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Abstract Linear and weakly nonlinear analyses are made for the Rayleigh-Bénard
convection in two-component couple-stress liquids with the Soret effect. Conditions for
pitchfork, Hopf, Takens-Bogdanov, and codimension-two bifurcations are presented. The
Lorenz model is used to study the inverted bifurcation. Positive values of the Soret co-
efficient favor a pitchfork bifurcation, whereas negative values favor a Hopf bifurcation.
Takens-Bogdanov and codimension-two bifurcations are not as much influenced by the
Soret coefficient as pitchfork and Hopf bifurcations. The influence of the Soret coefficient
on the inverted bifurcation is similar to the influence on the pitchfork bifurcation. The in-
fluence of other parameters on the aforementioned bifurcations is also similar as reported
earlier in the literature. Using the Newell-Whitehead-Segel equation, the condition for
occurrence of Eckhaus and zigzag secondary instabilities is obtained. The domain of ap-
pearance of Eckhaus and zigzag instabilities expands due to the presence of the Soret
coefficient for positive values. The Soret coefficient with negative values enhances heat
transport, while positive values diminish it in comparison with heat transport for the
case without the Soret effect. The dual nature of other parameters in influencing heat
and mass transport is shown by considering positive and negative values of the Soret
coefficient.
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Nomenclature

A,B,C,D, E, amplitudes; D, Soret coefficient;

O, thermal expansion coefficient; d, depth;

Bs, solutal expansion coefficient; g, acceleration due to gravity;
Cs, couple stress parameter; K, thermal diffusivity;

Ds, Soret parameter; Le, Lewis number;

D, solutal diffusivity; Ly dynamic viscosity;
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Wi, couple-stress viscosity; T, temperature;

P, pressure; t, time;

Pr, Prandtl number; T, scaled time;

q, wave number; o, non-dimensional temperature;
R, thermal Rayleigh number; (u, v, w), vertical velocity components;
Rs, solutal Rayleigh number; V(' ,v',w'), velocity vector;

o, density; XY, Z, scaled coordinate.

S, concentration;

1 Introduction

Relative to the research activity on thermal convection, the work on thermosolutal convec-
tion is quite limited. It is now well known that the two mutually opposing diffusing mechanisms
give rise to a wide range of interesting phenomena. In such systems with opposing influence
on instability, the existence of a net negative density distribution does not ensure stability.
Salt fingering (stationary) and diffusive instabilities (overstable) are of importance in these
systems. A linear stability analysis of the two-component system was first performed by Nield
and Bejan!!.

Most of the literature on double diffusive convection, however, did not consider coupled
molecular diffusion, namely, the cross-diffusion effects of Soret and Dufour. These coupled
fluxes are due to irreversible thermodynamic effects. If one of the two properties is temperature,
the diffusion of solute due to an applied temperature gradient is called the Soret effect or the
thermo-diffusion effect, and the diffusion coupled with it is the Dufour effect or diffusion-thermo
effect. In liquids, the Dufour effect is negligibly small.

In the presence of chemically inert micron-sized particles, the suspension can be modelled by
Stokes’ couple stress liquid whose governing equations can be obtained from Eringen’s equations
for a micropolar continuum. Siddheshwar and Pranesh!? were the first to study thermoconvec-
tive instabilities in such liquids with the single-buoyancy effect. Malashetty et al.l¥! extended
this study to a system with a second diffusing component and the Soret effect.

Rudraiah and Siddheshwarl¥ considered both Soret and Dufour effects on two-component
convection of Newtonian liquids saturating a sparsely-packed porous medium. A very com-
prehensive account of the cross-diffusion coefficient on finite-amplitude instability and heat
and mass transport was presented in the paper. There have been other works that consider
thermoconvective instability in the couple-stress liquid with the single-buoyancy effect> 12l

Thermo-diffusion (Soret effect) and diffusion-thermo (Dufour effect) effects on convective
instabilities in nanofluids have been theoretically investigated by Kim et al.'3]. They noticed
that both the Soret and Dufour effects make nanofluids unstable, and the heat transfer en-
hancement by the Soret effect in binary nanofluids is more significant than that in normal
nanofluids. Siddheshwar et al.['¥l made a detailed study of the effect of Soret coefficient on heat
transport in twenty nanoliquids. Wang and Tan!'®! investigated stability analysis of double-
diffusive convection in a viscoelastic fluid with the Soret effect occupying a porous medium
using a modified-Maxwell-Darcy model. They showed that the relaxation time also enhances
the instability of the system along with the Soret parameter. Altawallbeh et al.'! analytically
studied double-diffusive convection in an anisotropic porous layer heated and salted from below
with an internal heat source and Soret effect using both linear and nonlinear stability analyses.
They found that increasing the mechanical anisotropy parameter, the Soret parameter, and the
internal Rayleigh number enhances heat and mass transfer. The instability of a horizontal layer
of a binary nanofluid in a vertical magnetic field was investigated by Gupta et al.l'”) using the
normal mode analysis and weighted residual method. Complex expressions for the Rayleigh
number were simplified by valid approximations for an analytical study, and numerical investi-
gations were made for the alumina-water nanofluid. They showed that the critical wave number
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increases when the Chandrasekhar number increases, and it is independent of the solute and
nanoparticles. Agarwal and Ranal'®! studied the onset of periodic and aperiodic convection in
a binary nanofluid saturated rotating porous layer. They obtained the Rayleigh numbers for
stationary and oscillatory convections in terms of various non-dimensional parameters. The
effect of the physical parameters on the aperiodic convection was analyzed graphically. The
thermal instability using the linear stability analysis in a rotating anisotropic porous medium
saturated by a nanofluid was analytically studied by Agarwal et al.'%. The expression of the
Rayleigh number for both stationary and oscillatory convections in the case of the bottom-heavy
arrangement was obtained. A reversed trend between the stationary and oscillatory modes for
the bottom-heavy and top-heavy arrangements was explained in the paper. Ren and Chan[2"]
studied double-diffusive convection in a vertical cavity with horizontal temperature and con-
centration gradients using the lattice Boltzmann method. They showed that an increase in the
buoyancy ratio from 0.01 to 2 causes a decrease in the average Nusselt and Sherwood numbers.
However, a further increase in the buoyancy ratio from 2 causes an increase. In addition, the
double-diffusive flow was observed to be unsteady at a small Prandtl number (Pr = 0.1) and
large Lewis numbers (Le > 6). Hu et al.?Y studied transient growth due to non-normality
for the Poiseuille-Rayleigh-Bénard flows of binary fluids with the Soret effect. They considered
two cases (i) negative separation factors and (ii) positive separation factors. They showed that
for negative separation factors, the transient growth is strong, whereas for positive separation
factors, it is weak. They used the least-stable mode for computation. Other noteworthy works
considering Soret and /or Dufour effects in their problems were those of Ibrahim et al.l??l, Nawaz
et al.23 and Al-Odat and Al-Ghamdil?4.

