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This article provides a comprehensive analysis of the way multipolar field expansions, of common
use in the study of point defects in solids, may be extended to study the long range fields of dis-
locations and cracks. The long range fields of such defects are of relevance in fields as disparate
as dislocation dynamics, microcrack and fragmentation, or radiation damage studies. The article
provides a general framework for the development of multipolar field expansions in the continuum;
one that may be used for any generalised force distribution. The general framework is combined
with the Burridge-Knopoff force representation of dislocations and cracks, both in the planar and in
the three dimensional cases, to achieve their respective multipolar field expansions for generalised
dislocation loop and crack geometries. It is shown that, despite its simplicity, the multipolar field
expansions provide a very accurate measure of the far field of both planar and three dimensional
dislocations and cracks, and that the accuracy increases as higher order terms (i.e., quadrupolar,
octopolar, etc) are introduced into the expansion. The formulation is then extended to the elas-
todynamic case. Both a spatial-temporal multipolar field expansion and a spatial multipolar field
expansion, are developed. The spatial-temporal multipolar field expansion is seen to capture only
the leading terms of the elastodynamic fields, whilst the spatial multipolar expansions are seen to
be very accurate at capturing the long range field behaviour so long as the characteristic speed of
the dislocation or crack are a fraction of the longitudinal speed of sound.

I. INTRODUCTION

This article concerns the multipolar field expansions of the elastic fields of dislocations and cracks. By
the multipolar expansion of an elastic field we mean the approximation of that same elastic field as a set
of force multipoles which are applied over a single point, their distributional complexity increasing with
the expansion’s order, and their magnitude dependent on the actual field’s underlying characteristics.
Thus, an otherwise arbitrary and extended elastic field, as would be that of a dislocation loop or a three
dimensional crack, may be approximated as a set of point force dipoles, quadrupoles, octopoles, etc,
applied on a single point. The result of the expansion is meant to be an approximation that captures
correctly the energetics and the long range behaviour of the elastic field, even if the near field is incorrectly
approximated. Because it is the result of the application of simple point forces of constant albeit well-
defined magnitude, the multipolar expansion will generally be simpler to evaluate than the original elastic
field.

Multipolar expansions of this sort were originally developed in electrodynamics, for the study of long
range electromagnetic fields of charge distributions [1]: by approximating the long range potential as if
they originated on a multipole of point charges, one can greatly simplify the study of the distribution’s
long range effects. This has proven to be a fruitful avenue of research, particularly in the study of the
electronic structure of complex molecules [2], and in spectroscopy [3], amongst many other examples.

One of the classical results derived from the study of crystal defects in elastic solids is that of the force
multipole models of point defects. As in the electrodynamic case, this is aimed at producing an elastic
model of the point defect as a set of forces (see for instance [4, 5]), and at being able to study their long
range effects and interactions from an energetically consistent perspective. This article generalises this
approach to the modelling of dislocations and cracks. This generalisation is based on one of the crucial
results by Backus and Mulcahy [6, 7], namely that the moment tensor and the force representations of
an elastic source can be given in terms of their ‘polynomial moments’. In parallel, and within the context
of non-linear elasticity, Kunin [8] showed that the fields of arbitrary inhomogeneities may be expressed
in terms of perturbations of the boundary conditions, that enabled expressing the fields of the defect as
a series expansion reliant on the homogeneous, infinite medium’s Green’s function.

Traditionally, the use of multipolar expansions in the theory of dislocations was associated with the
use of clusters of dislocations (e.g., dipoles, quadrupoles,. . . of edge or screw dislocations) as a way of
computing their collective long range effects on other such clusters [9–11]. In addition, based on Kunin’s

∗ bg374@cam.ac.uk

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Apollo

https://core.ac.uk/display/158355292?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


2

theory, Kosheleva and coworkers [12, 13] applied multipolar field expansions to the theory of composite
media.

In recent years, a number of more sophisticated multipolar expansions related to the computation
of dislocation interactions [14, 15] and the elastic fields of dislocations [16, 17] have been offered in the
context of extending the fast multipole technique [18] to dislocation dynamics simulations and dislocation
theory; in this way, they offer a considerable speed up factor compared to conventional discrete dislocation
dynamics methods, and enable more cost effective theoretical treatment of the long range interactions
between dislocations and other crystalline defects[17]. As opposed to the full multipolar expansion offered
in this article, these methods are based on the dipolar field expansion of the elastic energy[14, 15] and the
stress tensor [16]; they are, therefore, multipolar expansions of the moment tensors, based on De Wit’s
line integral formalism [19]. Furthermore, other formulations of multipolar field expansions have recently
been employed to study the far field asymptotic field of the elastic fields generated by inhomogeneities[20],
and in the context of homogenisation theory[21].

This article generalises these efforts, and extends them to higher order multipolar moments, to elastic
anisotropy, and to elastodynamics, offering a comprehensive theoretical framework with which to develop
further multipolar expansions of extended defects, as we do for cracks in this work. In both the static
and elastodynamic cases, we show that the multipolar field expansions correctly capture the long range
behaviour of dislocations and cracks, to increasing accuracy as the multipolar moments’ order is increased.
As will be seen, by applying the representation theorem we make the multipolar expansion generally
anisotropic, and dependent on Green’s tensor function and the dislocation’s or crack’s moments of area.
We argue that such expansions are of relevance to the study of either defect when their representative
lengths are small compared with the scale of the problems. For dislocations, this could refer to the
study of nano-loops resulting from radiation damage, or to the study of the collective behaviour of
dislocations in an statistical manner. For cracks, the formulation we present would be of relevance to all
those applications where microcracks are present, particularly if their numbers are large: from damage
in semiconductors, to fragmentation studies, in all those cases small cracks will interact with one another
not so much via their near fields but through their long range fields, and the multipolar field expansions
we introduce in this article offer an exact and cost-effective description of these very long range effects.

The methodology introduced in this article relies on employing the dislocation’s and crack’s force
representation, as opposed to their eigenstrain or eigenstress representations. The need for a force repre-
sentation arises in section II, where we offer the multipolar field expansion of a general displacement field.
We shall see that, in the same way the multipolar field expansions of point defects require their description
as sets of forces, the true multipolar field expansion of any other extended defect requires it too. Thus,
in section III we provide the elastostatic force representation of both dislocations and cracks by means
of the Burridge-Knopoff theorem[22], which we briefly discuss. This formulation will provide the way of
attaining higher order multipolar moments. Having defined the general expression of a multipolar field
expansion and provided the force representation of a general dislocation loop, in section IV we develop
the theory of multipolar expansions of loop. We show that in the most general case of a dislocation loop,
the multipolar field expression depends to increasing orders on the moments of area enclosed by the loop,
leading to a simple and cost-effective formulation of the long range effects of dislocations. In section VI,
we apply the very same formulation to cracks in a number of modes and geometries; albeit the number
of cases considered here is non-exhaustive, we show the procedure to develop the multipolar field expan-
sion of any one crack. In section VII we go on to extend the formulation to the case of elastodynamic,
multipolar field expansions both for dislocations and cracks.

II. MULTIPOLAR EXPANSION OF A FORCE DISTRIBUTION

As a first step towards offering a complete description of the multipolar field expansions of defects,
in this section we define the general formulation of the multipolar field expansion. Rather than follow
Backus and Mulcahy[6] in defining the multipolar moments a priori, here we begin by considering a
general body force distribution fp(x) acting as a source in a linear elastic, anisotropic, and unbounded
solid. The displacement ui(x) field associated with the force distribution may be obtained as follows via
the representation theorem [23]

ui(x) =

∫
Ω′
Gip(x− x′)fp(x′)dΩ′ (1)

where Gip(x−x′) is the elastic Green’s function of an unbounded solid, and where repeated index denotes
summation.
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We expand Gip(x− x′) in Taylor series of x′ about 0, rendering

Gip(x− x′) = Gip(x)− ∂Gip(x)

∂xk1

x′k1
+

1

2!

∂2Gip(x)

∂xk1∂xk2

x′k1
x′k2
− 1

3!

∂3Gip(x)

∂xk1∂xk2∂xk3

x′k1
x′k2

x′k3
+ . . .

=

∞∑
n=0

(−1)n

n!

∂nGip(x)

∂xk1
. . . ∂xkn

x′k1
· . . . · x′kn (2)

Substituting this above, we find

ui(x) =

∫
Ω′

∞∑
n=0

(−1)n

n!

∂nGip(x)

∂xk1
. . . ∂xkn

x′k1
·. . .·x′knfp(x′)dΩ =

∞∑
n=0

1

n!

∂nGip(x)

∂xk1
. . . ∂xkn

∫
Ω′

[
x′k1
· . . . · x′knfp(x′)

]
dΩ′

(3)
We then identify, in direct analogy to the point defect’s case (see [24]), the force multipole moment
associated with force distribution as

γ
(n)
pk1...kn

=

∫
Ω′
x′k1
· . . . · x′kn · fp(x′)dΩ′ (4)

where n denotes the order of the multipolar moment, so that the displacement field associated with the
multipole of order n is then given by

ui(x) =

∞∑
n=0

(−1)n

n!

