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Abstract

In light of the recently established BRST invariant formulation of the Gribov–Zwanziger theory, we

show that Zwanziger’s horizon function displays a universal character. More precisely, the correlation

functions of local BRST invariant operators evaluated with the Yang–Mills action supplemented with

a BRST invariant version of the Zwanziger’s horizon function and quantized in an arbitrary class

of covariant, color invariant and renormalizable gauges which reduce to the Landau gauge when all

gauge parameters are set to zero, have a unique, gauge parameters independent result, corresponding

to that of the Landau gauge when the restriction to the Gribov region Ω in the latter gauge is

imposed. As such, thanks to the BRST invariance, the cut-off at the Gribov region Ω acquires a

gauge independent meaning in the class of the physical correlators.
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1 Introduction: a short review of Zwanziger’s horizon function

The so-called Gribov–Zwanziger theory [1] handles the issue of the Gribov copies [2] in the Landau gauge,
∂µA

a
µ = 0, by restricting the domain of integration in the functional integral to the Gribov region Ω

Ω =
{

Aa
µ , ∂µA

a
µ = 0 , Mab(A) = −∂µD

ab
µ (A) > 0

}

, (1)

where Mab(A) is the Faddeev-Popov operator∗ and Dab
µ = δab∂µ − gfabcAc

µ stands for the covariant
derivative in the adjoint representation of SU(N). For the partition function in d = 4 Euclidean space,
one writes

Z =

ˆ

Ω

[DA] δ(∂A) (detM) e−SYM , SYM =
1

4

ˆ

d4x F a
µνF

a
µν , (2)

The restriction to the region Ω has been put on firm basis due to the following properties [3]: i) Ω
is bounded in all directions in field space. The boundary, ∂Ω, of Ω, where the first vanishing eigen-
value of the Faddeev-Popov operator Mab(A) shows up, is the first Gribov horizon; ii) Ω is convex; iii)
All gauge orbits cross Ω at least once. In particular, the latter implies that gauge configurations lying
outside the region Ω are copies of configurations belonging to Ω, giving thus a well motivated support
to expression (2), in the sense that it does take into account all physically different gauge configurations †.

At the practical computational level, Zwanziger’s horizon function H(A) [1, 6] plays a pivotal role in
the evaluation of the partition function (2). It turns out that, in eq.(2), modulo some assumptions and
simplifications, the restriction to the region Ω can be lifted inside the Boltzmann weight through the
addition of a novel term, given precisely by H(A). In other words, expression (2) can be rewritten as

Z =

ˆ

[DA] δ(∂A) (detM) e−(SYM+γ4H(A)−4V γ4(N2−1)) , (3)

where

H(A) = g2
ˆ

d4xd4y fabcAb
µ(x)

[

M−1
]ad

(x, y)fdecAe
µ(y) , (4)

is the horizon function, V is the space-time volume and N is the number of colors. The parameter γ has
mass dimension one and is called the Gribov parameter. It is not free, being determined through a gap
equation, known as the horizon condition:

〈H(A)〉 = 4V (N2 − 1) , (5)

where the expectation value 〈H(A)〉 has to be evaluated with the measure defined by expression (3).

It is worth mentioning here that in his seminal paper [2], Gribov implemented the restriction to Ω
only at the first order, by following a different path than that outlined by Zwanziger in [1, 6]. More
precisely, in [2], the restriction to Ω was worked out by means of the so-called Gribov no-pole condition,
amounting to require that the inverse, M−1, of the Faddeev-Popov operator is strictly positive at zero
momentum, under the assumption that the lowest value of it is achieved at zero momentum. At first look,
Gribov’s no-pole condition and Zwanziger’s horizon condition might appear different. Nevertheless, it
turns out that Gribov’s no-pole condition can be resummed to all order [7,8], so that a closed expression
can be found. The output of the resummation yields exactly Zwanziger’s horizon function, eq.(4), and
the horizon condition, eq.(5), indicating thus the equivalence of both methods.

