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Abstract

PART 1

G. H. Hardy and S. Ramanujan established an asymptotic formula for the number of
unrestricted partitions of a positive integer, and claimed a similar asymptotic formula for
the number of partitions into perfect kth powers, which was later proved by E. M. Wright.
Recently, R. C. Vaughan provided a simpler asymptotic formula in the case kK = 2. In the
first part of the thesis, we study the number of partitions into parts from a specific set
Ag(ag, bo) == {mk :m € N;m = ag (mod bo)}, for fixed positive integers k, ag, and by. Using
the Hardy-Littlewood circle method, we give an asymptotic formula for the number of such
partitions, thus generalizing the aforementioned results of Wright and Vaughan. We also
consider the parity problem for such partitions and prove that the number of such partitions
is even (odd) infinitely often, which generalizes O. Kolberg’s theorem for the ordinary par-

tition function. This material builds on the joint work with B. C. Berndt and A. Zaharescu.

PART 11

The Riemann Hypothesis implies that the zeros of all the derivatives of the Riemann-¢
function lie on the critical line. Results on the proportion of zeros on the critical line of
derivatives of £(s) have been investigated before by B. Conrey, and I. Rezvyakova. The
percentage of zeros of & (k)(s) on the critical line approaches 100% percent as k increases.
The second part of this thesis builds on the joint work with S. Chaubey, N. Robles, and
A. Zaharescu. We study the zeros of combinations of derivatives of £(s). Although such

combinations do not always have all their zeros on the critical line, we show that the pro-
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portion of zeros on the critical line still tends to 1.

PART III

The third part of this thesis focuses on the work on Apéry-like numbers joint with Armin
Straub. In 1982, Gessel showed that the Apéry numbers associated to the irrationality of
((3) satisfy Lucas congruences. Our main result is to prove corresponding congruences for
all known sporadic Apéry-like sequences. In several cases, we are able to employ approaches
due to McIntosh, Samol-van Straten and Rowland—Yassawi to establish these congruences.
However, for the sequences labeled si5 and (1) we require a finer analysis. As an application,
we investigate modulo which numbers these sequences are periodic. In particular, we show
that the Almkvist-Zudilin numbers are periodic modulo 8, a special property which they
share with the Apéry numbers. We also investigate primes which do not divide any term of

a given Apéry-like sequence.
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Chapter 1

Introduction

1.1 Partitions

The number of partitions of a natural number has been studied extensively for over a century
but there remain some open problems.
For a positive integer n, partition A - n is a non-increasing sequence of positive integers

A = -+ > A\, for some positive integer m such that

The integers A;s are referred as parts of the partition. The partition function p(n) counts
the number of ways n can be represented in this form with the convention that p(0) = 1.

Thus, for example, for n = 5, we have 7 such representations given below

5, 441, 342 3+1+1, 24241, 24141+1,  14+1+1+1+1,
(1.1)

so p(5) = 7. In 1921, S. Ramanujan [48] studied the partition function modulo 5,7, and 11,



and showed that

p(5n +4) = 0 (mod 5),
p(Tn+5) =0 (mod 7),

p(11n +6) = 0 (mod 11).

For certain generalizations, it is natural to restrict the set of parts for the partitions.
For any non-negative integer n, and A C N, let pa(n) denote the number of partitions of
n with parts in the set A. Note that for A = N, the quantity pa(n) counts the number of
unrestricted partitions of n, denoted by p(n). Some of the interesting special cases studied
before include A as the set of primes or the set of kth powers.

In the first part of this thesis, we study such restricted partitions. For fixed positive
integers k,aq, and by, define the subset Ag(ag,by) of positive integers by Ax(ag,by) =
{m*:m € N,m = ao (modby) }. Denote by pa, (ag,b,)(n) the number of partitions of n where
the parts are taken from the subset Ay (ag,bp). As an example, let us consider k = 2,a9 =
1,bp = 1, and n = 5 i.e. we consider the partitions of 5 into squares. From all the 7 possible

partitions in ([1.1]), the only 2 partitions which are now valid are

441+1, 141+1+1+1,

and with k = 2,a¢9 = 1, by = 2, we have only one partition given by 1+1+14141. However,
there are no partitions of 5 into into even squares. So, pa(,2)(5) = 0 since in this case ag
and by are not coprime. We will discuss this in more details in the remarks stated after the
main results.

Even though, the partition function p(n) has been studied extensively, it was not known
that p(n) takes even (odd) values infinitely often until 1959, when Kolberg [31] established

these facts. Other proofs of Kolberg’s theorem were later found by M. Newman [3§], and



by J. Fabrykowski and M. V. Subbarao [25]. It is conjectured that p(n) is even (odd)
approximately half the time. Even though many results have been proved in this direction;
for example, see K. Ono [43], J. L. Nicolas, 1. Z. Ruzsa and A. Sarkozy [40], and S. Ahlgren
[1], the best known results are far from the estimates expected.

We focus our attention on the general function pa, (aep) (). In Chapter , we work in
the ring of formal power series in one variable over the field of two elements Z/27Z. Using
elementary differential equations and algebraic tools such as Hensel’s lemma, we develop a
new method to prove that this partition function assumes even (odd) values for infinitely
many positive integers. This generalizes the result of Kolberg [31] for the ordinary partition
function p(n). In fact, our method works in more generality and can be applied to certain
other restricted partition functions, including plane partitions for which there are no con-
gruence results known, to obtain corresponding parity results. A. J. Yee along with the first
and third authors [9] obtained a similar result in the case of £ = 1 using more advanced tools
such as the Prime Number Theorem for arithmetic progressions and properties of Dirichlet
L-functions.

Now we state our main result on these partitions. We reiterate definitions from the

second paragraph above. For fixed positive integers k, ag, and by, define Ay(ag,by) € N by
Ag(ag, bo) := {m* : m € N;m = ao (mod by) } . (1.2)

Also, let

DAy (a0 bo) (1) := #{partitions of n into parts from Ay (ag, bo)}. (1.3)

The first result is about the parity of pa, (aq,b0)(7)-

Theorem 1.1.1. Let k,aq, and by be fized positive integers satisfying ag < bo, and (ag, by) =

1. Let Ap(ao,bo) and pa, (aho)(n) e defined as in (1.2) and (L.3)), respectively. Then, there
are infinitely many positive integers n such that pa, (e p) (1) s even, and there are infinitely

many positive integers m for which pa, (aopy)(m) is odd.
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Hardy and Ramanujan [29] initiated the study of p(n) from an analytic point of view.
They proved an asymptotic formula for p(n), as n approaches infinity, and stated (without
proof) a similar result for pa,1,1y(n), the number of partitions of n into perfect kth powers,
for any k& > 2. Later a proof was supplied for the case k > 2 by Wright [63] in 1934.
His proof uses the ideas of Hardy and Ramanujan for the case k = 1, but relies heavily
on a transformation for the generating function of pa,(11)(n) involving generalized Bessel
functions. In the case k = 2, a simpler aymptotic formula has recently been given by Vaughan
[61], and has been generalized for any integer k > 2 by A. Gafni [27]. For asymptotics of
some other restricted partitions, the reader is referred to [41] and [42]. In Chapter 3| we
provide an asymptotic expansion for pa, (agp)(1), @s n approaches infinity. This extends
results of Hardy and Ramanujan [29], Vaughan [61], and Wright [63]. Our proof is based on
the Hardy-Littlewood circle method. A fine analysis and modification of results pertaining
to exponential sums help us overcome the complications posed by the general arithmetic
progression ag (mod by) when by > 1. Moreover, following similar arguments as in the proof
of Theorem [1.1.2] one can also obtain asymptotics for the difference of the number of such
partitions of two consecutive positive integers as they grow large.

In the next result, we show that

_ botbok+2agk

Pag(ann) (1) ~ Lexp (M )™ 5055

where £ and M are constants depending on the parameters ag, by and k& > 2.

Theorem 1.1.2. Fliz positive integers k,ag, and by with k > 2, ag < by, and (ag,by) = 1,

let Aj(ag,bo) and pa, (aepe)(n) be defined as in (1.2)) and (1.3), respectively. Set By = ao/bo,
and let ((s) and ((s,Po) denote the Riemann zeta function and the Hurwitz zeta function,

respectively. Let M be a fized positive integer with

1 1 (E+1\ . /1\) "7 .
< — .
MS 3016w <b0k24< k >F (k:)> e




Then, for any positive integer J, there exist constants piy, ..., yj—1 such that as n — oo,

exp (B (ST (1) X4+ ¢(0,80) (1~ loghf) + k¢'(0. 50))
2/TVY X1=6(0,50)

DAy (aobe) (M) =

M-1 b2mk

X exp (m:1 (20m)! (1 —=2m)C(1 — 2m)((—2mk, ﬁO)X_2m)
i
j=1

n 1 k+1 1 bk 1
%=t () T () ¥ s com - Becr g

T 1
_ mzﬂ mg(—m +1)¢(—2km, Bo)ﬁ, (1.4)
_ kAl (R4 1 i €0, Bo)
Y_2b0k3<< ’ >F(E)X1k+ ;
M m(2m — 1D)2mEC(—2m + 1)¢(—2mk, Bo)
" mzzl o)X ’ (1.5)

and the terms (including the error term) involving M occur only when By # 1/2, 1.

Remarks:

e For (ag,by) = dp > 1, the number pa, (40,5,)(7) is zero unless n is a multiple of df. In
fact, pay, (aobo) (M) = DAy (ao/dobo/do) (N/d5). Also, note that ag/dy and by/dy are relatively
prime. Therefore, it is sufficient to consider only those integers ag, by which are coprime

to each other and satisfy 1 < ag < by.

e Note that in Theorem [1.1.2) X ~ SY* ~ Tn*/*+1) for some constants S and 7. In
fact, these constants can be computed explicitly from (1.4)) and (1.5). Moreover, one
can show that M < (2(4m/5)"1 X)Y/* /(4k?), which is used in Section 4.



e Following the arguments in the proof of Theorem [1.1.2] one can obtain an asymptotic

result for the difference pa, (ap,p0) (7 + 1) — Pay(a0,b0) () as n approaches infinity.

e In the case 5y = 1, we recover Gafni’s result [27, Theorem 1], and if we further set
k = 2, we recover Vaughan’s result [61, Theorem 1.5]. In these cases, 5y = 1, and
therefore as mentioned in Theorem |1.1.2} the expression for p4,(1,1)(n) becomes much

simpler since all the terms involving M disappear.

1.1.1 Future directions

In this thesis, we are concerned with partitions into parts of the form (ag + mby)*, for some
fixed positive integers k, ag, and by with (ag, by) = 1. It would be interesting to know whether
there are versions of Theorems and for a more general partition function, say,
where parts are of the form of a general polynomial, Z?Zl a;m? for some fixed positive
integers a;. Other similar problems of interest would be to consider partitions into primes,
or partitions into binary quadratic forms.

Y. Yang [64] considered the partition function py(n) given by

> palnga® = T —am)m,
n=1 m=1

where A(m) denotes the von Mangoldt function. Improving an asymptotic formula of
L. B. Richmond [51] for pa(n), Yang proved that the Riemann Hypothesis holds if and
only if the error term in Richmond’s theorem can be improved to a certain order. One may
ask if Theorem [1.1.2] can be used to provide further insight into representations of integers
as sums of kth powers, in analogy with Yang’s theorem.

Several lower bounds have been obtained for the number of times the ordinary partition
function p(n) is even (odd) for n < N, as N approaches infinity (for example, see Ono [44],
and Nicolas [39]). With regard to Theorem [1.1.1] it would be nice to obtain similar results

for the function pa, (qpy)(n) studied in this thesis. In fact, numerical experiments suggest
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that like p(n), this function also assumes even values about half the time in almost all the
cases, as explained below.
For positive integers n up to 100000, and for certain values of ag, by, and k, we provide

two tables with the number of times pa, (4 p)(n) is even, and odd, respectively.

k|ag|by|even | odd k|lag| by |even | odd k|lag| by | even | odd

101 |1 {49800 | 50200 | 1 |5 |6 | 49850 | 50150 || 1 |1 9 | 50133 | 49867
111 |2 |99484 516 || 1 |1 |7 | 50103 | 49897 || 1 | 2 9 | 50040 | 49960
111 |3 (49991 | 50009 || 1 |2 |7 | 49845 | 50155 || 1 | 4 9 | 50356 | 49644
112 |3 | 50082 |49918 || 1 |3 |7 | 49861 | 50139 || 1 | 5 9 | 50306 | 49694
111 |4 | 49815 | 50185 || 1 |4 |7 | 50048 | 49952 || 1 | 7 9 | 49899 | 50101
113 |4 |49945 | 50055 || 1 |5 | 7 | 50050 | 49950 || 1 | 8 9 | 50129 | 49871
111 |5 [ 49715 | 50285 |1 |6 |7 | 50009 | 49991 || 1 | 1 | 10 | 49801 | 50199
112 |5 | 50044 | 49956 || 1 |1 | 8 | 49867 | 50133 || 1 | 3 | 10 | 50231 | 49769
113 |5 | 50066 | 49934 | 1 |3 |8 | 50007 | 49993 | 1 | 7 | 10 | 50246 | 49754
114 |5 49668 | 50332 || 1 | 5 | 8 | 50130 | 49870 || 1 | 9 | 10 | 49852 | 50148
111 |6 |50021 | 49980 (| 1 |7 |8 | 50104 | 49896 || 1 | 1 | 11 | 49929 | 50071

Table 1.1: Counting the number of even and odd values of selected partition functions

k|lap| by |even | odd k|lap| by |even | odd k|lap| by |even | odd

201 [ 1 50299 [49701 || 2 |1 |7 |50362|49638 || 3|1 |5 | 49606 | 50394
201 [2 |49696 | 50304 || 2 | 2 | 7 | 49971 | 50029 || 3 |2 | 5 | 50475 | 49525
201 |3 | 49581 [ 50419 |2 |3 |7 | 50110 | 49890 || 3 |3 |5 | 51020 | 48980
212 |3 | 50013 | 49987 || 2 |4 |7 | 50333 |49667 || 3 |4 |5 | 54063 | 45937
201 [4 | 50059 49941 || 2 |5 |7 | 50201 | 49879 || 4|1 |1 | 50084 | 49916
213 [4 | 50001 49999 || 2 |6 |7 |[50695|49305 | 4|1 |2 | 50235 | 49765
201 |5 | 50333 49667 || 3 |1 |1 |50286|49714 |4 |1 |3 | 49385 | 50614
212 |5 | 49809 | 50191 || 3 |1 |2 |50066 | 49934 || 4 |2 | 3 | 54628 | 45372
213 |5 | 50043 | 49957 || 3 |1 |3 |49931 | 50069 || 5|1 |1 | 50202 | 49798
214 |5 | 50540 | 49460 || 3 | 2 |3 | 50459 | 49541 || 5|1 | 2 | 48596 | 51404
211 |6 | 50134 49866 || 3 |1 |4 [50283 |49717 |/ 6|1 |1 | 49869 | 50131
215 |6 | 50174 49826 || 3 |3 |4 | 52350 | 47650 || 7|1 |1 | 50456 | 49544

Table 1.2: Counting the numbers of even and odd values of selected partition functions.

We pose the following two conjectures.



Conjecture 1.1.3. For positive integers ag < by with (ao,bo) = 1, let pa;(agp0)(n) be as in

(L.3]) with Ai(ao, bo) defined in (1.2)). Then, for by # 2, Pa,(ao,b) %5 even (odd) approzimately
half the time, i.e. for N € N,

1 1
lim N#{l SN <N 1 Pa(agpo) (1) is even} = 3 (1.6)

N—oo

It is clear from Table [1.1| that for by = 2 (hence ay = 1) and k = 1, (|1.6]) is nowhere close
to being true. In fact, in this case by first applying Euler’s theorem (number of partitions
into distinct parts equals number of partitions into odd parts), and then Euler’s pentagonal

number theorem (modulo 2), we obtain that for some positive constant v,
#{1 <n<N: PA(1,2) is Odd} ~ VvV N,

as IV tends to infinity.

Conjecture 1.1.4. For positive integers ag, by and k with (ag,by) = 1,a9 < by, and k >
2, let pa,(aobo)(n) be as in (1.3) with Ap(ag,bo) defined in (1.2). Then, pa,(aopby) 5 even

approzimately half the time.

Notice that pa,(agb)(n) equals zero for all n with 1 < n < af. Thus for “large” aok,

one needs to compute this function for n up to a “large” number N before one can start to
witness this phenomenon, as is clear from the two tables above.

Note that after Conjecture we discussed a case for which is invalid. However,
Theorem [I.1.1] has no such exceptions, and our proof is uniform for all k and for all arithmetic

progressions.



1.2 Zeros

Let ¢(s) =Y .2, n~ % for s =0 +it, c > 1 and t € R, denote the Riemann zeta-function.
The analytic continuation of {(s) to a meromorphic function is achieved by the functional

equation

§(s) = &1 —s),

where, for any s € C, the Riemann £-function is defined as

£(s) = %s(s )T (g) ¢(s).

Indeed, this continuation shows that ((s) has only one simple pole at s = 1 with residue
equal to 1. Moreover, it shows that ((s) = 0 for s = —2n for n € N. These are called the

trivial zeros of ((s). For o > 1, the Euler product is

where the product is taken over all primes p. This links the Riemann zeta-function to
multiplicative number theory [58, §1 and §2]. Tt is well understood from the work of Riemann
and von Mangoldt that the non-trivial zeros p = 5+ iy of ((s) are located inside the critical
strip 0 < B < 1; see [58, §3]. From the fact that I' has no zeros, and has simple poles at the
trivial zeros of ((s), it follows that the zeros of £ are the same as the non-trivial zeros of (.
The Riemann hypothesis states that all the non-trivial zeros of ((s) lie on the vertical line
Re(s) =1/2.

Let N(T') denote the number of zeros of £(s) in the rectangle 0 < ¢ <1 and 0 <t < T,

each zero counted with multiplicity. It is well-known that

N(T):z(log%—l) +§+S(T)+O<%), (1.7)



where

1 1
S(T) = —arg((§ —i—z'T> < logT,
T

as T — oo; see [58, §9]. Let us now define N(O(T) to be the number of zeros of ((s) with

b= % on 0 <t < T, where each zero is counted with multiplicity. Another reformulation of

the Riemann hypothesis is that N (T) = N(T) for all values of T. We further set

.. NO(T)
w =l inf =

In 1942, Selberg [54] showed that x > 0, and later Levinson [33] showed that x > 0.34.
This was improved by Conrey [19] to £ > 0.4088. The history of these results and the current
best bound can be found in [I3], 26].

For a positive integer k, let £€)(s) denote the kth derivative of the Riemann &-function.
The Riemann hypothesis implies that for any positive integer k, all the zeros of ¢*)(s) lie on
the critical line. Suppose, in analogy to the above, that Ny (7') denotes the number of zeros
B+ iy of €®)(s) in the rectangle 0 < 8 < 1 and 0 < v < T and that N,EO)(T) denotes the
number of zeros of €™ (s) with 8 =1 and 0 <y < T. A result of Conrey [17] states that if

T is positive and sufficiently large, L = log % and U = TL™ ', then
lim inf iy (T, U) = 1+ O(k™?) (1.8)
—00

as k — oo, where

NO(T +U) = NO(T)
ki(T,U) = No(T+0) = N(T)
Moreover, in [18], following the observations from Anderson [6] and Heath-Brown [30], Con-
rey showed that these zeros are simple. The coefficient of k=2 was computed in [17] for zeros
with multiplicity and in [I8] for simple zeros. It was remarked that the proportion of simple

zeros is always a bit smaller than that of zeros with potential multiplicity. This is due to the

fact that a polynomial of degree one was used in the computation of x, as it will be argued

10



below. Nonetheless, from ((1.8) as the order of the derivative of ¢ increases, the proportion
of zeros on the critical line increases to one.

Rezvyakova [49, [50] computed the coefficients of &2 in 2005 and her result holds uni-
formly for the parameters 7' and k. In particular, she showed that the coefficient of k=2
could be taken to be % for both simple as well as higher order zeros.

In the late 1990’s, Selberg considered combinations of Dirichlet L-functions on the critical

line. More specifically, let

L(s,x) = > x(n)n™",

be a Dirichlet L-function of modulus ¢ and where x denotes a primitive character. The

functional equation of L(s,y) is given by

o) = en 2 (T30 ) £lsn) = BT 5.0

where

1—x(-1
a:# and |e| = 1;

see e.g. [22]. If we have n distinct even characters (a similar result holds for odd characters)

and form the function

n

s/2
F(s) = chgjqj/ L(s, x;),

J=1

72T <§> F(s)

is real for s = %—I—it. In a series of his unpublished lectures, Selberg proved a beautiful result

for real ¢; # 0, then

on the zeros of F(s) in which he derived a formula analogous to ([1.7]) for F(s), and also
showed that NO(T, F) > c(n)N(T, F) for T > Ty(F), where c(n) is a positive constant that

depends on n only, and N (T, F), N°(T,F) are defined for F in the same spirit as before.
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Moreover, in those lectures, he mentions a conjecture that almost all the zeros have real part
equal to 1.