∂nGip(x)

∂xk1
. . . ∂xkn

γpk1...kn (5)

We note here that a similar expansion argument can be provided for the moment tensor representation,
and obtain the moment tensor density multipole expansion instead. In that case, the higher order
moments would be given by

κ
(n)
ipk1...kn

=

∫
Ω′
x′k1
· . . . · x′kn ·mip(x′)dΩ′ (6)

where mip is the moment tensor density. However, as was noted by Backus and Mulcahy [6], knowledge
of a moment tensor multipolar moments does not uniquely determine the elastic field in a multipolar
expansion, since

γ
(n)
pk1...kn

=
∑
Π

κ
(n−1)
k′1pk

′
2...k

′
n

(7)

where Π is each permutation in the order of B = {k′1, . . . , k′n} relative to A = {k1, . . . , kn} such that
A = B. Therefore, the moment multipole expansion seems less suitable for representing dislocations and
other extended defects if higher order terms (i.e., quadrupolar and beyond) are required.

We also note that in expressing the displacement field as in eqn.5, each multipolar term can be regarded
as being the result of the convolution of the field’s Green function with a point force distribution applied at
the origin. For instance, the first order, dipolar, moment term would arise if a force doublet of magnitude

γ
(1)
pk1

, i.e., fp(x) = γ
(1)
pk1
∂k1

δ(x), were applied along each cartesian direction at the origin; the convolution
of this term with the Green’s function via the representation theorem in eqn.1 renders

u
(1)
i =

∫
Ω′
Gip(x− x′)γ(1)

pk1
∂k1

δ(x′)dΩ′ =
∂Gip

∂xk1

γ
(1)
pk1
,

which is the first order term in the expansion in eqn.5. Analogously, the second order quadrupolar

moments would correspond to the application of a force quadrupole of magnitude γ
(2)
pk1k2

at the origin,
and so on. Thus, the multipolar field expansion subsumes any one force distribution into a series of
force dipoles, quadrupoles, etc., applied at the origin. The calculation of a multipolar field expansion is
the computation of the multipolar moments that provide the magnitude of those force multipoles at the
origin. As can be seen in eqn.4, these multipolar moments are heavily influenced by the geometry of the
force distribution. This stands in direct analogy to electrodynamics, where multipolar representations
were first developed [1].
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A. Properties of the force multipole moments

The force multipoles fulfil a number of symmetries and other properties. Thus, the 0th order moment
is just the total force exerted by the dislocation over the medium, which one would expect to be

γ(0)
p = 0 (8)

as required by equilibrium. We note that it can be checked that this is true for dislocation loops and
straight screw dislocations, but that for straight edge dislocations, as we have discussed before, there

exists a net force acting in the direction normal to the slipped surface, whereby γ
(0)
p 6= 0.

The 1st order moment is related to force moments (i.e., torques). In particular, if we compare

γ
(1)
pk1

=

∫
Ω′
x′k1
· fp(x′)dΩ′ (9)

with the total torque, Mj , exerted over the medium

Mj =

∫
Ω′
εjk1px

′
k1
· fp(x′)dΩ′ (10)

we see that εjk1pγ
(1)
pk1

is the jth component of the total torque. Equilibrium in force moments therefore

requires that γ
(1)
pk1

= 0. We note that equilibrium in torques requires the topological closure of the defect,
meaning that as explored in the following sections, neither straight edge nor straight screw dislocations on
their own are equilibrated in moments. In fact, in principle equilibrium would imply the strong symmetry
that

γ
(1)
pk1

= γ
(1)
k1p

(11)

which straight dislocations do not generally fulfil. It is therefore a property of the straight dislocations
that their force moment tensors are not symmetric.

Further symmetries exist. Crucially, it is clear from eqn.4 that the ordering of the k1, . . . , kn indices is
irrelevant. That is, if the sets A = {k1, . . . , kn} and B = {k′1, . . . , k′n} are by extension A = B, then

γ
(n)
pk1...kn

= γ
(n)
pk′1...k

′
n

(12)

III. FORCE REPRESENTATIONS OF DISLOCATIONS AND CRACKS

In section II we have the multipolar field expansion of a force distribution. Generally however, extended
defects such as dislocations and cracks are defined not in terms of force distributions, but as eigenstrains
[23, 24] or eigenstresses [6]. The latter two are but two of at least four different ways of representing
sources in an elastic continuum, the other two being force representations [22] and moment tensors [7].
Following the formal definitions of the field multipolar moments given in sec II, it is clear that multipolar
expansions require the description of the defect as body forces. This can be achieved both for dislocations
and cracks by adapting the Burridge-Knopoff force representation theorem [22].

A. Burridge-Knopoff force representation theorem

The Burridge-Knopoff force representation theorem (hereafter, BK theorem) states that any internal
discontinuity in the displacement or traction fields of a linear elastic solid may be represented by an
equivalent body force distribution applied on a perfect elastic continuum, such that the elastic fields
of the discontinuity and its force equivalent are the same. It is important to stress that the Burridge-
Knopoff forces are fictitious forces, not actual body forces, that are applied on the undisturbed, defect-free,
continuum; as such, they can be shown to be the continuum equivalent of the Kanzaki forces in crystalline
defects[24, 25]. Here, we introduce the BK theorem without proof.

Let [ui](x
′, t) be a general displacement discontinuity. Here u ≡ ui denotes the displacement field,

which is generally dependent on time t ∈ R and on a spatial position vector x′ ∈ R3. Let Sx′ be the
internal surface defined by the support of [ui](x

′, t); let ν ≡ νj be the normal vector to Sx′ . The BK
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theorem states that the elastic fields due to [ui](x
′, t) are equivalent to those due to some force distribution

f ≡ fp, given by1

fp(x, t) = −
∫
Sx′

[ui](x
′, t)νjCijpq

∂δ(x− x′)
∂xq

dSx′ (14)

where Cijpq is the elastic constant tensor, δ(·) is Dirac’s delta function. For brevity, hereafter

∂δ(x− x′)
∂xq

= δq(x− x′) (15)

B. BK forces of dislocation loops

Let us consider a closed dislocation loop defined by some closed curve C. The Burgers vector, conserved
as required by Frank’s rule[26], is given by the vectorB ≡ Bi. Let D ∈ R3 be the set of all points enclosed
by C. We define the characteristic function 2 χD(x) associated with the loop as (q.v.[27])

χD(x) =

{
0 x /∈ D
1 x ∈ D

(16)

We note that ιD(x) = −ν · ∇χD(x) is the (compact) surface delta function, and that therefore ι′D(x) =
∇2χD(x)[28]. The discontinuity dislocation loop may then be modelled as

[ui](x
′) = BiχD(x′) (17)

The associated plastic distortion, βij = [ui],j , renders Kröner’s formula [29]

βij(x
′, t) = Bi∂jχD(x′) = −Biνjι(x) (18)

The corresponding force representation of the loop may then be found invoking the BK theorem as

fp(x) = −
∫
D

[ui](x, t)νjCijpqδq′(x
′ − x)dD = −CijpqBi

∂

∂xq

∫
D

νjχD(x′)δ(x′ − x)dD

= −CijpqBiνj
∂χD(x)

∂xq
(19)

This equation is the general force representation of an arbitrary dislocation loop described by the char-
acteristic function χD(x), the support

a. Straight dislocations. Application of eqn.19 or, otherwise, directly of the BK theorem to the case
where the loop degenerates in a straight edge or straight screw dislocation renders the force representation
of straight dislocations. For the straight edge isotropic dislocation with Burgers vector along the x1 axis,
and dislocation line along the x3 axis, using Cijpq = λδijδpq + µ(δipδjq + δiqδjp) eqn.19 renders

f1 = −Bµ∂x2χ
edge
D (x), f2 = −Bµ∂x1χ

edge
D (x), f3 = 0 (20)

In this case, χD(x) is the positive axis of abscissae. It may be represented as χedge
D (x) = H(x1)δ(x2),

where H(x1) applies to all the positive half plane, and δ(x2) only for x2 = 0.
For screw dislocations with Burgers vector parallel to the x1 axis, in turn, eqn.19 leads to

f1 = Bµ∂x3χ
screw
D (x), f1 = 0 = f2 (21)

where ∂x3
χscrew
D (x) = H(x2)δ′(x3).

1 In the case of elastostatics, the BK theorem reduces to

fp(x) = −
∫
Sx′

[ui](x
′)νjCijpq

∂δ(x− x′)

∂xq
dSx′ (13)

2 Note that albeit it generalises the concept of the step function, the characteristic function is not a Heaviside function in
higher dimensions: it offers compact support for all points in D, not for half spaces.
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C. BK force representation of cracks

Employing the same procedure as with dislocations, we are able to provide the force representation
of cracks. For brevity’s sake, here we shall consider flat cracks subjected to constant loading. In all
cases, we shall assume that the crack is thin, which we justify by reference to the fact that in deriving a
multipolar field expansion, we are only concerned with the long range fields of the cracks, as these would
be relevant in fragmentation or damage evolution studies. Throughout, we assume the crack surface to
lie on the (x1, x2) plane, and the crack plane normal to be the x3 plane, and that the crack is subjected
to a uniform stress of constant magnitude.

