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PRACTICAL CONSIDERATIONS FOR ASSESSING THE WASTE 
ASSIMILATIVE CAPACITY OF ILLINOIS STREAMS 

by T. A. Butts, V. Kothandaraman, and R. L. Evans 

INTRODUCTION 

This document has been prepared for the practitioner who has the responsibility 
for developing or approving the design of waste treatment facilities with discharges 
to Illinois streams. It sets forth in practical terms the factors that must be con­
sidered for determining the capability of stream waters to receive waste. A stream's 
capacity to assimilate waste as used here is that capacity available for use within 
the stream without depressing the dissolved oxygen (DO) levels below that required by 
Water Pollution Regulations in Illinois.1 

Although the concept of waste assimilation is not new, its implementation for 
stream pollution abatement has been intermittent and its full potential neglected. 
Unfortunately it has been considered a dilution phenomenon. It is based upon two 
principles of reason: 1) a stream is not a sterile entity and 2) waste receiving 
stream waters are a natural extension of a biological treatment process. Recogni­
tion of these principles is essential if stream pollution abatement is to be ap­
proached on the basis of cost effectiveness. 

An investigation leading to the assessment of the ability of stream waters to 
accept, ingest, and dispose of liquid waste is a scientific endeavor, though not an 
exact one. Its purpose is to define the mechanisms inherent in the self-purification 
capabilities of a stream which are in turn dependent upon interrelated physical, 
chemical, and biological activity. The basic laws that have been developed in an 
effort to correlate these interrelations are not absolute. They can be weakened by 
gross assumptions and distorted by generalized data. The proper selection of reac­
tion rates, biodegradable loads, and stream flows is fundamental; the use of text­
book factors or the translation of observations from one stream to another are ac­
ceptable only in terms of broad policy decisions. 

The techniques suggested herein are founded on theory, logic, and experience. 
Some effort has been made to evolve traditional theoretical considerations, but more 
extensive guidance on these can be obtained from the references cited. 

Plan of Report 

This report has been prepared with two basic situations in mind. These have 
been designated as Case I and Case II. Case I represents the conceptual approach 
whereby the necessity arises to evaluate assimilative capacities on the basis of 
simulation models. The procedures developed for this case are applicable when it 
becomes necessary to estimate the assimilative capacity of a stream prior to the 
actual discharge of waste effluents to it. Case II, on the other hand, represents 
a pragmatic approach based upon observed DO or biochemical oxygen demand (BOD) con­
centrations at several points along a stream reach. The procedures outlined in 
this situation are particularly useful where the stream is currently receiving waste 
water discharges and the effects of the effluents can be evaluated by field 
i nvestigations. 
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Considerable reliance has been placed upon the use of examples in demonstrating 
the application of formulas, and where appropriate, actual field data have been used. 
Procedures for estimating parametric values, which are based upon the experience of 
field investigations in Illinois, have also been included. Notations for symbols 
used throughout the report are given in the back. 
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THEORY 

The theory and procedures developed herein for oxygen balance in streams are 
based on the premise that the overall dissolved oxygen-biochemical oxygen demand 
(DO-BOD) relationship in streams is a linear process. Under this assumption, ef­
fects of all the component processes affecting the DO-BOD relationship in streams 
are additive, even though they are in themselves nonlinear. 

The analysis of streams to determine their capacity to assimilate organic pol­
lution has been based on the classical theory of Streeter and Phelps.2 Since their 
pioneering efforts, several modifications (Camp,3 Dobbins,h O'Connor5) have been 
proposed. Streeter and Phelps considered only two mechanisms affecting the DO bud­
get in streams, namely, the biochemical oxidation of organic matter and the atmo­
spheric reaeration of river water. Dobbins4 postulated that there are several other 
mechanisms operative in a river system which affect the DO-BOD relationship. These 
are: 

1) Removal of BOD by sedimentation and adsorption. 
2) Addition of BOD along a river stretch by scour of bottom deposits or by 

diffusion of partly decomposed organic products from the benthal layer 
into the waters above. 

3) Addition of BOD by local runoff. 
4) Removal of oxygen from water by diffusion into the benthal layer to 

satisfy oxygen demand in the aerobic zone of this layer. 
5) Removal of oxygen from water by purging action of gases rising from 

benthal layers. 
6) Addition of oxygen by photosynthetic action of plankton and fixed plants. 
7) Removal of oxygen by respiration of plankton and rooted plants. 
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8) Continuous redistribution of BOD and DO by the effect of longitudinal 
dispersion. 

In addition to these eight processes listed by Dobbins,4 the importance of ni­
trogen demand as part of the BOD is being increasingly recognized (Butts et al., 6 

O'Connor and DiToro,7 Gannon 8). Zanoni,9 conducting extensive research on the long 
term deoxygenation behavior of a conventional activated sludge waste water treatment 
plant effluent, came to the conclusion that the ultimate demands due to carbonaceous 
and nitrogenous materials are nearly equal. O'Connor and DiToro7 emphasized the 
importance of relative magnitudes of ultimate demands of carbonaceous and nitroge­
nous components, and stated that the effluents from biological treatment plants, 
particularly the high rate type, should be evaluated for their nitrogenous demands. 

In view of the stringent effluent quality standard with respect to suspended 
solids, it is likely that the effects of solids sedimentation, benthal demand, and 
BOD addition due to scour on oxygen balance will be minimal and consequently negli­
gible. Gannon8 in his intensive study of the Clinton River below Pontiac, Michigan, 
found no extensive sludge deposits and concluded that this factor had a minimal in­
fluence. The major waste source in this study consisted of the effluent from the 
Pontiac waste treatment plant, which gave biological treatment to the waste, either 
by means of trickling filter or activated sludge units that operated in parallel. 
O'Connor and DiToro7 in their analysis of oxygen distribution in the Grand River 
below Lansing, Michigan, considered settling of organic matter to be minimal in the 
river downstream of an activated sludge treatment plant. In view of the experiences 
of these investigators, solids deposition and other related mechanisms, namely items 
1, 2, 4, and 5 in the Dobbins list, will have very little influence on oxygen bal­
ance studies in most streams. 

Gannon8 found valid the assumption that the addition of oxygen by photosynthet-
ic activity of algae and other plants was balanced by the oxygen consumed by the 
respiration activity of these algae and rooted plants. Austin and Sollo10 conclud­
ed, on the basis of their 2-year study on the Salt Fork of the Vermilion River, that 
phytoplankton did not have a great effect on the oxygen balance of the stream. The 
major waste source into that stream is the effluent from a waste treatment plant 
managed by the Urbana-Champaign Sanitary District. Most of the field work was car­
ried out during the periods of critical flow when the treatment plant effluent made 
up 50 percent or more of the stream flow. Camp3 is of the opinion that, in oxygen 
balance studies to estimate allowable pollution loads, oxygen furnished through 
photosynthesis should not be relied upon because there is no assurance that it will 
be available during critical low flow periods. Consequently, photosynthesis and 
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respiration of aquatic plants will not be considered here in the mathematical for­
mulation for estimating assimilative capacities of streams. 

Reliable documentations of the extent of BOD additions along a river stretch 
by local runoff are not available at this time. The effects of dispersion, though 
significant in estuarial analysis, are considered insignificant in river pollution 
analysis. Therefore only three major factors will be considered in the evaluation 
of the mechanisms of self purification within stream waters, namely, the dissolved 
oxygen available to the stream system, the biological oxygen demands due to carbo­
naceous loads, and similar demands due to nitrogenous loads. 

HYDROLOGIC AND HYDRAULIC DATA 

Flow 
Regardless of the procedures selected for assessing the waste assimilative ca­

pacity of a stream, certain fundamental data must be available or developed for the 
hydrology of the watershed and the geometry of the stream system. Basic among these 
is the need to ascertain the 7-day, once-in-10-year low flow of the receiving water, 
which is the design flow established by the Water Pollution Regulations of Illinois.1 

A special hydrologic study is currently (1972) being made under the supervision 
of J. B. Stall of the Illinois State Water Survey to determine the 7-day, 10-year 
low flow for all streams in the state. Upon the completion of the study a publica­
tion will be issued setting forth the design flows to be incorporated in any water 
pollution abatement plans. 