To state our results, we need to introduce some further notation. For a fixed positive
integer M, let us fix a vector ¢ = (o, c1, ..., ca) such that ¢; € R for all j and define

J

= Z (_2 G, (1.9)

J=0

For all large numbers 7', we set
T
L=log— and U=TL '
2m

For each positive integer a, consider the function

Grarls) = 32 A ) (L10)

The presence of L7 has the effect of balancing the size of £9)(s) in Gz,1(s), so that no one
particular term dominates the entire combination.

Inspired by the earlier mentioned results of Selberg and the techniques of Levinson and
Conrey, our object of study here is the number of zeros of Gz, r(s) on the critical line o = %

with imaginary part between 7" and 7'+ U. With this in mind, we define the counting
functions Nz, (T") and Ngl) (T) by

NeoT)= > 1, and NOTM)= Y 1L

Gé,a,T(p):O G€,a,T(p):0
0<Im p<T Rep=1/2
0<Im p<T

Moreover, the proportion of zeros of Gz, r(s) in the above rectangle on the critical line is

12



given by the quotient

N(T +U) — N(T) L1D)
Real = N (T + U) — Nua(T (1.
Now we are ready to state our main result.
Theorem 1.2.1. For any positive integer M, fiz a vector ¢ = (c¢y,--- ,cpr) with real com-

ponents such that ¢* as defined in (L.9) is nonzero. Also, for Gz, r(s) defined in (1.10)), let
Kzar be as in (1.11)). Then

e?+2 1
sop >1— 0:( = ), 1.12

Real = 16a2 * <a3) ( )
as a and T tend to infinity such that

1 loglogT
a < ————.
— 2logloglogT

The above result maintains the uniformity achieved in [49] [50] and it shows that up to
imposing that ¢* defined in (1.9) is nonzero, the first two leading terms on the right-hand

side of ((1.12)) are not affected by the specific coefficients ¢; of the combination.

1.3 Apéry numbers

In his surprising proof 7], [59] of the irrationality of ((3), R. Apéry introduced the sequence

A(n) :zn: (ZY("Z’“Y (1.13)

k=0
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which has since been referred to as the Apéry sequence. It was shown by I. Gessel [28]

Theorem 1] that, for any prime p, these numbers satisfy the Lucas congruences

A(n) = A(no)A(m) -+~ A(n,) (mod p), (1.14)

where n = ng+mnip+---+n,p" is the expansion of n in base p. Initial work of F. Beukers [12]
and D. Zagier [65], which was extended by G. Almkvist, W. Zudilin [5] and S. Cooper [20],
has complemented the Apéry numbers with a, conjecturally finite, set of sequences, known
as Apéry-like, which share (or are believed to share) many of the remarkable properties of
the Apéry numbers, such as connections to modular forms [56], [11], [3] or supercongruences
[10), [210, [15], [45], [46], [47]. After briefly reviewing Apéry-like sequences in Section [5.1]
we prove in Sections [5.2] and our main result that all of these sequences also satisfy the
Lucas congruences . For all but two of the sequences, we establish these congruences
in Section by extending a general approach provided by R. McIntosh [36]. The main
difficulty, however, lies in establishing these congruences for the sequence (7). For this
sequence, and to a lesser extent for the sequence sig, we require a much finer analysis, which
is given separately in Section . This is based on the joint work [35] with Armin Straub.
In the approaches of Gessel and McIntosh, binomial sums, like ((1.13)), are used to derive
Lucas congruences. Other known approaches to proving Lucas congruences for a sequence
C'(n) are based on expressing C'(n) as the constant terms of powers of a Laurent polynomial
or as the diagonal coefficients of a multivariate algebraic function. However, neither of these
approaches is known to apply, for instance, to the sequence (7). In the first approach, one
seeks a Laurent polynomial A(x) = A(xy,...,x4) such that C'(n) is the constant term of
A(zx). In that case, we write C'(n) = ct A(x)" for brevity. If the Newton polyhedron of A(x)

has the origin as its only interior integral point, the results of K. Samol and D. van Straten
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[53] (see also [37]) apply to show that C(n) satisfies the Dwork congruences

C(p'm+n)C(|n/p]) = C("'m + [n/p])C(n) (mod p") (1.15)

for all primes p and all integers m,n > 0, r > 1. The case r = 1 of these congruences is
equivalent to the Lucas congruences ((1.14)) for the sequence C'(n). For instance, in the case
of the Apéry numbers (1.13)), we have [57, Remark 1.4]

(x+y)z+D)(z+y+2)(y+2z+1)]"

A(n) =ct
(n) = ¢ o ,

from which one may conclude that the Apéry numbers satisfy the congruences (|1.15)), gener-
alizing (1.14]). Similarly, for the sequence (7), one may derive from the binomial sum ({5.15)),
using G. Egorychev’s method of coefficients [24], that its nth term is given by ct A(z,y, 2)",

where

A(may72) = (1 — . 1 ) (1 +$)(1 —|—y)(1 +Z)4.

y(1+ 2)° 23

However, A(z,y, z) is not a Laurent polynomial, and it is unclear if and how one could
express the sequence () as constant terms of powers of an appropriate Laurent polynomial.
As a second general approach, E. Rowland and R. Yassawi [52] show that Lucas congruences
hold for a certain class of sequences that can be represented as the diagonal Taylor coefficients
of 1/Q(x)Y/*, where s > 1 is an integer and Q(x) € Z[z] is a multivariate polynomial. Again,
while such representations are known for some Apéry-like sequences, see, for instance, [57],
no suitable representations are available for the sequences (1) or sis.

It was conjectured by S. Chowla, J. Cowles and M. Cowles [16] and subsequently proven

by L. Gessel [28] that

1, if n is even,
A(n) = (mod 8). (1.16)
5, if n is odd,
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The congruences show that the Apéry numbers are periodic modulo 8, and it
was recently demonstrated by E. Rowland and R. Yassawi [52] that they are not eventually
periodic modulo 16, thus answering a question of Gessel. The Apéry numbers are also
periodic modulo 3 (see (5.40)) and their values modulo 9 are characterized by an extension
of the Lucas congruences [28]; see also the recent generalizations [32] of C. Krattenthaler
and T. Miiller, who characterize generalized Apéry numbers modulo 9. As an application
of the Lucas congruences established in Sections [5.2] and [5.3] we address in Section [5.4
the natural question to which extent results like (1.16|) are true for Apéry-like numbers in
general. In particular, we show in Theorem that the Almkvist—Zudilin numbers are
periodic modulo 8 as well.

The primes 2, 3,7, 13,23, 29, 43,47, ... do not divide any Apéry number A(n), and E. Row-
land and R. Yassawi [52] pose the question whether there are infinitely many such primes.
While this question remains open, we offer numerical and heuristic evidence that a positive
proportion of the primes, namely, about e~'/2 ~ 0.6065, do not divide any Apéry number. In
Section |5.5 we investigate the analogous question for other Apéry-like numbers, and prove
that Cooper’s sporadic sequences [20] behave markedly differently. Indeed, for any given
prime p, a fixed proportion of the last of the first p terms of these sequences is divisible by

p. In the case of sums of powers of binomial coefficients, such a result has been proven by

N. Calkin [14].
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Chapter 2

Parity for partitions into powers of a
fixed residue class

In this chapter, we give a proof of Theorem The chapter consists of two sections, with

the first one containing two results needed to prove the main theorem in the later section.

2.1 Auxiliary results

In the first section, we prove two propositions which are later used in the proof, but are also
interesting in their own right. For brevity, we also set A = Ag(ag, by), defined in (1.2]).

For any positive integer [, and any set A C N, define

oa(l) :== Z d.

djl
deA

Proposition 2.1.1. Let ¢ be an odd positive integer such that ¢ = ag (mod by). Suppose that
for any positive integer B, there are distinct primes qu, . ..,qp, and a positive integer l; such

that for each j =1,..., B,

g = B+1, ¢’ =1(modb),

* +j =0 (mod q?(glj_l)), and ¢** 4 j # 0 (mod q?k(Qlj_l)). (2.1)

Then, o 4(c*) is odd, and o4(c** + j) is even for all j=1,...,B.

17



Proof. Note that

oa(l)=> d:deN,d|l,d=m"m= ay(modb)
d

=#{deN:d|l, disodd and d = mF,m = ag (mod by) } (mod?2)

= # {m € N:mF|l,m is odd and m = ay (mod by)} (mod2). (2.2)
Also, let [ have the prime factorization
| = 2aopi¥1 . ‘pf‘ér’

where py,...,p, are distinct odd primes, ay, ..., qa, are positive integers, and «aq is a non-

negative integer. We consider the function f; : N — N given by

fil) = pi - plen /A,

Therefore, using (2.2)), we can rewrite o4() as
oa(l) =#{m e N:m = qy(modby), m|fr(l)} (mod?2). (2.3)

First, we show that o 4(c?* + j) is even for each j = 1,..., B. Note that (2.1)) implies the
exponent of g; in ¢® + j is at least k(2/; — 1) but at most 2k(2l; — 1) — 1, i.e., the exponent
of ¢; in fir.(c* +j) is exactly 2{; — 1. In other words, for fixed j € {1,..., B}, there exists a

positive integer m;, coprime to g¢;, such that

. 20, —1
fe( @ +5) =myq7 .

18



Let d; be any divisor of fi(c* + j) satisfying d; = ag (mod by). Therefore,
d =d.d¥ =
;i =d;q;" = ap (mod by),

for some d coprime to g, and 0 < §; < 2l;. If §; < [;, then from (2.4]), we see that d B]H

also divides fi(c** + j), and
I : +;
Jqfﬁ” + djqjj, and dJ b ]qf]qjj = ag (mod by).

Similarly, if 5; > [;, then djqu 7 = ap(modby), and is a factor of fiy(c* + j). Thus the
divisors congruent to ag (modby) of fi(c** + j) appear in pairs, and from (2.3) we conclude
that o4(c?** + j) is even for all j = 1,..., B.

Next, we show that o4(c?) is odd. Note that since ¢ is odd, fx(c*) = c®. Let u be any

divisor of fi(c?*) so that u = ag (mod by). Then, uv = ¢* for some v € N. Also,

ag = ¢ = uv = agv (mod by).

Since (ag,bp) = 1, we conclude that vy = ag(modby). Moreover, u # v unless u = c.
Therefore, once again by (2.3)), we deduce that o4(c?*) is odd. This completes the proof of

the proposition. O

Proposition 2.1.2. For fized positive integers k, ag, and by such that (ag,by) = 1, let

A= {mk :m € N;m = ag (mod bo)} . For any positive integer [, let

=> d

djl
deA

Then, for any fixed positive integer B, there exists an odd positive integer lg such that o 4(lg)

is odd, and os(lg + j) is even for j=1,...,B.
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Proof. Notice that once the existence of ¢, ¢; for j = 1,..., B, as in Proposition [2.1.1}

are established, we can simply let Iz = ¢?*, and conclude the proof by invoking Proposition

2.1.1] Therefore, we only need to show that for each 7 =1, ..., B, there exist distinct primes
qi,---,qp, and positive integers [; satisfying
¢ = B+1, qj.j = 1 (modby), ¢= ag(modby), (2.5)
¢ + 4§ =0 (mod qf@lrl)), and ¢** + j # 0 (mod qj.k(mrl)). (2.6)

We construct ¢;’s inductively. For a fixed j € {1,..., B}, assume ¢, ..., gj_1 are already

chosen, and set ¢y := 1. Define

K; = H D

prfj
pr—prime
pr|B!2kboq1...q5 1

Fix any prime factor ¢; of K J% + 7. Then,

e (g;,j) =1, for if ¢;|j, then ¢;|K;, which further implies ¢; = p, 1 j,

q¢; = B +1, as ¢; < B implies ¢; divides K, and hence 7,

q] ¢ {qh s 7Qj—1}7

a1k,

(q]', bo) =1.

Thus, for each j =1, ..., B, the congruence z?* +j = 0 (mod g;) has a solution; for example,
one can take z = K. Also, let [; € N so that qé.j = 1 (mod by).

Next, for a fixed j € {1,..., B}, we define a polynomial g;(z) € Z[x] by
gi(x) =2 4+ ;7. 2.7)
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Then,
9;(K;) =0(modg;), and ¢}(K;) = 2kK;*"" 5 0 (mod g;).
Therefore, by Hensel’s Lemma, for m; € N, there exists ;,,, € Z such that
Bim; = Kj (mod g;), and g;(Bjm,) = 0 (mod q;nj).

In particular, set m; = k(2[; — 1) + 1. Thus using (2.7) in the last congruence above, we

deduce that 6j7k(21j_1)+1 satisfies

. k(2l;—1 . k(20;—1)+1
532,12(21]-—1)“ +j = 0 (mod Qj( ’ )), and 532,]/2(21]-—1)“ +j # 0 (mod Qj( D ).

Using the Chinese Remainder Theorem, choose a positive integer ¢ such that for all
j=1,...,B,

e ¢ =1(mod?2),

e ¢ =ag(modhby),
1;(21j71)+1).

¢ Cc= 5j,k(2lj—1)+1 (mod 4;

Note that if by is even, ag must be odd, and therefore ¢ = ay (modby) implies that ¢ =
1 (mod2), and thus the Chinese Remainder Theorem does apply here. This implies that

there exists an odd positive integer ¢ such that ¢ = ag (mod by), and for j =1,..., B,

o . k(2L —1)+1
Htj= ﬁlzélj—l)—&—l + j (mod C]j( Y )-

This shows the existence of ¢ and g;’s as claimed in (2.5 and (2.6)). From the discussion in

the beginning of the proof, we are done. O
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2.2 Proof of Theorem [1.1.1]

Now, we give a proof of Theorem [I.1.1]

Proof. Recall that the generating function for p4(n) is given by

Fa(g):=> patn)g" =[] ﬁ

meA

Consider the formal power series F'(X) in the variable X defined as

F(X):=1]] - _1Xm.

meA
Taking the logarithmic derivative of F'(X) and then multiplying both sides by X, we obtain

F'(X) — n
XW = ZmZX

meA n=1

= in Zm
=1

mll
meA

= i O’AU)XZ
=1

=: H(X), (2.8)
where for any positive integer [, o4() := Zd”’d@l d. Therefore,
XF'(X)=F(X)H(X). (2.9)

Claim 2.2.1. pa(n) is odd for infinitely many n € N.

Proof. Assume the contrary, and let, if possible, pa(n) be odd only for n;i = 1,...,r,

for some fixed positive integer r. Also, without loss of generality, we can assume that
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ny < --- <n,. Therefore,
,

F(X)=> X" (mod2).

J=1

Using this in (2.9)), and the definition of H(X) in (2.8), we see that

D X =Y X"y oa(l)X (mod2). (2.10)
j=1 j=1 =1
For B = n, in Proposition [2.1.2 we obtain a positive integer [, such that o(l,,) is odd,

and o 4(l,, +j) is even for all j = 1,...,n,. Therefore, comparing the coefficients of X!r+nr
on both sides of (2.10) yields

r

> oa(l) (mod?2)

j=1
I+n;=ln,+nr

= Z oa(ln, +n, —n;) (mod2)

=1

o
Il

= 04(ln,) =1 (mod?2),

which is a contradiction. This completes the proof of Claim [2.2.1] O]
Claim 2.2.2. py(n) is even for infinitely many n € N.

Proof. Assume that p4(n) is even only for n = m; < --- < m, for some fixed positive integer
v. Therefore,
v
F(X)= ) X"(mod2).
j=1
n#EM;

In other words,

F(X) = iX” + ZU:X’”J' (mod 2).
n=0 j=1
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This implies
1-X)F(X)=1-(1-X)) X" (mod2). (2.11)

J=1

Differentiating, and then multiplying both sides by (1 — X'), we observe that
1-XPF(X)-(1-X)F(X)=(1-X) Z X" —(1—X)? Z m; X"~ (mod 2).
j=1 j=1
Using , we find that the above congruence becomes
1-X)PF(X)=1-(1-X)? zv:mjxmrl (mod 2). (2.12)
j=1
Also, recall from ([2.9)),
X(1-X)PF(X)=(1-X)?F(X)H(X).
Employing this along with , and , we obtain
X —(1-X)? imjxmf =(1-X) {1 —(1-X) ixmﬂ} iUA(l)Xl (mod 2)
j=1 j=1 =1
= {1 + X + Z X™ Z ij+2} f: o) X" (mod 2).

j=1 j=1 =1

Let B = m, + 2 in Proposition [2.1.2] So, we can find a positive integer [,,, .2 so that

A(lm,+2) is odd, while 0 4(l,, 12 + j) is even for j = 1,...,m, + 2. Hence, a comparison of
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coefficients of X!mv+2tmv+2 on hoth sides above yields

0=0callmys2+my+2) +0a(ly,12 +my +1) + Z OA(lmy+2 + My + 2 —my)
j=1

+ Z a(lyy+2 + My —m;) (mod 2)

Jj=1

= 0A(lm, +2) (mod 2),

which is a contradiction. Thus, pa(n) is even for infinitely many positive integers n, which

completes the proof of Claim [2.2.2 n
From Claim and Claim we obtain Theorem [1.1.1} O
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Chapter 3

Asymptotics for partitions into
powers of a fixed residue class

In this chapter, we prove two lemmas to be used in the following section in order to compute
an asymptotic formula for pa, (aep0) (1), as n — co. Recall that for a fixed integer k& > 2,
P A (a0,bo) (1) denotes the number of partitions of n with parts in Ay(ao, bo), where for integers

k, ag, and by satisfying 0 < ag < by, (ag,bo) = 1, and k > 2,
A= Ay(ag,bo) = {m* € N:m = ag (modby) } . (3.1)

Also, recall that the generating function W(z; A) is given by

W A) =Y palme = I 5 _1Zm, 2] < 1. (3.2)

meA

For |z| < 1, define the function ®(z; A) by
U(z; A) = exp(P(z; A)). (3.3)

Therefore,

O(zA)=> Y Z;—m 2| < 1. (3.4)

j=1 meA

Throughout the remainder of the chapter, we use the standard notation e(z) for exp(2mizx)

for any real number x.
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3.1 Auxiliary results

In the current section, we state and prove the results used in the proof of Theorem [1.1.2]in

the next section.

Lemma 3.1.1. For each sufficiently large positive real number X, and © € [-3/(87X),3/(87X)],
define

A = (1+47°0%X?)71/2,

Let R := R(k, X,0) be defined as

R (35)

Let p = e Y% and for ag,by € N with 1 < ag < by and (ag,by) = 1, let By = ag/by. For
any complex number s = o +it, let ((s) and ((s,By) denote the Riemann zeta function and
the Hurwitz zeta function, respectively. Then, for A and ®(z; A) defined in (3.1) and (3.4),

respectively, as X — 00,

1/k ~k
B(pemi®: A) = boikm +1/k)0(1/k) (%) +¢(0, Bo) log (&)

— 2miX0O 1—2miX0O
. [=/2]
p bE 1—2miX0O bamk
+ k¢'(0, Bo) + 5@(—/6,50) <T) + mz_l (2m>!C(—2m +1)
— 9 2m k41 y\1/k
x C(=2km, Bo) (%) - Opn (exp <_(2(47r/5;k X) )) |

where the expression immediately before the error term occurs only when Gy # 1/2,1.

Proof. The series for the Riemann zeta function ((s + 1) and the Hurwitz zeta function

((ks, o) converge absolutely and uniformly for Res > 1/k+ 4 for any fixed positive number
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9. Therefore, using Mellin’s transform, we have, for a real number ¢ > 1/k,

= = P e(imbe
)=y Y LnO)
Jj=1 m=1, J
m=ag (mod bg)

Ty 27rijmk@)

|
[M]8
1
.| =

D

3

7=1 m=1 (
m=agp (mod by)
i i L _,1—2miXe

1 1 = ctico /1 —2miXO\ *
g X [ (mE) e

1 fetfiee 1—27miX0\° Gl I
= ks —————=\) T ds.
; 0 ( X ) (5) Z 7541 Z m 4 Go/bo §

271 ,
c—100 j=1 J m=0

We notice that the series above can be written in terms of the Riemann and the Hurwitz

zeta functions. Thus,

®(pe(0); A) = L / - by **¢ (s + 1)¢(ks, Bo)T'(s) (%) ds

211 Jo—ioo

c—iR c+iR c+ioo
L (/ / / )j ds, (3.6)

where R is defined in (3.5). We compute these integrals using the residue theorem. For
the middle integral on the far right side of (3.6)), consider the rectangle R,, with vertices

—R 4+ 1R and ¢ & ¢R. Therefore, by the residue theorem,

1 [otiR ~R+iR —~R—iR c—iR
i | Js ds = Z Resjs—(/+ +/ +/ '>‘75d5. (3.7)

—iR poles in R c+iR —R+iR —R—iR

In order to compute the first integral on the far right side of (3.6)), for any real number L > 0,

we define the rectangle R, with vertices —R —i(R+ L), —R—iR,c—iR, and ¢ —i(R+ L).
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Thus, by the residue theorem,

1 c—iR —R—iR —R—i(R+L) c—i(R+L)

c—i(R+L) poles —iR R—iR —R—i(R+L)
in Rp

Finally, for the last integral on the far right side of (3.6)), for any real number U > 0, we
define the rectangle Ry given by the vertices —R+ iR, —R+i(R+U),c+i(R+U),c+iR.
Once again, by the residue theorem,

1 c+i(R+U) —R+i(R+U) —R+iR c+iR
5 Jods= > ResJ,— / +/ +/ T, ds. (3.9)
c - )

c+iR poles +i(R+U) R+i(R+U —R+iR
in Ry

The rectangles R,,, Ry, and Ry are chosen so that the integrand has no zeros on their sides.

