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Abstract

This thesis explores three main topics in the application of ergodic theory and dynamical systems
to equidistribution and spacing statistics in number theory. The first is concerned with utilizing
the ergodic properties of the horocycle flow in SL(2,R) to study the spacing statistics of Farey
fractions. For a given finite index subgroup H C SL(2,7Z), we use a process developed by Fisher
and Schmidt to lift a cross section of the horocycle flow on SL(2,R)/SL(2,Z) found by Athreya
and Cheung to the finite cover SL(2,R)/H of SL(2,R)/SL(2,Z). We then use the properties of this
section to prove the existence of the limiting gap distribution of various subsets of Farey fractions.
Additionally, to each of these subsets of fractions, we extend solutions by Xiong and Zaharescu,
and independently Boca, to a Diophantine approximation problem of Erdos, Sziisz, and Turan.

The latter two topics of this thesis establish properties of the Farey map F by analyzing the
transfer operators of F' and the Gauss map G, well known maps of the unit interval relating to
continued fractions. We first prove an equidistribution result for the periodic points of the Farey
map using a connection between continued fractions and the geodesic flow in SL(2,7Z)\SL(2,R)
illuminated by Series. Specifically, we expand a cross section of the geodesic flow given by Series
to produce another section whose first return map under the geodesic flow is a double cover of the
natural extension of the Farey map. We then use this cross section to extend the correspondence
between the closed geodesics on the modular surface and the periodic points of G to include the
periodic points of F'. Then, analogous to the work of Pollicott, we find the limiting distribution
of the periodic points of F when they are ordered according to the length of their corresponding
closed geodesics through the analysis of the transfer operator of G.

Lastly, we provide effective asymptotic results for the equidistribution of sets of the form
F~"([e, B]), where [a, B8] C (0, 1], and, as a corollary, certain weighted subsets of the Stern-Brocot

sequence. To do so, we employ mostly basic properties of the transfer operator of the Farey map

i



and an application of Freud’s effective version of Karamata’s Tauberian theorem. This strengthens
previous work of Kessebohmer and Stratmann, who first established the equidistribution results

utilizing infinite ergodic theory.
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Chapter 1

Introduction

The central theme of this thesis is the study of the distribution of certain sequences and sets of
number theoretical interest. In this introduction, we begin by defining the central equidistribution
and spacing statistics notions we use. We then give an overview of the thesis, outlining the number

theoretical concepts on which we focus and our main results.

1.1 Equidistribution and spacing statistics

Let X be a metric space, (Ay), be an increasing sequence of finite subsets of X, and p be a

probability measure on X. We say that (A,), equidistributes with respect to the measure p if

lim 7#(14” nB)

A p(B) for all B C X Borel such that p(0B) =0

A useful equivalent condition given by the Portmanteau theorem [11, Theorem 2.1] is that

1
lim —— flx) = / fdp for all bounded continuous functions f : X — R.
#An Z ) X

Intuitively, this means that the density of A,, in X increasingly resembles the measure p as n grows.
In cases where the subsets A,, are weighted so that each element x € A, has a weight w, € R, we

then say that the weighted sequence (A, ), equidistributes with respect to p if

lim Loea, Vol (7) / fdp.

n—00 ZmEA"

In every circumstance, the set X we deal with is or can easily be identified with a subset of Euclidean

space.



We also wish to consider a notion of equidistribution for infinite subsets of the space X. We
consider this notion in Chapter 5 in the specific case where X = [0, 1] and the measure p is the
Lebesgue measure, which we denote throughout this thesis as A. We say that a sequence of Borel

subsets (By,), of [0,1] equidistributes in [0, 1] if

1

lim / fdx= fdx forall f e C([0,1]).

We also consider a situation of an equidistributing sequence of one dimensional subsets in a three
dimensional space, which we detail in Chapter 2.

In Chapter 2, we additionally study the finer spacing statistics of our sequences of finite subsets
of R, namely the limiting gap distribution. For a given finite subset A = {zg < 21 < -+ < zn}
of R, we define the gap distribution measure of A to be the finitely supported probability measure

v4 on [0,00) such that

va(10,€]) i= A4 € [1LN]: Nz — 251) < Eow —20)}, €20

Then for a sequence (A4,), of finite subsets of R, we call the weak* limit of (v4, )n, if it exists, the
limiting gap measure of (4,),. We refer to the distribution of this measure as the limiting gap
distribution of (A;,),. Roughly speaking, the limiting gap distribution estimates the distribution of
how big the gaps between consecutive elements of A, are when they are normalized by the average
gap length.

Another even finer statistic we look at is the limiting h-spacing distribution. For h € N and the
set A as above, let V4, = (Titj —$i+j—1)?:1 € R" fori € {1,...,N —h}. We define the h-spacing
distribution measure of A to be the finitely supported probability measure v4 4 on [0,00)" such

that
h

h
1
van | [J10.4] ] = N @ €A NVain € [T00,¢(xn — o))
j=1 i=1

We then call the weak™ limit of (va,, )n, if it exists, the limiting h-spacing measure of (A,,),. This

measure captures the distribution of i consecutive normalized gaps in A, as n — oco.



1.2 Homogeneous dynamics and Farey fractions

The Farey sequence of order @ € N is the set F(Q) of fractions 7€ [0, 1] such that ged(a,q) =1
and ¢ < Q. A well known application of Mdobius inversion proves the effective equidistribution
of sequence (F(Q))g in [0,1] with respect to the Lebesgue measure as () — oo. Also, various
properties regarding the fine scale spacing statistics of (F(Q))g have been studied. For instance,
Hall [30], Augustin et al. [9], and Boca and Zaharescu [17], established the limiting gap distribution,
the limiting h-spacing distribution, and the correlations of (F(Q))q, respectively.

Additionally, certain subsets of Farey fractions have been considered. For instance, let Fg 4 C
F(Q) be the set of fractions ¢ with ged(g,d) = 1 and .7?Q7g C F(Q) be the set of ¢ with £ { a.

a a
qq

Then the number of pairs ( ) of consecutive fractions in F 4 with fixed a’q — ag’ = k has been
estimated by Badziahin and Haynes [10]; the pair correlation function of the sequence (Fg.4,)q
was shown to exist by Xiong and Zaharescu [69], where dg varies with @ subject to the constraints
dg, | dg, as Q1 < Q2 and dg < Q'°81°8 Q/4. and the limiting gap distribution for the sequences
(Fg,d)q and (}:Q,E)Q were shown to exist for fixed d and ¢ by Boca, Spiegelhalter, and the author
[16].

Recently, Athreya and Cheung [7] realized the horocycle flow, that is, the left multiplication of

the group

1 0
:seR S,
—s 1

on SL(2,R)/SL(2,Z), as a suspension flow over the BCZ map introduced by Boca, Cobeli, and
Zaharescu [14] in their study of Farey fractions. Athreya and Cheung used this connection and
the equidistribution of horocycles in SL(2,RR)/SL(2,Z) to rederive the limiting gap distribution
and other properties of Farey fractions. The process used in [7] to obtain these results was later
generalized in [5] to explain the gap distributions of various different sequences. Also, recent work
of Fisher and Schmidt [26] was concerned with lifting cross sections of the geodesic flow on the
unit tangent bundle of the modular surface to a finite cover, with the primary aim of obtaining
statistical properties of continued fractions.

In Chapter 2, we use the process in [26] to explicitly lift, for every finite index subgroup
H C SL(2,7Z), the section of the horocycle flow discovered in [7] to the cover SL(2,R)/H of



SL(2,R)/SL(2,7Z). As one application, we prove the existence of the limiting gap distribution of
certain subsets of Farey fractions following the ideas in [7] and the more general framework of [5,
Theorem 2.5]. We additionally obtain results on the h-spacings and numerators of differences of
these subsets. A given subset we consider is determined by a finite index subgroup H C SL(2,7Z),
and corresponds to a cross section of SL(2,7Z)/H obtained by intersecting the lift of the section
in [7] with certain sheets of the cover SL(2,R)/H — SL(2,R)/SL(2,Z). As a second application,
we establish, for each of the aforementioned subsets of Farey fractions, the existence of the lim-
iting Lebesgue measure of the real numbers in [0, 1] that are in some sense well approximated by
elements in the subset and having large denominators. This solves an analogue of a Diophantine
approximation problem posed by Erdés, Sziisz, and Turdn [20]. These results have been published
in [35].

This stream of research was inspired by the significant works of Elkies and McMullen [19]
and of Marklof and Strombergsson [55]. In the first work, the equidistribution of horocycles in the
space ASL(2,R)/ASL(2,Z) of unimodular lattice translates in R? was utilized to determine the gap
distribution of the sequence ({y/n}),, where {x} = 2 — |x] denotes the fractional part; and in the
second, the equidistribution of unipotent flows in the higher dimensional spaces SL(d, Z)\SL(d, R)
and ASL(d,Z)\ASL(d,R) (d > 2) was used to prove the existence of the limiting distribution of

the free path length in the Boltzmann-Grad limit of the periodic Lorentz gas.

1.3 Dynamics and continued fractions

Chapters 3-5 of this thesis are concerned with the regular continued fractions of the form

[a1,a2,a3,...] = (a; €N)

ay +

as + .
az + -

In particular, our central object of study is the Farey map F', and we also make significant use of

the Gauss map G, which is a speed up of F'. Both F' and G are dynamical systems on the unit



interval to itself which have been studied in connection to continued fractions due to the equalities

[al—l,a2,...] ifCLlZQ
F(la1,a2,...]) = and G([a1,aq,...]) = [ag,as,...].

[az,ag,..‘] if aq =1

The primary angle through which we study F' is via the transfer operators of F and G. The
transfer operator can be defined for a dynamical system 7' : X — X on a measure space (X,p),
where p is a o-finite measure (which is not necessarily finite) satisfying poT~! < p, as the operator

T : L'(p) — L'(p) such that

/ Tfdp= / fdp for any A C X measurable and f € L'(p).
A T-1(A)

Equivalently,

/(Tf) gdp = /f (goT)dp for any f € L'(p) and g € L=(p):

so the transfer operator of T is the dual of the Koopman operator f — foT.

We also touch on the natural extensions of the Farey and Gauss maps. The natural extension of
a dynamical system, defined originally by Rohlin [61] for probability spaces and extended by Silva
[64] to o-finite spaces, is a minimal invertible dynamical system which has the original system as
a factor. Due to the nature of F' and G as shift maps on continued fractions, the construction of
their natural extensions is intuitive, and can be thought of as two-sided shift operators on continued
fraction digits.

We cover more details on some of the basic properties of continued fractions, the Gauss and
Farey maps, and their natural extensions and transfer operators in Chapter 3.

In Chapter 4, we study the distribution of the periodic points of F'. To do so, we rely on a
connection, first noticed by Artin [4] and later lucidly explained by Series [63], between continued

fractions and geodesics in the modular surface. Notably, Series found a cross section of the geodesic



flow in the tangent bundle of the modular surface, or equivalently, the right action of the group

et/? 0
teR
0 e—t/2
on SL(2,Z)\SL(2,R); and the section’s first return map is a double cover of the natural extension
of G. This connection gives rise to a correspondence between the periodic orbits of GG, consisting
of the periodic continued fractions, and the primitive closed geodesics in SL(2,Z)\SL(2,R).

Utilizing this relationship and the work of Mayer [56] on the transfer operator of G, Pollicott
[59] determined the limiting distribution of the periodic points of G when ordered according to the
length of their corresponding closed geodesics. He then utilized this result to prove the equidis-
tribution of the geodesics themselves. Using Pollicott’s technique, Kelmer [45] proved analogous
equidistribution results for closed geodesics in the modular surface with a specified linking number,
as well as their corresponding periodic continued fractions.

The goal of Chapter 4 is to extend the work of Series and Pollicott to encompass the Farey map.
We first enlarge Series’ cross section of the geodesic flow to yield another section forming a double
cover of the natural extension of F'. This allows us to extend the correspondence between closed
geodesics and periodic continued fractions to include the periodic points of F'. We then utilize the
work of Pollicott to establish the equidistribution of the periodic points of F', and of its natural
extension, according to their respective invariant measures.

The focus of Chapter 5 is the distribution of the preimages of the form F~"([«, ]) through the
analysis of the transfer operator of F. This study was inspired by the work of Kessebohmer and
Stratmann [49] who, confirming a conjecture of Fiala and Kleban [25], proved that the Lebesgue

measure \(%,) of the sum-level set for continued fractions

k
6, = F~ (1) <[;?1]> _ {[al,ag,...] €10,1]: Zai = n for some k € N}

i=1

approaches 0 as n — oo, and furthermore obtained an asymptotic formula for the decay rate. Then
in [48], they more generally established, for any subinterval [a, 5] C (0, 1], the asymptotic decay

rate of the Lebesgue measures of the preimages (F'~"([a, f])))n, in addition to the equidistribution



of the preimages with respect to the Lebesgue measure. As a corollary, they also provide an
equidistribution result for certain weighted subsets of the Stern-Brocot sequence which can be
v

obtained as preimages of the form F~" (E) with & € Q. To prove these results, Kessebohmer and

Stratmann applied powerful results in infinite ergodic theory to the transfer operator of F' with

dx

respect to the infinite invariant measure <*

In Chapter 5, we obtain effective versions of the results of Kessebohmer and Stratmann on
the equidistribution of both the preimages (F~"([a, ]))n and the subsets of the Stern-Brocot
sequence. For our proof, we establish estimates involving the sums of the iterates of the transfer
operator of F', and examine more carefully some of the results underlying the machinery used in
[49, 48]. Notably, we incorporate Freud’s work [27] that provides an effective version of Karamata’s
Tauberian theorem, an important result utilized in infinite ergodic theory. This work builds upon
the author’s publication [34].

Throughout this thesis, we make frequent use of asymptotic notation, which we explain here.
We write f(x) = O(g(x)), or equivalently f(z) < g(x), as  — oo if there exist constants M, N > 0
such that |f(x)| < M|g(z)| for all x > N. The expression f(z) = O,....c,.(g(z)), or equivalently
f(z) <ei.....em 9(2), means the same thing, though in this case the constants M and N depend on

f(z)

Cly- -+ Cm. Also, we write f(x) ~ g(z) as  — oo if lim,_, =1



Chapter 2

The horocycle flow in SL(2,R) and
Farey fraction statistics

2.1 Introduction

In this chapter, we prove our main results on Farey fraction statistics utilizing dynamics in homo-
geneous spaces SL(2,R)/H. These results appear in [35]. We begin by giving some basic properties
of Farey fractions we use throughout the chapter.