Certain features of the hydraulic geometry of the stream system are essential 
for estimating the time-of-travel (velocity) in stream waters and the system's ca­
pability for absorbing oxygen from the atmosphere (reaeration). However, such esti­
mates from generalized formulas cannot be relied upon when dealing with low stream 
flows. For example, the excellent work of Stall and Fok11 and Stall and Hiestand12 

is not applicable to low flow conditions. These investigators have found that gen­
eral hydraulic geometry equations are best applied during relatively high flows, 
i.e., those flows equaled or exceeded about 10 percent of the days each year. For 
most Illinois streams the 7-day, 10-year low flow will usually be exceeded 90 per­
cent of the time and often 98 percent of the time. During these periods of low flow 
the effective slope of the water surface is greatly different from the general slope 
of the stream bed. Pools, riffles, and other impediments consequently cause travel 
time through the stream reach to be much longer than that computed by generalized 
equations. 
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Cross Sections 
In dealing with low flow conditions in a stream there is no substitute for 

cross section data developed from field observations. They are essential for de­
fining the width, depth, and velocity of flow along the course of a stream at a 
constant discharge. Unfortunately such data are sparse in Illinois. Sources in­
clude the U. S. Corps of Engineers, Illinois Division of Waterways, the Illinois 
State Water Survey, and some local drainage districts. 

For major streams, cross sections at points of significant changes in the 
stream bed are adequate. For small streams, cross sections may be needed at much 
closer intervals. Gannon and Downs13 used cross sections at 500-foot intervals on 
moderately small Michigan streams during extensive waste assimilative studies. The 
Illinois State Water Survey has found that cross sections on small streams should 
be taken to define riffle and pool areas in free flowing reaches, but are needed at 
less frequent intervals in pooled areas upstream of dams. In dealing with cross 
sections, stream water stages are essential. In addition to the sources previously 
mentioned for cross section information the U. S. Geological Survey can furnish wa­
ter level elevations. 

To demonstrate the differences between using adequate cross section data and 
misapplying generalized stream geometry formulas a reach of the Rock River between 
Rockford and Rockton will be examined. This reach of 22.4 miles from milepoint (MP) 
159.1 to MP 136.7 is located between two channel dams. Pertinent cross sections for 
the reach, provided by the U. S. Corps of Engineers, are set forth in figure 1. Riv­
er flow and stage data were obtained from the U. S. Geological Survey and Division of 
Waterways. River flows were considerably in excess of the 7~day, 10-year low flow. 
The lower 13 miles of the reach is pooled, whereas the upper 9 miles is relatively 
free flowing. This is typical of many reaches of Illinois streams. 

For this example the time-of-travel will be estimated by a computer-oriented 
volume displacement procedure and compared with generalized formulas,11,12 and the 
reaeration rate K2 will be developed from the findings. The volume displacement 
procedure can be formulized as: 

The Illinois State Water Survey has developed a computer program using cross 
section coordinates to produce a variety of hydrologic and hydraulic data based upon 
this simple formula. The format and computations (made with a desk calculator) used 
for this example are given in table 1, and the results of these computations com­
pared with empirical formulas are depicted in figure 2. Reasonable estimates for 
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Figure 2. Comparison of time-of-travel by volume displaoement 
and generalized formulas 
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Figure 1. Rook River cross sections from milepoint 159.1 to 136.7 



Table 1. Hydraulic and Hydrologic Computations, 22.4-Mile Reach of Rock River 

*Between milepoints 

L 
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flows considerably in excess of 7-day, 10-year low flows were obtained where free 
flowing conditions exist. However it is obvious that the generalized formulas can­
not be used in reaches where the influence of channel dams exists. Because of the 
pooled area the average travel time in the reach has been extended to 3 days, where­
as under free flowing conditions it would be about 1.3 days. From a waste assimila­
tive standpoint, for a given oxygen demand load and deoxygenation rate, about 2 1/4 
times more oxygen would be required within the reach than was estimated by empirical 
means. 

The factors influencing reaeration, i.e., the absorption of oxygen from the 
atmosphere, will be discussed in detail later in this report. However, for the pur­
pose of emphasizing the importance of cross section information, a generalized and 
acceptable equation for estimating reaeration rates is one developed by Langbein and 
Durum:14 

where 

This equation was applied to the velocities and depths for the Rock River 
reach, computed first,by the use of empirical formulas and secondly by the use of 
cross sections, to determine the K2 values for points along the reach, as shown in 
figure 3. From the generalized formulas the computed depths and velocities remain 
constant throughout the reach and thus the K2 value is constant, i.e., 2.92 per day. 
From observed cross section data (neglecting the influence of bridge abutments), K2 

values varied from 0.87 to 6.41 per day in the free flowing subreach. Although 
bridge locations had a significant influence in the free flowing subreach, bridges 
in the pooled area did not. Within the pooled area, K2 values ranged from 0.06 to 
1.02 per day. The weighted average K2 values for the free flowing and the pooled 
areas, respectively, were 3.21 and 0.37 per day. Use of the K2 value developed by 
the generalized stream geometry equations would have produced a significant error 
in computing a dissolved oxygen profile for the 22.4-mile reach. 

Textbook values for K2 pose similar pitfalls. Babbitt and Baumann15 values of 
K2 for the free flowing section of the reach would range from 0.50 to 0.70 per day, 
while those for the sluggish pool would range from 0.20 to 0.35 per day. 

The purpose of this example is to emphasize the essentiality of cross section 
data to reasonable estimates of parametric values independent of the approach, con­
ceptual or pragmatic, for assessing the waste assimilative capacities of streams. 
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Figure 3. Reaeration coefficients at various locations along upper Rock River 

CASE I: CONCEPTUAL APPROACH 
As mentioned earlier the procedures that are developed for the conceptual ap­

proach are principally applicable to locating a waste treatment plant outlet on a 
stream that heretofore has not been receiving waste effluents. This is not to sug­
gest that certain field work and laboratory investigations are not required. Cer­
tainly the hydrologic characteristics and geometry of the stream system must be 
determined, and estimates based upon laboratory observations of BOD progressions 
are in order. Procedures for the BOD evaluations are outlined in a later section 
of this report. 

The predictive equations for BOD and DO profiles along a stream are based upon 
the following assumptions: 

1) Stream flow is steady and uniform. 
2) BOD and DO are uniformly distributed over each cross section, so that the 

equation can be written in one-dimensional form. 
3) The process for any river reach as a whole is a steady state process, the 

conditions at every cross section remaining unchanged with time. 
4) Bacterial oxidation of carbonaceous and nitrogenous matter and the absorp­

tion of oxygen from the atmosphere are first order reactions. 
5) The rate of BOD removal is proportional to the amount of BOD present, and 

the rate of reaeration is proportional to the oxygen deficit. 
If oxygen balance equations are applied to relatively short reaches of the re­

ceiving stream, errors introduced by the above assumptions will be of minor impor­
tance because the rate coefficients will change very little. 