For brevity, in this article we analyse only the cases of the mode I and mode III cracks, omitting the
mode II crack as it stands as a converse of the mode I crack.

b. Flat mode I crack. We define a flat mode I crack via its eigenstress. Define the crack as a planar
inclusion D of width 0 in the normal to the cracked surface. Its shape may be described via certain
planar region D defined, as the dislocations, via the characteristic function

χD(x) =

{
1 x ∈ D
0 x /∈ D

, (22)

the support of which is the locus of points lying on the crack faces.
We consider the case of a mode I crack subjected to a uniform stress of magnitude σ0

33. The corre-
sponding eigenstress Σij due to the crack is (q.v.[30]):

Σ33(x) = −Σ0
33χD(x), Σ32(x) = Σ31(x) = 0 ∀x ∈ D (23)

The equivalent BK forces are then given by fj = −∂iΣij [6], whereupon

f1(x) = 0, f2(x) = 0, f3(x) = σ0
33∂3χD(x) (24)

For instance, if D is defined in such a way that

χD(x) = (H(x1)−H(x1 − L1)) (H(x2)−H(x2 − L2)) δ(x3),

then

f3(x) = σ0
33 (H(x1)−H(x1 − L1)) (H(x2)−H(x2 − L2)) δ′(x3), f1(x) = 0, f2(x) = 0, (25)

which defines a L1 × L2 wide rectangular crack.
c. Flat mode III crack. As with the mode I cracks, we use χD(x) to describe the cracked surface.

In this case, we assume that the mode I crack is subjected to a uniform shear stress of magnitude σ0
31.

The corresponding eigenstress Σij due to the crack is

Σ31(x) = −Σ0
31χD(x), Σ33(x) = Σ32(x) = 0 ∀x ∈ D (26)

The equivalent BK forces are then given by fj = −∂iΣij , whereupon

f1(x) = −σ0
31∂3χD(x), f2(x) = 0, f3(x) = −σ0

31∂1χD(x) (27)

IV. FORCE MULTIPOLE EXPANSION OF A DISLOCATION

In section II we have given the general expresion of the multipolar field expansion of an elastic field. We
have seen it to require the description of the defect in terms of its Burridge-Knopoff force representation,
which we have derived for both dislocations and cracks in section III. With those two ingredients in
place, we now wish to consider the multipolar expansion of a dislocation. From eqn.19 and, in general,
section III, we know that dislocations may be regarded as formed by a set of distributed forces acting
across the slipped surface.

A. Dipole of screw dislocations

For illustrative purposes, we shall first consider a dipole of screw dislocations. From eqn.21, we see it
is defined by set of force doublets acting across the slipped surface. Here, the dislocation line is placed
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along the x1-axis, and the slipped surface defined by its normal along the x3 direction; the slipped surface
is the positive x1, x2 halfplane.

The screw dislocation dipole, with a separation of L, is first modelled in antiplane shear as given by

f1(x1, x2, x3) = Bµ [H(x2 − L)−H(x2)] δ′(x3) (28)

Before proceeding, we note that an indeterminacy arises when integrating f1 above over the x1 domain,
given that the dipole defined above is distributed along the x1, x2 plane. We get around it by invoking
the linear superposition principle, as follows. First, we study the effect of a line distribution, of the form

f line
1 (x1, x2, x3;x′1) = Bµ [H(x2 − L)−H(x2)] δ′(x3)δ(x1 − x′1). (29)

Second, we then integrate over the contributions of these lines to eqn.5 along the x′1 direction3.
In this case, we find that the 0th-order moment tensor vanishes as expected. The only non-zero

component of the first order dipole moment tensor is

γ
(1)
13 = BµL (30)

The fact that γ
(1)
13 6= 0 entails that a dipole of screw dislocations introduces a torque in the system (in

this case acting in the x2 direction).
The only non-zero components of the second order, quadrupole moment tensor are

γ
(2)
132 = γ

(2)
123 = Bµ

L2

2
(31)

The only non-zero components of the third order, octopole moment tensor are

γ
(3)
1322 = γ

(3)
1232 = γ

(3)
1223 = Bµ

L3

3
(32)

And so on.
The corresponding displacement fields of these lines in the multipole expansion can be found employing

eqn.5. We may use the expression for the 3D elastic Green’s function here (see [23]),

Gij(x) =
1

16πµ(1− ν)r

[
(3− 4ν)δij +

xixj
r

]
, r =

√
x2

1 + x2
2 + x2

3 (33)

Thus, to first order we find

uline
1 (x) = −Bµλ∂G11(x)

∂x3
=
Bλx3

(
(4ν − 6)x2

1 + (4ν − 3) (r)
)

16π(ν − 1) (x2
1 + r)

5/2
(34)

uline
2 (x) = −Bµλ∂G21(x)

∂x3
=

3Bλx1x2x3

16π(1− ν) (x2
1 + r)

5/2
(35)

uline
3 (x) = −Bµλ∂G31(x)

∂x3
= −

Bλx1

(
x2

1 + x2
2 − 2x2

3

)
16π(ν − 1) (x2

1 + r)
5/2

(36)

Now we integrate out the x1 component, to finally obtain the first oder multipole expansion of a dipole
of screw dislocations:

u1(x2, x3) =
BL

2π

x3

x2
2 + x2

3

, u2 = 0 = u3 (37)

The expansion may be performed to higher orders using the same method. For instance, the quadrupole
expansion of the dipole is

u1(x2, x3) = −BL
2π

x3

x2
2 + x2

3

+
BL2

2π

x2x3

(x2
2 + x2

3)2
, u2 = 0 = u3 (38)

3 This approach is equivalent to working in the 2D x2, x3 plane with the two dimensional Green’s function.
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FIG. 1: Comparison between different force multipole expansions of the elastic field of a dipole of screw
dislocations.

The octopole expansion, in turn, would render

u1(x2, x3) =
BL

2π

x3

x2
2 + x2

3

+
BL2

4π

x2x3

(x2
2 + x2

3)2
+
BL3

12π

x3(x2
2 − 3x2)

3(x2
2 + x2

3)3
, u2 = 0 = u3 (39)

It can be shown that this specific multipole expansion corresponds with the Taylor series expansion of
the screw dipole’s displacement field in series of L about L = 0. Of course, this was to be expected given
that in this case the force distribution we have chosen to represent the screw dislocation dipole was in fact
the exact force distribution of Volterra dislocations. Fig.1 provides a comparison between the u1(x2, x3)
fields resulting from each multipolar field expansion and the exact solution.

The quality of this expansion may be judged in fig.1, which compares the exact solution to the dipolar,
quadrupolar, and octopolar expansions. Clearly, in the long range the approximation is remarkably good
even for the dipole moment expansion alone, even though in the short range increasingly higher order
expansions are needed to achieve enough accuracy. From error analysis, we can judge that the dipole
expansion falls within ≈ 5% error or less for distances of ≈ L. Therefore, as expected, the multipole
expansion becomes increasingly accurate for studying the long range behaviour of the dipole of screw
dislocations.

V. MULTIPOLAR FIELD EXPANSION OF A DISLOCATION LOOP

We shall now consider the multipole expansion of a dislocation loop. In this case, the force represen-
tation is given by eqn.19,

fp(x) = −CijpqBiνj
∂χD(x)

∂xq
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The multipole moments are defined with eqn.4, whereupon

γ(0)
p = −CijpqBi

∫
Ω′
νj
∂χD(x′)

∂x′q
dΩ′ = 0 (40)

γ
(1)
pk1

= −CijpqBiνj

∫
Ω′
x′k1

∂χD(x′)

∂x′q
dΩ′

= −CijpqBiνj

∫
D′
δk1qχD(x′)dD′

= −CijpqBiνjδk1qD (41)

where D denotes the area enclosed by the dislocation loop.

γ
(2)
pk1k2

= −CijpqBiνj

∫
Ω′
x′k1

x′k2

∂χD(x′)

∂x′q
dΩ′

= −CijpqBiνj

[∫
Ω′

∂x′k1

∂x′q
xk2

χD(x′)dΩ′ − νj
∫

Ω′

∂x′k2

∂x′q
xk1

χD(x′)dΩ′
]

= −CijpqBiνj (δk1qδk2u + δk2qδk1u) Ju (42)

where Ju denotes the first moment of area of the dislocation loop.
One can prove by induction that, in general,

γ
(n)
pk1...kn

= −CijpqBiνj

 n∑
i=1

δkiq

n∏
j=1,j 6=i

δkjuπj;i

 Ju1...un−1 (43)

where Ju1...un−1
denotes the (n− 1)th moment of area of the dislocation loop, and

πj;i =

{
j, j < i

j − 1, j > i
(44)

The resulting displacement field may be obtained using eqn.5.

1. Multipole expansion of a planar, circular dislocation loop

x
1

x
2

x
3

B
i
=[B 0 0]T

ν
j
=[0 0 1]T

R

x
1
=0.25R

FIG. 2: Schematic of the circular dislocation loop.

For illustrative purposes, here we consider the case of a perfectly circular, planar loop in an isotropic
continuum depicted in fig.2. The loop is of radius R, and centred about the origin of a cartesian coordinate
system, with the loop lying in the x1, x2 plane, and slip plane normal along the x3 direction; we align
the Burgers vector with the x1 direction.
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FIG. 3: Dipole and octopole expansion and exact solution of the σ33 field of a circular dislocation loop.