∗Due to the Landau condition, ∂µAa
µ = 0, the Faddeev-Popov operator Mab(A) = −∂µD

ab
µ (A) is Hermitian, a crucial

property for the definition of Ω.
†It must be pointed out that the region Ω is not free from Gribov ambiguities. Additional Gribov copies still exist inside

Ω [4, 5]. A smaller region contained within Ω, known as the fundamental modular region, does exist which is fully free
from Gribov copies [5]. Ideally, one should restrict the domain of integration in the functional integral to the fundamental
modular region rather than to the Gribov region. Nevertheless, until now, a practical way to restrict the path integral to
the fundamental modular region is not yet at our disposal. We focus thus on the Gribov region Ω.
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As it is apparent from eq.(4), the horizon function H(A) is non-local, giving rise to a non-local ac-
tion. However, expression (3) can be cast in local form [1,6] through the introduction of a pair of bosonic
auxiliary fields (ϕ̄, ϕ)abµ and a pair of anticommuting fields (ω̄, ω)abµ . The resulting local action is known
as the Gribov–Zwanziger (GZ) action SGZ, being given by

SGZ = SYM + SLandau
FP −

ˆ

d4x
(

ϕ̄ac
µ Mab(A)ϕbc

µ − ω̄ac
µ Mab(A)ωbc

µ + γ2 gfabcAa
µ(ϕ+ ϕ̄)bcµ

)

, (6)

where SLandau
FP stands for the Faddeev-Popov action of the Landau gauge, i.e.

SLandau
FP =

ˆ

d4x
(

iba∂µA
a
µ + c̄a∂µD

ab
µ cb

)

. (7)

Therefore, for the partition function, eqs.(2),(3), we have

Z =

ˆ

[DΦ] e−(SGZ−4V γ4(N2−1)) = e−V Ev , (8)

where [DΦ] is a short-hand notation for integration over all fields appearing in the Boltzmann weight
of eq.(8), namely: Aµ, b, c, c̄, ϕ, ϕ̄, ω, ω̄. In the local formulation, the horizon condition (5) defining the

Gribov parameter γ reads ∂Ev

∂γ2

∣

∣

∣

γ2 6=0
= 0. The Gribov–Zwanziger action, eq.(6), turns out to be multi-

plicatively renormalizable to all orders [1,6,9], implying that explicit calculations can be carried out in a
consistent way.

In particular, for the correlation functions of local gauge invariant operators O(x), we may write

〈O(x)O(y)〉
∣

∣

∣

Landau

SGZ

=

´

[DΦ] O(x)O(y) e−(SGZ−4V γ4(N2−1))

´

[DΦ] e−(SGZ−4V γ4(N2−1))
, (9)

where O(x) ‡ stands for a generic gauge invariant operator. Correlation functions of this type are of
fundamental importance in order to unravel the physical content of the restriction to the Gribov region
and of the Gribov–Zwanzgier action. For instance, expression (9) can be directly employed to study the
spectrum of the theory, as done in the case of the glueballs in [11–13].

Nevertheless, a drawback of the original Gribov–Zwanziger framework, eqs.(6),(8), is the lack of BRST
invariance [1]. As it stands, the action (6) exhibits a soft breaking of the BRST invariance, which turns
out to be proportional to the Gribov parameter γ [1]. Although this feature does not jeopardize the
renormalizability of the Gribov–Zwanziger action (6), it obscures the physical meaning of γ itself, which
encodes the restriction to the region Ω. Furthermore, the lack of BRST invariance does not make evi-
dent a natural extension of the Gribov–Zwanziger setup to other covariant renormalizable gauges as, for
example, the linear covariant gauges. Finally, without BRST invariance one is not able to prove that
the correlation functions of gauge invariant operators are independent of the gauge parameters entering
the gauge fixing condition, a fundamental property in order to attach a physical meaning to expression
(9). Needless to say, the issue of the BRST symmetry and of its soft breaking in the Gribov–Zwanziger
theory has been object of intensive investigations, see [9, 14–29].

Recently, we have been able to reformulate the Gribov–Zwanziger theory in such a way that a mani-
fest exact BRST invariance could be established [30–34]. The details of this construction will be shortly
reviewed in the next section. The existence of an exact BRST symmetry provides a clear physical meaning
to the Gribov parameter γ, while allowing us to establish that the correlation functions of gauge invariant
operators are independent of the gauge parameters. These features give a universal, gauge independent,

‡From the general results on the cohomology of the BRST operator in Yang–Mills theories, it follows that the set
{O(x)} is spanned by local colorless operators of arbitrary dimensions built up with the field strength F a

µν and its covariant

derivative Dab
µ , see [10] and refs. therein. Fermions can also be added when necessary.
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character to Zwanziger’s horizon function H(A), eq.(4), albeit after replacing it with its BRST invariant
counterpart, see the next section.

