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THE FOURIER RESTRICTION AND KAKEYA PROBLEMS
OVER RINGS OF INTEGERS MODULO N

JONATHAN HICKMAN AND JAMES WRIGHT

ABSTRACT. The Fourier restriction phenomenon and the size of Kakeya sets
are explored in the setting of the ring of integers modulo N for general N and
a striking similarity with the corresponding euclidean problems is observed.
One should contrast this with known results in the finite field setting.

1. INTRODUCTION

In [44] Mockenhaupt and Tao introduced a variant of the classical (euclidean)
Fourier restriction problem in the setting of finite fields. The point of view espoused
in [44], following an initial proposal by Wolff for the Kakeya problem, is to seek a
model discrete setting in which to study various modern harmonic analysis prob-
lems (the Fourier restriction, Kakeya and Bochner—Riesz conjectures, et cetera)
which should highlight certain aspects of the euclidean problem: for instance, the
underlying combinatorial or incidence-geometric features. The following Fourier
restriction problenﬂl was proposed in the setting of a finite abelian group G.

Problem. Let ¥ € G™ be a set of frequencies in the n-fold product of the dual
group G. Consider the {" — £° Fourier restriction estimates

1 ~ s\ 1/s /T
(_ Z |F(§)| ) < Cr,s,n( Z |F($)| ) (1'1)
D
fex zeG™
where |3| denotes the cardinality of . The basic problem is to determine, for a
given set of frequencies X, those Lebesgue exponents 1 < r,s < oo for which Cy s,
can be taken to be ‘essentially’ independent of the cardinality of G.

As the estimate (L)) indicates, here the dual group G is equipped with nor-
malised counting measure whereas counting measure is used for the Haar measure
on the original group G. These choices for Haar measure define the corresponding
Lebesgue ¢ norms on these groups and the Fourier transform of any F': G — C
by F(€) = D vec F(2)€(—x) where £ denotes a character in the dual group.

An investigation of this problem was initiated in [44] in the case where G is a
finite-dimensional vector space over a finite field. This proved to be an interesting
discrete model for the Fourier restriction problem, isolating and highlighting various
combinatorial features. Furthermore, Dvir [I7] later solved the finite field version
of the Kakeya problem as proposed by Wolff and the more quantitative maximal
Kakeya problem was then established by Ellenberg, R. Oberlin and Tao [I§].

Naturally, questions arise regarding how well the finite field variant models the
euclidean setting for these problems. One obvious difference is that there are few
scales to work with in the finite field setting. This is clearly manifested when
studying the Fourier transform of measures carried along curves or surfaces: these
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are exponential sums in the finite field setting and the famous A. Weil [53] (or,
more generally, Deligne [I1]) estimates show that, typically, either the situation
is completely non-degenerate (corresponding to the non-vanishing curvature case
in euclidean restriction theory, with optimal exponential sum estimates) or it is
completely degenerate and only trivial estimates hold. However, in moving from
finite fields (for example, the integers modulo a prime p) to the setting of the finite
ring of integers modulo N for general IV, the divisors of NV provide additional scales
to work with. Consequently, it has been proposed that harmonic analysis over
Z/N7Z may match the euclidean case more closely.

In this paper it is shown that this is indeed the case for the Fourier restric-
tion problem. A sample theorem is the corresponding Stein-Tomas ¢? restriction
theorem for the paraboloid

Y= {(dﬁ,w% +odwl ) d= (Wi, wh1) € [Z/NZ]"il}, (1.2)
stated here informally.

Theorem 1.1. Let ¥ be the paraboloid in [Z/NZ]™ as described above. If s = 2,
then the Fourier restriction estimate (1)) holds if and only if 1 < r < 2(n+1)/(n + 3).

In the following section the Fourier restriction problem is precisely formulated
in the setting of [Z/NZ]"; see [2.2]).

Acknowledgement. This paper updates and expands work that was initiated by
the second author over 20 years ago. The authors would like to thank M. Cowling for
proposing the original line of investigation and for his encouragement. This material
is based upon work supported by the National Science Foundation under Grant No.
DMS-1440140 while the first author was in residence at the Mathematical Sciences
Research Institute in Berkeley, California, during the Spring 2017 semester.

2. THE BASIC SETUP

To begin some notation is introduced in order to facilitate the comparison be-
tween the the rings Z/N7Z and euclidean space. First, a notion of size or scale is
allocated to elements x € Z/NZ. Set |z| := N/ged(x, N) where ged(a, b) denotes
the greatest common diviso] of a and b (when N = p®* where p is prime, one
may think of | - | as a ‘normalised p-adic absolute value’, where the normalisation
is with respect to the ring Z/p®Z). It is remarked that, algebraically, |z| is the
cardinality of the ideal in Z/N7Z generated by x. This notation is extended to
elements ¥ = (z1,...,x,) € [Z/NZ]™ by ||(z1,...,2,)| := N/ged(z1,...,Tn, N).
Next define the partial ordering < amongst the integers by a < b if and only if a | b
(similarly, a < b will be used to indicate that a is a proper divisor of b). This is
used to compare various sizes | - |; for example, |x| < |y| if and only if ged(y, N) | z.
In order to isolate elements lying at different scales, one may introduce the family
of balls {Bg}4/n, indexed by the divisors of N, given by

By = {#e[Z/NZ]": |7 < d).

These balls will play a prominent role in the forthcoming analysis. One easily
verifies that an element (z1,...,x,) lies in By if and only if N/d divides each
component ;.

As mentioned above, this notation facilitates the analogy with familiar euclidean
notions. The analogy is more precise if one restricts attention to powers N = p® of
a fixed prime p. In this case the divisors become totally ordered and, in particular,
the above balls {B,s}o<g<a form a 1-parameter sequence of nested sets (similar to

2More precisely, the function || := N/ ged(x, N) is defined for all integers = € Z; if [z] € Z/NZ
is a coset containing z € Z, then |[z]| := |z|. It is easy to see that this function is well-defined.
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the family of euclidean balls centred at 0). The following example provides another
simple illustration of this analogy, which is relevant to the discussion below.

Example 2.1. Let r € R and compare the ‘integrals’

1 &l
J —dx and Z —_—
lz|>1 %" = el
where the left-hand integral features the usual (euclidean) absolute value and the
right-hand sum involves the absolute value on Z/NZ defined above. The euclidean
integral, of course, converges if and only if » > 1. The mod N sum disentangles
as Dy ¢(d)d™" where ¢ is the Euler totient function. When N = p® this sum
is uniformly bounded if and only if r > 1, whereas for general N this is true only
when r > 2; however, in the range 1 < r < 2 the bound }}, y #(d)d™" < C.N°®

holds for every € > 0. When r < 1 the sum can grow like a positive power of V.

These observations suggest two natural ways in which to pose the Fourier re-
striction problem in the setting of the integers mod N: one formulation in which NV
is only allowed to vary over powers of a fixed prime, and another for general values
of N. These problems are described precisely below.

For simplicity, attention is restricted to the case where the set of frequencies ¥ is
given by the graph of a polynomial mapping; this is a natural analogue of a smooth

surface in euclidean space. In particular, let 1 < d <n—1and Py,...,P, 4 €
Z[X1,...,X4] and define the polynomial mapping
:d=(w1,...,wq) — (Wi1,...,wq, P1(D),..., Po_q(d)).

For any positive integer N one may reduce the coefficients of the polynomials mod-
ulo N and consider I' as a mapping from [Z/NZ]¢ to [Z/NZ]". Thus, ' simul-
taneously parametrises a d-dimensional variety in [Z/NZ]" for each N € N. By
an abuse of notation, in this situation ¥ will be used to denote any one of these
varieties; the choice of variety (that is, the choice of N) should always be clear from
the context.

Problem 1. Given a d-dimensional variety ¥ as above, determine the Lebesgue
exponents 1 < r,s < o0 such that there is a constant C' = Cs, , 5, depending only on
Y., r and s, for which the inequality

(ézmgw)”g <c( Y F@nY (2.1)

ex z€[Z/p>Z]"
holds for all (or at least all sufficiently large) primes p and all exponents o € N.

It transpires that Problem [lis remarkably close to the original euclidean Fourier
restriction problem, both in terms of numerology and available methodologies. In
fact, many of the techniques used to study the euclidean restriction problem can be
translated wholesale into this discrete setting. The striking similarity between the
two problems can be explained by the fact that Problem [lis in fact equivalent, in
some precise sense, to a Fourier restriction problem over the (continuous) field of p-
adic numbers QPE This equivalence follows from a ‘correspondence principle’, which
is a manifestation of the uncertainty principle, that allows one to ‘lift’ restriction
problems over the discrete rings Z/p®Z to the continuous setting of Q. Since the
fields Q, and R are in many ways closely related (by, for instance, Ostrowski’s
theorem), once this correspondence is understood it is natural to expect the two
problems to behave similarly.

3The basic elements of p-adic analysis are reviewed later in g5l
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Working over the rings Z/p®Z or the field Q, provides an effective model for
the restriction problem; many established techniques become substantially cleaner
and simpler when translated into these settings. This is mainly due to the strong
forms of the uncertainty principle available over Q,, owing to the fact that, unlike
in the real case, in Q, the closed unit ball forms a subgroup. Analysis over Q,
also naturally leads one to consider Fourier restriction over other local fields, and
in particular the field F,((X)) of formal Laurent series, which, in many respects,
offer even more effective model settings for harmonic analysis problems.

Problem [I] is investigated in detail in §5] where the aforementioned correspon-
dence principle is established.

Problem 2. Given a d-dimensional variety ¥ as above, determine the Lebesgue
exponents 1 < r,s < o0 such that for every € > 0 there is a constant C; = Ce 5 1 s,
depending only on e, X, r and s, for which the inequality

(ézm(w)”ﬁ <onN (S F@nY (2.2)

ex z€[Z/NZ]™
holds for all (or at least ‘most’) N € N.

It is remarked that in practice it is often desirable to work with ‘most’ rather than
all N, avoiding certain values which lead to degenerate situations (in particular,
N with small prime factors relative to the ambient dimension n). When stating
results, any such technical restrictions on N will always be described explicitly.

Once again it transpires that the numerology of this problem closely mirrors
that of the euclidean case. However, the partially-ordered scale structure in Z/NZ
complicates matters and typically the arguments in this setting require additional
number-theoretic information. For this reason, Problem [ is, at least in some
respects, arguably more complex than the euclidean problem and therefore perhaps
unsuitable as a model. Restriction theory over Z/NZ for general N nevertheless
appears to be rich and interesting in its own right, and the majority of the article
will focus on exploring this formulation of the problem.

In order to understand the role of the scaling structure in both of these problems,
it is useful to examine necessary conditions for the estimates ([2.1)) or (Z.2)) to hold
when ¥ is the paraboloid, as defined in ([2)). In this case (22), for instance, can
be written a:

1 s 2 2 ys) o e
(W D F@ w4 wny) ) < CoNE || Ferz/nzpm),s
@elzZ/NZ]y ™
where & = (w1, ...,ws—1) and the £"-norm on the right is the same as that appearing
in (Z2): that is, it is computed with respect to counting measure on [Z/NZ]™.

The analysis follows the usual scaling argument in the euclidean setting; in par-
ticular, a discrete variant of the standard Knapp example is constructed. Fix a
divisor d of N so that its square d? is also a divisor (this forces d = 1 if N is prime)
and consider the parabolic rectangle

0 = {(@,t) e [Z/NZ]; - |&] <d], [t] < |d?|}.
Unraveling the notation, one observes that an element (&,t) = (w1,...,wp—1,t)
belongs to @ if and only if d | w; foreach 1 < j < n—1and d?| t. Let F: [Z/NZ]" —
C be defined by F = xeo and apply this function to [22)). It is easy to check that
the left-hand side of the resulting inequality is equal to d~ =1/, On the other

4Throughout this article the notation [Z/NZ]s will be used to indicate the Pontryagin dual
group of Z/NZ. The dual [Z/NZ]s is always tacitly identified with Z/NZ; in practice, the only
distinction between Z/NZ and [Z/NZ] is that the latter is endowed with the normalised counting
measure.
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hand, the Fourier inversion formula can be used to show that F = d~ ("1 y
where 0* is the dual rectangle

0% = {(@w) € (BN : 7] < d, [on] < &),

Hence the ¢"-norm on the right-hand side of (Z2) is equal to d~("*1/" and the
inequality reduces to

d—(n—l)/s < C.N° d—(n-&—l)/r/.
If this is inequality is to hold for arbitrarily large N and d, then it follows that

1
s ' (2.3)

n —
this is the same restriction on the exponents as in the euclidean setting. An almost
identical analysis applies in the setting of Problem [[l The scaling argument does
not work, however, over finite fields, where there are few divisors; if F' is defined by
F = dg rather than F = X0, then plugging this function into either (21]) or (2.2
yields the less restrictive necessary condition s—"5 < 1’, as observed in [44].

Given the relation (23] on the exponents, one now wishes to examine the viable
¢" range. By duality, (22)) is equivalent to

17 1/T, 1 s 1/5,
o lEH@) " < eV (s Y H@)) (2.4)
Ze[Z/NZ]" @elZ/NZ] "

where & is the extension operator

EH(H) = —— 3 H(@)errient oot +otwl )N
welz/NzZ]y

When H :=1 is a constant function, £1(Z) = 1—[;:11 Gn(zj,zy) where

N—
Gn(a, — Z 2mi(at+bt?)/N

is a Gauss sum. One easily checks that Gy(a,b) vanishes unless ged(b,N)| a

in which case, if (say) N is odd, |Gn(a,b)] = +/ged(b, N)/N. Using the above
notation, these observations are succinctly expressed by the formulall

—1/2
G (a,b)| = { 10| if |a| < [0

otherwise
Plugging H := 1 into (24]) and applying the identity (Z3]), it follows that the right-
hand side is equal to C.N® whereas the r’ power of the left-hand side is given by
(when N is odd)

S8 GTET - Suaae

d|N gecd(z,,N)=d d|N

(2.5)

51t is informative to compare this analysis with its euclidean counterpart. For the euclidean
problem one wishes to analyse the decay rate of the Fourier transform of some smooth, compactly
supported density p on the paraboloid in R™. In particular, i may be expressed in terms of the
oscillatory integral

I(a,b) := J e2milat+ot%) gy gy,
R

where ¢ € C°(R) is supported in [—1, 1], say. If |a| > C|b|, then the phase has no critical points
and therefore I(a,b) is rapidly decreasing in |b|. Otherwise, stationary phase [50, Chapter VIII]
implies that |I(a,b)| ~ C|b|~/2. This is entirely analogous to the behaviour of the Gauss sum
G (a,b) highlighted by the identity (Z35). Deeper connections between the theory of complete
exponential sums and the theory of oscillatory integrals have been pursued in a number of papers
of the second author [58 [59] [60]. These ideas will be discussed further at the end of §&
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This sum is precisely of the form of that considered in Example 2.l In particular,
if (2.4) is to hold, then Example 2Tl implies that necessarily ' > 2n/(n — 1), which
matches the euclidean range, at least up to the endpoint. Again, an almost identical
analysis applies in the setting of Problem [ utilising the differences between the
Z/NZ and Z/p“Z described in Example 2Tl Alternatively, the reasoning of [44]
is valid in any finite abelian group G and shows that if (L)) is to hold with a
uniform bound C,. s ,, then necessarily r’ > 2n/d where |%| ~ |G|¢. However, the
line of argument presented above has the advantage over that of [44] in that it
reinforces the need to formulate the Fourier restriction problem in [Z/NZ]" as in
[22). Indeed, strict adherence to a uniform bound for C; 5 ,, in the above argument
leads to the more restrictive necessary condition ' > 2(n+1)/(n—1) for the H = 1
example.

