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Abstract

Let C3(n) denote the number of cubic partitions of n with 3-cores. In this paper, we establish
the arithmetic properties and formulas for C3(n) by employing Bailey’s gt¢ formula and theta
function identities.
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1. Introduction

A partition of a positive integer n is a nonincreasing sequence of positive integers whose sum
is n, i.e.,

n=A+A+ A3+ + A,

where A\{ > X\g > A3 > --- > N\ > 1.

For example, 7=3+4+2+4 141 and A = (3,2,1,1) is a partition of 7. Let ¢t > 1 be a positive
integer. Any partition A of n whose Ferrers graph have no hook numbers divisible by ¢ is known
as a t-core partition of n. We denote the number of t-core partitions of n by ¢;(n). Garvan et

al. [6, Eq. (2.1)] showed that the generating function for ¢;(n) is

> eln)gt = % (1)
n=0

Throughout this paper, we use

fi=(0"1¢"), if t=k,
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fer = (0"1¢" )00, if t#E,

(a:q)oo == [ (1 = ag"),
1=0
and
; = 7(%(1)00 —0o<n<oo

For convenience, we use customary notation
far,a0,ansk = farskfasik - fansk-
Using the theory of modular forms, Granville and Ono [7] proved that
cs(n) =di3(3n+1) —da3(3n+1), (2)

where d, 3(n) denote the number of positive divisors of n congruent to r modulo 3. Hirschhorn
and Sellers [9] gave an elementary proof of (2).

Let u(n) denote the number of representations of a nonnegative integer n in the form x2 +3y>
with 2,y € Z. Using the Ramanujan’s theta function identities, Baruah and Nath [2] proved
that w(12n + 4) = 6¢3(n) and then (2) with the help of classical Lorentz identity.

If the sum of all parts of the partition k-tuple (A1, Aa,...,Ax) is n, then we say that
(A, A2y ..., Ak) is a partition k-tuple of n. For example, ({3,2},{1}) is a partition pair of 6
and ({3,1},{1},{1}) is a partition triple of 6. A partition k-tuple (A1, Ag, ..., Ax) of n is t-core
if each \; is t-core. Let ¢ (n) denote the number of partition k-tuple of n with ¢-core. From

(1), we see that the generating function for ¢, ,(n) is

> tk
3 cnln)g" = . (3)
n=0

1

Here we observe that ¢, 1(n) = ¢;(n).
Wang [11] established infinite families of arithmetic identities for ¢32(n) and ¢ 3(n). More

importantly, he found the formula
1
c32(n) = 50(371 +2). (4)
From which he obtained the following theorem:

Theorem 1.1. Let p be a prime, and let k, n be a nonnegative integers.



(1) If p=1 (mod 3), we have

2pF — 2 -1 2p — 2 k—
3.2 (pkn—k i > il €32 (pn+ L >—]; pc&g(n).

3 p—1 3
(1) If p=2 (mod 3), we have

22]@72 2k71 2272 2k 2
82(p2kn+p3 ) 2;_1 <pn+ p3 )_p P ().

Wang [11] also found explicit formula for ¢z 3(n), that is,

) = Y (n;1>2_ 3 (n;1>2' )

d|n+1 d|n+1
d=1 (mod 3) d=2 (mod 3)

From which he obtained the following theorem:
Theorem 1.2. Let p be a prime, and let k, n be a nonnegative integers.

(1) If p=1 (mod 3), we have
2k _ 1 2% _ 2

p p—=p
caa (P +p" —1) = 21 csa(pn+p—1) — o1

C3,3(Tl).

(1) If p=2 (mod 3), we have

2k _ (_1)k 2k | (_1)kp2
=" ( )03’3<pn+p_1)+p (=D

pr+1 p?+1 ¢a.3(n)-

€33 (pk” +pF —

Chern [5] extended the work of Wang [11] and established formulas for ¢; (n) for some values
of t and k£ by employing the method of modular forms.

Chan [4] studied the cubic partition function denoted by C'(n) whose generating function is

1
C(n
> = 7
In this paper, we restrict the cubic partition function C'(n) to 3-core which is denoted by

Cs5(n) and the generating function of C3(n) is given by

S n_ 1318
;:‘603(71)61 = h (6)

Let w(n) denote the number of representations of a nonnegative integer n in the form z? +

2y + 322 + 612 with x,y, z,7 € Z. In Section 3, we find the arithmetic properties of C3(n), and
relation connecting w(n) and C3(n) from which together with Alaca et al. [1] identity, we find
the formula for C3(n). We also find the formula for C3(n) by employing Bailey’s gt)g formula.
Using formulas of C3(n), we establish the arithmetic properties of Cs(n).