Let us also mention that, as observed in [35–38], the restriction to the Gribov Ω region leads to ad-
ditional non-perturbative instabilities giving rise to the formation of dimension-two condensates, namely
〈Aa

µA
a
µ〉, whose value, in the presence of Gribov’s horizon, supplements the one also present in pertur-

bative YM [39], and 〈ϕ̄ab
µ ϕab

µ − ω̄ab
µ ωab

µ 〉. Taking into account the existence of such condensates from the
beginning, gives rise to the so-called Refined Gribov–Zwanziger (RGZ) action, given by

SRGZ = SGZ +
m2

2

ˆ

d4x Aa
µA

a
µ −M2

ˆ

d4x
(

ϕ̄ab
µ ϕab

µ − ω̄ab
µ ωab

µ

)

, (10)

where, as much as the Gribov parameter γ, the mass parameters m and M are not free, but dynamically
determined by minimizing their respective effective action, see [37]. As the GZ action, the RGZ action
is renormalizable to all orders in perturbation theory [36]. In particular, the tree-level gluon propagator
stemming from (10) attains a finite value at k = 0. Such a behavior is in agreement with ruling lattice
data as well as with functional and effective methods, see [40–57] for a non-exhaustive list.

Let us end this short summary on the Gribov–Zwanziger formulation by outlining the organization of
the paper. Sect.2 is devoted to the BRST invariant reformulation of both GZ and RGZ actions and to
its consequences on the Gribov parameter γ as well as on the correlation functions (9). In Sect.3 we
present the main results of this paper: a generalization of the Gribov–Zwanziger setup to an arbitrary
class of covariant, color invariant and renormalizable gauge fixings which reduce to the Landau gauge
when setting the gauge parameters to zero, providing thus a universal character to (the BRST invariant
extension of) Zwanziger’s horizon function. Sect.4 collects our conclusion.

2 BRST invariant reformulation of the GZ theory

The main tool of the BRST invariant reformulation [30–33] of the Gribov–Zwanziger theory has been
the use of a gauge invariant and transverse field configuration Ah

µ, obtained by minimizing the functional
Tr
´

d4xAu
µA

u
µ along the gauge orbit of Aµ [3, 58], namely

A2
min ≡ min

{u}
Tr

ˆ

d4xAu
µA

u
µ , with Au

µ = u†Aµu+
i

g
u†∂µu . (11)

In particular, looking at the stationary condition of the functional (11), one gets a non-local transverse
field configuration Ah

µ, ∂µA
h
µ = 0, which can be expressed as an infinite series in the gauge field Aµ, see

Appendix A of [30], i.e.

Ah
µ =

(

δµν −
∂µ∂ν

∂2

)

φν , ∂µA
h
µ = 0 ,

φν = Aν − ig

[

1

∂2
∂A,Aν

]

+
ig

2

[

1

∂2
∂A, ∂ν

1

∂2
∂A

]

+O(A3) . (12)

Remarkably, the configuration Ah
µ turns out to be left invariant by infinitesimal gauge transformations

order by order in the gauge coupling g, see [30, 60]:

δAh
µ = 0 , with δAµ = −∂µω + ig [Aµ, ω] . (13)

The infinite series (12) is an expansion in powers of the coupling constant g. As such, its meaning is that
of a weak coupling expansion, as it will be stated in more precise terms below.

Moreover, as one directly observes from eq.(12), a divergence (∂µAµ) is always present in all higher order
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terms [30, 60]. Therefore, we can rewrite Zwanziger’s horizon function H(A) in terms of the invariant
field Ah

µ [30], namely§

H(A) = H(Ah)−R(A)(∂A) , (14)

where R(A)(∂A) is a short-hand notation for R(A)(∂A) =
´

d4xd4xRa(x, y)(∂µA
a
µ)(y), with R(A) being

an infinite non-local power series in Aµ, and

H(Ah) = g2
ˆ

d4xd4y fabcAh,b
µ (x)

[

M−1(Ah)
]ad

(x, y)fdecAh,e
µ (y) . (15)

Furthermore, following [30], the term R(A)(∂A) can be fully reabsorbed through a redefinition of the
Lagrange multiplier b, i.e.

b → b+ iγ4R(A) , (16)

which has unity Jacobian. Thus, expression (6) becomes [30]

SGZ = SYM + SLandau
FP −

ˆ

d4x
(

ϕ̄ac
µ Mab(Ah)ϕbc

µ − ω̄ac
µ Mab(Ah)ωbc

µ + γ2 gfabcAh,a
µ (ϕ+ ϕ̄)bcµ

)

, (17)

and the corresponding partition function remains with exactly the same measure as before, in e.g. eq.(8).