An alternative way of defining the Farey sequence (F(Q))gq is by induction through the following
process: First, let F(1) = {%, %} Then, assuming we have defined F(Q) for a particular Q € N,
we let F(Q + 1) be the set of all fractions in F(Q), together with all the mediants of consecutive

atad
q+q"’

’
where % and % are

fractions in F(Q) having denominator @) + 1, i.e, fractions of the form

consecutive elements in F(Q) and ¢+ ¢ = Q + 1. A few clear consequences of this is that if % < Z—:

are any consecutive elements of F(Q), then ¢+¢' > @; and for any Q" > @Q, the element succeeding

GinF (Q") is of the form ZLLZI?: where m € NU {0}, and similarly the element in F(Q') preceding

Z—: is of the form ZiZ:Z where n € NU {0}.

Another elementary property we wish to note is that for any nonnegative integers a,d’, q, ¢’
such that 0 < % < Z—: <1, then % < Z—: are consecutive in the Farey sequence of order max{q, ¢’} if
and only if a’¢ —aq’ = 1. Tt is then easy to see that if ¢,¢' € {1,...,Q} such that ged(q,¢’) = 1 and

g+ q > @, then there exist nonnegative integers a,a’ such that % < ‘;—; are consecutive elements in

F(Q), which establishes a one-to-one correspondence ¢ <+ (g, q') between F(Q)\{1} and the set

{(q.d) €{1,....,Q} 1 g+ ¢ > Q,ged(q,q) = 1}.

A property of great importance is that if % < Z—: < ;—x are three consecutive elements in F(Q),

then a + a” = Ka' and q + ¢ = K¢’ for some positive integer K which is commonly refered to as



the index of Z—:. More precisely, we have

K:{QJ,FQJ, a":{QTan’a, q”leTqJQ’q- (2.1)
q q q

(See, e.g., [32, Chapter 3] and [31].) This led to the study of the BCZ map defined by Boca,
Cobeli, and Zaharescu in [14]. The BCZ map is a function 7' : @ — Q on the Farey triangle
Q = {(a,b) € (0,12 : a+ b > 1} defined by the equality

T(a,b) = <b, FZ“J b—a) .

As a result of (2.1), we have

T (q Q’> _ <q’ Q”>
Q' Q Q' Q
Let
ag 0 ai anN(@Q) 1}
Q) {70 i St YN(Q) o 1

with ged(ai,q;) = 1. The properties given above motivate the correspondence % > (%, qgl)

between F(Q)\{1} and the subset

{<Z§’qgl) :%E}—(Q)} - {<5QQ> :q’qle{1’---,Q},g0d(q,q’):1,q+q’>Q}

of € that we refer to as the set of Farey points of order @), and which is a periodic orbit of T

In the next section, we see how the distribution of these points in 2 as () — oo impacts the gap
distribution of the Farey sequence.
Let G = SL(2,R) and I' = SL(2,Z). (We caution the reader that in all other chapters, G

denotes the Gauss map.) The central result of this chapter is the following:

Theorem 1. Let H be a finite index subgroup of I' and M C T'/H be a nonempty subset, closed
under left multiplication by ({ 7'). Also, for Q € N, let Fr(Q) € F(Q) be the set of fractions %

such that



where Z—: is the successor of ¢ in F(Q). Then the sequence (Far(Q))q becomes equidistributed
in [0,1] with respect to the Lebesque measure as Q — oo. Furthermore, if I C [0,1] is a given
subinterval and Fra(Q) = Fa(Q) N I, then the limiting gap measure vy of (Frm(Q))q exists

and has a continuous and piecewise real analytic density.

We include the hypothesis that M is closed under left multiplication by ((1) *11) in order to

ensure that (Fas(Q))q is an increasing sequence of sets. Indeed, let 7 € Fu(Q) so that

! !
q a
He M,

where Z—,, is the successor of % in F(Q). If @ > Q, then by the mediant property of Farey fractions,

ma+a’

gt for some m > 0. We then have

the successor of ¢ in F (@) is equal to

m

mq+q ma+ad I -1 q a
H = He M,
—q —a 0 1 —q —a
implying that ¢ € Fu(Q'), and hence (Fp(Q))q is increasing.

Applying Theorem 1 with H = I'(m), where m is a positive integer and I'(m) is the congruence

subgroup
a b 10
= mod m : a,b,c,d € Z,ad —bc =1
c d 0 1
of I', and with
Ny ns
M = HeT/H: (ni,ny) modme A
—nz —n

where A C (Z/mZ)? is such that M is nonempty, i.e., there is some (ni,n2) € A such that

ged(ng, ng, m) = 1, we have the following result:

Corollary 1. Let A C (Z/mZ)? contain some (ni,n2) such that ged(ni,na,m) = 1, and let
I C [0,1] be a subinterval. Then for Q € N, let Fy,, 4(Q) be the set of fractions % € F(Q) such
that (a,q) = (n1,n2) mod m for some (ni,n2) € A, and let Frma(Q) = Fm,a(Q) NI. Then

(Fm,a(Q))g becomes equidistributed in [0, 1] with respect to the Lebesgue measure as Q — oo, and

10



the limiting gap measure vim A of (Frm,a(Q))q exists and has a continuous and piecewise real

analytic density.

Corollary 1 includes the existence of the limiting gap measures of (Fg q4)g and (J%Q’g)Q proven
in [16] as special cases since Fgq = Fg4(Q), where A C (Z/dZ)? is the subset consisting of all
pairs (ni,n2) such that ged(ng,d) = 1, and f@g = Fya, where A’ C (Z/0Z)? is the subset having
all pairs (n1,n2) with n; #Z 0 mod ¢. Congruence subgroups also appear in the study [55, Corollary
2.7] of the related problem of proving the existence of the limiting gap measure for the angles of
visible points in Z? with respect to an observer at a rational point. See [6] and [68] for similar
applications of the ergodic properties of the horocycle flow on homogeneous spaces G/H to the
computation of the limiting gap measure of slopes on the golden L and the octagon, respectively.

In [20], Erdés, Sziisz, and Turén introduced the Diophantine problem concerning the sets
S(n,a,c) = {§ € [0,1] : there exists a,q € Z such that (a,q) =1,n < g < nc, |¢g§ — a|] < a}
q
where n € N, a > 0, and ¢ > 1. They computed the limit of the Lebesgue measures

lim A\(S(n,q,c))

n—o0

_c

> and the posed the problem of deciding the existence of the limit, and computing it

when o <
if it does exist, for all & and ¢. The limit was computed in the expanded range ae < 1 by Kesten [50]
and shown to exist in all cases by Kesten and Sés [51] using probabilistic methods. Later, Xiong
and Zaharescu [70], and independently Boca [12], gave a direct proof for the existence of the limit
and expressed it in all cases explicitly in terms of iterates of the BCZ map. This type of problem
was recently investigated in higher dimensions as well as in the setting of translation surfaces by
Athreya and Ghosh [8]. The second main result of this chapter is the following theorem, which

establishes the limiting measure for sets defined in the same way as S(n, a, ¢), with the restriction

that the pairs (a, q) are such that % € Fu(Q) for some @ € N.

Theorem 2. Let Fp(Q) be the set of Farey fractions defined as in Theorem 1. Then for n € N,

11



a>0,andc>1, let

Sy (n, o, c) = {6 € [0,1] : there exists 2e Fu([ne]) in lowest terms
q

such that ¢ > n,|q€ —a| < a})
q
and for a given subinterval I C [0,1], St p(n,a,c) :=1N0Spy(n,a,c). Then the limits

lim A(Sy(n,o,¢)) and  lim A(Spm(n,a,c))

n—o0 n—o0

exist, and if we denote opr(a,c) := limy, 00 A(Sar(n, o, €)), then

lim A(Srm(n,a,¢)) = [I|om (e, c).

n—o0

Again, letting H = I'(m) and M C I'/H be defined as before Corollary 1, we obtain the

following:

Corollary 2. Let A C (Z/mZ)? contain some (n1,n2) such that ged(ny,na,m) = 1. Then for

neN a>0, andc>1, let

S(n,a,c, A) == {f € [0,1] : there exists a,q € Z>o such that (a,q) =1,

(a,q) mod m € A, < q < e, |g€ — a] < “}
q
and for a given subinterval I C [0,1], Sr(n,a, ¢, A) :=I1NS(n,a,c,A). Then the limits

lim A(S(n,a,c,A)) and lim A(Sr(n,a,c, A))

n—oo n—oo

exist, and

lim A(Sr(n,a,c, A)) = || li_}In A(S(n,a, e, A)).

n—o0

In Section 2.2, we review the work of Athreya and Cheung [7] in showing the horocycle flow
as a suspension flow by naturally identifying the Farey triangle Q with a cross section ' of the

horocycle flow whose first return map corresponds to the BCZ map. We also outline how Athreya

12



and Cheung used the ergodic properties of the horocycle flow to prove the equidistribution of the
Farey points in €/, which in turn yields results about Farey fraction gaps. Then in Sections 2.3-2.6,
we prove Theorem 1 using the same process. We start in Section 2.3 by proving that UQeN Fu(Q)
is dense in [0, 1], and this involves proving an elementary lemma regarding representatives for cosets
in I'/H. In Section 2.4, we use results in [26] to construct a cross section j; of the horocycle
flow on G/H analogous to €' that relates to the gaps in (Fas(Q))g. In Section 2.5, we prove some
important properties of the first return time function of €23, which have an effect on the existence
and properties of v7 jy mentioned in Theorem 1. Then in Section 2.6, we prove the equidistribution
of certain points in €/, analogous to the Farey points in €. From this equidistribution we can
conclude the existence of the limiting gap measure of (F7(Q))g. In Section 2.7, we examine
a particular property that we call the repulsion gap of (Fr(Q))g, which is the infimum of the
support of vy ps. In the particular case where (F7 a(Q))q is the sequence of Farey fractions % with

g = 1 mod m for some fixed m € N, the repulsion gap is explicitly computed as

3 DN
T I a-p>" (2.2)
plm
p prime

Lastly, in Section 2.8, we prove Theorem 2 also as a corollary of the work in Sections 2.3-2.6.

2.2 The cross section of Athreya and Cheung

In [7], Athreya and Cheung viewed the Farey triangle Q as a subset of G/T" by letting

and considering the set

Q' := PU)T = {Aup = papl : (a,b) € Q},

13



which was found to be a cross section for the horocycle flow, the action by left multiplication on
G/T of

N =< hs= s €eR
—s 1

This means that for almost every A € G/T" with respect to the Haar measure, the set {s € R :
hsA € '} of times the orbit of A under the horocycle flow meets Q' is nonempty, countable, and
discrete. The first return time function R : Q' — R defined by R(Ayp) = min{s > 0: hsAqp € Q'}
is R(Agp) = (ab)™!, and the first return map r : ' — Q' defined by r(Ayp) = Pr(ag ) Nap 18

7(Aap) = Ap(ap), where T is the BCZ map. The last equality can be seen by the calculation

1 0 a b a b 0o -1

hR(A, ) Nab = X X = 1 ) r
—(ab)™' 1 0 a” -bt 0 1|42
b |HE2|lb—a
_ L5 P Ay
0 bt

Also, if we identify G/T" with the set {(a,b,s) : (a,b) € 2,0 < s < (ab)~'} via the correspondence
hsAap < (a,b,s), then dug;r = 2dadbds, where g is the Haar measure on G/I" such that
Heyr(G/T) = 5.

Letting I C [0,1] be a subinterval, F;(Q) = F(Q) NI, and N;(Q) = #F1(Q), we define on

the measure

1 1
PQI = Ay Opi(A =0 Oy, /@ uaisr/Q"
Q NI(Q) Z;I ri( 1,1/Q) NI(Q) l%] 2;/Q,9i41/Q
where 0, denotes the Dirac measure of measure one concentrated at z € . Now notice that
2
R(A /@ /@) = 797 = Q2341 — 7). and as a resul,
;e F : 30Q%(vie1 — i) € )0, 2
#{vi € Fr(Q) : 2@ (vir1 —w) € [0, €]} por (R (|0, ¢ (2.3)
Ni(Q) ’ 3

for all ¢ > 0. By the equidistribution of (F(Q))q, N1(Q) ~ %\HQQ, and if y7; and 77 4 are the least
and greatest elements in F7(Q), respectively (we suppress the dependence on @), then v7 4 —~7; —

|I|] as @ — oo. Thus the limit of the left side of (2.3) as Q — oo is the measure of [0, £] under the
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limiting gap measure of (F7(Q))g. So to show that the limiting gap measure of (F(Q))q exists,
it suffices to prove that the limit of the right side of (2.3) exists. To do so, Athreya and Cheung
proved that the sequence (pg.r)g of measures converges in the weak* topology to the measure m
on Q' given by dm = 2dadb. They first noticed that if pg’ ; is the measure on G/I" defined by
dpSJ = dpg,1 ds, where we are viewing G/T" as the set {(Agp,5) € ¥ xR:0<s < (ab)~'} by the
correspondence hsAqp <> (Agp, s), then ,057 ; = Mgyr in the weak* topology. This convergence is a
consequence of the equidistribution of closed horocycles in G/T" (see, e.g., [71, 62, 21, 36, 65]).

It then follows that if o : G/T' — Q' is the projection (Agp,s) — Aqp (we are again viewing
G/T as {(Aap,s) € ¥ xR:0< s < (ab)71}), then

1

1
R
RTYPQ,I - RTxHG/T (Q — o0)

in the weak™ topology. It is easy to see that pg; = %Wﬂl*pgl and m = %WQ’*HG/F, and so

Q.1 — M.