If s = 2, then it follows from the preceding examples that ([22)) fails for the
paraboloid if r > 2(n + 1)/(n + 3). In §0it is shown that (Z2]) in fact holds for
the paraboloid when s = 2 in the optimal range 1 < r < 2(n + 1)/(n + 3). The
full range of £" — ¢£° restriction estimates will then be established in §7lin the n = 2
case. The numerology will again match that of the classical euclidean estimates,
up to endpoints.

3. TOOLS AND CONSIDERATIONS ARISING FROM RESTRICTION THEORY

The existence of an effective Knapp example in the discrete setting suggests
that many of the underlying geometric features of the euclidean Fourier restriction
problem should admit some analogue over Z/NZ. This is explored in detail in the
current section; in particular, it is shown that there exists a notion of wave packet
decomposition over Z/NZ and this leads one to consider certain discrete variants
of the Kakeya conjecture. For comparison, the relationship between Kakeya and
restriction is far more tenuous over finite fields [44] [40].

For simplicity attention is restricted to the case where the underlying surface
is a hypersurface given by a graph. In particular, for the duration of this section
let h € Z[X1,...,Xn-1] be a fixed polynomial and 3 denote the variety

Y= {(&,h(D)) : G e [Z/NZ]Z 1}

Let £ denote the extension operator associated to ¥, given by

1 O
EH(T) = >, AN (g) (3.1)
welz/NzZ]y

for all H: [Z/NZ]?~' — C, where ¢ is the phase function
H(T;@) =1 - d+ z,h(d) for all T = (2/,x,) € [Z/NZ]".

Let d | N be a divisor of N. The ball By € Z/NZ, as defined in §2] is a subgroup
of Z/N7Z and therefore its cosets form a partition of the ambient ring into disjoint
subsets. Define

A(N;d) = {[0],[1],...,[(N/d) — 1]} € Z/NZ, (3.2)

where the notation [z] is used to indicate the congruence class of x € Z modulo N.
Thus, for all k € N the set A(N;d)* forms a complete set of coset representatives for
By < [Z/NZ]*H In terms of the scaling structure, A(N;d)* corresponds to a choice
of a maximal d-separated subset of [Z/NZ]*, where the notion of ‘separation’ is
understood in terms of the ‘norm’ || - | and the < ordering.

6Throughout the article the same notation By is used to denote a balls in [Z/N Z]* or [Zz/NZ)k
for various k depending on the situation. The choice of ambient dimension k should always be
clear from the context.
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Turning to the definition of the wave packets, fix some intermediate scale d | N,
let d' := N/d and ©,4 denote the collection of cosets of By in [Z/NZ]3 ™" and define

Ty := 04 x A(N;d)" L.
The notation is chosen here to mirror that recently used in euclidean restriction the-
ory (see, for example, [22} 21]). For (6, ¥) € Ty the wave packet Vg 5: [Z/NZ]2 ™ —
C is defined to be the function given by
1/}9’17(@») = d"’le’%w'“j/ng(Q).
Generalising the Fourier inversion formula for the discrete Fourier transform, any

function H: [Z/NZ]¥~* — C can be written as a superposition of wave packets in
a natural manner.

Lemma 3.1. For any divisor d | N the formula
H@) = Y, (xeH) (D) - p5()
(9,’[7)6']1‘,1
holds for any function H: [Z/NZ]3™' — C .

If d = 1, then the collection ©4 comprises of a single set § = [Z/NZ]3 ™! and the
above identity reduces to

H((ﬁ) _ Z H(U)e—Qﬂ-iﬁﬁ/N,
ve[z/Nz]n—1

which is precisely the Fourier inversion formula over Z/NZ.

Proof (of Lemmal[31]). The functions xy45, for € A(N;d)"~! form a partition of
unity of [Z/NZ]"~! and thus, by the Fourier inversion formula,

H@) = ). Xoss, x H@).
TeA(N;d)n—1
A simple computation shows that
B, =d" 'xs,,
and therefore
)217+Bd " H(J}) _ dnfl(e27ri77.(.)/NXBd,) " H(Uj) _ dnil(X&)‘JrBd/H)v(U) . 6727ri77-D/N-
If & € 0, then & + By = 60, and so the desired identity immediately follows. O

The extension operator £ has a particularly simple action on wave packets, map-
ping each vy 5y to a modulated characteristic functions of a ‘tube’. In particular,
given a divisor d | N and (6, 7) € Tq, define the d-tube Tp i to be the set

Ty5:={% = (2',2n) € [Z/NZ]" : |2’ + 2, 0uh(&g) — T || < d},

where Jg € [Z/NZ]% ™" denotes the unique coset representative of § lying in A(N;d’)"~ 1.
With this definition, one has the following identity.

Lemma 3.2. Suppose N,d € N are such that d | N and N | d*>. Then for all
(0,7) € Ty one has

Ehg 5(T) = 62”(4’(5*“39)*77'59)/]\’)(%”7 (7).

Proof. 1t follows from the definitions that

1 ; 2.7 o
T
( ) web
1 a1
= (@)1 D1 AriOEEetd)~T @+ d))/N
&y ,
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where & = (w1, ...,wn_1). Since N | d?, one may verify that
O(T;Bg + dd) = (X ;Wp) + d(:I:' + xnawh(o_j@)) -@ mod N.
On the other hand, the basic properties of character sums imply the identity
1 d—1

X1y, (L) = W Z

W1y, Wn—1=0

eQwi(z'+mn, O0uwh (&) —70)-&3/d

Combining these observations, the desired result immediately follows. (]

Lemma provides a plethora of functions with which to test the extension
operator &.

Example 3.3. The Knapp example introduced in §2falls under the present frame-
work, and simply corresponds to testing the extension operator against a single
wave packet.

Example 3.4. The constant function 1, which was again considered in §2] can also
be analysed via wave packets. Indeed, in this case one has a particularly simple
decomposition

1 . . .
1= Dy 5@  forall@e [Z/NZ]y.
0eOy
If N | d?, then applying Lemma 3.2 to the above identity yields

1

E1F) =

S @@ Ny () (3:3)
0eOy

Now consider the prototypical example h(dJ) := w? + -+ + w2_; and suppose N is

odd. Using (B3], one may give a conceptually different proof of the estimate
1E1(Z)| < |2~ ™12 for all ¥ e [Z/NZ]" (3.4)

which was established in §21 For simplicity suppose that N = d? is a perfect
square and ¥ € [Z/NZ]" satisfies |Z| = N; extending the argument to general N
and 7 involves some technicalities which will not be discussed here[l Under these
hypotheses, it is easy to see that Z can lie in at most one of the tubes T, 5 and (33%1)
follows immediately from (B3]).

The inequality ([34]) can be interpreted as measuring the decay of the Fourier
transform of the normalised counting measure on ¥; such estimates play an impor-
tant role in g6l

Example 3.5. Consider once again the paraboloid h(&) := wf + -+ + w?2_;. The
full conjectured range of estimates for the extension operator (as computed in §2))
would imply the following ‘endpoint’ estimate.

"The proof for general odd N (that is, not necessarily given by a perfect square) relies on
evaluating Gauss sums and therefore does not offer a truly alternative approach to (34) from that
used in §21 The wave packet method does, however, provide an interesting geometric interpretation
of the estimate.
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Conjecture 3.6 (Fourier restriction conjecture for the paraboloid over Z/NZ).
For all € > 0 there exists a constant Cz > 0 for which the inequalityE

|EH |l g2nrcn-v (1z/nz1m) < CeNTIH [ g2nson) 2/ nz12 1) (3.5)
holds for all odd N € N.

Note that the constant in this inequality must involve some dependence on N,
even if N is restricted to powers of a fixed prime, owing to the behaviour of £1, as
discussed above and in §2

Assume Conjecture holds and let N = d? be an odd perfect square. Fix
B4 S Oy, assign a choice of Ty € [Z/NZ]"~! to each 0 € ©, and consider the
function

H:= ) rotho.z
Oe(:)d
where each rg is a choice of complex coefficient with |rg] = 1. One may easily

compute that

- (n—1)/2n
HHHW"/("*U([Z/NZ]:;’I) = dn+D(=D)/2m§ 1 (n=1)/2n _ ( Z ITel)
Geéd

whilst Lemma implies that

EH(T) = 2 7,062771'(05(5;@e)—ﬁede)/NXTe(f)
96(':),1

where, for notational simplicity, Ty := Ty 5,. If the ry are chosen to be independent,
identically distributed random signs (+1), then Khintchine’s inequality (see, for

instance, [49, Appendix D], or [23] for the precise version used here) implies that
the expected value of |EH (Z)| satisfies

B[leH @) > 22 Y @)
=T

Thus, the hypothesised endpoint restriction estimate implies that for all € > 0 the
inequality

)(TH)/" (3.6)

H Z XTo Hen/w—l)([Z/NZ]n) S QCEQ/QNa( Z |To]
ey 06y

holds for all odd perfect squares N € N, where C; is the same constant as that
appearing in (30). This estimate is a geometric statement concerning intersections
of tubes in the module [Z/NZ]™. In particular, the expression appearing on the
left-hand side of (86 is a discrete analogue of the Kakeya maximal operator (see,
for instance, [35] [55]). The theory of such maximal operators, which governs the
underlying geometry of the restriction problem, is investigated systematically in
the following section.

8 Recall that here one uses counting measure on the group G = [Z/NZ]"~! and normalised
counting measure on dual group [Z/N Z]:_l and that these measures define the £ norms. In
particular,

1 - 1/r
1l oy = (o 2 HEOI) T
elz/Nz)G !
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4. KAKEYA SETS IN Z/NZ

4.1. Discrete formulations of the Kakeya conjectures. The previous section
highlighted a connection between estimates for the parabolic extension operator
over Z/NZ and a discrete variant of the Kakeya maximal operator. Here the theory
of Kakeya sets over Z/NZ is explored in a more systematic manner, beginning with
a cleaner formulation of the maximal inequality (B.6]).

The Kakeya problem over Z/NZ concerns configurations of lines in [Z/NZ]™ that
point in ‘different directions’. An elegant way to formulate a notion of direction for
lines lying in these modules is to use the ring-theoretic construction of the projective
spaceé

For future reference it is useful to formulate the definitions at the general level
of unital rings. Given a ring R with identity define the (n — 1)-dimensional sphere
S"~1(R) to be the set of all elements of R™ that have at least one invertible com-
ponent. In particular, note that S°(R) = R* is the group of units of R, which acts
on the set S"~!(R) by left multiplication. The (n — 1)-dimensional projective space
P"~1(R) is defined to be the set of orbits of this action; that is,

P Y(R) := S"1(R)/S°(R).

Finally, given w € P"1(R) a set £, S R™ is said to be a line in the direction of w
if there exists some ¥ € R™ such that

by ={td+7:te R}

for some (and therefore any) choice of representative & € S*1(R) for w. In the case
R = 7Z/NZ it will often be notationally convenient to write S*~!(N) and P"~1(N)
rather than S"~!(Z/NZ) and P"~Y(Z/NZ).

Conjecture 4.1 (Kakeya maximal conjecture over Z/NZ). For all € > 0 there
exists a constant Ce > 0 such that the following holds. If N € N and {,, is a choice
of line in the direction of w for each w € P*"~Y(N), then

(n—=1)/n
I Y Xl gz SCNC Y )™ (@)
wePn—1(N) wePn—1(N)

If all the lines £, happened to be disjoint, then the above inequality would hold
with equality and the constant C.N¢ replaced with 1. Thus, the estimate can be
interpreted as stating that collections of direction-separated lines in [Z/NZ]™ are
‘almost disjoint’.

It is not difficult to adapt the analysis of the previous section to show that (at
least for N odd) the restriction conjecture for the paraboloid over Z/NZ implies the
Kakeya maximal conjecture over Z/NZ. This closely mirrors the euclidean case; as
mentioned previously, the relationship between Kakeya and restriction over finite
fields is far more tentative [44) [40].

Given a commutative ring with identity R, a set K € R" is said to be Kakeya if
for every w € P"~1(R) there exists a line £, in the direction of w contained in K. The
maximal inequality ([@T]) implies a lower bound on the cardinality of Kakeya sets
in [Z/NZ]". Indeed, suppose K < [Z/NZ]" is Kakeya so that | ,epn-1(n) lw S K
where each £, is a line in the direction of w € P"~1(N). Observe that {]]) together

9This perspective was recently used in connection with the Kakeya problem by Caruso [5].
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with Holder’s inequality imply that

Z €l = | Z Xlw“el([Z/NZ]n)
wePn—1(N) wePn—1(N)
SCNAE () ) (4.2)
wePn—1(N)

The sum >} cpn-1(y) |¢w| appearing on both sides of this inequality can be explicitly
computed. Indeed,
|6, = N for all we P""}(N) (4.3)

whilst the cardinality of the projective space is given by

n—1
PPt (N =N O] Dlp =N (4.4)
p|N prime j=0
where the product is taken over the set of all distinct prime factors of V. The latter
identity is a direct consequence of the formula

=N ] a-1/p): (4.5)
p|N prime
the details of the (simple) proofs of the identities (£4) and (&) are provided at
the end of the section.
Rearranging (£.2) and applying the identities (43]) and ([@.4]), one concludes that
the Kakeya maximal conjecture implies the following variant of the Kakeya set
conjecture.

Conjecture 4.2 (Kakeya set conjecture over Z/NZ). For all € > 0 there exists a
constant cc , > 0 such that the density bound

K
% = Cs,n]\]_‘E

holds for any Kakeya set K < [Z/NZ]™.

This can be understood as a discrete analogue of the upper-Minkowski dimension
conjecture for Kakeya sets in R”. It is remarked that similar discrete variants of
the Kakeya conjecture have previously appeared in the literature: see, for instance,
[5l 16, [18].