ROCK RIVER MILEPOINT 
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Oxygen Balance Equations 
The rate of removal of BOD in a stream, on the basis of first order kinetics, 

is given by 

where LaC is the ultimate carbonaceous demand. 
aC 

Integration of the nitrogenous terms of equation 3 yields 

where 

If there is a time lag, for the onset of nitrogenous demand from the carbona­
ceous demand, which invariably is the case, then equation 6 takes the form 

The useful application of these equations has been discouraged by the fact that 
and the rate coefficients and are usually unknown. Methods for devel­

oping reasonable estimates of these factors will be outlined later in this report. 
The reaeration process in a stream due to absorption from the atmosphere is 

also considered a first order reaction. The rate of the process is dependent upon 
the DO deficit, D, which is defined as the difference between the DO saturation con­
centration, at the stream water temperature and the observed DO concentration, 
C, in the stream. The process can be expressed as 

where is the reaeration coefficient to the base e, per day. 
Since L, the BOD remaining to be satisfied, is measured in terms of oxygen con­

sumed, and the rate of oxygen consumption equals the rate at which the BOD is satis­
fied, then 

where 

Integration of the carbonaceous terms of this equation yields 

is the ultimate nitrogenous demand. If then 
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Combining the rates of these two reactions, equations 3 and 8, and writing the 
resulting equation in terms of the DO deficit gives the response of receiving waters 
to a single waste source. The differential equation is 

This equation simply states that the rate of change of the DO deficit with 
time-of-travel downstream is a function of the rate of oxygen utilization by demand 
loads and the rate of oxygen replenishment from the atmosphere. 

The solution of this differential equation yields a modification of the clas­
sical dissolved oxygen sag formula postulated by Streeter and Phelps,2 as follows: 

where is the initial dissolved oxygen deficit, t is the time-of-travel or incu­
bation time in days, and all other terms are as previously noted. 

Although equation 11 appears complex, with the exception of time (t and ), 
values for only 6 terms are required for a solution. Proper application of the 
equation will permit estimates of DO deficits along the course of the receiving 
stream's travel. If nitrification is not likely to occur in the stream, then the 
term pertaining to nitrogenous demand can be omitted. The determination of time, 
t, is dependent upon stream flows, in combination with effluent flows, and the 
stream geometry of the water course system. 

As mentioned earlier, methods for estimating rates of oxygen utilization will 
be covered later. Nevertheless the order of magnitude for and found by other 
investigators should be of interest. Zanoni,9 on the basis of his extensive studies 
of the long term deoxygenation behavior of the effluent from the activated sludge 
treatment plant in Milwaukee, Wisconsin, found that the values for ranged from 
0.07 to 0.17 per day with an average value of 0.12 per day. Values for were 
found to vary from 0.25 to 0.37 per day with an average of 0.29 per day. He also 
found that the time lag for the onset of nitrogenous demand varied from 1 to 11 
days. Several investigators (Butts et al.,6 Gannon,8 O'Connor and DiToro7) found 
that the rate of removal of BOD in-stream was higher than the equivalent BOD re­
moval under standard laboratory conditions. Sometimes the BOD removal may be due 
to biological abstractions rather than oxidation (Gannon8), and at other times BOD 
removal from the flowing waters may be due to sedimentation. In the latter case, 



it may be added back as a result of scour, or there may be an exertion of oxygen 
demand due to the products of putrefaction of the settled solids. It is obviously 
quite difficult to generalize and assign numerical values for these factors in a 
conceptual simulation model. 

Reaeration Rates 
Extensive research has been conducted for evaluating the stream reaeration rate 

coefficient. Several empirical and semiempirical formulations for predicting 
values have been proposed. Austin and Sollo10 investigated the validity of a few 
of these formulas by carrying out field tests to evaluate values for a stream 
and then comparing them with the computed values obtained from equations devel­
oped by four different groups of investigators. They concluded that the prediction 
equation of Churchill et al.,16 as shown below, gave the best fit to their observed 

values at 20 C: 

Rate—Temperature Relationships 
The determinations of BOD, L, and the rates of deoxygenation, and , as 

well as aeration, , are generally made at a standard temperature of 20 C. To 
apply these values to stream waters at temperatures other than 20 C, corrections 
have to be made. In the case of rates the Arrhenius model is generally the basis 
for applying temperature corrections. Its form is 
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The next best fit was obtained with the equation developed by O'Connor and Dobbins:17 

In these two equations, V is the average velocity of flow in feet per second, and 
H is the average depth in feet. These two equations have been used extensively in 
river oxygen balance studies. The equation developed by Churchill et al.16 is em­
pirical in nature and was developed for rivers in the TVA system with flow depths 
varying from 2.83 to 11.41 feet and with velocities of flow in the range of 1.85 to 
5.00 fps. Caution should be exercised not to use equation 12 for ranges of veloc­
ity and depth of flow not contained in the original formulation. 

It is imperative that the mean velocity of flow in the stream for the critical 
low flow be assessed with utmost care. Velocity is a governing factor in the esti­
mation of values and is also used in computing the time-of-travel between river 
locations of interest. 



where 

Dissolved Oxygen Saturation 
Several investigators have reported on the saturation of dissolved oxygen in 

fresh water with slightly varying results. Probably the most comprehensive and 
authoritative is the study undertaken by the American Society of Civil Engineers.18 

The solubility of DO in fresh water was found to be best described by 

where 

The following expressions are used for temperature correction purposes for the 
parameters that have thus far been discussed: 

The dissolved oxygen saturation values developed from this expression are in­
cluded in table 2 for temperatures ranging from 0 to 30 C. 

Design Problem 
To demonstrate the use of the mathematical expressions developed thus far for 

a conceptual approach to assessing the assimilative capacity of a stream, a typical 
design problem will be analyzed. 

A treated waste load from a community of 50,000 persons is to be discharged 
into a stream which is not receiving any other significant waste discharge. The 
flow of the waste effluent will average 100 gallons per capita per day (gcd) and 
the 7"day, 10-year low flow, of the stream is 7.0 cfs. The treatment process 
will be designed to produce an average 5-day BOD (BOD5) of 4.1 mg/l and an 
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Table 2. Dissolved Oxygen Saturation Values (Ref. 18) 
(Dissolved oxygen in milligrams per liter) 

ammonia-N concentration of 2.5 mg/l. After the mixing of the effluent with the 
stream waters, the estimated carbonaceous deoxygenation coefficient is 0.12 per day 
at 20 C; similarly, the nitrogenous deoxygenation coefficient is estimated to be 
0.29 per day at 20 C. The time lag, t o , is estimated to be 1.0 day. The width and 
depth of flow in the stream bed has been found to be reasonably constant at 15.0 
and 1.5 feet, respectively. The highest temperature of the stream waters during 
critical low flow is 25 C. Average DO concentration in the stream, upstream of the 
waste discharge, is 7.0 mg/l and the anticipated DO concentration in the effluent 
is 2.0 mg/l. It is the purpose of this investigation to determine whether or not 
the Illinois stream water quality standards for DO levels will be maintained under 
the conditions described. 
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Known: 

The ultimate carbonaceous demand is determined from equation 4 thusly: 

and substituting the values gives 

In determining the ultimate nitrogenous demand the oxygen consumption due 
to nitrification can be considered to occur at the ratio of 4.57 mg/l of DO per 
mg/l of Therefore the ultimate nitrogenous demand is 

The reaeration coefficient can be determined by several means, but here 
equation 13 will be used. Since the cross section area , the depth , and the 
flow of the stream are known, then 

and, from equation 13 

Applying temperature correction factors for the temperature dependent parame­
ters in accordance with equations 15, 17, 18, and 19 yields 

15 



The initial DO in the stream has been given as 7.0 mg/l, and the DO immediately 
downstream of the waste effluent is computed as 

From table 2 the DO saturation concentration at 25C is 8.18 mg/l. Therefore 
the initial DO deficit is 

16 

The parametric values for determining the DO concentration along the course of 
the stream have now been determined. There remains some judgment in assigning re­
alistic time-of-travel, , values along the length of the stream. Although flow is 
steady it is not necessarily constant. This requires a method of flow-routing be­
tween reaches or stream flow gaging stations. Where flow data are meager, a simple 
unit flow addition per mile of stream or per square mile of drainage area, taking 
into account tributary flows, will usually be sufficient for 7-day, once-in-10-year 
low flow conditions. 