The works on convection in couple-stress liquids cited above are, however, silent about the
following subjects:

(i) Takens-Bogdanov bifurcation,

(ii) codimension-two bifurcation,

(iii) inverted bifurcation,

(iv) Eckhaus and zigzag instabilities,

(v) heat and mass transport.

These aforementioned unconsidered aspects of the two-component thermoconvective insta-
bility problem in couple-stress liquids with the Soret effect are studied in the paper using the
Lorenz and Newell-Whitehead-Segel equations(?®).

2 Basic equations

Consider an infinite extent horizontal couple stress liquid layer of thickness d. The upper and
lower boundaries are held at a constant temperature Ty and Ty + AT (AT > 0), respectively.
The solutal concentrations are maintained at Sy and Sy + AS, respectively. The bounding
surfaces of the layer are further assumed to be stress-free, isothermal, and isohaline. The
Boussinesq approximation is assumed to be valid. The thermal and solutal gradients lead to
simultaneous heat and mass transfer. In mixtures, temperature and concentration gradients
induce mass flow, called the Soret effect. With the above effect, heat and mass flows can be
expressed as follows:

Jy = —kVT, (1)
Jo = —DnVS' — DiVT, (2)

where k and Dy, are the thermal conductivity and the mass diffusivity of species, respectively.
The quantity D; is the Soret coefficient that arises due to cross diffusion. Here, T” is the first
diffusing component, and S’ is the second diffusing component. Equation (2) signifies the cross-
diffusion phenomenon wherein there can be a flux of S” due to VI”. Similarly, there can be a
flux of T" due to VS’, but in the present case, this is assumed to be of negligible magnitude.
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Using the above expression, the governing equations!? 3 are written as

V'V =0, (3)
0 (%—‘: + (V' v’)v’) = VP +uV?V' — V"V’ + pg, (4)
%_:g + (V! V)T = V2T, ()
%—i +(V'-V')S' = D, V"?S + DiV”?T’, (6)
p' = po(1 = Br(T" —Tp) + Bs(S" — So)). (7)

The conduction state is characterized by

/

T, = (1— %)AT+T0, (8)
Sp = (1—%)AS+SO. 9)

We use the Cartesian system of coordinates whose dimensional coordinates z’, ', and 2’ are
scaled by d. The time ¢’ is scaled by d—:. The velocity vector V (u’,v’,w’), the temperature
T’, the concentration S’, and the pressure P’ are non-dimensionalized by the scales k/d, AT,
AS, and pok?/d?. The dimensionless equations for the perturbed quantities of primary and
secondary thermosolutal convective instabilities in two-component couple-stress liquids with
the Soret effect are

V.V =0, (10)
1 0V VP, ) )
E(E—F(V~V)V) — — 5 + V2V = CsV'V + (Ruf - RsS)e.. (11)
0

%+(V~V)9:w+v29, (12)
05 1, Rr_,

S0 HV VIS =t VS 4 DSV, (13)

where
Rt = BrgATd?/(kv), Rs = fsgASd®/(kv), Cs= p1/(ud?),
Pr=p/(pok), Le=#k/Dn, Ds=Difs/(kpr),

and the Soret coefficient arises due to cross diffusion.
We apply curl two times on the momentum equation (11) and take the z-component of the
resulting equation,

19 2 4 2 2 2qQ 1’\
(PT 5~ V24 sV )v w— RIVE)+ RsVES = o, (VX Vx (V-V)V),  (14)
where
9> o2
2 P — —_
Vi= gt g

From Egs. (12)—(14), we get

Lw =N, (15)
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where

L= (iﬁ VL csv4) (g - v2) (g - iv2)v2

Pr ot ot ot Le
+ Rs(% - v2)vﬁ + RT(DSV2 - (% - iw))vﬁ, (16)
Nzé(% —VQ)(% —ivz)éz-(v XV x (V-V)V)
+ Ry (st2 - (% - éVQ))Vﬁ(V V)0 + Rs(% - VQ)vﬁ(V VS, (17)

In the case of small scale convective motions, we may neglect the inertial term (see Siddheshwar
and Praneshm), and this is assumed in the paper from here on.
We study the primary instabilities in the next section using the linear stability analysis.

3 Linear stability analysis and study of primary instabilities

We consider stress-free, isothermal, isohaline boundary conditions. In terms of w, the con-
ditions translate into the following ones:

d?w  d*w  dSw  dBw
w:@:@:@:@:() on Z:O,l, V.’I],y (18)
Substituting the normal mode solution
w = sin(mrz)e' Wt (19)

into the linearized version of Eq. (15), viz., Lw = 0, we obtain the dispersion relation,

(5%(% +62(1+ 0552)) (iw + 62) (iw + izs?)