The only possible poles of the integrand J; are at s = 1/k,0,—1, and —2j, for each
positive integer j. Thus, all the poles are real, which means J; is holomorphic within the
rectangles Ry, and Ry. Therefore, the sum of the residues in and is zero. Thus,

by letting L and U tend to infinity, we have

c—iR —R—iR —R—i(R+L) c—i(R+L)
Js ds = —/ Js ds — lim / +/ Js ds, (3.10)
c—ico c—iR L=oo \ J_R—iRr —R—i(R+L)

and

ct+ioco c+iR —R+i(R+U) —R+iR
/ Ts ds = —/ Js ds — lim / —|—/ Js ds. (3.11)
c+iR —R+iR U=0o \ Jeri(R+U) —R+i(R+U)

Using (3.7)), (3.10)), and (3.11)) in (3.6]), we deduce that

—R—i(R+L) c—i(R+L)
D(pe(©); A) = — lim (/ +/ ).ZgalsjL Z Res J

L—oo . .
R—iR —R—i(R+L) poles in Rm

—R—iR —R+i(R4U) —R+iR
—/ Js ds — lim / +/ T ds. (3.12)
—R+iR U=oo \ Jeti(R+U) —R+i(R+U)
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Now, we show that the two integrals along the horizontal lines above approach zero as

U and L approach infinity. Also,

X S
1—-2mX0O

where ¢ is the argument of X*/(1 — 27iX©)*. Therefore, tan(w/2 — ¢) = 1/(27X0O), and

= (XA)7 exp(—t9),

sin(m/2 — ¢) = A. Using estimates for the sine function, we see that 7/2 — ¢ > A, and

therefore,

‘ <ﬁ) < (XA)7exp(ft|(m/2 — A)). (3.13)

Also, by Stirling’s formula in a vertical strip, for s = o 4+ it and « < o < 3,

IT(s)| < |s|°'_1/2 exp(—mlt|/2). (3.14)

Combining this with (3.13)) and standard bounds for ((s) and ((s, 5y) (for example, see [58],

p. 81], [8, p. 270]), we deduce that there exist constants B and C' such that

c—i(R+L)
/ T, ds < (R+ L)Be (B+rDA+E
—R—i(R+L)

and

—R+i(R+U)
/ \75 ds < (R+ U‘)Ce—(R-i—U)A-i-R7
c+i(R+U)

which both tend to zero as L and U approach infinity, since R and A are both fixed, positive
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real numbers. Therefore, from ((3.12]),

—R—ico ~R—iR ~R+iR
(ID(pe(@);A):—/ Js ds + Z Resjs—/ jsds—/ Js ds

R—iR poles in Rom R+iR Rico

—R—iR —R+iR —R+i0c0
= Z Res J, + (/ +/ —|—/ )\78 ds. (315)

poles in Rom R—ico R—iR R+iR

Next, we find bounds for the integrand J; in order to estimate the integrals in (3.15)).
Using the functional equation (in its asymmetric form) for the Riemann zeta function [22]

p. 73], [58, p. 16] and the functional equation for the Hurwitz zeta function [22] p. 72], [58,

p. 37], we have
C(s +1)C(ks, fo) =4 {sin (%) T; w 1+ cos (%) mZ:1 SIHT(nlL_ZSﬁo)}
x (2m)* 5L cos(ms/2) ¢ (—s)D(—s)T(1 — ks). (3.16)

Using the functional equation and reflection formula for the gamma function,

I(1—ks) = —ks I'(—ks), —ssin(ms)['(=s)['(s) =m,

we can write (3.16)) in the form

C(s + 1)¢(ks, fo)T'(s) = 2k<2w><k“>5¢(—s>r<—ks>%z>2)
y i {sin <7r/2~cs> COSSKL;ZBO) + cos (7Tl2€8) Sinislnj:fﬂ) }
m=1
(3.17)
Also note that
cos(ms/2) _ sin(@ks/2) by
sin(rs) sin(rks/2) = 2sin(rs/2) < elFTIE,
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and

cos(ms/2)
sin(ms)

cos(mks/2) Dl
cos(mks/2) = W < ek=Dltlm/2,

Using these bounds along with (3.13)), (3.14]), and (3.17)), for the integrand J; in (3.15]), we
find that

T. < (27T)(k+1)ok—ka|S|—1/2—ka<XA)ae—A|t\

K 1/2+4kR _—Alt]
it~ - 1
((2 e ) |R + it| e , (3.18)

since ¢ = —R here. For the middle integral on the far right side of (3.15), we have [t| < R.

Therefore, using the foregoing estimates for the integrand 7, we arrive at

—R+iR Lk R kR R A
—1/2+ —At
[ (m) L

2% \" e
< (27rk+1XA R

(2(7rA)k+1X)1/k> |

(3.19)

<K exp <— o

where in the penultimate step above, we have used the definition of R. For the first and

the last integrals in (3.15]), we have the inequality |t| > R. Therefore, invoking (3.18)), and
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making a change of variable y = At, we deduce that

—R—iR —R+ico Lk R rc0 1/2 R A
L d _ + At dt
TS R ET ¢

—1/24+kR _—y d
() [
R

<<( wAk“X) I'kR+1/2)

(2k2) " —kR pkR
(L) e

(m AR+ X )1k

<<exp< 2 )% ), (3.20)

where in the penultimate step above, Stirling’s formula is invoked, and in the last step, we

have used the definition of R. Using the fact that A > 4/5 when © lies in the interval

[—3/(87X),3/(87X)], and the estimates in (3.19) and (3.20) in (3.15)), we obtain

B(pe(©);A)= Y ResJ,+O <exp (—(2(4”/ 5;Z+1X Wk)) . (3.21)

poles in R,

Now, we compute the residues in the above sum. From [62 p. 267], we know that for

any non-negative integer m,

Bi1(5o)

3.22
e (322)

Q(—m, 50) = -

where B,,(z) denotes the Bernoulli polynomial of degree m, and in particular, B,,(0) is the

mth Bernoulli number. In particular,

C(0,50) = 5 — o (3.23)

Noérlund showed that Bap,i1(z) has only two real zeros, 1/2 and 1, in the interval (0, 1].

Therefore, for any positive integer m, (3.22)) implies that ((—2m, ) is zero if and only if 5,
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equals 1/2 or 1.

Therefore, for 5y = 1/2, 1, and any positive integer m, because I'(s) has a simple pole and
((s, Bp) has a simple zero at s = —2m, the product I'(s)((s, fy) has a removable singularity
at s = —2m. Moreover, from (3.23)), we know that (0, 5y) = 0 if and only if Sy = 1/2.

Also, for any positive integer m, the product I'(s)((s + 1) has a removable singularity at
s = —2m + 1 because of the trivial zeros of the Riemann zeta function at the negative even
integers.

Thus for 5y = 1/2, and the integrand J;, defined in , the only poles are at s =
1/k,0,—1, and all are simple. For 35 = 1, there is a double pole at s = 0, and there are
simple poles at s = 1/k and —1. And for 5y # 1/2, 1, there is a double pole at s = 0, and
there are simple poles at s = 1/k,—1, and —2] < R, where [ is any positive integer.

The residue of J, for the pole at s = 1/k is given by

C(1+1/k) X 1k
B I'(1/k) (—1_2m,X@> : (3.24)

The function ((s + 1)I'(s) has a Laurent expansion of the form, (see [58, p. 16])

Res Jls—1/x =

1 > A 1 > A 1 > .
(E‘”Zaﬁ]> (?HZW) =zt u
j=1 j=1 j

Jj=0

where a;,b; and ¢; are constants, and v is Euler’s constant. Thus, the residue of J; for the

pole at s = 0 can be written as

RGSJS|5:0 = C(O, /Bo) 10g ( ) — ]CC(O, 6()) IOg b() + ]CC/(O, 50)

1—-2m X6
Also, the residue at s = —1 is given by

Res Juls1 = —bC(0)C(—k. fo) (%) .
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Lastly, for each positive integer [ < M, where M is defined in the statement of this lemma,

the residue at the pole at s = —2[ lying inside the rectangle R,, is given by

ok 1~ 9rixe\2
Res$|s:,2l:ﬁ((—%—i—l)((—%l,ﬁo) <+) . (3.25)

Recall from the discussion above that ((—2kl, 5y) equals zero for Sy = 1/2,1. Therefore, for

these values of 3y, the expression on the right side of (3.25)) has the value zero. With this in

mind, and using (3.24)(3.25) in (3.21)), we obtain the desired result. O

Lemma 3.1.2. For any two natural numbers q and | with (q,1) = 1, define
q
S(k;q.1) = e(l*m/q).

m=1

Suppose that X,0 € R/ X > 1,u € Z,q € N/ (u,q) =1 and § = © —u/q. Then, for any
€ >0, and ®(z; A) defined in (3.4]), as X — oo,

B(pe(©):4) = o T+ 175 (

X )“k 2 S (ks g5, u;)
0 1

1-— 27TZX9 j1+1/kq]'

+ O€ (q1/2+6(1 + ’9’1/2X1/2) lOgX) ’

where q; = q/(q,7), u; = uj/(q,7)-

Proof. Recall the definition of ®(z; A) given in (3.4)),

00 1 00 o '
O(pe(O); A) = 5 7 5 eI/ X e(jn*O).
n=1
n=ag (mod bp)

Employing

eI X / kX eI Y dy (3.26)
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in the above sum, we obtain

O(pe(©); A) = E ;/0 ka1l X eI X E e(jn*0) dr. (3.27)
j=1

n<x
n=ag (mod bo)

Using trivial bounds, integrating by parts, and lastly, making the substitution y = ja*/X,

we obtain

/ D G L Z e(jn*O) d
0 n<x

n=ao (mod bo)

<</ ok X e XY d
0

—/ e ITX g — (—) / eV da < (—) )
0 J 0 J

Therefore, invoking the estimates above in (3.27)), for a fixed positive integer N, we find that

) 1/00 k—1v—1 —jzk/X -k
- ka*—ljxtem/ e(yn"0) dx
2. 5 > en'o)

j=N+1 n<x
n=ag (mod bp)

00 1/X 1/k X 1/k
<230 <G)

j=N+1

Using this in (3.27]), we have

1/k
O(pe(©); A) = Xy + O <<%) ) , (3.28)

where

N
1 [ 1ol iz )
YN ::23/0 bl X eIt Z e(jn*O) dx. (3.29)
7=1

nx
n=ag (mod by)

By a variation of Theorem 4.1 [60} p. 43], (which can be justified using the Euler-Maclaurin
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summation formula and standard techniques), we can write, for any real number € > 0,

S ka iy Wj ’ €

> etinre) = TELUD [ i) a4 0 (4114 atl01) ).
e 04 0

n=ag (mod by)

Employing the above estimate in (3.29)), and applying (3.26|) after interchanging the order

of integration below, we obtain

N
1 S g uy) [ : ’
ZN:ZTE:§ﬁi&£ﬁ?/ kﬁF%X‘%T”WX/peﬁvw)&V@F%OJEWCX»
= J4; 0 0
1 o= Sk gy, ;) [
= o> L) [T e o) dy 0, (Ex (X)), (3.30)
bo et Jdj 0
with
N q1/2+5 e
Ex(X) =3~ / kat =1 X e X (14 2 |0) 2 da
, J 0
7j=1
N 1/2+e k-1 —zkj/X
, 7|6k J
=/ 0 2\/37J’9| \/1"“1/55]‘9‘)
N q1/2+6
<> 2 (1+ —\/J |9/ g2 etilX da;), (3.31)
; J
7=1

where in the second step, we have integrated by parts. Using the substitution y = jz*/X in

the integral above, we deduce that

/ xk/271€fa:’“j/X dr — (X/j)l/kkl/ (yX/j)1/2fl/k€fyyl/k71 dy

0 0

1 (X 1/2/“ ' 1 [nX
_ -1/2 —y _
= — | — Y e Vdy=— —.
k(]) 0 k J
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Using this in (3.31f), we see that

N 1/2+e

Ev(X) < Y4
Jj=1

(14 /7X10|/4)

< @1+ 1/]0]X) log N. (3.32)

J

We now turn our attention to the main term of the expression on the far right side of

(3.30). First, we rewrite the integrand there as
e X e(j70) = exp(—j* XN (1 - 27iX0)),

and set

z = (jka_1|1 — 2m’X0|ei¢)1/k,

where ¢ is the argument of 1 — 27i X6, and |¢| < 7/2. This gives

| e et dy = [ esp(-iat X telinx0) dn
0 0

X Lk "
Y -+ g .
(j(l - 2m‘X9)) /Ee = (3:33)

where £ is the ray {z = ue™/* : 0 < u < co}. By Cauchy’s theorem, the integral along L is

given by

/ezk dz:/ e du
c 0
1 [ . 1 1
=— | titetdt=-T(-]).
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Combining this evaluation along with (3.33)), (3.30]), and (3.32)), we obtain

ZN:LF (l) ( X‘ >1/k§35<k§9jauj)
bk \k/) \1—2miX0 i gk,
X\ Uk
+ O, <q1/2+5(1 + /0| X)log N + <N> ) : (3.34)

Since |S(k; q;,u;)| < g, for each j, we have

bok  \ k 1 —2miX0 , gitl/kg, N '
Jj=N J

Using this in ([3.34]), we conclude that

1 1 X Yk 0 S(k; g u;)
Sv=—T1(2= - - AN A I
N ok (k:) (1 — 27er9> ; 1k,
X\ Uk
+ O, <q1/2+6(1 + /10| X)log N + <N> ) :
Setting N = [ X | in the above expression and invoking (3.28)), we obtain the desired result.

]

To obtain an upper bound for the contribution from the minor arcs, we first prove the

following lemma.

Lemma 3.1.3. For X defined in (.4), and m in ([3.38), let p = e~/X, © € m. Then for

O(z; A), defined in (3.4)),
D(pe(0); A) < X2 ke,
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Proof. Let K be a positive integer. As in the proof of Lemma [3.1.2] we have

d(pe(0)) = Z % /OOO kb X et i/X Z e(jn*0) dr + O ((X/K)l/k)

n<x
n=ao (mod bo)

K 1 [ L m=|(z—ao)/bo]
= ;/ ket X e X ST e(jOag + bom)*) do
j=1770

m=0

+0 ((X/K)VFY. (3.35)
For each j, we use Dirichlet’s approximation theorem to choose u; € Z~, ¢; € N, so that

'jb’gmk@ ]
qj

< qule/k‘fl7 and 4 < lel/k'

By Weyl’s inequality [60, Lemma 2.5],

m=|(z—ao)/bo]

Do eliOlan +bym)) eI g Y gty

m=0

Note that for any A > 0, an integration by parts gives

> by X\
/O 2 (kP X eI de < (7) : (3.36)

Also, since © ¢ M, we have jbimFq; > XV*. Furthermore, recall that ¢; < X'~'/*. Invoking
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(3-36)), and using these bounds for ¢; in (3.35]), we conclude that

m=|(z—ao)/bo]

K
1 [ :

Z 5 / D G Z e(§0(ag + bym)*) dx

j=1 1 m=0

+e€ 1+e 1+€

1
X ka ! X\ * k- X\ F o2k T iy
% (3) (5) e (5) e

< X 12—6 kl 1 § < k k 1 + -1 1-1:6 Icl 1) + l/k
k2 k2 k2R— RE—

J=1

1/k
Lo X

 XFTTRET 4 ()
< S <K)

Letting K approach infinity, we obtain the desired bounds. O

3.2 Proof of Theorem 1.1.2

In this section, we give a proof of Theorem [1.1.2} The proof relies on the Hardy-Littlewood
circle method. First, we write the function pa(n) as an integral, i.e., by (3.2)), (3.3)), and

Cauchy’s theorem,

1
p "exp(P(pe(O©); A) — 2min©O) dO

Il
——

pa(n)

p " exp(P(pe(O©); A) — 2min®) dO, (3.37)

where in the last step, using the periodicity of the integrand, we have replaced the unit
interval (0, 1] by the unit interval U = (=X 'k 1 — X1k with X as in (T.4). Now,
we define the major and the minor arcs. For u,q € N with (u,q) = 1, define the major arcs

by

M(q,u) = {0 €U : |© —ufg| < g XVE1Y,

41



and let
The minor arcs m are defined to be the complement of the major arcs in the interval U, i.e.,

m=U\ M. (3.38)

3.2.1 Main contribution from part of a major arc

First, we compute the integral in (3.37)) over the sub-interval [—-3/(87X), 3/(87X)], a portion

of the major arc M(1,0), i.e., we consider

3/(87X)
/ p " exp(P(pe(©); A) — 2min®©) dO. (3.39)

—3/(87X)

By Lemma [3.1.1},

p " exp(@(pe(0); A)) = p " exp(Z(pe(0); A)) (1 + Ok.ao 0 (eXp (— (2(4/ 532+1X)1/k)>> :

(3.40)
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= . 1 X v —bO_kX
Z(pe(0©); A) = bo_kg(l +1/k)T(1/k) (m) +¢(0, o) log (1 - 27riX@)

. |R/2]
1—271i X0 p2mk
S amas ) 0 ((—2m+1)

: i
+ k¢'(0, Bo) + EC(—k‘,ﬂo) ( X + 2~ (2m)!

1— 2m’X@)2m

X C<_2km>B0) ( X

1 X HE by X
— S RN (s ) <0 os (52 )

—2miX0O

k00,80 + Bk (L2XOY L )

0T ST X 2 em "
1—2miX0\>" 1
X C(—ka, ﬁo) (T) + Ok,ao,bo (W)
— 1
=: :(,06(@);14) + Ok,ao,bo (m) , (341)
with
k+1y\1/k
R— (2<7TA)%2 X) . A=(1 +47r3@2X2)_1/2,

and a fixed positive integer M satisfying M < R/2. This can be seen by combining the fact
that A > 4/5 for © € [-3/(87X),3/(87X)], and that M < (2(4n/5) 1 X))k /(4k?) as per
the remark following the statement of Theorem [I.1.2] Also, from Lemma [3.1.1] note that
the terms (including the error term) in involving M disappear when [, equals 1/2 or
1.

Thus, using (3.41)), we can rewrite exp(®(pe(©); A)) in (3.40) as

(2(471/5;’;“X)1/’“>>

p 7 exp(@(pe(0); A)) = p" exp(E(pe(©); A)) (1 e (exp (—

+ Okagbo (1/X*M71) ) , (3.42)
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Also,
X

T X Ae
1 —27iX0O “

where ¢ = arg(1 + 27X 0). Note that 0 < |¢| < 7/2, so 0 < cos(¢/k) < 1. Hence,

X 1/k
‘(1 — ZWiX@)

Therefore, for the first error term in (3.42)), we note that, by (3.41)) and (3.43)),

= (XA)VE, (3.43)

<2<4w/5>k+1x>1/k)
2k

p exp(E(pe(©); A)) exp (—

— XC080) oxpy (X 4 _g (k i 1) r (1> (XA)VF 4 %C(—k,ﬁo)(XA)l

k k
B 2 1 k+1 v \1/k
—2 (-2 XA)™™ — —(2(4 D¢
+mzl<2m>!<( m -+ 1)((=2km, Bo) (XA) 7" = (24 /5)1X)
< X050 exp (X + —c (k Z 1) r (%) Xk 5X1/k) , (3.44)
where 0 := o-(2(4m/5)kH1)1/k > 0. Similarly, for the second error term in (3.42)), we have
k+1 1
eSO ANX I g X ey (o () T () 1))

(3.45)

Therefore, by (3.44), (3.45), (3.39), and (3.42)), we deduce that

3/(87X)
/ = exp(@(pe(0): A)) — 27in®) dO

—3/(87X)

3/(87X)
= p_”/ exp(Z(pe(0))) — 2min®) dO
—3/(8nX)

k+1 1

+ Okt (XCWO) o (X - _C ( k ) g (E) X 5X1/k))
k+1 1

+ Okaobo (X‘zM“ exp (X + —c ( ; ) r (E) Xl/’f)) . (3.46)
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We now turn our attention to the main term in (3.46). Since |0| < 1/(27X), we can

rewrite the expression

E(pe(©); A) — 2min®©

in the integrand as a power series in © by expanding the terms in (3.41]) using the binomial
formula and the Taylor series expansion for the logarithm. Using the definition of X in ((1.4)),

we note that the coefficient of © in this power series is equal to zero. Hence, with Y defined

in ((1.5)), the main term in (3.46|) is given by

3/(87X)
p”/ exp(Z(pe(©); A)) — 2min©) dO
—3/(87X)

3/(87X)
= p_"ec/ exp(—Y (21 X0O)* + G(0)) dO
—3/(87X)

=T (3.47)

?

where

k
cim ¢ (E) r () 2744 600, 0 o(054X) + KC'0. o) + (k. ) X

bok k k
M 2km
Z —2m, + 1)¢(=2km, By) X 2™, (3.48)
and
= (a;Y +b;)(2miXO),
7=3
with

v <j ! 1j+ Uk) (1 +21/k) _1,

(1) I () ()
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Note that since X is large, and M is a fixed positive integer,

bj = ¢(0, Bo) (]1 - %) + Ok.a0.b0 (%) .

