W (observed)

Bartlett adjusted W (expected)
Bartlett adjusted W (observed)

o
Bartlett adjusted W (expected)

Bartlett adjusted W (observed)
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(2.1.1)
(2.3.6)

(2.3.9)
(3.5.90)
(4.4.62)
(3.5.99)
(4.4.71)

(3.5.91)
(4.4.63)

(3.5.100)
(4.4.72).
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