We are now left with the issue of localizing the operator Ah
µ, a task which has been successfully handled

in [31], yielding the local expression

Sloc
GZ = SYM + SLandau

FP −

ˆ

d4x
(

ϕ̄ac
µ Mab(Ah)ϕbc

µ − ω̄acMab(Ah)ωbc
µ

)

− γ2

ˆ

d4x gfabc(Ah)aµ(ϕ+ ϕ̄)bcµ +

ˆ

d4x
(

τa∂µ(A
h)aµ − η̄aMab(Ah)ηb

)

, (18)

where
Mab(Ah) = −∂µD

ab
µ (Ah) , (19)

and

Ah
µ = h†Aµh+

i

g
h†∂µh , h = eigξ

aTa

, (20)

with ξ being an auxiliary localizing Stueckelberg field and T a are the generators of SU(N). In this local
version, the partition function of the theory now entails a new functional measure, including not only the
measure from eq.(8) but also the integration over the new localizing fields ξ, τ, η, η̄.

According to eq.(12), equation (20) has to be understood as a powers series in ξa, namely

Ah,a
µ = Aa

µ −Dab
µ ξb −

g

2
fabcξbDcd

µ ξd +O(ξ3) , (21)

meaning that the whole action (18) contains an infinite series of terms in powers of ξ. These terms can be
seen as parameterizing weak coupling fluctuations above a nontrivial non-perturbative vacuum, encoded
in the Gribov parameter γ2. We stress here that, although the expression (21) is non-polynomial in the
sense that it is an infinite power series, all its terms are local products of fields with only one derivative¶

and the resulting action involves therefore terms up to second order in derivatives. Thus, the action
containing Ah,a

µ as written in (21) is effectively local, and as such the usual theorems of local quantum
field theory apply to it.

§It is important to emphasize that we do not perform a variable transformation between A and Ah. In fact, as written
in eq.(12), Ah is a function of the field A. In eq.(14) we add all the (highly non-local) structure to H(A) to compose H(Ah)
and subtract it as indicated by the term R(A)∂A. The nontrivial feature is that it is possible to extract a factor ∂A as
explained in [30]. Hence, since there is no change of variables implemented so far, eq.(14) does not entail any Jacobian in
the functional integral.

¶Note that the single covariant derivative Dab
µ already saturates the dimension of Ah,a

µ , so that it can only appear linearly
in (21), even for terms of higher order in ξ. This is also evident from the gauge transformation law (20) which counts one
derivative. A generic gauge transformation is also a local but non-polynomial expression.
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That the action (18) gives a local setup for the non-local operator Ah
µ of eq.(12) follows by noticing

that upon using the equation of motion of the Lagrange multiplier τ , i.e. the transversality constraint

∂µA
h
µ = 0 , (22)

we can solve iteratively for the Stueckelberg field, see Appendix A of [30]:

ξs =
1

∂2
∂A+

ig

∂2
[∂A,

∂A

∂2
] + · · · , (23)

Inserting eq.(23) in eq. (21) yields back the non-local version (12). The extra ghosts (η̄, η) account for
the Jacobian arising from the functional integration over τ which gives a delta-function of the type δ(∂Ah).

The local action Sloc
GZ, eq.(18), enjoys an exact nilpotent BRST symmetry, see e.g. [33], thanks to the

BRST-invariance of Ah, i.e. sAh = 0, with s the BRST operator, see [30–33] for details and for the gener-
alization to the Refined Gribov-Zwanziger case. Despite the use of a dimensionless localizing Stueckelberg
field ξa, both actions (18) and its refined version have been proven to be renormalizable to all orders,
thanks to the pivotal role played by the transversality constraint (22) and to the powerful Slavnov-Taylor
identities following from the BRST invariance, see [33,59,61] for a detailed proof by means of the algebraic
renormalization framework [10].