4.2. Sharpness of the Kakeya conjecture. It is natural to ask whether the e-
loss in N is necessary in Conjecture[£2} that is, whether there exists a dimensional
constant ¢, > 0 such that N™"|K| > ¢, holds for all Kakeya sets K < [Z/NZ]|"
(independently of N). It transpires that such an estimate is false, even if one
restricts N to vary over powers of a fixed prime.

Proposition 4.3. For all primes p there exists a strictly increasing integer sequence
((s))sen and family of Kakeya sets Ky < [Z/p*®)Z]™ such that

K,
lim || =

§—00 p‘l(s)"

This observation should be contrasted with Dvir’s theorem in the finite field
setting [I7]. The latter states that there exists a dimensional constant ¢, > 0 such
that ¢~"[K| > ¢, holds whenever K < I is a finite field Kakeya set [

10The finite field analogue of the stronger maximal function estimate was established by El-
lenberg, Oberlin and Tao in [I8]. It is also useful to contrast the form of the conjectured maximal
function estimate (@I) (and, in particular, the (necessary) e-loss in N in the constant) with the
finite field result from [I8].
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Proposition 3] follows by adapting a (euclidean-based) construction due to
Sawyer [47] (see also [54] [56] and [19]).

Proof. Tt suffices to consider the case n = 2: the general case then follows by
taking the Cartesian product of the set K, given by the 2-dimensional example
with [Z/p*(®)Z]"~2 for each s € N. Furthermore, it suffices to construct a sequence
of sets containing lines in only those directions which can be represented by an
element of the form (1,w) for some w € Z/p®Z. Indeed, one may then form a
sequence of true Kakeya sets by taking finite unions of rotated copies of these
objects.

Fixing p and s € N, let « := sp®. For each w € Z/p*Z let w; € {0,1,...,p— 1}
for 0 < j < a— 1 denote the coefficients in the p-adic expansion of the unique class
representative of w in {0,1...,p% — 1} Using this notation, for each w € Z/p®Z
define a map ¢,,: Z/p*Z — Z/p“7Z by

O (t) = tw + Z_: wjp7

where | - |: R — Z denotes the floor function. Thus,

f[(l w)] {(t ¢w( )) i te Z/paZ}
is a line in the direction of [(1,w)] € P*(p®). Since, by Fubini,

U Gawnl= D o) :wez/pz}, (4.6)

wEZ/p™Z teZ/p*Z

it suffices to show that
{bw(t) : we Z/p*Z} < p*~° for all t € Z/p“Z. (4.7)

Indeed, once this is established one may define K to be the union of lines appear-
ing on the left-hand side of (H), noting that the above inequality implies that
—2a —s
P K| <p°.
Fix t € Z/p*Z and identify this element with a coset representative t € {0,1,...,p*—
1}. Let ¢/ € {0,...,p° — 1} be the unique element satisfying ¢’ = —¢ mod p® and
define k := st’, noting that 0 < k < s(p® — 1) < o — s. It follows that

=—|Z] modp’ forallk<j<k+s—1
S

For any w’ € Z/p®7Z there exists a unique w € A(p®, p®~*) such that |w — w'| <
p~F. Here A(p®,p®~*) is the maximal set of p®~*-separated points in Z/p*Z

defined in (.2)). In particular, w; = w’ for 0 < j <k —1 and so

Z t+ )pj.

|u(t) = dur

The construction ensures that [t + []| < p®~* for all k < j < k+ s — 1 from which
it follows that |@, () — dur ()] < p*~*~%. Thus,

{pu():weZp 2t )  Bpss(du(t),
weA(p>,pe—F)
which immediately yields (7). O

U That is, the wj €{0,1,...,p— 1} are uniquely defined by the formula w = [ Z wjpj]
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4.3. Standard Kakeya estimates over Z/NZ. Many of the standard techniques
used to investigate the euclidean Kakeya problem can be adapted to study Con-
jecture 1] and Conjecture Here two examples are given: the standard L2
maximal argument of Cérdoba [10] and a basic slicing argument. The former re-
solves Conjecture [4.1] (and therefore also Conjecture [£2]) in the n = 2 case, whilst
the latter provides a discrete analogue of the elementary (n + 1)/2-dimensional
bound for Kakeya sets.

Cérdoba’s argument. By adapting the classical argument of [10], one may establish
the following elementary bound (which implies Conjecture ] in the n = 2 case).

Proposition 4.4. For all € > 0 there exists a constant C. > 0 such that the
following holds. If N € N and £, is a choice of line in the direction of w for each
w e P*"Y(N), then

I Y xelequuae SCNY2E(CS e (4.8)
wePn—1(N) wePr—1(N)

At its heart, the proof of Proposition 4] (that is to say, Cérdoba’s argument)
exploits the following simple geometric fact (here and below F denotes a field):

A pair of direction-separated lines in F" can intersect in (4.9)
at most one point. ’
The relevance of ([£9]) is most clearly understood by considering Proposition 4.4l in
the finite field setting, given by restricting N = p to vary over primes p. Indeed, in
this case the argument is particularly elementary: by (£9) one has

H Z Xt HZZ([z/pz]n) = Z [ N Lo | < |Pn71(P)|(|Pn71(P)| +p— 1)3

wePn—1(p) w,w’eP*=1(p)

and bounding the right-hand side of this inequality using (£4]) yields the desired
estimate.

The original euclidean problem, as investigated in [I0], studies configurations of
d-tubes in R™ rather than lines. In this context one does not work with (£9]) per
se, but rather a quantitative version of this fact, which states that the measure of
the intersection of two tubes is inversely proportional to the angle between their
directions. In this respect, the Z/NZ setting behaves much more like euclidean
space than a vector space over a finite field. Indeed, owing to the presence of
zero divisors, ([A9) can fail dramatically for lines over Z/NZ: a pair of direction-
separated lines in [Z/NZ]"™ can meet at many points. However, in analogy with
tubes in R™, the number of points of intersection is inversely proportional to the
angle between the directions.

To make the above discussion precise requires a notion of angle between elements

of P"71(N); such a notion is formulated presently. Let & = (w1,...,w,), & =
(Wh,...,wh) € S""L1(N) be class representatives of w,w’ € P*1(N), respectively,
and define the angle A (w,w’) by
A Wi Wj
A (w,w'): | Jnax | det (w{ w;) . (4.10)
Here | - | is the size function on Z/NZ introduced at the beginning of §2t that

is, x| := N/ged(x, N) for all € Z/NZ. Note that the right-hand side of (I0)
does not depend on the choice of representatives & and &' and therefore # (w,w’)
is well-defined. A few further comments regarding the definition of % (w,w’) are in
order.
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i) The definition (£I0) is motivated by the formula sin £ (w,w’) = |w A W'| for
the angle between unit vectors in R™. Note, in particular, that |w A w’| can be
written in terms of the determinants

det(wf wf) forl<i<j<n

w; Wy
via the Cauchy—Binet formula.

ii) By adapting an argument of Caruso [5], one may easily show that

/ . /
4(("])("] ) = 11T max |wj - wjla
(8,6 )ewxw’ 1<j<n
where the minimum is over all pairs of class representatives & = (w1,...,wn),
&' = (wh,...,wh) for w,w’, respectively.

In place of the basic geometric fact (£9)) valid over fields, over Z/NZ there is
the following quantitative statement.

Lemma 4.5. If w,w’ € P"1(N), then

N
[l Nl | < ——.
£ (w,w)
Proof. If £ (w,w’) =1, then the result trivially holds and so one may assume that
A(w,w) > 1. Let (wi,...,wn), (W,...,w)) € S*"1(N) be class representatives

for w,w’, respectively. It is easy to see that the cardinality of £, n £, is given by
the number of solutions (¢,t') € [Z/NZ]? to the system (¢t t')-Q = ¥ for some

v € [Z/NZ]"™, where
L [w N Wn,
= (w’l w%) ‘

By definition, there exists some 2 x 2 submatrix A of Q such that | det A| = £ (w,w’).
Since A (w,w’) > 1, Lemma [AT] of the appendix implies that for any b € [Z/NZ]?
the system

t t)-A=b
has at most N/|det A| solutions, and the desired result follows. O

Given this inequality, it is a simple exercise to translate Cérdoba’s approach [10]
into the current setting (see also [5l [16]) and thereby prove Proposition L4l

Proof (of Proposition [[.7]). Expanding the left-hand ¢*-norm, one obtains

I Xéw”;([Z/NZ]"): Y2 2 Mentul

weP*~1(N) wePm=1(N) d|N o’eP"~1(N)
£ (w,w)=d

By Lemma and (£3), it follows that

/ Pn—l N :4 7 ’ —d
> XeijQ([Z/NZ]n)g 3 I&JIZHWE ( )d (@) =dj|

wePn—1(N) wePr—1(N) AN

Recalling the standard asymptotics for the divisor function (see, for example, [25]
Chapter XVIII)), it suffices to show that for all € > 0 there exists a constant C, > 0
such that

Hw' e P""Y(N) : £ (w,w’) = d}| < C-N""?*¢q.
The simple proof of this inequality is postponed until the end of the section. (Il
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The slicing argument. Although Cordoba’s argument is effective for n = 2, it pro-
duces very poor estimates in higher dimensions. Here a Z/NZ-analogue of the
elementary (n + 1)/2-dimensional lower bound for Kakeya sets is established. This
gives improved partial results towards Conjecture in higher dimensions.

Proposition 4.6. For all ¢ > 0 there exists a constant c.,, > 0 such that the
density bound
[
Nn = Cen
holds for any Kakeya set K < [Z/NZ]".

N-(n—1)/2—¢

In essence, the proof of Proposition 6] relies on the following variant of the key
geometric fact (£9]) used above:

Let x,y € F™ be distinct points. Then there exists
precisely one line in F” passing through both xz and y.

Once again, owing to the presence of zero divisors, this property no longer holds
over Z/NZ. In its place there is the following quantitative version, where the
separation between the points is quantified.

Lemma 4.7. Let {,,,{ be lines in [Z/NZ]™ in the directions w,w’ € P"1(N),
respectively. If there exist points T,y € £y, "Ly such that |T—y| = N, then £, = £y.

Proof. The simple proof is left to the reader. O
Proposition is proved by combining Lemma 7 with (an adaptation of) a

simple and well-known slicing argument from euclidean analysis (see, for instance,

[35]).

Proof. Suppose K € [Z/NZ]"™ is a Kakeya set and let
K[t]:=Kn{Ze[Z/NZ]": 21 =t} forallteZ/NZ.

Let C > 0 be a uniform constant, to be determined later in the proof, and define

log N
E:= {teZ/NZ: k[ < & ?Vg IKl}-

It follows from Chebyshev’s inequality that

|E| = (1 —-1/Clog N)N. (4.11)
If C is chosen to be sufficiently large, then, by pigeonholing, E will necessarily
contain a pair of well-separated points. Indeed, without loss of generality (by
translating the Kakeya set) one may suppose that 0 € E and, recalling &3, it
follows that

{te Z/NZ: |t| < N} =N — |S"(N)| = N - (1 — 1_[ (1- 1/p)).
p|N prime

By Mertens’ theorem (see, for instance, [25, Chapter XXII]), the constant C' > 0
may be chosen so that

2

[] a-vyp= [] 0-1/p) == ,

p|N prime 2<p<N Clog N
p prime

Combining these observations with ([@IIl), one concludes that
{te Z/NZ:|t| < N}| < N(1-2/ClogN) < |E|,

and so there must exist an element ¢ € E with || = N. By applying a group
automorphism to the set K one may further assume that ¢ = 1.
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Let Q(N) < P"1(N) denote the set of all w € P""1(N) for which the first
component of some (and therefore every) class representative @ € S"~1(N) lies
in S°(N). Thus, Q(N) is the collection of orbits of the free action of S°(N) on
S°(N) x [Z/NZ]"! and therefore has cardinality N"~!. Furthermore, for any
w € §2(N) the line £, intersects each of the slices K[0] and K[1] at a unique point,
denoted £,,[0] and ¢,,[1], respectively. On the other hand, Lemma 7] implies that
for any pair of points (Z,7) € K[0] x K[1] there exists at most one line ¢, such
that £,[0] = & and ¢,,[1] = §. Consequently,

N = [Q(N)| < [K[0]]|K[1]] <
which implies the desired inequality. (I

4.4. Remaining estimates and identities. The proofs of a small number of
basic estimates and identities were not presented in the above text; these remaining
issues are collected in the following lemma and addressed presently.
Lemma 4.8. For all N € N the following statements hold.

i) The cardinalities of S°(N) and P"~1(N) are given by the formulae

n—1
ISO(NV)| = N H (1—1/p) and |[P"Y(N) = N""1 H Z p7

p|N prime p|N prime j=0
it) For all e > 0 there exists a constant Ce > 0 such that
{ow' e P""H(N): £ (w,w) =d}| < C.N"27¢d
holds for all w e P""Y(N) and all d | N.
Proof of Lemma[{.8[@). The cardinality of the group of units is well-known, but

nevertheless a proof is included in order to express the argument in terms of the
| - |, < notation introduced in this article. Observe that

{teZ/NZ:[t|]<N}= | Bwp
p|N prime

and, by the inclusion-exclusion principle,

k
’ U BN/P‘ - 2 kH 2 ‘ ﬂ BN/pj‘

p|N prime P1<-<pr j=1
p;|N prime

= Z:(—l)k_‘_1 Z |BN/;D1--~Pk|
k=1

P1<-<Pk
p; | N prime

=N-(1- ] a-1/p).

p|N prime

The desired identity for |S°(IV)| immediately follows.

Since |P"~!(N)| is a multiplicative function of N, it suffices to establish the
second formula for N = p® a power of a prime p; in this case, the desired result was
observed by Caruso [5]. A slightly different argument to that of [5] is as follows.
Since the action of S°(IV) on S"~1(N) is free, one deduces that

[S"HN)[ Nt = (N = [SY))”
SOV [S(V)]

and, after a short computation, the result follows from the above formula for
S(V)- O

[P (N)| =
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Proof of Lemma[].8[id). The argument here is rather crude and more precise esti-
mates could be obtained (see [5]). Nevertheless, the resulting bounds suffice for the
purposes of this article.
Fix w e P""1(N) and d | N and define
P Hwsd) = {w' e P"TH(N) : A (w,w') = d},
so that the desired estimate reads
|P" Y (w;d)| < C.N™2Fed,

The group of units S°(N) acts freely on

S (w; d) i= {(w' W) e S"HNY s max |det (0 “T) | = d}

) . 1oy Wpy . 1<i<i<n w; UJ; )

and it follows that
15" (w; d)|

ISO(N))]
If d = N, then one may use the trivial estimate
[S" Hws d)] < [S"7HIV)| < nN"THSO(N))

which, combined ([@I2)), yields the desired bound.