For brevity, we shall consider the multipole expansion up to third order (dipolar and octopolar mo-
ments) alone. The force multipole moments in that case depend on the following moments of area:

D = πr, Ju = 0, ∀u = 1, 2, 3, J11 =
πr4

2
= J22, J12 = J21 = J3u = Ju3 = 0, ∀u = 1, 2, 3 (45)

And the corresponding non-zero force multipoles are

γ
(1)
13 = γ

(1)
31 = Bµπr,

γ
(3)
1311 = γ

(3)
1131 = γ

(3)
1113 = Bµ

πr4

2
,

γ
(3)
3111 = 3Bµ

πr4

2
,

γ
(3)
1322 = γ

(3)
1232 = γ

(3)
1223 = Bµ

πr4

2
,

γ
(3)
3122 = γ

(3)
3212 = γ

(3)
3122 = Bµ

πr4

2
(46)

whereupon the octopolar expansion of the displacement field is

ui = −
[
∂Gi1

∂x3
+
∂Gi3

∂x1

]
Bµπr − 1

3!

[
3
∂3Gi1

∂x3∂x2
1

+ 3
∂3Gi3

∂x3
1

+ 3
∂3Gi1

∂x3∂x2
2

+ 3
∂3Gi3

∂x1∂x2
2

]
Bµ

πr4

2
(47)

where Gij in this case is the three dimensional static isotropic Green’s function (see eqn.33 [23]). The
resulting field components are given in the Appendix due to their length.

Given the relative simplicity of a circular dislocation loop, we may hope to compare the quality of
the multipole expansion with exact (i.e., non expanded) results, which are in fact available (see [31]).
Here, the comparison is performed with the stress field components themselves, which may be obtained
using σij = Cijpqup,q. Figure 3, for instance, shows the σ33 stress component of the dipole and octopole
expansions of the said stress field component, alongside the exact solution; both solutions are depicted
for a cross section at x1 = 0.25R. The dipole expansion underestimates σ33, something which is corrected
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with the octopole expansion; clearly however, the main long-range traits of the exact solution are captured
with remarkable accuracy by the dipole expansion.

This was to be expected. Consider eqn.5: the Green’s function itself decays as 1/r, with r a distance (see
[23], although this is clear from eqn.33), so each of its successive derivatives in the multipolar expansion
will decay by a factor of 1/rj+1, where j is the multipole order of the expansion. That means that the
force dipole expansion decays by a factor of 1/r, and the octopolar terms by a factor of 1/r4, whereby
the force dipole moment alone is responsible for the largest contribution to the long range behaviour of
the expansion.

The accuracy of the approximation can be increased by expanding the multipole moment expansion
to higher orders. Still, the simplicity of this multipole approach alongside its accuracy even for the
dipole moment expansion, which depends solely on the area enclosed by the dislocation loop, makes it
remarkably simple.

Dislocation interactions are long range, and dislocations move so as to minimise the system’s elastic
energy (via the Peach-Koehler force)[26]. This multipolar expansion may therefore be employed to
estimate with great accuracy the long range dislocation-dislocation interactions and other dislocation
mediated long range effects, such as the shielding of cracks or of shock fronts.

VI. MULTIPOLAR FIELD EXPANSION OF CRACKS

The multipolar field expansions of cracks can be achieved in the same way as for dislocation loops. In
section III C we have provided the force representation of flat cracks in modes I, II, and III subjected to
uniform stress field components. Using these force representations, we now provide in the following the
corresponding multipolar field expansions.

a. Mode I crack. The corresponding force multipole expansion for the mode I crack is then obtained
as detailed in the following. The n-th order multipolar moment is given by eqn.4, where we substitute
fj for eqn.25, leading to:

γ
(n)
3k1...kn

= σ0
33

∫
Ω′
x′k1
· . . . · x′kn∂3χD(x′)dΩ

= −σ0
33

∫
D′

dD′
n∑

i=1

∂x′ki
∂x′3

n∏
j=1,j 6=i

x′kj

= −σ0
33

 n∑
i=1

δ3ki

n∏
j=1,j 6=i

δkjuπi,j

 Ju1...un−1
(48)

where

Ju1...un−1
=

∫
D

xu1
· . . . · xun−1

dD (49)

is the (n− 1)th moment of area of the flat crack.
Thus, eqn.48 fully defines the multipolar moments of a mode I flat crack. Combining eqn.48 with eqn.5,

we find

ui(x) = −σ0
33

∞∑
n=0

(−1)n

n!

∂nGi3(x)

∂xk1
. . . ∂xkn

 n∑
l=1

δ3kl

n∏
j=1,j 6=l

δkjuπl,j

 Ju1...un−1 (50)

The corresponding stress field components may be obtained by differentiation of the above.
In particular, the σ33 component for an isotropic, linear elastic solid is given by σ33 = λ(u1,1 + u2,2) +

(λ+ 2µ)u3,3:

σ33(x) = −σ0
33

∞∑
n=0

 (−1)n

n!

 n∑
l=1

δ3kl

n∏
j=1,j 6=l

δkjuπl,j

 Ju1...un−1
·

·
[
λ

(
∂n+1G13(x)

∂x1∂xk1 . . . ∂xkn
+

∂n+1G23(x)

∂x2∂xk1 . . . ∂xkn

)
+ (λ+ 2µ)

(
∂n+1G33(x)

∂x3∂xk1 . . . ∂xkn

)]}
(51)

We note that the zero-th order moment, γ
(0)
3 , will vanish irrespective of the crack’s geometry. Hence, the

leading order terms are those given by the dipolar moment γ
(1)
3k1

, which are directly proportional to the
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Crack geometry Moments of area Multipolar moments

Planar slit crack

x2

x3

a

J0 = 0
J2 = 0, J3 = a

J32 = J23 = a2

2
, J33 = J22 = 0

J223 = J322 = J232 = −a
3

3
J333 = J222 = 0

J332 = J323 = J233 = 0

γ
(0)
2 = 0

γ
(1)
23 = γ

(1)
33 = −σ0

33a

γ
(2)
332 = γ

(2)
223 = −σ0

33
a2

2

γ
(3)
2322 = γ

(3)
2232 = γ

(3)
2323 = −σ0

33
a3

3

Square crack

x2

x1

a
J0 ≡ A = a2

J1 = J2 = 0
J11 = J22 = 1

12
a4

J12 = 0
Ji3 = 0 ∀i = 1, 2, 3

γ
(0)
3 = 0

γ
(1)
31 = γ

(1)
32 = −σ0

33a
2

γ
(2)
3ij = 0 ∀i, j = 1, 2, 3

γ
(3)
3311 = γ

(3)
3131 = γ

(3)
3113 = −σ0

33
a4

12

γ
(3)
3322 = γ

(3)
3232 = γ

(3)
3223 = −σ0

33
a4

12

Rectangular crack

x2

x1

a

b

J0 ≡ A = a · b
J1 = J2 = 0

J11 = 1
12
a3b, J22 = 1

12
b3a

J12 = 0
Ji3 = 0 ∀i = 1, 2, 3

γ
(0)
3 = 0

γ
(1)
31 = γ

(1)
32 = −σ0

33ab

γ
(2)
3ij = 0 ∀i, j = 1, 2, 3

γ
(3)
3311 = γ

(3)
3131 = γ

(3)
3113 = −σ0

33
a3b
12

γ
(3)
3322 = γ

(3)
3232 = γ

(3)
3223 = −σ0

33
ab3

12

Ellipsoidal crack

x2

x1

2a

2b

J0 ≡ A = πab
J1 = J2 = 0

J11 = π
4
a3b, J22 = π

4
ab3

J12 = 0
Ji3 = 0 ∀i = 1, 2, 3

γ
(0)
3 = 0

γ
(1)
31 = γ

(1)
32 = −σ0

33πab

γ
(2)
3ij = 0 ∀i, j = 1, 2, 3

γ
(3)
3311 = γ

(3)
3131 = γ

(3)
3113 = −σ0

33
πa3b

4

γ
(3)
3322 = γ

(3)
3232 = γ

(3)
3223 = −σ0

33
πab3

4

TABLE I: Force dipole expansion of different flat crack geometries relevant to mode I cracks.

zero-th order moment of area, i.e., the crack’s surface area itself. For the isotropic Green’s functions, the
dipolar term decays with 1/r for r the distance away from the crack (and 1/r for the stress field), and in
general the nth order term will decay with 1/rn. Thus, as with dislocations the dipolar term captures the
long-range behaviour, and the higher multipolar terms approximate with increasing accuracy the crack’s
near field.

We note that the multipolar expansion in eqn.50 is entirely general, and applicable to both isotropic
and anisotropic materials. We stress that it has been derived from the crack’s full elastic field, and not
the usual near field about the crack tip. This means that the multipolar expansion will be explicitly
dependent on the elastic constants, as is the crack’s full field (see [32], p.138; [23],p.261). Given that we
are concerned with the far-field behaviour of a crack, this is justified.