The values that have been computed for use in equation 11 are: 

The results of using these values and selected t values in equation 11 are tab­
ulated in table 3. Although desirable, it is not possible to give a neat expression 
for the critical time, i.e., when the DO deficit is maximum, when both nitrogenous 
and carbonaceous demands are being exerted. Hence it is necessary to trace the DO 
concentrations, using equation 11, for a sufficient length of time to determine the 
critical DO point. From table 3 it is seen that the minimum DO, 4.37 mg/l, occurs 
at the point of discharge. A stream stretch of about 1.0 mile below the outfall is 
required before a recovery of 6.0 mg/l of DO is attained. The stream recovers rap­
idly up to MP 10.8 below the outfall. Then, because of the exertion of the nitrog­
enous demand, a second minimum is reached near MP 16.2. Thereafter the DO levels 
begin to increase, reaching stability at some point downstream. 



Table 3. Dissolved Oxygen Concentration in the Stream 
at Various Reaches of the Stream 

It should be pointed out here that the nitrogenous demand term in equation 11 
should be omitted in any computations for values of t < t . Also it has been as­
sumed that the waste characteristics, stream geometry, and other factors in this 
example are constant. If there are any significant changes in the stream system, 
for example, a dam, a tributary, riffles, etc., the parametric values used in equa­
tion 11 must be reassessed. In situations of this nature the stream should be di­
vided into reaches for which all the parameters affecting waste assimilative capac­
ities can be taken as reasonably stable. The values determined for D, LaC, and LaN 

at the end of any reach can then be used as the initial conditions for the next 
reach in assessing its capacity to assimilate waste. 

Summary 
The steps involved in estimating the waste assimilative capacity of a stream 

on the basis of a conceptual approach can be summarized as follows: 
1) Develop full understanding of the stream length, its channel geometry, 

water stage and flow patterns, and the general hydrologic features of 
the watershed. 

2) Determine the 7-day, once-in-10-year low flow of the receiving stream 
and the design flow of the waste treatment plant. 

3) Obtain reasonable estimates of the parameters defining the character­
istics of the in-stream treated waste, namely KC, KN, LaC, LaN, and to. 

4) Compute the stream aeration coefficients consistent with channel geometry 
and flows for the conditions indicated in step 2. 

5) Select the highest mean water temperature anticipated for the flow condi­
tions and apply correction factors to all temperature dependent parameters, 

17 



6) Determine the mean DO concentration of the stream waters upstream of the 
waste discharge point. Knowledge of the DO concentration expected in the 
treated effluent and the DO levels upstream of that point allows computa­
tion of the initial DO concentration in the stream after discharge by a 
mass balance expression. 

7) Select the DO saturation concentration from table 2 consistent with the 
water temperature selected in step 5. The difference between the satu­
ration DO values and the initial DO concentration computed in step 6 
represents the initial DO deficit, Da. 

8) Using equation 11 determine the DO deficits and hence the DO concentrations 
along the stream course for a sufficient length, and at predetermined in­
tervals, to define the DO sag. 

9) Re-evaluate the parametric values used in equation 11 whenever warranted 
by significant physical changes in the stream system. 

CASE II: PRAGMATIC APPROACH 
This section of the report outlines the procedures applicable to a waste assim­

ilative investigation of a stream where the DO levels in the stream are being in­
fluenced by an existing waste discharge, or where detectable BOD changes are occur­
ring in decreasing order with the downstream movement of the stream. Either occur­
rence, if judiciously measured and properly evaluated, will provide the bases for 
reasonable assessments for the mechanisms of self-purification within the stream. 
The procedures outlined will give realistic parametric values for a stream subjected 
to the discharge of untreated or partially treated waste effluents. However, some 
accuracy is lost when values under one condition are used to predict another condition. 

Oxygen Balance Equation 
The dissolved oxygen balance within a stream can be expressed in various ways, 

but for the pragmatic approach it can be formulated as follows: 

where 
DOn = net dissolved oxygen at the end of a stream reach 
DOa = initial dissolved oxygen of the reach 
DOu = dissolved oxygen consumed biologically within a reach 
DOr = dissolved oxygen derived from natural aeration within a reach 
DOx = dissolved oxygen derived from channel dams, tributaries, etc. 
Basically equation 21 states that the DO used and the DO added within a stream 

reach can be evaluated separately and added algebraically. This equation uses the 
same basic concepts as employed in the application of the Streeter-Phelps2 expression. 
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The difference lies in the fact that the Streeter-Phelps expression or any modifi­
cation of it, as demonstrated in the conceptual approach, specifies all the influ­
ential components in a single differential form. The following discussion describes 
the procedures involved in determining the values that should be assigned to the 
terms in equation 21. 

Reaeration 
In most streams in Illinois three significant influences affecting the dissolved 

oxygen levels in various reaches must be considered. These include 1) the stream 
geometry, 2) dams, and 3) tributaries. For the purpose of this report the oxygen 
absorbed from the atmosphere because of the physical characteristics of the stream's 
channel and flow shall be considered natural stream aeration, DOr . The influence 
of dams and tributaries will be included in the Dox term. 

Influence of Stream Geometry. The best procedure for estimating natural aera­
tion in streams for use in equation 21 is that proposed originally by Black and 
Phelps19'20 and later modified and improved by Velz21 and Gannon.22 The Velz modi­
fication of the Black and Phelps methods has been used extensively by Butts et al.6 

in estimating the reaeration characteristics of the Illinois River. The reaeration 
coefficient K2 , the factor normally associated with stream reaeration, does not di­
rectly enter into the computations here, but an equivalent K2 is developed by the 
Velz methodology. 

Natural stream aeration is based on the premise that the rate at which water 
is aerated under constant temperature and turbulent mixing conditions is directly 
proportional to the existing oxygen saturation deficit. Also, aeration is directly 
proportional to velocity and inversely proportional to depth of a stream reach. In 
the Velz modification of the Black and Phelps method, a mix or exposure time is used, 
which is analogous to the velocity factor found in most reaeration formulas. The 
mix time is the time required to expose an element of water to the air-water inter­
face. It follows that the mix time is highly dependent upon depth. A modified but 
equivalent form of the original Black and Phelps reaeration equation given by 
Gannon22 is 

where 
R = percent of saturation of DO absorbed per mix 
B o = initial DO in percent of saturation 

19 



20 

in which m is the mix or exposure time in hours, is the 
average depth in centimeters, and is a diffusion coefficient used by 
Velz. 

The diffusion coefficient a was found by Velz23 to vary with temperature ac­
cording to the expression in which and are the coefficients 
at T°C and 20C, respectively. When the depth is expressed in feet equals 
0.00153; therefore, for most engineering investigations 

Using average depths in feet and mix time in minutes and reducing factors yields 

where M is the mix time in minutes and H is the average depth in feet. 
M can be estimated by either of two equations experimentally developed by 

Gannon:22 

Equations 22, 2k, and 25 or 26 are required to determine the natural stream 
aeration term included in equation 21. These expressions are easily programmed 
on a digital computer or on an advanced programmable desk type calculator. The 
series expansion in equation 22 is continued until the last additive term change is 
no greater than 1 in the tenth decimal place. Butts and Schnepper24 have developed 
a nomographical solution for equations 22, 2k, and 25 for streams having average 
depths greater than 5 feet. This nomograph is presented as figure k. For depths 
less than 5 feet, equation 2k can be solved using M computed by either equation 25 
or 26; the computed value for K is then used to select from the modified Velz 
curve shown as figure 5. 