We are now ready to exploit a few properties of the BRST invariant reformulation of the Gribov–
Zwanziger framework. The first important consequence is that the Gribov parameter γ can be given
a clear physical meaning, being a nontrivial BRST invariant parameter, as expressed by

s

(

∂Sloc
GZ

∂γ2

)

= −s

ˆ

d4x gfabc(Ah)aµ(ϕ+ ϕ̄)bcµ = 0 , s

(

∂Sloc
GZ

∂γ2

)

6= s∆̂ , (24)

for any local polynomial ∆̂. Equations (24) state that the Gribov parameter γ2 is associated with a
nontrivial element of the cohomology of the BRST operator s, just as the coupling constant g2 or the
bare quark masses if present. As such, it has the meaning of a physical parameter that can enter the
correlation functions of the local gauge invariant operators. In fact, as it will be shown in the next sec-
tion, eqs.(24) imply that γ2 is independent of the gauge parameters entering the gauge fixing condition,
a necessary feature in order to have the meaning of a physical quantity. Of course, equations similar to
(24) hold for the parameters (m2,M2) entering the RGZ action.

A second important property which can be derived is the equivalence of the physical correlation func-
tions evaluated with the original Gribov–Zwanziger action, eq.(6), and with its local BRST invariant
formulation, eq.(18), namely

〈O(x)O(y)〉
∣

∣

∣

Landau

SGZ

= 〈O(x)O(y)〉
∣

∣

∣

Landau

Sloc

GZ

, (25)

where SGZ and Sloc
GZ are given by eqs.(6) and (18), respectively. This is an important consequence of

the reformulation of the GZ action. It tells us that the result obtained within the novel local BRST
invariant formulation is precisely the same as that obtained with the original GZ action‖. Said otherwise,
the novel formulation is completely equivalent to the original one. Moreover, eq.(25) will play a key role
in the forthcoming discussion on the universality character of Zwanziger horizon function H(Ah), eq.(15).

Due to its relevance, let us give a detailed look at eq.(25). We first observe that the gauge invariant
local operators {O(x)} are completely insensitive to the presence of the Stueckelberg field ξa. In fact,
since (20) can be regarded as a particular gauge transformation, it immediately follows that

O(A(x)) = O(Ah(x)) . (26)

‖Although in eq. (25) gauge invariant quantities O(x) are considered, we underline that the equivalence (25) holds for
more general correlation functions as, for example, the n-point gluon correlators 〈Aµ1

(x1) . . . Aµn
(xn)〉. It holds in fact for

all correlators excluding those explicitly containing the b-field.
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Let us now proceed by elaborating on the correlator

〈O(x)O(y)〉
∣

∣

∣

Landau

Sloc

GZ

=

´

[DΦ] O(x)O(y) e−Sloc

GZ

´

[DΦ] e−Sloc

GZ

, (27)

where [DΦ] is again a short-hand notation∗∗ for integration over all fields entering Sloc
GZ, namely the fields

already present in eq.(8), Aµ, b, c, c̄, ϕ, ϕ̄, ω, ω̄, as well as the new localizing fields ξ, τ, η, η̄. Integration
over (b, τ, η̄, η) yields the factor

δ(∂A)δ(∂Ah) det(∂D(Ah)) . (28)

Therefore, using the solution ξs, eq.(23), of the constraint ∂µA
h
µ = 0, we get

δ(∂Ah) =
δ(ξ − ξs)

|(∂Ah)′|ξs
, (29)

where
(∂Ah)′ξs = det(−∂2δac − gfabc(∂Ab)− gfabcAb

µ∂µ +Rac(ξs)) , (30)

with

Rac = −gfacb(∂µD
bd
µ ξds )−gfacb(Dbd

µ ξds )∂µ−
g2

2
facbf bde

[

∂µ(ξ
d
sD

ef
µ ξfs )

]

−
g2

2
facbf bde(ξdsD

ef
µ ξfs )∂µ+O(ξ3s )

(31)
and R(ξs) collects all remaining infinite power series terms in ξs. From eq.(23) it is clear that ξs contains
a factor of ∂A for each term in its expansion and, as a consequence, so does R.

Moreover, taking into account the presence of the delta function δ(∂A) stemming from the integration
over the field b, it follows that (see eqs.(21) and (23))

ξs = 0 , Ah = A , (∂Ah)′ξs = det(−∂2δac − gfabcAb
µ∂µ) . (32)

We can therefore remove the modulus |..| in equation (29) since, from eq.(32), (∂Ah)′ξs equals precisely
the Faddeev-Popov operator of the Landau gauge which turns out to be positive within Ω. Therefore,

det(∂D(Ah))

(∂Ah)′ξs
= 1 , (33)

leaving us with a trivial integration over ξ which, due to the delta-function δ(ξ) of eq.(29), amounts to
setting ξ = 0 in the remaining expression for the integrand of eq.(27). This establishes the equivalence
(25). Let us end this section by remarking that property (25) extends without any difficulty to the
Refined Gribov–Zwanziger case.