2. Preliminaries

In this section, we list identities which are useful in proving our main results.

For |ab| < 1, Ramanujan’s general theta function f (a,b) is defined as

f(a b Z an(n-i—l)/an(n 1)/2

n=—oo

Using Jacobi’s triple product identity [3, Entry 19, p.35], (7) becomes
f (a7 b) = (70’7 a’b)oo (7b7 ab)oo (abv a’b)oo

The most important special cases of f (a,b) are

¢ (q) = [ (g9 71+22q

A fl
¥(q):=f(q,4°) = Z g /2 = J;—Q
n=0 1
and 4
f(=q) :== f(—q, _q2) = Z (_l)nqn(Bn—l)h = fi.

The Ramanuja’s cubic continued fraction denoted by V(q) is defined by

q1/3 q+q2 q2 +q4

V=", "7 4+ 1 4+

Lemma 2.1 (Bailey’s g9 formula). For |ga?/(bcde)| < 1,

Q\/E, _Q\/E, b7 & d7 € . qa
\/E, _\/aa aq/bv G'Q/C, GQ/dv a(J/e dee

_ (ag, aq/(bc), aq/(bd), aq/(be), aq/(cd), ag/(ce), aq/(de), 4,4/ a; @)oo
(aq/b,aq/c,aq/d,aq/e, q/b,q/c,q/d, q/e, qa?/(bede); q) oo ’

where the gg function is defined as

6V

[eS)
ap, a2, as, a4, das, Gag . . (a17a27a37a47a57a6;Q)n n
bl, bg, bg, b4, b5’ b6 ne oo 1,02,03,04,05,06;q)n

Lemma 2.2. Let z(q) = ¢~ '/3V(q). Then

fife= f9f18( —q—2¢°z(q ))

1
(¢%)



Proof. Due to Chan [4, Theorem 2], we have

(@36 e(@?¢* )~ 1

(P00 wlg)

— 2¢*/%(q).

Replacing ¢ by ¢> in the above equation, we obtain

fife _ 1
fofis  x(q?)

Multiplying throughout by fg f1s, we arrive at (12).

—q—2¢°2(q*).

Lemma 2.3. Let z(q) = ¢~ '/3V(q). Then

fglfé 1 3 6 3\3
sl " TS

Proof. Due to Naika et al. [10, Theorem 3.1], we have

1 9
8V3(—e ™™ M/3) - 4+ 7= ,
V3(—e_’rVM/3) a?wg

where

36—7r/2\/M—/3w2(6—37r\/M—/3)¢2(_€—67r M/3)
A G B

ap 3 =

If g = e ™VM/3 then (16) can be written as

1 v (9)9"(—4%)
8V3(—q) — + 7= —F~4o7—.
s V3(=q) 7 (¢*)*(—4°)
Replacing ¢ by —¢ and then multiplying throughout by —g, we obtain
U (=9)9* (—4%)
P (=*)¢*(—¢°)

—8¢V3(q) +q —Tq=

V3(q)
That is

L o V) (=)
z3(q%) (=)ot (—¢'®)

. LR N
Using ¢(—q) = 7, and (—q) =

Lemma 2.4. [3, p.49] we have

fifa
)

o(q) = ¢(q”) +2qf(¢*, ¢").

in the above equation, we arrive at (15).

(17)

(20)



Lemma 2.5. [8] The following 2-dissection is true:
3 3 42 3
Is _ fgffﬂ 4ol
fi o fihe Ja
Lemma 2.6. [2, Eq. 3.17] We have
Jfa

Lemma 2.7. [1, Theorem. 1.15] Let w(n) denote the number of representations of a nonnegative

(0)f(g,0°) = (@*) f(*.q*) + 3¢ (22)

integer n in the form x2 + 2y® + 322 4+ 612 with x,y, z,r € Z. Set n = 2°3°N, where a, 3 > 0,
N >1 and ged(6, N) = 1. Then

(351 — 2)a(N) + a(n) if n=1 (mod 2),

w(n) = { 2(3°+! — 2)0(N) if n=2 (mod 4), (23)
6(3°F1 — 2)a(N) if n=0 (mod 4),
where 3% a(n)g" =g T (1= )1~ ™)1~ ™) (1= ™).

3. Main results

In this section, we establish arithmetic properties and formulas for Cs(n).