To illustrate the use of these expressions in determining the quantity of oxy­
gen absorbed from the atmosphere, in a reach of stream without tributary sources of 
oxygen and where channel dams do not exist, two examples are given. The first one 
is for a depth of 12.1 feet. 
As s ume: 



Figure 4. Oxygen absorption nomograph 
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K 

Figure 5. Modified Velz curve 

Find: 
Mix time, M; the percent DO absorbed per mix at zero initial DO, ; and the 
quantity of atmospheric oxygen absorbed in the stream reach, 
Equations 22, 24, and 25 can be used for a solution, but the nomograph (fig­

ure 4) will be used here. On figure k, by a straightedge connect the depth scale 
H at 12.1 with 25C (average T) on the temperature scale; read 27 minutes on the 
mix time M scale and 0.31 on the scale. Therefore: 

R is the percent of DO saturation absorbed per mix; is that percent absorbed 
per mix at an initial DO of zero, i.e., 100 percent deficit. From table 2 the DO 
saturation in the stream is found to be about 43 percent (i.e., 100 x 3.5/8.18). 
Since, as mentioned earlier, the rate of reaeration is proportional to the DO defi­
cit, the oxygen absorbed during an initial DO of zero would be greater than when 
the initial DO is 3.5 mg/l. Therefore to determine R, corrections must be made for 

thusly: : 
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At a saturation level of 8.18 mg/l, the pounds per day of oxygen, in the 
stream at average stream flow, is found to be 55,657 (i.e., 
The value 5.k is a conversion factor for converting flow in cfs to million pounds. 
Therefore the quantity of oxygen absorbed is 

What is the number of mixes within the reach? The flow time in minutes, , in 
the reach is 

Since the mix time M from figure 4 is 27 minutes, the number of mixes within 
the reach is 5.1 (i.e., 137/27) and the quantity of dissolved oxygen absorbed is 

These procedures and computations can be summarized by the following expression: 

where 

In the second example, which follows, all assumptions are the same except the 
depth is 2.8 feet. Here the solution requires the use of equations 2k and 26 in 
combination with figure 5. Substituting 2.8 feet into equation 26 gives 

Substituting 4.28 (M) into equation 24 then gives the value of K as , 
and from figure 5 the percent of oxygen absorbed per mix at 100 percent deficit is 

Substituting in equation 27 the values for and M shows the quantity of dis­
solved oxygen absorbed to be 4460 lb/day. The significance of stream depth to 
reaeration is amply demonstrated by the two examples. 

These examples have been used to illustrate only the mechanics of computing re-
aeration quantities as set forth by equation 27. In a situation where the reaeration 



is significant within a reach, an adjustment should be made in to take into ac­
count the change in dissolved oxygen. This adjustment is made by re-computing 
using for the average of the beginning and ending dissolved oxygen concentrations, 

Influence of Dams. Low head channel dams and large navigation dams are very 
important factors when assessing the oxygen balance in a stream. There are certain 
disadvantages from a water quality standpoint associated with such structures but 
their reaeration potential is significant during overflow, particularly if a low DO 
concentration exists in the upstream pooled waters. This source of DO replenishment 
must be considered. 

Procedures for estimating reaeration at channel dams and weirs have been devel­
oped by researchers in England.25-28 The methods are easily applied and give satis­
factory results. Little has been done in developing similar procedures for large 
navigation and power dams. The investigator is referred to the work of Preul and 
Holler29 for these larger structures. 

Often in small sluggish streams more oxygen may be absorbed by water overflow­
ing a channel dam than in a long reach between dams. However, if the same reach 
were free flowing, this might not be the case, i.e., if the dams were absent, the 
reaeration in the same stretch of river could conceivably be greater than that pro­
vided by overflow at a dam. If water is saturated with oxygen, no uptake occurs at 
the dam overflow. If it is supersaturated, oxygen will be lost during dam overflow. 
Water, at a given percent supersaturation, will lose oxygen at the same rate that 
water at the same percent deficit will gain oxygen. 

The basic channel dam reaeration formula takes the general form 

where 

where 
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Although equations 28 and 29 are rather simplistic and do not include all po­
tential parameters which could affect the reaeration of water overflowing a channel 
dam, they have been found to be quite reliable in predicting the change in oxygen 
content of water passing over a dam or weir.27 The degree of accuracy in using the 
equations is dependent upon the estimate of factors q and b. 

For assigning values for q, three generalized classifications of water have 
been developed from field observations. They are: clean or slightly polluted water 
q = 1.25; moderately polluted water q = 1.0; and grossly polluted water q = 0.8. 
A slightly polluted water is one in which no noticeable deterioration of water qual­
ity exists from sewage discharges; a moderately polluted stream is one which receives 
a significant quantity of sewage effluent; and a grossly polluted stream is one in 
which noxious conditions exist. 

For estimating the value of b, the geometrical shape of the dam is taken into 
consideration. This factor is a function of the ratio of weir coefficients, W, of 
various geometrical designs to that of a free weir where 

W = (r-l)/h 

Weir coefficients have been established for a number of spillway types, and 
Gameson25 in his original work has suggested assigned b values as follows: 

For special situations engineering judgment is required. For example, a number of 
channel dams in Illinois are fitted with flashboards during the summer. In effect, 
this creates a free fall in combination with some other configuration. A value of 
b, say 0.75, could be used for a flashboard installation on top of an ogee spillway. 
This combination would certainly justify a value less than 1.0, that for a free weir, 
because the energy dissipation of the water flowing over the flashboards onto the 
curved ogee surface would not be as great as that for a flat surface such as usually 
exists below free and step weirs. 

Aeration at a spillway takes place in three phases: 1) during the fall, 2) at the 
apron from splashing, and 3) from the diffusion of oxygen due to entrained air bubbles. 
Gameson25 has found that little aeration occurs in the fall. Most DO uptake occurs 
at the apron; consequently, the greater the energy dissipation at the apron the greater 
the aeration. Therefore, if an ogee spillway is designed with an energy dissipator, 
such as a hydraulic jump, the value of b should be increased accordingly. 
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The following example illustrates the use of the expressions developed when 
considering the reaeration potential of a dam. 
Assume: 

Shape of dam = sloping channel type with a hydraulic jump at the bottom 

Find: 
DO concentration immediately below the dam, 
Use of equation 28 with substitution of values for and h gives a dis­

solved oxygen deficit ratio r equal to 1.37. Use of equation 29 with a value of 
equal to 7.59 mg/l (from table 2) determines to be 3.44 mg/l. 

Influence of -Tributaries. Tributary sources of DO are often an important con­
sideration in deriving a DO balance in stream waters. These sources may be tribu­
tary streams or outfall sewers. The downstream effect of any DO input is determined 
by mass balance computations. In terms of pounds per day the tributary load can 
simply be added to the mainstream load occurring above the confluence. Two examples 
will be used to demonstrate the influence of tributary sources of DO. The first one 
involves a tributary stream. 
As s ume: 

Find: 
DO load (lb/day) and concentration downstream of the confluence. 

S i m i l a r l y 

Mainstream load = 12,096 lb /day 

The load downstream of the conf luence is t he re fo re 18,927 lb /day ( i . e . , 6831 

+ 12,096) . The DO concen t ra t i on downstream of the conf luence is thus 
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The second example invo lves the design of an o u t f a l l s t r u c t u r e to achieve a 

minimum DO at the p o i n t of d ischarge . From p re l im ina r y design data it appears 

tha t a 5 - f o o t d i f f e r e n c e in e l e v a t i o n is poss ib le between the o u t f a l l c res t and 

the 7-day, 10-year low f low r i v e r s tage . U t i l i z i n g t h i s head d i f f e r e n c e , de te r ­

mine i f a f ree f a l l i n g two-step we i r at the o u t f a l l w i l l insure a minimum DO of 

5.0 mg/ l a t the po in t o f d ischarge . 

