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GLOBAL WELL-POSEDNESS OF THE DERIVATIVE NONLINEAR
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ABSTRACT. We establish the global well-posedness of the derivative nonlinear Schrédinger
equation with periodic boundary condition in the Sobolev space H %, provided that the
mass of initial data is less than 4mw. This result matches the one by Miao, Wu, and Xu
and its recent mass threshold improvement by Guo and Wu in the non-periodic setting.
Below H %, we show that the uniform continuity of the solution map on bounded subsets
of H® does not hold, for any gauge equivalent equation.
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1. INTRODUCTION

We consider the initial value problem for the derivative nonlinear Schrodinger equation
(DNLS)H with periodic boundary condition

{i@tu + 02u = i0,(|ul?u) , (t,z) ERx T

u(0,z) = ug(x) , ug € H*(T) ) (1.1)

where T := R/27Z ~ [0, 27). This equation was derived in the plasma physics literature in
the 1970s [37, 32, B3] and it is a particular case of a perturbed complex Ginzburg-Landau
equation [46]. Kaup and Newell [I9] showed that is completely integrable, in the sense
that it is the compatibility condition for a certain pair of linear differential equations. In
particular, it possesses an infinite family of conservation laws, as well as a two-parameter
family of solitons. In this work, we only employ the conservation of the following integrals
of motion, referred to as the mass, momentum, and energy (of a solution u), respectively:

My ::/]u\2dw, (12)
Plu] = / T (ud, ) + %|u|4d3:, (1.3)
Elu] = / Ol + g|ul21m(u8xﬂ) + %\u|6dx. (1.4)

We note that these quantities are at the levels L2, H %, and H', respectively; the Hamil-
tonian for is Plu]. Given a sufficiently regular solution w, one can check by direct
computation the conservation of the above functionals (see for example [I7, Appendix B]).
In addition, one can similarly verify that the mean [ wu(t,z)dx is also conserved.

The scaling symmetry of this equation in the Euclidean setting is given by the invari-
ance of solutions under the following transformation:

u(t,z) — )\zu <;2, i) = uM(t, ). (1.5)

In particular, ||u/\(t)||ngc = [Ju(t/>?*)]| 12, and thus s. = 0 is the scaling critical Sobolev
index (reasonable well-posedness theory is to be expected for s > s., and possibly for
s = s¢). In the periodic setting, the above transformation changes the underlying domain
T to Ty := R/27\Z (hence, the scaling transformation above is no longer a symmetry of
the equation on T). Nevertheless, we employ in this article and for the most part, we
work on the dilated torus T, with A > 1.

The aim of this paper is to study the long-time dynamics of low-regularity solutions
of . The main result of this work reads as follows:

Theorem 1.1. The derivative nonlinear Schrodinger equation with periodic boundary con-
1
dition (1.1 is globally well-posed in H? for initial data ug with M[ug] < 4.

1. A parameter in front of the nonlinearity is irrelevant in this study since on the Fourier side the
nonlinearity is unsigned; the equation does not have a definite focusing or defocusing character.
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Before delving into the prerequisites and proof of this theorem, let us promptly re-
view the well-posedness results in the FEuclidean setting. For a certain class of Schwartz
initial data, by using the inverse scattering method, Lee [25] 26] obtained the local and
globalﬂ solvability, respectively. Tsutsumi and Fukuda [44] established the local existence
and uniqueness of H®-solutions, with s > %, by the method of parabolic regularization.
Furthermore, in [45], they obtained the global existence of solutions for ug € H? with
sufficiently small H'-norm.

In the energy space, Hayashi [14] proved the global existence for sufficiently small

initial data. In his work, of particular importance is the gauge transformation defined by
Gs: L* = L%, Ggf(x) = e TN f(a), (1.6)

with J(f)(z) == [*_|f(y)[*dy, = € R. Through the transformation v = g% (u), DNLS
reduces to

10 + 020 = i|v|? v (1.7)
and the theory of [45] for smooth initial data with sufficiently small H!-norm can be applied.
This result was improved in the papers by Hayashi and Ozawa [15, [16] by reducing DNLS to
a system of two semi-linear Schrédinger equations (with no derivatives in the nonlinearities),
where it was obtainedﬂ the global existence of H'-solutions under the assumption

Mugp] < 27. (1.8)
This mass threshold follows from noticing that under the transformation v = g% (u), the

energy functional becomesﬂ

1
Blu) = BIG_3(0)] = |0:0l32(z) — 2llvlf ey (1.9)
while the norms of interest remain essentially unchanged, i.e.
1020l L2(r) ~nfu) 110zl 2 (R)s (1.10)
[ollr@) = llullLe)- (1.11)

Via the sharp Gagliardo-Nirenberg inequality due to Weinstein [47], i.e.

4
1Vl Z6 Ry < p||3xv||%2(R)||U||%2(R)a (1.12)

one obtains that the energy E[u] controls the H'-norm of a solution u of DNLS, provided
that holds. Finally, we mention that in [T4} [I5], uniqueness of H'(R)-solutions was
also obtained, but conditional to the auxiliary spaces LI2(R; Hy*(R)), LA(R; Wa™(R)),
respectively. The unconditional well-posedness in H'(R) was settled by Win [48].

In low-regularity spaces, Takaoka [38] used the Fourier restriction norm spaces intro-
duced by Bourgain [3] and proved

24 — 3
020, 01y S 1ol (1.13)
for % < s <1 and % <b< %, in a fashion similar to the estimate for the KdV equation
[20]. We remind the reader that the Fourier restriction norms || - [| xs»®xr) are adapted to

2. We refer to the recent article of Pelinovsky and Shimabukuro [36, p. 5] for a possible issue regarding
the result of [26].

3. Hayashi and Ozawa [15] [16] also showed that the solution map ug — u(t) preserves Sobolev regularity
and spatial decay, for any t € R.

4. If u solves DNLS, then v = G3 (u) solves i9yv + zv = £|v[*0pv — £020,0 — <X |v| 0.
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the linear part of the equation at hand (defined by (2.5) on T, their definition on R being
analogous). On the other hand, Takaoka in [38] noted that for estimates of the form

000l ms 1ty < 10%en ey (1.14)

“the Fourier restriction norm method seems inapplicable.” However, the transformationﬂ
v = G1(u) removes the nonlinearity |u|?0,u from (I.1), i.e. v solves

1
10w + 020 = —iv?0,T — §]v|4v. (1.15)

Therefore,ﬁ Takaoka established the local well-posedness of down to H %(IR{) Since
the mappings ug — Gi(ug) = vo and v(t) — G ' (v(t)) = u(t), viewed as applications from
H %(R) to itself, are locally Lipschitz continuous (uniformly in t), so is the dependence of
u on the initial data ug. Takaoka also showed that the above estimate does not hold
if s < , for any b € R. Moreover, for 0 < s < %, the solution map ug € H*(R) — u(t) €
H*(R) fails to be C3, for any ¢ # 0. Another mild ill-posedness result for DNLS in H*(R)
(0 < s < 3) was given by Biagioni and Linares in [2]. They used the solitary waves of
DNLS [19} 46] and showed that the local uniform continuity of the same solution map does
not hold. Hence, the fixed point argument for the gauge equivalent equation is no
longer the tool to construct H*(RR)-solutions for DNLS in the range 0 < s < %

Let us now elaborate on the assumption . The energy functional in is also
shared by the focusing quintic NLS (with some appropriate constant in front of the nonlin-
earity), for which the condition is sharp, in the sense that finite-time blowup solutions
with M[u] > 27 exist (see [47] and references therein). Thus, the question of whether the
same is true for DNLS appears naturally (see also [I5]). However, in a recent series of
articles, Wu [50], 51], and Guo and Wu [I3] obtained global existence for DNLS above the
mass threshold 27. They showed how to incorporate the momentum P[u] in controlling
the H'-norm of u. The key observation is the following: the change in energy incurred by
modulating u resembles the first term of the momentum (see ), and then the second
term of P[u] is handled by another sharp Gagliardo-Nirenberg inequality due to Agueh [I],
that interpolates LS(R) between H'(R) and L*(R) (rather than L?(R)), i.e.

1 8
oy < CollFul fagg el gy (1.16)

where Cgn = 3%(277)_%. The upshot is the control of the H'-norm of a solution u, under
Mup) < 4. (1.17)

It is known that the mass thresholds 27 and 47 correspond to the masses of ground state
solutions to some elliptic equations and extremising functions in the Gagliardo-Nirenberg
inequalities and , respectively. In a recent article studying the orbital stability
of solitary waves of DNLS with mass 47, Kwon and Wu [22]E| proposed a criterion for
blowup solutions with this critical mass.

5. This reduction of DNLS to was also employed by Lee [26], to which he attached a certain
spectral problem.

6. The estimate for the quintic term of is easier to prove than for the cubic-derivative term.

7. In [22] it is also shown the orbital stability of traveling waves in the “zero mass case”. Also, after
the completion of this article, several papers studying the traveling waves for DNLS were published. See
[23] 29] [30] (and references therein for previous works on this subject). In [29] there is an improvement, as
compared to [51], of the subset of energy-space solutions that exist globally in time.
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We now turn to the periodic setting. The adaptation of the gauge transformation is
due to Herr [I7] where he proved the local well-posedness of in H*(T) for s > 1, by
using the same transformation (L.6]), but with J(f) defined as the mean-zero antiderivative
of |f|? — %M [f]. Compared to the real line case, the gauge transformation is no longer
enough to satisfactorily reduce DNLS to a manageable equation, and thus it needs to be
augmented with a translation operator (see ) After these transformations, one works
instead with a periodic gauge equivalent derivative nonlinear Schrédinger equation, that
still resembles , of the form

10 4 020 = —iv?0,T + Q(v), (1.18)
where Q(v) gathers (pure-power) quintic and lower order terms (a precise formulation of
the above equation is given by ([2.43))). For the key estimate in [17], i.e.

< 3
Sl (1.19)

2 —
HU axv”xsf%(RxT "2 (RxT)

for s > %, the local smoothing and maximal function estimates for the linear Schrédinger
propagator are no longer available — one has to rely merely on the L*-Strichartz estimate
of Bourgain [3] and on Sobolev inequalities. Since the embedding of X 5’%(]1% x T) into
C(R; H*(T)) fails, one works instead with a slightly stronger norm (see (2.6)-(2.7) below).

Regarding possible improvements to the estimate , a remarkable property of
was uncovered by Griinrock and Herr [12] while working in the scale of Fourier-
Lebesgue spaces FL*"(T) (defined by below). By appropriately modifying the classical

X*b norms, they established a local well-posedness result in FL%’T(T), in the range 2 <
r < 4. (We note that for s = 3, these spaces scale like H%(T)) It turns out that the
nonlinearity of (1.18)) can be rearranged into 7 (v) + Q(v), with

T () = —i (vazv —2i Im][ v@wdw) v, (1.20)
T

owing to the periodic gauge transformation. This writing reveals frequency cancelations
(see also ) that are essential for dealing with the cubic-derivative nonlinearity, and
hence for the local well-posedness in FL*"(T). However, does not help when trying
to prove for some s < %, as the failure of this estimate is of another nature than the
lack of such frequency cancelations.

We also point out that, specific to the periodic case, the Lipschitz continuity of the
solution map of DNLS on bounded subsets of H*(T) is further restricted to subsets with
prescribed L2-norm due to the use of a translation operator when reversing the transforma-
tions leading to back to (see Lemma. In fact, the local uniform continuity
of the solution map of the periodic DNLS fails without fixing the mass on bounded subsets
of H*(T), at any regularity level (see [18, Theorem 3.1.1.(ii)]). Although counterexamples
to the trilinear estimate for s < % were given in [I2], to the best of the author’s
knowledge, a direct argument towards the (mild) ill-posedness of in H*(T) can not
be found in the literature. Note that for the gauge equivalent equation , one does
not face the local uniform continuity bottleneck due to the translation operator and it was
for this equation that the contraction mapping argument was applied in [I7]. Hence, we
provide here the following mild ill-posedness result. The mild sense refers to the fact that
the result shows that the contraction mapping argument cannot be applied for the gauge
equivalent equation . In fact, the same is true for any equation obtained from
through a gauge transformation of the form (see Appendix [A)).
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Proposition 1.2. Suppose vg € H*(T) — v =: Sp(vg) € C([-T,T]; H*(T)) is the solution
map for (L.18]), for some 0 < s < %, T > 0. Then, St is not uniformly continuous on
bounded subsets of H*(T).

Turning our attention to global-in-time solutions of DNLS, we recall the reader that
the global existence theory below H!(R), under the smallness of mass condition ,
was developed by Colliander, Keel, Staffilani, Takaoka, and Tao [7, 8]. First, in [7], they
introduced the so called “I-method” which aims to control the growth of £[u] := E[Iu],
where I (defined in ) is a smoothing operator on large frequencies and it is the identity
operator for functions supported on small frequencies (here, £ stands for the energy of
rather than of DNLS). Relying on the L5-Strichartz estimate and on a bilinear L*-Strichartz
inequality (in addition to the usual Sobolev embeddings), they obtain the global existence
in H(R), for s > % We also mention here that the precursor to this method, the high-low
method of Bourgain, was also implemented to DNLS on the real line by Takaoka in [39],
where global solutions for s > % were constructed. A stronger result was established in [§]
for the second generation modified energy £2[u], which is obtained from £![u] via a small
correction term, thus lowering the regularity to s > % What is critical to the latter result
is an improved trilinear estimate in the presence of the I-operator that can reach
b= 3 —¢, as well as delicate cancelations owing to the nonlinear structure —iv?0,v — %|U\4U
of . Miao, Wu, and Xu [31] closed the gap between the local well-posedness range and
the output of the I-method by iterating the scheme further via a third generation modified
energy £3[u] by adding another correction term to £2[u]. This time, the correction term
has a singular set more complicated than that of the correction term in [§], and thus it
requires an intricate resonant decomposition. Finally, we mention here that recently, Guo
and Wu [13] improved the mass threshold to for global H %(R)—solutions.

Regarding the global existence question for the periodic problem , Herr [17] an-
swered in affirmative for H!(T)-solutions, under the assumption that the mass is smaller
than % This followed routinely from iterating the local well-posedness result together with
a coercivity property of E|[-] (obtained by using a non-optimal Gagliardo-Nirenberg in-
equality and without appealing to another gauge choice). In the present work, we also
show that the mass threshold under which the energy functional associated to has the
coercivity property is the same as in the real line case (see Lemma below). However, the
smallness of mass condition for global H!(T)-solutions was already improved to by
the author and Oh in [34]. Below the energy space, in H*(T), for s > %, and unquantified
small mass initial data, the global existence of solutions to was studied by Win in [49]
by using a second generation modified energy for the /-method.