1
+ Rsq®(iw + 6?) — Rpq®Ds6? + Rog? (iw + L—62))w =0, (20)
e
where
52 = 72 4+ 2.
Performing the classical analysis on Eq. (20), we get the expression of the Rayleigh numbers

Rrs. and Ry, for the stationary and oscillatory modes of convection and the expression for
the frequency w in the form of

55(;(7750 + TSSC) Il 2 _13

Rsczia Roc:_7 = 7 21
Te =2 (DgLe+1) T K Y TG 1)
where
1 1
I = q§C5§C( — ﬁufl + 530 (Tsoc + Noc(l — Dg) — W(DSLe(Le +1)+ 1))w2
58
+ W(LS(TS + 7’Iocl)S) + 7700) + 5(8,CDSTSOC); (22)
I = ¢2.6,.(1 = Ds + 1o Pr), (23)

I3 = 68.(q2.(Noc PrDs Le* + (noe Pr 4+ 1)(DsLe 4 1)) + rsoc PrLe(Le(Ds — 1) + 1)),  (24)

4
2 =mt+q2, i =n*+q’, K= %(Le%ﬂ + 6 (DsLe +1)?),
SCRS ECRS
TSsc = q56 y  TSoc = q56 y Mse =1+ Cséscu Noc = 1+ CS(Scz)ca
sSC
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and the subscripts sc and oc denote stationary and oscillatory convections, respectively.
The minimum value of Rrg. is obtained at a minimum (critical) wave number gs.., which is

given below,
qscc)‘l ( 1 1)(qscc)2_ 1 1
2 - = —. 25
( T + 3Cgm2 + 3 T 3Cqm2 + 3 (25)

Since the equation governing the critical value of wave number for oscillatory convection does
not come in an elegant form as that of gs. above, the same is not recorded here. In Sections
4 and 5, a local nonlinear stability analysis is presented using the Lorenz equation and the
Newell-Whitehead-Segel equation.

Using these equations, the inverted bifurcation and Eckhaus and zigzag instabilities are
studied.

4 Derivation of fifth-order Lorenz equation at threshold of stationary con-
vection and study of inverted (subcritical) bifurcation

Eliminating the pressure P from Eq. (11), assuming two-dimensional motions, and using the
following minimal representation of Fourier series for u,w, 6, and S:

u = wA(t) sin(gscx) cos(mz), (26)
w = —qsc A(t) cos(gsc) sin(nz), (27)
0 = B(t) cos(gscx) sin(mz) + C(t) sin(27z), (28)
S = L(t) cos(gscx) sin(mz) + M (t) sin(27z) (29)

in the resulting equations from Egs. (10), (11), (12), and (13), we get the fifth-order Lorenz
model in the forms of

dA  Pr

i 5—2(—53(;7714 — GscRrse B + gsc Rs L), (30)
dB

E = _QSCA — 552(33 — WqSCAC, (31)
dc 9 Tqsc

dL RTsc

— = —qcA—062D B — wqs. AM, 33
dt Gsc sc/S Rs Tqsc ( )
dM _ TQsc 2 BTsc 472

Eraiaia AL — 47* Dg s C T M. (34)

We now use the following scaling, keeping in mind the form of the classical Lorenz model which
can be obtained as a particular case obtained in the paper,

sc A B’ D’
el BT Cc=——mmC, L=2F, M=xE. (35)
V262, V2 V2

Using the scaling (35), the Lorenz system of Egs. (30)—(34) reduces to

A/ = PT(BI - nScA/ - TSSCD/)7 (36)
B =rrA - B - AC, (37)
C'=A'B' —bC, (38)

: D 1
D=A -3 - —D 4+ AF, (39)

T"Ssc Le

: Ds b

E =b="0C" — —FE —A'D 40
T'Ssc Le ’ ( )
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where

47T2 . qgc RTSC

b = rTr =
2 ) 6 ’
6SC 6SC

t, = 6>

sc?

and the overdot denotes ti-derivative.

It is a well known fact in the context of the classical Lorenz model that its trajectories remain
within the confines of a sphere. The nonlinear terms are responsible for keeping the trajectories
confined. Following Siddheshwar and Titus[?®, the trapping region of the trajectories of the
solution of the Lorenz model in Egs. (36)—(40) can be obtained in the form of

D” + " = (V2)2 (41)

A%+ B?+(C'—rp— Pr)®+ s R
Tssc PT Tssc PT

From the above equation, we note that the trapping region is a four-ellipsoid in a five-dimensional
phase-space.

The Lorenz model of Egs. (36)—(40) is intractable, but in the steady state, it does possess a
solution. The steady-state solution of the Lorenz model of Eqgs. (36)—(40) is

 —Ma + /MZ — AM, M;

A”? I (42)
B = bb_’:ij;, (43)
o= (44)
D= Led(1- Tssfg SSV?) T +L Zﬁiez (ze- bfsss:(Tb(—LreAz)l)))’ (45)
2
/:zﬂ;ﬁ:&w( e—%@eﬂ)), (46)
where
M, = nSCLeQ, (47)
Dgr

M, = b(nSC(L62 +1) —rrLe® + rsLe(l + Le (1 - T“zscT) + Le)), (48)
Ms = b? ((77SC —r7) + TSSCLe(l - DTZCT)) (49)

Equating the discriminant in Eq. (42) to zero, the finite-amplitude Rayleigh number R% is
obtained as a quadratic equation as follows:

T(R&V + T(%nsc(l + DsLe) — Q1(1 — Dg)) R
SCC scc
+(Q? — 4 Le2Qs) = 0. (50)

Solving Eq. (50), we get

Rf _ _Q4 - \/2%4213_ 4@3@5’ (51)
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where

Q1 = Nscb((Le? + 1) + rgc Leb(Le? — Le + 1)),
Q2= b’ (7780 =+ 7”SscLe)v

Q3 = b’Le*(1 — Dg)?,

Q4 = 4ne b Le?(1 4+ DsLe) — 2Q1bLe*(1 — Dg),
Q5 = Q7 — s Le*Qa.