Thus,
b, 11 1
a_j = ¢(0, Bo) (E - 5) + Ok.a0,b0 (}) -

Also, ja; > 1 for any j > 3, and since (0, 5p) = 1/2 — By [8, p. 264], we deduce that

1€(0, Bo)| < 1/2, since 0 < 5y < 1. Hence,

1 1 3
‘C(Oaﬁo) (E - 5)' < 1

Therefore, for X large, we conclude that |b;/a;| < 1, ie., |b;| < |a;| for all j > 3.

We rewrite the integral on the right side in (3.47)) as

3/(87X)
preCT — / exp(—Y (27XO)? + G(O)) dO
—3/(87X)

3/(87X)
_ /0 (exp(G(O)) + exp(G(—6))) exp(~Y (21X O)?) dO

3/(87X)
= 2/ Rexp(G(O) — Y (2rX0O)?) dO
0
9Y/16

1
= 7127t Rexp(H(t)) dt, 3.49
s / p(H(1)) (3.49)

where in the last step, we made the substitution ¢t = Y (27 X©)? and where

H(t):= Y #(a; + by Py 72
7=3
2J+2 00
= il(a;+ b Y TYPYTI2 4N i (ay + b Y TPy
=3 §=2J+3
= Hy(t)+ Y il(a; + by ey, (3.50)
j=2J+3
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for any fixed positive integer J. Note that for j > 2,

6k% + 5k + 1
|boj| < agj < ay = e

Therefore, for 0 < ¢t < 9Y/16, where Y is sufficiently large, and k& > 2,

2J+2 J+1
RH, (1) =R Y ¥/(a; + b Y WY 2 = (1) (a5, Y + by )Y
=3 j=2

<alY +1) QJZH (%)j < ay(Y +1) i <%)]

Jj=2 Jj=2

2 2
_ 6k +5k+1(Y ) (t/Y)
12k 1-t)Y

0 6k2+5k+1 18K 4 15k +3 )
< D OV EOR AL ey, 1Ly-1)
7 X g Y ez LY

18 15 3 18 15 3
(e v (B Y v

28 28k  28k2 28 56 112

105 105 1 1
= —(1+Y t<—1(14+— |t 1——— |t 3.51
Y s 112( +105) <( 2016) ’ (3:51)

where now we assume, at least, that Y > 105. Note that by the definition of H;(t) in (3.50)),

as we let J — oo, H;(t) approaches H(t). Thus, for a fixed positive real number Z < 9Y/16,

by @:51),

9Y/16

9Y/16
/ t~ Y2 Rexp(H(t)) dt < / Y2t MEW gy
Z Z

9Y/16 - "
< 12 t— ) at
/Z ‘ eXp( 2016>

9Y/16
< Z—1/2/ e~t/(2016) gy o 7=1/2~Z/(2016)
Z

We let Z = 2016J logY in the above estimates to obtain

9Y/16
/ t712e7t Rexp(H(t)) dt < Y 7.
Z
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This, combined with (3.49)) and (3.50)), gives

z
2rXVY ple T = / t=Y2e7t Rexp(H(t)) dt + O (Y7
0

Z 00
:/ 1267t Rexp (HJ(t)+ Z ij(aj+ij—1)tj/2Y1—j/2> dt
0

j=2J+3
Lo, (3.52)
For0<t< Z,
x AT (I3/2y —1/2-0 S/ 1f2
Z z](aj+ij )t] Y 77 <<W<<t Y .

j=2J+3

Therefore,

exp ( Z z'j(aj + ij—l)tj/zyl—j/2> =140 (tJ+3/2y—1/2—J> '

j=2J+3

Employing this in (3.52]), we deduce that
z
2rXVY ple T = / 2T Rexp(H, (1)) (1 + O (¢7T3/2y 1277 ) at. (3.53)
0
From (3.51)), we see that
RH,(t) < (1 ! t
! 2016k2)
So, for the error term in (3.53)), we find that

Z 00
/ tJ+1€_t mexp(HJ(t))Y—l/Q—J dt < Y—1/2—J/ e—t/(2016k‘2)tJ+1 dt < Y_J.
0 0
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Using this in (3.53|), we find that

zZ
2rXVY pre T = / t=Y2e7t Rexp(H,(t)) dt + O (Y7

0
Z = H,(t)
= / et Ry J.(l Yt +0 y=). (3.54)
0 —
J
Next, for 0 <t < Z =2016J logY,
2J+2 00
Hy(t) =Y i'(a; + by WPV <Y Y (/Y)Y <y P82 Ly
j=3 Jj=3

Therefore,

Z
/ t=12e7t R(H (1)) dt‘ <YM
0

This yields

o0 1 A '
> i / V2T R(H (1)) dt < Y.
+JO

j=4J+4
Using this in (3.54)), we obtain

4J4+3

Z
1 )
2rXVY ple CT = / et Ry —H, () dt+O (Y ). (3.55)
0 =0 J:
Recall from (3.50) that
2J42 2J42
Hy(t) =Y (ar+bY YY" PE 2 =3 " (a(Y12) 72+ b(Y 7)) (i) (3.56)
=3 =3

So, for a fixed Y, H;(t) can be viewed as a polynomial in it'/? of degree 2.J + 2 with real
coefficients. Therefore,
(2J+2)(4J+3)

Z%(HJ<t)>j= > KT (3.57)

j=0 v~ r=0
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where f,.(z) is a real polynomial in x of degree not larger than r. Also, from (3.56)) it is not

hard to verify that

folz) =1, fi(z) = fo(x) =0, and  f,(0) =0,

for r > 3, and the polynomial f,(z) is even (odd) when r is even (odd). So, f.(z) is indeed
a polynomial in Y~! when r is even. Using these facts and (3.57)) in (3.55)), and replacing r

by 2r below, we conclude that

(2J+2)(4J+3)

2r X VY ple CT = / t12%et M Z LY@ dt + 0 (Y7
0

(J+1)(4J+3)

A
:/ t1/2et Z (=) for (YY) dt + O (Y )
0 r=0
J

+1)(4J+3
-y
r=0
4]
Z
=0

) Z
(—1)Tf2T(Y_1/2) / V2t dt + 0 (Y_J)

0
(J+

Z
ozTY_T / =2t dt+ 0 (Y7), (3.58)
0

for certain real numbers ., with oy = 1. Note that, since Z = 2016k%JlogY,

Z 00 oo
/ t?"—l/2€—t dt — / tr—l/Qe—t dt _/ t’l”—]./2e—t dt
0 0 Z
1 o
=T (7“ + —) +0 (6—2/2/ {1/t dt)
2 z
1 1
) eoleonfeed)

(r—i—%) +0 (Y™,

I
)1
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since J is fixed. Using this in (3.58)), we conclude that

(J+1)(4J+3)

XTSI = 3 (¥ (D4 1/2) £ 0 (7)) £ 0 (v))

1
— Z oY 'T (7“ + §> + Okaobo (Y77)

J-1
1
=7+ Z Y 'T (7‘ + 5) + Okaobo (Y77), (3.59)
r=1
as ap = 1. Since p = e~ /¥, we deduce from (3.59) that
1 _
- ten (o) (e £ () 0

Therefore, by (3.46) and (3.47)),

3/(87X)
/ p "exp(P(pe(©); A) — 2min®©) dO

—3/(87X)
exp( ) \/_+Zar <7’+1)+Okaob0 (i>
2er\/_ 9 aobo |\ 77
1
+ O (s ) ) . (3.60)

3.2.2 Estimates over remaining major arcs and minor arcs

The remainder of the proof consists of showing that the contributions from the remaining

major arcs and the minor arcs are negligible. In other words, it suffices to show that

1

o . n
p " exp(P(pe(©); A) — 2min®) dO <Ky 0.6, €XP <— XyIriz

%)

/u\[—3/<87rx>,3/<87rx>1

Suppose that © € M(1,0) \ [-3/(87X),3/(87X)], so that © > 3/(87X). Thus,

A = (1+47°0%X?)712 < 4/5.

o1



Invoking Lemma with ¢ = 1 and u = 0, we see that, for © € 9(1,0),
=0, 0| < XY gi=1,u; =0, S(k;qj,u;) =1,

and

D(pe(©); A) = ﬁr (%) (%)Wg (1 + %) + 0. ((1+ X20)?) log X))

0
1 1 k+1
——71(= M- XA 1/k Oe Xl/(2k)+e
T (1) () e o, e
1/X

where € > 0. Therefore, for p =e=/+,

< exp <(§)1/k boikr (%) ¢ (%) Xl/’“> : (3.61)
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Now we rewrite D in terms of C defined in (3.48]) as follows:

/ by -
D =C — 3 X" = ((0, o) log(bg " X) = k¢'(0, o) = /< (=, Bo) X!
e :
- m§:j i (7 2m+ DA(=2km, o) X
_ 1/k —k / 1
=C — X" = (0, Bo) log(by " X) — kC'(0, Bo) + Or,ao,bo <)
Therefore,
_ 1/k —k / 1
exp(D) = exp (C — X" — (0, Bo) log(by “*X) — k¢'(0, Bo)) | 1+ Ok.ag.be X
< X0 exp (C — 1 XMF) < X exp(C),
for any £ > 0, since X is large. Using this in (3.61)), we have
exp(®(pe(0); A)) < X “exp(C). (3.62)

Choose £ large enough so that X % < X 'Y ~/~1/2 which is possible since X can be written

1/X

as a monomial in Y. Therefore, for p = e7/* | we can conclude that

exp (% + C)

p " exp(P(pe(O); A) — 2minO) dO <K Xy /e

/ (3.63)
M(1,0)\[-3/(87X),3/(87X)]

We now investigate the integral on the remaining major arcs. Let © € (g, u) with

q¢>1. S0, ¢ < XY* and 0 := © — u/q satisfies |#| < ¢~*X'/*~!. This gives

q1/2+6(1 +X1/2|¢9|1/2)1ogX < q1/2+eX1/2+e|9|1/2

& M X 212 X1/ (2h)=1/2

< lel/(Qk)-l-?)e < Xl/(2k)+3e‘
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Once again, by an application of Lemma [3.1.2 we have

1 (1 X\ Sk )
exp (®(pe(©); A)) = exp (bokr (k) (1 - 27TiX@> 2 jl“;’“qj]
j=1

x (140, (XVER+)) (3.64)

Recall, from Lemma the notation

S(k; g5, uz) Ze Wil/ay), a5 =a/(@.5), u;=ui/(q5)-

If ¢|j, then we have ¢ = (¢, j), i.e., ¢ = 1 and S(k;q;,u;) = 1. On the other hand, if ¢ 1 j,
then ¢; > 1 and it is not difficult to see ([27, Lemma 1]) that there is a constant d;, > 0 such

that |S(k;q;,u;)| < (1 —dy)g;. Thus,

o

S (k; qﬁuj S (k; qj,u] 1S (k; quuJ
Z = Z Tl Z Tl
q\J q’m

16 = 1
S Z j1+1/k + Z j1+1/k

j=1 j=1

qlj afj

= (1= 0L — ¢ "ML+ 1/k) + ¢~ FIEC(L+ 1K)
= (1= &, + okg “HM)C(1 +1/k)

< (1=6x/2)C(1+1/k),

where in the third step, we have used the fact that > = ¢ *C(a), @ > 1. Employing

q\]

this in (3.64)), we have

exp (0(pe(©) 4)) < exp (11 (1= /2L + O/

< exp (C) Xty /=12

o4



which can be justified using the arguments as in (3.61) leading up to (8.62). Let 9 =
90\ M(1,0). Then, the bounds above imply that for p = e~ /X,

exp (% + C)

/sﬁtpn exp(P(pe(0); A) — 2min©)dO <«
For © € m, by Lemma [3.1.3]
D(pe(0); A) <« X+ 0T
Therefore, for some positive constant v < 1,
D(pe(0); A) < uboikr (%> ¢ (’f . 1) e

Using the argument in (3.61]) leading to (3.62), we conclude that

/ p " exp(P(pe(©); A) — 2minO) dO < exp (?—( + C) X~ ty—/-12, (3.66)

Combining (3.37)), (3.60)), (3.63), (3.65)), and (3.66)), we deduce that

kg o () (5]

Substituting the values of C and n/X from (3.48) and (|1.4]), respectively, in the foregoing

expression, we obtain the desired bounds for p4(n). The remark about the disappearance of
the terms involving M follows from our earlier discussion after (3.41]). This completes the

proof of Theorem [1.1.2
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Chapter 4

Zeros of normalized combinations of
the Riemann ¢-function on the critical
line

In this chapter, we prove Theorem about the proportion of the zeros on the critical

line for the function Gz, r(s). Recall the definition

Observe that the zeros of Gz, r(s) are the same as the zeros of the function
Fear(s) = (/L) Gear(s),

where L :=log(7/2m). We use the above function Fz, 7 (s) to perform all our computations.

Let Nio(T) and NS2(T)) be defined by
Neo(T) :={p=0+iy: Fear(p) =0and 0 <y < T} (4.1)
and

Ty ={p=1/24iv: Frar(p) =0and 0 <y < T}. (4.2)

c,a
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4.1 Zero free region and Nz,(7T)

Lemma 4.1.1. The function Fz,r(s) satisfies the functional equation given below
FE’,a,T(S) = (—]_)aFg’a’T(]_ - 8). (43)

Moreover, if all the zeros of Fz,1(s) satisfy 01 < Re(s) < oq for some 01,09 € R, then so do
the zeros of all its higher order derivatives. In particular, if Fz,r(s) satisfies the Riemann

Hypothesis, then the same is true for all its higher order derivatives.

Proof. For any non-negative integer k, using the functional equation for £(s) = £(1 — s) for

&(s), and differentiating it k times, we obtain

This yields the functional equation (4.3) for Fz,7(s).

We use induction on the order of the derivative of Fz,r(s) to prove the statement on
zeros. By our assumption, the statement is true for the zeroth derivative. Let us assume it
is true for a derivative k = m for some nonnegative integer m. We now show that it also
holds for m + 1. Using the Weierstrass product formula [22] for F. E(ZL)T<8), which is an entire

function of order one, we can write its logarithmic derivative in terms of its zeros p = + 17y

o7



as
Fmi(s)

c,a,T’ _Z 1

m(s) s

Let 81 + iy, be a zero of the quotient on the left side of the above equation. For any zero

= By + iy of F! Za T( ) with real part less than o7, comparing the real parts on both sides

of the above equality, we see that

. B —p . 1
0= 2 G SO 2 G e <

p=PB+ivy (n - p=PB+ivy (1 —

which is absurd. This implies that $; > ;. In a similar way, we can prove that §; < os.

Hence, all zeros of F, (m;l (s) have real part between o7 and g9. This completes the induction
argument.
For 0y = 09 = 1/2, we obtain the particular case of the Riemann Hypothesis. O

Next, we obtain a zero free region for the function Fz, r(s) before we find an asymptotic

formula for the number of zeros Nz, (7).

Lemma 4.1.2. Let s=oc +it witho >1 andT <t <T + U. For some 5z> a,

Fzor(s) #0 whenever o>z or oz:<1-—fz

Proof. Writing &(s) = ((s)H (s) with
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Using the relation [49, Lemma 2]

H®(s) (1. s 1)\" 1. s
H(s) (2 °g2w+o(w>) +0 ’2 8 or

7 |t|-1> , (4.4)

gives

M 'a+2j a+2j .
cil a—+ 2 a2
Frarls) = 1) 3 L Y- (7 )ity
i=0 1=0

(e oY ol tee 2]
2 %% or t 2 %% on
M ‘.a+2j(l+2j . l
cil a—+ 2 a2 1 S 1
:H(S)Zﬁz< I )C(HJ l)(s)(?og%) <1+O( zt))
j = =0

M at2j a+2j a+2j . _
Z cji 1 5 Z a+27\ 1 s
= H(s) « 2“+2j (5 log 27r> — ( [ >€( '(s) <§ log 27r)

<

= H(s) i (1 log = >“+2? (1 + Rat2;(s))
j=0 Lot2i \ 2 2 arene

= H(s) o~ it (1+o< ! )) (1+ Rot2;4(s))
= 2a+2j 1Og2t a+2j,¢

_nl i Cj(;jl)j (1 + Rataje(s) + 0O (L))

log?t

- H(s)gc* (1 + Ci > o (;jl)] Ray2je(s) + O ( ! )) : (4.5)

log?t
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Also note that

92Bz—2

a+2j . -1 1
a+25\ |1 s log 2
|Ray2ja(s) <) ( l ) '510g b (log 2) (1 +0 (

)) (log )

1 2log2 ¥
<— (142982 140
2Pz=2 < N log(t/27r)) - log t
e ) ol
log=t log?t

for Bz > a. Using this in (4.5)), we conclude that

l\DI»—

Fzor(s) #0 for Re(s) > Gz

The functional equation (4.3)) yields,

Fror(s) = (=1)%Fzar(1—s) #0 for Re(s) <1 - B

This completes the proof of the lemma. O

In the following lemma, we compute the number of zeros of Fz, r(s) with imaginary part
between 0 and T for some fixed large real number 7. More precisely, we have the following

lemma.

Lemma 4.1.3. For any positive real number T', let Nz,(T') be defined by (4.1)). For large T,

Proof. The proof follows from the Hardy-Littlewood lemma using the standard arguments

as for the zeros of the Riemann zeta function ((s), and we omit the details. ]

We now prove an inequality involving zeros of a certain arithmetic function V' (s) used in

the proof of Theorem later.
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Lemma 4.1.4. Let T be large and L = log(T/27), U = TL™'°, and N;z,(T), CE(;)(T) be as
defined in (4.1)) and (4.2), respectively. Then,

NYNT +U) = NSNT) > Npo(T + U) = Neo(T) = 2N + Oz (alogT),

where N denotes the number of zeros of V(s) inside the rectangle R with vertices 1/2 +
iT,B+ 1T, B+i(T+U) and 1/2+i(T 4+ U), for some B > [3z, of the function V(s) defined

by

1012

V(s) := } m\/ﬁ%(s) and  Vai9i(s) = Qat2;(s)/H(s), (4.6)

Jj=0

where

Qu(s) == Zk: (k)HW(s)/ LW(_IO 2)k=m (1 - logz> dz
BAS) = m o1 2isin(rz). 0 L

2

k .
k s—1_ —miz 1
+ Z(—l)m< )H(m)(l — s)/ H—)(log z)km Oiz dz,
0

1 2isin(rz

H(s) = 5(52_ Y ster (g) .

The notation fO\l denotes an integral along a line directed from the upper right to lower left
which is inclined at an angle of w/4 to the real azxis and intersects it between 0 and 1; see

[55/ and [58, §210/

Proof. For T <t <T+ U and 0 <o < AloglogT for some constant A, define
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with V(s) and H(s) as defined in the statement of the lemma. Recall that

ra+27

M
cji Y
Fzor(s) = Z ﬁf( 20 (g),

J=0

From [49, Lemma 8] and differentiating, we can rewrite Fz,r(s) as
Fear(s) = P(s) + P(1 = 5), (4.7)

We now use (4.4) and apply Lemma 9 from [49] to estimate the integrals appearing in the

sums in QQq12;(s). Using (4.7)), we find

1 1 1
NO(T+U) - NO(T) > ;(argP<§ +@'(T+U)) = argP(g +@'T>)- (4.8)

Note that from (4.6)), arg P(s) = arg H(s) + arg V' (s). Lemmas 2 and 7 from [49] yield

1 1 1
;(argH <§+i(T—|—U)) —argH<§+iT>) = Nzo(T +U) — Nzo(T) 4+ Oz (alogT) .