The main tools we use in obtaining Theorem are the following: (i) the gauge
transformation (and its Lipschitz continuity property) and the multi-linear estimates due to
Herr [17], (ii) a third generation modified energy in the I-method scheme of Colliander, Keel,
Staffilani, Takaoka, and Tao [7, 8], (iii) a resonant decomposition of one of the correction
terms as implemented in the real line case by Miao, Wu, and Xu [31], (iv) a revised bilinear
L*-Strichartz estimate of De Silva, Pavlovié, Staffilani, and Tzirakis [10], and (v) the sharp
Gagliardo-Nirenberg inequalities , adapted to the periodic setting.

Before outlining the contents of this article, we end the introduction with the following
remarks.

Remark 1.3. Our method is an analytical argument, in particular we do not employ the
integrable structure of (|1.1)) in an explicit manner. Therefore, the technique can be applied
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(cf. [8, 17, [38, [41]) to equations of the form
i0pu 4 O%u = ialul*Opu + iBu 0,7 + y|u|tu, (1.21)
where a, 3,7 € R. The first term is eliminated by the gauge transformation v = G, /5(u).

Remark 1.4. Whether DNLS exhibits finite-time blowup solutions for initial data with
large mass remains an important open question. A numerical study by Liu, Simpson and
Sulem [28] indicates that there is finite time singularity for the L?-supercritical nonlinearity
i|u|??0,u, o > 1. We also refer to [5] for a further numerical investigation of the structure
of the singular profile near blowup times. Here, we also point out that negative energy
solutions to DNLS on a bounded interval or on the half-line, with Dirichlet boundary
conditions, blow up in finite time (see [42], [50]).

Remark 1.5. The equation has a rich structure being completely integrable, and the
inverse scattering transform (IST) on the torus might reveal some fundamental differences
compared to the real line case. In recent articles, Liu, Perry, and Sulem [27], analyze
more closely the IST method on R initiated by Lee [25] and prove global existence in a
“spectrally determined” open subset of H*2(R) := H?(R) N L>™(R) neighboring 0. Also
via IST, Pelinovsky and Shimabukuro [36] construct unique global solutions for DNLS in
H2R)N{f € L>*(R), f' € L>'(R)} with Lipschitz continuous dependence on the initial
data. Here, L>™(R) denotes the weighted Lebesgue space L2(R; (1 + |z|2)% dx).

Remark 1.6. In view of the local well-posedness result in the scale of Fourier-Lebesgue
spaces by Griinrock and Herr [12], it would be interesting to investigate via the I-method

the global dynamics of the DNLS flow in fL%’T(']I'), for the appropriate range in r, to
complement the almost sure global well-posedness result of Nahmod, Oh, Rey-Bellet, and
Staffilani [35]. This is also to be studied in the Euclidean case, where the local well-
posedness was established by Griinrock in [II]. In the same direction of thought, we
mention that recently, Takaoka [41] proved the existence of local H?®(T)-solutions with
small (unquantified) mass in the range % < s < % by establishing a priori estimates for
the gauge equivalent equation ; also, his work [40] on the energy exchange behavior
for a variant of might provide further insight on the DNLS dynamics above the mass
threshold 4.

As a summary, we outline the content of the present article. In Section [2| we intro-
duce function spaces and review linear estimates (including a revised bilinear L*-Strichartz
estimate) that are used throughout the paper. After recalling the gauge transformation aug-
mented with a translation operator, Theorem [I.1]is reduced to Proposition [2.14] concerning
the global solutions of the periodic gauge equivalent equation . Also in Section [2] we
provide the adaptation to the periodic setting of the Gagliardo-Nirenberg inequalities, and
we introduce some further notation and constitutive elements for the I-method as close
to previous implementations [7, 8, [10, [31] as possible. Then, we build up the I-method
apparatus, beginning in Section [3] We first show that the coercivity property of the energy
functional carries over to the periodic setting under the same mass condition as in the
Euclidean setting, and then we incorporate the momentum functional to obtain H'-norm
control for solutions corresponding to the improved mass threshold . In Section
we provide a modified local well-posedness result based on existing local multi-linear esti-
mates and an interpolation lemma for the I-operator. In this instantiation of the I-method
scheme, we construct a third generation modified energy functional in Section [f] after re-
visiting the first and second generation energies, as well as discussing the frequency regions
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that previously did not allow reaching the regularity s = % In the same section, we also
revisit the crafting of the resonant set from the real line setting and we provide pointwise
bounds on multipliers which are used in the following two sections. Hence, in Section [6] we
analyze the growth of the third generation modified energy and conclude with its almost
conservation property, whereas in Section [7] we show that it stays close to the first genera-
tion modified energy. The almost conservation of the modified momentum follows similarly
to the Euclidean case and is also established in Section[7| In Section |8, we modify the usual
I-method argument to include the almost conserved momentum and we finish the proof
of Proposition 2.14] Finally, the Appendix provides the proof of a technical lemma that
immediately implies Proposition [1.2

Acknowledgements. The author would like to thank his advisor, Tadahiro Oh, for sug-
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2. NOTATIONS AND BASIC ESTIMATES

A quantity of the form a=+ is a shorthand for o + ¢ with o € R and € > 0 arbitrarily
small (if two or more such quantities appear in the same relation, the dependence between
e’s is straightforward and can be ignored). By A < B (A < B) we mean the existence of
a large positive constant C' such that A < CB (CA < B); we write A ~ B if and only if
A < Band B S A Also, we write A = B+ O(C) if and only if |[A — B| S C. Throughout
this work, 1 denotes a smooth time cut-off function with n =1 on [—1, 1] and n = 0 outside
(—2,2).

For reasons that are made clear in Section |8, we need to use the scaling transformation
(1.5). Thus, we work on the parametrized torus Ty := R/27AZ ~ [0,27\), and Fourier
modes in Zy := %Z. The convention we use for the (spatial) Fourier transform of a 27\~
periodic function is

2T
f(k:):/o e" ke f(x)dr , ke Zy

which is inverted by

~ _ 1 ikx
g(x) = T > éMg(k) , welo, 2w
kEZy

The convolution products on T and Z) are given by

2
frgla)= ; [z —y)g(y) dy,
axb(k) = % > a(k — h)b(h),

h€EZy
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respectively. We have E(k) = Fx g(k), and by endowing Z, with the scaled counting
measure (dk)y = ﬁd#, the inner products on L?(T,) and L%(Z)) are
27

(f,9) 2y 0 f(:r)@dx
(@B = 5o 3 At = | alkBEd),

kEZy
respectively. Then, the Parseval and Plancherel identities are written as
(f, 6>L2(TA) = <f7a>L2(ZA),
I £l z2eryy = 1|2 (zy)-

The Sobolev space H*(T)), respectively the Fourier Lebesgue space FL*"(T)) are the
completion of the 2w A-periodic C'*° functions with respect to the norms

1f llzzs (s = 14R)° F(R) | 22z (2.1)
1l Fzoresy = 18 TRz, (2.2)

where (k) := (1 + ]k\Z)%, k € Zy, for any s > 0, r > 1. We also use the homogeneous
Sobolev norm:

1l zs gy = IR FR) 2z
Remark 2.1. Notice that for any k # 0, uniformly in A > 1, we have
|k < (k) S ALK, (2.3)

and thus, in the periodic setting, (k) ~ 1 for all |k| < A.

By S, we denote the class of functions u* : R x Ty — C which are Schwartz in ¢, 27 )\-
periodic and C*° in z. With a slight abuse of notation, the time-space Fourier transform
and its inverse are

u(r, k) = / /11‘ e TRyt ) dedt . T e Rk € Zy,
A

U(t,x) = / / TRy (7 k) dr (dk)y , teR,zeT,y.
Zx
Nonlinear interactions take on the Fourier side the form

wo(r, k) =uxv(r, k) = /\k%/ u(ry, k)o(r — 11,k — k1) dmy

= / / u(71, k1)v(72, ko) dr (dkq) .
k1+ko=k J T1+7m2=T7

The unitary group on L?(T)) determined by the linear Schrédinger equation on T} is
given by
1 g~
¢ - = tkx+itk k). 2.4
(UAOI)) = o5 3 T (24)
A

For s,b € R (spatial and temporal regularity indices), we define the X**(R x T)) space as
the completion of Sy under the norm

lull oy = 1ERD(T + BP0t k) 1212 Rz (2.5)
k
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It is well known that the (continuous) embedding X*?(R x Ty) € CHZ(R x T)) holds if
and only if b > % Since the trilinear estimate needed for the local well-posedness theory
(see Lemma below) holds only at b = 1, we introduce the spaces Y and Z* (with a

slightly stronger norm than the X S’%—norm) via the norms

lullys@oryy = I (T + K200t k)l 12 11 20 xm), (2.6)

HUHZS(RX’]T,\) = + ||UHY370(R><’IF>\),

HUHXS%(RXT,\)
and the companion space zZs by using

0l emyy = Nl g,y + vy (2.8)

We have Y*O(R x T,) C C,H:(R x T,) and therefore Z° = X*3 N Y0 C C,H?.
For a given time interval J, the time localized Fourier restriction norms are defined
via

ullxsocrxryy == mE{{[vl xso@mxr,) 00 = ul, (2.9)

and similarly for Y*(J x Ty), Z5(J x Ty), and Z5(J x T)).
By the Riemann-Lebesgue lemma and Hoélder inequality, we have

HUHLOo (RXTy) N H HUHLl(R HL1 (Z»)

|
[T

- k —1-— 1+ k
k’eZ)\ kEZA

N

Zy)
and thus
ol @xmsy S Tl d oz, (2.10)

Similarly, by Minkowski’s integral inequality, Riemann-Lebesgue lemma and Plancherel’s
identity, one obtains

lullLee s mxry) S ullyso@mxry)s (2.11)

for any s € R.
Additionally, we have the following linear estimates.

Lemma 2.2. [I7, Lemma 3.6] Let s € R. There ezists ¢ > 0 such that

In(t) )sz s®xTy) < I fllas(ry) (2.12)
H U)\ (t —7)F(r,")dr < CHFH—ZVS(RX%) (2.13)
Z5(RxT))
for all f € H® and all F € S),.
Lemma 2.3. Let 2 < p,q < oo, b>f—5, s>%—%, A> 1. Foru € Sy, we have
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(1) Sobolev estimates:

lull e s @) S llullxss @y, (2.14)
lell e mrp ey S Mell o g (2.15)
HuHLi’Lg(RxTA) S Hu”XS»b(]Rx'JT)\)? (2.16)
[ull Lge oo RxTy) S HUHX%+,%+(RX%)§ (2.17)

(2) Strichartz estimates:
HUHL;{x(RxTA) S Hu”XO’%(RX’H‘/\)’ (2.18)
0+
lallzg gocryy S A"l oy g, (2.19)
with implicit constants independent of X > 1.
One can prove the first part by using the interaction representation

lull xso@mxty) = NOA=O)ult, @) g2 o (7, <) (2.20)

the classical Sobolev inequalities, Minkowski’s integral inequality and the fact that the
operators Uy (t) are unitary on H3(T)). The second part can be justified by going over the
Stichartz estimates due to Bourgain [3] and revisiting the counting arguments, but now
accounting for Fourier modes in Zj rather than Z (e.g. there are O(AM) elements k in
Z) satisfying |k| < M, there is a normalizing factor in the measure placed on Zy, etc.). It
turns out that the L*-Strichartz estimate has an implicit constant independent of A, while
the L®-Strichartz estimate has a logarithmic loss in A (in addition to the loss in derivative).

By interpolating the Strichartz estimate with the Sobolev inequality (for
p = q=6), we also have

S A

HuHLf,m(RX’H‘/\) ~ (2.21)

X0+ 5= (RxTy)"
We note that the estimates (2.14))-(2.21)) also hold for Fourier restriction norms on a time
interval J rather than on the entire real line.

We record the following scaling properties of the space-time norms introduced above
when using ([1.5) and a parameter A > 1:

N 2,11
lutllzrra@xry) = A7 2 |[ullzrra@xr)s

2

= )\_S+P

A
I HLtpH;(RxTA) HuHLfH;(IRX'JT)’

and

AT <l < A
HUHL{’H;(]RXT) S lu HLfH;(]Rx']I‘)\) ~ ”UHLng(RxT)-

For s,b > 0, we have

—1y1,,A - b, A
A IHU HXva(RXT)\) N Hu”Xva(]Rx’]I‘) S A Itz [Ju HXva(]Rx’]I‘,\)a
while for s > 0, b < 0, we record

)\_HQbHU/\Hxs»b(RxTA) S lull xsp@xry S )‘_1+SHUAHXM(R><T,\)'

We also use the following lemma when dealing with sharp time-cutoff functions:
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Lemma 2.4. Let s € R and suppose ¢ € Htéi(]R). Then:
160 ety S 190,03 o It
Proof. By ,
[full s @xry) = IOUA(=t)ult, 2) s g (1, <)

and let J; := (0;). Then, via the fractional Leibniz rule, we have

l6OUN=t)u() | g S I Sl 2 1UA(=t)ul®) | s + 6] o

H (O ), 222

where 1% + % = % We take 0/ := %— <b< % and p > 2 so that we have the continuous

Sobolev embedding H (R) ¢ LP(R). Consequently, we also have the Sobolev embedding
HY(R) C L{(R). Then, the conclusion follows from (2.22) and triangle inequality for the
H3(R)-norm. O

2.1. A bilinear L*-Strichartz estimate. The following result is a key ingredient in the
analysis of the almost conservation estimates as it is a refinement of the L*-Strichartz
estimate that provides a decaying factor in A. Such an estimate is similar to the bilinear
L*-estimate in the non-periodic setting [7, Lemma 7.1], and we point out that for A — oo,
we recover the same decay rate. For Schrodinger evolutions on the one-dimensional torus,
this estimate (but without pointing out the alternative (ii)) was first proved in [10].

Lemma 2.5. Let A\ > 1, Ny, No € 22 and suppose ¢1,¢o are smooth functions on Ty with
supp(¢;) C {k € Zy : |k| ~ N;}, j = 1,2. Assume that either

(i) N1 > Na, or
(ii) Ny ~ Na and kiks < 0 for all ky € supp(g/b;), ko € supp(@).
Then

| (n®UA(E) 1) (n(t)UA(t)d2) HLg’w(Rka) SO N oz ey o2l 22y (2.23)

where
1 , if N <1

. 2.24
(A+2)2 , ifN>1 (2.24)

C()\a Nl) = {
Moreover, suppose uy1,us € Sy are Fourier supported in {|k1| ~ N1} and {|k2| ~ Na}, re-
spectively, for all times t. Then, under the same assumption on the two frequency supports,
we have

lurualizz g,y Se COL N2 Jua | (2.25)

XO’%_E(RXTA)HU2||XO’%_E(RXT>\),
for any € > 0 sufficiently small.