Now suppose d | N is a proper divisor and fix a representative (w1,...,w,) €
S"=1(N) of w. Without loss of generality, one may assume that w; € S°(N) and,
by possibly choosing an alternative class representative, moreover, that wy = 1. If
& = (wi,...,w)) e S" Y w;d), then it follows that w) € S°(N). Indeed, otherwise
lwi| < N and there must exist some 2 < j < n such that w} € S°(N); in this case

|det<1, wf) | =N,
Wy Wwj

contradicting the assumption that &’ € S"~!(w;d). Thus, one deduces that

[P" ™ (wsd)| =

S”fl(w;d) c{d' e SO(N) X [Z/NZ]”*1 : ]det ( 1, w,2> ‘ < d}.
Wi Wy

For any fixed w} € S°(N) and & > 0 there exists some C. > 0 such that

{wh € Z/NZ: [y —wiwo| <d}[ = | | ] Be|< ), d <C.Nd.
d'|N:d’'<d d’'|N:d'<d

Consequently,
[S"Hws d)| < C-N™#4d|S°(N)|
and combining this inequality with (£I2) concludes the proof. O

5. FOURIER RESTRICTION OVER Z/p*Z AND Q,

5.1. Analysis over the p-adic field. In this section the key features of the Z/p*Z
formulation of the restriction problem (that is, Problem[]) are described. In partic-
ular, a correspondence principle is demonstrated that allows one to lift the analysis
from the finite rings Z/p*Z to the field of p-adic numbers Q,,. This correspondence
helps to explain many of the apparent similarities between the Z/p®Z and euclidean
theories, since the fields @, and R are in many respects related. Furthermore, there
are a number of euclidean-based techniques which have no obvious counterpart or
are considerably more difficult to implement in the discrete setting, but can be
easily adapted to work over Q,. Thus, lifting the problem to the p-adics often sig-
nificantly simplifies the analysis (a striking example of this occurs when one studies
the restriction theory for the moment curve; this is described in detail in 7). The
p-adic field also has a relatively simple algebraic structure since, in particular, there
are no zero divisors.



18 J. HICKMAN AND J. WRIGHT

Before proceeding some basic facts regarding analysis over Q,, are reviewed, and
the relevant notational conventions are established. Fixing a prime p, recall that
the p-adic absolute value | - |,: Z — {0,p~%,p~2,...} is defined by

2], = p~* if x # 0 and p* ||z for ke Ny
=0 otherwise

?

where the notation p* |0 is used to denote that p* divides 6 (that is, p¥ | #) and
no larger power of p divides . The function | - |, uniquely extends to a non-
archimedean absolute value on the rationals Q124 The field of p-adic numbers Q,
is defined to be the metric completion of @ under the metric induced by | - |,. One
may verify that Q, indeed has a natural field structure and contains Q as a subfield.
Any element € Q,\{0} admits a unique p-adic series expansion
[e¢]
x = Z x;p’ (5.1)
j=J
where J € Z, z; € {0,1,...,p — 1} for all j € Z with z; # 0 (and z; := 0 for
j < J). The sum is understood as the limit of a sequence of rationals, where the
convergence is with respect to the p-adic absolute value. In this case, |z|, = p~7/.
The ring of p-adic numbers Z, is defined to be the set comprised of 0 together
with all the elements € Q,\{0} for which J > 0 in the expansion (G.I)). Thus,
Zy = {zx € Qp : |z|, < 1}, and this clearly forms a subring of Q, by the multiplicative
property of the absolute value.

The field Q) is a locally compact abelian group under the addition operation
and the Haar measure of a Borel subset E' € Q, is denoted by |E|; this measure is
normalised so that |Z,| = 1. The notation dz is used to indicate that an integral
is taken with respect to Haar measure (hence, |E| = S@p xe(z)dz for all E € Q,

Borel). For any r > 0 and z € Q,, the ball B, (z) is defined by
Bi(x) = (ye Qy: o —ylp <7);

these balls are not defined using a strict inequality so that, for instance, Z, = B1(0).
For each « € Z the ball B« (0) = p~*Z, is an additive subgroup of Q,, (furthermore,
if @ <0, then B« (0) is an ideal of Z,), and all other balls of radius p* arise as
cosets of Bpe(0). It immediately follows from the translation invariance property
of the Haar measure (together with the choice of normalisation) that | Bpe (x)| = p®
for all & € Z and = € Qp.

There is an alternative algebraic description of Z, as the inverse limit of the
inverse system of groups (Z/p®Z)qen: that is,

Zy = im Z/p*Z.
aeN

The p-adic numbers Q, can then be described algebraically as the field of fractions
of Zy. This perspective will not feature heavily here, but it is noted that that the
inverse system induces a family of natural projection homomorphisms 7, : Z, —
Z/p“Z. The 7, are given by reduction modulo the ideal p*Z,, and can be expressed
in terms of the p-adic expansion; in particular,

a—1 0
o () = [ijpj] for z = szijZp and a e N.
§=0 j=0

2That is, | - [p: Q — [0, 0) satisfies the following properties:
i) (Positive definite) |z|p = 0 for all x € Q and |z|p, = 0 if and only if z = 0;
ii) (Multiplicative) |zy|p = |z|p|y|p for all z,y € Q;
iii) (Strong triangle inequality) |z + y|p < max{|z|p, |y|p} for all z,y € Q.



FOURIER RESTRICTION AND KAKEYA OVER RINGS OF INTEGERS 19

The vector space Qj is endowed with the norm

|z|p = 1ri1ja<xn|zj|p for all z = (21,...,2,) € Qp.

All the above definitions and conventions then naturally extend to vector spaces
Qp.

By the first isomorphism theorem, the m,: Zj — [Z/p“Z]" induce a natural
isomorphism between [Z,/p®Z,|" and [Z/p®Z]". In particular, the sets 7,1 (Z) for
Z € [Z/p*Z]"™ are precisely the cosets of p®Z,, and so

7 &} = Bp-a(y) for all Z € [Z/p®Z]™ and y € 7~ ' {Z}. (5.2)

This is the key observation which governs the correspondence principle.

5.2. Restriction and Kakeya over the p-adics. The p-adic field Q,, is self-dual
in the Pontryagin sense. In particular, if one fixes an additive character e: Q, —
T such that e restricts to the constant function 1 on Z, and to a non-principal

character on p~!Z,, then for any integrable f: Q, — C the Fourier transform f
can be defined by

f(&) = (z)e(—z-€&)dz  forall QL.
Q
It will be useful to work with an explicit choice of character e. Define the frac-
tional part function {-},: Q, — Q as follows: given z € Q, with p-adic expansion
YLy ap?, let {x}, = Z;:lj z;p’. Observe that {x}, = 0 if and only if x € Z,,.
Defining e: Q, — T by

e(z) := ™= for all z € Q,,

it is easy to check that this function has the desired properties.
Fix1<d<n-—1land Py—gt1,..., P € Z[X1,..., X4]. Let ¥ < Z denote the
image of the the mapping

Iiwe— (w,Pr—g-1(w),..., Pp(w)) (5.3)

as a function Zg — Z;, and 1 the measure on ¥ given by the push-forward of the

Haar measure on Z¢ under (5.3). One is interested in studying Fourier restriction
estimates of the form

| flslLe < Clflrap)- (5.4)

The conjectural range of estimates for restriction to, say, a compact piece of the
paraboloid over Q,, is easily seen to imply a p-adic version of the Kakeya conjecture.
To make this precise, first note that the ring-theoretic definitions of projective space,
lines in a given direction and Kakeya sets, as described in 4 can all be applied to
Zp, and so it makes sense to discuss Kakeya sets K < Z;;. By essentially a repeat
of the discussion from §3] and §4] the study of restriction estimates over Q) leads
one to consider the following geometric problem

Conjecture 5.1 (Kakeya set conjecture over Qp). For all ¢ > 0 there exists a
constant cen, > 0 such that for any Kakeya set K < Z;, the bound

|Np*"‘ (K)| = CenP
holds for all a € N.

LFor brevity, only the p-adic Kakeya set conjecture is stated, but it certainly makes sense to
also consider the corresponding maximal conjecture.
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Here for any set £ < Q) and « € Z the p~“-neighbourhood of E is defined to
be the set
Np-a(B) := | ] Byo (). (5.5)
yelk
It transpires that Conjecture 511 is equivalent to the weakened version of Con-
jecture where N varies only over powers of the fixed prime p. This equivalence
is discussed below, and provides a simple instance of the correspondence principle.

5.3. Equivalence of the Kakeya problem over Q, and Z/p“Z. The proof of
the equivalence between the Q, and Z/p“Z formulations of the Kakeya set conjec-
ture relies on two ingredients, described presently.

1. Correspondence for sets. Given a set ' S Zj one may easily deduce from (5.2)

and (B.5) that
Np-o(B) = | ) =&}, (5.6)
Fer, (E)
where the union is, of course, disjoint. The identity (5:2]) also implies that each of
the sets 7, 1{Z} has Haar measure p~®" and, consequently,

1y [Ta(E)
N (B) = 3 It = T
Fero (E)
Note that the expression on the far left-hand side of this chain of equalities involves
the Haar measure on Qp, whilst the expression on the right involves normalised
counting measure.

2. Correspondence for directions. The projective space P"~1(Z,) is naturally re-
lated to the discrete projective spaces P"~1(Z/p®Z). Indeed, as discussed in [5],
the inverse system on the family of groups (Z/p®Z)aen naturally induces an inverse
system on the family of sets (P" ! (Z/p“Z))aen and the projective space P"~1(Z,)
can be realised as the inverse limit
PV (Z,) = lim P (Z/p° ).
neN

This gives rise to a family of natural projection mappings
Fo: PHZ,) — PHZ/pZ).

The 7, may also be defined in terms of the p-adic expansion for (class representa-
tives of) the w € P"~1(Z,); the details are left to the reader. In particular, using this
observation one may show that K < Z; Kakeya if and only if 7. (K) < [Z/p*Z]"
is Kakeya for all o € N.

. Combining these correspondences, it is clear that the two formulations of the
Kakeya problem are completely equivalent. Indeed, given any Kakeya set K < Z,
it follows that K, := mo(K) € [Z/p*Z]" is Kakeya for all & € N. Assuming
Conjecture for N = p®, given € > 0 there exists some c. ,, > 0 such that

Kq

[Np-o (K)| = | = cenp for all @ e N,
pan ?

as required. Conversely, if K, S [Z/p“Z]" is Kakeya, then K := 7,1 (K,) is easily

seen to be Kakeya with Npe (K) = K. Thus, assuming Conjecture 5.1 given € > 0

there exists some c,, > 0 such that

K _
'p;;' N (B)] 3 o™,

as required.
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The construction described in Proposition can be combined with the above
observations to yield the following result.

Proposition 5.2. There exists a Kakeya set K < Z; of Haar measure zero.

Proof. The sets constructed in Proposition can be lifted to produce Kakeya
sets in Zj) of arbitrarily small measure. A measure zero set is then obtained by
a limiting procedure. The details are omitted; see, for instance, [56] for a similar
argument in the euclidean case. (]

It is remarked that such sets have been observed to exist in [5 [19] (see also [16]).
The construction described here is closely related to that given in [19], and stems
from euclidean constructions described in [47, [54] (see also [56]).

5.4. A correspondence principle for functions. Developing a correspondence
principle for the restriction problem is a little more involved than the Kakeya case.
For restriction, one is required to lift functions on [Z/p*Z]™, rather than just sets,
and the lifting procedure must behave well with respect to taking Fourier trans-
forms. Moreover, one must also work over the entire vector space Q, and not
Jjust the compact piece Z;), and this necessitates the use of a 2-parameter family of
correspondences (the analysis of the previous subsection used just a l-parameter
family of maps, namely N,-« (E) — 74 (E)).

It is first remarked that, for each o € Np, the observations of the previous
subsections imply a correspondence between functions f: Q) — C that are sup-
ported in Zy = B;(0) and are constant on cosets of p*Z; = Bj,-«(0) and func-
tions F': [Z/p*Z]" — C. Indeed, given such a function f, one may simply define
Fulf]: [Z/p°Z]" — C by

Folf1(@) == fy) ifyen {7}

for all & € [Z/p*7Z]™. This is well-defined by the hypotheses on f and f — F,[f] is
an isomorphism between the relevant function spaces.

For the purposes of restriction theory, it is useful to consider a 2-parameter
family Fy; comprised of rescaled versions of the isomorphisms F,. For k,l € Ny
let .#(Qp; k,1) denote the vector subspace of L'(Qp) consisting of all f: Q) — C
that are supported on B, (0) and constant on cosets of B,-«(0). The union of the
S (Qp; k,1) over all k,1 € Ny is denoted .#'(Q}). Note that f e (Qy) if and only
if it is a finite linear combination of characteristic functions of balls.

Given f € .7(Qu; k,1), define Fy [ f]: [Z/p*T'Z]™ — C by

Fealf1(@) ==p " f(p~ly) forye Wﬁiz{f} (5.7)

for all 7 € [Z/p**'Z]". Once again, this is well-defined and F [ f]: .7 (Qp; k, 1) —
N([Z/p*+Z]™) is an isomorphism.

The space .(Q}) is the p-adic analogue of the Schwartz class .(R") from
Euclidean analysis. It is remarked that both spaces can be viewed as particular
instances of a more general construction, namely the Schwartz—Bruhat class on
an arbitrary LCA group [4], [45] (see also [51]) It is a simple consequence of
the Stone-Weierstrass theorem that #(Qy) is dense in L"(Qp) for 1 < r < oo.
Furthermore, for all k,] € Ny the Fourier transform restricts to a bijection from
L Qs k1) to Z(Q23 1, k).

pr7

148‘51"ictly speaking, the Schwartz—Bruhat spaces are, by definition, topological vector spaces
and therefore their full definition requires a description of their topology. The topology is not
discussed here as it plays no role in the forthcoming analysis.
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It is useful to set up a similar correspondence between functions on the dual

groups. In particular, given g € .#(Q}; 1, k) define 1317;6[9]: [Z/p* 7] — C by

Filgl(€) == gp™"n)  for neml{€} (5.8)

for all £ € [Z/pFH1Z]".
These definitions extend the correspondence for sets detailed above. Indeed, one
may easily verify that (5.6) implies that

A~

Faolxn, o (B)] = Xra(p) (5.9)

for all £ < Zj; and a € No.

The normalisation factors p and 1 are chosen so that (B.7) preserves the
L'-norm and (5.8)) preserves the L®-norm; this is natural in view of the Riemann—
Lebesgue lemma. More generally, the following norm identities hold.