Theorem 3.1. For each k,n > 0,

Cs (3" n+3F — 1) =3%C5 (2"n +2F — 1) = 3%C5(n) (24)
and that
Cs (3*n+3F —1) =0 (mod 3). (25)
Proof. Consider
fife 1 f3fd
= s = N R = . 26
afofis’ "7 (e @ fo fis 20)
Then, from (12), (15) and (26),
Jif2 2
= =pu—1-— 27
afofis Iz 0
and
_ 3 8
R=p —7- ek (28)



From (27) and (28), we have

6 12 8
E=p’ =3 =3u+11+—- -5 ——
peooptp
6 12
=R+18-3)" —3u+— — —
o]
18
=R+9-38Z -9+ —
w
= R —9¢ — 3¢% (29)
Tt follows from (29) that
E+3¢2+9¢=R. (30)
We can write (30)
11
- =5(0+36+¢6). (31)

¢ R
Now let H be the “huffing” operator that extracts powers of ¢ which is congruent to 0 modulo

3. If we apply H to (31), we find

H @) = % (9H(1) + 3H(E) + H(£?)) . (32)
Now,
H(§2)_H<u2—2u—3+—+i2)——3, (33)
HE-H(i-1-2) =1 (34)
H(1)=1. (35)
From (32)-(35), we find
“(3)-;
Using (26), (6) can be expressed as
203(71)(;"2 = q!}”fﬁ _ % % (37)
Applying the operator H on both sides of (37) and then using (36), we find that
gocg(?m +2)¢*" = qéfiﬁ - % %. (38)



Using (26) in (38) and then replacing ¢® by ¢, we obtain

c- n_ o f3fe

1;)03(3n+2)q =3 T
=3 Cs(n)g".

n=0

Equating coefficients of ¢" on both sides of the above equation, we obtain
Ca(3n +2) = 3Cs(n). (39)

Now substituting (21) into (6), we find that

S n_ Jife | f3fi
n§::003(n)q [ T hi 40)

which implies that

c- n_ f318
7;)03@”—’—1)(1 N
= ZCg(n)q"
n=0

Equating coefficients of ¢" on both sides of the above equation, we obtain
C5(2n+1) = C3(n). (41)
In view of (39), (41) and by induction, we arrive at (24). Congruence (25) follows from (24). O

Theorem 3.2. Let o,44(n) denote the sum of odd divisors d of n. Then for all n,k > 0,

Cs (2%n+2" —1) = 044a (n+1) (42)
3{"}1
and
Cs (3" n+3F —1) = 3" 0paq (n + 1). (43)
3)[71,2—1

Proof. Replacing (a,b,¢,d, e,q) = (¢*, ¢, ¢, ¢%, ¢°,¢°) in (11) and then multiplying both sides

1 2

by 9 L obtain
(1-q2)?

f??ﬁfél i q3m+1(1 + q2(3m+1))

f1,5;6f22’4;6 (1 _ q2(3rn+1))2

m=—0o0




Note that fi1 = f1.2.3,. k—1.%fx and from (6), we deduce that

00 33
203(n)qn: f3 [ (45)
= fifa
2 4
=7f396f§ : (46)
f175;6f2,4;6
Combining (44) and (46), we find that
St Sl 3m+1 1 2(3m+1)
n+l _ q +q )
Z Cs(n)q Z (1 2Gm+1)2
n=0 m=—o00
o —1
_ q3m+1<1 +q2(3m+1)) q3m+1(1 +q2(3m+1))
_ 2(3m+1))2 _ 2(3m+1))2
= (1= g?BmED) = (1= g*Bmth)
B i q3m+1 1_|_q2(3m+1)) 0 q—(3m+2)(1+q—2(3m+2))
- _ 42(3m+1 _ 4—2(3m+2))2
L= (1= g2BmA)2 - La (1 — g 20Bm+2)
B 0o q3m+1 1+q2(3m+1)) o0 q3m+2(1+q2(3m+2)) (47)
- Z 2(3m+1))

_ 42(3m+2))2 ’
m=0 m=0 (1 q (B ))

where the third equality follows by replacing m by —m — 1 in the second sum.

It is known that

log(1 — x?) Zk’ lz| < 1.

Differentiating with respect to = twice and then multiplying throughout by x, we find that

(1 + 2? =
(1(_73:2)2) = Z(2k + 1)£C2k+1, ‘.’L'l < ].
k=0

In view of the above identity, (47) can be written as

[o elNe ]

o0 o0 o0
D Cs(n)g" =D (2K 4 1)gPRHIEmED 4 (2k + 1)qRFHDEmE2) — (48)
m=0 k=0 m=0 k=0

Comparing the coefficients of ¢"*! on both sides of (48), we obtain

C3(n) = 0oqa (n +1). (49)
S'Tnjl»l
Invoking (24) and (49), we arrive at desired results. O

Theorem 3.3. Let p be a prime, and k, n be nonnegative integers.