The computation of the multipolar moments required in eqn.51 is easily achievable for arbitrary crack
geometries, and in many regular geometries they can be tabulated. In table I we collect a number of
particular cases.

b. Mode III crack. Similarly to the mode I crack, the mode III crack’s multipolar moments are
obtained from eqn.4 combined with the corresponding force representation of a mode III crack, in this
case given in eqn.27. This entails the following multipolar moments

γ
(n)
1k1...kn

= σ0
33

∫
Ω′
x′k1
· . . . · x′kn∂3χD(x′)dΩ

γ
(n)
3k1...kn

= σ0
33

∫
Ω′
x′k1
· . . . · x′kn∂1χD(x′)dΩ, (52)
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which operating, reduce to

γ
(n)
1k1...kn

= σ0
33

 n∑
i=1

δ3ki

n∏
j=1,j 6=i

δkjuπi,j

 Ju1...un−1

γ
(n)
3k1...kn

= σ0
33

 n∑
i=1

δ1ki

n∏
j=1,j 6=i

δkjuπi,j

 Ju1...un−1
(53)

The implied multipolar field expansion is therefore:

ui(x) = −σ0
33

∞∑
n=0

(−1)n

n!

∂nGio(x)

∂xk1
. . . ∂xkn

 n∑
l=1

δpkl

n∏
j=1,j 6=l

δkjuπl,j

 Ju1...un−1 (54)

where (o, p) = (1, 3) or (3, 1).

A. Examples

c. Mode I crack in 2D. We consider first the case of a mode I slit crack in plane stress, subjected
to a uniform stress σ0

33. The crack is of length a, and we assume it is extended along the x1 axis in the
x2, x3 plane. The corresponding non-zero eigenstress is σ∗33(x2, x3) = [H(x2)−H(x2 − a)] δ(x3)σ0

33. In
that case, the first two non-zero multipolar moments are given in table I. For example’s sake, we focus on
the σ33(x2, x3) stress field component; the multipolar field expansion in this case may be attained using
eqn.48 whilst integrating x1 out of the system, which results in

σ33 = −

[(
(1− 2ν)x4

2 + (2ν − 3)x4
3 + 6x2

2x
2
3

)
4π(ν − 1)r6

]
aσ0

33︸ ︷︷ ︸
Dipolar term

+

[(
(2ν − 1)x5

2 − 2(2ν + 5)x3
2x

2
3 + 3(5− 2ν)x2x

4
3

)
2π(ν − 1)r8

]
a2σ0

33

2︸ ︷︷ ︸
Quadrupolar term

(55)
where r = x2

2 + x2
3. As with dislocations, and for the same reasons, the dipolar contribution to the σ33

field decays with 1/r, whilst the quadrupolar with 1/r3. We note that these expressions are only valid for
the long range field of the crack, and that they are implicitly deduced from the full-field expression of a
crack displacement field; as a result, and unlike the crack tip’s near fields, both the multipolar expansion
and, indeed, the full field of the crack will depend not only on the geometry, but on Poisson’s ratio.

The dipolar term is compared with the exact field on fig.4 (which we given in the Appendix), which
also offers a measure of the error defined as the logarithm of the absolute value of the difference between
the dipolar and exact fields. Similarly to the case of dislocations, we see that even the dipolar expansion’s
long range fields are accurately captured by the dipolar term alone, albeit as before accuracy may be
improved by increasing the multipolar expansion’s order. We must stress that the approximation is
accurate only for the long range field, and as we see in the fig.4, it does not capture the near field effects.



14

0.2

-0.2

0

-0.1

0.1

0.2

-0.2

0

-0.1

0.1

-10 -5 0 5 10 -10 -5 0 5 10

10-7

10-5

10-3

10-1

10-8

10-5

10-3

x
3
=0.1a

x
3
=0.5a

x
3
=a

x
2
=1.1a

x
2
=1.5a

x
2
=2a

x
3
/a x

2
/a x

3
/a

Exact
Dipolar

Exact
Dipolar

Exact
Dipolar

Exact
Dipolar

σ
31
/
σ
31
0

σ
31
/
σ
31
0

|
σ
31
,d
ip
o
la
r-
σ
31
,e
xa
ct
|

-10 -5 0 5 10

x
2
/a

|
σ
31
,d
ip
o
la
r-
σ
31
,e
xa
ct
|

x
2
=1.1a

x
2
=1.5a x

3
=1.5a

x
3
=a
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In this case, x1 = b/2, and b = 2a. Sections both along the x2 and x3 directions are provided.

d. Mode III rectangular crack. We consider second the case of a rectangular crack in 3D, such as that
described in table I, with b > a. Application of eqn.54 rendres the following σ13(x1, x2, x3) multipolar
field expansion, to dipolar order:

σ13 =

[(
(ν + 1)x4

1 + x2
1

(
(2ν − 13)x2

3 − (ν − 2)x2
2

)
−
(
x2

2 + x2
3

) (
(2ν − 1)x2

2 − (ν + 1)x2
3

))
4π(ν − 1)r7

]
σ0

31πab (56)

The approximation may be compared with the exact solution, which here we achieved numerically using
the finite element method. Here we employed 106 regular tetragonal element FE mesh in Fenics [33] of
size 0.01 to generate a rectangular, flat crack of size a = 1, b = 2, with Poisson ratio ν = 0.3; periodic
boundary conditions were employed in a simulation box of size 10× 10× 10. We thus compute the stress
field, which we compare, for a few slices on the x1 = b/2 section about the x2 and x3 axes with the
dipolar approximation, as shown in fig.5. As can be seen, even in 3D the multipolar field expansion is
remarkably accurate away from the crack itself.

B. Non-uniform stress expansions

Given the wide variety of crack geometries and loading combinations involved, the use of a a multipolar
expansions for each particular case will require prior assessment of their relative accuracy. Here we have
discussed two examples applied to cracks loaded with a uniform, constant remote stress, although many
more could be given. That the remote stress is constant and uniform is a standard assumption in the
field of fracture (cf.[23, 32]). Nevertheless, in the event the stress field can no longer be assumed to be
uniform, the formulation presented here can be readily adapted; all that varies in that case is the value
of the multipolar moments themselves.

There is a wide range of different cases to consider in that event, so we shall merely showcase, as an
example, the case of the planar mode I crack considered in section VI A subjected to a sinusoidal, i.e., if
the force is of the form f3(x) = σ0

33 sin (nπx2/a) [H(x2)−H(x2 − a)] δ′(x3) for n ∈ N some period. The
multipolar moments are readily available, and given by

γ
(n)
3k1...kn

= σ0
33

∫ L

0

sin
(nπx2

a

)
∂3 [xk1 . . . xkn ] dx2 = σ0

33

 n∑
i=1

δ3ki

n∏
j=1,j 6=i

δkjuπi,j

∫ L

0

xu1 . . . xun sin
(nπx2

a

)
dx2

(57)
leading to

γ
(0)
i = 0∀i, γ

(1)
32 = 0, γ

(1)
33 = σ0

33

L(cos(πn)− 1)

πn
, γ

(2)
332 = γ

(2)
323 = σ0

33

L2(πn cos(πn)− sin(πn))

π2n2
, γ

(2)
333 = γ

(2)
322 = 0, . . .
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and the corresponding displacement and stress fields may be computed by eqn.5, the only thing varying
being the magnitude of the multipolar moment itself.

VII. ELASTODYNAMIC MULTIPOLAR FIELD EXPANSIONS

So far, the article has discussed the multipolar field expansions of both dislocations and cracks in
an elastostatic continuum. In this section, we extend the multipolar field expansions to a generally
elastodynamic setting, where inertial effects are explicitly captured. The crucial force representations of
cracks and dislocations require little change. In particular, all one ought to account for is the change in
time of the characteristic functions, i.e.,

χD(x, t) =

{
0 x, t /∈ D
1 x, t ∈ D

, (58)

where we use D(t) to denote the support of χD, and T to denote its temporal support.
In the elastodynamic case, the displacement representation theorem for a force distribution is [34]

ui(x, t) =

∫ t

−∞
dt′
∫

Ω′
Gip(x− x′, t− t′)fp(x′, t′)dΩ′

where Gip(x, t) is in this case the dynamic Green’s function (cf.[35]). A priori, there is no formal difference
between the elastodynamic and static multipolar field expansion: it suffices to define a space Ψ =
Ω×Rtime, so that now we deal with the collective variable ψ = (x1, x2, x3, t). However, given the physical
distinction between the variables defining the geometry of the defect, and that defining its evolution, it
is preferable to establish a distinction between spatial and temporal variables.

If we expand Gip(x−x′, t−t′) in Taylor series of (x′, t′) about (0, 0), we reach the time-space multipolar
moments as follows:

Gip(x− x′, t− t′) =

∞∑
n=0

1

n!

∂n

∂xk1
. . . ∂xkn

∞∑
m=0

(−1)m+n

m!

∂mGip(x, t)

∂mt
t′mx′k1

· . . . · x′kn , (59)

whereupon

ui(x, t) =

∞∑
n=0

1

n!

∂n

∂xk1
. . . ∂xkn

∞∑
m=0

(−1)m+n

m!