Assume: 

Find: 
DO in the stream at the point of discharge and the oxygen mass balance. 
From the proposed spillway type, b equals 1.3. Use of equations 28 and 29, 

where the final tank effluent DO of 2.0 mg/l is equivalent to CA, gives values for 
r and CB of 2.1 and 5.67 mg/l, respectively. In this case CB is the effluent DO 

as it reaches the stream. The resultant DO at the point of discharge is 

The quantity of oxygen in the upstream sector is 

6.18 x 6.0 x 5.4 = 200 lb/day 

That added by the effluent is 

7.73 x 5.67 x 5.4 = 237 lb/day 

Oxygen Used 
The DOu term in equation 21 represents the oxygen consumed biologically within 

a stream reach. This term can be evaluated by three methods: 1) observed dissolved 
oxygen concentrations in conjunction with reaeration estimates, 2) bottle BOD and 
deoxygenation rate determinations of river water samples, and 3) long term bottle 
BOD progression evaluation of a waste effluent. The methods are listed in order of 
preference; however, the one used will probably be dictated by the existing data or 
the resources available for collecting usable data. 
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Method 1 is basically a computational procedure involving observed field DOs 
adjusted for DO from natural aeration and DO inputs from other sources as previously 
discussed. Rearrangement of equation 21 yields 

Note that the mathematical difference between the first two terms, and 
is simply the observed reduction in DO concentration during stream travel from 

the beginning of the reach to the end of the reach. The is this reduction plus 
any DO inputs between each station for which DO concentrations have been observed. 
For a series of stream reaches, each incremental value is added and the accumu­
lated sums, with the corresponding time-of-travel in the stream, are fitted to the 
first order exponential expression 

where 

Note: The coefficient is comparable to the composite of the terms and 
previously defined in the discussion regarding the conceptual approach to waste 
assimilative analysis. 

Observed data cannot be fitted directly to equation 31. It must be done by 
an iterative, trial and error process. This can be accomplished by a linearization 
process such as developed by Reed and Theriault30 or least squares, or by a statis­
tical nonlinearization process such as the method of steepest descent. These meth­
ods require use of either digital computer facilities or large capacity program­
mable calculators. The flow diagram and the computer program used by the Illinois 
State Water Survey for solving the problem by the Reed-Theriault method are given 
in appendixes A and B. There are other methods for solving equation 31 which will 
be discussed later. 

The use of field DOs in estimating the waste degradation characteristics of a 
stream has certain advantages. The need for laboratory BOD tests is eliminated 
which saves time and money. The reliability of the results should be better since 
the measurement of dissolved oxygen is far more precise and accurate than the BOD 
test. Also, stream measured DOs take into account the in situ oxygen demand in the 
stream. This would include both dissolved and benthic demand, whereas laboratory 
BOD results generally reflect only the oxygen demand exerted by dissolved matter. 
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Table 4. Computed Values of DO Used and T ime-o f -T rave l 

The main disadvantage of the method is that estimates have to be made of the reaer-
ation inputs. However, this disadvantage, relative to the bottle BOD methods, is 
not as great as it might seem since reaeration estimates need to be made anyway in 
the final waste assimilative analysis of the stream. 

Estimating and Thus far, all of the expressions for use in undertaking 
a pragmatic approach to waste assimilative analysis have been defined and their ap­
plication demonstrated except the terms and in equation 31. These will now 
be examined. The assumption here is that a summation of values and correspond­
ing time-of-travel, have been computed along a stream (for a water temperature 
of 22C) as shown in table k. 

In dealing with data of this nature for determining and the use of a 
computer or programmable calculator simplifies the solution, but here use will be 
made of the procedures developed by Thomas,31 often called the Thomas slope method. 
The f a c t o r i s plotted on arithmetic graph paper against values as 
shown in figure 6. A line of best fit is then drawn, often neglecting the first 2 
points. The ordinate intercept is noted as 0.031; the slope of the line, S, is 
computed as 0.00207 is found to equal 0.4 
per day from the expression 

and is found to equal 83,784 lb/day by the expression 

A curve fit of the data versus time-of-travel, using the values of and 
found by the Thomas slope method, is shown in figure 7. It can be seen that the 
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value of I (computed in contrast to 
the observed ) is determined by 

A similar 
curve fit for the same data with a 
computer-oriented method is shown in 
figure 8. At this point it is well to 
recall that since the values computed 
are not based upon an observed temp­
erature of 20C they must be recomputed 
for that base temperature by equations 
15 and 19 for and , respectively. 

Design Problem 
The use of the mathematical ex­

pressions that have been developed for 
a pragmatic approach to assessing the Figure 6. Thomas slope data 

transformation plot 

Figure 7. Thomas slope method 
curve fit 

Figure 8. Computer calculated curve 
fit by steepest descent method 
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assimilative capacity of a stream will be demonstrated by a detailed analysis of 
a problem. 

A long reach of a moderately sized river is subjected to pollution from an 
overloaded secondary treatment plant presently operating at a 65 percent BOD re­
moval efficiency. Within the reach under investigation are an ogee type channel 
dam and inflow from a small, relatively clean tributary stream. Hydraulic and hy-
drologic analyses have been completed with the use of cross sections and flow data 
furnished by others. Some DO and BOD data were available but a preliminary review 
showed it to be inadequate. The 7-day, 10-year low flow of the receiving stream 
was found to be 560 cfs and that of the tributary 160 cfs. A design temperature of 
28 C has been selected. The problem is to determine the configuration of DO con­
centrations along the reach of the stream at design flow and temperature if addi­
tional capacity were provided to raise the level of treatment to that expected in 
an efficient secondary sewage treatment plant. 

The problem will be approached in two phases. First the deoxygenation coef­
ficient will be determined for existing conditions. Secondly a predictive pro­
file of DO concentrations will be developed for design conditions. 

A field survey for DO and temperature determinations at 11 stations on the 
stream was performed during summer low flow conditions. Field observations and 
subsequent computations are set forth in table 5. 

Table 5. Field Observations and DO Computations 

Note: In Cols 7 and 8 the at the end of a reach is the of that reach 
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Figure 9. Observed and estimated DO profiles 

During the time of field work the flow of the receiving stream in the vicinity of 
the waste discharge was 700 cfs and the tributary flow was 200 cfs. From the DO 
measurements (Col. 7) and the time-of-travel (Col. 6) it is found that a pronounced 
DO sag exists in the stream below the principal source of waste discharge. This 
condition is depicted by the lower curve in figure 9. Other computations in table 5 
lead to a solution for the term (Col. 11) in pounds per day which will be 
used in equation 30. 

The natural reaeration, , aspects of the stream are assessed by equation 27. 
The factors for use in this procedure are included in table 6. Values for at 
22 C are obtained from table 2; and are developed from figures 4 and 5 on the 
basis of the physical dimensions of the stream established in table 5. 

Next the is computed from equation 30 (note that does not yet apply), 
and the results are tabulated in table 7. A computational format which the State 
Water Survey has found useful with a computer for tabulating the results in tables 
5, 6, and 7 is included in appendix C. 

At this point and are found, by the methods previously described, 
to be 0.4 per day and 83,784 lb/day, respectively. From equations 15 and 19, the 
values for and are 0.527 per day and 89,424 lb/day, respectively. 

Since the present overloaded secondary treatment plant removes 65 percent of 
the incoming BOD load, then the incoming load is 89,424/0.35 or 255,497 lb/day. 
The expanded secondary sewage treatment plant may be expected to remove 90 percent 
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Table 6. Reaerat ion Computations 

of the BOD load . Therefore the load to the stream w i l l be or 

about 25,550 l b / d a y . For use in developing the p r e d i c t i v e DO p r o f i l e of the r e ­

c e i v i n g stream a f t e r the new secondary t reatment is f u n c t i o n i n g , the f o l l o w i n g 

design f a c t o r s are now known: 

Table 7. DO Used Computations 

The r e s u l t s of computations f o r s o l v i n g equat ion 21 are tabu la ted in t a b l e 8, 

and the DO values in column 20 of t ab le 8 were used to p l o t the p r e d i c t i v e DO p ro ­

f i l e shown in the upper p o r t i o n of f i g u r e 3. 

33 

Note: 

Note: 



34 

Table 8. DO P r o f i l e Computations at 28C and a 7-Day, 10-Year Low Flow 
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Summary 
The steps involved in estimating the waste assimilative capacity of a stream 

based upon a pragmatic approach can be summarized as follows: 
1) Develop a full understanding of the stream length, its channel geometry, 

water stage and flow patterns, and the general hydrologic features of 
the watershed. 

2) Determine the 7-day, 10-year low flow of the stream and select a design 
water temperature. 

3) Define the location of all dams and their physical features; define also 
the location of all tributary flows and relevant data regarding them. 