Equation (51) will be used to explore the possibility of inverted (subcritical) bifurcation, and
the same is discussed in the results and discussion section. In the next section, we derive
the Newell-Whitehead-Segel equation with the intention of using it to study two secondary
instabilities, namely, Eckhaus and zigzag instabilities.

5 Derivation of nonlinear two-dimensional Newell-Whitehead-Segel equa-
tion at threshold of stationary convection and study of secondary insta-
bilities

In this section, we follow Newell and Whitehead to obtain the Newell-Whitehead-Segel
equation governing the amplitude of the imposed disturbance. We assume the manifestation
of cylindrical rolls with the axis parallel to the y-axis so that the y-derivatives need not be
considered in Eq.(15). The z-dependence comes through the trigonometric functions which
ensures that the stress-free boundary condition is satisfied. We use the expansion parameter e
as

Rrse — Rrs
2 _ T(}%T Tscc (52)

to obtain the system of equations of several orders in powers of e. However, the variables x, y, z,
and t are scaled as follows:

X = ex, Y:e%y, Z=2z T=E¢ut. (53)

The inherent symmetry breaking of instability is reflected through the difference of scaling in
the two horizontal directions. In view of Eq. (52), the differential operators can be expressed as

g—>2—i-ei, 9 — o —, — —e&—. (54)

dr Oz 90X Oy oy’ 9z 07z’ ot or

Due to the fact that we are making a local nonlinear stability analysis, Rrs. is assumed to take
values close to the threshold value, Rrsce, i.¢., € < 1. The solution to Egs. (10)—(13) is now
assumed as follows:

u = eug + 2uy + Sug + -+, (55)
V= €2vg+ evy + vy + - (56)
w = ewy + 2wy + Ewg + -+, (57)
0 = ey + €20, + 05 + - - -, (58)
S =eSo+ eS8+ €3Sy 4. (59)
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The first approximation is given by the eigenvector of the linearized problem,

ug = il (A(X,Y,T)e'%<" cos(nZ) — c.c.), (60)
qSCC
v =0, (61)
wo = A(X,Y, 7)el % sin(rZ) + c.c., (62)
1 i X L3
6o = =] (A(X,Y, 7)e'<"sin(wZ) + c.c.), (63)
50— LT DT 4 vy ettt n(nz 64
0 = 5—2( (X,Y,7)e sin(wZ) + c.c.), (64)

where c.c. stands for complex conjugate. Using Egs. (53) and (54), the linear operator £ in
Eq. (16) can be written as

£:£0+€£1+62£2+"', (65>
where
2 1y 2\ o2
Lo= ( S(CsV? - 1) ( (Ds + Le) Rs)Vh)V , (66)
0? 02 4 5 5 1
L= (2% + aw) (L_v 7OV + (Br(Ds + 1) - Fs)
(V24 93), (67)
9 1 26 2 6
L= ((1 n L—)(l ~ CsV2)VO — (Ry — Rg)V2 + ﬁv )
02 9% \2 1 o 1y
+(2 aan aw) (Fr (P + ;) = s = (6= 1005V -9
0? 6y 8 1 2 2
+ 6X2( v ecsv + (RT (DS + E) - Rs)(V + vh)). (68)
Similarly, the nonlinear term N in Eq. (17) is taken to be
N =eNo+ N+ ENg + -+ (69)
where
No = (70)
ou ow
22 N, 0 0
Ny = V22 (RT(DS+ = )90 RSSO)(a + az) (71)
0? 0? ou ow
_ (2 2 (Lo T
N = (V"4 V) (s + av2) (50 + 97)
1 2w2 1
. (RT (Ds + E)ﬁo — So) + V*Vi Rt (Ds + E)
0 0 0]
: (%(ul% + ugfy) + 57 == (w16 + woby) + 35X (u090)) — V2ViRg
-(3(u5+u5)a(ws+w5) ‘9(w5)) (72)
5 (U051 + u150) 77 (wo st 150) + 75 (woo
Substituting Egs. (54), (57), (65), and (69) into Eq. (15), we get
ﬁo’(Uo = 0, (73)
Lowy = No — Lywy, (74)

Eo’wg = Nl - Elwl - Eg’wo. (75)
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Equation (73) gives us the expression for the critical Rayleigh number for the onset of stationary
convection, viz., Eq. (21).

Using Egs. (62), (67), and (70) in Eq. (74) and solving them, we get w; = 0. Using the
continuity equation (10), we get u; = 0. The equations for #; and S; are given by

(% ~ V) = wi - (uo% +wo%), (76)

Substituting Eqgs. (54), (57), (58), (59), and (65) into Egs. (76) and (77), taking uq = wy = 0,
and solving the resulting equations, we get

1

— 2

61 = 27T53CC|A| sin(27z), (78)
- Le RT 2 .

S = SmoZ. ( Le+ Dg s (1+ Le)) |A]* sin(27z2). (79)

Substituting Eqgs. (62), (67), (68), (71), (78), and (79) in Eq.(75) with w; = 0 and using the
Fredholm alternative condition on the resulting equation, we get the Newell-Whitehead-Segel
equation in the form of

0A 0 i 02 \2
M— =M= — ————) A— XA+ )3|APA=0 80
Oor 1(8X 2sce 8Y2) 24+ Al 4| ’ (80)
where
58 9 6 58
Ao = z—CeC(Le + 1)(1+ CsdZ..) — dgpe (rirT — 78) + P;CLCe’ (81)
4556CC 2q52CC
M= = (rsLe + 25 3+ 5Cstie) — rsrn(DsLe + D), (82)
58
)\2 = 2—?7‘17‘1*(1)3L6+ 1), (83)
88 rrry 7969 el
=2 - —(DgL 1 =3¢ (DgLle—rt —1 4
Yo = ST (DsLe+ 1) + =20 (DsLe e — 1), (89
Rt
ry = . 85
! RTscc ( )