Remark 1. The convergence pg ; — m was proven in [43] in the case I = [0,1]. This can actually
be proven in an elementary way using M&bius summation. For shrinking subintervals I = I(Q) C
[0,1] with |I(Q)| > Q /¢, this convergence can be deduced using a corollary of the Weil bound
for Kloosterman sums (see, e.g., [15, Section 2]). For fixed I, this convergence also follows from
[53, Theorem 6], in which the equidistribution of Farey points of arbitrary dimension was proven.
See [54] for results regarding the spacing statistics of higher dimensional Farey fractions. Using
pQ, 1 — m, Athreya and Cheung [7] not only explained the gap distribution of (F7(Q))g, but

through finding appropriate functions f : Q' — R such that

lim d = dm,
Q%O/Q/f vo /Q/f

they were able to recast in this unified setting many previously known results about Farey fractions,

including results on their h-spacings and indices.
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2.3 The density of (Jycy Fu(Q) in [0, 1]

Throughout this section and Sections 2.4-2.6, let H C I' be a subgroup of finite index, M =
{miH,...,mpyH} C T'/H be a nonempty subset closed under left multiplication by ((1) *11), and
I = [t1,t2] C [0,1] be a subinterval. We now set out to prove that the limiting gap measure vy p
of (Fr,m(Q))q exists and start in this section by proving that (Jgen Fam(Q) is dense in [0,1]. We

first prove the following elementary lemma:

Lemma 1. Let gH be any coset in I'/H. Then there exist positive integers a,b, c,d such that

a b
€gH.
—c —d

Proof. First note that since [I" : H] < 0o, there exists an integer N > 2 such that

1 N 1 0
Un = , Ln= € H.
0 1 N 1

Let A = (“O b°> € gH. If ag > 0 and by = 0, then A = ( ! O). Replacing A by AL;Vj for a large

co do co 1

enough j replaces ¢y by a number less than —1, and so we can assume that cg < —1. We then have
AUN = (& ¢ A41), which is a matrix of the desired form. So the proof is complete in this case.
So assume that ag < 0 or by # 0. If bg = 0, we must have a9 < 0, and if ag = 0 so that
bo # 0, multiplying A on the right by Ly or Lx,l replaces ag by a negative number. So we can
assume that ap < 0. Then multiplying A on the right by U ]:,j for a large enough j replaces b
by a positive number, and so assume that by > 0. Now since agdy — bpcg = 1, we clearly have
codp < 0. Suppose that dg = 0, implying that A = (ﬁol (1)) Multiplying A on the right by Lg\,UN

yields (‘lof{N N (aof]];[N )+1 ) Choosing j so that ag + jIN > 0 yields a matrix of the desired form,
and so the proof is complete in this case. If ¢g = 0, then A = (_01 fol), and multiplying A on the

right by Ly yields (~'300N ).

Thus we have reduced the case where ¢y = 0 to the situation where A = ( - _bd) with a, b, c,d >

0, which we now consider. Let I < % be fractions such that ad — 8y = 1 and § < 2. Matrix

54

multiplication reveals that any power of B = (C; ? ) is of the form (3; g: > where 1 < z—i <& <

w
|
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So noting that [I' : H]| < oo, we can replace B by some power of B that is in H. We then have
AB € gH and

—a b a p —aa+by —af+bd
c —d v 4 cao—dy ¢ —do

which is a matrix of the desired form since § < § < 1 < %.
The last case we need to consider is when A = (:‘; Z) with a,b,c,d > 0. Noting that § < ¢
since —ad + bc = 1, we can find fractions % < % such that ad — By =1and § < % < % < g- Asin

the previous case, we may assume that B = (: g ) € H. Then AB € gH and

—a b o —aa+by —af+bd
AB — C v —af
—c d v 4 —ca+dy —cB+dob
is a matrix of the desired form. This completes the proof. O

So by Lemma 1, there exist a,b,c,d € N such that (fc fd) H € M. Multiplying (fc fd) on
the right by Ly yields a matrix of the form (flq f;), where % < Z—: are consecutive Farey fractions

of some order. We have (_qq fa> H € M, proving that UQeN Fn(Q) is nonempty.

Lemma 2. There exists constants Y > 0 and Qg > 0, depending only on the subgroup H C G,

such that for any @Q > Qo and x € [0, 1],

. Y
min |z — ] < —.
BEFu(Q) Q

Proof. By Lemma 1, there exists a matrix of the form (_ac _bd), with a, b, c,d > 0, in each coset gH

in I'/H. By multiplying each on the right by a sufficiently large power of ((1) _1N ), we can say that
each coset in I'/H also contains a matrix of the form (_“c _db), with a,b,c,d > 0. Let kg € N be

an upper bound on the entries of coset representatives in I'/H of the forms (_‘1C _bd) and (fc ;lb).

Now let = € [0,1] be given. Then for @ € N, let % < Z—: be consecutive in F(Q) such that
% <z < Z—:, and note that the difference between x and both % and Z—: is at most Q~!. Thus any

. / . J—
fraction between % and % is at most Q! away from x.
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By our comments above, the coset (qq/ Z/) H contains an element of the form <_“2 _dbo ), with
0 0

0 < ag, by, cog,dy < kgr. Thus H contains

—1
ap —bo q a do bo q a vu

—co dp q a co ag q a vou

/ . . /
where ' < 17 are consecutive Farey fractions of some order between % and % such that v,v" <

c1 —dy

2ky Q. If (_’“ by ) is a representative of any coset m;H in M with 0 < ay,b1,c1,dy < kg, then

m;H contains

a1 by v av +bv' aqu+ b
—c; —d; v —c1v —div! —ciu — diu/

Thus Fj;(Q') contains %ﬂ for all Q' > max{ajv+b1v', cyv+div'}. Since max{ajv+b1v’, civ+

div'} < 4k%Q, Fu(Q') contains % for Q' > 4k%Q. Thus the minimum distance between

x and an element in F M(4k§{Q) is at most Q~!. Replacing Q by L%J in this argument, and
H
letting @ > 814:%[, we see that the minimum distance between x and an element in Fj;(Q) is at

2
most m < SI%H. This completes the proof with Y = Q¢ = Sk?q. O
H

This immediately implies the density of (Fa(Q))q.
Corollary 3. The set (Jgey Fm(Q) is dense in [0,1].

With Lemma 2 and the horocycle equidistribution results of Hejhal [36], and later Strémbergsson
[65], it is conceivable that one can obtain results while allowing the subinterval I to shrink with @

and n in Theorems 1 and 2, respectively.

2.4 A cross section for G/H

In the same way the properties of Q' as a cross section of the horocycle flow on G/T" were used in [7]
to deduce many consequences for the gaps in (F(Q))q, we now find a new space Qs that is a cross
section of the horocycle flow on G/H which can be used to analyze the gaps in Fj/(Q). One step

toward this goal is to lift the cross section Q' to G/H via the natural projection 7g : G/H — G/T.
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In order to do this, we use the work of Fisher and Schmidt [26] on the behavior of a lifted cross
section for the geodesic flow from F\PSL(2,R), FF C PSL(2,R) being a Fuchsian group of finite
covolume, to a finite cover F'\PSL(2,R) of F\PSL(2,R). In particular, we apply [26, Lemma 2,
Theorem 3] to the finite cover 7 : G/H — G/T, lifting the cross section Q' to Qp = 7' ().
In applying [26, Theorem 3], we make the slight modifications of working in the left coset space
instead of the right coset space, replacing the geodesic flow with the horocycle flow, and allowing
the possibility that — (§$) ¢ H, so that G/H is not necessarily of the form PSL(2,R)/F’'. We

summarize the results we need from this application in the following theorem:

Theorem 3. The set
Qp =7 () = PTH/H = {papgH : pap € P,g €T}

is a cross section for the action of N on G/H with first return time function Romy : Qp — R

and first return map rg : Qg — Qg such that, for all p,p € P and g € T,

TH(PabVH) = hR(ry (po yyH)) PapVH
1

1 0 a b 0 -1 0 —1
— vH
—(ab)™t 1 0 a! I I
b Ita|p_ 4 14a 1
NERES e ) -
0 bt -1 0

Identify Qg with P xT'/H wvia the correspondence pqpyyH < (pap, YH), and let pq,, be the measure
on Qg corresponding in this way to the product measure on P x T'/H of 2da db with the counting
measure on T'/H. Then identify G/H with {(x,s) € QxR :0 < s < (Romy)(x)} via (z,s) <> hsx.
Then the Haar measure pug g on G/H, normalized so that ug/p(G/H) = %Q[F : HJ, is given by

dpg/a = dpqy, ds.

Our next step is to find a correspondence of F(Q) with points in 2y analogous to that of F(Q)

with the Farey points in €). So suppose that % < ‘qz—: < Z—x are consecutive fractions in F(Q). Then
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letting K = {Q;,qu and noting that ’ = Ka' — a and ¢ = K¢’ — ¢, by (2.4) we have

g ¢ ! / ¢ Kq—q / /
s 5 qg a 5 = K¢ —q Ka —a
|| @0 e
/ /

0 = —q —a 0 7 —q —a

q q" " "

_ Q Q H
0 Q/ _q/ —d

_Q

Therefore, if we associate each fraction ¢ € F (Q) to the element

q
a g
Wh.o <q> = ;2

of Qp, where Z—: is the element succeeding % in F(Q), then rg (WHQ (%)) = Who (g—:) The

<0 oK
L
Q
=

map Wy g gives the correspondence of F(Q) with Qg that we are seeking, and Wg o sends a
fraction in F(Q) to

Qp = PM ={pm;H : p€ Pym;H € M}

if and only if the fraction is in Fps(Q). The set Q) is the cross section in G/H we set out to find
at the beginning of this section.

To see that Q7 is in fact a cross section for the horocycle flow on G/H, notice that the set
hi_1,09Q = {hspm;H : s € [-1,0],pm;H € Qu} C G/H

has positive p/g-measure. Now by the ergodicity of the horocycle flow [33], ug/p-a.e. z € G/H
is sent to h_y g)Qa by {hs : s > 0}. Clearly all of hj_y g2 is sent to Qps by {hs : s > 0}, and
so a.e. © € G/H is sent to Qs by {hs : s > 0}. The discreteness of {s € R : hyz € Qy} for a.e.
x € G/H follows from the fact that Q; C Qp. This proves that Qj; is a cross section for the
action of N on G/H.

Let Ry : Qpr — (0, 00] be the first return time function Ry/(z) := min{s > 0 : hsz € Qu}
and 7ps be the first return map on Qs defined by 7 (x) = hpg,,()z. Here we note that if

Uy, = ##M/J,QH]QM, then dug /g = (#M) dpg,, ds, where we identify G/H with {(z,s) € Qu xR :
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0 <s < Rpy(x)} by hsx < (z,s).

Now that we have identified a cross section in G/H and a correspondence Wy g of Far(Q) to
a subset of 23y analogous to the set of Farey points in €2, we wish to see if information about
the gaps in Fjs(Q) can be deduced from Q. So let v; € Fpr(Q) such that there are ¢ > i with
~vir € Fym(Q). Since Qpy C Qp, for each z € Q) in which ry/(x) is defined, ry(z) = rg(m) for
some j € N. So

ri (Wi (1) = i (Wao (%)) = Wa,g(viss),

where j € N is the least element such that Wy o(vitj) € Qu, ie., vit; € Far(Q). We then have

Jj—1 , J-1 Q2
Rar(Wiaglw) = 3 (Remn)rl (W) = 3 o
= Q*(Vitj — M)- (2.5)

So just as the return time function R on 2’ contained information about the gaps in F(Q), Ras
contains information about the gaps in Fas(Q).

Let N[,M(Q) = #]:],M(Q) — 1 and

Frm(Q) ={Bo < B <+ < Bny (@)}

For notational convenience, we suppress the dependence of the 3; on ). Then define the measure

pQ.1,m on Q27 by

1 Nrm(Q)—-1
= 1) .
PQ.I,.M Nrv(Q) ; Wa,q(8:)

By (2.5), we have

#{0 <i < Npu(Q) —1: Q*(Bix1 — Bi) € 0,€]}
Nru(Q)

= po.1,m (Ry ([0,€])) (2.6)

for all £ > 0. To show that the limit of the left side, and hence the right side, exists, we prove in

Section 2.5 that the boundary 0 (RX;([O,@“])) of the set R}/ ([0,¢]) has uq,,-measure 0, and then
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prove in Section 2.6 that (pg 1 ar)g converges weakly to pq,, as @@ — oco. These results imply that

Jimpgrar (R (0,€)) = s, (Ryf (0.))

by the Portmanteau theorem. Note that the right side of (2.6) is not the relevant limit to prove the
existence of the limiting gap measure for (F7/(Q))q because of the gap normalization factor Q?
and the missing factor Sy, (@) — Bo to be multiplied by §. However, we have By, ;@) — B0 — ||

. . N#M)Q?
as () — oo by the density of UQeN Fu(Q) in [0,1], and we show that Ny (Q) ~ % =
3|I|(#M)Q?

e 2 @ — oo in the course of our work in Section 2.6. It then follows that the limiting

gap measure vy )y exists and satisfies
_ [l : H
vr,m([0,€]) = pay, (RMl ([07 3([#]\4)]5}>> (2.7)
N .
W% = |I| for every subinterval I C [0, 1],

implying that (Fas(Q))g becomes equidistributed in [0, 1] as Q@ — oo.

for all £ > 0. Another corollary is that limg_,«

2.5 The return time function R,

In this section, we prove important properties of the first return time function Rj;. Specifically, we
show that ugq,, (8 (RJT/II([O,(S]))) = 0 for every £ > 0, and the function Ay : [0,00) — [0, 1] defined
by

An(€) = pa (Ray ([0,€])

has a continuous, piecewise real analytic derivative. These results, together with our work in Section
2.6, prove that the limiting gap measure vy ) exists and has a continuous and piecewise real analytic
density. To do this, we show that Rj; is a piecewise rational function, viewing each component
Pm;H/H of Q) as a copy of the Farey triangle Q by the correspondence p,pym;H <> (a,b), and
that the region in a given component Pm;H/H over which Rjs is equal to a particular rational
function is a polygon. This allows us to say that RK;([O,Q) is the union of regions, each being
obtained by intersecting a polygon with a region bounded below by a hyperbola which depends in

a smooth way on £. In particular, we show that R]T/[l([(), €]) is a finite union of these regions, which
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grants us the properties of Ajys we seek.