∂mGip(x, t)

∂mt

∫ t

−∞
dt′
∫

Ω′
t′m · x′k1

· . . . · x′kn−1
fp(x′, t′)dΩ′,

(60)
which defines the dynamic multipolar moment as

γ
(m,n)
pk1...kn

=

∫ t

−∞
dt′
∫

Ω′
t′m · x′k1

· . . . · x′kn−1
fp(x′, t′)dΩ′ (61)

Thus, as before we reserved the indices p and {ki}∞i=1 to denote spatial variables, and m the temporal
order of the multipolar moment. We note that dynamic multipolar moments are causal: the temporal
compactness of χD ensures that the time integral has finite bounds. The (m,n) order multipolar moments
capture the leading terms of the temporal evolution of the defect’s field. As such, they are not going
to be very accurate: the dynamic Green’s function does not decay with increasing t, but in fact grows
with t (see [23, 35]). Still, they may be useful in capturing the leading term behaviour of a defect’s field,
particularly if the latter behaves at specific frequencies (cf.[6]).

As an alternative, we may avoid the time series expansion altogether, which renders the displacement
field as a time convolution between the spatial multipolar moments and the Green’s function’s derivatives.
Thus if we expand Gip(x− x′, t− t′) in Taylor series of x′ alone, we reach:

Gip(x− x′, t− t′) =

∞∑
n=0

(−1)n

n!

∂nGip(x, t− t′)
∂xk1

. . . ∂xkn
x′k1
· . . . · x′kn , (62)

so that the displacement field

ui(x, t) =

∞∑
n=0

(−1)n

n!

∫ t

−∞
dt′

∂nGip(x, t− t′)
∂xk1 . . . ∂xkn

∫
Ω′
x′k1
· . . . · x′kn−1

fp(x′, t′)dΩ′,

=

∞∑
n=0

(−1)n

n!

∫ t

−∞
dt′

∂nGip(x, t− t′)
∂xk1

. . . ∂xkn
γ

(n)
k1...kn

(t′) =

∞∑
n=0

(−1)n

n!

∂n[Gip ∗ γ(n)
pk1...kn

]

∂xk1
. . . ∂xkn

(63)
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where

γ
(n)
k1...kn

(t′) =

∫
Ω′
x′k1
· . . . · x′kn−1

fp(x′, t′)dΩ′ (64)

is the spatial multipolar moments, now a function of time. Although this requires solving the Gip∗γ(n)
pk1...kn

time convolution, which at higher orders may not be analytically accessible, we achieve a far more accurate
description of the long-range temporal behaviour of the defect, and given that in general the low order
spatial multipolar moments suffice in the description of their long range fields, this alternative description
of the multipolar moment field may suffice in many circumstances. In the following we explore and
compare the two situations.

A. Dynamic multipolar expansion of dislocations

1. Dynamic force representations.

The crucial force representations of cracks and dislocations require little change. In particular, all one
ought to account for is the change in time of the characteristic functions, i.e.,

χD(x, t) =

{
0 x, t /∈ D
1 x, t ∈ D

(65)

Thus, in this case the dynamic force representation of a dislocation loop will be

fp(x, t) = −CijpqBiνj
∂χD(x, t)

∂xq
(66)

Clearly, χD(x, t) stores the ’shape’ history of the dislocation loop, i.e., the shape the loop has had since
t = 0. It generalises the past history function that records the past positions of straight dislocations
lines, and which is crucial in describing the dynamic fields of dislocations [36, 37]. Indeed, for the case
of straight dislocations, the force representation can be given by defining some past history function
x = η(t), which describes the position of the straight dislocation. If the screw dislocation moves with
such past history, then the force representation would merely be

f3(x2, x3) = BµH(x2 − η(t))δ(x3)H(t), f1 = 0 = f2 (67)

The corresponding force representation for the edge dislocation would be

f1 = 0, f2(x2, x3) = BµH(x2 − η(t))δ′(x3)H(t), f3(x2, x3) = Bµδ(x2 − η(t))δ(x3)H(t) (68)

2. Multipolar expansion

We consider the general case of a dislocation loop. In this event, the multipolar moments are

γ
(m,n)
pk1...kn

= −CijpqBiνj

∫
R

dt

∫
Ω

tm · xk1
· . . . · xkn

∂χD(x, t)

∂xq
dΩ

= −CijpqBiνj

∫
T

dt tm

 n∑
i=1

δkiq

n∏
j=1,j 6=i

δkjuπj;i

∫
D(t)

xu1
· . . . · xun−1

dD(t)

= −CijpqBiνj

 n∑
i=1

δkiq

n∏
j=1,j 6=i

δkjuπj;i

∫
T

Ju1...un−1
(t)tmdt (69)

where T denotes the temporal support of χD(x, t), and where

Ju1...un−1
(t) =

∫
D(t)

xu1
· . . . · xun−1

dD(t)

is the instantaneous (n− 1)th moment of area of the loop, over which one must integrate with increasing
powers of t to compute the (m,n)th order multipolar moment. The spatial multipolar moments take the
same form as in eqn.43.
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3. Examples

Let us consider the case of an injected, quiescent dipole of edge dislocations: at time t = 0, the dipole
of distance L is suddenly created. The corresponding force representation would then be

f2(x2, x3) = Bµ [H(x2)−H(x2 − L)] δ′(x3)H(t), f3(x2, x3) = Bµ [δ(x2)− δ(x2 − L)] δ(x3)H(t) (70)

Given the plane strain conditions, we may restrict ourselves to the (x2, x3) plane, and employ the 2D
version of the dynamic Green’s function (see [35], p.412):

Gip =
1

2πρ

[(
xixp
r4

2t2 − a2r√
t2 − a2r

− δip
√
t2 − a2r

r

)
H(t− ar) +

+

(
δip

√
t2 − b2r
r

+ δip
b2√

t2 − b2r
− xixp

r4

2t2 − b2r√
t2 − b2r

)
H(t− br)

]
where ρ is the medium’s density, a = 1/cl and b = 1/ct the longitudinal and transverse slownesses of

sound (and cl and ct the longitudinal and transverse speeds of sound), and r =
√
x2

2 + x2
3.

In this case, the 0th order moments vanish, and the non-zero multipolar moments are

γ
(m,1)
32 = γ

(m,1)
23 = BµL

tm+1

m+ 1
, γ

(m,2)
322 = γ

(m,2)
232 = γ

(m,2)
223 = Bµ

L2

2

tm+1

m+ 1
, . . . (71)

Having established in the static case that the dipolar approximation is a reasonable approximation of the
long range behaviour of dislocations here, for comparison’s sake, we will consider the m = 0 and m = 1
temporal moments expanded up to dipolar order. By differentiation of the displacement field components
σ23 stress field component may be obtained from differentiation of the displacement fields as given by

σ
(0,1)
23 =

BLµt

2πb2r8

(
H(t− br)

(t2 − b2r)5/2
[−3b6r6(x4

2 + 4x3
2x3 − 8x2

2x
2
3 − 6x2x

3
3 + x4

3)+

+12b4r4t2(2x4
2 + 5x3

2x3 − 11x2
2x

2
3 − 10x2x

3
3 + 2x4

3)− 10b2t4(3x6
2 + 8x5

2x3 − 15x4
2x

2
3 − 8x3

2x
3
3 − 15x2

2x
4
3 − 16x2x

5
3+

+3x6
3) + 4t6(3x4

2 + 8x3
2x3 − 18x2

2x
2
3 − 16x2x

3
3 + 3x4

3)]− 2H(t− ar)
(t2 − a2r)5/2

[−a6r6(2x4
2 + 6x3

2x3 − 11x2
2x

2
3 − 9x2x

3
3 + 2x4

3)+

+a4r4t2(11x4
2 + 30x3

2x3 − 68x2
2x

2
3 − 60x2x

3
3 + 11x4

3)− 5a2t4(3x6
2 + 8x5

2x3 − 15x4
2x

2
3 − 8x3

2x
3
3−

−15x2
2x

4
3 − 16x2x

5
3 + 3x6

3) + 2t6(3x4
2 + 8x3

2x3 − 18x2
2x

2
3 − 16x2x

3
3 + 3x4

3]
)

(72)

σ
(1,1)
23 =

BLµt

4πb2r8

(
H(t− br)

(t2 − b2r)7/2
[6b8r8(x4

2 + 4x3
2x3 − 8x2

2x
2
3 − 6x2x

3
3 + x4

3)−

−21b6r6t2(x4
2 + 4x3

2x3 − 8x2
2x

2
3 − 6x2x

3
3 + x4

3) + 20b4r4t4(3x4
2 + 7x3

2x3 − 15x2
2x

2
3 − 14x2x

3
3 + 3x4

3)−
−14b2t6(3x6

2 + 8x5
2x3 − 15x4

2x
2
3 − 8x3

2x
3
3 − 15x2

2x
4
3 − 16x2x

5
3 + 3x6

3) + 4t8(3x4
2 + 8x3

2x3 − 18x2
2x

2
3 − 16x2x

3
3 + 3x4

3)]−

− 2H(t− ar)
(t2 − a2r)7/2

[2a8r8(2x4
2 + 6x3

2x3 − 11x2
2x

2
3 − 9x2x

3
3 + 2x4

3)− 7a6r6t2(2x4
2 + 6x3

2x3 − 11x2
2x

2
3 − 9x2x

3
3 + 2x4

3)+

+5a4r4t4(5x4
2 + 14x3

2x3 − 32x2
2x

2
3 − 28x2x

3
3 + 5x4

3)− 7a2t6(3x6
2 + 8x5

2x3 − 15x4
2x

2
3 − 8x3

2x
3
3 − 15x2

2x
4
3−

−16x2x
5
3 + 3x6

3) + 2t8(3x4
2 + 8x3

2x3 − 18x2
2x

2
3 − 16x2x

3
3 + 3x4

3)]
)