Remark 2.6. In [49, Proposition 2.1], there seems to be a mistake in the case Nj ~ Na:
the two Fourier supports should be localized on opposite sides of the origin on the real line
in order for to be true. The estimate with this additional assumption was used in
proving Cases (2) and (3) of [49, Lemma 7.5]. Although with simlar ideas as in the proof
of [10, Proposition 3.7], we decided to present the proof so that this observation becomes
clear.
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Proof. By Plancherel’s identity, the left hand side of ([2.23]) becomes
[ e it a0 (dhar
T1+10=7 J k1+ko=k

We denote 1) := 17, and without loss of generality, we can assume that 1 is R-valued and
non—negative.lﬂ Then

L2L2

/ Alr + K2)(r — 11+ k3)dm = p(r 4+ k3 4+ k3) > 0
R

and by Holder’s inequality, we have

] [ 8 k80 alhe) )
k1+ko=k

L2r?

</ ¢(T+k%+k§(dk1h)2
ki1+ko=k

([ w4 B G ) PGt @) )
k1+ko=k

<

1

L212

D=

=M </ZA /ZA/Rw(T_{_k;% + k3) (1 (1) [2[d2(a)|? dr (dk1)» Mk”)

1
< Ml Zs g 91 2my 92l 2ry)-

where we applied Fubini’s theorem and we denoted

(ST

M = (sup/ V(T + k2 + k%)(dlﬁ),\)
ki1+ko=k

k,T

Thus, in order to obtain ([2.23), it remains to show that M < C(A, Ny).
Since v is a Schwartz function, it is rapidly decaying, and so we can split R into

disjoint intervals I; (j € Z)[| such that for all j we have [I;| ~ 1 and [[¢)f, || < 211,
Given k € Zy, T € R, and j € Z, we consider the set
Sirg = {k1 € Zy : ki € supp(¢n), k — ki € supp(da), 7+ kI + (k— k1)? € I}

and we estimate

N

1 4
M < supz <)\#Sk,7,j) 9—lil

k7
" JEL
where #5S}, - ; denotes the cardinality of Sy , ;.
If Ny <1, then clearly

1
#Skﬂ—’j < # {kl € XZ: |k31| 5 1} g A
and thus M < 1.
8. In general, we can write ¢ = ¥, — t¢_ +ithT — ip~ with the four components satisfying the non-
negativity assumption, from where we can carry on analogous arguments for each of these terms.

9. If ¢ were compactly supported, it would be enough to consider only one such interval, namely a
finite-length interval which includes the support of .
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Now let us assume N1 > 1. To estimate the cardinality of a nonempty set Sy - ;, we
denote
Frr(ky) =7+ ki + (k — kp)”.
Notice that
| fir(R1)| = 2|k1 — (k — k)| ~ N1, (2.26)
and that this property holds not only when N; > Ny but also when k; and k£ — k1 have
opposite signs, and this is ensured by assumption (ii). From and the mean value

theorem, we get that
A
#Skri S1+ Ny
uniformly in j (if A < Ny there might be only one element in Sy, - ;).
For the last part, by the transference principle for X*? spaces (see for example [43|

Lemma 2.9]), the estimate ([2.23)) implies

Jurtallzz @ery S CONDtgogegp Il oo g (2:27)
On the other hand, by Hélder inequality and the L*-Strichartz estimate, we have
A r—— 1||Xo L gems 20 e, (2.28)

By interpolating (|2 and ( -, we obtain ) for € > 0 sufficiently small. O

Remark 2.7. We point out that the implicit constant in depends on . Hence, we
cannot disregard the logarithmic loss in the constant C'(A, N7). This loss is essentially the
reason for which we need to introduce the second correction term in in the third
iteration of the I-method (see also Remark .

Remark 2.8. Notice that, under assumption (i) of the above lemma, the estimate
holds if we replace one of the functions on the left hand side With its conjugate (or equiva-

lently, one of the X 0.3 norms in the right hand side with the X' '3 -norm as defined in [17]).
This is no longer true under assumption (ii).

We use the above bilinear estimate essentially in the regime 1 < A < Ny, and thus, in
1
our estimates, C(\, Nj) ~ A7 2.

2.2. Gagliardo-Nirenberg inequalities in the periodic setting. We recall that on
the real line, we have the sharp Gagliardo-Nirenberg inequalities

1 1 2

1 ls@ < (2)% 1002 |12, (2.29)
1 8

HfHLG(R) < CGN’WﬂCfHZ?(R)||f”z4(R)v (2~3O)

where Cgn = 3é(27r)7%. For (2.29) we refer to [47], whereas for (2.30]), see [1J.

Remark 2.9. Extremising functions in (2.29)) are given by solutions of
3
" 5
— - —f7=0.
FPrf-16f
Up to translations, there is a unique positive, decaying solution, called the ground state
and denoted by @, for which we have the Pohozaev identities M|[Q] = 27 and E[Q] = 0.
We also know that for any ug € H'(R) with M[ug] < M[Q], we have E[ug] > 0. Such a Q

is also a stationary solution of (L.18) on R with 8 = 2. Moreover, there exists ug € H'(R)
with 2m < Mug] < 27 + € such that Eug] < 0.
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On the other hand, solutions of
3
" 3 5
— —_ e 0
-
achieve the optimal constant Cgy in (2.30)). The ground state solution W has M[W] = 4x.

On T, inequalities of the above form cannot hold, simply for the fact that constant
functions provide counterexamples. However, the situation is similar to the Poincaré in-
equality, and in fact, using elementary arguments,lﬂ it was shown in [I7, Appendix C] the
following inequality:

IUF1Z = wlfDFllzeryy < 102f 2y I T2y (2.31)

for any 2w A-periodic function f. Although (2.31) can be used to study the coercivity of E
(see Lemma[3.2] below), we use here the following result (see e.g. Lebowitz, Rose and Speer
[24, Lemma 4.1]) since it yields the same mass threshold Mug] < 27 as in the Euclidean
setting.

Lemma 2.10. For any € > 0, there exists a constant K. > 0 (independent of \) such that

4
HfH%G(’]l‘,\) < (7T2 + 5) Hafc.fH%?(’]I‘,\)HfH%,Q(’E,\) + Ka”f”%(my (2.32)

for all f € HY(T)).
With similar arguments, one can adapt (2.30]) to T as well.
Lemma 2.11. Let § > 0. We have

2 1
5 \9 1 T s
flzscry < Con (14 525 ) (10:Bamy + My ) Wolbeyy (239

for all f € HY(T)).

The proof is a slight modification of [34, Lemma 2.2] which used the L*-norm rather
than the L?-norm of f in the first factor on the right hand side above.

2.3. The gauge transformation on T). Following Herr [17, [I§], we consider

Go : I2(Ty) = TA(Ty) , Gsl(f)(w) = e TN f(z) | (2.34)
where J(f) is the mean-zero antiderivative of |f|? — u(f), i.e.
1 2N px
IO@ =5 [ [ 15@E ~ulnayas (235)
and )
ulf] = g e, )- (2.36)

Note that |Gz f| = | f| and therefore u[Ggf] = p[f]; moreover Gg is inverted by G_g.
Setting w(t,z) = Gg(u(t))(x), the derivative nonlinear Schrodinger equation (I.1]) be-
comes

0w + 2w — 2iBulw] yw =2i(1 — B)|w|?0pw + i(1 — 28)w?0, W + Bu[w]|w|*w

2 )l — v,

N (2.37)

10. Strictly speaking, (2.31]) was proved on T, but it is also true on T as the inequality is scale invariant.
The same result can be obtained by using the pointwise Poincaré inequality followed by an application of
the Holder inequality.
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where 5
Plw] = % . (2 Im(ww,) + (5 — 2ﬂ)|w\4> dx + B ufw]?. (2.38)
Correspondingly, the momentum and energy functionals are
1
Pig-stw)) = [ (Imtwm) + (5 - Bl ) dr + Sulalbilu] = Bilal. (239

ElG-s(w) = |

Tx

(s + (5 ~ 2000w Tmwmy) + 82 = 36+ Dlul®) da

+ gu[W] lwl| 74 + 28uw)Pslw] — 52 ulw]*M[w] =: Eglw]. (2.40)

We point out that in the periodic setting, the terms coupled with pw] and ¥[w] are new
terms when comparing to the Euclidean setting.
We can eliminate the auxiliary linear term on the left hand side of by the
translation transformation
w(t, z) — v(t,x + 28p[w]t). (2.41)
Correspondingly, we introduce the gauge transformation of spacetime functions
G 1 COL2(J x Ty) — COL2(J x Ty) , GP(u)(t,a) i= Galu(®)) (@ — 28ulu(®)lt).  (2.42)

For the local well-posedness theory, it is necessary to use the gauge parameter § = 1
so that the “bad” nonlinear term |w|?0,w in (2.37) is elliminated. Hence, in the sequel, we
consider the equation on T) corresponding to this gauge choice, namely

1
10 + 020 = —iv?0,T — 5]1}\41) + plv]v]Pv — P[u]v, (2.43)
where we recall that ufv] = %HUH%Q(TA) and
1 1
Y] = X . (2 Im(vv,) — 2|v|4> dz + pfv]?. (2.44)

Remark 2.12. The nonlinearity of (2.43) can be written in the form N = T+ 0 by
grouping terms as follows:

T () :=—i(vo, -2+ Im(vT,)dz ) v, (2.45)
T

Ov) :=— % <|v\4 - ]i ]v|4da:> + ]fm |v|?dx <|v|2 - me \vy2dx> v. (2.46)

An important observation here is that, on the Fourier side, by using the inclusion-exclusion
principle we can write

— 1

T = G 1

k:;m kov(k1)v(k2)v(k3) — Wk@(k)@(_k)ﬁ(k)_ (2.47)

k#k1,k3

It was made clear in [12] that the above frequency cancelations are essential in establish-
ing the estimate that deals with the derivative-cubic nonlinearity in the scale of Fourier-
Lebesgue spaces FL*"(T). However, in Sobolev spaces H*(T), for s > %, one can handle
the cubic-derivative term u?9,u without the frequency cancelations (see Lemma be-
low due to Herr [I7]). In (2.46)), the coefficients of the subtracted terms do not allow

symmetrization, hence we do not have useful frequency cancelations.
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The following lemma provides the continuity properties of the gauge transformation
that allow to transfer well-posedness results between various versions of , including
itself. We note that in order to have the Lipschitz continuity of G# (rather than of
gﬂ) one needs to fix the L?-norm of the functions at all times ¢.

Lemma 2.13. [17, Lemma 2.3] Let s,r, ugp > 0, T > 0. There exists c = c(r,s,\) > 0 such
that:

(1) If f,g € By :={f € H*(TA\) : | fllgs(Ty) <7}, then
1G5(f) = Ga(Dlm=y) < ellf = gllm=(ry)- (2.48)
(2) If u,v € B""0 where
B0 = {u € C([-T,T); H*(Ty)) : |ullLge s < 7y plu(t)] = po for all t € [-T,T]},
then

167 (w)(8) = G° () ()l s (zy) < ellul®) = v(®)l|as(ry) (2.49)
forallt € [-T,T).

We recall that the local well-posedness theory for via a fixed point argument in
the space Z! was developed in [17, 18] (see the estimates in Lemma below). Therefore,
in order to get Theorem we aim to prove that the H?-solutions of ED exist globally
in time in the following sense:

Proposition 2.14. Let 3 < s < 1 and vy € H*(T) with M|vo] < 4w. Then for any € > 0,
there exists ¢ = c(||vol| grs (1), M [vo], €) < 00 such that for all T > 0, the solution v of ([2.43)
with v(0) = vy satisfies
sup [[v(t)mg(ry < e(1+T)*>*
0<t<T

Since the equation (2.43) has the time reversibility symmetry v(t, z) — v(—t, —z) and
the L2-norm is conserved along the evolution, the above result implies that the HS-norm
of any solution v of (2.43]) does not blow up in finite time.

2.4. The I-operator. For 0 < s < 1 and N > 1 a fixed dyadic number, we define the
Fourier multiplication operatorm

I:H5(Ty\) — HYT)) , If(k) = m(k)f(k) , k € Zy (2.50)

where m : R — (0,1] is an even, smooth, non-increasing function on [0,0), chosen such
that

1 if [ < N

m(§) = (%>1—s it ]é‘ > oN

and a smooth interpolant for N < |¢|] < 2N. Furthermore, for any s > %, the Fourier
multiplier m(-) can be chosen such that it satisfies the monotonicity property

1
& — m(§)E2 is non-decreasing on [0, 00). (2.51)
11. The operator I depends on the regularity index s and the parameters N and A, but we choose to

omit them as indices of I whenever possible. However, in Lemma [4.4] it becomes necessary to point them
out explicitly.
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One easily checks that, for any 0 < 6 < 1, we have

{N1_9 L if [k > N

k k1—¢9>
m(k) (k) | Cif K| S N

~

(2.52)

in the regularity range 6 < s < 1, with implicit constants independent of .
We note that I behaves like the identity operator on frequencies smaller than N and
integrates of order 1 — s on frequencies much bigger than N. Indeed,
2—2s

S WFamE S Y ormPiam P s v Y (K0) T ameac

k<N kSN kSN

and

1 R R N 2—2s R
S 0 e A0 S 5 P05 Y (8 (<k>) k)P

k>N k>N k>N
Therefore, we have
Jull s ryy S IMulleryy S N5l asery) (2.53)
as well as
lall gz S M0l ingryy S N lull o, - (2.54)

2.5. Multilinear forms. As in [7, [8, 10, B31], we use the shorthand notations ki, :=
ki 4+ ka4 ...+ kyn, k12 := k1 — ko, etc., as well as m; := m(k;), mj := m(k;p), etc. Also,
we set

FH(T/\) = {k = (klv ceey kn) € (ZA)TL tki2..n = O},
r@®) :={(m,...,m) €eR": 1 +... 47, =0}
and we endow them with the measure induced from the scaled counting measure Wd#
and, respectively, from the Lebesgue measure dry ...d7,_1, by pushing forward under the
map (3}‘1, ce ,xnfl) — (1‘1, ey 1, =L — ... — Qj‘nfl).

For n even integer, we define the n-linear form of fq,..., f, : Ty — C associated to
the multiplier M,, : R" — C by

An(Mn7f177fn) ::/ k17k27"'7 f
Fn(TA) r:[
and the shorthand A, (M; f) := Ap(Mp; f, f, ..., f, f). For example, we have

/ ]vg\d:c = —Ag(klkg;’l)),
Ta

Im [ |v]?
Tx

Remark 2.15. We note that
A(Mn7f) :/ E(kthv"'vkn)
T'n(Ty)

and thus, if the multiplier M, is such that
My (—ka, —Fk1,...,—kn, —kn_1) = cMy(k1, k2, ..., kn_1,kn),
then we have that A, (M,; f) is R-valued (iR-valued), provided that o = 4+1 (o = —1).

1
VOzdr = —ZA4(]<513724; U).

)

(_kn—l)f(_kn)

il
)

_kl)

g

(—ks) -
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On the Fourier side, the equation (2.43)) is written as

0k) = —o(k) ~i [ a(ka)Ska) (k) — il [ B )ika)oks)
b [ k)BT kD) + v lela(R)
k12345=Fk

Also,

o~ o~

kot (k)0 (k2)v(ks) — ipu[v] / (k1) 0(ka)(ks)

O (k) = +ik?T(k) — i /
ki23=k

ki23=k
_ % /k . Tk )0 (ka)B (ks )5(ka)B(ks) — ib[o](k).