3 Universal character of Zwanziger’s horizon function for cor-

relation functions of gauge invariant operators

The BRST invariant reformulation of the Gribov–Zwanziger action enables us to move to a more general
class of gauge fixings. Let us consider in fact the following action

S̃ = SYM + SGF −

ˆ

d4x
(

ϕ̄ac
µ Mab(Ah)ϕbc

µ − ω̄acMab(Ah)ωbc
µ

)

− γ2

ˆ

d4x gfabc(Ah)aµ(ϕ+ ϕ̄)bcµ +

ˆ

d4x
(

τa∂µ(A
h)aµ − η̄aMab(Ah)ηb

)

, (34)

∗∗Note that, even though we employ the same notation here and in eq.(8), the integration measures are different.
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where SGF stands for an arbitrary covariant, color invariant and renormalizable gauge fixing. To offer an
explicit example of what SGF might look like, we may consider the following choice

SGF =

ˆ

d4x s
(

c̄a(∂µA
a
µ − µ2ξa +

g

2
βfabcc̄bcc)− i

α

2
c̄aba

)

=

ˆ

d4x

(

iba∂µA
a
µ +

α

2
baba − iµ2baξa + igβfabcbac̄bcc +

g2

4
βfabcf cmnc̄ac̄bcmcn

)

+

ˆ

d4x
(

c̄a∂µD
ab
µ (A)cb + µ2c̄agab(ξ)cb

)

, (35)

with gab(ξ) is the BRST-transformation of ξ, see [33]. Evidently, we have sS̃ = 0. The expression (35)
contains three gauge parameters σi = (α, β, µ2), as can be stated in terms of the cohomology of the BRST
operator s, i.e.

∂S̃

∂σi

= s∆i , i = 1, 2, 3 , (36)

for some local integrated ∆i. Equation (36) expresses the fact that, unlike the parameters (γ2,m2,M2)
of the GZ and RGZ actions, the parameters σi = (α, β, µ2) are associated to unphysical trivial elements
of the cohomology of the BRST operator, see [10].

As it is apparent from eq.(35), both Lorentz covariance and global color invariance are preserved. Further-
more, setting σi = (α, β, µ2) = 0, the Landau gauge is recovered. Besides, when (β, µ2) = 0, expression
(35) yields the class of the linear covariant gauges [33] while, for β = 0, gives the class of Rξ-gauges
considered in [61]. Finally, when µ2 = 0, β = α

2 , the Curci-Ferrari non-linear gauges are recovered [62].

The all order renormalizability of the action S̃, eq.(34), can be achieved by repeating the specific alge-
braic analysis already done in the cases of the linear covariant gauges [33] and of the Rζ-gauges [61]. Of
course, more general gauge fixings containing more gauge parameters can be envisaged, without altering
the properties we are going to establish in the following.

Due to the gauge nature of σi = (α, β, µ2), eq.(36), it follows that they will not enter the quantum
corrections affecting the parameters (γ2,m2,M2), as the latter are linked to nontrivial elements of
the cohomology of the BRST operator s [10], eqs.(24). Said otherwise, the anomalous dimensions of
(γ2,m2,M2) will be independent of σi = (α, β, µ2).

Let us now give a look at the correlation functions of the local invariant operators O(x) evaluated
with the action S̃, namely

〈O(x)O(y)〉
∣

∣

∣

S̃
=

´

[DΦ] O(x)O(y) e−S̃

´

[DΦ] e−S̃
. (37)

Since, by definition, the operators O(x) are elements of the BRST cohomology

sO(x) = 0 , O(x) 6= sÔ(x) , (38)

for any local Ô(x), it follows that

∂〈O(x)O(y)〉
∣

∣

∣

S̃

∂σi

= −

´

[DΦ] s
(

O(x)O(y)∆i e
−S̃
)

´

[DΦ] e−S̃

+

(

´

[DΦ] O(x)O(y) e−S̃

´

[DΦ] e−S̃

)





´

[DΦ] s
(

∆i e
−S̃
)

´

[DΦ] e−S̃



 = 0 , (39)

where use has been made of eq.(36) and of the BRST invariance of S̃. Equation (39) states that the

correlation functions 〈O(x)O(y)〉
∣

∣

∣

S̃
are independent of the gauge parameters σi = (α, β, µ2), a feature
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which directly follows from the BRST invariance. Therefore, without loss of generality, 〈O(x)O(y)〉
∣

∣

∣

S̃

can be evaluated by setting immediately σi = (α, β, µ2) = 0, namely

〈O(x)O(y)〉
∣

∣

∣

S̃
=
(

〈O(x)O(y)〉
∣

∣

∣

S̃

)

σi=0
= 〈O(x)O(y)〉

∣

∣

∣

Landau

Sloc

GZ

= 〈O(x)O(y)〉
∣

∣

∣

Landau

SGZ

, (40)

as it follows from the equivalence (25) established in the previous section.