(73)

Alternatively, the spatial multipolar moments are simply

γ
(1)
32 (t) = γ

(1)
32 (t) = BµLH(t), γ

(2)
322(t) = γ

(2)
232(t) = γ

(2)
223(t) = Bµ

L2

2
H(t), . . . (74)

Which render a (in this case) simpler multipolar field expansion, because they entail no time convolution.
In this case, we obtain:

σ
(1)
23 =

BµLt

2πb2r8

(
4H (t− ar)

(t2 − a2r2)
3/2

(
a4r4

(
2x4

2 − 11x2
2x

2
3 + 2x4

3

)
− 5a2t2

(
x6

2 − 5x4
2x

2
3 − 5x2

2x
4
3 + x6

3

)
+

+3t4
(
x4

2 − 6x2
2x

2
3 + x4

3

))
− H (t− br)

(t2 − b2r2)
3/2

(
b4r4

(
7x4

2 − 46x2
2x

2
3 + 7x4

3

)
−

−20b2t2
(
x6

2 − 5x4
2x

2
3 − 5x2

2x
4
3 + x6

3

)
+ 12t4

(
x4

2 − 6x2
2x

2
3 + x4

3

)))
(75)
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In fig.6, we compare the different multipolar field expansions (both temporal and spatial) with the
exact solution derived by Gurrutxaga-Lerma et al.[36]. It is clear that the spatial multipolar expansion,
involving the convolution of the characteristic function with the Green’s function, is extremely accurate
to dipolar term, whereas the temporal multipolar ones only capture correctly the order of the singularities
at the wavefronts; the error entailed by the later remains of the same order of magnitude.

Clearly, the time-convolution solution should be the preferred one when accuracy is sought after, so long
as the time convolution may be achieved. For instance, we may consider the case where the dislocation
on the right hand side of the dipole moves with constant speed v = 1/d away from the one on the left
hand side, so that now L = vt. In that case, the spatial multipolar moments are

γ
(1)
32 (t) = γ

(1)
32 (t) = BµvtH(t), γ

(2)
322(t) = γ

(2)
232(t) = γ

(2)
223(t) = Bµ

(vt)2

2
H(t), . . . (76)

and we are forced to compute the convolution in time in eqn.63 explicitly. The resulting σ23 field may
then be computed by differentiation; due to the length of the full field approximation, here we reproduce
the briefer component for x3 = 0 (i.e., along the dipole’s slip direction) to dipolar order:

σ
(1)
23 =

4t(tv − 1)
√
t2 − a2x2

2

x3
2

H(t− ax2)−
(
b2x2

2 − 2t2
)2

(tv − x2)

tx4
2

√
t2 − b2x2

2

H(t− bx2) (77)

We compare this approximation to that given by the exact solution (see [36, 38]) in fig.7. As can be
seen, the dipolar approximation is accurate for the longitudinal wave components (i.e., x2 > 0.3), but
becomes increasingly inaccurate for the transverse wave components as one increases the dislocation’s
speed relative to the transverse speed of sound, ct.

This highlights the dual problematic posed by the dynamic multipolar field expansion when the dislo-
cation (or any other defect) is moving. On the one hand, the multipolar expansion subsumes the whole
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force distribution to a single force multipole centred at the origin: as the dislocation moves away from
the origin, the multipolar approximation becomes increasingly unable to capture such displacement, and
therefore increasingly inaccurate about the origin. On the other hand, the fields of a dislocation experi-
ence a dynamic magnification ahead of the core [37, 39]; since the dipolar expansion does not move, it
does not capture such magnification. The result in the case of dislocations (and arguably, of cracks), is
that as their speed increases towards the transverse speed of sound, the multipolar expansion becomes
increasingly inaccurate for the transverse field component; this can be seen in fig.7 for x2 ∈ (0.2, 0.3). The
far field, in this case represented by the longitudinal field, is invariably going to be correctly captured,
since the dislocation’s speed will generally not be able to surmount the transverse speed barrier, which
occurs at about 50% of cl in most materials. This suggests that the longitudinal field of dislocations,
be them planar or three dimensional loops, will be accurately captured by their multipolar expansion
inasmuch as the dislocation segments will be limited to gliding at speeds below the transverse speed of
sound.

These problems and general guidelines (i.e., that the multipolar field expansion is generally very ac-
curate for the longitudinal field components, but less so for transverse wave components) extends to the
case of three dimensional dislocation loops. Due to the length and complexity of this case, it is omitted
from the current discussion and will be the focus of future work. The problems posed by the dynamic
multipolar field expansion does not demerit their use in capturing, at a fraction of the computational
cost, the far field behaviour of the dynamic dislocation.

B. Dynamic cracks

The force representation of dynamic cracks stands in direct analogy to the static case given in section
III C. Thus, for a mode I crack:

f1(x, t) = 0, f2(x, t) = 0, f3(x, t) = σ0
33(t)∂3χD(x, t) (78)

and for a mode III crack:

f1(x, t) = −σ0
31(t)∂3χD(x, t), f2(x, t) = 0, f3(x, t) = −σ0

31(t)∂1χD(x, t) (79)

The corresponding multipolar field expansions may be obtained as done in the static case.
a. Mode I cracks. In this case, the spatio-temporal multipolar moments requiring specifying the

time form of the applied load. We assume that σ0
33 is uniform in space, and evolves in time in such a

way that σ0
33(t) = σ0

33f(t), where f(t) captures its time evolution, and σ0
33 defines its magnitude. Then,

using eqn.61:

γ
(m,n)
3k1...kn

= σ0
33

∫ t

−∞
dt′t′m

∫
Ω′
x′k1
· . . . · x′kn∂3χD(x′, t′)f(t′)dΩ

= −σ0
33

∫ t

−∞
dt′t′mf(t′)

∫
D′(t′)

dD′(t′)

n∑
i=1

∂x′ki
∂x′3

n∏
j=1,j 6=i

x′kj

= −σ0
33

 n∑
i=1

δ3ki

n∏
j=1,j 6=i

δkjuπi,j

∫ t

−∞
t′mJu1...un−1(t′)f(t′)dt′ (80)

The spatial force multipoles are given by eqn.48.
b. Mode III cracks. In this case, the spatio-temporal multipolar moments requiring specifying the

time form of the applied load. As for mode I, we assume that σ0
31(t) is uniform in space, and evolves

in time in such a way that σ0
31(t) = σ0

31f(t), where f(t) captures its time evolution, and σ0
31 defines its

magnitude. Then, using eqn.61:

γ
(n,m)
1k1...kn

= σ0
33

 n∑
i=1

δ3ki

n∏
j=1,j 6=i

δkjuπi,j

∫ t

−∞
t′mJu1...un−1

(t′)f(t′)dt′

γ
(n,m)
3k1...kn

= σ0
33

 n∑
i=1

δ1ki

n∏
j=1,j 6=i

δkjuπi,j

∫ t

−∞
t′mJu1...un−1

(t′)f(t′)dt′ (81)

As before, the spatial force multipoles are given by eqn.53.
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1. Example

As before, we may consider the case of a planar slit crack in mode I as an example. For simplicity and
owing to space limitations, we shall consider only the case of a crack of size L that is suddenly loaded
with constant σ0

33 at time t = 0+, so that f(t) = H(t); the analytical treatment of this problem may be
found in [40]. In that case, the non-zero spatial-temporal multipolar moments are, to quadrupolar order

γ
(m,1)
23 = γ

(m,1)
33 = −σ0

33L
tm+1

m+ 1
, γ

(m,2)
332 = γ

(m,2)
223 = −σ0

33

L2

2

tm+1

m+ 1
, . . .