If n, ¢ are even integers and 1 < j < n, the elongation at index j with £ positions of
the multiplier M,, is defined by

XE(M) (1 Ky Foye) o= Mo(kt, o o1,y + eyt o4 by Byt Ks):
Then, for a solution v of (2.43)), we have the differentiation rule

(2.55)

In comparison with the similar rule in the Euclidean setting (see [8, Proposition 3.5]), we
note that the additional term (i.e. the one coupled with p[v]) is due to the particularity
of the gauge transformation (2.34)-(2.35]). Since v is R-valued, the terms corresponding to
the t[v]v term in (2.43)) cancel each other.

We introduce the following notation for the factor corresponding to the term d%v in

the equation (2.43)):

an(k) = —i(k? — k34 ...+ k2_, — Kk2). (2.56)
Note that ag = 0 on I'9(Ty). A key property for the analysis of the second and third
generation modified energies is the factorization of ay on I'y(T)):

ay(k) = =i ((k1 — k2)ki2 + (k3 — kq)kss) = —2ik12k14. (2.57)
Furthermore, we introduce the modulations:
wj =T + ka , for j odd,
wj = T; — ka , for j even,
for all (11,...,7,) € I'y(R), and we note that

w1 + wy + w3 + wy :7'1234+k‘% *k%Jrkg *k‘z
= 2k12k14
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which implies

| >
11;1]3%(4 |wj\ = ’k12k14‘. (258)

3. COERCIVITY PROPERTIES

We begin this section by revisiting the energy functional corresponding to the gauge
equivalent DNLS equation (2.43)) on T, namely

Brlo) = [ (1050 = 1o In(00,) ) da gl e, 200011 o)l M . (3.)

Compared to the real line case, due to the particularity of the gauge transformation in the
periodic setting, the terms coupled with the coefficient p[v] are new. The last two terms
are integrals of motion, so we could discard them. However, the term $u[v]||v||1, is not

conserved by the flow of ([2.43)).
Remark 3.1. If v is a smooth solution of (2.43)), ||v|| 14 is not necessarily conserved. Indeed,

we have (see (4.8])-(4.9))
il L, = 4Re/ 0253020 — iN (v)) da

Ta

= —4Im [ |[v]*B0%v — |v|2@<N1(v) + Na(v) + p[v]N3(v) — 1/1[1}]1)) dx

Ta

=4Im [ 0.(v3?)dpvdr — 4Imv,/;[v]HUH4L4(TA) + h.o.t.
Tx

=4Im [ ©*(9,v)*dz +h.o.t.,
Ta

where we used the fact that ¢[v] is R-valued; see (2.44)). In general, the higher order terms
(h.o.t.) cannot cancel the fourth order term 4Im fT,\ 202 da.

Nevertheless, by Sobolev embedding and interpolation of H*-norms, we have
3 1
[olls S lloll 3 < lvllzellvllF
and therefore, for any ¢ > 0,
1 4 1
SH@IPILs S ollzelvlm S ellfavllze + ellvlze + gllleL%- (3.2)

Therefore, we consider the essential part of the energy functional in (3.1)), namely

Ev] = /m (yaxm? _ ;v|21m(vvx)> da. (3.3)

This is the same expression as the energy corresponding to (1.15)) on the real line (see [7]).
In view of (3.2)) and the conservation of mass, when controlling the H'-norm of a solution
v to (2.43), the above &[v] is just as good as the conservation law Ej[v].

Applying the same strategy to the mixed term |v|? Im(vv,,) and by using the Gagliardo-
Nirenberg inequality (2.32)), we get

] + 1 o) (47°(1 =€ — 8)8 — M[v]?) [|0pv]|7

for any €, > 0, where the constant 1 in the left hand side above hides a polynomial in M [v].
Since sup, 5.0(1 — € — §)§ = §, this would yield the mass threshold condition M[v] < .
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However, as was noticed by Hayashi and Ozawa [14] [I5] in the Euclidean case, the
choice g = % for the gauge transformation yields a neat expression for the corresponding
energy functional and a better mass threshold condition, namely M[v] < 27. In view of
Remark this mass threshold is sharp; it cannot be improved by any other gauge choice.
Using the adaptation of a Gagliardo-Nirenberg inequality (Lemma above), we show
that this threshold also carries over to the periodic setting.

Lemma 3.2. Let A > 1. For any f € HY(Ty) with M[f] = HfH%%TA) < 2w, we have:
102 f 117 20r,) S EL+ 1. (3.4)
The implicit constant depends only on M|f]and blows up as M|[f] /' 2x.
Proof. Consider g = Gg(f). Then |g| = |f| and
Ot = €7D (9,9 + 819> ~ ulg))g).
Using (2.31]), it follows that

102 f172 = 1029172 + A1 (lg* — plgDallz2 — 25/(Ig|2 — plgl) Tm(g0.g) du

(3.5)
< (1+Blgltz + 218119122 ) 199112
Straightforward computations give us
2 _
171 = 10uilEs + 5 [ V(9P = wlahial” az — 25 [ (9P = wlgl) (90
1 _ B
-3 / 91 Im(g0,g)dar + 5 /(19\2 — plg))lg|*dx
By taking 5 = —%, we obtain
1 1 1 1
ELf] = 102972 — T6||g||%6 + 16 (ulo)* = 2ul91) lgll72 — 5nld] /Im(gaxg)dx + gu[g]||g||4L4

1

1 1 _
> 1059122 ~ 1 gl ~ gulollal?:  5ulo] [ Tm(odsg)da

2
and note that for any € > 0 and any A > 1,

1

‘u[g]/lm(gaxg)dw < llgl72l10:9l 2 < €llOzgll72 + Cellgll3e,

2

for some C. ~ e~!. We choose £ > 0 such that ||f||12(ﬁ +15) <1—¢, and by 1)
we then get

1,4 1
E[f] = (1= e)l0sgl72 — —= (=5 +)llDzgllZllgllz2 — EKEHQH%

167
1
— gMalllgllze — Cellgllze

and thus
1 €
e+ MU 2 (1= 9) = (5o + $IAIL: ) 0.l (3.6
By combining (3.5)) and (3.6]), we deduce (3.4]) and the proof is complete. O

12. By using (2.31)) at this point, the coercivity of £[-] + 1 would be obtained under M[uo] < 2v/2.
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Inspired by a recent paper of Guo and Wu [13], we can improve the mass threshold
below which we can control the H!'-norm of f by using both the energy £[f] and the
momentum

P = [ n(s0,0)de = 511, (3.7)

associated to ([2.43)), where we dropped the conserved term from (2.39)). The key observation
is to notice that by modulating f, the change in kinetic energy incurred resembles the main
part of the momentum P[f] (see (3.10) below).

Lemma 3.3. Let A > 1. For any f € HY(Ty) with M[f] = Hf||%2(TA) < 4w, we have:
100 112200,y S IELFI+ PL? + 1 (3.8)
The implicit constant depends only on M[f] and blows up as M[f] /4.

Proof. As in the proof of Lemma above, let us consider g = G_1 (f) for which, according
4
to (3.5)), we have

10:f Nl 2¢ryy ~ 1029l L2 (T, )-
The main part is showing that

100132(r,) < 1B [g]] + Palal® + 1. (3.9)
Indeed, this suffices to get (3.8) as we have
[Pslg]| =IP[f]] < [PUfI] + plfIMf];

|Es 9]l =[EA[Al S [E[f1] + %u[f]HfH‘izx + ul AP+ ulf12Mf),

and we can use (3.2]).
From (2.39))-(2.40)), we recall that
_ 1 3

Pylgl = [ nlgdug)ds — gl + SulolM gl

Tx
1 3 3 9
2 6 4 2
Bslg] = 11029ll72 = 14llolize + gulallgllza + SulglPslgl = {nld]

In order to get (3.9), we consider the modulated function g, (z) := € **g(z) with a € Z)
and a > 0 to be chosen later. We have

Mlg].

1029all72 = 102917 + @ llgll72 — QQ/T Im(g0,g)dx (3.10)
A
and therefore
3
E% [9a) — E% [9] = a®?M[g] — Qa/ Im(g0,g)dx + gu[g] (P% [9a] — P% [g]) (3.11)
Tx

Since
Im(9a0:9a) = Im(g8,7) — alg|?,
we also have
Psga] — Ps[g] = —aM[g]. (3.12)

Therefore
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and thus we find that

90] — 5 Fala] — S Mg) + llgll4s = ~Palo]. (313)

1
20"}
We now use the Gagliardo-Nirenberg inequality (2.33) to give a lower bound to the

first term in (3.13)); we drop the positive term 24[ga]||gal/74. Also, we use (3.12)), and taking
into account that the Lebesgue norms of g, and g coincide, we have

Bylaol 2l (ot (14 22) " Ml _ 1Y) - Ly
$Ged M9 \ Fon \ " T 5ax ) Jglle 16 ) T mae Y
+ 2l (Pslg) — adg]) — - ulgPM[g]
2# g 3 g g 16” g g
By (3.13]), we then get
3 1 a 1 lgllfs
P ZulglM(g] >=gl|t — =M[g] — — L 8
IPylall + gulolla) = ol — 5M1a] = 5o lol
1 3 9 1
—— [ |E: ~plg]| P: — ulg]*M —M
s (1B 101+ SulalIPy Lol + SpulalMlal + 501
where
1 _ s\ !
¢@):<m__G§(l+&d> ﬁ)x
and for which we have
max () > max 1 lx? )z = i
>0 - x>0 16 GN 64

We now balance the terms §M{[g] and 153—||g]|34 by choosing

gl
svlglze

However, in order to correctly define g, as a periodic function on Ty, we take

= %([Aa*] + 1) (3.14)

(here, by [z] we denote the integer part of x). Then

1

Oty 1 8
_ 1
gl74 M 9]

8, >——"Mlg] —
lgll7s > 5 9] 1287a.

M _
91 = 128 7a

| R

= —a.Mlg] - 55 Mlg)

and taking into account that A > 1, we deduce

IPafall + Mlgl? + Mlg] > lgllts — oM [g]
1

 2a,

(3.15)
(1B3lg)l + Mg]|P31g]l + M) + 6~ M[g]) .
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We consider the following positive reals
1

o= (1 gzlolz )
bi=4v/7llglz (B3 o]l + Mlg)lP3[g]] + Mlg]* + 57 M[g])
¢ = |Ps[g]| + M[g]” + M[g).

Thus, the inequality provides the following

b
¢z CLHQHZJJZL,4 - ||g||4 :
L4
It follows that
c+ Ve + 4dab 1
lglts < T < b
2a
and so we obtain
lgl7s < ¢ +b < [Esgll + Pslg)* +1. (3.16)
Therefore, by using again (2.33]),
1009122 + 2ulg] = Ealg] + gl — Zulgllgls — Sulg)Pslg] + —=ulg2Mlg] + 2ulg
TIILE T i 167" 8 L5 9 1 16 5

i

2 : 16
S 1Bl + 1Pyl + 1+ (1001 + utsl) ol

where the implicit constant can be taken to depend only on M[g]. Then either

2
10291172 + S1lg] < |Ealg]l + P2 [g]| +1

5
or
) 2 3 16
(1evg12 + 3uial) 5 lal
and we use (3.16). In both cases, (3.9)) holds and the proof is completed. O

4. LOCAL WELL-POSEDNESS FOR THE [-SYSTEM

Given v (sufficiently smooth) solution of (2.43)), since Iv does not solve the gauge
equivalent equation (2.43)), P;[Iv] and E;[Iv] are not conservation laws. Instead, v satisfies
the following I-system

i0,(Iv) + 0X(Iv) = —il (v20,0) — 3I(Jv[*) + p[v]I(jv[*v) — Y[v](Iv) , z € T

(['U)|t:0 = IU().

We modify the local well-posedness proof for (2.43)) to obtain the following result for (4.1).

Proposition 4.1. Let B > 0. There exist 6 ~ B~% (for some 6 > 0) and D > 0 (both
independent of N and \) such that if vo € H*(Ty) is such that ||Ivol g (r,) < B, then

[ 1] z1(j0,6)xTy) < D- (4.2)

In order to prove this result, we use the estimates of the local well-posedness theory for
(2.43]) due to Herr [17] and an interpolation lemma of Colliander, Keel, Staffilani, Takaoka,
and Tao [0, Lemma 12.1] for translation invariant multi-linear operators.

(4.1)
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Lemma 4.2. [I7, Section 4] Let § € (0,1) and X\ > 1. There exist ¢, > 0 such that

3
lu1(Bsw2)usll 74 g, 0561—[1 il 38 gor,y (4.3)
]:
lurwzustzus)ll 23 g oy ) < €6° U 150 4.3 e, (4.4)
3
lwrwusll 74 g ) < €0 H 151l 3.3 gser, ) (4.5)

for all uj € S\ with supp(u;) € {(t,x) € R x ']I‘A Dt <o), 1< <5.

Remark 4.3. One can check that the pointwise weights bounds provided by [I7,
Lemma 4.1, Lemma 4.3] hold uniformly in A > 1 (although, in view of Remark fur-
ther sub-cases have to be addressed). Then, the multi-linear estimates above use only the
L*-Strichartz and Sobolev inequalities of Lemma above, which are all scaling invariant.

In order to state the interpolation lemma, let I3, denote the I-operator introduced in
(2.50). Also, following [9], we let S, to denote the shift operator Syu(y,t) = u(y — =z, t).
A Banach space X of functions v : J x Ty — C (where J C R is some time interval)

is translation invariant if ||Sul|x = ||ul|x for all v € X and all xz. We use the spaces
X = X1’2(J x Ty) and Z = Z'(J x Ty) which clearly satisfy this requirement. An
n-linear operator 7' : X X ... x X — Z is translation invariant if S;T(ui,...,u,) =

T(Szui,...,Spuy,) for all u; € X.

Lemma 4.4. Let sp >0, n>1andletT : X x ... x X — Z be a translation invariant
n-linear operator. Suppose

n
1T (urs - un)llz < C T 5yl x (4.6)
j=1
for all so < s <1 and all uj € X, for some C' > 0. Then, we also have

n
IR T (s, a2 < DC T sl (4.7)
j=1
for all so < s <1 and all u; € X, for some D > 0 independent of N and \.

To convince the reader that the proof of [9, Lemma 12.1] yields the constant D inde-
pendent of the parameter A (as well as N), we provide the following remark that uses the
“periodization” procedure also encountered in the Poisson summation formula.