2.5.1 R, is piecewise rational

First let pop € P and m;H € M so that p,ym;H € Qy, and suppose s > 0. We have hsp,ym;H €

Qy if and only if there exist p. 4 € P and m;H € M such that hgp, ym;H = p.gm;jH. This means

c1 c2

there exists h € H such that hspa,bmihmjl = Pp¢,q- Letting mihm;1 = (e &2), this equality is

aci + bes acy + bey c d

1

aleg — s(acy +bez) a"teq — s(aca + bey) 0 ¢

Thus hepepymiH € Q) if and only if there exists (¢} ¢ ) € U§:1 miHm;1 such that (acy +bes, aco+

bcy) € Q and s = . The latter conditions and s > 0 imply that c3 > 0, and

c3 _ 1
a(aci+bez) — a(b+cia/cs)
hence ¢; < 0 since ac; + bcg < 1 and a + b > 1. In particular, if Ry (p,pmiH) < oo, then

c

Ry (papmiH) = m, where o s the greatest fraction such that ¢; < 0, ¢3 > 0, and there

c1 c2

exists (e c2) € U?Zl 77%-]’1’7)1]-_1 with (acy + bes, acy + bey) € Q. Note that such a greatest fraction

/

. . . (& . . . . . o . .

exists since if % and _} are distinct fractions satisfying the conditions of the previous sentence, then
3

1 1 ches—che . .
Traaa) — Ay = (quilz)(czbﬂc’la) > 1. So Rjs can be written not only as an infimum,
but as a minimum, of the expressions m. We have thus proven the following result:

Proposition 1. The function Rys is a piecewise rational function. Specifically,

Ry = min fo,
CEUi‘C’j:1 miHmj_l

where for each C = (¢t &) € U?,j:l miHmjfl, fo : Qar — [0, 00] is defined by

k
1
_ z'fC’GLJ'mZ-Hm-_1 c3>0,(ab)(de2)eq
b 7 bl bl 3 C4
Jo(paymi) = A0 ae/es) j=1
00 otherwise.

Next, for a given fraction 2—; with ¢; <0 and c3 > 0, we wish to better understand the region

1
R,Cl/cg = {pmbmiH S QM . RM(pa’bmiH) = a(b—f—cla/cg)} .
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In particular, we want to prove the following technical result, which is a great aid in showing that

o (0 (RK;([O, €]))) =0 for £ > 0 and that A}, is continuous and piecewise real analytic.

Proposition 2. For each i € {1,...,k}, R_c /o, N Pm;H/H is either empty or a polygon when

we view Pm;H/H as the Farey triangle €.

Proof. We first examine the region

k
R := § PapmiH € Qpr 2 (act 4 bes, aco + bey) € ,C € U miHm;1
j=1

C1 C2

foragiven C = (¢l &2) € Uf,j:l mszJ_I Note that R_., /., is a subset of the union of all R¢s such
that C" € U?,j:l mifhnj_1 is a matrix having (&) as its first column. If ¢4 = 0, then C = (¢ ')
and for a given index i, Rc N Pm;H/H is a subset of {p,pm;H : (ac; +b,—a) € Q} = 0. Thus
R is empty in this case. Next, suppose ¢4 < —1. Then R¢ N Pm;H/H consists of the elements

PapymiH which must satisfy

c 1—cja 1 —coa c
——1a<b§ ! and 2 §b<——2a.

C3 C3 Cq Cq

_ : : : c co —1 c2 c
However, we have cic4 —cac3 = 1, which implies that £ — 2 = (c3cq)™ < 0, and hence -2 <-

Thus the above conditions on p,pm;H cannot be satisfied, and therefore Rc = 0. So R¢ is
nonempty only when ¢; < 0 and ¢3, ¢4 > 1, which then implies that co = % < 0.
As a result of our work above, we reset notation so that C' = (_01 _‘32) and we assume that

c3 ¢4

¢1 > 0 and ¢, c3,¢4 > 1. Now a point (a,b) € 2 satisfies (—acy + bes, —acy + bey) € Q if and only if

c 1+cia ¢ 1+ c2a 1+ (c1+c2)a
Ta<b< I Za<b< 20 and ps LElate)e
€3 3 C4 4 €3+ C4
Since gra < Za < Mlatele g g ¢ (0,1], the above conditions reduce to Tlate)s o <

- c3+cq c3+cq

min {ﬁ%, 11%} We therefore have

1+(c1+c2)a <b< min{1+c1a 1+cza}
c3+cyq — c3 7 ¢4

Rc = § Papmid € Qpy : .
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Since M is closed under left multiplication by ((1) _11), U§:1 miHmj_1 is closed under right

multiplication by (§1) for each i € {1,...,k}. Soif C € U§:1 miHmjl, then for every n € N,

1 n —Cc1] —ncp — ca k
_ . -1
C = € l lmlej .
0 1 c3 nes + ¢4 j=1

We have

1+((n+1)ci14c2)a <b< 1+(nci+c2)a
(n+1)cz+ca = ncg+cq

o(by) T | Pt € S ‘ | |
ting that ‘fatee - lfesa g f h i such that C ko m;Hm™!, th i
noting tha e T < = us for each ¢ suc a € Uj:1 miHm; ", the regions

{Rc(l n) NPm;H/H :n € N} paste together to form
01

1 1
{Pa,bmiHGPmiH/H;Cla<b§min{ +C1a’ +02a}}
€3 C3 Cy4

1+(nci+e2)a

since the sequence ( y——

) decreases to ta for each a € (0, 1]. Therefore, if we assume that
n

zz—: is the largest fraction such that (701 702“’) € U§:1 miHmj_l, then

3 C4

1 1 .
RCl/C?’ﬁszH/Hg{pa,bmlHCla<b§m1n{ +Cla/’ +62’la}}‘
C3

C3 Cai
zil is a fraction immediately succeeding % in F(Q) for some € N, and
K

thus a largest such fraction exists.) We use RZ) Jes to denote the set on the right for each ¢; > 0,

(Every candidate for

c3 > 1, and i € {1,...,k} such that (%) is the first column of a matrix in U?:l miHmj*l, and

zz: (€2,i,ca; > 1) is the largest fraction with <}§1 22211> € U;?:l mszj_l If ¢1, 3, and ¢ do not
(1)

satisfy these conditions, we let RCI Jes = (). Then for all ¢; and c3, we have

k

Rej =U | R\ U RY

=1 s€Q
0<s<ci/c3

Assume that ci, c3, and i are such that RY # (. In order to show that R, Jes N P H /H

c1/c3

is either empty or a polygon, it is sufficient to prove that R., ., N Pm;H /H can be written in the
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form Rc Jes \ (Uz 1 ) for some s, € Q. Note that if {& = 0, then R, /., N Pm;H/H = R(Z)
which is a triangle if nonempty. So assume that g—; > 0. We now consider two cases.
Case 1. There exists s € Q with s < % such that Rgi) contains the lower-right border {Pa,bmiH :
b= %a} of R((fl) Jes in its interior. Then clearly there exists N € N such that

C1

() 1 14+ ca
R., c3\R {pameH. N+%a<b§ - .

If there is another 2—:1 € Q with Z—:l % such that R(,)/ . intersects R )/C \R(l) then there exists
3
(a,b) € Q such that + + da<b< HC . This implies that <— — —) a<

N? which can only

hold if ¢4 < N. Thus there are finitely many s’ € Q such that R(,) intersects R( )/C \Rgl). So

Rey jes N PmyH/H = RY s ( RO UR&,)

for some s; € Q, completing the proof that R, N Pm;H/H is a polygon in this case.

c1/cs

Case 2. There exists no s € Q with s < g—; such that Rgi) contains the lower-right border of RY

c1/c3

in its interior. Let mqy > 0 and no > 1 be integers such that {pavbmiH b= H;l%} is an upper

border for Rg) for some s € Q with s < % If Z—; = %, then the line {(a,b) eR?: b= M} is

n2

above and parallel to {(a b) ER?: b= %a}, in which case the lower-right border of R((:?/CB is con-

tained in the interior of RY) , a contradiction. So 7 # 7L, and {(a, by eR2: b= 1‘;%} intersects

n2c1—nic3’ nac1—nics3 7L201 n163

{(a by eR%: b= C—la} at the point ( - - > If > L then since ;% —— <0

and the slope of b = 1+”1“ is greater than that of b = La, the lower-right border of Ri 9 Jes is again
i)

contained in the interior of R( , another contradiction.

c3 c1
n2c1—nicz’ nac1—nics

So 4 and furthermore, the intersection point (

, ) cannot be above
ng c3

or to the right of 2. If the intersection point is in the interior of € or is on or below its border

b=1—a, then Rt(fl) Jes \Rgz) contains a set of the form

{paybmiH = (0,€),a € (wl,wg)}

C3

is not uq,,-integrable over the above set for

any €,wy,wy € (0,1) with w; < we and Ry is pq,,-integrable, the lower-right border of RE?/% is

where €, w;, wy € (0,1) and w; < wy. Since m
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b= 1tcia b= 1+cia
c3 c3
/ /
b — 14+nia
— " b= a
- b= Z—;a - ,n-/b _ ltnia
L .- nog
Figure 2.1: R, /., in Case 1 Figure 2.2: R, /., in Case 2

contained in US€Q’O<S<61/CS Rgi). Since the set {(C—3 C—l) 'n € N} N of possible intersection points

n’n
in Q of b = Ta with a line b = Ltma corresponding to the upper-left border of a set Rgi) is finite,
3 n2

(%) (@)

there must be some s € Q with s < % such that Rsi contains the lower-right border of RCI Jeg? and

(4)

in this case, the line determining the upper-left border of Ry, say b = +ma

; —_a
ma» intersects b= o0 at

the border of 2 at the linea=1or b=1.

Now let s’ € Q with s’ < % such that the upper-left border of RS) is determined by b = 17}/1“.

2

Since RS) does not contain the lower-right border of R((j) , < Soand b = e Sntersects
1/03 Ny Cc3 ny

b = a at or to the left of the intersection point of b = e with b = %a. If 2 > ™ then
3 ng c3 Ny na

it is clear that the line b = 127/1‘1 passes under the set {(a, b) € Q:b > max {M C—la}}, and
2

ng ’c3

thus RS,) does not intersect Rg?/%\Rg). If n—:l < Z—; and RS) does intersect Rg)/cg\Rgi), then

L)

1+nfa
I
Ty

there exists (a,b) € Q such that % <b< , implying that (Z—; - %) a < 7%2 — % This
inequality holds only if n), < ng. This shows that there are finitely many s’ € Q such that RS)
intersects Rgl)/cg \Rgi), and thus completes the proof that R., ,., N Pm;H/H is a polygon.

O

So by our work above, we have proven that Rj; is a piecewise rational function on £2;;, and for

a given % € Q, the region R, over which Rys(pgpmiH) = is either empty or a union

1
c1/c3 a(b—cia/c3)

of polygons, one polygon being in each component Pm;H/H such that R N Pm;H/H # (.

c1/c3

Note also that if C' = (}él *Cff) € miHmj_l, then the restriction of the return map r3; to the
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polygon R, /., "Rc N Pm;H/H is given by

M (pa,bmiH) = p—c1a+03b,—cga+64bij~

Therefore, each component Pm;H/H of Qj; can be divided into a countable number of polygons

P such that rj; maps each P linearly from Pm;H/H to PmjH/H, for some j depending on P.

2.5.2 The boundary of R;;([0,¢]) has measure 0

Next, we prove that for a given £ > 0, the boundary of RX}([O, €]) has pq,,-measure 0. First notice
that Rjs is continuous pg,,-a.e. Because the set m\Rﬂ_j([O,ﬂ) contains only points of
discontinuity of Ry, it has uq,,-measure 0. Now for a given s € Q, define f5 : Qpr — [0, 00] so
that

m for all p,ym;H € R,

fs (pa,bmiH) =
00 otherwise.

We then have

Ry ([0, D\ (Ryf (10,€D)° = U £ (0, D\ | U £ 1(0,€))

seQ seQ

c J ey | U o)y

seQ s€Q
< U (( (0. €)\ (£ ([0.€D)°) -
seQ

Each set f;1([0,&]) is either empty or a finite union of sets of the form

1 1 i 1
{pa7bmiH€Pmincla<b§min{ +Cla, +C2’la},bzcla+}.
3 c3 Ca,i s &a
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So f71([0,€)\ (f:71([0,€]))° is essentially a set of finitely many line and curve segments for each

s € Q. Hence it is clear that Ry, ([0,&])\ (RX;([O, 5]))0 is of pq,,-measure 0. As a consequence,

0 (B ([0,€])) = By (10, €D\ (B (0, €D)°
= (Ba/ (0.D\Ry (0.€D) U (Raf (0.\ (Ry/ ([0.€))°)

has jiq,,-measure 0. This, along with Section 2.6, proves the existence of the limiting gap measure

I/[,M.

2.5.3 A/, is continuous and piecewise real analytic

Next, we want to prove that the function A,s has a continuous, piecewise real analytic derivative.

Note first that since R}/ ([0,&]) is the disjoint union of the sets f;1([0,¢]), we have

An(€) =y (£71(0,€) -

seQ

So it suffices to show that & — pa,, (f5'([0,€])) has a continuous, piecewise real analytic derivative
for every s € QQ, and that for a given £ > 0, there are at most finitely many s € Q for which
1[0, €]) is nonempty.