Combining this along with (4.8)), we have

1 1
NYNT +U) = NOU(T) > Neo(T +U) — NeoT) + - argv<§ +i(T + U))

1 1
——argV(§+z’T) + Oz (alogT) . (4.9)
T

From the argument principle applied to V(s) in the rectangular contour defined by R, we

obtain

T+U
= —2N + Oz(alogT), (4.10)

t=T

1 1
—vararg V <— + @25))
T 2

where NV is the number of zeros of V() inside the contour R and on its upper side, excluding
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the point 1/2+i(T+U). Combining (4.9)) and (4.10]), we complete the proof of the lemma. [

4.2 An upper bound for N

In this section, we give an upper bound on N, the number of zeros of V' (s) inside the contour

R as in Lemma [L.1.4

Lemma 4.2.1. Let N be as in the previous lemma, Lemma |4.1.4. Then the following

inequality holds
J

UL
N < —1 — >
< og (U) + Oz(al),

where d* := (i/2)*c*, and

1 1020 (=) 2 i
J = a2 Z Z fa+j+l
T+U - - - -
X / (Bj¢rBl¢m + |X*|2Dj1/}rDl¢m + X*Dj¢rBl¢m + Bj¢rX*Dl¢m) (Ua + Zt) dt’
T

and for all a < k < b,

with y = TY2L=2 and constants ¢, so that ZE:& ¢ =1, and

b(s) =3 au(n) _ 5~ 40 (bgy/n)uns Jor alla < u <b (4.11)

ns nt/L \ lo
n<y n<y &Y
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Proof. We define the mollifier ¥ (s) by

P(s) = Zc;wm

with ,(s) defined as in (4.11]). Then, N, the number of zeros of V(s) inside the contour
R, is bounded by the number of zeros of —V(s)i(s) therein where 1(s) is a mollifying
function which on average approximates the behavior of the inverse of the function Fz, r(s).
Therefore, in order to bound N, we bound the number of zeros of -V (s)¥(s). We apply
the Hardy-Littlewood lemma to -V (s)1(s) on the rectangle Q with vertices o, + iT, 0y +

iT,00+i(T+U) and, 0, +i(T 4+ U), where oy = log L/log2 and o, = 1/2—1/L. This gives

i 3 (900 =~ 1o (oI )as (1.12)

p=p+iy

where the summation is performed over all the zeros p of V'(s)1(s) inside 2 and on its upper

side. Using the definitions of V(s) from (4.6), d*, and c¢*, the fact that Zi:a Cr

7{) log (%)kwk@)‘/k(s) ds

from [49, §3], we get approximations for the integrals in (4.12)) along the right and horizontal

1, and

estimates for the integral

sides of the contour €). In fact,

[ 102 vV (s Jas = Oz )

along the right vertical line, and satisfies Oz (¢7L) along the horizontal lines of 2. Now the
number of zeros of the product V(s)i(s) in a larger domain € is greater than or equal to

the number of zeros of V(s) in a smaller domain R. Thus the imaginary part of the left
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hand side of (4.12)) is at least N/L. Putting all these facts together, we conclude

L T+U
N < —/ log

dt + Og (aU)
27T T

%w(aa +it)V (o, + it)

Using log-concavity in the above integral, we get
UL 1
N< —log|—=)+0:z(aU), (4.13)
2m U

where

W00 +it)V (04 + it)| dt.

1 T+U
]:—*/
|| Jr

Now, we concentrate on the integral I. As in [49], with

X =102

H(s)
we first write V (o, + it) as

V(0. +it) = B(oa + it) + x(04 + it) D(04 + it),

where

M
lo ,
Bloa+it) =y e > (1— i") o

J=0 n<a/ L

=V 2r

1 o4+ it 1\\*%
—1 —1 o~
X(z Og( o ) oen T <|t|>) |
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and

We rewrite B(o, + it) as

: M ¢jiat? logn\ _,
B(o, +it) = Z [a+2j Z - )"
=

1 [ i 1\ \“™ L\
“log | — |+ ——1 - 2 2)) T34 = .
x(2 og<27)+4 ogn—|—0<t>> —|—Oc<(a—|— 7) (2)

Next we break the sum over n in the expressions for B(o, + it) above into three parts and
use approximations from [49, §3] to estimate each of them. Extracting %log (%) out of the

sum over n and using the fact that L = log(T/27), we get

gat2j
cji

: - mi  2logn\“t logn\ _,
Blow+it)=) —omr >, (19— 1—=—n

j:() ng\/f

27

M 4'a+2j 1 . a+2j
cji og(t/2m) mi 2logn
3 2042 2 ( (T T TL

j=0 n<+ /T

=V 2rn

i 2logn\*"¥ logn ,
_ 1 o 1— —0q—1t
( LT ) 8 L )"
Y gjiot? log(t/2n)  mi  2logn\*t¥
2l omr 2.\ twmo oo

1 .
X (1 - ogn> n= 7"+ Oz (aT_3/4) . (4.14)

Note that the first sum over n in the above expression is indeed B;(o, + it) as defined in the

statement of the lemma. From [49] §3], the squares of the integrals of the latter two inner
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sums over n inside B(o, + it) are estimated as

/T+U log(t/2m) N mi  2logn e (14 mi  2logn +2
g L oL L oL L

logn 2
% 1 o —0q—1it
(-5

T

Ny 5;

dt < (a+ 2j)?

719
and
/T+U M N ﬂ B 210gn at2j 1— logn n—cra—it ? dt &L — u ,
T L 2L L L e
VEwe/E
as well as

T4+U
/ (0 +it)|* dt < UL.
T

Hence, on applying the Cauchy-Schwarz inequality for the latter two sums in (4.14)), we

obtain
T+U
/ Y(og +it)B(o, + it) dt (4.15)
T
b M gat2j T+U U
Z Z: 5aT /T Yy (oq +it)Bj(o, +it) dt + Oz (Lg/z)

We perform an argument similar to B(o, + it) for D(o, + it) and consequently obtain,

T+U
/ X (O(0a + it)D(0q + it) dt

T
b M - at2j T+U U
= Zc}z ;a+2j / X (t)r (04 + it)Dj(0q + it) dt + Oz <L9/2> . (4.16)

Now for the other term in V (o, + it), we first estimate the function (o, + it) by adding
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and subtracting to it
X*(t) = eel'i_i(%_tbg(ﬁ))_
This gives,

(0 +it)] < [X*(1)] + [x(0a +it) — X" ()] < ()] + 0 (L7 .

the Cauchy-Schwarz inequality along with (4.15)) and (4.16), yields

1 T+U
T+ cz‘“”
~ | / Zch sarzy Ur(0a + ) (Bjoa +it) + X" (1) Dj(0a + it)) | dt

U
co(L)

Denote by J the double sum given by

dt

04+ it)V (o, +it)

U Co Cﬂa+2]( )a+2l
J = P Z Ty A, (4.17)
4,1=0

where

1 T4+U b b
A= E/T ((Bj +x"Dj) ;cer o, + 1t ) ( B+ x*D, n;lcmibm 04 + it) > dt

b
= § CrCmEj,l,'r,ma

(4.18)
with
1
E.

T+U

(4.19)
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Employing the Cauchy-Schwarz inequality and using the above notations, we get

— U

Thus, using the above inequality and (4.13)), we conclude that the number of zeros is bounded

by
UL J
< = = .
N < - log (U) + Oz (al),
which completes the proof of the lemma. O

4.3 Asymptotics for J/U

Lemma 4.3.1. With the notations from Lemma [4.2.]],

J e? + 2 1
—=1 Oz = |-
U - 16a? - (a3)
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Proof. First, we consider the following integral appearing in J in Lemma [£.2.] i.e.

T+U
/ By, Brim(ow + it) dt

T . Z b;(n1)by(n2)ar (n3)a, (n4) /T+U (n2n4>” B

(ninangny)a T ning

n1,n2,n3,N4
ni,na<y/T/2m
ng,na<y
U Z bj(n1)bi(na)a, (13)@m(na)

(n2n4)20a

ni,n2,n3,nq
nan4a=ning

ni,na<y/T/2m

n3,ng<y
(m)i(TJrU) _ (m)zT

. bj(nl)b_l(m)ar(ns)m(m)( nans ning >

(n1ngngny)e log(n204)

n1,n2,13,14
n2n4FENING
n1,n2<+/T/27
n3,na<y

(4.20)

Note that, bj(ny),b(n2), ar(n3), am(ns) < 1, and o, = 1/2 — 1/L. This implies that the

second sum above in the last equality can be bounded by a constant multiple of

) 1 1

172 :
g (mmanana) 7 og (s
nona#ning 1n3

ni,na</T/2m

n3,na<y

Rewriting nyns = m and nyny = n, we obtain that this sum can further be bounded as

1 1 d(m)d(n) 1
< ;
nh?;&ml (ningnsng)t/? |log (m) | Z (mn)'/2 |log(m/n)|

T

nan4a#ning ninsg mn<yy/ oo
ni,ne</T/2m m#n

n3,na<y

where d(n) denotes the number of positive divisors of n. Also, note that for any positive

e > 0, we have d(m) = O (m) = O (T°). Let h = n —m. One may assume without loss of
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generality that m < n. This gives,

d(m)d(n) 9 1
2 G gl <7 2 G PThogon )
ALY

1<m<n<T1/2+86

y 1
<T Z (n(n — h))/2|log(1 — L)

2<n<TL/2+6
1<h<n-—1
1/2
n
2¢
LT —_—
2. h(n — h)172
2<n<T1/2+0
1<h<n-—1

1 1
< T'26 Z E Z W

h
1<h<TY/240  14h<n<T1/2+6 (1 T n

< T26+1/2+9 10g2 T

The first sum in the second equality in (4.20)) can be written as

3 bj(n1)bi(ng)a, (n3)am (n4) (4.21)

n1,n2,13,N4 (n2n4)20a

nonN4g=ninz=n

ni,n2<+/T/2m

e @) T (D)

kiln ka|n
n<yy/ o= !
n\/%ggklgy n\/%ggkggy

We now reverse the order of summation so that the partial sums of b;(x)b;(x) on the inside
k

L)
d

are fairly easier to handle. In order to do so, we let d = ged(ky, k2) and n = w, where

T
Qﬂd

< —-
_'Inax(kl,kg)

Using the above relations and interchanging the sums over ky, ky and n, we can rewrite the
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right-hand side of equation (4.21)) as

ar (k) am(Fa) 3 <’“ )ﬁ -2
—d O b —w b —w |w Ua.

k; (k1ky)200 "\d \d

1,R23Y w< QWW

Therefore, employing this in (4.20]), we obtain

T+U
/ B, Bipy, (04, + it) dt (4.22)
T
Z ar kfl a’m k2) 2 Z ko ky _9
. d Ta b e b - Oaq
Uk; ko< (kyko)2ea T\ d v d v
1,R2xY ’ll)<

271' max(kl ko)

+ O (TH/* 106 T) .

In a similar fashion, we can estimate the second term of the integral in J in Lemma to

obtain

T+U . o
/ XX D Dyt (04 + it) dt

T

— 2 Z Qy 7’1)&m(7“2)D2 204

r1To
r1,r2<y
T2 71 2042 e+1/2407 . 2
x Z 4 (o) (Huw)w ™+ 0 (T 10g? T),  (4.23)

o

— mdx (r1,72)

where D = ged(rq, 72). Next, one can see that the following integral from J in Lemma [4.2.]]
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becomes

T+U
/ X*Djerl¢m(0a + Zt) dt
T

=e

bi(n1) am(n4) At
1+im/4 Z dj(n2)bi(n1)a,(n3)am,(ng) /TJrU itlog(54) (n1n2n4)2 Y
n1,n2,Nn3,14 (n1n3n4)oa<n2)1_aa g -
nl,ngg\/m
”37"4§y

ey d;(n2)by(n1)ar(n3)am (n4) /TWG_Mog(Q;e(nlggu)) 0t
T

(n1m3ng)?(ng)t=oe

n1,m2,n3,n4
ni,n2<+/T/27

n3,m4<y
— TN T+U -
_ i 3 Grltalan(ng g di(malb(n) [ el a
n3,ng (n3n4)0a ni,na nganZ_ga T
n3,na<y m,nzS\/Qf
(4.24)
Using Lemma 3.4 from [33] for
Z < N1MaN4 < T—l—U’
2 ns 27
we have
/ e_ztlog<2’t’e (=) dt =27 (n1n2n4) BZM(%)G_MM + L, (4.25)
T ns
where for " =T or T' =T + U
s 21 3T 27 5T
O(1), if —”711’;2”4 < = or —”71:3‘2"4 > o

E =

—2mr4+T1/2

O (%) , otherwise.

As in [33] and [49], when E = O (1), the four sums in (4.24]) over ny, ng, n3, ny times E gives

a contribution < L~1% and for the other case, it is < L~7. Substituting these error estimates
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in (4.24) and using (4.25)), we have

T+U
/ XD, By, (o, + it) dt

T _
o Z ar(1n3) @ (n4) Z d;j(n2)bi(n1) 62”’(%) + Oz <ﬂ) )

n’ +1/2 oq—1/2 0qa—1/2 1/2—0c 7
n3,Mn4 a a ni,n2 nla U ‘ L
n3,n4<yY nina<y/LZ
T <n1”2n4 <T+U
27 n3 — 27

(4.26)

Nnan.
For the next step we split the above main term into two sums depending on whether 21 eN

n3
¢ N. The latter case contributes an error of O (L™8) to the sums over ny, ny, nz and

Namy

or
ns3

ny. The former case can be examined in the following way. Let m* denote the ged of ng and

n
n4. When 21 € N, one has
ns

n3
ny =0 mod—*
m

Let ng = n* 2 for some n* € N. We first find the range of n* and n;. Since s < U

— 27
and ng < 2T, we have
< T+U ng _ (r'+U) m .
2T NaNgy 2 n*ny
Thus,
T (T *
2w 2T n*ng
and
T n3 T m
ny > — —

Using the above inequalities and the bounds ny,ny < %, we obtain the following inequal-
ities
T m*

S —m =N = —Mm —_— .
21 ny 2rnang T n3 n3 21 n3

The sum over ny for which LV -1 > ,/% contributes an error term bounded by O (L™7)

2T n*ng

74



and so we consider only the terms for which

T (T * T
o< min (/L) _ (L0

T 2T nr*ny 2T n*ng

We rewrite the sum in equation (4.26]) as a sum over n* and n; with the above bounds and

substitute ny = . This yields

T+U
/ X Dty Bith (04 + it) dt
T

= 2me Z r(n3)am(na) Z dj(n2)bi(ny) e%i(%)

aa+l/2 aa—1/2 naa—1/2n;/2—aa

n3,n4 ni,n2 1
n3,ng< T
3,4y ny,na< =
I (ninang <T+U
27 7L3

=2me Y @y (13)am (ng)m*'/2-7 3 d; (")

0at1/2, 0a—1/2 n*1/2=0ap,1/2-0a

n * *

e VISV
bi(ny) alU

X E W + O F . (427)

T m* <n < +U) m™*

27 n¥ny = "= n¥ny

Applying the mean value theorem for the function f(—_l)/Q on the interval [nq, 2T7r e M we get

bi(ny) _, T m* T m 1/2_%—1—0 ninngy
nqoa—1/2 21 n*ny ) \ 27 n*ny TLm* )~

Now,

Therefore,

n*ny
O (m*Lll) :
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Substituting these in equation (4.27)), we obtain

T+U
| D Bdon+ i) d (4.28)
T —
2 ar(n3)am, (ng)m*>—27 dj (L23) dy (2ns) al
= U m w) oY)
" T <SSV

A similar computation enables us to write

oo
/ X* Bt Dith (04 + it) dt (4.29)
T ———
2 Ay (113) i (14)10°> 727 d; (%) di () al
= U ) i o (U
‘ Z< n3ny . Z . n*272oa + 17
“nana VER <nr<y/Im

Combining (4.28) and (4.29)), we obtain

T+U
/ (X*Djz/)rBlQ;Dm + ? j¢TDl¢m) (Ua + Zt) dt (430)
T

_ 2y Z 0y (113) Ay (1) 7% 2 Z dj ("5 di (%)
- nang n*2—20a

ng,na<y T m* e [T m*

27 max (ng,ng) — 27 min (ng,ng)
aU
+o (%)

The three integrals in (4.22)), (4.23) and (4.30)) upon substitution in (4.19) give the following
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equality for Ej;,

ar(k1)am(k2) o, k b (1) e
EjJJ.’m — Z WdQ a Z b] (fw) bl (E]-UJ)U} 204
k1,k2<y 12 < \/gd

= max(ky,kg)

2 ar(r1)am(r2) 2204 T2 ! 2042
te Z 179 D Z dj <BU)> dl (Ew>w
r1,r2<y VED

w Y=
= max(ry,r2)

4 Z ar(13)a (ng)m*>—2% Z d; (n;?) d (%)

2—20
n3n n* a
n3,ne<y 37 T m* X T m*

<n*<
0 (z).

o7 max () <" <V 27 mim (g
where d = ged(ky, ko), D = ged(ry,m2) and m* = ged(ns, ny). After combining the second

and third sums in the above estimate, we obtain

- . -
_ ar(n3)am(1n4) o0, nny n'ng\ ,_og,
Ej,l,r,m = T oo m bj N bl " n
(n3ng)?oe m m
n3,na<yY L

n*< Y= ——
— max(ng,nq)

- . —
ar(N3)am(Na) oo Z nony nons 2002
+€2 § : ( ) ( )m* Oa dj - dl - n* Oa
T34 m m
n3,na<y /L mx

Smintrg )
+0:(17)-

Using Euler’s summation formula for the sums over n* in the above expression, and after

6, = 1(%(7%*)2)
© ngny

and dj, (%) = b (©), the integral containing d;’s can be written in terms of b;’s. All these

the change of variable
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simplifications amount to

Fem*
o Z ar(ns )am(n4)m*2aa max(ng.nq) b. TNy b Tng 2% do
ST (n3ngy)?oe 1 T\ m* m*

ng,na<y

T m*
2T n

(e ) s 0n ()

max(ng,ng)

T m*2

- 3 e [ () (). o

ng,na<y

Note that for a polynomial P(u) of degree k in the variable u, the following (which can be

obtained using integration by parts) holds

B k k
P™(log B) P™(log A)
Pllogu) du="S (~1)"——282) piva N~ (_qynl TO85) yut
J, Plos) = >0 B - S
For 0 < k < M, define
a+2k
on(r) = (1 — ) (1 — %+ %) , (4.32)

which implies that

be(x) = ¢k(10gm>

is a polynomial in log z/L. On applying the above identity to ¢;(logz/L) and ¢;(logz/L),

we express the integral in (4.31]) as the sum

Ej,l,r,m = Sl — SQ -+ OE' (G/L) y

78



where

S = L_€2 Z ar(ng)am(n4)m*2_2ga

2 n3,na<y 13l
2a+4-25+204-2 n
<—1)n n (v) 1 ng (n—v) 1 ny
(1= Dy (23) gm0 (1 - Ly
" 7; 2";?’% Llog e ) ) 7%\ ) )

and

. L a,(13) A (n4) #2074
Spi= g Y frmliel,,

n3,na<y (n3n4)2”a
2a+25+21+2 n
(—1)n n (v) 1 ns (n—v) 1 Ny
@1 o (1 |
" nZ:O 2 ;0 v g L% \mr ¢ L %% e

The Taylor series expansions of ¢;*(z) and ¢, " (z) at + = 1in S) and at = 0 in S,

give

9 2a+2j+21+2 _1\n M
5= Y SIS (O dwar ¥tk e
n=0

2" w0 \Y nsma<y n3ny
- N T k220,

— (6, (1), D (1) 4 6, (1), *—0) 1) ar(n3)am(na) m lo (ﬂ)
(6 W™ (1) + 6, (D" (1) 2 el
(041) (1\ 7 (ot D) ar(ng)am(na) o 95, 1 ng\ 1 ng

+ ;" (1) 1 > T log 15 ) T log (

n3,na<y

79



and

2a-+2j+21+2
L

=5 ) (_2713" no (Z) {¢j<v>(o)m 3 0, (15)am(14) o5,

2
n=0 v (n3n4) o

n3,n4<y

n <¢j(v)<0)¢l(n—v+1)<0) n ¢j(v+1)(0))¢l(n—v)(0_)> Z ar(n3)am(ng) m**e g (m)

n3,n4<y (n3n4)20a L ’
DUCEEEI VAN 1 ng \ 1 n
(v+1) 0 (n—v+1) 0 ar(n?))am(n4) *20a_1 4 | 3
+¢J ( )¢l ( ) Z (n3n4)20a m L 08 m* ) L 08 m*
n3,na<y
log’ L
4 Og ((2&)2a+4%> ]

In order to estimate the inner sums we use extensions of Lemmas 18 and 20 from [49].

Lemma 4.3.2. With the notations used earlier, the following bounds hold:

P (bl o) 2 (i) 1+ ()

+O(L?1og” L).

3 (e g (24)) =1 () * (7))

+ O(L™%1log” L).

ar(n3)am(ng) 9 9, 1 ng\ 1 n3 1 1

* U'a_l ( > _1 < > = —_— -

Z<y< nana L8\ T8 e 2r+m+1)) L
n3,n4=>

+0 ([72 log® L) .
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2 (ﬂm%lg () =1 (Grrwrn) * (55)

n3,ng<y
+O(L?1og” L).

>

2
n3,na<y (TL3TL4) ” L

() = ((armen) - (7))

+0 (L2 log® L).

(n3n4)20'a L *

3 (it pos (5)) =1 ((rwrm) ()
+O(L™%log” L).

(GTEZEZTW%&% log (:;4> [ log (:;) > - (2('r n in n 1)) %

2.

n3,n4<y

a,(ng) (112 *20a110g<"3)) = —% ((Q(H_—?;H)) * <7~—Tm))

3 (g s (G

n3,na<y
+O(L?1og” L).