—kn

Lemma 5.3. For 1 <7 < w0 and any f € (Qp;k,l) and g € y((@g;l,k) the
following identities hold[
a) | Fulfllerqz/prizpny = p~ 5" 1f 2@z s

b) 1FLklgllerizsmsizrg) = P N9l o) -

Proof. Since b) is essentially just a renormalised version of a), it suffices only to
prove a). Fix f € (Qp;k,1) and observe that

—kn —_ m1/r
| Feal fllerqzspezy =27 (>0 1f (07 'wa)l")
Fe[z/p iz

where each yz € Zy; is a fixed (but arbitrary) choice of element in 7Tk__& 4@}, Since f
is constant on cosets of p*Z?, it follows that the above expression may be written

p,
as

—knr/r’ |
p Y prk(plyi)lf(y)l y)

Te[Z/ph ™)

1/r

One may easily observe that {p~'yz € Q@ : & € [Z/p"™'Z]"} forms a complete set
of coset representatives of ka;} in p_lZZ and a) immediately follows. O

The mappings Fj; and ﬁhk behave well with respect to taking Fourier trans-
forms.

Lemma 5.4. The diagram

S (Q; 1, k)

p’ b

Z(Qp; K, 1)

Fi Fix

([z/pH ) — (2 /pMZ]R)
commutes, where each occurrence of F denotes the appropriate Fourier transform.
Proof. Given f € .#(Qp;k,l) observe that

Falf) @) =p 3 flplyg)emE
Fe[Z/p++12]

15Recall that the ¢" norms on a finite abelian group G and its dual G are defined with respect
to counting and normalised counting measure, respectively.
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where, as in the proof of Lemma [B.3] each yz € Q) is a fixed (but arbitrary) choice

of element in 7 | {Z}. If ne ﬂ;jl{g}, then it follows that

(Bl E) =07 > foya)e(—p 'yz - p "),

Fe[2/pF+12]

where e: Q, — T is the additive character defined earlier. Since the function
y — f(y)e(—y - p~*n) is constant on cosets of kaZ, arguing as in the proof of
Lemma [5.3] one deduces that

(Fual 1) (€) = f Fwe(—y - p~*n) dy.

Bpl (O)
Recalling the definition of ﬁl k[£1(€), this concludes the proof. O

5.5. Equivalence of restriction over Q, and Z/p®Z. Suppose I is as in (£.3)
and, as above, define

= {(w) :weZl}.
Let p denote the measure on ¥ given by the push-forward of the Haar measure on
Z{ under T'. Furthermore, for each o € N let ¥ < [Z/p®Z]} denote the image of
the mapping (5.3)) as a function I': [Z/p*Z]? — [Z/p“Z]™. In the remainder of this
section it is shown that p-adic restriction estimates for the surface X are, in some
strong sense, equivalent to discrete restriction estimates for the X,.
Proposition 5.5. With the above setup, the following are equivalent:

i) The p-adic restriction estimate
| f1slLe < Clf g (5.10)
holds for all f € .7 (Qp).
ii) For all a € Ny the discrete estimate

1 A s 1/s =
(m MUIEE) " < CIFlezspozimy
£esq

holds for all F: [Z/p*Z]™ — C.
The constants appearing in both inequalities are identical.

The hypothesis that the surface is graph parametrised is essentially for con-
venience and could be weakened. The important property is that each ¥, is a
‘d-dimensional object’, in the sense that |3,| = p?®.

Proposition [5.5] is an immediate consequence of the following lemma.

Lemma 5.6. For all l € Ngy the following are equivalent:

i) The estimate

1f12lze < Clf s, o) (5.11)
holds for all f € .7 (Qp) supported in B (0).
1) The estimatd
Iz, v, =) < Clf (s, 00)) (5.12)

holds for all f € #(Qy) supported in B (0).
16por any Borel set £ < Qp of positive Haar measure the norm | - HLivg(E) is defined by

g,y = (£ 1@ ae) o= (o | 1r@)l o)

Note that JfE is used to denote the normalised integral over E.

1/s
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iii) The estimate
1

L 1/s
(|Ez|

IFE)I°)
exy
holds for all F: [Z/p'Z]" — C.

The constants appearing in all three inequalities are identical.

< C|F|lerzypizimy (5.13)

Assuming Lemma [5.6, Proposition immediately follows.

Proof (of Proposition [57]). The (global) restriction estimate (L.I0) is equivalent to
the (local) estimates (B.I1)) holding at each scale [ € No with the uniform choice of
constant C. The desired result now follows from Lemma O

The equivalence i) <> ii) is the p-adic version of a well-known fact in the eu-
clidean case (see, for instance, [52]). The simple proof is postponed until the end
of the section. On the other hand, the equivalence ii) < iii) follows from the corre-
spondence between . (Q2; k, I)-functions and functions on the module [Z/p*+1Z]",
as developed in the previous subsection.

Proof (of Lemmali.0, ii) < iii)). It follows from (.9) that xnr _,(z) = }/7\’1_01 X ()]
More generally, the same argument yields

XN, () = Fo Xm0 s)] for all k € Ng. (5.14)
Fix f e 7 (Qp;k,1) for some k € Ny and observe (5.14) together with Lemma
B4 imply that
XNt (E)f = Fljkl [Xle(pkz)Fl,k[f] ] = Fljk1 [Xﬂku(pkﬁ) (Fk,l [f])/\]
From this and Lemma [5.3]b) one deduces that

o 1 o 1/s
s - —_— F -~ S) .
I ityaon = sy 2 Pl (@)
g€y (PP E)
Combining these observations together with Lemma 5.3 a), it follows that the local
restriction estimate (5.12) holds for all f € .7(Qy) supported in B, (0) if and only
if for every k € Ny the estimate

1 Lo Ns /
S FE) " < O™ |Florqzjprorzye (5.15)
= 2 | 2/ 121
k41 (PP 3)] Eemp s (P°5)

holds for all F': [Z/p**!'Z]™ — C. The k = 0 case of the above inequality is precisely
(EI3). Tt therefore suffices to show that (BI3) implies (B.I5) holds for all &£ € Ny.
Given F: [Z/p*T!'Z]™ — C define the function F;: [Z/p'Z]" — C by

F(Z):= Y. F(&) forall ze[z/p'z]"
ze[z/pr iz
Z=7Zmod p'
Consider the map 8;: [Z/p'Z]" — [Z/p*HZ]™ given by 6, := [p*¢] where £ € Z"
is a choice of class representative for E One may readily check that this mapping
is well-defined and restricts to a bijection from m;(2) to 74 (p*%). Furthermore,
for any & € [Z/p'Z]™ it follows that

n F = niz-&/pt o E
F@f) = )] Y, F@)em e = B(E)
Ze(Z/p'Z]™ ze[z/p*tZ]™
Z=Zmod p'
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and, consequently,

1 57 1 5 (€
e Y F@Of = e Y BEP. (5.6)
[Thri (PFE)] Eemn (0hE) Im(>) fem(2)

On the other hand, Holder’s inequality implies that

| Fller(z/pzgny < "7 | Flor(zypr+izgmy (5.17)

Thus, assuming (BI3) holds for the function F; and combining this estimate with
(ET16) and (BI7), one concludes that (B.I5) holds for the function F', as required.
(I

Proof (of Lemmalid, i) < ii)). The proof relies on the identity

Foowra= | £ e aradae. 619
N, () »JB,.1(0)
valid for all f € .7(Qp). To prove (G.I8), first observe that

N® = | mr@)

Ze[Z/p'Z]

This implies that [N, ()| = p~' "~ and

][ |f(n)]* dn = p_ld ][ |*dn
N, (%) ze[z/p'Z)d ¥ T {F(Z)}

=p_ld >, ][ n)|* dn,

Z/plZ 71(1—‘("-’

where wz € Z7 is an arbitrary choice of element of ;' {2} for each 7 € [Z/p'Z]§.
Averaging over all possible choices of the wz one concludes that

fo limra= 5 | 1o e
N,—1(2) m H{Z)
and (5.18) immediately follows.

P Z/ lZ
Suppose that (5.II)) holds for all f € .(Qp) with supp f < B,:(0). It follows
from the modulation invariance of the L"-norm that

£+ m)l dndu(©)” < 1o 0
=JB, 1 (0)

for any such function f, and the identity (B.I8) immediately yields (G.12).
Conversely, suppose (5.12) holds for all f € (Qp) with supp f < B, (0). If f
is of this type, then f = fxp ,(0), which leads to the reproducing formula

f©) =+ 00 - , ferman

Thus, by Holder’s inequality,

. « 1/
st < ([ £, 1€+l dnduco))
= JB _1(0)
and (BIT) now follows from (G.I8]). O



26 J. HICKMAN AND J. WRIGHT

5.6. Restriction and Kakeya over local fields. The analysis of this section
can be generalised to the setting of non-archimedean local fields. For brevity, the
relevant definitions are not reviewed here; the interested reader may consult, for
instance, [37], [38] or [51I] for further information. Let K be a field with a discrete
non-archimedean absolute value | - |k, suppose m € K is a choice of uniformiser
and let 0 := {z € K : |z|x < 1} denote the ring of integers of K. Assume that the
residue class field o/7o is finite. One may easily formulate versions of the restriction
and Kakeya problems over the field K or the quotient rings o/7%0. The resulting
theories are then essentially equivalent via a correspondence principle which extends
that described above. The details can be found in [26].

It is well-known that any field K satisfying the above properties is isomorphic
to either a finite extension of Q, for some prime p or the field F,((X)) of formal
Laurent series over a finite field F,. The local fields F,((X)) are particularly well-
behaved spaces which act as simplified models of Euclidean space. For instance,
Fourier analysis over Fy((X)) corresponds to the study of Fourier—Walsh series,
which has played a prominent réle as a model for problems related to Carleson’s
theorem and time-frequency analysis [13] [14]. Recently there has been increased
interest in local field variants of other problems in Euclidean harmonic analysis
and geometric measure theory, focusing on the Kakeya conjecture [18| [} [16] 19].
In particular, in [I8] it is shown that Dvir’s [I7] finite field Kakeya theorem can
be used to prove strengthened bounds on the size of Kakeya sets over F,((X)).
This simple observation stems from the fact that each quotient ring of Fy((X)) is a
vector space over a finite field. It would be interesting to see whether it is possible
to extend this result to the p-adic setting.

6. (> RESTRICTION IN Z/NZ

6.1. An abstract restriction theorem. In this section a fairly abstract ¢2 Fourier
restriction estimate is established for general sets ¥ lying in [Z/NZ]™, under certain
dimensionality hypotheses. This result is then used to study various prototypical
cases such as the paraboloid. In order to state the general form of the restriction
theorem, it is necessary to revisit the scaling structure on Z/NZ described earlier
in the article.

Recall the collection of balls {Ba}qn introduced in §2 given by

By:={Ze[Z/NZ]" : || < d}.

It was noted in §2]that when N = p® is a power of a fixed prime p these balls form
a nested sequence. For general N this property does not hold and it is therefore
useful to consider the 1-parameter nested family of balls

B,(0) == |J Ba forallo<p.
d|N;d<p
Note that the above union is taken over all divisors d which are at most p in the usual
sense, whereas the inequality ||Z]| < d defining By is with respect to the division
ordering. When N = p® the sets By are already nested and B,(0) = B,» where 0 <
v < ais the largest value for which p” < p holds. The set system B, (0) is extended
to a translation invariant family on [Z/NZ]" by setting B, () := & + B,(0) for all
Ze[Z/NZ]™ and p > 0.
The term ‘balls’ is used loosely here: the B,(Z) do not arise from a metric, or
even a pseudo-metric. They do, however, satisfy the following properties:
i) Nesting: B,(0) < B,(0) for all 0 < p < p/;
ii) Symmetry: B,(0) = —B,(0) for all 0 < p;
iif) Covering: [, B,(0) = [Z/NZ]™;
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iv) Translation invariance: B,(#) = Z + B,(0) for all Z € [Z/NZ]" and 0 < p.
In addition, the balls satisfy a natural regularity condition with respect to the Haar
(that is, counting) measure on [Z/NZ]™. In particular, for all € > 0 one has

(R) |B,(0)] < C.N%p™  forall 0 < p.

Indeed,
B, < Y [Baf = D, dm < [X 1]
d|N;d<p d|N;d<p d|N

and (R) now follows from standard bounds for the divisor function. It is easy to
see that when N = p® the property (R) holds with a uniform constant (that is,
without any e-loss in V).

The dual group [Z/NZ]} is also endowed with a family of balls BP({ ), which
are naturally dual to the B,(Z). In particular, define

B,0) == |J Bwyu forallo<p
d|N;d=1/p

and let B,(€) := £+ B,(0) for all £ € [Z/NZ]? and 0 < p.

Having made these preliminary definitions, one may now state the abstract ¢2
Fourier restriction theorem mentioned above. Fix NV € N and a set of frequencies
¥ ¢ [Z/NZ]%. Mirroring the results in the Euclidean setting [3, 42, 43], one
assumes that the normalised counting measure on X satisfies both a dimensional
(or regularity) and Fourier-dimensional hypothesis; in particular, for some 0 < b <
a < n assume that the following hold:

1B,(€) n 3|

(RY) B

< Ar® for all € € [Z/NZ]7;

(F) yé > MTEN| < Brb/2 for all # ¢ B,(0).
fex

If 1 denotes the normalised counting measure on ¥, then the above inequalities can

be rewritten as:

(Rp) (B, (€)) < Ar* for all € e [Z/NZ]:

(Fu) |(Z)) < Br="? for all Z ¢ B,.(0).
These conditions are therefore natural discrete analogues of those featured in [3]
42, [43).

With the various definitions now in place, the main theorem is as follows.

Theorem 6.1. Fiz N € N and a set of frequencies ¥ € [Z/NZ]} and suppose X
satisfies (RX) and (FX) for some 0 <b<a<nand0 < A,B. Then for alle > 0,
there is a constant C. such that the inequality

1 . 1/2 . o .
(ﬁ 2 IF(S)P) < O, AVA=)+20) =)/ 2=V +0) N F| Lz wzgmy (6.1)
562

holds for all 1 < r < 1o where

4(n —a) + 2b
= 6.2
o dn—a)+b (6:2)
Theorem is, in fact, a special case of a more general result concerning L>
Fourier restriction on locally compact abelian (LCA) groups. In particular, in
[27] it is observed that an argument of Bak and Seeger [3] can be extended to
a class of LCA groups which admit a primitive form of Littlewood—Paley theory.
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Unfortunately, the full details of the hypotheses of the main result in [27] are
somewhat involved and are therefore not reproduced here. In order to apply the
result of [27] in the current context, one considers a system of Littlewood—Paley
projections defined with respect to the balls B,(Z) and ép (€) introduced above.
For each p > 0let ¢, := xp (g denote the characteristic function of the ball B,(0).
For the purpose of the argument, one wishes to show that the projection operators
G — G ¢, (defined on the class of functions on the dual group [Z/NZ]}) are
well-behaved. Since [[¢,|e=([z/nz)) < 1, one immediately deduces the ¢*-bound

|G = Sollezz/nzyy) < |Glezqzynzny)

by Plancherel’s theorem. On the other hand, favourable /!-type bounds follow from
pointwise estimates for the Fourier transform ¢,.