The first claim is easy to see. Indeed, by triangulating the polygons that make up the region

Rs, we can write § — uq,, (f_l([(), 5])) as a finite sum of functions A7 : [0,00) — R defined by

s

1 1
Ar(E) = #—Mm <{(a,b) €T :b>sa+ &1}) ,
where 7 C ) is a triangle and as in Section 2.2, dm = 2dadb. It is then straightforward to
show that each function A7 has a continuous, piecewise real analytic derivative, implying that
& oy (f51([0,€])) has the same property.
To prove the latter assertion, let & > 0 be given and suppose that there exists % € Q such

that f;}c3([0,§]) is nonempty (assume c¢; > 0 and ¢3 > 1). Then there is some index ¢ such that
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L ([0,€]) N Pm;H/H # (). We have

ci/cs

-1 a 14 cia c1 1
73,00, €]) P H/H € {pa,bmiH R g} ,

and hence the latter set is nonempty. So there exists p,ym;H € Pm;H/H such that $a + 5%1 <

c3

b < HC%, which implies that £ > <. We have

1 1 ifae<i
sup{aE]R:(a,b)EQ,Cla<b§ +Cla}: “ 7
c c

’ ’ a e

and therefore £ > cg if % <land ¢ > c if g—; > 1; i.e., £ > max{cy, c3}. There are clearly finitely
many positive fractions ¢! satisfying this condition, and thus satisfying fc_l}%([O,f]) # (). This
completes the proof that A’ is continuous and piecewise real analytic.

One more property of Rj; we wish to mention is that for any € > 0, there exist bounded

continuous functions 1 ¢, Y2 ¢, V3. : Qar — [0, 00) such that ¢y < Ry, 2. < RLM < 3., and

1 1
/ (RM - 1/}176) dHQHv/ <R - ¢2,6> d,LLQH7/ (w?),e - R> d:u’QH < €.
Qnm QM M Qumr M

This follows easily from the properties of Rys proven in Section 2.5.1, and the fact that ﬁ <i<i1

=l

2.5.4 The h-spacings and numerators of differences of (F /(Q))g

In this section, we briefly see how our work through Section 2.6 yields results on the limiting

distribution of the h-spacings and the numerators of differences of (Fra(Q))g. First, from the

equality (R o1, )(Wa,g(8:) = Q*(Bivs — Bivj—1), i € {0,..., Nr.ar(Q) — h}, we have

; € F L Q? I,M ih € hf 0,&l} +O(h - —
#{6 € Fru(Q): Q vf]?v,l A;@()@ )h ol & 200 _ o [ Rar o i) (0,65
; j=1

(Recall the notation VF 0(Q)i,h from Section 1.1.) For a given j € N, the function Ry o rg\/[, like
Ry itself, is piecewise rational and the domain on which Ry o 7“5\4 is defined by a given rational

function is a union of polygons. Indeed, we have seen in Section 2.5.1 that s can be divided
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into a countable number of polygons on each of which r; is linear, which implies that the same
property holds for T%J for any j € N. (This is in fact true for all j € Z since rj; is invertible.) This,
together with the piecewise rationality of Rj; on polygons implies the same for Rys o 7“5\4' We also
note that the level sets of the rational functions defining Rj; o rg\/[ are hyperbolas since the same is
true for Ry, and 7“5\/[ is linear. As a consequence, the sets (R o rg\/[)_l([(), &;]) have boundaries of
measure 0. Hence, by our work in Section 2.6, the limiting h-spacing measure vy a5, of (Fr,m(Q))o

exists and satisfies
h h -1 [ H
st | L1061 = o | () (Rarerir?) (o5 s])

Lastly, note that if ¢ < Q are consecutive elements in Fy p/(Q), Z—j succeeds ¢ in F(Q), and

Wh,o ( ) € Reyfess then p = —c1q + c3q’ and

b a\ _ q(—c1qg+ csq) a g(—ag+eqd) @
bq—ap—qp(—)—R Waol| - = — = C3.
p g Q? MR g Q? o —2q)

Using this fact and Section 2.6, one can show that for every c3 € N,

#{“ 2 consecutlve in F7 p(Q) : bg — ap = 3}

lim —He Rees |
oo Nru(Q) " qeg{O} -

ged(er,e3)=1

recovering a result Badziahin and Haynes proved for the sequence (Fg 4)¢g in [10].

2.6 The convergence pg v — [,

In this section, we prove the weak convergence pg v — pa,,, and hence complete the proof of

Theorem 1. We first consider the measures (pg’ I, M) Q on G/H defined by

Nim(Q
dpgs, 1.0 = Q() dpq.1,m ds.

In other words, pg 7 o 18 @ measure concentrated on segments of the horocycle flow connecting

Wr,g(Bi) to Wh,g(Biy1) for 0 < i < Nyap(Q) — 1. These segments connect to give one segment
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from Wi,o(Bo) to Wh,o(Bn; a(@))- So for a bounded, measurable function f: G/H — R, we have

1 [9BNpu@ 1 0
/ / Wito(0) | ds, (2.8)

fdPRIM:*
/ Q,1, QQ 0260 e 1

noting that hges,Wh,g(0) = Wr o(8;). We wish to show that the sequence (pg? [.0M)Q converges

pa/u .
weakly to e (GIH: Notice that

So (2.8) can be written as

R 'BNI,M(Q) ~ 1 ¢
fdpg 1= ; (f239q) H | dt,
0

where f: G /H — R is the composition of left multiplication on G/H by (91 (1)) followed by f, and
o : G/H — G/H is left multiplication by (‘g o ) Since Ugey Far(Q) is dense in [0,1], By — 1

and Sy, 1, (@) = t2 as Q@ — 0o. So if we define the measure pSCLM on G/H such that

R/ t2 ~ - 1 t
/fdPQ,I,M :/ (fodqQ) H | dt,
141 0 1

for all bounded, measurable functions f : G/H — R, then it is clear that pg M~ ,05: v — 0

R _Mpe/m ~ R’ _Mpeym
weakly. Thus to show that POIM i (G weakly, it suffices to prove that PQ. .M tic/r(G/H)
weakly.

Like the convergence pg 1 — Mayr, this is a consequence of the equidistribution of closed

horocycles in G/H. In particular, the argument for [21, Theorem 7] can be used to prove

t2 I to —t
im | (fodo) H|dt=—2_""1

—_— fdu 2.9
Qo0 Jyy 0 1 te/u(G/H) G/H a (29)
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for all functions f : G/H — R that are bounded and uniformly continuous.
We give this argument in detail. Let f : G/H — R be bounded and uniformly continuous. For

0,t,y € R with y > 0, we make the following definitions:

cosf)  sinf yl/? 0 1t
k9 = y Gy = , Ut =
—sinf cosf 0 y /2 0 1

By the uniform continuity of f, for a given € > 0, there is a § € (0,1) such that if |0], |y — 1| <4,

then

(f 0 g@)(keayuH) — (f o go)(uH)| < €

for all @ € N and ¢ € [0,1]. So if we let
B = {kpayu H : 0 € [0,0],t € [t1,t2],y € [1 —0,1]}
and define fo gg : B — R by fo go(keayutH) = f o go(utH), then
’/BfodeﬂG/H - /BfOQQ dNG/H’ <e- pg/u(B)

for all @ € N. Now notice that

to
/fode,uG/H—/ / / o gq (keayu, H) dt dy db
1-6
to

=19 [ o o) ()

t2 - tl t1
and so
t2 - to —t N
|70 d0) (uetyd - | o dadnam]| < i) (2.10)
t1 MG/H(B) B

By the Howe-Moore theorem [37], the geodesic flow {gs : s > 0} is mixing on G/H, and so

paya(B)
hm / fogodu —t fdu .
QErG/H = pa/u(G/H) Jau G/H
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Hence by (2.10), we have

t2 to — 11
lim [ (fodo)(wH)dt = —2""2 [ fanc .
Q—ro0 Jy, (f o G0) (wH) pa/ua(GIH) Jo He/H

noting that € > 0 was chosen arbitrarily. This completes the proof of (2.9).

Next, since pg/p is left G-invariant, we have

: ' | 2 1]
lim /fd roo_ L[y / Fdug i
Qo0 o.M pa/ua(G/H) Jo Herm = g a/u(G/H) G

for every bounded, uniformly continuous function f : G/H — R. By the Portmanteau theorem,

this is equivalent to saying that pgi M % weakly, which then implies that ps M

lpG) m
m Weakly.

Our next step is to prove that if mps : G/H — Qjy is the projection (z,s) — x, where we are

I 7marsbic) o
ba, u(G/H)

let f € C(Q27) be nonnegative and bounded. For a given € > 0, let 1. : Q3 — R be a bounded

viewing G/H as {(z,s) € Qy xR : 0 < s < Ry(x)}, then WM*ng’M — weakly. So

continuous function such that ¥, < Rjs and fQ]\/I(RM — ) dpg, < §. Then
O, = {hsp&bmiH : (a, b) e’ mHeMO0O<s< we(p%bmiH)}

is an open subset of G/H in which ug/g((G/H)\Oc) < §. So by the inner regularity of yug,/p and
Urysohn’s lemma, there is a continuous function x. : G/H — [0, 1] such that Supp x. € O, and
X' ({1}) is a compact subset of O¢ with pug/y((G/H)\xZ'({1})) <€

Now notice that mys is continuous on O, and therefore fo1 = xc- (fomar), fea = N —xe- (N —
fomy) € C(G/H), where N > 0 is a constant such that f < N. Thus

. I
lim fe,j dngM | ‘ / fe,j d,uG/Ha ] = 1 2.

Q=00 Jg/H " na/u(G/H)

34



Since fo1 < fomy < fe2, we also have

. 1]
lim inf fomdpB >
Qoo Jo/H GEM = g (G/H)

. ]
fmsup [ fomudpfy < L
Q- JG/H QLM pa/u(G/H) GIH

/ feld;uG/H and

By the properties of ¥,

fommdug/m < / ferdpg/p + Ne and
G/H G/H

fodeug/HZ/ fe,?dMG/H_Nev
G/H G/H

and therefore the following two inequalities hold:
lim inf fOTFMdngMZL Jommdugg — Ne |,
Q-0 Ja/m o pa/u(G/H) \ Ja/n
1] )

limsup/ fOTerpR < — / fompmdu + Ne
Qoo Ja/H @M= e n(G/H) \ Joym G

Letting € — 0 then yields

. I
lim fomudpl = 1] fommdugn,

Q=0 Ja/m P weu(GIH) Jayun

. I|7ars
proving that WM*pSJ’M — % weakly.

As noted in Section 2.5, LM can be well approximated in L(Qy, g ) from above and below by

: . : 1 R |1 |7rM*NG/H
continuous functions 12 . and 93 ¢, and so one can easily show that R TMPO.I M Rt 1 (G/H)

weakly using the fact that

Va.ell|maehic n R V3.l marsic
o, TP — — and Y3 Tar«p —
‘ @nM pa/u(G/H) ‘ QLM pe/u(G/H)

weakly. Notice that

e Nl@ L i #M,
Ry @ Q? w Rypau(G/H)  pou(G/H)'
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and hence Nl(gig@) PQ.I,M — % weakly. Since pg 1 ar is a probability measure for all ) € N,

we have

pQ.1,m () = (I(#M) oy () _ T](#M)
o pe/u(G/H) pe/u(G/H)

lim LI’M(Q) = lim LI’M(Q)
Q—oo Q2 Q—o0 Q2
[Z|(#M)Q?>  _ 3|I|(#M)Q?
re a(G/H) m2[[:H]

(Fm(Q))q in [0,1] and the weak convergence

implying that N7 (Q) ~ as (Q — oo. This proves the equidistribution of

prluM —> /’LQ]\/[7
completing the proof of Theorem 1.

2.7 The repulsion gap for Farey fractions % with ¢ = 1 mod m

In this section, we determine the repulsion gap for Farey fractions with denominators congruent
to 1 modulo m. For a given increasing sequence o/ := (A,,) of subsets of [0,1] with limiting gap

measure v, we define the repulsion gap of o7 to be

Ko =sup{ > 0:v4([0,¢]) = 0}.

This means that if Ay, (Ay,) is the average gap between consecutive elements in A, then for a

given € € (0, Ky),

i #{x, 2’ consecutive in A4, : 2’ —x < €Ay (An)}
im

n—00 #An —1 =0.

In other words, the proportion of the number of gaps of elements in A, that are smaller than
€Aqv(Ay) approaches 0 as n — oco. So K, provides a measure for how big a large proportion of
the gaps in A,, must be for large n.

Let I C [0,1] be a subinterval, m € N, and

A={(a,1)modm:ac{0,...,m—1}} C (Z/mZ)*
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so that F7,m,a(Q) is the set of fractions ¢ € F(Q) NI with ¢ = 1 mod m. We now compute the

repulsion gap for the sequence (Fr.m,.4(Q))q. First note that Fr, 4(Q) = Frm(Q), where M is

the set of cosets of the form (% 4)T'(m) in T'/T(m), where a, b, and d are any integers such that

ad+b = 1. Tt is well known that [[': T'(m)] = m? L, pprime (1 —p~2). Also, since the congruence
ad + b = 1 mod m has m? solutions and each coset of I'/T'(m) is completely determined by the

2

congruence classes modulo m of the entries of one of its elements, there are m* cosets in M. So by

(2.7), the repulsion gap of (Frm,4(Q))q is

3¢/ L
772m H (1_p 2) !
plm
p prime

where & = sup {5 >0 po, (R;j([O,ﬁ])) = 0}. We have previously found that for a given non-
negative fraction £ fc_1 ([0,€]) is nonempty only if & > max{cy,c3}. Also, fy *([0,£]) is a subset

c3? Jeifes

of
H:b>—ie{l k}
DapmiH : )0 e

which clearly has positive piq,-measure if and only if £ > 1. Thus, we have £ > 1. On the other

hand, notice that if m; = (% ) and mg := (% §), then miI'(m), moI'(m) € M and

1 0 -1 1
mimg = = e mI'(m)m;".
1 1

This implies that f; 1([0, €]) contains the set {pmbmlH b > 5%1}7 which has positive pq,-measure
when ¢ > 1. This proves that ¢ = 1, and hence the repulsion gap, Ky, 4, of (Frm.4(Q))q is given
by (2.2).