Equation (40) summarises the main result of the present work, stating that the correlation functions
of local BRST invariant operators are independent of the gauge parameters entering the gauge fixing
condition. This property holds for a generic class of gauge condition, provided covariance and global
color invariance are maintained together with the requirement that the Landau gauge is recovered when
all gauge parameters are set to zero. This property gives to Zwanziger’s horizon function H(A), eq.(4),
a universal character as far as physical correlators are concerned.

As a motivation for the introduction of the horizon function (15) to remove Gribov copies in the general
class of gauges defined by (35) one can employ an argument already advocated in [66]. In the case where
the gauge parameters (β, µ2) are re-expressed as (β, µ2) = (αβ̃, αµ̃2), one can write

SGF = s

ˆ

d4x c̄a
[

∂µA
a
µ − i

α

2

(

ba − 2iµ̃2ξa + igβ̃fabcc̄bcc
)]

. (41)

By a suitable redefinition of the b field, namely

b′a = ba − 2iµ̃2ξa + igβ̃fabcc̄bcc , (42)

with trivial Jacobian, expression (42) can be recast as

SGF = s

ˆ

d4x c̄a
(

∂µA
a
µ − i

α

2
b′a
)

. (43)

This gauge fixing action is formally equivalent to the linear covariant gauges†† and, as such, one can
employ the same arguments worked out in [30] for the elimination of Gribov copies. In fact, this reasoning
does not depend on the particular form of (35). If one chooses a covariant and color-invariant gauge which
can be expressed as

SGF = s

ˆ

d4x c̄a
(

∂µA
a
µ + αΩa

)

, (44)

with Ωa a general function of the fields and their derivatives with dimension two and ghost number zero
and which, after a proper rescaling of all gauge parameters, reduces to the Landau gauge in the limit
α → 0‡‡, the same argument applies. What we are effectively doing is restricting the integration of gauge
fields to those configurations that –evidently– obey the chosen gauge condition, supplemented with the
constraint that M(Ah) > 0, the latter being encoded in the (BRST invariant) Gribov–Zwanziger action
and horizon condition.

Let us end this section with an interesting remark about the role played by the massive gauge pa-
rameter µ2 entering the gauge condition (35). As it is clear from its dimensionful nature, this parameter
provides a BRST invariant regularizing infrared mass to the dimensionless Stueckelberg field ξa, namely

〈ξa(k)ξb(−k)〉 =
δabα

(k2 + µ2)2
. (45)

In the absence of the parameter µ2, the Stueckelberg field would behave like 〈ξaξa〉k ∼ 1
k4 , which might

give rise to potential IR spurious divergences in some class of Feynman diagrams. Nevertheless, the

††Of course, the action (43) is not the one of the linear covariant gauges at the dynamical level since the BRST trans-
formation for b is modified due to the shift (42), see [66] for a similar observation in the specific case of the Curci-Ferrari
gauge.

‡‡Assumed here to exist and to be taken.
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possibility of introducing a fully BRST invariant regularizing mass µ2 through the gauge fixing together
with the results (39) and (40) imply that the physical correlation functions are perfectly free from potential
IR divergences even when the Stueckelberg field is massless, i.e. when µ2 = 0. This can also be
appreciated from the observation that, when specifying to the Landau gauge, the Stueckelberg field
actually has a null propagator and it completely decouples from the theory. Finally, properties (39),(40)
extend immediately to the Refined Gribov–Zwanziger framework.

4 Conclusion

In this work we have exploited the recent local BRST invariant reformulation of the Gribov–Zwanziger
framework and of its Refined version [30–33]. The existence of an exact nilpotent BRST symmetry has
far-reaching consequences, encoded in the powerful language of the cohomology of the corresponding
BRST operator s, see [10] and references therein.

The BRST symmetry enables us to attach a clear physical meaning to the Gribov parameter γ2 as well as
to the parameters (m2,M2) entering the Gribov–Zwanziger action and its Refined version, eqs.(6),(10).
Being related to nontrivial elements of the cohomology of the BRST operator s, these parameters will not
be affected by the gauge parameters entering the gauge condition to all orders, a fundamental property
in order to be seen as physical parameters.