(1) If p=2, then

C3(2F —1)=1.
(2) If p=3, then
Cs(3% —1) = 3.
(3) If p>5, then
k k
k k pt—1 p =P
—1) = —1)— .
Cs(p*n+p* —1) pile(pnﬂLp ) p;le(N)

Proof. (1) If we write n + 1 = 2%, then by using (24) and (42), we deduce that

C3(2k — 1) = O‘Odd(2k) =1.
3427

(2) If we write n + 1 = 3%, then by using (24) and (42), we deduce that

C3(3F — 1) = 0044(3%) = 3%,

k
3t

(3) Let p > 5 is a prime. If we write n + 1 = p"™ N, where N is an integer not divisible by p,

then by using (24) and (42), we deduce that

m—+1
m m p -1
C3(n) = 0oda (P N) = odda(p™)00qa(N) = 1 Toad(N).
s s o P—1 ¥
In a similar fashion, we find that
1 1 pm+2 -1
Cs(pn+p—1)= 0oaa (P""'N) = 0o4a (p""")00aa(N) = T Todd(N)
A wet o P13y
and
& k k Kt prrml—1
Cs(p'n+p" —=1)= ooaa (P"T"N)= 0oaa (P"7")00ga(N) = T Toda(N).
bty aekdm 3ty p= 3ty
Now consider
k+m+1 _ 1 m+2 _ 1 m+1 _ 1
p p
pio'odd(N) = ( e+ C2> Toad(N),
p—1 yx p—1 p—1 3

where ¢; and ¢y are constants that has to be find.

10

(53)

(54)

(55)



Equation (56) can be written as

pk+m+1 1= pk+7n+1(p1—kcl +p—k02) _ (Cl + 02). (57)
From which we obtain
p' e +pFe =1
and

Cl+02:1.

Solving the above two equations, we obtain that

k k
pr-1 prop
= and ¢cp = — 4 o8
L= 2 1 (58)
Substituting (58) together with (53)—(55) into (56), we arrive at desired result. O

Theorem 3.4. Let p > 5 be a prime and n be the nonnegative integer such that pfn+ 1. Then
for each k >0,

Colpbn +p* — 1) = T~y (m). (59)

Proof. From (24) and (42), we deduce that

Cs (pPn+pF—1) = ooas (P*(n+1))

k(nt1
3+:D (d+)

= 00qa(p*) Goga (n + 1)
3per 3t

k+171
:pidodd(n+1)
p—1 gy

which is same as (59). O

Theorem 3.5. If w(n) denote the number of representations of a nonnegative integer n in the
form x4 2y® + 322 + 61 with x,y, 2,7 € Z, and C3(n) is the number of 3-core cubic partitions
of n, then

36C5(n) = w(12n + 12) — w(dn + 4). (60)

11



Proof. We have

> wn)g" = e(9)e(a®)e(a*) (). (61)
n=0
Substituting (20) into (61), we find that
> wn)g" = o(a*)e(d®) (p(a®) +2af(a*,a")) (2(a"®) + 2¢°F(¢°, 7)) . (62)
n=0

Extracting the terms in which powers of ¢ is congruent to 0 modulo 3 from (62) and replacing

q® by q, we find that

> wBn)g" = e(g)e(a®)e(a®) () + dge(a)e(a®) f(a.4°) f(a*, ™)
n=0
= > wn)g" +490()e(¢*) f (4, 4°) F(a*, 4*°). (63)
n=0
Substituting (22) into (63) and then extracting terms of ¢*™ in the resulting equation, we obtain
c- .- f3£5
w(12n)q" = w(4n)q"™ + 36q
2 (o= w300
= w(dn)g" +36 Y  Cs(n)g" . (64)
n=0 n=0

Equating coefficients of ¢"*! on both sides of the above equation, we obtain

36C5(n) = w(12n + 12) — w(4n + 4),
which is (60). O
Theorem 3.6. Let n,k > 0. Set 4n +4 = 2°3°N, where a, 3 > 0, N > 1 and gcd(6,N) = 1.

Then,

Cs (3"n +3F — 1) = 37TFa(N) (65)
and

Cs (2"n+2F — 1) = 3%0(IV). (66)

Proof. Since 4n + 4 and 12n + 12 are congruent to 0 modulo 4, we can make use of case 3 of

(23). Therefore, in view of (23) and (60), we see that
36C3(n) = 6(3°12 — 2)a(N) — 6(3°+ — 2)a(N)
=6(3°+2 = 35 )0 (V)

=4-325(N), (67)

12



which implies that

Invoking (24) and (68), we arrive at desired results. O
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