Figure 2.3 depicts numerical approximations of densities of the revised measures l/}7m7 A given
by V}7m7A([0,f]) = VI,m,A([Ov %5]) for m = 3,6,11. The multiplication by %F?m)] makes
y}’m’ 4 the limiting measure corresponding to (2.6) in which the normalization of the gaps is Q?,
which allows for an even comparison of the gaps in the sequences. The initial interval [0,1] on

which the densities are zero in Figure 2.3 reflect the fact that the constant £ above equals 1 for all

three sequences.
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Figure 2.3: Revised gap distribution densities for fractions with denominators congruent to 1
modulo 3, 6, and 11

2.8 Proof of Theorem 2

As in Sections 2.3-2.6, we let H C T be a finite index subgroup, M = {m1H,..., myH} CT'/H be
nonempty and closed under left multiplication by ((1) *11 ), and I C [0,1] be a subinterval. Recall
that Sy ar(n, o, c) is the set of { € I for which there exists ¢ € Fy(|nc|) such that ¢ > n and
lg¢ — a| < 7; and that we aim to show that the limits of the sequences (A(Sm(n,a;c)))n and
(A(S1,m(n, @, ¢)))y exist, and

ILm Stm(n,a,c) = |Iom(eo,¢), where op(a,c) = ILm A(Sy(n, a,c)).

The idea of the proof is to show that the measures A\(Sy (1, o, ¢)) can, up to a small change, be

written as sums of expressions of the form

/ S dpine). 1,05 (2.11)
H(nf|ne))

where ¢ (ﬁ) C Qs is a subset having a boundary of pq,,-measure 0, and f is a piecewise
real analytic function which is bounded on #(C) for any C' > 0. We then use the convergence

PQ.I,.M — HQ,,, in addition to the fact that the region %”(ﬁ) becomes 7 (c™1) as n — oo, to
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show that the above integral approaches

317](#1)
] i 0

We begin by following the process in [70] of using the inclusion-exclusion principle to rewrite
A(S1,m(n, a,¢)) as approximately a linear combination of measures of intervals. For a > 0, ¢ > 1,

and n € N, let Q = |nc] and

b1 bNI,M(Q)
PNy (@) ’

bo
Frm(Q) = {ﬁo = < B = o << BN =

with ged(b;, p;) = 1. Then for every ; € Frm(Q), let

J(Bi) = [bi—a d a]-

774_7
pi PP P p?

and then define

S},M("%O‘ac) = U J(Bi)-

Bi€Fr,m(Q)
pi>n
Now Sy am(n, a,¢)\S7 5/ (n, , ¢) is contained in the union of the intervals of the form [g — % +

}%] N1, where ]% is a fraction in Fpr(Q)\I with p > n. On the other hand, S7 ;,(n, o, ¢)\Sr m(n, @ )

is contained in the union of the intervals of the form [% — ]%, % + JT%]\I , where % is a fraction in
Fu(Q) NI with p > n. It is clear that the measure of each of these unions cannot exceed i—%‘,
and so the sequences (A(S7,m(n, v, ¢)))n and (A(S] 5;(n, @, ¢)))n converge and have the same limit
if one converges. Thus from now on, we examine the sets Si u(n,a,c).

By the inclusion-exclusion principle, we have

)‘(S},M(nvaac)) =A U J(ﬁl)

Bi€F1,m(Q)
qgizn
Nim(Q)—1 Nim(Q)—jr r
- ciy % S (ﬂ J(ﬁms)) RNCRE)
r=0 0=jo<-<jr<N1 M (Q) 0 s=0

i=
Ditjs 2n,0<s<r
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By [70, Lemma 3], there exists an integer K, depending only on « and ¢, such that if 2, Z—: € F(Q)

Q) between

R

—

such that ¢,¢' > n and J(g) N J(Z—:) # (), then there are at most K — 1 elements in F
¢ and ; It follows that if 8, 8; € Far(Q) with p;,p; > n and J(8;) N J(B;) # 0, then |i — j| < K.

We can thus rewrite (2.12) as

K Ni v (Q)—jr r
PGS A (ﬂ J(Bms)) : (2.13)

r=0 0=jo<-<jr<K i=1 5=0
Pitjs >n,0<s<r

Next, again analogous to [70], we construct a region %IJT(%) in Qs having the property

-----

A (ﬂ J(ﬁz‘ﬂs))
s=0

as a piecewise real analytic function of Wg g(5;). In this way, we will rewrite (2.13), up to a small
change, as a linear combination of expressions in the form (2.11) as mentioned above.

The fraction §; € Fra(Q) satisfies p;yj, > n if and only if

Wit (Birs,) = iy (Wio(5:) € {pa,bmiﬂ €y ia>

Ql's

So the set of §; such that piy;, > n for 0 < s < r are such that Wy (8;) € ,,...;,(3), where for
t e (0,1],

T
F,,...5. (1) = ﬂ i {papmiH € Qar : a >t}
s=0

Note that 77, ., (t) is a countable union of polygons. This follows easily from our observation in
Section 2.5.1 that for a given j € Z, Qs can be divided into a countable number of polygons P
such that rg\/[ is linear on P. Hence any set of the form TX/[j {papmiH € Qp : a >t} is a countable
union of polygons, and thus J¢j, . ;. (t) is as well.

Next, for j € N, let RE\]} : Qa7 — R be the jth return time function defined by

RY) =" Ryoriy.
=0
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(Let RE\(/][) = 0.) We then have RE\{I)(WHQ(&)) = Q*(Bi+; — Bi). Also, define the function m :

Qu — R by m1(papymiH) = a. We then have

,
Doy bit ,
A ﬂ J(/Bl-i-js) = max 07 min it+7s + 2L i ﬂ . 2C¥
s=0 0<s<s'<r | \ Pitjs Py, Pitjy  Ditj,
2 2 b - b .
ﬁ max{ 0, min <« ? + 2Q —Q? (lﬂs _ Zﬂs)
Q Oss<s'<r Pivj,  Pivj, Ditj,  Ditjs

@max{o Jmin_ {a((m o 2 )Y (Wiro(8:)) ™2 + (m1 0 15 (Wi (8:)) )

— (RS ol (Wag(3)} }

= I8 Wag(8)),

where f(a) : Qur — R is given by

]11“ij

fj(la)h = max {O, min_ {a((m o )2 4 (m1 o r?@) 2) - (R%/—js) o r?{})}}

0<s<s'<r

We can now rewrite (2.13) as

K

T 1 (0%
Sr Y &Y 0
r=0 0=jo<-<jr<K Bi€Fr,m(Q),

i1<N1,Mm(Q)—Jr

K
N a
ey (M@
r=0 :

0=jo<-<jr<K 15 ir (n/Q)

+O< ||f.717 7]T| élQ ~~~~~ Jr(n/Q)HOO))

and if C = g, (230‘2 < 2ac?. Thus the error term

For C > 0, we have Hfj(lo‘)ﬁ\,y;l

“J1os Jr (C

)Hoo S %27

above is negligible, and to complete the proof, it remains to show the existence of

for all ji,..., jp-

Now by the properties of Ry, rpr, and 7y, it is clear that f](f‘)ﬁ is a piecewise real analytic
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function. We have proven above that for a fixed C' > 0, fj(la) ;. is bounded on J7j, . ; (C). Also,

it is clear that /¢, . ;.(C) has a boundary of ug,,-measure 0, implying that

: (@)
% i )f”“ an dpatar = / ..... e I
Since ¢ = ¢!, and thus HG1,50(G) C (1), we have
mow [0 dvara < i A, dpaar
n—oo  JA ..., Jr (’I’L/Q) e jfjl ----- Jr (C_l)

On the other hand, for a given € > 0, we have % < ¢! + ¢ for large n. Therefore,
lim inf f( o) dpg,r,m > lim f dpo.1.m
n—oo yf?l """ ]T(n/Q) J1,-- ,]7‘ Q n—oo yél ''''' jr(c_1+ J15-- 7]7" Q7 )

lim inf > (a) . d
lnn—l)loré /,jf (n/Q) fjl» oJr vaLM - /jf/ -T(C_l) fjlw':]T 'LLQM’

where
I8

%’}‘/1,...,]; (c_l) = ﬂ TX/[js{pmbmiH e Qpy:a> c_l}.
s=0

We clearly have
.
HQ (ﬂ T]T/[js{pa,bmiH eEQy:a= C_1}> =0,
s=0
and thus

lim £ dpg.rar = £ dug,
n—o00 E%pjl jr(n/Q) Jlyeeesdr vi ffjl jT(C_l) J1seeesdr M

,,,,,,,,,,

Noting again that Ny p(Q) ~ % as (Q — oo, we have completed the proof of Theorem 2,

with

K
uleond) = GEES T [ Ao

1
=0 0=jo<-<jr<K Y71 Coy)

<
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Chapter 3

Continued fractions and the Gauss
and Farey maps

We now turn our attention to the dynamics of continued fractions, and in particular, the Farey
map. We begin in this chapter by reviewing some elementary properties of continued fractions
which we need in the following chapters. We then define the Gauss and Farey maps, in addition

to their natural extensions and transfer operators, and give some of their properties.

3.1 Continued fractions

Recall that we denote a regular continued fraction by

1
[a1,a2,...] = ———— (a; €N)
1
ar+—
as +
We shall also make use of the notation
[ag; a1, a9, ...] :==ap+ [a1,as,...]. (ap € Z,aj € N)

. . o \oo e . . . . .
For a given sequence a = (aj) j=1 of positive integers, define the nonnegative, coprime integers

Pn = pn(a) =pn(ai,...,an), ¢n = qn(a) = qn(a1,...,an) by

Pn
— = [a1,a2,...,ay].
dn
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Denoting also pp = po(a) := 0 and g9 = go(a) := 1, one can find that for n > 2, p, = appp—1+pPn—2

and ¢, = angn—1 + gn—2, which imply

ap 1 an—1 1 . ap 1 _ 4n Pn (31)
1 0 1 0 1 0 dn—1 Pn—1
This in turn gives pn—1¢n — Pngn—1 = (—1)", and hence ’; ”i Z—Z = q(;ll);;.
For j,n € N with j <n, we define p;,, = p;n(a) and g;, = gjn(a) by
by,
L [aj, (7R PR an].
qun
Taking transposes in (3.1) reveals that g,(ai,...,an) = gn(an,...,a1), which then implies that

qn(a) = a1g2,n(a) + g3 ,n(a), and more generally, g;,(a) = a;qj+1,n(a)+qjr2n(a) for j < n—2. This
equality extends to j = n—1,n once we denote ¢n115 = gn+1,n(a) == 1 and ¢ny2n = gni2n(a) :=0.

Another subtle property of the values ¢;, we wish to note is that

H Bin _ 2 (3.2)

1 4in

(See [22, Lemma 2.1, Theorem 3.6] for proof.)

Lastly, we define for a finite tuple b = (by,...,b,) € N™ the set

Ib:[[bl,...,bn]] 2:{[b1,...,bn+t] :tG[O,l]}:{[al,ag,...] S [0,1] :aj:bj,jzl,...n},

which is the closed interval between 2 ”*18 B and 2 ”EZ; We thus have

_ pn—l—l(by 1) pn(b,l) _ 1 _ 1

A =06 )|~ e D D) an)(@n(®) + i ()’
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3.2 The Gauss map

The Gauss map G : [0, 1] — [0, 1] is defined by

{a71} ifx#£0

0 if x =0.

G(z) =

This map is invariant with respect to the Gauss measure v given by

dx

dv i= ————.
v (14 z)log2

We define the natural extension G : [0,1]% — [0, 1] of the Gauss map by

boy o ) (01 TT) W20

(0,0) ifx=0
which is invariant with respect to the measure o given by

dx dy

v i= —————.
v (1+ zy)?log2

The action of G and G on continued fractions is as follows:

G([al,ag,...]) = [az,ag,...]; (34)

G([al, as, .. .], [bl, bg, .o ]) = ([GQ,ag, .o .], [al, bl, bg, . ]) (35)

In other words, G and G act respectively as the one and two-sided shifts on the continued fraction
expansions of their arguments.
Next, we let G » and G, be the transfer operators of the Gauss map with respect to the measures

A and v, respectively, so that

f-(goG)d\ and /

[0,1]

(é,,f>~gdu=/ f-(goG)dv

[0,1]

/ (Gof) - gdr =
[0,1]

[0,1]
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for all f € L'(\) = L'(v) and g € L®(\) = L>®(v). We can calculate Gy as follows: Fix f € L'()\)

and x € [0,1]. Then we have

N dt = d\ = 3 dt.
[ @nma= | RIS /1/(x+n)f<t> :

Taking the derivative with respect to x yields

(G f)(@) =n§f () ot

One can similarly find an explicit formula for G,. Also, it is easy to see by definition that if
¢ : [0,1] — R is the Radon-Nikodym derivative % so that &(z) = m and Mg : L' (v) — L*()\)
is the (invertible) multiplicative operator M¢f = & f, then Mg o G, =G,o M. Hence G, and G
are similar.

The operators Gy and G, have garnered a lot of study over the years. A central problem

motivating this attention, posed by Gauss in a letter to Laplace in 1812, was to estimate the error

log(1+w)

)\({[alya27 o ] € [07 1] : [a‘n+17 an+2; - - ] < ’LL}) 10g2

, (3.6)
with v € (0,1) fixed, as n — oco. This is equivalent to estimating

MG ([0, u])) = v([0,u]),  (n— o0)
which can then be written as

(GR(1) — &) dA or / (GnE) — 1) dv.

[0,u] [0,u]

Since v is G-invariant, the constant function 1 is an eigenfunction of G’,, with eigenvalue 1, and G Y
has the corresponding eigenfunction £ with eigenvalue 1. Wirsing found the optimal decay rate of

(3.6) by finding a spectral gap in G, as an operator on C([0,1]) below 1, and an implication of
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his work is [38, Theorem 2.2.6]

Grf— fdv~Cp(—yp)" for f e CY([0,1]),
0,1]

where Cy € R is a constant dependent on f and ¢ = 0.30366... is the absolute value of the
second largest eigenvalue of G,. Thus, letting f = ¢€7! in the above equality, we see that (3.6)
is commensurate with ¥ as n — oco. An exact solution to Gauss’s problem was first given by
Babenko who analyzed an operator similar to G, and G » which is compact on a certain Hilbert
space of analytic functions. This work was later extended by Mayer and Roepstorff. See [38] for
history and details.