Proof. Following Lemmas 18 and 20 from [49], and employing the fact that logy = L/2 +
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O (log L), it is not difficult to prove these estimates, and we omit the details here. ]

Using the above lemma, we have

Bitrm =51 = 52+ 0z (T)

+(6 ()8 (@) + ;' (2)) ()™ m (67 () e @) m
HO A" ) )

_ %2a+§2l+2 (—21)” <<¢j(x))m)(n> - (m 1 +2;m_ 1)
(05(2))8 (@) + 6, (@) (@)™ m (6 @)@ m

T - eaa@)| )
+ Oz ((2@)2‘”4%) .
Denote by
aRh
< (@™ +@Ea@®| a2
P
(@™ + @R a2
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On rearranging and using the definition of U given above, we get

B =3 2 G (G| - @am| )
1 2rm
% <2(r+m—|—1) * r+m—1>
ALY o —
. Z ( (@) + o7 (2) ()™ - (05 (2) /' () + ' () ()™ $0)
y
- m

— (6 @)l (@)™

z=1

i1 Z ( (@D

+U + Oz ((2a)2a+4logTL) :

> 1
=0 2(7. +m+ 1)

Using Lemma 28 from [49] and the earlier estimates for U, we have

1 2rm ! —
Ejtrm = 2, d
b (2(7’+m+1) + r+m — 1>/0 ¢79;(x)ou(w) d

1 ! 2% 1 ! 2 PYIIRY
+m/06 ¢y()¢l()d$+m/0€ (0(x)¢i()
+ 6, (@)di()) do +U + O (<2a>2“+4%> - (4.34)

Note that the last integrals can be written in terms of the first one as follows

/0 e (¢(x) 9} () + ¢;' (x) i (w)) dar = =1 — 2/0 e ¢; ()i (x) do + O (aL™?) .

Therefore (4.34) becomes

2 1 ! -
Eitirm = <r +7:Lm— 1 2(r +m + 1)) /0 € ;(x)o1(x) de
1 o 1 sasalog’ L
s ), e @nG >dx—m+u+og<<2a> T)

(4.35)
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Using the definitions of the function ¢; and ¢; from (4.32) in the integral and using binomial

expansions, we estimate the first two integrals in the above expression. For the first integral,

we have

1 1
/ e*¢;(v)dy(x) dr = / ¥ (1 —2)*(1 —22)% 22 4y 4 O (aL‘Q) )
0 0
Using integration by parts repeatedly, we rewrite the integral on the right-hand side as

1
/ 6213(1 - x>2(1 o 2x>2a+2j+2l dx
0

1 + e? —1
22a +2j+21+1) 420425+ 21+ 1)(2a+ 25 + 21 +2)(2a + 25 + 20 + 3)

e? 41

42a 425+ 21+ 1)(2a+2j + 20 +2)(2a + 25 + 21 + 3)(2a + 25 + 2] + 4)
+0 (1/(a+j+1)%)

1 1 N (e +1) 9¢? — 3
2(2a+ 25 +21)  2(2a+25+20)2  4(2a+ 25 +20)3  4(2a+ 25 + 20)*

+ 0 (1/a”).

(4.36)
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Similarly, for the second integral in (4.35]), we have

1
/ 6, ()0l (@) do
0
— /1 629:(1 . 2x>2a+2j+2l72
0

X (1+2a+47) — (2a+45 +2)x)((1 4+ 2a +4l) — (2a+ 4 + 2)z) dx
(D) eE e 4 (20 + 41+ 1) (2a + 4+ 1)
B 2(2a +2j + 21— 1)
—e?(2a+2j +20+3)— (2a+25+20+1)
2(2a+2j + 21— 1)(j +1)
3e? +1
4(2a+2j + 21 +1)(2a + 25 + 20+ 2)(2a + 25 + 21 + 3)(2a + 25 + 21 + 4)

+0(1/(a+j+1)%
~ 2(a+2j)(a+2l)  2(a+2j)(a+20)

20+ 25+ 21 (2a + 25 +21)?
(e +2)(@+2) | (a+2)atB()*Fe -y 1
(2a + 2j + 21)2 (2a + 2j + 21)2 2a + 2j + 21
. —2((—1)20%2+23¢2 4 1) (a + 27)(a + 20) L (qyrerEge 4(a+2j7)(a+ 20)
(2a +2j + 21)? (2a + 25 + 21)?
1
(1/a®) . 4.
X2(2a+2j+21)2+00(/a) (4.37)
We also expand the terms in 7 and m in (4.35)) as follows
2 2 2 2 2 2
rm___ 2%m __2m __2m __2rm rm (4.38)

r+m—1 r+m (r+m)> (r+m)® (r+m)* (F+m)*m+r—1)
and

1 1 1 1 1 1
= — — . (439
r+m+1 r+m (r—l—m)2+(r—|—m)3 (r+m)4+(r—|—m)4(r—|—m+1) (4:39)
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Substituting (4.36)), (4.37), (4.38), and (4.39) in (4.35]), we obtain

B ~ (rm A (a+2j)(a +21)) N (rm — (a+ 2j)(a + 21)) I 1
PR 00 + 25 + 21) (r + m) (2a+2j+20)(r+m) \r+m 2a+2j+2l
rm B rm N (e +1)rm
(2a+2j 4+ 20)(r+m)®  (2a+4 25+ 20)%(r +m)2  2(2a + 25 + 20)3(r + m)
- 1 (a+2j)(at2l) 21 . 1
42a+2j 4+ 20)(r+m)  (2a+ 25+ 21)(r + m)? (2a + 25 +21)? 2(r +m)?
2(a+ 27)(a+2I) m (a+2j5)(a+20)(e* — 1) 1
(2a +2j + 21)? (2a +2j + 21)? 2(2a + 25 + 20)(r +m)
1 1
- 0:( =
s o)
(rm+ (a+2j)(a+20)) e*+21 1
- —+0:(=), 1.4
U= (2a 425 +21)(r +m) N 16 a2+0 a’ (4.40)
where in the last equality, we have used the facts
rm — (a4 27)(a + 21) 11 _0 1
(27 +20+2a)(r+m) \r+m 2j+2) “\a*)’
and
rm B rm (e +1)rm
(2j + 20+ 2a)(r+m)3 (25 +20+2a)*(r+m)? (25 420+ 2a)32(r +m)
B 1 (a+2j)(a+2)  (2(a+2j)(a+2l) .
4(2j 4 21+ 2a)(r+m) = (2j + 21 + 2a)(r + m)? (27 + 20 + 2a)?
y 1 2(a+27)(a+21) . (a+2j5)(a+20)(e* — 1)
2(r +m)? (27 + 2L + 2a)? (27 + 20 + 2a)?
1 1

2(2j + 2L + 2a)(r +m) * 2(r +m)?
e?+21 1
~ 16 ?JFOE(E)'

Recall from (4.18]) that A,; = Zf ez CrCm ;1 r.m. First, we compute the term corresponding
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to U in A;; separately below. Recall from the definition of U from (4.33)),

-5xa Y G (@@aen g (@Ea @ s ewae®) )|
o2 b b 2a+25421+2 (—1)n
+5 Z Z Gl Y o
T =0
" (< (@)du() ™ + —— (05()0) (@) + —— (& ( W@)W) B
1 b , 2a-+2j+20+2 1y
T3 Z R : zn)
< (@) + 3 (16,08 @) + 0/ wae) ™) )|
1 b b o 2a42j421+2 1y
+ 5 Z Z CrCm Z ( 2n)
T =0
. (<¢j<m>¢z<w>><n> o (6@ (@) + Hlmwj'(as)a(x))(m) Gy

With the use Lemma 29 from [49)], first and third term in the above expression combine as
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20+2j+20+2 (—1)

P I (<¢j<x>%<x>><n>+§(<¢j<x>a’<x>><n>+<¢/<x>a<x>><n>>))

r=1

where we obtain the last equality using Lemma 1 from [49]. Similarly, the second and fourth

sum in (4.41]) combine as

rm=a r=a r=a m;g r,m=a
b 2
1 - a 1 a
- 5(; ) +0:(3) =5+ 0¢(3)
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Employing this estimate in (4.40]), we have

b
Aj,l = § CrcmEj,l,r,m
rm=a

1 2421 & &cu(rm+ (25 +a)2l +a)) 1
_t gre] Os =) 4.42
AT R (27 + 21+ 2a)(r + m) e (442)
Let r =a+ u,m = a+ v for some —X < wu,v < X. Then,
i o rm+ (27 +a)(2l + a)
— "(27 + 21+ 2a)(r +m)
- 2a +alu+v+ 25+ 20) + (uv + 451)
- Z CatuCatv 2 2j+21 u+tv
—X<u,v<X 4a (1 + 2a )(1 + T)
- (1 —(u+v)(25+20) ww+450\ 1 1
= Z CatuCatov (5 + ( 1 + 1 P + Oz P
—X<u,w<X
1 L jl .. (7+1) .
= 5 Z CatuCatv T ? Z CatuCatv — 2—CL2 Z Ca+uca+v(u + U)
—X<u,w<X —X<u,w<X —X<u,w<X
1 . 1
+ 13 > caruCarouv + Og (5) . (4.43)
—X<u,w<X

Now let S denote the sum

S = Z tCait-

—X<t<X

Using this notation and the fact Zi:a ¢, = 1in (4.43), we see that

Mm

O 2+ 2a)(r +m) 2 4a?

r,m=a

29 21 1 451 —=2(+1S + S? 1
. orm+(2j+a)2l+a) LY (7+DS + +O€( )

e
Using the above estimates in (4.42)), we arrive at

e+21 4512 +1)S + S

1
A =1 Oz = |-
7 * 16 a? * 4a? * (&3>
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Also recall from (4.17)) that

J 1 Z CjClZa+2](—Z)a+2lA
U |d*|2 92a-+2j+2 il
7,1=0

On substituting A;; here and using the definition of d*, we obtain

J
U 1602 92a+2j+21 92a+2j+21

€2 42 M it (=) 245l QL it (—4)at (4
1y +(Zjl (1) J_Zal (=9)*"#2(5 + 1)
Jil=0 4,1=0

S+ |d*|282)

1 1
X +0:| = ). 4.44
i o) .

Although one has flexibility in choosing S, the expression inside the parenthesis on the right
side of (4.44)) cannot be decreased below zero. Its minimum is actually zero, and it is attained

at

. 1 f: CjClia+2j(—i)a+2l(2j + 2[)
- 2|d*|2 92a-+2j+21
4,1=0

Also, the mollifier in this case does allow one to arrange for such a condition to hold: there

exist coefficients ¢,,; such that the minimum is attained and such that ¢, also satisfies

Z Cart = L.

- X<t<X

Therefore after substituting the minimum value of § in (4.44) we arrive at

249 1 M a2 (_ya+2ly
:1+€+ ZCJCZZ ( Z) ¥

J
U 1602 da?|d*[* 4=, 92a-+2j+2

1 (1 &L ¢yoiti(—i)e+2 (25 + 20)\ o2
Yy 2|d*|2z 92a+2j+21 + U PN

7,1=0
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The two sums involving ¢;, ¢; cancel each other since

1 L it (—i)e+2 (25 + 21)\ 2
2]d*]2 Z 22a-+25+21

J:1=0
M 2a+25+21 2a+25+21
1 jejai 1 lejan
- ‘d*‘2 92a+25+21 + ‘d*| Z 92a+25+21
J,1=0 Jil=0
M M
4 ]C ClZ2a+2j+2l 4 jC Za—i—2j ol a+2l
- |d*|4 92a-+2j+21 |d*|4 T 9a+2j Z 9a+21
7,1=0 7=0 =0
M 2l
_ 4(_1)a jC Za+2] C ,La+ J Z Cl<—Z)a+
|d* |4 2a+2j 2a+2j 2a+21
=0 =0

a a a M d
A [ it ) jejitt?
B 2 9a+2j

7=0

]d*|4 9a+2j

¢ Clza+2j )a+2[4jl
|d*|2 : : 22a+2j+2l

Consequently, this yields

J e +2 1
L1 L=
U T 162 +0Oe (a?’)’

which completes the proof of the lemma.
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4.4 Proof of Theorem [1.2.1]

Proof of Theorem[1.2.1]. Finally, putting Lemmas [£.1.4 [£.2.1], and Lemma together,

we obtain

O+ U)-NO(T)

> Nzo(T'+U) — Nzo(T) — 2N + Oz (alog T')

> Nao(T + U) — Naa(T) — g—: log (;) + Os(all)

UL +2 1
2 N@,a(T+ U) - N&a(T) — glog (1 + 616@ +OE’ (_>) + O@‘(CLU)

L 242 1
> NeolT +U) — Neul D)~ 2% <€1 2o (a—)) - Os(all).

From Lemma [4.1.3] one notes that

UL UL
—+05(U) = —

Ng’a(T + U) — Naa(T) = 5

Using this in the above inequality, we obtain

NYNT +U) — NS(T)
NC,G/ (T + U) Nc,a (T)

1 e+ 2 _3 a
21- 1+ Oz (L) ( T T 07 (0 )) +OE<E)

e? +2 1
>1- Oz = ).
- 16a2 * (a3)

This completes the proof of Theorem [1.2.1]

Réa,T =

]

Remark 4.4.1. Using the same techniques, one can get an identical result on the proportion

of simple zeros of Fzar(s) on the critical line.
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Chapter 5

Divisibility properties of sporadic
Apéry-like numbers

In this chapter, we state and prove our results on sporadic Apéry-like numbers. We start

with a review of the Apéry-like numbers.

5.1 Review of Apéry-like numbers

Recall form ([1.13]) that the Apéry numbers are defined as
n 2 2
n n+k
A(n) = .
0-3() (")
k=0
Along with the Apéry numbers A(n), defined in ([1.13]), R. Apéry also introduced the sequence
"\ (n+k
B(n) —
m=3() (')

which allowed him to (re)prove the irrationality of ((2). This sequence is the solution of the

three-term recursion
(n+ 1)%upi1 = (an® 4+ an + b)u, — en’u,_1, (5.1)

with the choice of parameters (a,b,c) = (11,3, —1) and initial conditions u_; = 0, ug = 1.
Because we divide by (n + 1)? at each step, it is not to be expected that the recursion ([5.1)
should have an integer solution. Inspired by F. Beukers [12], D. Zagier [65] conducted a

systematic search for other choices of the parameters (a, b, ¢) for which the solution to (/5.1)),
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with initial conditions u_; = 0, uy = 1, is integral. After normalizing, and apart from
degenerate cases, he discovered four hypergeometric, four Legendrian as well as six sporadic
solutions. It is still open whether further solutions exist or even that there should be only
finitely many solutions. The six sporadic solutions are reproduced in Table [5.1] Note that
each binomial sum included in this table certifies that the corresponding sequence indeed
consists of integers.

Table 5.1: The six sporadic solutions of (/5.1))
(a,b,c) [65] | [] | A(n)

(7,2,-8) | A | (a) |3

(10,3,9) | C | (¢)

(1)
(11,3,—1) | D | (b) Z(Z)
(1)
(1)

9,3,27) | B | ()

>
(12,4,32) | E | (@) |3
>

(17,6,72) | F | (g) Z(—l)kSM(Z)

Similarly, the Apéry numbers A(n), defined in ((1.13)), are the solution of the three-term
recurrence

(n+ 1)ups1 = (2n + 1)(an® + an + b)u, — n(en® + d)u,_1, (5.2)

with the choice of parameters (a,b,c,d) = (17,5,1,0) and initial conditions u_; = 0,
ug = 1. Systematic computer searches for further integer solutions have been performed
by G. Almkvist and W. Zudilin [5] in the case d = 0 and, more recently, by S. Cooper [20],
who introduced the additional parameter d. As in the case of , apart from degenerate
cases, only finitely many sequences have been discovered. In the case d = 0, there are again

six sporadic sequences, which are recorded in Table Moreover, by general principles
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(see 20, Eq. (17)]), each of the sequences in Table ﬂ times (%) is an integer solution of
(5.2) with d # 0. Apart from such expected solutions, Cooper also found three additional

sporadic solutions, including

- S ) ) o

forn > 1, with s15(0) = 1, as well as s7 and s19, which are included in Table . Remarkably,
these sequences are again connected to modular forms [20] (the subscript refers to the level)
and satisfy supercongruences, which are proved in [47]. Indeed, it was the corresponding
modular forms and Ramanujan-type series for 1/ that led Cooper to study these sequences,
and the binomial expressions for s; and s;3 were found subsequently by Zudilin (sequence

s10 was well-known before).

5.2 Lucas congruences

It is a well-known and beautiful classical result of Lucas [34] that the binomial coefficients

satisfy the congruences

(1)=C)Go) () tmoan 54

where p is a prime and n;, respectively k;, are the p-adic digits of n and k. That is,
n=ny+mp+---+np" and k = ko +kip+---+k,p" are the expansions of n and k in base

p. Correspondingly, a sequence a(n) is said to satisfy Lucas congruences, if the congruences
a(n) = a(ng)a(ny) - - - a(n,) (mod p) (5.5)

hold for all primes p. It was shown by I. Gessel [28, Theorem 1] that the Apéry numbers A(n),
defined in (1.13)), satisfy Lucas congruences. E. Deutsch and B. Sagan [23] Theorem 5.9] show
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Table 5.2: The sporadic solutions of (5.2
(a,b,c,d) M | [20] | A(n)

(7,3,81,0) (6) S (1) (;;) (n —; k> (il!?!

(11,5,125,0) (n) an:/ﬁ(_l)k<z>3 (<4n —35n/€ - 1) N (4113—n5k>>

i ][O
a0 0] [XOC)
oa-o @20
a0 oSG0
i | |2 EHC)

4
(6,2, —64,4) s10 | > <Z>
k

(14,6,192, —12) s1s | defined in (5.3)

that the Lucas congruences (5.5)) in fact hold for the family of generalized Apéry sequences

=3 () (") 50

k=0

with 7 and s positive integers. This family includes the sequences (a), (b) from Table [5.1]
and the sequences (), sip from Table . The purpose of this section and Section is
to show that, in fact, all the Apéry-like sequences in Tables and satisfy the Lucas
congruences . Using and extending the general framework provided by R. McIntosh [36],
Theorem 6], which we review below, we are able to prove this claim for all of the sequences
in the two tables, with the exception of the two sequences (1) and sig, for which we require

a much finer analysis, which is given in Section [5.3]
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Theorem 5.2.1. Each of the sequences from Tables[5.1] and[5.3 satisfies the Lucas congru-
ences ([5.9)).

Remark 5.2.1. The Lucas congruences (5.5, in general, do not extend to prime powers.
However, it is shown in [28], and generalized in [32], that the Lucas congruences modulo 3
for the Apéry numbers extend to hold modulo 9.

On the other hand, numerical evidence suggests that all the Apéry-like sequences from
Tables and in fact satisfy the Dwork congruences . While Theorem proves
the case r = 1 of these congruences, it would be desirable to establish the corresponding

congruences modulo higher powers of primes.

Following [36], we say that a function L : Z2, — Z has the double Lucas property (DLP)
if L(n,k) =0, for k > n, and if

L(n, k) = L(no, ko) L(n1, k1) - - - L(n,, k) (mod p), (5.7)

for every prime p. Here, as in (5.4)), n; and k; are the p-adic digits of n and k, respectively.

Equation (5.4) shows that the binomial coefficients (}) are a DLP function. More generally,

it is shown in [36, Theorem 6] that, for positive integers ro, 71, ..., n,
n\" (n+kE\" (n+2k\" n+mk\™
L(n, k) = 5.8
=) (%) (7)) () o8
is a DLP function. For instance, choosing the exponents as r; = 1, we find that the

multinomial coefficient

n+ mk _ (n+mk)!
bk, kon—k)  Kmt(n — k)l

is a DLP function for any integer m > 0.
Suppose that L(n, k) is a DLP function and that G(n) and H(n) are LP functions, that

is, the sequences G(n) and H (n) satisfy the Lucas congruences (5.5)). Then, as shown in [36,
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Theorem 5],
F(n)="Y L(n,k)G(k)H(n —k) (5.9)

is an LP function. Note that and combined are already sufficient to prove that
the generalized Apéry sequences, defined in , satisfy Lucas congruences. In order to
apply this machinery more generally, and prove Theorem [5.2.1, our next results extend the
repertoire of DLP functions. In fact, it turns out that we need a natural extension of the
Lucas property to the case of three variables. We say that a function M : Zio — Z has the

triple Lucas property (TLP) if M(n,k,j) =0, for j > n, and if
M(TL, k?]) = M(”Oy k07j0> U M<n7"7 km.j?") (mOdp>7

for every prime p, where n;, k; and j; are the p-adic digits of n, k and j, respectively. It is

straightforward to prove the following analog of (5.9)) for TLP functions.

Lemma 5.2.2. If M(n,k,j) is a TLP function, then
L(n,k) =Y M(n,k, )
=0

satisfies the double Lucas congruences (5.7)). In particular, if L(n,k) = 0, for k > n, then
L(n,k) is a DLP function.

Proof. Let p be a prime. It is enough to show that, for any nonnegative integers ng, n’, ko, k’

such that ng < p and kg < p,
L(no + n'p, ko + k'p) = L(no, ko) L(n', k) (mod p).

Since the sum defining L(n, k) is naturally supported on j € {0,1,...,n}, we may extend it
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over all j € Z. Modulo p, we have

L(n,k) = Y M(n,k,j)

JEZ
p—1

= Z ZM<77/, k7j0 +j/p)
Jo=0j'€Z

Z Z M(no, ko,jo)M(n/7 kl?j/)

JOEZL ' €L

= L(no, ko)L(TL/7 k'/>,

which is what we had to prove. O

Lemma 5.2.3. The function

o= ()11

1s a TLP function.