To dipolar order, this leads to the following multipolar expansion of the σ33 stress field, evaluated along
the x2 line (i.e., x3 = 0):

σ
(0,1)
33 =

Lσ0
33t
(√
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(
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√
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√
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√
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In turn, the expansion employing the spatial multipolar moments γ
(1)
23 (t) = γ

(1)
32 (t) = −σ0

33LH(t) alone
leads to

σ
(1)
33 =

Lσ0
33t
(√

t2 − a2x2
2H(t− ax2)−

√
t2 − b2x2

2H(t− bx2)
)

πa2x4
2

Fig.8 offers a comparison between each approximation, and with the exact solution we attained numeri-
cally employing a Newmark integration of the Navier-Lamé equations in FENicS, for a flat crack of size
L = 0.1 in a box of size 1×1, with a = 1/6000, b = 1/3000, ρ = 1, with a regular mesh of 1000×1000 tri-
angular elements. As can be seen, the spatial dipolar approximation remains accurate for the longitudinal
component alone; the shear wave component, as was the case with dislocations, is incorrectly captured,
the dipolar approximation predicting an inflection that is not observed in the numerical solution. The
spatial-temporal dipolar approximations, in turn equally fail in capturing the singularity at the shear
wave front (that is, at x2 ≈ 0.3µm), and misrepresent one at the longitudinal wave front (that is, at
x2 ≈ 0.6µm); however, we note that increasing the temporal order of this expansion appears to improve
the quality of the approximation: the first order expansion, for instance, adequately mirrors the solution’s
behaviour on the right hand side of the shear wave front inflection. Thus, we conclude that the dipolar
approximation of the stationary crack serves to capture the longitudinal wave behaviour best. The use
of the spatial-temporal multipolar moments seems again circumscribed to specific leading term analyses.
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VIII. DISCUSSION AND CONCLUSIONS

This article has provided a general theoretical framework with which to develop multipolar field ex-
pansions of dislocations and cracks. Multipolar field expansions arise from the Taylor series expansion of
the Green’s function; so long as the defect is represented as a force distribution, the convolution of the
expanded Green’s function with these force distributions results in a series representation of the defect’s
elastic field, where the spatial terms decrease with 1/rn+1 for n the order of the series expansion, so
even at low order the long range field of the defect is captured accurately. Each successive term in the
multipolar field expansion corresponds to the representation of a force dipole (n = 1), force quadrupole
(n = 2), force octopole (n = 3), etc, that is applied in the origin, and the magnitude of which is represen-
tative of the geometry of the defect. The formulation we have derived relies on describing the dislocations
and cracks as force distributions, rather than eigenstrains or eigenstresses; this is achieved employing the
Burridge-Knopoff force representation theorem [22]. The force representation of defects, and its ensuing
multipolar field expansion, is equivalent to the one that may achieved via eigenstresses or moment tensor
representations, but it avoids further complications arising from considering higher order multipolar ex-
pansions employing moment tensor representations [6], and it retains the multipolar expansion’s original
meaning as a series of force multipoles applied at the origin.

We have constructed a general force representation for arbitrary three dimensional loops and cracks
in an anisotropic, and applied it to obtain the general expression of their corresponding multipolar field
expansions. Crucially, we have shown the nth order multipolar moment to be directly proportional to the
(n− 1)th moments of area enclosed by the loop, and to the material’s elastic constants, leading to a very
simple formulation of the quasistatic multipolar expansion. We have then studied a number of relevant
cases that highlight the advantages and limitations of multipolar field expansions. In particular, we have
discussed the case of planar dislocation dipoles, where we have seen the dipolar field on its own accurately
describes the dipole’s behaviour above distances of the same magnitude as the dipole’s separation. The
same sort of behaviour has been observed for the case of a three dimensional circular dislocation loop,
which we have expanded to octopolar order to show that increasing the order of the expansion invariably
leads to more accurate descriptions of the near field.

In studying cracks, we have focused on mode I and mode III cracks, mode II cracks being a variant
of mode I cracks. We have derived the general expression of a multipolar field expansion in anisotropic,
three dimensional modes I and III cracks, which has been found to be analogous to that of dislocations.
Unlike dislocations however, cracks offer a far more varied casuistic, of which we have selected a number
of tractable cases, studying the mode I, planar crack multipolar expansion, and that of a mode III three
dimensional rectangular crack subjected to constant loading. These two cases have highlighted the high
accuracy of the dipolar approximation as a measure of the crack’s long range fields, and that increasing
the order of the expansion results in better near field approximations. Clearly however, the multipolar
expansion of a crack’s elastic field does not capture the crack tip field correctly, and such expansion
becomes inadequate in studying crack propagation; rather, its usefulness lies in capturing crack’s long
range field in applications where, either because the crack is small, or because the latter interacts with
many other defects (e.g., the effect of cracks on background dislocations), this might be of interest.

Finally, we have discussed the way multipolar field expansions of dislocations and cracks may be
extended to the elastodynamic continuum. We have seen that in dynamics, multipolar moments warrant
at least two separate definitions. On the one hand, we have derived an expression for the space-time
multipolar moments, which capture the leading terms of the time evolution of the far field. However,
due to the mathematical form of the elastodynamic Green’s function, we have seen that this expansion
is inaccurate away from the wave fronts, and should be employed only in studying particular spectral
excitations. On the other hand, we have derived a spatial multipolar moment expansion, which we have
shown to display much greater accuracy in describing the far field of dislocations and cracks, even if
the defects are moving. As a downside, these spatial multipolar expansions can only be computed via
the time convolution of the multipolar moment with the Green’s function, which becomes increasingly
challenging at greater multipolar orders. We have further discussed the problematic surrounding moving
defects, which limits the accuracy of the expansion to the longitudinal wave components of the fields of
dislocations when the latter’s motion is limited by the shear wave speed, or to low speed dislocations.

Similar results have been observed in cracks. In both cases, we have noted how the long range, longi-
tudinal field, remains largely unaffected by the current kinematic state of the defect, because the latter
propagates at a much faster speed than the defect itself. Although there exists a distinct possibility for
transonic [41, 42] or supersonic crack propagation [40, 43, 44], dislocation speeds appear to be experi-
mentally limited to gliding at speeds below the transverse speed of sound [26, 45, 46]. This implies that
the dynamic multipolar field expansions presented in this article, of much lower computational complex-
ity, suffice to capture the longitudinal field of dislocations; given that the fields of dislocations display
a strong past history effects[36], this would reduce the computational cost of evaluating their fields and
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contribute to the simplification of dynamic discrete dislocation simulations. Future work will therefore
focus on implementing the multipolar expansions into elastodynamic simulations of discrete dislocation
dynamics, and in their use in theoretical models of high strain rate plasticity, such as the Meyers model of
shock front[47, 48]. In the case of cracks, the multipolar expansions we have presented both in the static
and the dynamic cases show a strong accuracy in quantifying their long range effects at, particularly in
the elastodynamic case, much reduced computational cost. Whilst this article was aimed at providing
the general formulation and justification for such analysis, cracks display a wide number of geometrical
and loading features that merits further work, in particular, focusing on more comprehensive analyses of
the accuracy of the approximation in specific crack geometries, and in extending them to non planar (for
instance, bifurcated) cracks and to the study of cracks along bimaterial interfaces.

Multipolar field expansions of dislocations are eminently useful in a number of applications. On the
one hand, similar expansions to dipolar order have already been proposed[14, 15] to accelerate discrete
dislocation dynamics simulations via the fast multipole method[18]. The formulation presented here,
not relying on the elastic interaction energy between dislocation loops, simplifies and generalises such
efforts to higher order, to anisotropic formulations, and extends them to the elastodynamic continuum
as well. Furthermore, since it does not focus on dislocation segment line integration, but on the slip
surface integrals, it offers an accessible tool for theoretical studies of the long range behaviour of closed
loops in three dimensions. On the other hand, there are numerous occasions where the long range field of
dislocations, rather than core effects, are of interest. Such is the case of the study of interactions between
dislocations and other defects such as cracks or point defects, particularly if the size of the dislocation
loop is small compared to the problem’s lengthscale, as would be the case for nano-loops arising from
radiation damage. For instance, Dudarev and Sutton [17] offered a dipolar field approximation of the field
of a nano-dislocation loops arising in radiation damage as a means studying its long range interactions
with vacancy clusters.

The long range fields of cracks provided by the multipolar field expansion, albeit arguably less studied
than those of dislocations in previous works, are not without interest, particularly when the size of cracks
is small or the latter are acting in a heavily strained crystal. This would be the case for the study of flaw
behaviour in ceramic materials[49]; the modelling of microcracks in rocks [50], semiconductors[51], or in
metals undergoing frictional sliding [52]; or in the study of fragmentation, when many small scale cracks
develop prior to the ultimate failure of the material[53]. Equally, the interaction between cracks and
other remote defects such as inclusions [54] might be advantageously modelled by the crack’s multipolar
expansion. In all these cases, the internal evolution of the crack is concurrent with their interaction with
multiple other cracks, often at enough distance from one another that a multipolar expansion of their
mutual interactions would suffice to capture them.

Furthermore, the formulation we have presented here may be applied to the study of other extended
defects, such as generalised faults[22] or voids[23], without the need to compute the elastic interaction
energies, so long as the defect may be described as a plastic inclusion. As we have shown here with cracks,
once their eigenstress is defined, the force representation is immediately achievable, and the multipolar
field expansion would follow from the derivations we have presented in this work.

Finally, albeit centred in the elastic continuum, multipolar field expansions can be linked to atomistic
efforts at modelling the core of defects. In the case of point defects, the multipolar expansion is the first
step towards modelling the defect in the continuum from first principles: the forces involved in the dipoles,
quadrupoles, etc of the expansion might be computed from first principles [55, 56], and then employed
in the continuum multipolar expansion models [24, 57]. Having provided a comprehensive method of
how to derive the multipolar field expansion of a dislocation in this work, we have effectively enabled
the extension these modelling efforts to dislocations, by computing their Kanzaki forces from atomistic
methods (see for instance [58, 59]), and then building the corresponding multipolar model.
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APPENDIX

The displacement field components of the octopolar expansion of a circular dislocation loop are the
following:
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u3 = − BR2x1
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The exact, full-range field of a slit crack of length a is given by
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for r =
√
x2

2 + x2
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