4) Divide the stream into reaches consistent with significant changes in 
cross sections and determine the volumes and average depth in each reach. 

5) At the beginning and end of each reach, during low flow conditions and 
summer temperatures, undertake a series of field determinations for at 
least water temperature and dissolved oxygen concentrations; and if de­
sired collect water samples for BOD determinations. 

6) Compute the time-of-travel within each reach at stream flows observed dur­
ing the time of sampling as well as that during 7-day, 10-year low flow. 

7) From the observed DOs, flow, and time-of-travel compute DOa - DOn as demon­
strated in table 5. 

8) Select DO saturation values from table 2 for observed stream temperature 
conditions and compute the natural reaeration for each reach using fig­
ures 4 and 5 in conjunction with appropriate equations for finding the 
mix time, M, and the percent absorption at 100 percent deficit, Ro. 
Keep in mind the need to make adjustments in accordance with weir and 
mass balance formulas where dams and tributaries are encountered. 

9) Calculate, by summation, the for each reach as demonstrated in table 7. 
10) From an array of the vs t data, determine a n d p r e f e r a b l y by the 

methods of Reed-Theriault, steepest descent, or least squares. For a 
graphical solution, the Thomas slope method is satisfactory. Adjust the 
values for La and Kd for the selected design water temperature by the use 
of equations 15 and 19. 

11) Apply the removal efficiency anticipated to the computed ultimate oxygen 
demand and develop the required expression 

12) From the values developed in step 6 for time-of-travel and depth at 7-day, 
10-year low flow, use the observed DO just upstream of the discharge point 

at beginning of reach) as a starting point, and follow the computation 
outlined in table 8. 

13) Note whether or not the removal efficiency selected will permit predicted 
DO concentrations in the stream compatible with water quality standards. 

The steps that have been outlined can be readily arranged for computer manage­
ment. A format for t h e c o m p u t a t i o n s is included in appendix C as previously 
mentioned, and the format shown in table 8 can be used for the DO profile computa­
tions. These steps have been based principally upon DO observations in contrast 



to BOD determinations. Several examples will follow to demonstrate the use of BOD 
data to estimate the parametric values required to solve for the DO used. 

Estimating Parametric Values 
Procedures have been developed for using the data obtained from field work as 

well as laboratory work for estimating deoxygenation c o e f f i c i e n t s a n d 
ultimate oxygen d e m a n d s T h e in a stream or a bottle is often 
characterized by a first order reaction, i.e., and, after ascer­
taining values for as a function of there are numerous methods for estimating 

and Among these are the Thomas slope31 which has been previously demonstrated, 
method of moments,32 rapid ratio,33 daily difference,34 Reed-Theriault,30 and least 
squares. State Water Survey investigators have favored the Reed-Theriault method. 

There will be times when the data collected will not, upon analysis, resemble 
a first order reaction. The purpose here is to review some of the situations an 
investigator is likely to encounter in estimating the parametric values from field 
and laboratory work. 

Field Work. Generally the , as a function of time, takes one of the general 
shapes shown in figure 10. 

Figure 10a shows two first order reactions; one commences immediately, the 
other is delayed and starts at some later time designated The best procedure 
for analyzing this type of data is to fit two first order curves to each segment 
of the plot. The first curve is derived from the data up to the inflection 
point. The origins of the ordinate and abscissa are then transposed to the inflec­
tion point, and a new curve is derived. Thus two values are computed from each 
curve segment. 

Certain conditions may cause stream data to plot similarly to that depicted 
in figure 10a. These are: 1) dams, either channel or navigation types, and 2) in-
stream nitrification, i.e., conversion of ammonia to nitrate. The effect of dams is 
clearly demonstrated by a plot of actual observed conditions for the Upper Illinois 

Figure 10. Various DO used progression curves 
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Figure 11. DO used vs time-of'-travel, 
Upper Illinois Waterway, showing 

influence of navigation dams and pools 

Figure 12. DO used vs time-of-travel, 
Upper Illinois Waterway, indicating 
first and second stage BOD curves 

Waterway shown in figure 11. Note that each pool appears to contain its own indi­
vidual first order curve. A first order curve could be force-fitted through all 
the points; however, a better simulation of the observed DOs would be achieved by 
developing and for each individual pool. 

For the condition where the break in the first stage is caused by nitrifi­
cation, separate and coefficients should be developed for each distinct curve. 
The data points of figure 11 are replotted in figure 12 to show that a break in the 
overall data occurs as a result of nitrification commencing near Marseilles. With­
out a thorough in-field investigation, the complex phenomenon depicted by figures 
11 and 12 would not have been taken into consideration, and any generalized assump­
tions would have inaccurately portrayed the real conditions. 

The progression curve shown as figure 10b is indicative of an organic load 
that is not biodegraded immediately. Time is required to build up a viable bacter­
ial population capable of oxidizing the waste. A curve similar to this could be ex­
pected in a stream receiving a high ammonia load with respect to a carbonaceous load 
This reaction involves a time lag also, and the curve is similar to a Gaussian dis­
tribution; consequently, a good fit for can be achieved by the expression 

The solution to equation 34 necessitates the use of a digital computer. Squaring 
of the exponential power implies that Kd is no longer a constant but is a variable 
in relation to time. 

The curve shown as figure 10c is indicative of a reaction that proceeds immed­
iately and rapidly. For such a reaction to occur, the bacterial population must be 
in the log-growth phase. Such an array of data may be represented by fitting the 
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data points to a second order curve. One model that has gained some acceptance 
is a second order reaction curve in the form of a transposed, rotated hyperbola. 
This model assumes that the reaction rate is not constant but changes with time. 
Woodward35 presented this model mathematically as 

38 

where, in the terminology of this report 

The reciprocal of p represents the initial (maximum) reaction rate while the recip­
rocal z represents the ultimate A least squares analytical solution to equa­
tion 35 can be achieved by linearizing the observed data with the use of the recip­
rocals of the and the reciprocals of the corresponding time. 

Woodward35 showed that the second order reaction formula can produce a good 
fit to observed data. However, he stressed that a definite statement cannot be 
made as to what actual mathematical relationship a given set of data follows. Young 
and Clark36 compared the results achieved by the use of the first and second order 
reaction equations for sewage, glucose-gluatamic acid, and Metrecal BODs. In all 
three cases the second order equation was found to fit with the same degree of pre­
cision as the first order equation. Dougal and Baumann37 compared both techniques 
in use with raw and treated sewage. They concluded that BOD progression is not 
monomolecular and that the second degree equation is more representative of biochem­
ical reactions. On the other hand, Butts and Kothandaraman38 found that for most 
samples of Illinois River water (La Grange Pool) the second order curve did not fit 
as well as the basic first order curves derived from the Reed-Theriault curve fitting 
technique. 

In some instances though, the second order equation does show an extremely good 
fit to computed values. One such example is illustrated by figure 13, a plot of 

versus time-of-travel for the Dresden Island Pool of the Upper Illinois Waterway. 
The numerical values of and in equation 35 can be computed by 



where 

Figure 13 will be used to demonstrate the analysis of a second order reaction 
for use with equation 21. From figure 13, p equals 0.145 and z equals 0.718. Sub­
stituting these values into equation 37 yields lb/day; and from equa­
tion 36 If a 75 percent reduction in stream BOD is required, would 
then equal 34,800 lb/day. Substituting this value and into equations 36 
and 37 gives values for p and z of 2.318 and 2.874 respectively. The for use 
in equation 21 is therefore 

The methods that have been discus­
sed for estimating in-stream deoxygena-
tion coefficients and ultimate demands 
have been based solely on observed DOs 
and reaeration estimates. Under some 
circumstances it may be advantageous 
to use stream BOD data for estimating 

and O'Connor39 has proposed 
a procedure for such use and the tech­
nique used here is a modification of 
his work. 