Proof. Clearly, M (n,k,j) =0, for j > n. In order to show that M (n, k, j) is a TLP function,

we therefore need to show that, for any prime p,
M(nO + n,p7 k(] + k/p7j0 + ],p) = M(nou kOa jO)M(TLIJ kl?j,) (mOdp>’ (5]‘O>

provided that 0 < ng, ko, jo < p and n’,k’,j* > 0. Observe that in the case j, > ng both
sides of the congruence vanish because of the Lucas congruences for the binomial
coefficients. We may therefore proceed under the assumption that jo < ny.

Writing [2"] f(z) for the coefficient of ™ in the polynomial f(z), we begin with the simple

observation that

(k" N j) = 271+ 2).

n
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Modulo p, we have
(14 x)k-i-j = (1+ m)ko-i-jo(l + x)(k’-&-j')p =(1+ x)ko-i-jo(l + $p)k’+j' (mod p).

Since 0 < ko + jo < 2p, extracting the coefficient of 2™ = 2”0 (2?)" from this product results

in the congruence

k+3\ _ (ko+do\ (K +J ko +jo\ (K +J'
= + (mod p).
n Ng n’ no+p/\n—1
Note that, under our assumption that j, < ng, the second term on the right-hand side of

this congruence vanishes (since no +p > jo +p > jo + ko). This, along with (5.4), proves
(5.10). 0

Corollary 5.2.4. The function

o= ()2

1s a DLP function.
Proof. Set j = k in Lemma [5.2.3] m

Lemma 5.2.5. The function

()5

is a DLP function.

Proof. Let p be a prime. As usual, we write n = ng+n'p and k = ko + k'p where 0 < ng < p

and 0 < kg < p. In light of (5.4) and (5.9)), the simple observation

)50
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demonstrates that the sequence of central binomial coefficients is an LP function. We claim

(Z?! _ (3:) (2:)

is an LP function as well. From the Lucas congruences for the central binomials, that is

(2:) - (Qk]?) (%f) (mod p),

we observe that (2:) is divisible by p if 2kq > p. Hence, we only need to show the congruences

that

under the assumption that ko < p/2. Note that

(%) = whaso

= [2"@P)F)(1 + 2)* (1 + 22)** (mod p)
([ 3ko\ (3K N 3k 3K . 3ko 3K
N k’o k' ]{30+p k-1 k;0+2p k' —2 .
In the case kg < p/2, we have ko + p > 3kg, so that the last two terms on the right-hand

side vanish. This proves ([5.12)).

Next, we claim that

() 5= ) B () o ot o

By congruence ([5.12)), both sides vanish modulo p if 3ky > p. On the other hand, if 3k, < p,

then the usual argument shows that

(5

(230 (2P )] (1 4 )"0 (1 + 2P)™ = (;;O) (3’;) (mod p).
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In combination with (5.12)), this proves ([5.13)).

Finally, the congruences L(n, k) = L(ng, ko) L(n', k), that is

n—3k[ T (3]{:)' __ ono—3k L (3[’{30)' n’—3k’ n' (Sk/)'
’ (Sk:) PEREE A E N 3 ) o (modp):

follow from Fermat’s little theorem and the fact that both sides vanish if 3ky > ng or

3k > n'. O

We are now in a comfortable position to prove Theorem for all but two of the
sporadic Apéry-like sequences. To show that sequences (1) and s;g satisfy Lucas congruences

as well requires considerable additional effort, and the corresponding proofs are given in

Section [5.3]

Proof of Theorem[5.2.1] Recall from that the sequence of central binomial coefficients
is an LP function. Further armed with as well as Corollary and Lemma m,
the claimed Lucas congruences for the sequences (a), (b), (¢), (d), (f), (a), (€), (7), S10, S7
follow from (5.9). It remains to consider the sequences (g), (6), (¢) as well as () and ss.

Sequence (g) can be written as

Ag(n) =D (=1)"8"" (Z)F(k»
k=0
where F(k) = Zf:o (?)3 are the Franel numbers (sequence (a)), which we already know
to be an LP function. As a consequence of Fermat’s little theorem, the sequence a™ is an
LP function for any integer a. Hence, equation applies to show that A,(n) is an LP
function.
In order to see that sequence () satisfies the Lucas congruences as well, it suffices to

observe that L(n, k) = ("zk) is almost a DLP function, that is, it satisfies the congruences
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(5.7) but does not vanish for £ > n. This is enough to conclude from Lemma that

()Y

is a DLP function. Since this is the summand of sequence (§), the desired Lucas congruences

again follow from (}5.9)).

On the other hand, for sequence ({), we observe that
" /n\ [k [k + j)
L(n, k)= _ ,
=3 GG

satisfies the congruences (5.7) by Lemma because the summand is a TLP function by

Lemma [5.2.3] Hence, (Z)2L(n, k) is a DLP function. Writing sequence ({) as

an =3 (3) v,

k=0

the claimed congruences once more follow from (}5.9)). O

5.3 Proofs for the two remaining sequences

The proof of the Lucas congruences in the previous section does not readily extend to the
sequences (1) and sjg from Table , because, in contrast to the other cases, the known
binomial sums for these sequences do not have the property that their summands satisfy
the double Lucas property. Let us first note that the binomial sums for s;3 and sequence
(n), given in (5.3)) and Table[5.2] can be simplified at the expense of working with binomial

coefficients with negative entries. Namely, we have
ey ok (P (2K (2(n = k)N (20 — 3k
sis(n) = (—1) (k) ( k,) ( .k , (5.14)

k=0
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and
A, (n) = kzn;(—mk(;l)?)(‘l”?;fk), (5.15)

where, as usual, for any integer m > 0 and any number x, we define

(x) 2w —1) - (z—m+1)

m) m)

For instance, the equivalence between ([5.3)) and (5.14]) is a simple consequence of the fact

that, for integers n > 0 and [ =n — k,

(1) <2n - Sk:) _ (L1 <—n + 3k — 1> _ 1y (Qn —3l— 1)_ (5.16)

n n n

For the first equality, we used that, for integers b > 0,

(a> ala—1)---(a—b+1)
b!
_ (_1)b(—a)(—a +1) b‘ (—a+b—1) _ (_1)b(—a +bb - 1)‘ (5.17)

The following result generalizes the Lucas congruences for the sequence sig(n).

Theorem 5.3.1. Suppose that B(n, k) is a DLP function with the property that B(n, k) =

B(n,n — k). Then, the sequence

A(n) = i(—l)kB(n, k) (2” - 3’“)

is an LP function, that is, A(n) satisfy the Lucas congruences ({5.5)).

Proof. Let p be a prime and let n > 0 be an integer. Write n = ng + n'p and k = kg + k'p,

where 0 < ng < p and 0 < kg < p and n/, k' are nonnegative integers. We have to show that

A(n) = A(ng)A(n') (mod p). (5.18)
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In the sequel, we denote

Cn, k) = (=1)*B(n, k) (2” - 3’“).

n
For ky < mno/3, we have 2ny — 3ky = ng > 0 and 2ng — 3kg < 2n¢ < no + p. Hence, by the

usual argument, we have

2 - 3k ! I !
( " . > = [2™(2?)"](1 + 2)?0 3k (1 4 2P)* 3% (mod p)
. Y,
— (271() 3]{30) (Qn / 3k ) (modp).
N n

Hence, we find that, when ky < ng/3,
C(n, k) = C(ng, ko)C(n', k') (mod p). (5.19)
For ng/3 < ko < 2ny/3, we have ng > 2ng — 3ky > 0. By the same argument as above, we

find that

(2" ) 3"“) = 0 (mod p), (5.20)

and hence C(n, k) = C(ng, ko) = 0 modulo p.
Finally, consider the case ny > 1 and 2ng/3 < kg < mo. In that case, —p < —ngy <

2ny — 3ko < 0 or, equivalently, 0 < 2ny — 3ky + p < p. Hence, we have, modulo p,

2n — 3k / Y
( n ) = [:Eno(l‘p>n ](1 + x)2n0—3k0+p(1 4 xp)Qn —3k'—1
n

2ng — 3ko +p\ [(2n' — 3K — 1
g n'/

2n — 3ko\ (20 — 3K — 1
L) 62)
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because, for any integers A, B and m such that 0 < m < p,

(A—:HBP) = i'(A-l—Bp)(A—i—Bp—l) (A+Bp—m+1)

MA(A_1)...(14_771—1—1):(;i) (mod p). (5.22)

Set I’ =n' — k’. Applying (5.16) to the second binomial factor in ([5.21]), we find that

(Qn - Bk) 1y <2n0 = 3k0) <2nn— 31’) (mod p).

L
In combination with the assumed symmetry of B(n, k), we therefore have that, when ny > 1

and 2ng/3 < ko < no,

C(n,k) = C(ng, ko)C(n',n" — k') (mod p). (5.23)

We are now ready to combine all cases. First, suppose that ng > 1. Noting that £ < n/3

implies &' < n'/3, and using (5.19)), (5.20)) and (5.23)), we conclude that, modulo
p ) g b ) ) p7

p—1 n’

An) = YD Clnk) = ZZan
ko=0 k’=0 —0 k=
[no/3] n/ o
= Y Ycwm+ S Yo
ko=0 k'=0 ko=[2n0/3] k'=0
[no/3]
= cho,ko ZCn k') + Z C'(no, ko) ZC’nn— "
ko=0 ko=[2n0/3]
[no/3]
= Z C(”O;kO) Z C(no,ko ZC n I{J/
ko=0 ko=[2no/3]
= A(ng)A(n),

which is what we wanted to prove. The case ng = 0 is simpler, and we only have to use

(5.19) to again conclude that ([5.18)) holds. O]
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Corollary 5.3.2. The sequence si3(n) satisfies the Lucas congruences (5.5)).

Proof. Recall from the discussion in Section [5.2] that

n\ (2k\ (2(n — k)
B =
= ()G 0
is a DLP function. Obviously, B(n, k) = B(n,n—k). Hence, Theorem applies to show

that s13(n), in the form ([5.14)) satisfies the Lucas congruences (5.5)). O

Next, we prove that the sequence (), which corresponds to the choice a = 3 in Theo-

rem [5.3.3, satisfies Lucas congruences as well.
Theorem 5.3.3. Let a € {1,3}. Then, the sequence
- “(4n — 5k
An) =S (=0)F(" 5.24
m=>c0 () (75,) (5.21)

is an LP function, that is, A(n) satisfy the Lucas congruences ({5.5)).

Proof. Let p be a prime and let n > 0 be an integer. As in the proof of Theorem [5.3.1}
we write n = ng + n'p and k = ko + k'p, where 0 < ng < p and 0 < ky < p and n', k" are

nonnegative integers. Again, we have to show that
A(n) = A(ng)A(n') (mod p). (5.25)

Throughout the proof, let d = |3ng/p].
If ko < ng/5, then 4ng—>5ky > 3ng > 0 and 4ng—>5ky < 4ny < 3ng+p. Since d = [3ngy/p],

we thus have 0 < 3ng —dp < p and 0 < 4ng — 5k — dp < (3ng — dp) + p. Therefore, modulo
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D,
(477, - 5k> = [:L,Sno—dp(xp)?m’—&—d](l + x)4n0—5ko—dp(1 + $p)4n’—5k’+d
4?10 — 5k0 — dp 4n’ — 5k' +d
3ng — dp 3n'+d
477,0 — 5]{50 4n’ — 5K’ +d
3’)10 3n' +d ’
where in the last step we used that, modulo p,
4’”0 - 5]€0 - dp . 4710 - 5]€0 - dp _ 4710 - 5]€0 . 47’1,0 - 5]{50
3710 - dp a Nng — 5]{70 o Nng — 5k’0 N 371,(] ’

which follows from ([5.22)) because 0 < ng — 5ko < p. In particular, we have

Lni/:fﬂ i(—l)’“ <Z)a<4n3—n5k)

ko=0 k’=0
) mi/:sj(_l)ko no\® (4ng — 5ky i(_l)k, W\ fAn' — 5K 4+ d
o 0 ]{?0 3710 =0 k' 3n' +d ’
- -

and we observe that, for d € {0,1},

A(n) = f]‘”k(Z)a(mi’;ff; d>'

k=0

(5.26)

(5.27)

(5.28)

To see this, note that the the sum of the k-th and (n — k)-th term does not depend on the
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value of d € {0,1}. Indeed, using (5.17)), Pascal’s relation and (5.17) again, we deduce that

4n — bk + 1 af4n—5n—k)+1
+(=1)
3n+1 3n+1

~ (4n =5k +1 B dn — bk — 1
N 3n+1 3n+1
B 4n — bk +1 B 4n — bk n 4n — 5k B 4n — bk —1
N 3n+1 3n+1 3n+1 3n+1
4n — bk 4dn — bk — 1
= -
3n 3n
4dn — 5k dn —5(n — k)
— —1)" .
(") e (M)
Next, suppose that ng > 1 and 4ny/5 < ko < ng. In that case, —p < —ng < 4ng — Sko < 0

or, equivalently, 0 < 4ny — 5kg + p < p. Hence, we have, modulo p,
4 - 5k ! / /
( n3n ) = [Q:Snofdp(xp)?m +d]<1 4 $)4n075k0+p(1 + :Cp)4n —5k'—1
_ (4ng — 5ko +p) (4n' — 5K — 1
B 3no — dp 3n'+d )

We rewrite the first binomial factor as follows, applying first ((5.17)) and then (5.22) twice,

to find that, with lo = ng — kg, modulo p,

4710 — 5]{Z0 +p _ (_1)n0+d 4710 — 5[0 — (d + 1)]9 —1
3ng — dp 3ng — dp
_ ( 1)n0+d 4710 — 5[0 — dp — 1
- 3ng — dp
_ (_1)n0+d 4710 - 5[0 - dp -1
ng — 5l0 —1
4dng — dlp — 1
= 1)rotd 0 0
( ) < ng — 5l0 —1
_ (_1)no+d 4710 — 5[0 —1
3710 ’

Here, we proceeded under the assumption that ng — 5ly > 0. It is straightforward to check

that the final congruence also holds when ny = 5[y, because then the binomial coefficients
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vanish modulo p. We conclude that, when ng > 1 and 4nq/5 < ko < no,

4n — 5k 4dng — Hlp — 1 / 4n’ — Bk — 1
() = e (M T ) (M ) twoa)

In particular, we have

i i’:(_l)k@)“(mgfk)

ko=[4no /5] k'=0

" “LAng — 5lp — 1\ < o\ A0’ — 5K — 1
_ 1)l [0 0 0 1)K+

ko=[4no/5 k'=0
) %/:SJ( 1y (0 *(4ng — Bk — 1 i’:( pyea( “dn' — 5K —1 (5.20)
N ko—0 k‘o 3’/10 W —0 k' 37’Ll+d 7 .

and we observe that, for integers d > 0,

S () () = e () ()

k=0 k=0

because, by (5.17)),

1) (4n — 5k + d) _ (L) (4n ~5(n— k) — 1).

3n+d 3n+d

Therefore, we can combine (5.27) and (5.29) into

S Sen() ()
ko=0 k'=0 k 3n
k‘oSno/E) or k0>4n0/5

/

= A(ny) HZ(—I)’“/ (Z) (4"/ — 5k d) (mod p), (5.30)

i
= 3n' +d

which holds for all 0 < ng < p (recall from the discussion at the beginning of this section

that A(ny), like sequence (1), can be represented as in Table [5.2).
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On the other hand, suppose that ny/5 < ko < 4ng/5. Set f = |(4ny — 5ko)/p|. Since

0 < 4ng—bky < 3ng < 3p, we have f € {0,1,2}. The usual arguments show that, modulo p,

4 - 5k ! ’ /
( n3n ) = [x3n07dp(xp)3n +d](1+m>4n075k07fp(1+xp)4n —Bk/+f

_ (4ng —bky — fp\ (40 — Bk + f

B 3ng — dp In' +d
4dng — bko\ [4n' — 5K

= (4 " ). (5.31)
3ng — dp 3n' +d

We are now in a position to begin piecing everything together. To do so, we consider

individually the cases corresponding to the value of d € {0, 1, 2}.
First, suppose d = 0 or d = 1. Congruence ([5.30)) coupled with (5.28)) implies that

> Z () (M) = At A o)

ko=0
k0<n0/5 or k024n0/5

To conclude the desired congruence ((5.25)), it therefore only remains to show that

ko= |_TLO/5J +1k'=

This is easily seen in the case d = 0, because then each term of this sum vanishes modulo
p. Equivalently, for d = 0, vanishes whenever ng/5 < ko < 4ng/5 (because 0 <
4ng—5ko— fp < 4ng—>5ky < 3ng). On the other hand, if d = 1, we claim that the sum (5.32)
vanishes modulo p because the terms corresponding to (ko, &’) and (ko,n’ — k') cancel each
other. To see that, observe first that, for d = 1, vanishes whenever ng/5 < ko < 4ng/5
and f = [(4ng — bko)/p| # 0 (because 0 < 4ng — 5ky — fp < 4ng — bko — p < 3ng — p if

f € {1,2}). Therefore, for the term corresponding to (ko, k'),
4dn — 5k 4ng — ko  (4n' — 5K
—1)* = (—1)* —1)* d
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while, for the term corresponding to (ko,n' — k') with j = ko + (' — K')p,

3n 3ng —p 3n' +1

(_1)k0 4710 — 5]€0 (_1)k’+1 4n’ — 5K
3ng —p an’ +1

() woa)

3n

)

where we applied (5.17)) for the second congruence. It is now immediate to see that the sum

(5.32) indeed vanishes modulo p for d = 1.

It remains to prove the Lucas congruences ([5.25) in the case d = 2. Using ([5.30), we

have

n/

aw = a0 Y0¥ () (M) + M o),

/
frar 3n' + 2

where

e S (Y (),

ko=|no/5]+1 k'=0

Combining this congruence with the identity
" “T/4n — 5k +2 4n — 5k
An) =S (=" -
(n) ;( ) (k) K 3n + 2 ) <3n—|—2)]’

which can be deduced along the same lines as ([5.28), we find that

/

Aln) = Alno) A@) + A(ng) 3 (1)¥ (Z) (4”/ - 5”) 4+ M (mod p).

/
= 3n' + 2
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We have, by ((5.31]), modulo p,

[4n0/5]—1 a n' a
4dng — 5k (' 4n’ — 5k + f
M = _1)yko (110 07 %o _1)k
Z ( ) (k’o) (3710 — 2p Z( ) k' 3n' + 2

ko=|no/5]|+1 k'=0

|—4ni:5"|—1 (_1>k0 no @ 4dng — Sk i(—l)kl '\ (4n' — 5k’
k’o 3%0 — 2p k' 3n/ + 2 ’

k():L?’Lo/5J+1 k'=0

where the last congruence is a consequence of the identity

- n\“ [4n — 5k + 1 - n\“ (4n — 5k
Yev () (M2 ) -2 () (503
k=0 k=0

(which follows from ([5.17)) and replacing k& with n — k) and the fact that (5.31)) vanishes for

no/5 < ko < 4ng/5 if f = 2. Using this value of M in ([5.33)), we find that the desired Lucas
congruence (|5.25)) follows, if we can show that

A —1)ko (0 07T = dp). 34
o+ > o) () = 0Gmedp (5.3)
k():\_n()/5j+1
Note that, if kg < ng/5, then, by (5.22)) and (5.26)),
472,0 - 51{?0 4710 - 5k70 - 2p 4710 - 5]{30
= = dp). 5.35
< 3ng — Qp) ( 3ng — 2p 3ng (modp) (5.35)

A similar argument, combined with ([5.17)), shows that the congruence ([5.35) also holds if
ko = 4ng/5. We therefore find that (5.34) is equivalent to

0 “(4ng — 5k,
—1)ko (no) ( 0 0) = 0 (mod p).
20 () (my 2y ) =0 tmodn

The next lemma proves that this congruence indeed holds provided that a € {1, 3}. O

Lemma 5.3.4. Let p be a prime, and a € {1,2,3}. Then we have, for all n such that
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2p/3 < n<p,
" *(4n — 5k
_1)%k " =0 dp).
> (k) <3n._2p) (mod p)

Proof. To prove these congruences we employ N. Calkin’s technique [14] for proving similar

divisibility results for sums of powers of binomials (5.50). Denoting r = p — n, we have, by

and (E22).

(1) (s

M"?

() ()
(k M)

kE+r—1\"/4p — 4r — 5k (mod p)
k p—3r b

(k—i—r—l) (kDR (kA —1) (k1)
k N (r—1)! o (r=1)7

I
TIMTI
LO 3 O

k=

[en]

Clearly,

(5.36)

where (z), = (z+1) - - - (x+k—1) denotes the Pochhammer symbol (in particular, (z) = 1).

Likewise,

dp —4r —5k\  (Bp—1—5k+1),3,
p—3r N (p— 3r)!