Remark 4.5. We know that the Littlewood-Paley projection operators P<y f := ¢n* f are
uniformly bounded in N, where ¢ := N¢(N-) and ¢ is a symmetric function on Zy equal
to one on {|k| < 1} and vanishes outside {|k| < 2}. However, the bound [|¢||z1(t,) depends
on A. We modify slightly this usual definition in order to ensure uniform boundedness in
the scaling parameter A as well. Thus, let ¢ be a Schwarz function on R such that ¢ is a

symmetric bump function compactly supported in {£ € R : || < 2} and identically one for
|€] < 1. Define ¥ := N¢)(N-) and for any x € T we set

= Zd}N(az + 2w Ak).

kEZ
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Note that gy (k) = 121\\/(]{:) for any k € Zy, and thus the operator P<x f = oy * [ acts as the

~

identity operator when supp(f) C {k € Z : |k| < N} (this is compatible with the region
where the operators I3, also behave like the identity operator). Also,

H‘PNHLl(T)\) = ||1/1N||L1(R) = ||1/1||L1(R)
and therefore
[P<nllx—x, |1 P<nllz—z S 1,
uniformly in N and A. Finally, by arguing as in [9] that IfIJZV_S and N°~1I3 7% are
bounded (uniformly in N and A), by splitting u; = P<yu; + Psyu; for each j, and by
estimating each contribution separately, we obtain .

We apply the above interpolation lemma to the trilinear and quintilinear terms corre-
sponding to the right hand side of (2.43]), namely

N(@v) = —iv20,0 — tv[*v + po]jv[>v — plojv (4.8)
—: N1 (0) + Na(v) + pleN3 (0) — Glo]o. (19)

Note that the estimates of Lemma give (4.6)) for sop = % Since I}, = Id for any N, we
obtain the estimate (4.6)) for s = 1 via the Leibniz rule and Lemma For example,

lur(@eim)usl| 71 S 10e) 2 ur (Qati)us| 5y + s (9 (02) 2 )us | 5y + r (0a702) ({02) Tuiz)

3 3
1
SO [T @2l gy ~ 0" [T sl -
j=1 j=1

One argues analogously for the other multi-linear estimates of Lemma [4.2] Hence, by
applying Lemma |4.4] we obtain

1 (un (@) )l S 0TI usll oy (4.10)
11 (wizustzus )z S 0 TEy sl gy (4.11)
)

1 (w0 S 0TI 17w - (4.12

We also need the following Lipschitz continuity properties for the coupling coefficients u[v]
and ¥[v]. We easily have

74

i
—

1
|l f] = plgl] < CPY (If 1 pzery) + Ngllzzery) 1 = gllpzery ) (4.13)

while Hélder’s inequality, Parseval’s identity, and the L6-Sobolev inequality give

1
WU = lgll S 5y (1183 + 17z + gy + gl ) UF =gl o (414)

The reader can also consult [17, Lemma 2.5].
We can now proceed with the proof of Proposition [£.1] by using the fixed point argument
in a closed ball of the space W = {v : n5(t)Iv(t,z) € Z'(R x Ty)} with norm

[vllw = [InsIv]l 21 mxTy)>
with § € (0,1) and D > 0 to be chosen later, and ns(t) := n(%). Grouping terms as in
(2.45))-(2.46]), and using the Duhamel formulation, solutions of (4.1]) are those v that satisfy

Tv(t) = Ux(t)Ivg — z‘/ot Ux(t —tYIN (v(t'))dt (4.15)
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in the C([0,T); H*(T,)) topology, for some T > 0. Consider the mapping v +— I'(v) given
by

() s= 0O~ in(0) [ Uste — )N O ol
By (2.12)-(2-13) and (4.10)-(4.12), we have
I < IO Tl + [a0) [ 0= DN st
< ex (1voll ez, + A (150) ) (4.16)

< B+ e (Inslol, y + InsToll®,  + InsTollz )

Also,

MM%JMMw=W@AUw—ﬂUN%menmeN%w%Mﬂﬂ

ST (Ni(nsvr) — Ni(nsv2)) |0 + 1T (Na(nsv1) — Na(nsv2)) [ 1
+ 11 (N3(nsv1) — N3(nsv2)) | 1 + 1 (nsv1 — nsv2) || 51-

We write
Ni(u1) — Ni(u2) = ui (0,u7) (u1 — ug) + w10y (u1 — ug)ug + (u1 — ug)(0:u2)us
and by using (4.10)), we obtain
11 (Ni(nsv1) — Ni(nsv2)) [l 71 S 8 (ImsTvall5 + s Tzl 5 Imsd (v — v2)]| 71
By using (4.11)) and (4.12), we similarly have
1T (Na(nsvr) — Na(nsv2)) | 51 S 6% (IInsTvill 5 + l[nsTv2l| 3a) Ins (vr — v2)|| 21,
11 (N3(nsv1) — Na(msv2)) [l 0 < 8 (ImsIvill5 + IInsTvzl|5) sl (v — v2)]| 71
It follows that
IT(v1) = T(w)llw < 6 (loallfy + lvzllfe + Nl + llo2lliy) lvr = vallw (4.17)
By taking D = 2¢1B + 1 and 6 such that 6°D® ~ 1, from (4.16) and ([#.17), we get

1
IP@)llw =D and [T (v1) = Dv2)llw < 5llor = vallw,

for all v,v1,v2 € {w € W : ||lw|]lw < D}. Hence, by Banach’s fixed point theorem, there
exists a unique v with ||v|ly < D such that v = T'(v) in W. Thus,

[ 1v]| 21((0,61xTy) < [IMslvll 21 ®xTy) < D
and it follows that (4.15]) holds on [0, d]. The proof of Proposition is completed.

5. MODIFIED ENERGY FUNCTIONALS VIA THE /-OPERATOR AND CORRECTION TERMS

In view of the discussion in Section [3| we consider the essential part of the energy
functional associated to ([2.43), namely

1
E] = / (]8xv|2 — v[2Im(vvz)> dx. (5.1)
T, 2
The first modified energy is defined to be the R-valued functional

1
El[v] = E[Iv] = —As(k1komima;v) + 1A4(k13m1m2m3m4; v) (5.2)
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and for v sufficiently smooth solution of (2.43)), one can compute its time increment from
the fundamental theorem of calculus

to+0
EVulto + 6)] — EVu(to)] = / " 4 1)) dt. (5.3)

W dt

Using ([2.55)), we have
d .
ZE ()] =Aa(Mv) + As(M50) + As(M;v) — o] (Aa(Esv) + Ao(KGiv) ), (54)

with the multipliers Mj, Mg, M¢ given by [7, Proposition 4.1], e.g.
1 1
M} (k) := —gmamamgmakiakiskia — i(m%kz%kg + m3kaky + makiky + m3kiks).  (5.5)

Here, it is not particularly important to have the precise expression of the multipliers M61,
Mé. The multipliers K}, Kﬁl are new to the periodic setting (due to a different expression
of the gauge transformation) and are given by

4
> (~1mik] (5.6)

=1

K}(k) :=

DO =

Ké (k) = Z MaMpMecMidef — MgMeM fMape - (57)

{a,c,e}={1,3,5}

{b,d,f}={2,4,6}
Note that by Remark Ay(K};v) and Ag(K(,v) are purely imaginary, and that
Ay(M};v), Ag(Mg;v) and Ag(Mg;v) are R-valued.

The rule of thumb when one tries to prove estimates on the various terms of
is that “different pieces of A, appearing in the right hand side of 9;£'(v) are easier for
n larger” [8, p. 72]. This motivates the following procedure when one tries to refine the
I-method.

A second instantiation of the I-method modifies further the expression of the energy
functional by taking

[SVIN )

E2[v] := EMu] + Ayglo4;v) (5.8)
where the “correction” multiplier o4 is chosen so that in the expression of %5 2(v), no fourth
order term A4(-;v) appears. For the sake of keeping the equations compact, we choose to
drop the reference to v from A, (M,;v), and the frequency arguments k = (ky, ..., k,) when

the formulae get too long.
By the differentiation rule (2.55)), we have

4

4 .
d ) 1 i
a/\4(04) =Ay(0404) —ilg ;X§(04)kj+l + 51\8 ;(—1)j X% (04)

(5.9)

4
— iufv]Ag Z X?(@)
j=1

Note that if ay(k) = 0, then either k12 = 0 or k14 = 0, and both imply that ]\Z(k) =0.
We define the first correction o4 = o4(k) for k € T'y(T)) by setting
Mi 1 m%k%kg + m%k%l@; + m%k%kl + mikil@

04 1= —?4 = 1 <m1m2m3m4k13 + k1ok1g ) (5.10)
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when a4 # 0, and 04 = 0 when a4 = 0. Thus, in the second iteration of the I-method there
are no resonances for the correction term as we have |M} (k)| < |as(k)]| for all k € Ty(T)).

Therefore, by (5.2), (5.8) and (5.10)), the second generation modified energy is given

by
1
52[0] = —Ag(klk‘zmlmz) + §A4(M4), (5.11)
where we set
m%k%k;g + m%k‘%]{4 + m%kgk‘l + mikikz
2k12k14

when the denominator does not vanish. Note that since kijski4 = 0 in T'y(T)) implies
m3k3ks + m3k3ks + m3k3ki + m3k3ke = 0, we can set in this cases My := 0.

Hence from (5.4)) and (5.9)), we get

My = —

(5.12)

d .
ZE20(t)] =A6(M) + As(MZ) — inlo] (Aa(K) + As(Kd) + As(KD)). (5.13)
where M2 and M2 are the multipliers given by
. 6
3 .
M2 = G > (=1mik? (5.14)

j=1
i
T > (M4(k:abc, ka, ke, kp)ky + Ma(ka, kveds ke, k) ke

{a,c,e}={1,3,5}
{b,d,f}={2,4,6}

o+ Ma(ka, Koy Feae, Ky )a + Ma(kas ko, ke, Raep ke )

Mg = Cy Z (M4(kabcdey kg kg, kn) — My(ka, Kpedess kg, En) (5.15)

{a,c,e,9}={1,3,5,7}
{b,d,f,h}={2,4,6,8}

+ My(ka, ky, kcdepq, kn) — My(ka, ky, ke, k‘defgh))
(as in [8, Proposition 3.7] or [31l p. 2173]). Also,

4
K§ =) X3(04). (5.16)
j=1

We note that when proving the estimates on Mg (see Lemma [5.4), cancelations between

the large terms coming from the first term in (5.14)) and the large terms coming from the

sum of My’s are exploited, and thus the coefficients of the two pieces of Mg are critical,
i

whereas the constant Cg = 532 is irrelevant in our analysis.

Remark 5.1 (Small Frequencies Remark). Notice that if |k;| < N for all j, we have
m(k;) =1 and thus
_kikskiz + koka(—k13) _ ki3

One can similarly check that if |k;| < N for all j, all the multipliers My, K7, (n = 4,6,8,
g = 1,2) vanish.

M4(k) = for all k € P4(T)\). (517)

On T',(T)), the largest two frequencies must have comparable sizes and thus, without
loss of generality, we may assume that

k€ Yo(Ty) i= {(ky,... k) € Z0: |KI| ~ |k} = N}, (5.18)
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where N is the frequency size threshold of the I-operator as defined in Subsection and
(ky,...,k}) denotes a rearrangement of (ki,...,k,) such that

k> k3> > [k

We'll also adopt the notation N; = ]k;k|
Due to Remark when proving the necessary estimates, it is enough to consider
k € T,(T,), i.e. only the region N; ~ Ny 2 N.

Remark 5.2 (Symmetry Remark). We point out that the multipliers M;’s that
appear throughout this article, and consequently the associated multilinear forms
Ap(Mi;v1,v2,. .. ,v,) are invariant under permutations of the even or of the odd k; (or
vj) indices. Also, the same is true (up to sign) if one swaps the set of all odd k;’s (or v;’s)
with the set of all even k;’s (respectively v;’s).

Hence, in addition to , without loss of generality we may assume that

k1| > |ks| > ..o > [kn—1| kol > ks >0 2> [kal
and
k1| = [kal.

If all these are in place, we have k] = ki, but either k5 = ko or k3 = k3.
5.1. Pointwise bounds on the multipliers. We provide here the multiplier estimates
that are relevant in our analysis, namely for the almost conservation estimates of the
modified energy functional in Section [6] and in the estimates of the correction terms in
Section |7 We recall that we work under the symmetry assumptions on the multipliers M;],
K}, mentioned in Remark Also, since we rely on ([2.51]), the assumption s > % is needed
for all of the results below.

Although the multiplier My is not involved directly in (5.13]), the refined bounds (ii)
and (iii) below are crucial for MZ and M.
Lemma 5.3. [8, Lemma 4.1, 4.2] For My defined by (5.12)) and k € T'4(T)), we have:

(i) [Ma(k)| < m(N1)* Ny

(ii) Zf “ﬁ’ ~ ’kg’ 2 N > N3, then ’M4(k)‘ S m(Nl)QNg;

(ifi) of k1| ~ [ka| = N > Ny, then My(k) = "5 1 O(ny).

By using the estimate (i) above, one can immediately obtain a crude bound for the
symbol MZ (see (i) below). We recall that in [§], the refined estimate (ii) below, as well as
using Bourgain’s trick to provide additional denominators, make possible the global well-
posedness result of on the real line for s > %, but not at the end-point s = % It is
worth mentioning that for (ii), in the case N3 < N and the largest two frequencies have
same parity, it was exploited the cancellation “between the large terms coming from (g and
the large terms of the sum of the My.” Hence the almost conservation estimate of £2 owes
to the specific nonlinear structure —iv20,v — %|v\4v of the gauged DNLS equation in
the Euclidean case.

Lemma 5.4. [8, Lemma 6.2] For Mg defined by and k € T'4(Ty), we have:
(i) [M§(k)| < m(N1)>Ni;
(ii) if N3 < N, then |[MZ(k)| < N1Ns.
Lemma 5.5. For o4 defined by and k € T'y(Ty), we have:
|74 (k)] < m(N1)* Ny,
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Proof. For o4, one easily notes that o} := —im1m2m3m4k¢13 is bounded by m(N;)2N; and
for 03 := 04 — o}, we have Lemmawhich gives |03] ~ |[My| < m(N1)2Ny. O

Another immediate consequence of Lemma [5.3] is the following:

Lemma 5.6. For M2 defined by and k € T's, we have:
(i) [MZ (k)| < m(N1)*Ni;
(ii) if N3 < N, then |M2(k)| < Ns.

Lemma 5.7. For K} defined by and k € T'4(Ty), we have
(i) [Ki(k)| < m(N1)>NE;
(i) if [k1| ~ k2| Z N > N3, then |Kj(k)| < m(N1)>NiN3.