Proposition 6.2. For ¢, as defined above, for all € > 0 there exists a constant
C: > 0 such that the following condition holds:

(F) |¢p(5)| < C.N®s™" whenever —£ ¢ B,(0) and s = 1/p.

The main theorem of [27] reduces the proof of Theorem [6.] to establishing the
condition (F) The proof of Proposition [6.2] which is slightly involved, is given in
the following subsection. Some consequences of Theorem [6.1] are then discussed.

6.2. The proof of Proposition The proof of the proposition will make re-
peated use of the following elementary observation.

Lemma 6.3. For p be prime and m, L € N define
I(mapL) = #{(‘rla e ,.’I]m) € [Z/pLZ]m : ng(‘rEla e ax’map) = 1} (63)
Then I(m,p*) = pl™(1 —p=™).

Proof. The case m = 1 is readily verified. Let m > 2 and suppose, by way of
induction hypothesis, that I(m —1,p*) = pX(m=1(1 —p=(m=1). Clearly I(m,p")
can be expressed as the sum of

#{ (@1, ) € (2P i ptag) = p" D pl (1 - p7h)
and
#{(21,...,xm) € [Z/p"Z)" : (21, ..., T;m—1,p) = L; p | 2} = I(m —1,p") - p"~ 1.
Applying the induction hypothesis, it then follows that
I(m,p") = p" "0 ph (1 = p™h) 4 p" D (1 = pm D) ph T = pE (1 pT),

which closes the induction and completes the proof. (I

17The hypotheses of the main theorem in [27] also require a uniform £! bound for the functions
¢p, which in the current context is the property that for all € > 0 there exists a constant Ce > 0
such that
1 -
(F) — D [&p(§)] < CeNF for all 0 < p.

elz/NZ1G,

However, in [27, Lemma 3.2] it is shown that (6] holds in the non-endpoint range 1 < r < 7o
without the hypothesis (F’). Since here one is permitted an e-loss in N in the constant, the
non-endpoint range and endpoint range of inequalities are equivalent via Holder’s inequality.

If one wishes to apply the results of [27] to study Problem [I then an e-loss in the cardinality
of the ring is no longer acceptable and condition (F’) must now also be verified (with a uniform
constant appearing on the right-hand side). However, in this situation the functions ¢, admit a
clean, explicit formula and the computations are substantially simpler: see [27) §2].
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Proof (of Proposition[6.3). Given ¢ > 0, the problem is to show that there exists a
constant C; > 0 such that

~

’ Z 62“5'5/]\7’ < C.N®s™" forall—€¢ By(0), whenever s > 1/p.
ZeB,(0)
Recalling the definition of B,(0), the left-hand sum may be written as
Z Sn.a(€)
d|N;d=N/p

where

SN,d(g) — Z eQm’&d’/N_
Te[Z/NZ)™
ged(z1,...,zpn,N)=d

By the divisor bound, it suffices to show that for a fixed divisor d|N with d > N/p
one has

1Snv.a(€)] < Cs™™ forall —&¢ B,(0), whenever s > 1/p. (6.4)

The inequality (G.4) is trivial when d = N and so one may assume that d < N is a
proper divisor of N.
By rescaling it follows that Sya(§) = Sn/a,1(£). Furthermore, it is not difficult

to see that M — S Myl(E ) is a multiplicative function and so, writing N/d =

pL U...pLr where py,...,p, are distinct primes, it follows that
Sn.alé ]_[ S, 1 (€). (6.5)

Let £ = (&1,...,6n) € [Z/NZ]? and suppose that there exists some 1 < ¢ < r
and 1 < k < n such that p*~* { &. In this case it follows that Sy 4(€) = 0. To
see this, write S r, 1(5) =1+ IT where

I:= Z H eQﬂ'iIzﬁz/ptLt % Z e2ﬂ'ilk§k/ptLt

@1, ensnE[2/py 2] LSl 0<zp<prt—1
ged(@1, . ThoesTi,pe)=1 ptlTi

and

I Z I1 e2Zmimibi/pyt o 3 e2mizkén/p"

(@1, ke )e[2/py 2]t Bk O<ar<p,’-1
itz

Here the notation Ty, is used to denote omission. Since ptL’f*1 t &k, it follows that

Le=1_4
27rimkfk/th ' 27rimkfk/th71
> = D e © =0, (6.6)
Oémk<ptLt—1 x,=0
ptlzk
implying that I = 0. On the other hand,
L
. L pt til . L . L
Z e2miTkER /P Z e2miTRER/Py " _ Z 2Tk /Py
O<zr<prt—1 k=0 0<zr<prt—1

pefTy Dt|Tk

Since pL* t &, the first sum on the right-hand side is 0, whilst the second sum is 0
by ([@8). Thus, IT = 0, and so Sy,q¢(¢) = 0 in this case.
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Next suppose that p=t ™| &, for all 1 <t < and all 1 < k < n. Split the prime

factors of N/d into two sets by defining
A= {1<t<r:pft|§k for1<k<n} and B:={l,...,r})\A
The hypotheses on E and the definition of A now imply that 5 € By/n where
M= ok [Tt
teA teB

On the other hand, if one assumes that f{¢ B, (6), then, by definition, E¢ B a
for all d > 1/s. Combining these observations, one deduces the inequality

M <1/s. (6.7)
It therefore suffices to show that
|spft71(5)| <prtt forallte A (6.8)
and
19,0 ) <pr™ Y forallte B, (6.9)

Indeed, combining these estimates with (63 and ([E71) yields

|SN,d(E)| < Hp?Lt Hp?(Ltfl) =M"<s" forall —£¢ és(ﬁ),
teA teB

as required.
Observe that Spft,1(§) = I(n,pf*) for any t € A, where I(n,pf*) is as defined
in [@3). In this case, Lemma [6.3] implies that

e (€) =Pt (L—pr ™) < pi™,

which establishes (G6.8]).

It remains to verify (@9). Fix t € B and assume, without loss of generality, that
the components of 5= (&1,...,&n) are ordered so that there exists some 1 < kg < n
satisfying p=t | €1,...,En_ky and pr* t En_ros1, ..., En. Arguing by induction, it
follows that for all 0 < k < ko — 1 the identity

- k(Li—1) nr o Ly
5,54 (€) = i D e2mintile] (6.10)
(@1, k)E[Z/p P 2] =1
ged(x 1, s Tr—k,pe) =1
holds. Indeed, when k = 0 this is vacuous. Assume that ([G.I0) is valid for some
0 < k < ko — 2 and decompose the sum appearing on the right-hand side of (G.10)
into two terms I 1 + Ilx41 where

n—k—1 L L
Loir = Z 1_[ e2mimi&i/p,t o Z 2™ i@ n—kEn—k /Py
(21,1 )E[Z/prtz)n Rt 1=1 0<@n_r<prt—1
ged(T1,e s Tn—k—1,0t)=1 Dt|Tr—k
and
n—k—1 L L
- 2w & /pyt 274y €k /Py "
g1 : e X e .
=1

L
0<®p_r<p;'—1
PtTEn—k

(11,...,In,kfl)e[z/pftz]nfkfl l

Recall that, by hypothesis, ptLt*1 | £n—k, from which one deduces that
n—k—1

_ . Ly
Ik+1=ptLt ! 2 H e2miméu/pt

(€1, sm_g_1)€[Z/prtz)m k1 =1
ged(x1,. oy p—k—1,P¢)=1
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On the other hand, since the choice of k and definition of kg ensure that p{ &,—x—1,
it immediately follows that IIx41 = 0. Combining these observations establishes
the inductive step and, in particular, verifies (610) for k = ko — 1.

Finally, repeat the preceding decomposition to arrive at the identity

SptLt,l(E) = pgk()il)(Ltil) (Iko + IIko)a

where Iy, and IIj, are as defined above. Applying Lemma [6.3] it is easy to verify
that

t— t t— L¢(n—k —(n—
Ley = pr* (n — ko, plt) = plt = - pfr RO (1 — pm (ko).

whilst

Iy, = *ptLt(n_ko)ptLt_l.

Together these identities yield (6.9).
O

6.3. ¢? restriction for the paraboloid: the proof of Theorem[I.Il One is now
in a position to employ the £? restriction theorem, Theorem [6.1, whenever one has
a set of frequencies ¥ in the dual group [Z/NZ]7} satisfying the regularity condition
(RY) and the Fourier decay estimate (FX) (or, equivalently, the normalised counting
measure on X satisfies (Ru) and (Fu)). For simplicity, first consider the prototypical
case where ¥ is the paraboloid (L2).

Let 1 denote the normalised counting measure on ¥. In this case one may easily
verify that (Ru) holds with a = n — 1. Indeed, if £ € [Z/NZ]? and 0 < p, then

d|N;d=1/p d|N;d=1/p d|N

and the assertion now follows from the divisor bound.
It remains to establish the Fourier decay condition (Fu) for a favourable choice
of parameters B and b, which requires the estimation of the exponential sum

ﬁ(f) _ L Z e27ri(zlw1+---+zn,1wn71+zn(wf+---+wi71))/N
Nn—1 '
@elZ/NZ] "

As shown in §2] the above expression can be written as a product of Gauss sums
(@) = 1—[;:11 Gn(zj,zn). Recalling (2.1]), this vanishes unless ged(z1,...,2,, N) =
ged(xy,, N) (or, using the established notation, |Z]| = |x,|), in which case, assuming
that N is odd,

_n—1

(@) < fon|” 2

Té¢ BP(G), then Z ¢ By for all divisors d of N satisfying d < p. This implies that
< N/d' = ||#| where d’ = ged(zq, ..., 2n, N). Therefore,

y—n—=1
= |Z=".

If
P
(@) < p~ ™ V2 whenever 7 ¢ B,(0),

showing that (Fu) holds with B=1and b =n — 1.
Appealing to Theorem now completes the proof of Theorem [[LT] with the
precise meaning given in (2.2]). Explicitly, one has the following result.

Theorem 6.4. For all ¢ > 0 there exists a constant C,. . > 0 such that the estimate
1 . 1/2
(Nn_l 2 |F(w,w% + -+ wi,1)|2) < CKENE HFHW([Z/NZ]")
welz/NzZ]y

holds for all odd N =1 if and only if 1 <r < 2(n+1)/(n+ 3).



32 J. HICKMAN AND J. WRIGHT

It is remarked that in the finite field setting Theorem is far from sharp. In
42 it was observed that necessarily ' = 2n/(n — 1) but Theorem [6.4] only gives a
positive resulf for r’ > 2(n+1)/(n—1); see [34, 311 B2 B3], 36}, 39, 40} 4T, [44] for
further improvements in the finite field setting.

Finally, the above arguments simplify when one restricts N to prime powers. In
particular, in this setting a stronger version of Theorem holds.

Theorem 6.5 ([27]). There exists a constant C,. > 0 such that the estimate
1 A 1/2
(pa(nfl) Z |F(W;W% + -+ wi_1)|2) < C, HFHW([Z/pQZ]”)

welz/pez]y !
holds for all odd primes p and all « € N if and only if 1 <r < 2(n+1)/(n+ 3).

This theorem appears in [27] as a simple application of the aforementioned ab-
stract L? restriction result for LCA groups. The uniformity of the constant in
Theorem is consistent with the formulation of the restriction problem described
in Problem [T

6.4. £? restriction for the moment curve. As in the euclidean setting, ¢? re-
striction arguments based only on the isotropic decay of the Fourier transform of
w will not give sharp results outwith the setting of hypersurfaces ¥. To illustrate
this (and to initiate a discussion for §1), consider the case where ¥ is the moment
curve, given by
Y= {(t1%,...,t") : t e [Z/NZ].}.

The normalised counting measure p on Y in this case has Fourier transform

Q(7) = i]\ile27ri(:nlt+:62t2+---+znt"’)/N.
N =
This exponential sum has been thoroughly studied by number theorists, beginning
with Hua’s [29] classical estimate |fi(Z)| < C.,,N°|Z|~Y" (using the notation of
the present article), and improved so that there is no epsilon loss; for example, in
[6] it was shown that |fi(Z)| < B,|Z| /™ for a constant B, depending only on
the degree n of the phase in the exponential sum (in fact B, := e*" suffices for
n = 10). Therefore, arguing as above, one verifies that in this case (Fu) holds with
B = B, and b = 2/n and for any € > 0 the condition (Ru) holds with A = C.N®
and a = 1. Thus, Theorem gives an 2 restriction estimate for the curve ¥ in
the range 1 <7 < (n? —n +1)/(n? — n + 1/2). The non-optimality of this range is
suggested by the scaling argument used in §2for the paraboloid. Here one considers
the anisotropic boxes

0 = {(x1,...,2,) € [Z/NZ]" : d|xy, d*|za, ..., d"|2z,},

where d is divisor of N such that d" is also a divisor. One then may then check as
before that (2:2) can only hold when
+1
s % < 7, (6.11)
which corresponds to condition on the euclidean exponents. When s = 2 this gives
the larger range 1 < r < (n? +n)/(n? + n — 1) (a strictly larger range when n > 3,
the case when the curve ¥ is not a hypersurface).
It is remarked that this scaling argument does not work in the setting of finite
fields. Here, testing the Fourier restriction estimate against f defined by f := d;

18Strictly speaking, one needs to be slightly careful when running the above argument in the
finite field setting to ensure that the various constants are independent of the cardinality of the
field. See [44] or [27] for details.
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leads to the necessary condition ns < r/. Recall that there is also a necessary
condition 2n/d < 7’ in the finite field setting with d = 1 for curves. These two
necessary conditions were shown in [44] to be sufficient for the moment curve in
the finite field setting if the characteristic of the field is larger than n.

The Fourier restriction theory for the moment curve over Z/NZ will be investi-
gated in detail in the following section.