The method consists generally of 
plotting on semi-log paper the stream 
BOD values determined by incubation in 
the laboratory against time-of-travel 
representative of sampling points along 
the stream. The example used here was 
developed from a sector of the Illinois 
River where nitrogenous demand was the 
basic sink for dissolved oxygen. River 
water samples were incubated for 9 days 
and the values were plotted 
against time as shown in figure 14. 

Figure 13. Second order DO used curve fit, 
Dresden Island Pool of Upper Illinois Waterway 
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The general form of the express ion f o r f i g u r e 14 is 

where nitrogenous demand at days incubation time. and can be 
calculated from the following: 

Figure 14. River BOD plot, upper end of 
Peoria Pool of Illinois Waterway 
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From these expressions was found to equal 475,000lb/day and was 
found to equal -0.14 per day. Letting equal I and equal fora time 
of 9 days and solving for in equation 31 results in a e x p r e s s i o n to be used 
in equation 21 of 

Laboratory Work. The oxygen demand of liquid wastes or substances subject to 
biochemical degradation in water is generally characterized by the 5-day biochemical 
oxygen demand (BOD5) test.40 Usually the results are interpreted as the demand for 
oxygen exerted by the substances being tested or more often a measure of the biode­
gradable matter available for oxidation by microbes. Just as important but less 
considered is the fact that the test reflects the activity and population of the 
microbes in the tested media. 

Whether or not there is a carbonaceous or nitrogenous demand, assuming unlim­
ited access to food, depends on the presence of cooperating bacteria. In the case 
of carbonaceous oxidation the heterotrophs are capable of using a carbon source for 
energy and producing as a by-product carbon dioxide. For nitrogenous oxidation the 
autotroph Nitrosomonas utilizes ammonia as an energy source converting it to nitrite 

whereas the autotroph Nitrobacter utilizes 
nitrite as an energy source converting it 
to ni trate. 

There is an important difference in 
the oxygen requirements for these funda­
mental oxidation processes. Each part of 
carbonaceous demand, since it is expressed 
in terms of oxygen, requires one part of 
oxygen; whereas for the nitrogenous demand, 
about 4.57 parts of oxygen are required for 
one part ammonia-N oxidized. In effect 1 
mg/l has a potential oxygen demand 
equivalent of 4.57 mg/l. 



Another aspect of the test, 
and a limiting one, is that frequently 
5 days is not sufficient time to devel­
op a dynamic nitrifying bacteria popu­
lation. Thus a result may not 
include the effects of nitrogenous 
oxidation. 

With these basic concepts in mind 
it is also important to realize that 
the ultimate oxygen demand, not the 

, is the important consideration 
for stream waters. The ultimate de­

Figure 15. BOD progression curves, 
Illinois River at Morris, June 15, 1972 

mand is dependent on the deoxygenation coefficient and the basis for deter­
mining these values is either BODs performed at varying periods of time, or deter­
minations of actual dissolved oxygen used between selected points on a stream. 

For the laboratory determinations of stream BODs at 20 C the technique devised 
by Elmore1*1 is the State Water Survey's method of choice. The procedure eliminates 
the necessity for dilution water. The results from diluted stream waters have been 
found by several researchers6,22,42,43 to be incompatible with stream-like conditions 

In differentiating between nitrogenous and carbonaceous demand, several tech­
niques have been used by the Survey. Acidification by Hurwitz et al.,44 N-Serve by 
Young,1*5 and ATU by Montgomery and Borne46 have all been used extensively. The 
Survey's choice is a modification of that suggested by Montgomery and Borne,1*6 which 
employs as an inhibiting agent for Nitrosomonas activity, the chemical allythiourea 
(ATU). For long term BODs a concentration of 0.5 mg/l is needed in the BOD bottle 
at intervals of 5 days to inhibit the oxidation of ammonia. Nitrobacter is not af­
fected, thus any nitrite present may be oxidized. 

The effect of an inhibitor is shown in figure 15. A portion of a sample of 
stream water is incubated without an inhibitor. This is represented by the upper 
curve and is the total oxygen demand. A portion of the sample was treated with ATU. 
This is represented by the lower curve, and since nitrification is inhibited, it 
depicts the carbonaceous demand. The difference between the total demand and the 
carbonaceous demand is the nitrogenous demand. An analysis of the data supporting 
these demands will permit evaluations for and and and and 
Several methods for determining the ultimate oxygen demand and deoxygenation coef­
ficients have been either described or cited earlier, and a computer program utiliz­
ing the Reed-Thierault method is included in the appendix. 
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Where a t r e a t e d d ischarge is proposed f o r a s t ream, these parameters should be 

es t imated from a t e s t sample con ta i n i ng a comparable e f f l u e n t and the stream water 

in a mix tu re having a d i l u t i o n r a t i o equ i va l en t to t ha t f o r the design f low of the 

proposed t reatment works and the 7-day, 10-year low f low of the s t ream. I f the 

s t ream's 7-day, 10-year low f l ow is z e r o , i . e . , no f l o w , the BOD procedures should 

be app l i ed to an und i l u t ed sample of an e f f l u e n t comparable in q u a l i t y to t ha t an­

t i c i p a t e d from the t r e a t e d d ischarge . 
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Appendix A. Flow Diagram for Computing Kc and Lc Values by Reed-Theriault Method 
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Appendix B. Program Listing for Evaluating Kc and Lc by Reed-Theriault Method 
STATEMENT OF THE PROBLEM 

C CALCULATION OF KC VALUE (THE DEOXYGENATION COEFFICIENT) AND THE 
C ULTIMATE FIRST STAGE DEMAND 
C Y = BOD SATISFIED AT TIME T IN MG PER LITER 
C T = TIME OF OBSERVATION IN DAYS 
C EK = ESTIMATED VALUE OF KC SUPPLIED BY THE USER 
C F3 = EXP(-KC*T) 

DIMENSION Y(50),T(50) 
12 READ (5,1)N,EK 
1 FORMAT(I10,F10.4) 
READ (5,2)(T(J),J=1,N) 
READ (5,2)(Y(J),J=1,N) 

2 FORMAT(8F10.3) 
I = 1 

C SUMF1Y = SUM OF THE TERMS F1*Y 
C SUMF2Y = SUM OF THE TERMS F2*Y 
C SF1F1 = SUM OF THE TERMS F1*F1 
C SF1F2 = SUM OF THE TERMS F1*F2 
C SF2F2 = SUM OF THE TERMS F2*F2 

7 SUMF1Y = 0.0 
SUMF2Y = 0.0 
SF1F1 = 0.0 
SF1F2 = 0.0 
SF2F2 = 0.0 
DO 3 J= 1,N 
F3 = EXP(-EK*T(J)) 
F1 = 1.0-F3 
F2 = T(J)*F3 
SUMF1Y= SUMF1Y+F1*Y(J) 
SUMF2Y = SUMF2Y + F2*Y(J) 
SF1F1 = SF1F1+F1*F1 
SF1F2 = SF1F2+F1*F2 

3 SF2F2 = SF2F2 + F2*F2 
DENOM = SF1F1*SF2F2-SF1F2*SF1F2 
AL = (SF2F2*SUMF1Y-SF1F2*SUMF2Y)/DEN0M 
B= (SF1F1*SUMF2Y-SF1F2*SUMF1Y)/DEN0M 
F = B/AL 
IF(ABSF(F)-0.005)4,5,5 

5 IF(I-10)6,4,4 
6 EK = EK + F 
I = I + 1 
GO TO 7 

4 WRITE (6,8) 
8 FORMAT(1H0,15X,13H TIME IN DAYS, 6X,14H BOD SATISFIED ) 
DO 9 J = 1,N 

9 WRITE (6,10) T(J), Y(J) 
10 FORMAT(15X,F10.3,10X,F10.3) 

WRITE (6,11) EK, AL, F, I 
11 FORMAT(5H K1 =,F6.3,3X,15H ULTIMATE BOD =,E15.5,3X,4H F =,F7.3,3X, 
I20H NO. OF ITERATIONS =,I2) 
GO TO 12 
END 
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Appendix C. Format for DO Used Computations 
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