Proof. The first statement is immediate as & +— m(&)2€? is increasing. For the second
statement, |m/(€)| ~ m(€)|€]~! when [£] > N, and by the mean value theorem

[m(k)* ki — m(ka)*k3| ~ m®(0)[0llk1 — (—k2)|
for some 6 between k1 and —ks; hence |0] ~ N1 and m(0)? ~ m(N;)?. Since we also have
|k12| = |k3a| < N3, we get |m(k1)2k? — m(ko)?k3| < m(N71)2N1N3. Then, the crude bound
[m(ks)?k3 — m(ka) k3| < m(ks)*k3 + m(ka)*k < m(N3)*N3
together with m(N3)2N3 < m(N7)2Ny, concludes the proof. O

For the last lemma in this section, the first statement is immediate from 0 < m(-) < 1,
while the second follows from Lemma [5.5

Lemma 5.8. For K}, K2 defined by (5.7), (5.16) respectively, and k € T'4(Ty), we have
(i) [Kg(k)| < 1;
(i) |[KE(k)| S m(N1)>N.
5.2. Necessity of the third iteration of the I-method. To make the matters clear
why we need to implement a third generation I-method, we prove here the decay estimate
for [ AG(Mg)dt. This part serves two purposes: first, to see how one applies the bilinear

estimate in order to recover the result of [49, Lemma 7.5], and second to uncover the worst
case scenarios and hence motivate the non-resonant subregions of Subsection

Proposition 5.9. For s > % and M defined by (5.14)), we have the estimate

1
J T R e e L P (5.19)

Proof. We write v = 3 7 v;, with supp(0;) C {(7,k) € R x Zy : |[k] ~ N;} for each N;
dyadic number. Thus, it is enough to estimate

/ A6(M62;U1,U2,. ..,U6) dt (520)
R

where without loss of generality we can assume, in addition to the frequency localization,
that each 0; is real valued and non-negative. This step, as well as why it is enough to
consider the time integral on R rather than on [0, §] can be justified by standard arguments
as in Section [6
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Case 1. Ny ~ Ny 2 N > N3. By Lemma (ii) we have |M62] < N1 Nj. Notice that
for s > % and € > 0 small enough, one obtains

N ~Y
In this case, m(N;) =1 for j > 3 and therefore by (2.25) and (| -7 we get

JeIv;
6 % /*/**m s L

5 N{H // (JpIvy)(Jplvs)(JpIva)(Jplvg)(Tvs)(Ivg)dadt

Nl 25s—1—¢
m(N1)?Ny = N> NP~ h = N1 () N§ > N'7°Nf. (5.21)

N1+
S NOF 1(JaLvr)(Jedvs)l 2 [[(Jalv2)(Jadva)llpz [[10s]|zge, [ Tvel| e,
N\ —1+
S Hufvynxll IT 1ol 5o
7=5,6
1+)\ 1+
S HHIUJHZl (522

where [ and [, stand for integration on I's(R) and on I'¢(Ty), respectively (see Sec-
tion [2.5). The operator J, denotes the Bessel potential operator, i.e. J,f(k) = (k) f(k).

Remark 5.10. For s = 3, we only have m(N1)>N; 2 N as we cannot afford to borrow an
N7 factor as in ((5.21]) above. Notice that since there are no other tools to obtain additional
decaying factors, to make up for the logarithmic loss in A, as well as to ensure summability,

one would need to obtain a better estimate, for example
|Mg| S NTONGT (5.23)
which gives the following factor in ((5.22]):

N- 1)\ 1N3)\0+ < N_l)\_l_

0~ 0
NY I\

(recall that since s > %, we have 1 < A < N). We note that the decaying factor N~*\~1~

would allow us to obtain the global well-posedness result at s = % (see Section . Although

the bound (/5.23)) is not conceivable on the entire I'g(T) ), such an estimate can be established
on a carefully chosen subset (see Section .

Case 2. N3 2 N > N,. By Lemma (i) we have |[M2| < m(N1)2N2, and for s > 0,
m(N3)N3 > N7 NIt We then have

x| = HHW
**m N3H] 4
1+
_N-

At this point we have to discuss the frequency separation of the first three factors.

//ﬁmmﬁmmm@.
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Subcase 2.1 If N3 ~ Nj, then since N3 > N4, two out of the three frequencies
k1, ko, k3 must have opposite signs, say k1 and ko. Thus J,Ivy and J,Iv2 are separated in
frequency, and so are JyIvs and J,lvs. We have

N+
< / / (JoTv1)(JpTve) (JpTvs) (JpTvy) (Tvs) (Tvg)dxdt

N~ 1+
S WII(J wlv1)(Jolva)| 2 N(Julvs)(Julva)llzz [TvsllLes, [Hvsl Lge,
N1+

N NOJF H H‘[vjuzl

Subcase 2.2 If N3 <« Nl, then as in Case 1, we can clearly apply the bilinear estimate
(2.25) to the L7, -norms of both (J,Iv1)(JyJv3) and (JIva)(Jplvs) and obtain

N-+ )\, 6
(-20) < TIIIMII R (VL1 Y 1:[ ;-
Notice that in this sub case the factor 1 /Ng+ does not allow direct summation over the
dyadic numbers N; ~ No. However, exploiting the L?-based norm of the space X L3 of the
first two factors, one can recover the claim (see Section @ without any setback.

Remark 5.11. Notice that although in Case 2 we have three large frequencies (N3 2 N >
Ny), the bound on the weight Mg is worse than in Case 1, and overall we obtain the same
(insufficient) decaying factor of N~ A~1*. Therefore we also need to correct for this case.

Case 3. Ny > N. By Lemma [5.4 (i) we have |MZ| < m(N1)2NZ, and for s > 0,
m(N;)N; 2 N‘HNJQJF, j = 3,4. It follows that

6
1 —
F20) < / [ 71
x J xx m(N3)N3m(N4)N4 Hj:5,6<kj> =1 J

S S [ [ AT

Although when A ~ N, the decaying factor obtained above is just as good as that in the

previous cases, we can gain here another decaying factor A3t by separating the analysis
into subcases N3 ~ N7 and N3 < Np, as we did in Case 2. We obtain

N_2+)\,%+ 6
(p-20) < T”IUIHXL%HI”?HXL% H [1vj ]| 22
3 j=3

and since we choose the parameters so that 1 < A < N, we have in this case a better
decaying factor. O

The other sixth order term in (5.13) is p[v]A4(K};v). The coefficient u[v] =

%HUH%Q(TA) already provides a decaying factor of A~!. In the remark below, we inves-

tigate the worst case scenario corresponding to this term.

~

N3 < N and the largest two frequencies have the same parity (as we have, for exam-
ple, |K}(Ny,0,—N1,0)| = m(N1)2N?). In this case, the best estimate that can be obtained

Remark 5.12. The pointwise bound |Kj(k)| < m(N1)2N? is optimal in the case
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18
4

1. :
/RAZL(Kz;aUl, /A* e E[J v;
) (IO Tw3) (JpTvo) (Tvy)dadt
i v [ o (T2 (To)
AL
S NOF ” (. I”l)(JgJFIUS)HngH(JIIW)(IM)HL@
3
)\—H- 4
5 N§)+ jl;[lHIUjHXL%~ (5.24)

Hence, we have the estimateﬂ

)
/0 A4<Ki;v<t>>dt\ A0S o

This decay rate is insufficient to reach the regularity index s = % Since the bound of K} is
optimal and the available tools cannot yield a better estimate, we have to provide a second
correction term that removes (at least) this case.

p[v]

5.3. The third generation modified energy. We refine further the choice of modified
energy for the I-method as a refinement of £2 of the form

3] == E2[v] + Ag¢(06; v) + ip[v]As(og;v). (5.25)

In the same manner as above, we are lead to define the “correction” term og by imposing
Mg + ogag = 0. In contrast to the situation of a4 discussed above, the set on which ag
vanishes is not small, in particular g = 0 does not imply Mg = 0. The idea around this
is to define a region 2 in the hyperplane I'¢(T)) referred to as the non-resonant set of og
where ag clearly does not vanish, but also with the property that on Q¢ := T'q(T)) \ Q we
have satisfactory pointwise estimates on Mg . We can then take
2
o6 1= Mg 1o, (5.26)
73
where 1 denotes the characteristic function of the set 2 which is defined in Subsection
For the second correction term in , the situation is simpler (since gy = 0 implies
K} =0) and we can define
1
04 := B4 (5.27)
Qy

when a4 # 0, and o4 := 0 when a4 = 0.

Using (2.55)), we find that
%53[’”(’5)] =N6(M§ - Lae) + Ag(Mg) + As(Mg) + Aro (M)
— ipfo] (Aa(K3) + Ao(K3) + Ao(KR) + Ag(K§) + As(K) + Ag(K3)) (5:28)
ul)?Ag (K

13. In the region where we have the refined estimate | K7 (k)| < m(N1)?Ni N3, one obtains the pre-factor

N7 A2t in .
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where the additional terms (i.e. the ones corresponding to the two correction terms og and
04) are given by

Mg = =i X3(06)kji1, (5.29)
j=1
6
K§ = X3(06), (5.30)
j=1
i o .
Miy =5 D (-1)71X](06), (5.31)
j=1
N 4
K =i X3(oa)kjs, (5.32)
j=1
N 4
K=Y X3(o3), (5.33)
j=1
K3 = 3 > (~1)XS(0a). (5.34)
j=1

5.4. A non-resonant set for ag. We now turn to describing the set €, as it was introduced
in [3I]. With the simplifying assumptions of Remark in place, let us analyze the
expression
iog = ki — k3 + k3 — k3 + k2 — k2.

If precisely two frequencies have sizes above the threshold N, we distinguish the fol-
lowing two cases.
Case 1. If the largest two frequencies have the same parity, then clearly |ag| > NZ. The
corresponding non-resonant region is defined to be

0 = {k € T6(T») : k1| ~ |ks| = N > N3} (5.35)

This definition is just slightly different from the analogous one in [31, Section 3] and it does
not affect the estimates.

Case 2. If the largest two frequencies have opposite parity, say k; and kg, then on I'g(T))
it must be that k1 = —ko + O(N3) and

iOéﬁ = km(k’l — k'Q) + O(N??)
While k1 — ko = O(Ny), it is possible to have k12 = 0 and ag = 0. Even if the latter does

not happen, a too weak lower bound on ag renders an insufficiently good upper bound on
2
M3 (one of the multipliers that involve og = —%—:, see (5.29)). As in [31], we consider the
following subregion

N\ 3

2
= {k € T6(T)\) : |k‘1| ~ |k:2| Z N > N3 and |k12| z (]\f) Ng} . (536)

1

Remark 5.13. Notice that in the case |k1| ~ |ka| = N > N3, we have |k12| = |ksas6] S Ns.
> Ni
Ny -°

~

On the other hand, by looking to ensure ag # 0, the natural bound to impose is | k2|
However, while the latter gives a better bound on the remaining part Mglgc of %53, it
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does not allow for a satisfactory bound on the correction multiplier o¢ (which appears, for
example, in MJ). At the other extreme, correcting only in the region |kj2| ~ N3 does not
produce a small enough bound on MZ1ge. We would like to point out that (here, as well
as in the Euclidean setting [31]), the choice of 3 in the exponent is not essential, as any

lower bound of the form
N3\ ?
kol 2 | = | N
k12| 2 ( N1) 3

(for some 0 < # < 1) produces the extra N~¢ decay factor needed to reach s = %

Case 3. Finally, since the decay factors in the estimate of Ag(Mg)-term were also
critical in the case N3 2 N > N, (see Case 2 in the proof of Proposition , we need to
correct for it in this region as well. When three frequency sizes are much larger than the
remaining frequency sizes, g does not vanish as we have |ag| > N3. Therefore, we define

Q3 := {k S TG(TA) : N3 > N4} (5.37)

We point out that the correction is deliberately intended for the larger region N3 > Ny
(i.e. Q3) rather than N3 > N > Ny, since on {23 we have

1
N 2
|kt 4 k3| = |k + k5 + ki 4 kS| ~ N3 > (Ni) Nj. (5.38)

Correcting for Mg in these three subregions of T¢(T)) is enough for our goal, hence
we consider € := 7 U Qs U Q3 to be the non-resonant set of ag, and in what follows we
denote Q¢ := T¢(Ty) \ Q.

5.5. Pointwise bounds on the multipliers (continued). In this section we first recall
the pointwise estimates obtained by Miao, Wu, and Xu [31], and then we establish the
bounds needed to handle the second correction term in (|5.25|).

Lemma 5.14. [31, Corollary 4.1] For MZ defined by (5.14) and k € Tg, we have:
(i) if N3 < N, then |MZ(k)| < Ni|ki + k3| + N2;
13
(ii) if N3 < N and k € Q°, then |MZ(k)| < N2 NZ.
Lemma 5.15. [31, Lemma 4.9] For o¢ defined by (5.26) and k € T'4(Ty), we have:

(i) los(k)| < 15

(i) if k € 1 N {N3 < N}, then |og(k)| < 2.

Lemma 5.16. [31], Proposition 4.3] For Mg defined by and k € T's, we have:
(i) [ME(K)| S Nu;
(i) if N3 < N, then |M3(K)| S NZNZ.
Also, as direct consequences of the above Lemma [5.15] we have the same bounds for

K3 and M3, (see (5.30) and (5.31)) ) as for og. Finally, we provide the pointwise estimates
corresponding to the second correction term in ({5.25).

Lemma 5.17. For o4 defined by (5.27) and k € T'y(T), we have:
(1) [o2(k)| S m(N1)*Ni;
(i) if N3 < N, then |o4(k)| < m(Np)2.
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Proof. Let P4 denote the numerator in (|5.27)). We have the crude estimate
|84 < m(N1)2N2, and note that either ay = 0 (in which case o4 = 0) or |ay| > 2Ny.
Depending on the parity of the largest two frequencies, we distinguish two cases.

If kjiﬁ = kl and k; = ]{33, then |Oé4| ~ |]{312Hk314| ~ N12 and |54| ~ m(N1)2N12.

If k¥ = k1 and k5 = ko, then |a4| ~ Ni|ksa|, k1 and k2 have opposite signs and by the
mean value theorem, we have

|Ba] <Im(k1)*k7 — m(—k2)*(—k2)?| + |ksa| - [k3 — kal
<[kia| - [(m(€)*€?)'| + |ksal - |k — kal,
where [£| ~ N and thus

Sl ~ Im(EE] ~ ()
Since
ks — ka| S N3 < N < m(N1)* Ny,
we get
|Ba] S m(N1)* N1kl
and the conclusion follows. O

Consequently, by simply referring to their definitions in ([5.33|) and (5.34)), we also have

the same bounds for Kél and K g’, respectively, as for o4, In the same manner, we have the
following lemma.

Lemma 5.18. For IA(g defined by (5.32)) and k € T'g(T)), we have:
(i) [K3 (k)| < m(N1)>NE;
(ii) if N3 < N, then |Kg(k)| < m(N1)2Ny.

6. ALMOST CONSERVATION ESTIMATES FOR THE THIRD GENERATION MODIFIED ENERGY

The scope of this section is to show that for a smooth solution v of (2.43|), the possible
increase of £3[v(-)] can be made arbitrary small by appropriately choosing the parameters
N and A, i.e. that we have an estimate of the form

}53[0(5)] - 53[1)(0)]\ SNTIATH (6.1)

for some v,k > O.E On the right hand side we use (powers of) the Z'-norm of Iv who,
we recall, lives on the scaled spatial domain T) and whose energy on frequencies 2 N is
damped by the operator I.