The discovery of the spectral gap in the transfer operator of G has further implications on the
ergodic properties of GG, and in particular its rate of mixing, which we interpret as the rate at which

its preimages equidistribute. For f € C1([0,1]) and a subinterval I C [0, 1], we have

/ fdAz/é’;(g—lf)du:/( 5—1fdu+0f<w”>> dv
G- (I) I I \J/0,1]

= u(I) ( fdr+ ofwn)) . (3.7)
0.1

This shows that the preimages (G~"(I)), equidistribute in [0,1] with respect to the Lebesgue
measure at an exponential rate.

The transfer operator of G has also been utilized in the study of the periodic points of G.
Utilizing Mayer’s work [56], Pollicott [59] determined the limiting distribution of the periodic
points. He studied a Ruelle-Perron-Frobenius operator which forms an analytic perturbation of
G z, and in particular, he related the determinants of this operator to the Laplace transform of the
sum of functions over the periodic points. Finding the growth rate of the sum was, by the Wiener-
Ikehara Tauberian theorem, reduced to studying the behavior of the leading eigenvalue of the
operator that determined the residue of the pole in the Laplace transform. We detail this process
more in Section 4.3, where we analyze an appropriate alteration to the Ruelle-Perron-Frobenius

operator in establishing the distribution of the periodic points of the Farey map.
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3.3 The Farey map

The Farey map F : [0,1] — [0, 1] is defined by

— ifzelo,l
F(z):= i_x [ 2]
—x
if x € (1,1].
- if 7 € (3,1]
An invariant measure pu for F' is given by
d
du == L
x

The natural extension £ : [0,1]? — [0, 1] of F is defined by

Xz Y . 1
B B <]_x’1<|»y> lf$€[07§]

F(z,y) :=
) = LY e
X 71+y 1 PR B)

and has invariant measure [ given by

di dx dy
Py a?

The fact that both measures g and i are infinite leads F' and F to have significantly different
behavior than G and G. For future reference, we note that y is the natural projection of fi onto

the first coordinate, i.e.,

/ f(x) die, y) = / fdu.  (feC(o.1]) (3.8)
[0,1]2 [0,1]
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The maps F and F act on continued fractions according to

[al—l,ag,...] ifCLlZQ
F([al,ag, .. ]) =
[ag, as, .. .] if a; = 1;
\
N ([a1—1,a2,...],[b1+1,b2,...]) ifa; > 2
F([al,ag, . .], [bl,bg, .. ]) =
([ag,as,...],[1,b1,b2,...]) if a; = 1.

(3.10)

So, like G and G, the Farey map and its extension act as shifts on the continued fraction expansions

of its arguments, though in a slower manner, shifting a 1 in a digit instead of a whole digit at a

time. In fact, F'is a slowdown of G as demonstrated by the equality

Fli/e)

x) = G(x).

(z #0)

Also, by [18, Theorem 1], G is isomorphic to the induced transformation F4 : A — A of the Farey

map on A := [%, 1] ={[1,a1,a3,...]:a; €
Fa(z) = Fo4®) (x),

This can be easily seen from the equality

Fa([1,a1, a2, ..

where

N} defined by

¢a(x) =min{n € N: F"(z) € A}.

J) =11,a2,as,...].

Similarly, G can be seen as isomorphic to the induced transformation FA : A — Aof Fon

A = (0, 1] x (%, 1] defined by
Fi(x) := FPa®)(g),

from the equality

F~([CL1,CL2, ..

Jo[1, 61, b2, ..

where ¢ ;(x) = min{n € N: F"(z) € A}

)

([ag,ag, .. .], [1, ai, bl, bg, .. ])
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Early studies of the Farey map include [23, 24] in the context of thermodynamics, and [40], where
the natural extension F was also introduced, in examining mediant continued fraction convergents.
See also [18] for more details on the above properties of F' and F and their relationships to G and
G, in addition to continued fraction applications.

Next, let £ : L(p) — L*(p1) be the transfer operator of F with respect to the invariant measure
1, which is easily seen to satisfy

) o1 ()

Analogous to the mixing results for the Gauss map given in the previous section, we establish an
effective equidistribution result for the preimages of the Farey map utilizing the transfer operator
F. However, we make no appeal to the spectral properties of F, as such a process appears to be

difficult by the examinations of the spectrum by Isola [39] and Prellberg [60].
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Chapter 4

Distribution of the periodic points of
the Farey map

4.1 Introduction

In this chapter, we study the distribution of the periodic points of the Farey map. In this intro-
ductory section, we characterize the periodic points of both F' and F in relation to those of G and
G, and formulate our main equidistribution results. Then in Section 4.2, we review the connection
between the modular surface and continued fractions. In particular, we recall Series’ cross section
of the geodesic flow. We then enlarge this cross section to yield another whose first return map
under the geodesic flow is a double cover of the Farey map’s natural extension. We then use this
new section to extend the correspondence between closed geodesics in the modular surface and the
periodic points of the Gauss map to those of the Farey map. Lastly, in Section 4.3, we prove our
main equidistribution result utilizing the relationship between the periodic points of the Farey and
Gauss maps to essentially reduce the problem to proving the equidistribution of the Gauss periodic
points over certain continuous functions on (0, 1] which are allowed to have a vertical asymptote at
0. We thus adapt Pollicott’s work [59] on the Ruelle-Perron-Frobenius operator of the Gauss map,
being careful to account for a possible asymptote in a function used to define the operator.

First, notice that from the equalities (3.4) and (3.5), it is easy to see that the periodic points

of GG are exactly the periodic continued fractions of the form
[ar, 5 an) :=[a1,...,an,a1,...,an,...],

i.e., the reduced quadratic irrationals = € [0, 1] with conjugate root < —1; and the periodic points
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of G other than (0,0) are of the form

([aly az, ... 7an]7 [ana Ap—1,-- -, al])v

where the continued fraction expansion of the second argument is the reverse of that of the first.
Alternatively, the nonzero periodic points of G are of the form (v, —z~ 1), where x is a reduced
quadratic irrational. Notice that x <> (z, —Z~!) gives a natural one-to-one correspondence between
the nonzero periodic points of G and G.

Let Q¢ denote the set of nonzero periodic points of G. To each x € Q¢ with minimal even

periodic expansion z = [ag, ..., d2,], we associate the value
2n ‘
)= -2 log(GI(x)) (4.1)
j=1

which is the length of a corresponding geodesic in the modular surface (see Section 4.2.2). For

future reference, we analogously define, for a given tuple a = (aq,...,a,) € N" of any length,
n .
l(a) = -2 Zlog(GJ [at,az, -, an))-
j=1
We then let

Qa(T) ={r € Qqg:l(x)<T}. (T >0)

The result of Pollicott [59, Theorem 3] states that for all f € C(]0,1]), we have

lim
T—o0 |QG )l ZT 0,1]

f(@ fdv; (4.2)
)
and it then follows from Kelmer’s result [45, Lemma 17] that for all f € C([0,1]?),

Jim | QG ZT) fla = /[071}2 fdp. (4.3)

The main goal of this chapter is to formulate and prove results analogous to (4.2) and (4.3) for

the periodic points of the Farey map and its natural extension. We have the following characteri-
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zations, the first originally discovered by Claire Merriman, of the periodic points of F' and F' which

provide connections to those of G and G.

Proposition 3 (C. Merriman). A number x € (0,1] is a periodic point of the Farey map if and
only if v = F*(y), where y € Qg and k € Z>o. Equivalently, x is a periodic point of F' if and only
if

x =la; — k,az,...,an, a1, (4.4)
for some a; € N and k € {0,...,a1 — 1}.

Proof. Tt is clear that if z is the continued fraction (4.4), then x = F@* (). So we only need
to show that every periodic point of F' can be written in the form (4.4). So assume that z € (0, 1]
with F7(z) = x. Let # = [a1, as,...] be the continued fraction expansion of x. Then the equality

Fi(z) = x is equivalent to

n
|: E Qm _jaan+luan+27'”:| - [a17a27a’37"‘]7

m=1

where n € N is the least index such that Y _; an, > j; hence an;11 am < j. Therefore, we have

x = [ay,az, ..., ay), and
n n—1
=S i =t (zam—j) < o
m=1 m=1
that is, a; = a, — k for some k € {0,...,a, — 1}. This shows that = = F¥([a,, az,a3..-,an_1),
which completes the proof. ]

Proposition 4. A point in [0,1]2\{(0,0)} is a periodic point of F if and only if it is of the form

Fk([al, az, -5 anl, [1,an, an_1---,01)) = ([a1 — k,az, a3, .-, an, a1}, [1 + k,apn, ap_1-- -, a1]) (4.5)

for some a; € N and k € {0,...,a; — 1}. In other words, with the exception of (0,0), the periodic

points of ' are exactly those of the form Fk(:n), where x is a periodic point of the induced map FA-
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Proof. We clearly have

Fal-‘r""‘rlln([ah ., an], []_, Apy vy al]) - ([aly s 7an]7 [1a an; - - . 70’1]);

thus it suffices to prove that every periodic point of F in [0,1]2\{(0,0)} is of the form (4.5). So
suppose that (z,y) € [0,1]2\{(0,0)} is a point such that F7(z,y) = (z,y) for some j € N. From
the definition of F, it is clear that z # 0, for if z = 0, and hence y = 0, then the second coordinate
of the sequence (F(0, y))JO-’;O would be strictly decreasing. Also, letting x = [a1, ag,...] (possibly

terminating), we have

~ ([al—l,ag,...],[l]) ifa1 22
F(x,0) =

([a2,as, .. .],[1]) if a; =1,

and subsequent iterations of (x,0) under F' are then determined by (3.10). If the continued fraction
expansion of  does not terminate, then iterations of F' simply add continued fraction digits to the
second coordinate, and periodicity never occurs. If the expansion of x does terminate, then for
k € N sufficiently large, F* (z,0) has first coordinate 0, and thus, again periodicity of the orbit of
(x,0) doesn’t occur. Therefore, in order for (z,y) to be periodic, we must have y # 0.

So we have (z,y) € (0,1]?, and furthermore, the above shows that the first coordinate of every
iterate F* (z,y) is nonzero, i.e., the continued fraction expansion of x is nonterminating. Now let
y = [bo, b1, ...]. By taking the image of (z,y) under an iterate of F1 we may assume without loss

of generality that by = 1. Then F(z,y) = (z,y) implies that

n n—1
(CC,y) = ([Zam_juan+lvan+27"']v |:]-+j_ Zamaan—lvan—Qw'-7alab17b2a'°'i|) )

m=1 m=1

where n € N is the least index such that >, _, an, > j. Equating the first continued fraction digits

of the second coordinates in the above equality reveals that Z%;ll a., = j; hence the first digit of

the first coordinate equals a,,. Then equating the rest of the digits yields

x = a1, a2, .-, an—1] and y=|[l,a,_1,0n_2,...,0a1].
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Notice that, analogous to the periodic points of G and G, there is a natural correspondence
[ar — k, a2, -, an, a1) <> (a1 — k, a2, .-, an,a1), [1 + k,@n, .- -, a1))

between the periodic points of F and F. We let Qp be the set of all nonzero periodic points of F,
and for a given x € Qp, we let Z € [0, 1] be such that (x, Z) is the periodic point of F corresponding
to x.

Using Proposition 3, we extend the definition of the length function £ on Qg to Qr by letting
UFE () = L)

forall z € Qg and k € N. We shall see that this definition follows naturally from the correspondence
between the primitive closed geodesics in the modular surface and the periodic points of the Farey

map which we develop in Section 4.2. Also, define the set

QF(T) = {a; S QF : E(:c) < T}.

We can now formulate our main theorem. It is best expressed in terms of proving the equidis-
tribution in [0, 1] of the weighted points in Qp(T") as T' — oo. For T' > 0, we define the measure

myp on [0, 1] by the equality

fdmp = ZIGQF(T) xf(x)

- > con ® (f € C([0,1]))

In other words, my is the sum of the Dirac measures over the points x € Qp(T) with weight z,

normalized to be a probability measure. Our main result of this chapter is the following;:

Theorem 4. For f € C([0,1]), we have

T—o00

1
lim fdmp :/ f(x) dx.
[0,1] 0

In other words, the weighted set of periodic points of F' given by the measure mr equidistributes

with respect to the Lebesgue measure on [0, 1].
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Alternatively, one may view this theorem as saying that the unweighted periodic points of F
equidistribute according to the invariant measure pu. However, one must restrict the functions
over which equidistribution can be tested to those of the form x — zf(z), with f € C([0,1]).
Additionally, one must maintain the normalizing factor ZxGQF(T) x; because p has infinite measure,
normalizing by #Qp(T) would yield 0 in the limit. Indeed, we see below that the growth rate of

>_zeQp(r) T 1S commensurate with el'. However, the growth of #Qp(T) is given by

#Qp(T) = 4C1(2)T6T + 2;(2) (v - g - <g/((22))> T+ 0TS, (T = o) (4.6)

where ( is the Riemann zeta function and ~ is Euler’s constant. This follows from the fact that

#Qr(T)= Y BJ

z€Qa(T)

(for each © = [a1, ..., an] € Qa(T) there exist a; = |1| corresponding elements of Qp(T)); and

in analyzing the growth of the number of products of the matrices ({1) and (}¢) with bounded
trace, Kallies et al. [41] provided an asymptotic expression for the sum on the right, providing the
main term in (4.6). The second term was extracted by Boca [13], who then obtained the error term
O(el7/8+9T) | Ustinov [67] later analyzed the error term more carefully, and obtained that shown
in (4.6).

Using the correspondence between the periodic points of F and F', we also obtain an analogous
equidistribution result for the periodic points of F' as a corollary of Theorem 4. Define the function

h:[0,1]> = R by h(z,y) = (z +y — xy)? and the measure 7z on [0,1]% by

(f € C([0, 1))

i 1 ZaeQen M DS (@)
[0,1]2 > weqp(r) M(a: T

We then have the following:

Corollary 4. For all f € C([0,1]?),

1 1
tw [ pair = [ [ sy deay,
0,1]2 0o Jo

T—o00
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that is, the weighted sequence of periodic points of E given by myp equidistributes with respect to

the Lebesque measure on [0, 1]?.