A second important consequence of the BRST symmetry is that of ensuring that the correlation functions
of local BRST invariant operators are independent of the gauge parameters, a feature which has been
proven for a very huge class of gauge fixings, as shown by eqs.(39),(40).

Equations (39),(40) summarise our main result. They grant a universal character to Zwanziger’s hori-
zon function H(Ah), eq.(15), the BRST invariant version of its Landau gauge limit H(A), eq.(4). As
already stated, eqs.(39),(40) imply that the correlation functions of BRST local invariant operators eval-
uated with the Yang–Mills action supplemented with Zwanziger’s horizon function and quantized in
an arbitrary class of covariant, color invariant and renormalizable gauges which reduce to the Landau
gauge when all gauge parameters are set to zero have a unique, gauge parameters independent result,
corresponding to that of the Landau gauge. As a consequence, the restriction to the Gribov region Ω
in the Landau gauge, eq.(1), acquires a gauge independent meaning in the class of the physical correlators.

Of course, unlike the BRST invariant correlators, gauge dependent quantities as, for example, the gluon
propagator, the three and four gluon vertices, the ghost-gluon vertex and so on, will strongly depend on
the specific features and parameters entering the gauge condition. Evidently, for these quantities, the
handling of the Gribov issue might be full of highly nontrivial details as one can figure out, for example,
from the case of the linear covariant gauges extensively discussed in [30–33,63–65].

Moreover, concerning the gluon propagator, although it is depending on the gauge parameters, it can be
proven that the pole mass of its transverse component is gauge parameter independent to all orders [32],
thanks to the so-called Nielsen identities which are again a direct consequence of the BRST symmetry,
see [32] for a detailed derivation of these identities within the Gribov–Zwanziger framework.

As a future challenge, we are naturally led to consider a possible extension of the present work to a
completely different class of gauge fixings which lack some of the properties which we have required:
covariance and/or global color invariance. This is the case of the Coulomb and Maximal Abelian gauges
for which the corresponding Zwanziger horizon functions are known, see, for instance, [67] and references
therein for the Coulomb gauge and [68–70] for the Maximal Abelian gauge. The Coulomb gauge lacks
covariance while the Maximal Abelian gauge lacks explicit global color invariance. Although expected
on physical grounds, the explicit proof of the equivalence of the physical correlation functions among all
these gauges would be a remarkable result, due to the highly nontrivial differences that both Coulomb and
Maximal Abelian gauges display with respect to the Landau gauge. For example, the lack of covariance
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of the Coulomb gauge turns the all order proof of the renormalizability of the theory a quite difficult
issue due to the appearance of non-local divergences requiring non-local terms [71], a feature absent in
the Landau and Maximal Abelian gauges. On the other hand, the breaking of the global color invariance
of the Maximal Abelian gauge is at the origin of the so-called Abelian dominance [72–74], according to
which the relevant degrees of freedom in the infrared non-perturbative region should be identified with
the Abelian components of the gauge field corresponding to the Cartan subgroup of the gauge group.
In addition, all these gauges lead to quite different frameworks in order to account for confinement,
see [75] for a pedagogical general review. Nevertheless, it might be worth to mention a few encouraging
features which might be exploited to figure out nontrivial checks towards the possible equivalence among
the physical correlators. As recently done in the case of the Maximal Abelian gauge [62, 76], the gauge
invariant field Ah

µ, eq.(12), can be employed to obtain a manifestly BRST invariant reformulation of the
Coulomb gauge as well. Also, an interpolating gauge fixing relating Landau, Coulomb and Maximal
Abelian gauges can be found in [77], see also [78]. This suggests to pursue the idea of trying to built up
a kind of generalized interpolating horizon function, a tool which might be helpful to relate the various
non-perturbative aspects of all these gauges. Finally, let us mention that, assuming the hypothesis of
the Abelian dominance [72], a first evidence that the spectrum of the lightest glueballs in the Maximal
Abelian gauge is in agreement with that already obtained in the Landau gauge [12,13] has been outlined
in [79]. This result can be interpreted in favour of the aforementioned equivalence among the physical
correlation functions. Any progress in this direction will be reported soon.

Acknowledgements.

The Conselho Nacional de Desenvolvimento Cient́ıfico e Tecnológico (CNPq-Brazil), the Faperj, Fundação
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