We decompose the solution v using the Litllewood-Paley projectors in spatial frequen-
cies:

v=3 Pyv , Pyo(r.k)=15,(n)o(rk),
j=0

14. The powers =, k are responsible for the level of regularity at which the global existence via the I-
method is obtained. Subsequent iterations of the I-method aim at finding a functional that can provide
good enough decay rates in order to reach s = % Eventually, one approximates an H®(T)-solution v of
by a sequence of smooth solutions (v, )» and then is derived for v.
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where Iy := {k € Zy : |[k| < 1} and I; :== {k € Zy : 277! < |k| < 27} for j > 1. By the
fundamental theorem of calculus, the proof of (6.1) reduces to estimating expressions of
the form

/6 A (Moys 0(2)) dt
0

corresponding to the multipliers M,, that appear in (5.28). It is enoughlﬂ to obtain esti-
mates for

/R 10,5 () An (M 01 (8), - .., 0 (1)) d, (6.2)

where each v; has Fourier support in the band {(7, k) : |k| ~ N;}, with Nj ~ |I;|. If N; < N
for all j, the multiplier M,, vanishes, hence we assume N; ~ Ny 2> N (see Remark .
Due to Remark we can also assume that Ny > Ny > ... > N,,.

Regarding the sharp time-cutoff, we note that in each case, we are able to place at

least a few factors in the X2~ -norm (rather than in the Z!-norm) and since we know that

11[0,6)(t) < 60,

[
Ht

by Lemma [2.4] we have
e lvll 11 50+||IU||X1,%- (6.3)

Therefore, in proving the results of this section, we are concerned with estimates of the
form

n
/ An(Mp; 01(8), -, va () dt S NTAT [T Hjll 20y (6.4)
R ,
7j=1
where v; = Py, v; for all j.

Before starting to prove estimates of the form (6.4)) for each term that appears in
(5.28]), we make some further reductions common to all of them.

Remark 6.1. Since the norms on the right hand side of (6.4) depend on |7}|, for the sake
of simplified writing, we assume that all 0;’s are real valued and non-negative.

Remark 6.2. To ensure summability over all dyadics N; > Ng > ... > N,, we can most
of the times obtain a factor of 1/NYT on the right hand side above since then

n

R 1
W H 11PN, vill 21 (mxcry) S H NOT 110111 Ty ) -
j=1 =11V

and the summation (first over N,, lastly over Nj) is straightforward. However, having
L72- -based norms on the largest two frequency factors Ivy and Ivy allows one to relax the

summability factor to 1 /N:,?Jr in the region N; ~ Ns. This essentially follows from an
application of Cauchy-Schwarz inequality. Indeed, suppose that we have
|£(PN1v17 PN2U2)| < AHIPNl,UlHXl,% ||IPN2’U2HX1,%

for the bilinear functional £ defined by fixing vs,...,v, in the left hand side of (6.4)).
Let N7 = 27t and Ny = 272, Summing over the pair of dyadic numbers (N1, N3) in the

15. Indeed, one can take the functions v; such that the time restrictions vj , 5 = Pjv and [[vj|| z1&xT,) <
| Pjvll 21 (j0,6)xT,) + € for odd j’s, and similarly with P;v for even j’s. Eventually one takes ¢ — 0 to obtain
the estimate.
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region Nj ~ No amounts to summing over the pair of integers (j1,j2) with |j1 — j2| < 4.@
Therefore

=
|

Y 1LPwyor, Pryoa) S A (Y Pyl Yo IPwwnll}s

Ni~No J1EZ J2€Z,|j2—71|<4

< Allwnllyz_Jlwallyz

where we have taken w; to be defined by w;(7, k) = m(k){k)(T + k2>% i (T, k).

With these reduction remarks at hand, we can proceed to the proof of almost conser-
vation estimates. We denote by J, the Bessel potential operator in the space variable, i.e.
Jof(k) = (k) f(k). For simplicity, [, and [ stand for integration on I's(R) and on T'(T}),
respectively (see Section [2.5)).

Lemma 6.3. Let s > 5 and § > 0. For M defined by (5.14)), and Q° as in Subsection
we have the estimate

5
/ Aﬁ(Mglm;U(t))dt‘ S N_%+)‘_1+60+Hlvuﬁzl([o,&}><'[l‘>\)‘ (6.5)
0

Proof. We distinguish several subregions of Q¢, but first note that for all k € T¢(Ty) \ Q3
we have N3 ~ Ny.
Case 1: N; ~ Ny > N > N3. Note that m(N;) =1 for j > 3, and m(N1)2N; = N.

By Lemma [5.14} we have |[MZ1ge| < Nf N32 and by using , we get

1
/AG(M§1QC;01,..., dt<// HJ Iv;
R **le 2N2N2H] 56< >

N—*—O—
N N0+ // ki5 H‘]IU]

N_§

S o / /T ) o) ) o) (15 ()
N2+t

~ WH(J 2 1v1)(Jz IU3)HL2 [(JzTv2)(JzTvs) HL2 H ”IUJHL

1 j=5,6
By (2.25) and (2.10]), we thus get
N™
2 .
[ Aotz a5 X LI anvjuxll T 12l 4.

7=5,6

The case N3 = N > N, is vacuous on 2¢ and thus the next case we have to consider
is the one in which precisely four of the frequencies have sizes larger than the threshold V.
Case 2: Ny 2 N > N5. We also have N1 ~ Ny, N3 ~ Ny and for j = 3,4,

N;

m(N;)N; = N~ <N

> N)* > N'TNJT (6.6)

16. For n < 10, on I',(T») we have éNg < N1 < 9Ny, so there is a universal upper bound on |j1 — j2|.
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By using the crude estimate |MZ| < m(N1)2N? of Lemma we estimate

As(M21ge; vy, ... v6)dt < ToIv;
/R 6( 6 1Qc; U1, , U //mNg 2N2 k?5><k’6>1_‘[ Uj

N2t / 1 5
S Jplv;.
N7 ) Tty L1
‘We now discuss two subcases.

Subcase 2.1. If N3 ~ Ny, since N5 < Ny, two out of the four frequencies k1, ko, k3, k4
must have opposite signs, say k; and ks. Therefore v; and vy are separated in frequency and
we use the bilinear estimate (2.25)), and together with the L*-Strichartz estimate (2.18)), we
obtain

N—2+
[ A0 100 e S S It etz TT Wervslag, TT vl
R j=3,4 j=5,6
<N 24 )3+ A
St | (TR | QLT
7=5,6

Subcase 2.2. If N3 <« Ny, then we apply the bilinear estimate ) twice and get

/ A6(M6219c; V1, V2, ..., 06)dt
R

N— 24
S —or NOF I TeZo) (JoTvs) gz I (Jalv2)(JeTva)llzz . [T IHvjllez,

7=5,6

N2+)\ 1+ 4

S N0+ HHJ IU]H 0,% H HIUJHY?-&-O
7=5,6

Case 3: N5 = N. We use for j = 3,4,5, m(k6)</~36)% > 1, and N5 > Ng to
deduce

6
Ag(MGQ]_Qc;'Ul,..., dt</
/R *ok H] 3m 1;[

< N§+ // ToTo1 oI on E[( j> (@W)

N3 N7

H ||J IU]||L4 HHJI I’U]HLS ||Jx IU6||L§°I.
j=12

The factors A’ above appear due to the application of . By using the Strichartz

estimates ([2.18) and (2.21]), as well as the embedding (2.10)), we have

—3+ 0+ 5 . 1_
IT 1ol og T2 T0ill or g 192 To6lpsa

/AG(MngC;'U]_,...,’Uﬁ)dtSO_i_
R N. + -
j=12 7=3

—3+10+
N
N3

H 10l 1,3 (o6 lyro-
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Since in Section |8 we choose A, N such that 1 < X\ < N (for s > %), in the second and
third cases we have faster decaying factors than in Case 1. U

Lemma 6.4. Let s > % and § > 0. For M3 defined by (5.29), we have the estimate

/ As(M3;v(t) dt| < N—2tA~ 60| Tol| 51 o 5y ) (6.8)

The same estimate holds if Mg is replaced by M.

Proof. By Lemma. we have |Mg (k)| < N for all k € T'g(T)), and if N3 < N, then
M| S NENE.

We dlstlngulsh three cases and in all of them we use that m(N1)2N; > N, and when
N3 2 N, m(N3)N3 2 N'=NJT as in (6.6).

Case 1: Ny ~ Ny > N > N3. We have

1
/Ag(Mg’;vl,..., dt<// HJ Iv;
R * JEk gy Nl 2N2N2 H] 4<

N*er
< i // (ToTv1 JpT03) (T Tva Ty Tvg) HIUJ

_3 8
N2t
S WH(%IM)(%I%)H%H(fow)(JxIm)Hng [T 17vlle,
j=5
< NH H 1ol H T
Case 2: N3 2 N > Ny. Here, we get
1
Ag(M3;v1,. .. 08 dt<// JoIv;
/R xx TN N1)2N1m(N3)N3 H] 4 H ]
N 2+
< o // (TeZor T Tog) (T Tv2) (T T0g) HIUJ
N-2+ 8
S yor 1Galv)(alva)lpe 1 JeTv2ll g W= Tvsl o, TT vz,
3 j=5
2+)\—§+ 4

ST H 1ol H 1ol g o

Case 3: Ny =~ N. In this case, we additionally have that m(N4)Ny = N. For
5 < j <8, since m(/@)(lf])% 2> 1, by taking into account ([2.3)), we have

NSFEmky) (ks) 2 X0 (kj) = (6.9)
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Thus, we obtain

5 N 3+
/RAS(MSSUM--"U S // HJIUJH I

,_.

_NTEO 2

S T Roe H||vag||L4 HllJz Tvjllg,
_N- 3+ 0+ 4

S NO+ HHJ Tvj oSHHJw IUJH
_N- 3+ 0+ 4

ST H T H 10 llyro.

We recall that for the multiplier MZ we have better bounds than for Mg (see Lemma
and Lemma |5.14]), hence it is enough to consider only the latter. U

Lemma 6.5. Let s > % and § > 0. For M3}, defined by (5.31)), we have the estimate

5
/ Aro(Mip; v(t)) dt‘ S NN 1ol 2 o sy ) (6.10)
0

Proof. By (5.31]) and Lemma we have | M3, (k)| < 1 and thus we gain the factor N~2+
from m(N;)N; 2 N 1*NJQ+, j = 1,2. For additional decaying factors, it is enough to discuss

two cases.
Case 1: Ny 2 N > N3. We have

// EATATSIEATIATH Hh}]

N2+

3.
/A10(M10,U17-~-7010 N
R
10

N— 24+
S yor 1(JeTor) (JoTvs)l g2 NI(JaTva) (JuTva)llzz T T 1705005
1 j=5

< N” 2+ )\ 1+
S N0+ HIIIUJII 11HHIUJII 140

Case 2: N3 > N. In this case, we additionally have m(N3)N3 = N. Also, we use
m(ks)(ks) > 1, and m(k;)(k;)2 > 1 for 5 < j < 10. By using 1/Nt < | 1/Nj/6, we get

N3+ A 0
Moo o) de 5 e HnJmIvjuLg,zHHJ: 10z,

S N0+ H 1703l g H 735l

Note that in Case 2 (by discussing various subregions), we could provide at least an addi-
tional A\~2F factor, but since N1+ < A7!'* and the decaying factor in Case 1 is optimal,
we limit ourselves to the above estimate. g
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For the remaining terms that appear in (5.28]) (i.e. the ones due to the gauge trans-
formation in the periodic setting), we have a decaying factor A~! thanks to the coupling
coefficient u[v]. Indeed, by (2.11)) and by using 1 < m(k)(k), we have

1

. /\”UHL‘X’L? SA N elvlFoo < A7H| T

ulv] =

Lemma 6.6. Let s >0 and § > 0. For K} as defined by (5.6)), we have the estimate

< N4 )\~ 1+ 50+ 4
/A4K4, dt‘ N Lo}y o (6.11)

Proof. By Lemma we have |K}(k)| < m(N1)?2NE for all k € Ty(Ty), and if N3 < N
then | K} (k)| < m(N1)?>NiN3. We need to discuss three cases.
Case 1: N; ~ N 2 N > N3. Due to the refined estimate, we have

4
1 S
Ay(K}ivr,. .. v0)dt < 7||fo4
/R 4( 4501, 7,04) N/* o N1<]€4> ; Uj

5 —o // (Jolv1)(Jplvg)(Jplve)(Jplvs)dxdt
Ny T,

N~

N W!!(fovl)(JxIvs)lng,xH(JxIUQ)(J:JM)HLgx

N S
S N HHIijxl

Case 2: N3 > N > Ny. By using (6.6), we obtain

4
1 e
A Kl;Ua'-'vv dtSJ/ JIIU
J s ars (N3 Ny (k) ) LL 71"

N 1+
S — // (JopIvy)(Jplve)(JpIvs)(vy)dadt.
N T,

Subcase 2.1. If N3 ~ Ni, then since N3 > Ny, two out of the three frequencies
k1, ko, k3 must have opposite signs, say k1 and ko. Thus J,Iv, and J,Ivy are separated in
frequency, and so are J,Ivs and J,Ivy. By also using m(k4)(ks) 2 1, we have

N— 1+
/A4(Ki;v1,...,v4)dt§ — o 1 (Jalvr) (Jolv2) 2 [|(Judvs)(Judva)| 12
R N t,x t,x

1+)\ 1+ 4
Sl | (DTRES (6.12)

Subcase 2.2. If N3 < Ny, then as in Case 1, we can clearly apply the bilinear estimate
([2.25) to the L? -norms of both (J,Iv1)(J:Ivs) and (JIva)(JIvs) and obtain the same

bound as in (6.12)).
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Case 3: Ny 2 N. We have m(N;)N; 2 N_HN]Q+ for j = 3,4 and thus

4
Ay(Kfivr,. .. ) dt <
/R 4( v v / **mN3)N3m N4 ];[

N—2+
5]\704-// (J:clvl)(JrIUZ)(JxIU3)(JxIU4)d:Cdt

N 2+
ST HIIJ 1031,

N2+ A
< [T 1wl e
~ 0+ Ixts
N3 =1 X3

Lemma 6.7. Let s > % and § > 0. For K} defined by , we have the estimate

é
Ag(K}:v(t)) dt| < N72+6%F || 108 6.13
[ Aatbsotn e s NSRSy (6.13)

Proof. By Lemma we have |K} (k)| <1 for all k € T4(T,). By using and
(2.18), we estimate

6
1, -~
/RA(;(K671)1,..., dt<// N1 N1 H 1;[1)

7

< N0+ / HJIUJHJ Tv; dzdt

Tx j=1,2

S NOF H [Tz Tvjlins HHJ Tvjlzs
j=12 7=3

N—2+ 6
< Il e
~ 0+ I 51,
Nl j=1 XE

O
Lemma 6.8. Let s > % and § > 0. For K2 defined by (5.16]), we have the estimate
/ L e L (6.14)

Proof. By Lemma we have ]K62| < m(N7)2Ny.
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N|=

Case 1: Ny 2 N > N3. By using 1 < m(k;)(k;) for j = 3,4, and o < m(k;)(k;)

for j = 5,6, we estimate

/AG(Kg;vl,... dt<// 11 JIUJHU]
R

j 1,2
1_
< 0+ // HJmlvj 11 72 Ivj dadt
Ny Tx j=1 j=5,6
N1+
S o NOF N (TeLvr) (Todvs) | gz (e Tv2) (e Toa)z ] |22 gl

7=5,6
4

N 1+A 1+
S TN HHI%H e LT 1villyre.
7j=5,6

Case 2: N3 2 N. We make use of m(N3)N3 2 N and thus we get

Ag(KZ 01, .. v6)dt < // JoIv; || vi dedt
/I‘{ ( 6 N0+ T H JH J

Ag=1 j=4
-2+ 3
S N0+ HHJIIUJ'HL;‘@HHUJ'HL%?I
-2+ 3

< N0+ I el HH ol s
O

For the next lemma, we make the following remark. The proof follows identically in

Case 1, but we only have |K2| < m(N1)?N# in Case 2. By splitting the discussion into the
subcases N3 ~ N1 and N3 < Np as in Case 2 of the proof of Lemma we can provide

at least an additional A\~3+ factor. Hence, we have:

Lemma 6.9. Let s > 1 and § > 0. For I}Jg’ defined by (5.16)), we have the estimate

/ Mo o dt\<N LA 5 | Tol[8a 0 s (6.15)

The estimates for fo Ag (K, 4)dt and fo As(K, 3)dt follow identically to that of Lemma @
above, since we have the same upper bound (see Lemma- 5.17/and the subsequent comment).