Since we consider cylindrical rolls with the axis parallel to the y-axis, we neglect the y-derivatives
and the time-derivatives. Equation (80) takes the form of

A\ A3
S 21— 2 4P)A=o.
dX2+)\1( N |) 0 (86)

Since A1 > 0, the solution to Eq. (80) turns out to be
X
A(X) _Ao(tanh(A—l) - 1), (87)

where

Ao =(Na/A3)2, Ay =(2\1/Xa)?. (88)

In the succeeding section, Eq. (80) will be used to study the secondary instabilities of Eckhaus
and zigzag.
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5.1 Secondary instabilities
In terms of fast variables z,y, z, and ¢, Eq. (80) may be written as

0A 1(8 i 02

9 Mo T 2 07

2
2 24 _
— ) A— XA+ Ag|A2PA =0 (89)

We now consider the phase-winding solution to Eq. (89) in the form of
A(.’IJ, Y, t) = Al (:I;a Y, t)ei(éq“)x' (90)

Substituting Eq. (90) into Eq. (89), we get

oA, ) . 0o 10
)\OW = (E s — M (5qsc) )Al + 21)\1(5qSC)(% - Ea—yz)Al
0 i 97\? 2
+)\1(%_%5—y2) Al—/\3|A1| A =0. (91)
The steady-state uniform solution to Eq. (91) is
Ar = (X0 = Mi(6q:0))A5 ). (92)

To study the secondary instabilities, we impose an infinitesimal perturbation on the uniform
steady state solution in the form of

Ay = ((2Xg — M (8gse)2)A3 D) + Uz, y, t) + iv(z, y, t). (93)

Substituting Eq. (93) into Eq. (91) and equating real and imaginary parts on either side of the
resulting equation, we get

ou 5 5 9% | 0gsc 0 1 0'\\~
ogr = (=220’ + (g 4L F 5~ 1 9) )
A 0%\ 00
- {2 sc) T T 9. 9 ). 4
(210600~ 55 ) 5 (94)
v A 0%\ Ou
- =12 sc) - —— Qa5 |5
Ao ot ( A1 (0gsc) Qsce 8y2) Ox
9% 0gsc O? I AN
0(5a * ao 1 o) ®
We analyze Egs. (94) and (95) by using the normal modes in the form of
i = Ue® cos(qu) cos(qyy), v = Ve lsin(g,x)cos(q,y). (96)
Substituting Eq. (96) into Egs. (94) and (95), we get
(A0S +2(e* X2 — M(0gse)?) + x1)U + Aigax2V =0, (97)
Aax2U + (A0S +x1)V =0, (98)

where

X1 =M (a2 + (q5(6ase)) /ase + d;/ (42.)),
X2 = 2(5(150) + q@?/QS@
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For a non-trivial solution to Egs. (97) and (98), we require

A5+ 2(200(€2 A2 — A1 (6gse)?) + Aox1)S
+ (2(2A2 — M (0gse)?) + x1)x1 — ¢2A3xE = 0. (99)

We are not interested in a negative root of Eq. (99), since the mode would then be stable. The
positive root of Eq. (99) is

1
- F((Q/\O(EQ)Q — /\1(5(Jsc)2) + Aox1)
0

+ (2X0(2 X2 — M (8gs))? + A2¢2x3)?). (100)

S:

For this positive root, the rolls can become unstable.
5.2 Eckhaus instability
Substituting ¢, = 0 in Eq. (99), we get

A2S? 4+ 2(200(2 A2 — A1(6gse)?) + AoMg2)S + Aig2(2(e2 X2 — 3\ (6k)?) +¢2) =0.  (101)

The possibilities regarding the roots of Eq. (101) are as follows:

(i) both roots are negative, or

(ii) one root is positive, and the other is negative.
When both roots of Eq. (101) are negative (Case (i) above), the product of roots is positive.
Both the roots being negative refers to a stable situation.

In Case (ii), the product of roots is negative, and this refers to an unstable situation due to
the positive root. By the Descartes rule of sign, the following condition ensures the existence
of a positive root:

@2 < 2(3M(8gse)? — €2X2). (102)

Since ¢2 > 0, we require
& < 3(5qsc)2RTsc

< ; 103
)\1 RTSC - RTscc ( )

and this condition defines the domain of Eckhaus instability in the (’A\—f, 5(150) plane.
5.3 Zigzag instability
Let us now take g, = 0 in Eq. (99) to get

A5S? +2(200(€° A2 — A1 (0gse)®) + Aoxa1)S + (2(€ A2 — A1 (0gse)®) + x11)x11 =0, (104)

where
X11 = Al(qg (6qsc)/QScc + q‘;l/4qs2cc)

Following the procedure of Subsection 5.2, we can obtain the domain of the zigzag instability
in the form of

i_j S (ﬁ) (2000.0)” - %) (105)

Having thus far studied the possibility of different types of primary and secondary instabilities,
we now quantify the heat and mass transport by considering the stationary instability (primary
instability).
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6 Heat and mass transports at lower boundary

The heat transport is quantified through the thermal Nusselt number Nu which is defined

as
27 26
_ dscc ( O0 dX
Nu=1+ <%> : (106)
_ OQSCC (%)dX Z—0
where
o _To—Th
T AT

Substituting Egs. (8), (52), (58), (63), and (78) into Eq. (106) and completing integration,
we get

27

RTsc - RTscc Gscc \/‘H 2
Nu=1+ ( ) AcdX. 107
RTscc 27‘—63(:(: 0 ( )

Similarly, mass transport is quantified through the Sherwood number Sh which is defined as

27
ascc (1 0S Rt 0©
e S5 (e o)
Z=0

(108)

27

Tsee (1 dSy Ry doy
0 (Le dz + Ds Rs dZ)dX

Substituting Egs. (8), (9), (52), (58), (59), (63), (64), (78), and (79) into Eq. (108), we get

2

R sc — R scc scc dsce
T T ) q (T_Tr_l(Le_ 1)+Le)/ A%dX. (109)
0

Sh=1+(
* Rrsce 27T552(:c rs Le

In computing Nu and Sh, we make use of Eq. (87) in Egs. (107) and (109). The next section
documents the results and discussion extracted from the computation.