Since (r — 1)! and (p — 3r)! are not divisible by p, we have to show that

p—r
> (k+1)74(3p—r =5k + 1),_5, = 0 (mod p). (5.37)
k=0
Since the polynomials (), (2)k-1, ..., (z)o form an integer basis for the space of all polyno-
mials with integer coefficients and degree at most k, there exist integers cg, c1, ..., cy with

N=(a—1)(r—1)+p—3rso that

N
(k+1)"1(3p—r—5k+1), 3 = Zc] (k+r);
7=0
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Then the left-hand side of (5.37)) becomes

p—r N N p—r
D) ekt = Y ¢y (h+1)ak+7),
k=0 j=0 =0 k=0
N —7r
= 30) BRI
j=0 k=0
N
= Yot e (5.38)
= T+
where we used
(2)r — (v — )i = k(2)r
to evaluate
p—r p—r
E4+1),i — (k)pys —r+ 1),
Z<k+1)r+j—1zz( )+jr‘()+J:(p +.)+y.
k=0 k=0 o "
The desired congruence therefore follows if we can show that
_ D)y
P27+ Dris _  (1mod p) (5.39)
r+7

forall j =0,1,...,N. Sincer > 0 and j > 0, the numerator (p—r+1),4; is always divisible
by p. The congruences (5.39)) thus follow if r + 7 < p for all j, or, equivalently, r + N < p.
Since

r+N=(a—-1)(r—1)+p—2r,

we have r + N < p if and only if

(a—1)(r—1)<2r

Clearly, this inequality holds for all » > 1 if and only if a < 3. O

Remark 5.3.1. Numerical evidence suggests that the values a € {1,3} in Theorem

are the only choices for which the sequence (5.24) satisfies Lucas congruences. In light of
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Lemma |5.3.4), it is natural to ask if there are additional values of a and e, for which the

S (n) ("5

k=0

sequence

satisfies Lucas congruences. Empirically, this does not appear to be the case. In particular,

for a = 2 this sequence does not satisfy Lucas congruences for either e =0 or e = 1.

5.4 Periodicity of residues

The Apéry numbers satisfy
A(n) = (=1)" (mod 3), (5.40)

and so are periodic modulo 3. As in the case of the congruences , which show that the
Apéry numbers are also periodic modulo 8, the congruences were first conjectured in
[16] and then proven in [28]. We say that a sequence C'(n) is eventually periodic if there exists
an integer M > 0 such that C'(n+ M) = C(n) for all sufficiently large n. An initial numerical
search suggests that each sporadic Apéry-like sequence listed in Tables and can only
be eventually periodic modulo a prime p if p < 5. As an application of Theorem [5.2.1] we

prove this claim next.

Corollary 5.4.1. None of the sequences from Tables [5.1] and is eventually periodic

modulo p for any prime p > 5.

Proof. Gessel [28] shows that, if a sequence C'(n) satisfies the Lucas congruences modulo
p and is eventually periodic modulo p, then C'(n) = C(1)" modulo p forallm =0,1,...,p—1.
For instance, let C'(n) be the Almkvist—Zudilin sequence (§). Then, C'(1) =3, C'(2) =9
and C(3) = 3. Suppose C(n) was eventually periodic modulo p. Then p has to divide
C(3) — C(1)® = —24, which implies that p € {2, 3}.
In Table we list, for each sequence, the primes dividing both C(2) — C(1)? and

C(3) — C(1)3. The fact, that all these primes are at most 5, proves our claim. O
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Table 5.3: The primes dividing both C'(2) —C(1)? and C(3) — C(1)3, for each sequence C'(n)
from Tables (.1l and (.21

b

(b) (s7) | (s10) | (518)
2,5

21 2 2,3

(d)
2

DO [—~
O [~—

N | —~
Lo~

N
w
u[\? —
wv

N | —~
U —

N | —~
Lo~

\.[\3/-\
W~

\.[\D/-\
o~

N[ —
Lo~

As another simple consequence of Theorem [5.2.1] we observe that the Apéry-like se-

quences are in fact eventually periodic modulo each of the primes listed in Table [5.3
Corollary 5.4.2. Let C'(n) be any sequence from Tables and .
e C(n)=C(1) (mod?2) for alln > 1.

e C(n) = C(1) (mod3) for all n =1 if C(n) is one of (c), (f), (9), (6), (@), (€), (€),
s1g, and C(n) = (—1)" (mod 3) for alln =0 if C(n) is (a) or (7).
e C(n) =3"(mod5) for alln > 0 if C(n) is (b), and C(n) = 0 (mod5) for alln > 1 if
C(n) is (n).
Proof. One can check that Table does not change if we include only those primes p such

that C'(n) — C'(1)™ is divisible by p for all n € {0,1,2,3,4}. For n = 0, this is trivial since

C'(0) = 1. Therefore, in each of the cases considered here, we have

C(n) = C(1)" (mod p)

for all n € {0,1,...,p — 1}. For any n > 0, let n = ng + nyp + --- + n,p" be the p-adic

expansion of n. Then, by Theorem [5.2.1] we have

C(n) = C(no)C(m)-Cn.) (modp)

C(l)n0+n1+-~~+nr (mod p)

C'(1)™ (mod p).
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For the final congruence we used Fermat’s little theorem. All claimed congruences then

follow from the specific initial values of C'(n) modulo p. O

More interestingly, the congruences (1.16|) show that the Apéry numbers (sequence (7))
are periodic modulo 8. We offer the following corresponding result for the Almkvist—Zudilin

sequence (9).
Theorem 5.4.3. The Almkvist—Zudilin numbers
- _ + kY (3k)!
7 — -1 k3n sk T n
(n) kz:; ) (3k; n ) kB

satisfy the congruences

1, ifn is even,
Z(n) = (mod 8). (5.41)
3, ifn is odd,
Proof. 1t is shown in [57] that the numbers (—1)"Z(n) are the diagonal Taylor coefficients

of the multivariate rational function

1
1 — (1 + 22 + 3+ 24) + 27212092374

F(xq, 29,23, 74) = (5.42)

That is, if

o0 (o @] (o) o0
o ni,.n2,..n3, n4g
F(xy, 29,23, 14) = E g E E C(n1,m2,n3, 0477 25> 13° T

n1=0n9=0mn3=0nyg=0

is the Taylor expansion of the rational function F', then Z(n) = (—1)"C(n,n,n,n).

Given such a rational function as well as a prime power p", Rowland and Yassawi [52]
give an explicit algorithm for computing a finite state automaton, which produces the values
of the diagonal coefficients modulo p”. In the present case, this finite state automaton for the

values (—1)"Z(n) modulo 8 turns out to be the same automaton as the one for the Apéry
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numbers modulo 8. Hence, the congruences follow from the congruences . We
refer to [52] for details on finite state automata and the algorithm to construct them from
a multivariate rational generating function. We also remark that, due to the complexity of
the algorithm, p” should be reasonably small in practice (for instance, the implementation

accompanying [52] takes several minutes to compute the finite state automaton for the

coefficients of ((5.42)) modulo 2°, and did not finish in reasonable time modulo 29). O

Empirically, Theorem [5.4.3| is the only other interesting set of congruences, apart from
the congruences , which demonstrates that an Apéry-like sequence is periodic modulo
a prime power. More precisely, numerical evidence suggests that none of the sequences in
Tables [5.1] and [5.2] is eventually periodic modulo p", for some r > 1, unless p = 2. Moreover,
the only other instances modulo a power of 2 appear to be the following, less interesting,
ones: sequences (d) and («) are eventually periodic modulo 4 because all their terms, except
the first, are divisible by 4; likewise, sequences (¢) and s; are eventually periodic modulo 8
because all their terms, except the first, are divisible by 8. We do not attempt to prove these
claims here. We remark, however, that these claims can be established by the approach used
in the proof of Theorem [5.4.3] provided that one is able to determine a computationally
accessible analog of for the sequence at hand.

5.5 Primes not dividing Apéry-like numbers

Using the Lucas congruences proved in Theorem [5.2.1} it is straightforward to verify whether

or not a given prime divides some Apéry-like number.

Example 5.5.1. The values of Apéry numbers A(0), A(1), ..., A(6) modulo 7 are 1,5,3,3,3,5,1.
Since 7 does not divide A(0), A(1), ..., A(6), it follows from the Lucas congruences (5.5 that

7 does not divide any Apéry number.

Arguing as in Example [5.5.1, one finds that the primes 2,3,7,13,23,29,43,47,... do

119



not divide any Apéry number A(n). E. Rowland and R. Yassawi [52] pose the question
whether there are infinitely many such primes. Table records, for each sporadic Apéry-
like sequence, the primes below 100 which do not divide any of its terms, and the last column
gives the proportion of primes below 10* with this property. Each Apéry-like sequence is
specified by its label from [4], which is also used in Tables and . The alert reader will
notice that Cooper’s sporadic sequences (the ones with d # 0 in Table are missing from
Table [5.4] That is because these sequences turn out to be divisible by all primes. A more

precise result for these sequences is proved at the end of this section.

Table 5.4: Primes not dividing Apéry-like numbers

(a) | 3, 11, 17, 19, 43, 83, 89, 97 0.2094
(b) | 2,5, 13, 17, 29, 37, 41, 61, 73, 89 0.2897
(c) | 2,7, 13, 37, 61, 73 0.2962
(d) | 3,11, 17, 19, 43, 59, 73, 83, 89 0.2815
(f) | 2,5, 13, 17, 29, 37, 41, 61, 73, 97 0.2094
(g) [ 5, 11, 29, 31, 59, 79 0.2029
(0) | 2,5, 7, 11, 13, 19, 29, 41, 47, 61, 67, 71, 73, 89, 97 0.6192
(n) [ 2,3, 17, 19, 23, 31, 47, 53, 61 0.2897
(a) | 3,5, 13, 17, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 83, 89 | 0.5989
() | 3,7, 13, 19, 23, 29, 31, 37, 43, 47, 61, 67, 73, 83, 89 0.6037
(©) | 2,5, 7,13, 17, 19, 29, 37, 43, 47, 59, 61, 67, 71, 83, 89 0.6046
(v) | 2,3, 7, 13, 23, 29, 43, 47, 53, 67, 71, 79, 83, 89 0.6168

The primes below 100 not dividing Apéry-like numbers (sequence indicated in first column
using the labels from [4]) as well as the proportion of primes (in the last column) below
10,000 not dividing any term

Example [5.5.1| shows that the first 7 values of the Apéry numbers modulo 7 are palin-
dromic. Our next result, which was noticed by E. Rowland, shows that this is true for all

primes.

Lemma 5.5.2. For any prime p, and integers n such that 0 < n < p, the Apéry numbers

A(n) satisfy the congruence



Proof. For n such that 0 < n < p, we employ (5.17)) and (5.22) to arrive at

Ap—1—-n) = pi(p—ll{;—ny(p_l;wrk)z

0

5 (48 (2) s

k=0

as claimed. O

Theorem and Lemma , considered together, suggest that e='/2 ~ 60.65% of
the primes do not divide any Apéry number. Indeed, let us make the empirical assumption
that the values A(n) modulo p, for n = 0,1,...,(p — 1)/2, are independent and uniformly
random. Since one of the values A(n) is congruent to 0 modulo p with probability 1/p, it

follows that the probability that p does not divide any of the (p + 1)/2 first values is

1 (p+1)/2
1— - . 5.43
(-3) 649

By the Lucas congruences, shown in Theorem [5.2.1 and Lemma [5.5.2] p does not divide
any of the (p + 1)/2 first values if and only if p does not divide any Apéry number. In the
limit p — oo, the proportion becomes e~'/2. Observe that this empirical prediction
matches the numerical data in Table rather well. We therefore arrive at the following

conjecture.

Conjecture 5.5.3. The proportion of primes not dividing any Apéry number A(n) is e='/2.

While Lemmal[5.5.2] does not hold for the other Apéry-like numbers C'(n) from Tables
and 5.2 we make the weaker observation that if a prime p > 5 divides C(n), where 0 < n < p,
then p also divides C(p — 1 — n). We expect that this empirical observation can be proven
in the spirit of the proof of Lemma [5.5.2) but do not pursue this theme further. We only
note that it allows us to extend the heuristic leading to Conjecture to the Apéry-like

sequences (0), (), (€), (¢) from Table 5.2l In other words, we conjecture that, for each
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Figure 5.1: Proportion of primes (up to 3000) not dividing the sequences (9), («), (€), (¢),
(7), with the dotted line indicating e~/2. The Apéry sequence is plotted in blue. (We thank
Arian Daneshvar for producing this plot.)

of these sequences, the proportion of primes not dividing any of the terms is again e~'/2.

Figure [5.1] visualizes some numerical evidence for this conjecture. On the other hand, for
sequence (1) as well as the sequences from Table , the proportion of primes not dividing
any of their terms appears to be about half of that, that is e='/2/2 ~ 30.33%.

To explain this extra factor of 1/2, we note that, for the Apéry-like numbers

A =3 (Zf (" Z k) (5.44)

k

Stienstra and Beukers [56] proved that, modulo p,

1 4a® — 2p, if p=a®+ % a odd,
Ay (p—) = (5.45)

0, if p=3(mod4)

(and conjectured that the congruence should hold modulo p?, which was later proved by
Ahlgren [2]; see also [3]). In particular, congruence ((5.45) makes it explicit that every prime

p = 3 (mod 4) divides a term of this Apéry-like sequence. Note that, by a classical congruence
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of Gauss, the congruences ([5.45)) are equivalent, modulo p, to the congruences

Ay QPD (ﬁ%)2> if p=1(mod4),

0, otherwise,

(5.46)

which are valid for any prime p # 2. The more general result in [56] also includes the cases
A, and A.. Similar divisibility results appear to hold for the other Apéry-like numbers from
Table [5.1, and it would be interesting to make these explicit.

On the other hand, the extra factor of 1/2 in case of sequence (n) is explained by the
following congruences, which resemble remarkably well.

Theorem 5.5.4. For any prime p # 3, we have that, modulo p,

3
PN (—1)Lp/5J(LLI§’//13gJ), ifp=1,2,4,8(mod 15),
A, (L J) - (5.47)

0, otherwise.

Proof. Suppose that p = 2 (mod 3), and write p = 3n + 2. The congruence (5.47)) can be
checked directly for p = 2 and p = 5, and so we may assume p > 5 in the sequel. Applying
(5.36) to the definition of sequence (1) in Table 5.2 we have

A = ié?(‘l)k(@g <<4n —35: = 1) .\ (471?;5/{))
SSn() () e

Since 3n =p — 2 and 0 < k < n/5, the term

(n — 5k)3n

o) (5.49)

is always divisible by p, unless n — 5k € {1,2} (because, otherwise, one of the p — 2 factors

of (n — 5k)s, is divisible by p, while (3n)! is not). Note that n — 5k = 1 and n — 5k = 2 are
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equivalent to k = (p—5)/15 and k = (p—8)/15, respectively. However, (p—5)/15 cannot be
an integer (since p # 5). We thus find that (5.49) vanishes modulo p unless p = 8 (mod 15)
and k = |p/15], in which case (5.49) is congruent to —1 modulo p. Combined with the

analogous discussion for the corresponding second term in ([5.48]), we conclude that

1, ifk=|p/15] and p = 2 (mod 15),

Gn)l (3n)! —1, if k= [p/15] and p = 8 (mod 15),

0, otherwise.

Applying this to the sum ([5.48) and combining the signs properly, we arrive at the congru-

ences (5.47) when p = 2 (mod 3).

The case p = 1 (mod 3) is similar and a little bit simpler. ]

In summary, we conjecture that the proportion of primes not dividing any term of the

Apéry-like sequences in Tables [5.1] and [5.2] is as follows.

Conjecture 5.5.5.

o Let C(n) be one of the sequences of Table[5.1] or sequence (n). Then the proportion of

1

primes not dividing any C(n) is 1e='/2.

o Let C(n) be one of the sequences (0), (), (€), (¢), () from Table 5.3 Then the

proportion of primes not dividing any C(n) is e~ /2,

In stark contrast, Cooper’s sporadic sequences s7, s1g, S from Table are divisible by

all primes. Indeed, let C(n) denote any of these three sequences. Then,
C(p—1) =0 (modp)

for all primes p. In fact, we can prove much more. For any given prime p, the last quarter (or

third) of the first p terms of these sequences are divisible by p. In the case of sequence s,
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the sum of fourth powers of binomial coefficients, this is proved by N. Calkin [14]. Indeed,
among other divisibility results on sums of powers of binomials, Calkin shows that, for all

integers a > 0, the sums

En: (Z) " (5.50)

k=0

are divisible by all primes p in the range

n<p<n+1+

2 — 1"

In particular, in the case a = 2, we conclude that sj9(n) is divisible by all primes p that

satisfy n < p < 43" + 1. Equivalently, we have

s10(p — 7) = 0 (mod p)

whenever 1 < j < (p+ 2)/4. Our final result proves the same phenomenon for Cooper’s
sporadic sequences s7, S1g. We note that in each case, empirically, the bounds on j cannot

be improved (with the exception of the case p = 3 for s15; see Remark [5.5.1)).

Theorem 5.5.6. For any prime p, we have

s7(p — j) = 0 (mod p)

whenever 1 < j < (p+1)/3, and

s1s(p — j) = 0 (mod p)

whenever 1 < j < (p+ 2)/4.
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Proof. For the sequence s7, we want to show

) ())

for 1 < j < (p+1)/3. Note that for 2k < p — j or k > p — j the summand is already zero.

=

>
Il

Therefore, we assume that p —j > k > (p — j)/2. We write the summand as

(p;{Y<p_£+k)foJ::m%pgngﬁgf?;+ﬁV

and observe that the denominator is not divisible by p if 7 > 1. On the other hand, the

factorial (p — 7 + k)! in the numerator is divisible by p since

p—j+k>p—j+{%}>p,

where we used j < (p+ 1)/3 to verify the final inequality. Thus, for 1 < j < (p+1)/3, the
congruences s7(p — j) = 0 hold modulo p, as claimed.

We proceed similarly for s15(p — j), which is given by

L (p =0\ (2K (20—~ R)\ [ (20— )~ 3k 1\ | (2(p—j) 3k
> (-1 : . + . :
—~ k kJ\ p—j—k P=J pP=1J
and, using ([5.36]), write the summand as

(=D*2k)!2p —j — k)
KB(p—j — k)1

(p—j—3k+1),_;_1(3p— 3j — 6k). (5.51)

None of the terms in the denominator is divisible by p since 7 > 1. On the other hand,
(2(p — j — k))! in the numerator is divisible by p since
: - |p—J
20p—j—k)=2 (p—j - {—J) > p,

3
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where we used j < (p + 2)/4 for the final inequality. Therefore, for 1 < j < (p + 2)/4,
each of the terms in the sum for s;s(p — j) is a multiple of p, and we obtain the desired

congruemnces. ]

Remark 5.5.1. Employing (5.51)), we observe that s;g(n) = 0(mod3) for n > 1, which
reaffirms Corollary for this sequence.

Finally, as noted in [20], each of the sequences in Table ﬂ times (27?) is an integer
solution of with d # 0. Observe that (2:) is divisible by a prime p for all n such
that n < p < 2n. This results in a (weaker) analog of Theorem for these Apéry-like
sequences, and implies, in particular, that these sequences are again divisible by all prime

numbers.

5.6 Conclusion and open questions

In Sections and [5.3] we showed that all sporadic solutions of (5.1)) and (5.2)), given in

Tables|5.1|and uniformly satisfy Lucas congruences. However, for two of these sequences,
especially sequence (), we had to resort to a rather technical analysis. We therefore wonder
if there is a representation of these sequences from which the Lucas congruences can be
deduced more naturally, based on, for instance the approaches of [53] and [37], or [52]. More
generally, it would be desirable to have a uniform approach to these congruences, possibly
directly from the shape of the defining recurrences and associated differential equations. In
another direction, it would be interesting to show that, as numerical evidence suggests, all
of the Apéry-like sequences in fact satisfy the Dwork congruences .

The congruences show that the Apéry numbers are periodic modulo 8, alternating
between the values 1 and 5. As a consequence, the other residue classes 0, 2, 3,4, 6, 7 modulo
8 are never attained. On the other hand, the observations in Section [5.5| show that certain
primes do not divide any Apéry number. This can be rephrased as saying that the residue

class 0 is not attained by the Apéry numbers modulo these primes. This leads us to the
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question of which residue classes are not attained by Apéry-like numbers modulo prime
powers p®. In particular, are there interesting cases which are not explained by Sections
and 5.5
The second part of congruence makes it explicit that every prime p = 3 (mod 4)
divides a term of the Apéry-like sequence . Is there a similarly explicit result which
demonstrates that the Apéry numbers are divisible by infinitely many distinct primes?
Recall that Conjecturel|5.5.3|predicts that the proportion of primes not dividing any Apéry

1/2

number is e/, One of the referees raised the question whether there might be a connection

between this conjectured proportion and classical divisbility questions of Bernoulli numbers

~1/2 of all prime

and the notion of regular primes (for instance, C. L. Siegel conjectured that e
numbers are regular).
Another interesting question was suggested by the second referee, who noted that the

right-hand side of ((5.45) is the p-th Fourier coefficient ¢, of the modular form
77(42,)6 — qH(l o q4n)6 _ chqn, q= 627riz'
n=1 n=1

With this observation, a natural question concerning Theorem [5.5.4] is whether there exists

a modular form (with CM?) f(z) whose p-th Fourier coefficient is related modulo p? to A,,.
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