6.5. £? restriction for other surfaces. One could, of course, consider more gen-
eral algebraic varieties 3, say

S = {(@ PL(®@),..., Pra(@) : &= (w1,...,wq) € [Z/NZ]%}

for some 1 < d < n—1 and polynomials P; € Z[ X}, ..., Xq4] for 1 < j < n—d. In this
case, for any € > 0 the normalised counting measure p is easily seen to satisfy (Ru)
with A = C.N®¢ and a = d. Therefore, given an exponential sum estimate of the
form (Fu) for the Fourier transform fi, one may employ Theorem [6.1] to obtain an
¢? restriction estimate. The natural question arises whether such a result is sharp.
If the polynomials P; are homogeneous, then one may use the scaling argument
as before to deduce a necessary condition on the exponents r and s for ([22)) to
hold: namely, that s(d + Z;:{i m;) < dr’ where m; is the degree of homogeneity
of the polynomial P;. Now further restrict attention to hypersurfaces X, so that
d =n —1, and let m denote the homogeneous degree of h(d) := p,(w1,...,wn—1).
The necessary condition for (2:2)) to hold when s = 2 then reads

m)gr,

2(1 + (6.12)

n—1

so that Theorem [ would give a sharp £2 restriction result if (Fu) were to hold for
b =2(n—1)/m. Such decay estimates for exponent sums are known for the Fourier
transform of the normalised counting measures u; on

Shoi={(w1, .y wno1, (W1, W) (W W) € [Z/NZ]21

for particular choices of h. Here the exponential sum in question is

~ (7 1 Ti(T-D+ax %]
fn (T, x,) = N > emEEmh@)/N,
@elzZ/NZ]y ™

When N = p® is a power of a prime p, sharp estimates for this object follow, for
instance, from work of Denef and Sperber [12] (see also [8] and [9]), resolving a
conjecture of Igusa under a non-degeneracy condition on the homogeneous polyno-
mial h. The decay rate b in (Fu) obtained by Denef and Sperber is given by the
so-called Newton distance d(h) of h which often matches the necessary condition
(EI2) but can be larger. The authors hope to investigate sharp exponential sum
bounds for certain classes of homogeneous varieties (not necessarily hypersurfaces)
and corresponding sharp ¢2 restriction results in a future paper.

7. FOURIER RESTRICTION FOR CURVES

7.1. Preliminary discussion. In this section the Fourier restriction problem for
the moment curve

Y= {(t,t?,...,t") : te Z/NZ}
is considered. If N is only allowed to vary over powers of a fixed prime p, then,

using the correspondence principle developed in 5 it is a straight-forward exercise
to adapt existing euclidean arguments to prove sharp restriction estimates for X.
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Theorem 7.1 ([26]). Ifr' > n(n+1)/2+1 and v’ = sn(n+1)/2, then the restriction

estimate
(& 2 1wee..of) <o (X war)”

P etiper Te[Z/paz]n

N

holds uniformly over all primes p > n and all a € N.

It is remarked that the range of Lebesgue exponents in Theorem [T 1]is sharp, as
shown in the following subsection.

The proof of this theorem follows by lifting the problem to the p-adics using
Proposition and then adapting the classical euclidean argument of Drury [15]
to apply in this setting (one could also approach the p-adic formulation of the
problem using alternative methods, such as those of [24]); see [26] for details where
similar restriction estimates are established over more general local fields"] The
key advantage of working p-adically is that there is a well-developed calculus on Q
which includes, significantly, a change of variables formula (see, for instance, [48]
§27], [30, §7.4], or [26]). This facilitates an easy and direct translation of various
euclidean arguments over to the p-adics.

The formulation of the problem for general N, rather than powers of a fixed
prime, presents a number of significant additional difficulties. Recall that here one
wishes to prove estimates of the form

(i 3 |F(t,t2,...,t")|8)1/s<CE,T,S,HN8( 3 |F(:E)|T)1/T (7.1)

teZ/NZ Ze[Z/NZ]™

for all ¢ > 0 and a large class of integers N € N (for instance, all N for which
every prime factor p | N satisfies p > n). In this case one can no longer lift the
analysis to the p-adic settinﬂ and the discrete problem must be tackled directly.
Consequently, many fundamental tools from calculus are no longer available, and
this leads to some new and interesting questions.

The purpose of this section is to describe the difficulties one encounters when at-
tempting to prove estimates of the form (Z.I]). In particular, the Fourier restriction
problem is related to a number-theoretic conjecture concerning factorisations of
polynomials over Z/N7Z. Some partial progress on the number-theoretic conjecture
is described which, for instance, allows one to establish the modulo N analogue of
Theorem [Tl in the n = 2 case.

7.2. Necessary conditions. The first step is to determine necessary conditions
on the Lebesgue exponents (r, s) for (ZI)) to hold. As a by-product of this analysis,
it will also be shown that the range of (r,s) in the statement of Theorem [Tl is
sharp.

As remarked in the previous section, a simple scaling argument gives rise to the
necessary condition (611 for the Fourier restriction estimates (ZI)) to hold. One
now wishes to determine the possible ¢" range. By duality, ((Z.I)) is equivalent to

N L/ N 1/8
P |5H(:E‘)|T)1 < an(% 3 |H(t)|s)1 (7.2)
Ze[Z/NZ]™ teZ/NZ

where £ is the extension operator

EH(T) = % Z H(t)€2“i(mlt+12t2+---+znt")/N.

teZ/NZ

19The theorem stated in [26] suggests that the constant in the restriction estimate depends on
p. Analysing the argument, however, shows that it yields a uniform estimate.
20For instance, the restriction estimate (ZI) is not multiplicative.
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When H = 1 the right-hand side of (2)) is C. s, /N® whilst the left-hand side is
the ¢”'-norm of the function

1 ) n
El@r,.. mn) = = 3 ermimtrmatteotat )N, (7.3)
teZ/N7Z

Thus, it becomes of interest to determine the 7 range for which
|‘51H€7‘/([Z/NZ]71) < CEJ«NE (74)

holds for every ¢ > 0. The corresponding euclidean problem is to determine the
L™ (R™) spaces to which the oscillatory integral
0

belongs; this in turn gives rise to a necessary condition on the L" range for restric-
tion problem for the curve t — (¢,¢2,...,t") in R™. It turns out that IEL] 1 ()
also appears as a constant in the main term of an asymptotic formula for the num-
ber of solutions to a system of Diophantine equations known as Tarry’s Problem.
Hence, knowing when |E1| . . is finite has significance for harmonic analysts
and number theorists for different reasons. Motivated by these number-theoretic
considerations, Arkhipov, Chubarikov and Karatsuba [I] (see also [2]) showed that
E1le L (R") if and only if ’ > n(n+1)/2+ 1. Reinforcing the theme of the paper,
the following discrete analogue holds.

Proposition 7.2. The inequality [C4) fails if v’ <n(n+1)/2+ 1.

This gives necessary conditions on the exponent r for the restriction estimate
([I). The proof of Proposition [[:2] will also show the following.

Corollary 7.3. Ifp > n is a fized prime, then |E1| v (7/p07)n) 18 unbounded in o
forr' <n(n+1)/2+1.

Combining Corollary with the previous discussion verifies that Theorem [7.]
is sharp. On the other hand, for N = p® Theorem [IT] implies that (Z.4]) holds for
" = n(n+1)/2+ 1 with a constant independent of @ € N (but depending on p).

Proposition[T2is closely related to work of Arkhipov, Chubarikov and Karatsuba
[2] on Diophantine equations. In particular, restricting to N = p®, observe that

a p"—1 p"—1
WG (zypezy = 2, D D Sl )|
m=0 x1=0 z,=0

pf ged(@1,...,%n)

where
1 7S
L E 2mi(zrt+-+x,t™)/p™
Sm(ml,...,l'm) _p_m e (z1 nt™)/p
t=0

The sums Sy, (21, ..., %) play a key rdle in the analysis of the singular series oy,
in Tarry’s Problem in [2].

Proof (of Proposition [7.9). To establish Proposition[Z.2] (and Corollary[Z.3) a lower
bound is obtained for the ¢"'-norm of the S,, above for any prime p > n, m = nL
and 7 <n(n+1)/2+ 1.

First observe that |5, LHZ;, T may be bounded below by

Z/pmtz]™)
L1 pt—1  pri_q i1 o1 y
Z Z Z . Z ’p—nL Z eQﬂ'i(Ilt"‘"""In,t")/an
m=0 z,=0 Tp—1=0 x1=0 t=0

e P
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recall, the notation p* || is used to denote that p* divides # and no larger power
of p divides 6. Splitting the above exponential sum by writing t = y 4+ p™(F=™)z
where 0 <y < p"F=") — 1 and 0 < z < p™™ — 1, it follows that

L—1
HS’I’ILH;T,([Z/I)TLLZ]H) = ZOA(L*m) (75)
where
prM 1 prM_y M1 )
aon="5" S S ol
zn,=0 x,-1=0 x1=0
Pizn
for M € N.

Claim. The inequality A(M) = p("+1/241=" A(M — 1) holds for all M € N.

Once the claim is established it may be applied iteratively to bound each of the
summands in (ZH) and thereby deduce that

L—1
(L—m)(n(n+1)/2+1—7")
2. :
m=0
This yields the desired blowup for " < n(n+1)/2+41 (and for 7" = n(n+1)/2 +1,
in the context of Corollary [[3]).
In order to verify the claim, first note that

p"M_1 pnM_1 p"M_1 p—1 pM 1 o
A(M) = Z 2 . 2 2 ’p*nM 2 627”(11(tJFC)JF"'JrCEn(tJrC)")/p" ,
0 t=0

n=0 x,-1=0 x1=0 c=

HS’H’LH;"J([Z/Z)TLLZ]’H

PiTn  plap_1 p" 1z

(7.6)
where the right-hand side of the above display can be expressed as
ptM_q pnM=1_71 pnM-nti_g pM 1 ( ) v
—nM Qﬂi(xlt/pn’ M—1 +1+‘_‘+zntn,/pn,]w)
p Y Y ‘pn M oe . (7.7)
zp=0 x,-1=0 x1=0 t=0
p‘fzn

To see this, consider the map ®: Z/pZ x [Z/p"MZ]" — [Z/p"MZ]™ given by

W (e (e ™Y [

0 @ o @[

@(c;:cl,...,scn) = . . . . .

n
noting that
n
zit+e)+ -+ (t+o)" = Z Q;(c; a1,y a0t
j=1
To establish the lower bound (6] for A(M) it suffices to show that ® restricts to
an injection on the set

Q:={(c;z1,...,20) € Z/pZ x [Z/p™™Z])" : p | Tp—1 and p{ x, }.

-, -,

If ®(c;d) = ®(d;b) for (c;a), (d;b) € Q, then it immediately follows that x,, = b,
and nx,c + xp—1 = nb,d + b,—1. Combining these identities, reducing modulo p
and using the fact that p t nx,, one concludes that ¢ = d. The injectivity of ® is
now immediate, since the matrix in the definition of ® has determinant 1.
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Now counsider the inner exponential sum in (1); by decomposing the sum by
writing t = z + p"M~1y this can be expressed as

nM—1_1 p—1
Z e2mi(wrz/p MV g, 27 p ) Z 2minenz" " y/p

z=0 y=0

p

Since p > n and p { x,, the sum in y vanishes unless p | z and hence the above
expression is equal to
nM 2 1

omi(ziw/p" MY fopg, w™ fp(M—D) 1
p 2 € (/e /o ) =D Sn(Mfl)(SCl,---,xn).

Thus, the right-and side of (Z.7)) is equal to

pM 1 pnM-1_ prM-ntl_yq

Z Z Z |Sn(M_1)(fE1,...,(En)|T/;

zn=0 xp-1=0 x1=0

plan

this can, in turn, be written as

pn(lvffl)_l pn(Mfl)_l pn(Mfl)_l
pr (=Dl Z Z . Z |Sas—1y (@1, - - L)
x,=0 Tp—1=0 x1=0
plan
which establishes the claim. [l

7.3. Sufficient conditions. Combining the necessary conditions discussed in the
previous section, it is natural to conjecture the following.

Conjecture 7.4. If1 <r,s < o0 satisfy v’ =2 n(n+1)/2+1 and ' = sn(n+1)/2,
then the discrete restriction estimate (L) holds whenever each prime factor p of
N satisfies p > n.

In contrast with the Z/p®Z case treated in Theorem [l there appear to be
significant challenges in establishing Conjecture [[.4l To exemplify this, it is in-
structive to attempt to follow the classical argument of Prestini [46] and Christ
[7] in the mod N setting, with the aim of establishing restriction estimates for
Y= {(t,t%,...,t") : t € Z/NZ} in the restricted " range v’ = n(n + 2)/2.

Proceeding by duality, one wishes to prove (Z.2) holds for exponents (r, s) satis-
fying v = n(n + 2)/2 and v’ > sn(n + 1)/2. The desired estimate can be written
succinctly as

I(HA) o (pzynzgmy < CeNC[Hlpgr (1z/n214) (7.8)

where p is the measure whose Fourier transform is the exponential sum in (T3)).
Letting Hdp - - - % Hdp denote the n-fold convolution of Hdu, one observes by the
Hausdorff-Young inequality that

B ey = IO o
< |[(Hdp) # -5 (Hdp)| o (1z/n213) (7.9)
where np’ = r’ (note that, since ' > n(n+2)/2, the exponent p satisfies 1 < p < 2).

Now, for any test function ¢: [Z/NZ]: — C one has

Hdp -+« Hdu(¢) = W_‘ Z (b(Z'Y(tl))HH(tz)a
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where t = (t1,...,t,) and y(s) = (s,s2,...,s") is the map parametrising the curve
Y. Set ®() := >, ¥(t;) so that

Hdu*---*Hdu(¢)=% > oo Y [[Hw)

Z/NZ] t:@({):g’ i=1

and hence n

Hdps -+ Hdp(j) = [TH®)
to(d)=y =1
Taking the ¢P-norm, one therefore deduces that

1 n
HHdN* *HdMHZp([Z/Nz];) = Nn Z H
Je[Z/NZ]y i:@(1)=yi=1

Let N(5; N) denote the number of solutions # € [Z/NZ]™ to the system ®(X) =
®(8); that is,

-

N(3: N) := {fe [Z/NZ]" : &(f) = B(5)}.

With this notation, one may write the above £’-norm as

1 1
HHd'u*"'*HdM‘gP([Z/NZ]g) = N NG N)‘ 2 HH
se[Z/NZ t) <1>(§')z 1

Applying Holder’s inequality in the £ sum yields

1 _
[Hdps - Hdul G znmyyy < > H|H Nt (7.10)

te[z/Nz]y =1

Up to this point the analysis has closely followed the euclidean argument of Pres-
tini [46] and Christ [7]. In the euclidean case the change of variables § = ®(t)
(performed twice) introduces a power of the Jacobian factor

Jo(B) = | Ity —tl,
1<j<k<n

leading to the estimate

n 1 o
lhdga s - % hdpl g <cnfm [Tl [ —————di  (711)
-

T 1
1<j<k<n [t =l
Comparing (ZI0) and (ZIT)) suggests the following conjecture on the number of
solutions N(#; V).