7 Results and discussion

Primary and secondary instabilities are discussed in the paper concerning double diffusive
convection in a couple stress liquid, in the presence of the cross diffusion effect of Soret. We first
discuss the variation of the critical Rayleigh number for the stationary convection Rrg.. and
the oscillatory convection Rrocc With the couple stress parameter Cy for different values of the
solutal Rayleigh number Rg, the Lewis number Le, the Soret parameter Dg, and the Prandtl
number Pr, and those are shown in Tables 1 and 2. In the above parameters, Cs represents the
suspended particles, Rg represents the Rayleigh number corresponding to the second diffusing
component, and Dg represents the coupled molecular diffusion or cross-diffusion.

From the tables, one may make the inference that in the presence of suspended particles
(Cs # 0), the system is stabilized in the cases of both stationary and oscillatory convection.

The effect of Rs on the onset of stationary and oscillatory convection is also shown in
Tables 1 and 2. From the tables, we may conclude that when the magnitude of Rg increases,
the critical Rayleigh numbers of stationary and oscillatory modes increase, thereby indicating
that the solutal concentration (second diffusing component) has a stabilizing effect on the onset
of convection.

The tables show the effect of the Lewis number Le on the onset of convection for fixed values
of the other parameters. With an increase in Le, one can see that the critical Rayleigh number
increases in the cases of both stationary and oscillatory convection.
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Table 1 Critical values of stationary and oscillatory convection for Dg = —0.1,0.1 (here, OSC refers
to oscillatory convection)

Dg Pr Le Cs Rs Qscc Rrsce Qocc Wg Rtoce Remark
-0.1 26 787.7 1.8918 55.2135 2268.72 OSC
o1 o 7 004 1000 2045 oor05 13415 22.4903  2840.7 0sC
4 1.8817 53.569 7 2267.8 OSC
-0.1 6 7 0.04 1000 2.045 26 787.7 1.8918 55.2135 2268.72 OSC
8 1.898 8 56.364 9 2269.59 OSC
4 1.34 22.24 2839.23 OSC
0.1 6 7 0.04 1000 2.045 4727.25 1.35 23.09 2827.82 OSC
8 1.36 23.53 2822.13 OSC
5 12072.6 1.7799 51.128 7 2461.28 OSC
-0.1 5 6 0.04 1000 2.045 17590.8 1.8405 53.659 1 2350.47 OSC
7 26 787.7 1.8918 55.2135 2268.72 OSC
5 4024.21 1.296 5 16.926 5 3014.06 OSC
0.1 5 6 0.04 1000 2.045 4397.7 1.3215 20.300 1 2913.72 OSC
7 4727.25 1.3415 22.490 3 2840.7 OSC
0.02 2.1073 26 162.7 1.9177 61.923 8 2043.71 OSC
-0.1 5 7 0.04 1000 2.0451 26 787.7 1.8918 55.2135 2268.72 OSC
0.08 1.9773 28 022.8 1.863 5 46.3715 2711.24 OSC
0.02 2.1073 4616.94 1.366 3 28.7325 2529.7 OSC
0.1 5 7 0.04 1000 2.0451 4727.25 1.3415 22.490 3 2840.7 OSC
0.08 1.9773 4945.2 1.296 9 14.2747 3471.08 OSC
800 22121.1 1.9101 47.0552 2068.54 OSC
-0.1 5 7 0.04 5000 2.045 120121 1.6824 231.17 6152.91 OSC
10000 236 788 1.3137 501.101 10910 OSC
800 3903.72 1.3157 15.0498 2678.25 OSC
0.1 5 7 0.04 5000 2.045 21197.8 1.3114 182.069 6 566.46 OSC
10000 41786.1 1.0425 412.148 11234.8 OSC

Table 2 Critical values of stationary and oscillatory convections for Dg = —0.3, 0.3 (here, PES refers
to principle of exchange of stabilities being valid)

Dg Pr Le Cs Rs Qscc Rrsce Qocc w? Rtoce Remark
-0.3 —7305.74 2.248 1 104.053 1861.06 OSC
03 o 7 004 1000 2045 5595 36 1 750435 315874  PES
4 2.2477 100.655 1843.43 OSC
-0.3 5 7 0.04 1000 2.045 ~7305.7 2.2481 104.053 1861.06 OSC
6 2.2487 106.46 1873.33 OSC
4 1 -15.3814 3317.01 PES
0.3 5 7 0.04 1000 2.045 2592.36 1 —15.348 2 3295.74 PES
6 1 -15.3252 3281.57 PES
5 -12073 2.1545 99.5111 2033.82 OSC
-0.3 5 6 0.04 1000 2.045 -8795.4 2.2079 102.28 1933.61 OSC
7 ~7305.7 2.248 1 104.053 1861.06 OSC
5 2414.53 1 -15.348 2 3295.74 PES
0.3 5 6 0.04 1000 2.045 2512.97 1 -10.6753 3215.61 PES
7 2592.36 1 -7.504 35 3158.74 PES
0.02 2.107 -7135.3 2.379 113.021 1644.54 OSC
-0.3 5 7 0.04 1000 2.045 —7305.7 2.248 1 104.053 1861.06 OSC
0.08 1.977 ~7642.6 2.1158 93.082 2282.03 OSC
0.02 2.107 2531.87 1 -1.83252 2827.41 PES
0.3 5 7 0.04 1000 2.045 2592.36 1 —7.504 35 3158.74 PES
0.08 1.977 2711.88 1 -15.166 6 3813.25 PES
800 -6 033 2.204 94.6229 1705.01 OSC
-0.3 5 7 0.04 5000 2.045 -32 760 3.1755 253.915 5304.65 OSC
10000 -64 579 4.023 388.406 9598.35 OSC
800 2140.75 1 -14.014 1 2972.76 PES
0.3 5 7 0.04 5000 2.045 11624.6 1.098 2 117.282 6 857.55 PES