Lemma 6.10. Let s > 2 and § > 0. For K3 defined by (5.30)), we have the estimate

0
3. < NT—24 50+ 8
[ As(Es ey e S NSRS (6.16)
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Proof. By Lemma we have |K3(k)| <1 for all k € I's(T)). Hence, similarly to the
proof of Lemma [6.7], we get

N 24
/Ag(Kg;vl,..., < ot // H JIUJHJ;E Tv; dxdt
R Ny Ty

7j=3
< N2 12
S =T Ity HHJx Tvjllg
7j=1,2 7j=3
N2+ 8

< .
Sy jHlnIv]HXl;

We put all the results of this section together in the following:

Proposition 6.11. Let s > % and 6 > 0. Suppose v is a solution to (2.43)) on [0,0]. For
&3 defined by (5.25)), we have

-
1E3w(6)] — E3[w(0)]| < N™2FAT 8 P(|[ 1ol 210,81 %) ) (6.17)
for some polynomial P with non-negative coefficients.
7. CONTROL OF THE ALMOST CONSERVED ENERGY AND OF THE ALMOST CONSERVED
MOMENTUM

In this section we show that E[Iv(t)] stays close to £3[v(t)] (which is very slowly varying
in time) and that P[Iv(t)] stays close to P[v(t)] = Plvg], at any time ¢. For the sake of
efficiency, we adopt in the proofs below the reduction remarks from the previous section.

Lemma 7.1. For o4 defined by (5.10), we have
A(oas )l S NI, (7.1)

Proof. By Lemma ., we have |oy4(k )| < m(N71)?Nj for all k € Ty(T)y). Then, by Hélder
and Sobolev inequalities, and using N0+ S m(k@)(k@-)éf for j = 3,4, we have

2 4
As(oas frye s f1) S o (]:fnl( J;fl 117577,
* %k ] 1 ‘:
S ]\1,1/ (Tl £1)(Jal f2) (J2 1f5)(J2 1f1)de
_ N

S N VoL fillo oD foll 72~ Lfslloae 172 I fullzse
-1+ 4
S o NS
U

The estimate for A4(oy; f) follows similarly since, by Lemma (i), we have the same
pointwise bound, that is |o4(k)| < m(N1)2Ny.
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Lemma 7.2. For og defined by ([5.26)), we have

1A6(a6; £)] S NT2FNF (15, -

47

(7.2)

Proof. By Lemma we have |og(k)| < 1 for all k& € T'¢(Ty). Similarly to the proof of

Lemma we have

N—2+
N0+

6
Ne(06: fir e 1) /Tuszl (LI ) T2 115)d
A ]:3

N2+ 8

Hence, we proved that all the correction terms are small, and thus we obtain:
Proposition 7.3. For £ and &3 defined by (5.1) and (5.25), we have
E[Lf] - EXf SN (||IfH§1;(1rx) + ||IfH?{;(’J1‘A)) :
for all f € H3(T)).
Next, we turn to the analysis of P[I(-)] for which, as in [13], we prove:

Proposition 7.4. Let s > % For P defined by (3.7), we have

PILA =PI S N (I sy + 1 lpery )
for all f € H3(T)).
Proof. We have

[P =PI <

tw [ (110.(TF) - f0.5) do
Ta

and we can estimate the two terms separately.
First, using integration by parts, we write

Im/ (If@w(ﬁ) — f@x?) dxr =Im
Tx

w5\ [ st as

Ta

150, (TF—F)de+1m [ 0.F(1f - f)do
Ty

(7.4)

=Im [ If0,(If—f)de+Im | fO,(If—f)dx
Tx

Ta

~tw [ (154 N0, (7= ) da

Notice that I —1Id = Pp;(I —1Id), where Id is the identity operator and we take Py := P> .
Thus, by commuting Fourier multiplier operators, using the self-adjointness of Littlewood-

Paley operators and duality properties of Sobolev norms, we have
w [ 07+ 0. (T7=7) da| < [{Rallf + ol =100 Fo,|
A
< PulLf + Ol s 1P (E = 1d)0f1] 3

2
< (1T 1y + 1Bifl )
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Since 1 < N72(k)2 , 1 < N-2m(k)(k)2 for all |k| > N, we have
_1
IPulfll,y S N2 Lf (7.6)

_1
1Pufll,y S N2IF]m (7.7)

Thus the first term in the right hand side of (7.5) is bounded by N =!I f][3,..
For the second term in the right hand side of ([7.5)), we write

[LFE = 1 = L PLFTF = ) + LFPF = HF + TFAf = DI+ (Lf = HFIF
and we treat, for example, the second term (modulo complex conjugation, it has all three
possible factors involved); the others can be argued for analogously. By Hélder’s inequality,

' [ TR = 1) de] < |0 - 105, A1)

SN =1A) fll sl P (LLFP )N s -
Then, by Sobolev embedding,
1= 1) flls S 1Pl —1)fI|y < IBulfll 3 + 1Pl (7.8)

and we can use the estimates ([7.6])-(7.7) to gain a factor of N ~2. Another decaying factor
is obtained via a Bernstein estimate, and then by Leibniz and Hoélder inequalities, we get

_1, 2
1Pa(ILf PO, s S N72 12 Pu(ILFP ) g

_1 1 1
SNz (HJa?IfIL2|!If||L6||f||L6 + IIJa?fILzHIfIIQLe> (7.9)

SN If I,
where in the last step we used the Sobolev embedding as in and HIfHH% <SS ) <
|IIf||g1. Notice that if we do not drop the frequency restriction when passing to , at
least one factor (in both terms) has to be supported on frequencies 2 N, hence by arguing
as for (7.6), we could get another factor of N -3 Therefore, we obtain that the second term
of is bounded by N_%HIfH%Il. O

8. PROOF OF PROPOSITION 2.14] VIA THE [-METHOD

In order to prove that blowup of the H 3-norm of a solution v of does not occur
in finite time, we adapt the I-method of [7, [§] (therein also referred to as “the almost
conserved energy method”) to also incorporate the almost conservation of P[Iv].

For initial data vg € H*(T) := {f € H*(T) : M[f] < 4n}, s < 1, its energy E[vg] might
not even be defined. However, the functionals £[Iv(t)] and P[Iv(t)] are well-defined and
via Lemma [3.3]

Io®)]7 < [ETv@O]] + PHIv(6)]* + 1, (8.1)
where the smoothing operator I is defined by in Section and v is a (local) solution
of with v(0) = vg. This control allows us to iterate the local well-posedness theory
for any initial data in H*(T) and prove that the solution v exists for arbitrarily large times.

Since allows for ||Tvgl|z: ~ N'™%, which would give a time of existence & | 0 as
N 1 00, we use the scaling transformation (1.5 and we note that

102y S N A ool ey (8.2)
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We choose the scaling parameter
1—s

A=N"s (8.3)

to ensure that § 2 1 uniformly in N and A\. We then have 1 < A < N in the regularity
range % < s < 1, (in particular, A = N for s = %) We also record that H’US‘HHs(TA), P[Ivy)],

E[Iv}] are bounded by constants depending only on [vo|| g7 ()-
A slightly modified iteration argument concludes the proof of Proposition Indeed,
consider B > 0 such that

B? ~ [Jvol3gsr) + [€[Tvo]| + PIvo]* + 1
and suppose that at step j, we have
170*(§8) | gy < B
Then, by Proposition
170N 216 jo+o1xTy) < D
and according to Proposition [6.11
E3[0* (46 + 8)]| < |E2 [ (H0)]| + 8T NTIATRCh(D)
3

with v = §—, kK = 1—. Assuming that we run this iteration J times so that we cover the
scaled time interval [0, \2T], i.e. assuming that we choose J such that

J Z N°T, (8.4)
we have
1E3[vM(T8)]| < |E3[0(0)]] + JOPFNTIATRCL(D).

Notice that |£3[v(t)]| stays bounded (e.g. |E3[v(t)]| < 2|£3[v*(0)]]) over the entire [0, \2T]
if we further impose that NV is chosen such that

J < NYAR, (8.5)

At each iteration step, due to Proposition and Proposition [7.4] we have in particular
that

ELIA (G + D8] < 250N 0)]] + N1 (D), (3.6)
[PLVA(j +1)8)]| < [P[A0)]] + N~ C5(D), (8.7)
where we used a version of restricted to the time interval [j9, (j + 1)d]. We get
oA (G + D)1y S D-

We choose N large enough so that in and (8.7)) the second terms are dominated by
the first terms. By Lemma [3.3] we then deduce

1102 (G + 1)8) |11y < B
and thus we get to perform the iteration again.
Note that , and s > % yield
T< NV (k=2)+1(r—2) < NYTR=2
1

In our case, v+ Kk —2 = 5—; hence, given any large T', we can choose a frequency threshold
N = N(T) > 1 for the I-operator.
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Notice that for all t € [0,A*T] C [0,J6], we have E[IvM(t)] < E[Iv)] < 1 and
Pl t)] < PlIv)] < 1, thus ||Iv’\(t)\|H1(TA) < 1. Also, we recall that we owe to undo
the scaling:

lo@llazs(ry £ XA A2l reryy S AN arrenyy S N2

for all ¢t € [0, 7], where we used (2.53)) and (8.3)). The above numerology allows us to take
N ~ T?T and thus
sup [ o(t)| s (ry S T?7>°F
t€[0,T

forany%§s<1.

1
APPENDIX A. MILD ILL-POSEDNESS BELOW H2(T)

The scope of this section is to provide the analogue to the periodic setting of the ill-
posedness result of Biagioni and Linares [2] where it was shown that the flow map uy — u of
is not uniformly continuous from bounded subsets of H*(R) into CH:([-T,T] x R),
for any 7> 0 and 0 < s < 3. However, the method (which was introduced in [21]) uses the
family of soliton solutions of on R (see [19, [46]), for which the corresponding initial
data are not compactly supported, hence this strategy cannot be adapted to the periodic
setting.

We also recall an observation of Griinrock and Herr [12, Remark 2], that in the periodic
setting, due to the presence of a translation in space operator in the gauge transformation
GP (see ), at any regularity level, the uniform continuity of the solution map of
fails without fixing the mass on bounded subsets of H*(T) (see also [I8, Theorem 3.1.1.(ii)]).
Nevertheless, for the gauge equivalent equation one does not face the uniform con-
tinuity bottleneck due to the translation operator and it was for this equation that the
contraction mapping argument was applied in [17].

Using ideas similar to those in [4, [6], we construct smooth solutions that prove the fail-
ure of uniform continuity of the solution map of on bounded subsets of H*(T), for
0<s< % Since the solutions we construct are supported on single frequencies (monochro-
matic waves), the same result holds true for the Fourier-Lebesgue spaces FL*"(T) with
s < %, r>1.

Lemma A.1. Let 0 <s < % and T > 0. For any 0 < d < ¢ < 1, there exist smooth initial
data vg, vy such that

lvoll &s Ty, 100l s (T) < e (A1)
[vo = Voll (1) S 6, (A.2)

and for which the corresponding solutions v,v to (2.43) have the property
v =0l poe (-1 13;m3(T)) 2 €- (A.3)

Proof. Let a € Cand N € Z, N > 1 (to be chosen later) and consider functions supported
on a single frequency of the form

’L)Na(t,l‘) _ aei(Nz-H?(N)t)’

for some R-valued 6(-). We have

1
plonal =lal , ¥lona] = —2lal’N + Slaf*
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and thus we compute the corresponding nonlinearity of ([2.43):

N(’UN a) _ |a‘2aN6i(N$+0(N)t).
Then, by taking §(N) = —N? — |a|?>N, the function

UNalt,z) = ae' Ve Nl (A4)
is a solution of (2.43)) with

lonalt &)Lz ~ lal » Nowalt, )l sz ~ lalN?
and since s > 0, we also have
lon,a(t, @)l ms(ry ~ la|N°.
Now let @ = bN~* and @ = bN—* with b,b € C such that |b| ~ [b| ~ € and |b— b < 5. We
find
[on,a(0,2) — vn,a (0, 2) || s (my = 16— BN 5| || s (m) S 6.

On the other hand, by setting (N, b) := [bN%|?N to simplify the writing, we obtain

lvn.a(t,z) — vna(t, @)l gsery = ‘be—ww’b)t - Be_m(Mg)t‘ N‘sHe"N“”:HH;(T)

Z ‘b‘ ‘e—icp(N,b)t o e—igo(N,B)t) o |b o l~)|

> o i) —p(NB)E _ 1‘ iy
Note that
P(N,b) — (N, b) = N'72([b* — [b]*) (A.5)
and that at t = t, where
ty = LB (A.6)

P(N,b) = @(N,b)’
the two solutions have opposite phases, and thus

lvna(tn, @) — vna(tn, @)l ggr) 2 € — 6 ~ €.

Indeed, since the power of N in (A.5) is positive, we can choose an integer N = N(e,T)
(independent of §) such that |ty| < T'/2, or equivalently

|p(N,b) — (N, b)| 2 T .
]

Remark A.2. One can easily adapt the above argument to any other gauge equivalent
equation, including (1.1)) itself. Indeed, it is enough to take

3 1
0p(N) = O(N) = (8% = 58+ 5)lal*.
Correspondingly, we take
3 1 s
£3(N,b) = (N, b) — (8% = 5B+ )|l 'N~*

and note that for N > 1, the difference in phase is essentially as above, i.e.

@B(va) - Soﬁ(Nvl;) ~ 90(N7b) - (p(N,B).
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