Conjecture 7.5. For all € > 0 there exists a constant C., > 0 such that if
te [Z/NZ]", then
N(£N) <min {C , N7 D2 T [t — 7' N™ (7.12)
1<j<k<n
The right-hand expression in (I2)) is written in terms of the absolute value on
Z/NZ which, by definition, satisfies N|y|~! = ged(y, N) for all y € Z/NZ. Thus,

to establish Conjecture (since the estimate N(#; N) < N™ holds trivially) it
suffices to show that

N(t_; N) < CE,nNE 1_[ ng(tj —tk,N).
1<j<k<n

Assuming the conjecture holds, one is in position to appeal to a multilinear frac-
tional integral inequality of Christ [7]; although presented in the euclidean setting
in [7], the statement and proof of the multilinear inequality translate directly into
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the mod N setting. The result may be stated in the following way: if F; and G
are functions on [Z/NZ]y, then the multilinear form

% 2 ﬁFi(ti) [T Ginlty—t) (7.13)

te[z/Nz]y =1 1<j<k<n

is dominated by (a constant multiple of)

HHFiHéa([Z/NZ]*) H |Gkl o5 ([2/N7Z) ) (7.14)
=1

1<j<k<n

whenever a=! + 371 (n —1)/2 <1 and 1 < @ < n, where

”GHW@C([Z/NZ]*) = Sup)\( 1|{tEZ/NZ G(t )\}|)
A>0

denotes the weak-type Lorentz norm. The first step in Christ’s proof is to ob-
serve that a simple interpolation argument bounds (Z.I3) by an expression given
by replacing the weak-type norms | - |5, ([z/nz],) by the strong-type ¢P-norms
|- lles(jz/nzy,) in @I4) in the larger £*-range 1 < a < n. In fact, here this weak-
ened estimate is all one needs. Indeed, the multilinear inequality will be applied to
the functions G; x(t) := ged(t, N)?~! with 8 =1/(p — 1); note that

1
I ged(, N)ler(iz/nz1i) = > eed(t, N) Z d > 1

teZ/NZ d|N t:ged(t,N)=d

where the latter expression is clearly bounded above by the divisor function and
therefore grows sub-polynomially in N. Since an e-loss in IV is permissible for the
present purpose of establishing inequalities of the form (Z]), one may work with
the strong-type ¢°([Z/NZ]«)—norms of the G, k. It is remarked that if N = pM
where p is prime, then the divisors are totally ordered and the weak-type norms of
ged(, pM) are uniformly bounded, whereas the ¢!([Z/NZ],) norm is equal to M.
Thus, if one were to restrict IV to powers of p and seek stronger Fourier restriction
estimates with bounds which are uniform in the power M, then the full strength of
Christ’s multilinear inequality would be needed.

Returning to the present situation, one obtains via the first step of Christ’s
argument (simple interpolation) the inequality

1 n
N Y 1IFG) 1 ecdti —te N < Come NI Flfaqiznzy,) (7-15)
te[z/Nz]y =1 1<j<k<n

fory<2/mand o™t +y(n—1)/2< 1.

Remark 7.6. As in the euclidean setting, the stated range of exponents for (T.I5])
is sharp. In fact, the familiar scaling argument given by taking F' := xp, for d a
divisor of N shows necessarily that a~! + v(n — 1)/2 < 1. Furthermore, plugging
the function F := 1 into (ZI5) shows that v < 2/n must hold. Indeed, if N = pM
where M > n and p is a prime, then, by restricting the range of summation, the
left-hand side of (I3 is bounded below by

N N | T ey

oSur<-<up—1<Mi=1 t;=0 1<j<k<n

pUifti—ti—1
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Each summand [[;_, ged(t; — tx, pM)7 over this restricted range of summation is
equal to

n—1
1_[ ng(tj — tj+1,pM)V(n_j)
j=1

and this readily shows that

p—]\/fn Z 1_[ ng — tp,p )'y > 2—(n—1)p(n—1)('yn/2—1)]\/1,

te[z/pM 7)™ 1Sj<ks<n
forcing v < 2/n.

Assuming Conjecture one may apply (ZI5) to bound the right-hand side of
([TI0) with v = p — 1 and « satisfying ap =’ (the restriction v < 2/n needed for
the application of (T.IH) is equivalent to 7’ > n(n + 2)/2 and the condition a~! +
v(n —1)/2 < 1 is equivalent to ' = n(n + 1)/2s). Combining this inequality with
([T9), one concludes that, conditionally on Conjecture [[.3 the desired restriction
estimate (T.8)) holds with sn(n + 1)/2 < r/ in the range 7’ = n(n + 2)/2.

7.4. Remarks and partial progress towards Conjecture In the previous
subsection restriction estimates for the moment curve {(¢,¢2,...,t") : t € Z/NZ}
were shown to follow from (the purely number-theoretic) Conjecture .5 which con-
cerns the number of mutually incongruent solutions to a simple system of equations.
In particular, for each fixed ¢ € [Z/NZ]™ one wishes to determine an upper bound
for the number N(g; N) of solutions in [Z/NZ]™ to the polynomial system

Xi+ - +Xn = g1+ +Yn
mod N. (7.16)

X{+-+ X0 =yt tyy
This problem is arguably of interest in its own right; for instance, it can be rein-
terpreted as a natural question regarding factorisations of polynomials over Z/NZ.

Lemma 7.7. Suppose every prime factor p of N € N satisfies p > n and that
F € Z[X] splits over Z/NZ, so that F(X) = H?ZI(X —y;) mod N for some choice
of roots ¥ = (y1,...,yn) € [Z/NZ]". The number of ways F can be factorised as a
product of linear factors over Z/NZ is N(g; N).

Proof. Under the hypotheses of the lemma, it suffices to show that the set of solu-
tions to (ZI6]) is precisely
n

{Ze[zZ/NZ]" ]_[ ) EﬁX y;) mod N}.

Since the coefficients of a polynomlal are elementary symmetric functions of the
roots, it follows that [ [_, (X —z;) = []j_,(X —y;) mod N for some 7 € [Z/NZ]"
if and only if e, (Z) = ek( ) mod N for 1 k < n, where e, € Z[ X1, ..., X,] is the
kth elementary symmetric polynomial. By the classical Newton—Girard formulese,
if p > n, then this is equivalent to the condition that # solves (T.I6]). (I

Although Conjecture [[.T60 remains open, there has been some partial progress on
the problem. First observe that, by the Chinese remainder theorem, the function
N(g; N) is multiplicative in N and it therefore suffices to prove that

N@p*) <Co ] ecdlys — yr,p®)
1<j<k<n

uniformly over all primes p > n and « € N. Indeed, this follows from the asymp-
totics for the distinct divisor function w(N) := >, 1, as discussed in the previous
section.
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If the yi,...,y, are sufficiently separated in the p-adic sense, then Conjecture
is a simple consequence of Hensel’s classical lemma.

Lemma 7.8. Suppose p > n and o € N. If ¥ = (y1,...,yn) € [Z/p“Z]™ satisfies
§ < /2 where p°|| [L<x(yj — k), then

N(7;p®) < nlp® =nlp®™=D2 TT |y =yl ™

1<j<k<n
This bound quickly leads to a resolution of Conjecture in the n = 2 case.

Corollary 7.9. Suppose p is an odd prime and o € N. For all § = (y1,y2) €
[Z/p*Z)? one has

N(g;p%) < 2plyr —y2| . (7.17)

Proof. Let p°||ged(y1 — y2,p%). Lemma [Z8 implies that (ZIT7) holds whenever
d < a/2 and so one may assume without loss of generality that 6 > «/2. Thus, in
particular,

Pl (y1 — yo). (7.18)
Let & € [Z/p“Z)? be a solution to the system

Xi1+Xo = y1+y2

mod p“. 7.19
X2+ X2 = 2442 p (7.19)

By the elementary formula (X; — X5)? = 2(X? + X3) — (X1 + X2)? one deduces
that (71 — 22)? = (y1 — y2)? mod p® and, recalling (TI]), the solution I satisfies
ple/?] |(z1 —x2). Consequently, x; is uniquely determined modulo ple/2l by 7 whilst,
by the first equation in (CI9), x5 is determined by z; and ¢ modulo p®. One now
concludes that there are at most p®~[%/2] < p® solutions in this case. (I

Combining the above solution count with the analysis of the previous subsection,
one obtains the following discrete analogue of the Fefferman—Zygmund restriction
theorem [61] in the plane.

Theorem 7.10. If 1 < r,s < o satisfy v’ = 4 and v’ > 3s, then for all € > 0 there
exists a constant C; . s > 0 such that

(v 5, o) <con( % ror)”

teZ/N7Z, Te[Z/NT7)?
holds for all odd N.

The range of Lebesgue exponents in Theorem is sharp, as shown by the
discussion in 7.2

The proof of Lemma[T.§ relies on the following (well-known) multivariate version
of Hensel’s classical lemma.

Lemma 7.11 (Hensel). Let fi,..., fn be polynomials in Zy[X1,...,Xy] and con-
sider the polynomial mapping f:= (f1s---y fn). Suppose T € Z" satisfies the system
of congruences f(f) = 0 mod p® and, further, that p‘sﬂJf(f) with 26 < s, where
Jf(f) denotes the Jacobian determinant of f at ©. Then there exists a unique
5—8

—

Ty € Zyy such that f(Zx) =0 and Tx =% mod p

For a proof of this version of Hensel’s lemma see, for instance, [57] or [20, Propo-
sition (5.20)].
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Proof (of Lemma[7.8). Fix § € [Z/p*Z]™ satistying the hypotheses of the lemma.
Recall that one wishes to estimate the number N(g; p®) of solutions ¥ € [Z/p*Z]™
to the system of congruences (Z.I0). Recalling the mapping

P(X1,..., Xn) = (X144 Xn, ..., X[+ + X))

introduced in the previous subsection, this system can be concisely written as

®(X) = ®(7) mod p°. (7.20)

Let ®'(Z) denote the Jacobian matrix of first order partial derivatives of the com-
ponents of ¢ and Jo(¥') = n![];_,(z; — zx) the corresponding determinant. The
hypothesis on 7 is therefore that p° | Jg (i) for 6 < a/2. If # is a solution to (Z.20),
then p° || Ja () also holds. Indeed, this simply follows by expressing the symmetric
discriminant [ [, _, (X; — X k)% as a polynomial of the symmetric power functions
27:1 X Jk via the Newton—Girard formulae, from which one concludes that

[T @i—=)?= ] —w)?® wodp®

1<j<k<n 1<j<k<n

for a solution & to (]DIII) One is now in a position to apply Hensel’s lemma which
shows that for every solution 7 of (Z20) there is a unique p-adic solution 2’ € Zj to
®(Z) = ®(¥) in Z such that F = Zmod p*~°. Since Zj, is an integral domain with
characteristic 0, a standard argument using the Newton—Girard formulse shows
that there are at most n! p-adic solutions 2, which all arise by permuting the
components of the solution §¥ = (y1,...,yn). It therefore suffices to count the
solutions 7 to (Z20) which satisfy # = 7 mod p®~°; all other solutions arise by
permuting the components of some solution Z of this form and so the total solution
count N(g; p®) will differ from this partial count by at most a factor of n!. For such
a solution & € [Z/p“Z]™ one has

=

T =gs+p*Tocs and §= G5+ Fas

for some ¥s, Zo—s, Ya—s € [Z/p*Z]™. Since § < /2, it follows that

D(T) = (Fs) +p* 0V (§5)Fas N
S 2 e g mod
O(y) = O(4s) + p* OV (§5)Ga—s b
and so
q)/(gé)(fa—ﬁ_?ja—é) = 0 mod pa- (721)

Note that Js (i) = Jo(¥5) mod p®~° and therefore, again using the hypothesis § <
/2, one deduces that p’ | Js(%5). Applying Lemma [A1] one concludes that there
are at most p? solutions Zo_s € [Z/p®Z]™ to (TZZI)) which are mutually incongruent
modulo p?. This immediately yields the desired bound on N(if; p®). O

The n = 3 case of Conjecture[lhlcan also be treated using similar (but somewhat
more involved) arguments. This line of reasoning tends to be rather ad hoc, however,
and it is unclear whether it can produce a systematic approach which resolves the
conjecture for all values of n (already in the n = 4 case significant complications
arise and, indeed, the problem remains open for n > 4).

A counterpoint to Lemma [(.8 was established by the authors in [28]

Proposition 7.12 ([28]). If n = r(r + 1)/2 for some r € N withr = 2 and p > n
is prime, then*3
N(0n;p*) < Cpap™" ="

21This argument is carried out explicitly for n = 2 in the proof of Corollary [T.9]
22The notation of the present article differs slightly with that of [28]: in the latter, N(Gn;pa)
denotes a normalised solution count.
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holds for all a € N. The result is sharp in the sense that, provided n # 3 and p is
sufficiently large depending only on n, the reverse inequality also holds for infinitely
many Q.

Proposition [[ 12 treats a very different situation from that considered in Lemma
[C] here the components of ¢ are identical and therefore have no p-adic separation.
This result also shows that, in general, Conjecture[Z.5lis not sharp (this can already
be observed from the proof of Corollary [7.9) since Conjecture only predicts the
trivial bound N(0,; p®) < p®™. The restriction to triangular degrees n = 7(r +1)/2
in Proposition is merely for expository purposes: in [28] sharp estimates for
N(Gn; p%) are obtained in all dimensions, but the statement of the result for general
n is slightly involved. Curiously, the n = 3 case behaves differently from all other
degrees.

The proof of Proposition uses methods akin to those employed by Denef
and Sperber [12] (see also [8, 9]) to study exponential sum bounds related to the
Igusa conjecture. An interesting feature of the analysis in [28] is that it applies to
systems of polynomial congruences, rather than just a single polynomial congruence
as considered in [12]. There is mounting evidence that these methods can be pushed
to prove more substantial partial results on Conjecture [[5 and perhaps even lead
to a full resolution of the problem, and the authors hope to investigate this further
in future work.

APPENDIX A. COUNTING SOLUTIONS TO LINEAR SYSTEMS OF CONGRUENCES
The following lemma was used a number of times in the text.

Lemma A.1. Let N € N, b € [Z/NZ]" and suppose A € Mat,(Z/NZ) satisfies
det A % 0 mod N. The number of solutions & € [Z/NZ]™ to the system of linear
congruences AT = b is either 0 or N /| det A|.

Proof. Since the desired estimate is multiplicative, one may assume without loss
of generality that N = p® is a power of a fixed prime. Furthermore, for any
A € Mat,(Z/NZ) there exist unimodular matrices U,V € GLy,(Z/NZ) such that
V AU is diagonal (this a consequence of the existence of the Smith normal form of
the matrix A, which holds for arbitrary (that is, not necessarily square) matrices
over any principal ideal domain: see, for instance, [37]). Since |det A| = |det VAU
and
{Z e [Z/NZ]" : AZ = b}| = |{T € [Z/NZ]" : VAUZ = Vb}|,

one may further assume that A itself is diagonal.

Let \; denote the (i,7)-entry of A and write p¥: = ged(\;, p®) fori = 1,...,n.
The number of solutions x € Z/p*Z to the univariate system
is equal to 0 if p¥i { b; and is equal to p¥ otherwise. Thus, the total number of

solutions to the system is at most p¥***+¥»_ Finally, by hypothesis p® { det A =

A1...\, and so
N

" Jdet A
as required. O

p¢1+---+¢n — gcd(det A;pa)
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