10000 22914.9 1 285.433 11522 PES
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For positive values of Dg, one can observe from the tables that Rrs. increases with the
increase in Dg, while for negative Ds, Rrscc decreases with the increase in |Dg|. A similar
observation on the effect of Dg on Rrpoc. can be made. In the case of Dg taking negative values,
oscillatory convection is shown to be possible. In the case of positive values of Dg, however,
the PES is valid provided Dg > 0.3. Overstability is seen only for the case when the sign of Dg
is such as to make a stabilizing contribution to the density gradient.

The tables illustrate the fact that the Prandtl number has a destabilizing effect on oscillatory
convection and has no effect on stationary convection.

We now discuss about the possibility of pitchfork, Hopf, Takens-Bogdanov, and codimension-
two bifurcations (primary instabilities) using the results of linear stability analysis. The schematic
of pitchfork and Hopf bifurcations are shown in Fig. 1.

7000 i| Pitchfork bifurcation o0 / 700017 .
6 5001 6500 | Hopf bifurcation /| 6500f | Inverted bifurcation
6 000 6 000 | 6000k
o5 500 o5 500 o5 500
5000 | 5 000- 5000 |
4500 % 4500 ° 4500F
4000 400 - 4000 -
0 0 5 6 0 5

3980+ "'-.‘ Takens-Bogdanov 3980k Codimension-two
k bifurcation bifurcation

3960 3960 R

Tsc
& 3940 o 3940 R

3920 3920

3900 3900

3 880 L 1 1 3 880 | ) |

1.5 2.0 2.5 3.0 15 2.0 2.5 3.0

Fig. 1 Schematic of Rayleigh number versus wave number plots for pitchfork, Hopf, inverted, Takens-
Bogdanov, and codimension-two bifurcations

Based on the sign of Dg, we may consider the following two cases:

(i) Ds > 0 and

(ii) Dg < 0.

The pitchfork and Hopf bifurcations are characterized by stationary and oscillatory Rayleigh
numbers given by Eq. (21). The finding on the effect of Dg on Ry and Ry is in tune with
the results of Malashetty et al.ls! and Hu et al.2%.

From Eq. (84), it is clear that the supercritical pitchfork, subcritical and tricritical bifur-
cations are, respectively, given by bifurcation A3 > 0, A3 < 0, and A3 = 0 (see Fig.2). The
Takens-Bogdanov bifurcation point is an equilibrium point (here, it is a wave number), at which
the neutral curve of oscillatory convection intersects the neutral curve of stationary convection,
ie.,

RTocc(roc) = Rgcc (qSCC)u (110)

where goc = ¢sc- If @oc # Gsc, it is called the codimension-two bifurcation point.
Analysing the expression of w? in Eq. (21), we note that when I3 = 0, the frequency on the
neutral curve of oscillatory convection approaches zero, i.e.,

w?=0. (111)
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Equation (111) is a double zero corresponding to the Takens-Bogdanov bifurcation point at

Rs(goc), where

88.(Pr(DsLe(Le + 1) + 1)(1 + Cs62,) + (LeDs + 1))
q?.LePr(Le(1 — Dg) — 1) ’

Rs(goc) = (112)

The schematic of the Rayleigh number versus the wave number plot corresponding to Takens-
Bogdanov and codimension-two bifurcations is shown in Fig. 2.

3000 — 2000
——Dg=0.1
2500 % Dg=03
: 1500 |
2000 :
3 A5>0
of 1500 - s 0 of 1000
1000 - /
................................. 500
500 -
A4<0 .
O I I I I I I 0 I \\I I I I I
2 3 4 5 6 7 8 10 12 14 16 18 20 22 24
Le Le

Fig. 2 Plots of Rs versus Le obtained from coefficient A3 of Newell-Whitehead-Segel equation at
onset of stationary convection for Cs = 0.04, Pr = 5, and Ds = 0.1,0.3, —0.1, —0.3

We now proceed to discuss the results of a nonlinear stability analysis using the Lorenz
and Ginzburg-Landau models. The Lorenz model is used to discuss about the possibility of
inverted (subcritical) bifurcation. Our findings from the weakly nonlinear stability analysis con-
cur with those of Platten and Chavepeyer[?8] and Malashetty et al.[”] that subcritical instability
is possible for Dg < 0.

Subsection 4.1 discusses the condition under which the secondary instabilities exist. The
Ginzburg-Landau equation is used in studying secondary instabilities such as Eckhaus and
zigzag.

It is found from our computations that the regions of Eckhaus and zigzag instabilities in-
crease by increasing |Dg| for fixed values of the other parameters (see Fig.3). However, Dg
does not significantly alter the region of both Eckhaus and zigzag instabilities.

10

0 1 1 1
0y,

Fig. 3 Plots of secondary instability regions of Eckhaus (E), zigzag (Z) instabilities and stable regions
(S) in (A2/A1,d¢gsc)-plane for Rs = 1000, Cs = 0.04, Le =7,Ds = 0.3, and Pr =5

We evaluate the Nusselt number Nu and the Sherwood number Sh to study heat and mass
transport. Figure 4 shows the plots of Nu versus the scaled thermal Rayleigh number r; for
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different values of the Soret parameter Dg and keeping the other parameters fixed. From the
figure, it is clear that for Dg > 0, heat transport is diminished, while for Dg < 0, heat transport

is enhanced compared with the value of Nu of Dg = 0.

1.05
1.20
1.04
1.15 103
S
5 110 S 102
1.05 1.01
1.00 1.00
L 0.99 L L
0'950 1 2 3 4 0 1 2 3 4
7 "

Fig. 4 Plots of Nusselt number Nu versus scaled thermal Rayleigh number r; for Cs = 0.04, Rs =
1000, Le = 7, and different values of Dg

Figure 5 shows that as we increase Le, Nu increases for Dg < 0, while the opposite result
is true for Dg > 0. Thus, Le enhances heat transport in the case of Dg < 0 and diminishes it
in the case of Dg > 0. A similar effect can be observed in Fig. 6 which is the plot of Nu versus
r1 for different values of Cs.

sl Dg=03 1.04
1.03
5 1.02
=
1.01

1.00

0.99
0

1.04

1.03

3 1.02

1.01

1.00

0.95 L L L 0.99 L L L

Fig. 6 Plots of Nu versus r1 for Ds = 0.3, —0.3, Rs = 1000, Le = 7, and different values of Cs
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Figure 7 throws up an interesting result in the case of Dg = 0.3, and the similar result applies
for other positive values of Dg. In this case, the second diffusing component fails to alter heat
transport of a single component system, and this is essentially due to the cross-diffusion effect
signified by the Soret coefficient nullifying the solutal concentration effect on heat transfer.
However, in the case of Dg < 0, heat transport is significantly altered by the second diffusing
component. We also find from the figure that the Nusselt number increases with the increase
in Rs.

1.20
110}
Dg=-0.3
115
LO8 ... R =800
- = -Ry=5000 -
LMo . 106 —Ry=10000 P
2 = T _
1.05 1.04] T
1.00 1.02F [
.("
100 oot
0.95 1 1 1 1 1 1
0 1 2 3 4 0 1 2 3 4
Ty 7y

Fig. 7 Plots of Nu versus r1 for Ds = 0.3, —0.3, Cs = 0.04, Le = 7, and different values of Rg

We next discuss the result on the Sherwood number. From Fig. 8, it is obvious that the
solutal transport decreases with an increase in the value of Dg for Dg > 0, a result similar
to the result on Nwu in Fig.4. Likewise, the results of Figs.4 and 9 are similar for the case of
Dg < 0. The effect of Le on Sh for the cases Dg > 0 and Ds < 0 are qualitatively similar
to those of the Nusselt number depicted in Fig.5 but the only difference is that when Le
significantly influences Nu, there is comparatively insignificant influence of Le on Sh. From
Egs. (107) and (109), we may write

Sh—1 rpr
Nu—1 rg Le

(Le—1)+ Le < 1. (113)

This aspect can be explicitly seen by comparing the corresponding plots of Nu and Sh in
Figs. 4-11.

2.2

2.0

1.8

1.6

Sh

14

1.2

1.0

0 1 2 3 4 0 1 2 3 4

Fig. 8 Plots of Sherwood number Sh versus r1 for Cs = 0.04, Rs = 1000, Le = 7, and different
values of Dg
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Fig. 9 Plots of Sh versus r1 for Ds = 0.3, —0.3, Cs = 0.04, Rs = 1000, and different values of Le
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Fig. 10 Plots of Sh versus r1 for Ds = 0.3, —0.3, Rs = 1000, Le = 7, and different values of Cs
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Fig. 11 Plots of Sh versus r1 for Ds = 0.3, —0.3, Cs = 0.04, Le = 7, and different values of Rg

An important related paper to the current one is the excellent paper by Hu et al.?!] who

not only iterated that Poiseuille-Bénard flows are subcritically unstable for negative separation
factors but most importantly established that, for very small negative or large positive separa-
tion factors and large Rayleigh numbers, the maximum transient growth rate gets enlarged. In
the absence of a Poiseuille flow in their Bénard configuration, the results qualitatively match
with that of Hu et al.?%27]. To compare the current paper with the paper of Hu et al.?!), we
note the following one-to-one correspondence between the papers:

(i) The separation ratio 1 of Hu et al.l2l is —g—i of our paper and their Lewis number Le
is reciprocal of our Le.
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8 Conclusions

(i) The second diffusing component stabilizes the system due to the fact that the solutal
concentration increases the density. The Soret effect characterized by Dg makes a stabilizing or
destabilizing contribution to the density gradient depending on the sign of Dg. Overstability is
seen only for the case when the sign of Dg is such as to make a stabilizing contribution to the
density gradient.

(ii) The suspended particles increase the viscosity of the fluid and thereby stabilize the
system. The presence of suspended particles is characterized by Cs.

(iii) In addition to the pitchfork and Hopf bifurcations, Takens-Bogdanov and codimension-
two bifurcations are also possible in the system.

(iv) The inverted (subcritical) bifurcation is possible only for Dg < 0.

(v) Dg does not alter the regions of the Eckhaus and zigzag instabilities.

(vi) § dN“ <0, gf)h < 0 for Dg > 0, and ;\%sul >0, d“ilsjhl > 0 for Dg < 0.

(vii) Varlatlons of Rrsc, Rroc, Nu, and Sh with Le, Cs, and Rg for positive and negative
values of Dg are tabulated in Table 3.

Table 3 Variations of Rrsc, RToc, Nu, and Sh

Rrge Rroc Nu Sh
Ds >0 Ds <0 Ds >0 Ds <0 Ds >0 Ds <0 Ds >0 Ds <0
Mpaco  SMpeco Mo oo o o o 4o
dfggc >0 dfggc >0 dfggc >0 dfggc >0 qoe<o dae<o <o qoe<o
ddR—gs“ >0 dfggc >0 dfggc >0 dfTT;C>0 4R =0 >0 4R =0 >0
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