Proof. We begin by following the reasoning of [45, Lemma 17] and showing the asymptotic formula

T, T
TR s R fdji (4.7)
T=o0 Y aeqr(r) 0,1)2

for appropriate approximating functions f. We first verify (4.7) when f is an indicator function
11,x1,,, where b = (by,...,b,) and b' = (b],...,b],) are any tuples and I, = [b] and I, = [b'] are
the sets defined in Section 3.1. First note that if B = b} +--- 40/, then 1%y, o FB = L1, %[0,1]>
where

b = (1,41, e, Uh b by — 1,69, bs, .. by).

yYnrYn—1>»

Also, since F' forms a bijection of {(z, %) : x € Qr(T)}, we have

S Ay (@ @)= Y (s, o FY)(2,7)

zeQp(T) z€Qr(T)

for any j € Z. Therefore, using Theorem 4, the equality (3.8), and the F-invariance of i1, we have

erQF(T) 1]b><Ib/ (z, ) ZzeQF(T)(lbeIb/ ° FB)(xvj)

lim = lim
Tooo D eeqp(n) ¥ oo 2acQr(n)®
— lim ZIGQF(T) L1y o] (, ) — lim ZIGQF(T) 11, (%)
T—o00 Z$EQF(T) X T—o00 ZJTEQF(T) X

= / 1y, du = / 11, x[0,1) dfr = / 17, %01 © FP dji
[0,1] [0,1]2 [0,1]2

= /[0 " 11,%1, dt.

We thus have (4.7) for f of the form 17,7y, .

Next, (4.7) can be easily verified when f(z,y) = z. Also, we see in Section 4.2.3 that the
set {(z,z) : x € Qp(T)} is symmetric about the line z = y. As a result, (4.7) holds also when
f(z,y) =y.

We now have a sufficient set of approximating functions, so let f € C([0,1]?). By splitting f

into its positive and negative parts, we may assume without loss of generality that f > 0. For a
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given € > 0, there exists a finite linear combination, which we denote by f,, of indicator functions

of the form 1y, 7,, such that fc <h- f and

[ - sydn<e
[0,1]2

This is possible since the sets of the form I, x Iy generate the Borel o-algebra of [0,1]? and

1 1
/ h'fdﬂ:/ / f(z,y) dx dy < oc.
[0,1]2 o Jo

We then have

h(x,z)f(x,Z . (x, T
lim inf ZxGQF(T) @ D)f (@ 3) > lim 2 €Qr@) S, %) = fedpi

T—o00 erQF(T) x - Toeo erQF(T) z [0,1]?

2/ h- fdii—e.
[0,1]2

Letting € — 0 yields
h(x,z)f(x,x
- > we@pr) M@, @) f(2,2)
T—00 ZmGQF(T) x

> / h- fdp. (4.8)
[0.1)2

Now notice that h(z,y) - f(z,y) < H(x,y) := || flleo(x +y) for (z,y) € [0,1]%. Repeating the above
process used to produce the inequality (4.8), while replacing the function h - f with H — h - f, we
find that

H—-—h-f)x T
lim inf 262D D) > (H —h- f)dji.
T—00 2reQp() 0,12

Since (4.7) is satisfied when f is replaced by H, we can cancel the H in the above inequality to get

h(z,Z)f(x, 2 Lol
lim sup 2acqr(r) Mt 2 )S/ / f(z,y) dz dy,
T—00 Z;peQF(T)‘T 0 Jo

and thus

h(z,z)f(x, T 1l
i > weqpr) M@, T) ):/ / Fony) dedy.
T—o00 ZCEEQF(T)'r 0 0

Dividing this equality by the same equality, with f replaced by the constant function 1, yields the
result. O

In an analogous manner to Theorem 4, one can view Corollary 4 as the equidistribution of
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the unweighted periodic points of F according to the measure ji. As before, one must restrict the

functions over which to test the equidistribution and maintain the normalization erQF(T) h(z, ).

4.2 The modular surface and the Gauss and Farey maps

4.2.1 The modular surface and the geodesic flow

Let H = {z 4+ iy : z,y € R,y > 0} denote the upper half of the complex plane equipped with

the hyperbolic metric ds? = dwz%dyz. The geodesics in H with this metric are vertical lines and

the semicircles centered on the real line. The group PSL(2,R) acts isometrically on H by linear

fractional transformation:

a b az+b

e d (2) = cz+d

The modular surface is the quotient space M := PSLy(Z)\H, whose geodesics are naturally pro-
jected from those of H.

Let T1H and T7M be the unit tangent bundles of the upper half plane and modular surface,
respectively. Then let g; : TYH — T1H denote the geodesic flow on T1H so that for (z,v) € T1H,
gt(z,v) is the tangent vector obtained by starting at the base point z, and moving a distance ¢
along the geodesic tangent to the vector (z,v). Let {g; : ¢ € R} also be defined on 7} M by natural
projection. Next, define the coordinates (z,y,0) on T1H (and, locally, on T3 M by projection)
corresponding to the vector with base point z + iy and at an angle 6 counterclockwise from the
vertical upward-pointing vector. Then the g.-invariant Liouville measure \, given by d\ =

dx dy df
2

is obtained by importing the Haar measure on PSLy(R) to 71H via the natural identification
v = (i v0) = (7(i), (i)vo) : PSLa(R) = T1H, (4.9)

where v is the upward-pointing vector at ¢. The Liouville measure naturally descends to T7.M.

Notice also that under the above map, 71 M is naturally identified with PSL(2,Z)\PSL(2,R) =

99



SL(2,Z)\SL(2,R), and the geodesic flow g; corresponds to right multiplication by

et/? 0

0 eft/2

Thus the functions gg we considered in Section 2.6 can, in some cases, be viewed as the geodesic
flow in a quotient of 77H.

We can use the alternative coordinates (a, 3,t) € R? on T1H, which correspond to the point
(2,v) € ThH such that a = a(z,v) = lim;,_ gi(2,v) is the endpoint of the geodesic g, ) :=
{gs(z,v) : s € R} approached by (z,v) under the geodesic flow in the backward direction, § =
B(z,v) = limy_00 g¢(z,v) is the endpoint of 9(z,v) approached under the flow in the forward direc-
tion, and ¢ = t(z,v) is such that g_;(,.)(z,v) is based at the apex of g, ,). With respect to these

coordinates, the Liouville measure is
dadpB dt

d\= ———.
(B —a)?
4.2.2 The cross section of Series and G

The cross section of the geodesic flow considered by Series [63] is
X ={(z,v) eTTM : 0 < |a(z,v)| < 1,|5(2,v)| > 1,z € iR}.

If B(z,v) # +1, then the geodesic flow returns (z,v) to X. So the first return map P for X defined
by

P(z,v) = gr(z0)(2,v), where 7(z,v):=min{s >0:gs(z,v) € X},

is well defined on X* = {(z,v) € X : |B(z,v)] > 1}. (Note that X* is of full measure in

X with respect to the measure (go_‘i@ induced on X by 5\) Using the correspondence between

the continued fraction expansions of «(z,v) and (z,v) and the cutting sequence of the geodesic
(=), Series proved that G is a factor of P. Specifically, if we parameterize X by the coordinates

(U,V,e) € (0,1)2 x {&1}, where U = |B|71, V = |a|, and € = sign(3), and abuse notation by
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identifying X with (0,1]% x {41}, then

P(U,V,e) = (G(U,V), —e).

(Here we must also assume that U~! ¢ Z.) So if we define 7y : X — [0,1]2 by nx (U, V,¢€) = (U, V),

then we have the diagram

P

X* X

TX TX
2 G 2
[07 1] - [Oa 1]
which commutes a.e., and expresses G as a factor of P.
The cross section X also allows us to see that there is a one-to-one correspondence between
the closed geodesics in T1. M and periodic orbits of the return map P. Indeed, a closed geodesic is
simply the g.-orbit in 77 M of one of points in a periodic orbit of P. A given periodic orbit of P is

of the form

{(G([aTyaz, 5 az), [Gzn, Gzn—1, - a1)), £(—=1)7) : j =1,...,2n}, (4.10)

where 2n is the minimal even period length of the continued fraction [ar; az, ..., a2,]. It follows

from [63, Section 3.2] that the length of the geodesic corresponding to the orbit (4.10) is

2n
-2 Zlog(Gj([mma

Jj=1

which inspired the definition (4.1) in [59]. Here, we wish to note that the closed geodesics corre-

sponding to the orbits

{(Gj([alaa% .. -aQQH]a [a2na02n717 s ’al])vi(_l)j) : j = 1’ co ’2n}’ and

{(éj([agn, aon—1,---,a1), (a1, az, .-, G2n)), :l:(—l)j) cj=1,...,2n}

are permuted by the symmetry (z,v) — (z, —v) on T3 M. Indeed, the first orbit corresponds to the
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geodesic tangent to the element (z,v) € Ty M with

B(z,v) = £[a1; a3, -, a2, and «(z,v) = Flazn, G2n-1,---, 01},

whereas the second orbit corresponds to the geodesic tangent to the element (2/,v') € Ty M such

that 2’ € iR,

B(Z', V") = £[azn; aan—1,--,a1), and «a2',v') = Flag, a2, ..., azn)-

Acting by the matrix (0 _01) € PSLy(Z), we see that this geodesic is the same as that tangent to

(2", v") € ThH, where 2" = —(2')71,

B(Z",v") = Flazn, Gan—1,--,a1), and «(2",v") = *[ar;az, ..., azn)-

In other words, we have (2”,v"”) = (2, —v). Hence the two geodesics are the same length, i.e.,

(([ar, az, -+, azn)) = U([a2n, G2n—1, - - -, G1))- (4.11)

4.2.3 A new cross section for F'

We now seek to find a cross section analogous to X whose return map under the geodesic flow is
a double cover of F. The fact that G is conjugate to the induced map (3.11) hints that we should
seek to expand the range of the parameter V' with respect to the coordinates (U, V,€), or the range

of o with respect to the coordinates (, 3). In fact, we define our new cross section X by

X = {(z,v) € IM : a(z,v) £ 0,|8(z,v)| > 1,z € iR};

so we have just removed the restriction || < 1 from the endpoint « of the geodesic determined by
(2,v). One can also see that X is simply all the nonvertical tangent vectors with base point on the
positive imaginary axis. We can parameterize X by the coordinates (U, W, ) € (0,1] x (0, 1) x {#1},

where W = and as before, U = |3|7! and ¢ = sign(B). (We again abuse notation by

1
Lt[af”
identifying X with (0,1] x (0,1) x {£1}.) Our definition of the coordinate W follows from the
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equality (3.12), which motivates us to change the second coordinates of our points in X according
to the map
[bl, ba, .. ] — [1, b1,ba, .. ]

Now let P : X* — X be the first return map

P(2,0) := gr(s)(2,v), where 7(z,v):=min{s>0:gs(z,v) € X}

and X* = (0,1)? x {£1} is the set of points in X on which P is defined. Our main goal of this

section is to prove the following:

Theorem 5. The natural extension of the Farey map F is a factor of the return map P. Specifically,

we have

[ € 1 1
P(U,W,e) = (FOW).) U (03] (4.12)

(F(U,W),—¢) ifU € (3,1)
so that if mg : X — [0,1]2 is defined by w5 (U, W, €) = (U, W), we have the following commutative
diagram:

X* X

l X X

0,12~ [0,1)2

Also, the first return time function 7 is given by
1
7(U,Wye) = —3 log((1 =U)(1 —W)). (4.13)

Proof. To begin, it is helpful to note that the set of base points of the vectors lifted from X
to T1H lie on the PSLy(Z) translates of the positive imaginary axis, which make up the Farey
tesselation. Each of these translates is either a vertical geodesic with integer real part, or a semicircle
connecting rational numbers which are adjacent in a Farey sequence of some order. This is easy
to see by evaluating limy_,0 o y(it) for v € PSLy(Z). The important thing to note is that all of
the nonvertical translates lie below the semicircles connecting adjacent integers. Part of the Farey

tessellation is depicted in Figures 4.1 and 4.2.
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1
— Farey tessellation

Now let (z,v) € X*, which we identify with its coordinates (U, W, ¢) € (0,1)?x{#1}, and assume
for simplicity that e = 1. (The argument for ¢ = —1 mirrors the following.) Let U = [a1, a2, .. ]
and W = [by, bg,...], either of which may terminate. We first consider the case when U € (O, %],
and hence a; > 2. Then the geodesic g, ,) has endpoints 8 = B(z,v) = U=! = laj;az,...] and
a = a(z,v) = —(V71 —1) = —[by — 1;bg,...]. Since B8 > 1, the first point in X that (z,v)
encounters under the geodesic flow is a point (z’,v’), where Re(2’) = 1. The matrix (} ') €
PSL(2,7Z) identifies (z/,v") with the point (2”,v"), where 3(z",v") = 8 —1 = [a1 — 1;a9,...] and
a2 v") = a—1= —[bi;be,...]. (See Figure 4.1.) The (U, W, ¢€) coordinates of this element are
U"=la1 —1,a,...], W = [by + 1,ba,b3,...], and €’ = 1. Thus (4.12) holds for U € (0, %]

Next, consider the case when U € (%, 1), i.e., ag = 1. As above, the corresponding geodesic
9(zv) has endpoints 3 = [a1;az,...] and a = —[b; — 1;bg,...]. Similar to the previous case, the first
point in X that (z,v) passes through under the geodesic flow is a point (2’,v'), where Re(z') = 1.
However, since f(z,v) = [1;a2,...] < 2, we must use the matrix ((1) j) € PSL(2,7Z) to identify
(', v") with the point (2”,v") satisfying

—1 -1

noony _ .
B(Z' , U )—B_l— [1;(12’&3"“]_1— [ag,ag,a4,...] and
T, p——— 1 = [b1, b2, b3, . . ]

7 a—1  —[by —15b,b3,...] -1 192,53 - -]

(See Figure 4.2.) The (U, W,e€) coordinates of (2”,v") are U" = [ag,as,...], W" = [1,b1,ba,.. ],
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1
— Farey tessellation

Figure 4.2: The case U > %

and ¢” = —1, which shows (4.12) for U € (1,1). This proves that F is a factor of P.

We now outline the calculation of the return time function 7. As above, let (z,v) € X* with

coordinates (U,V,e) € (0,1)? x {1}, and again assume that e = 1, since the case ¢ = —1 is

a mirror image. Also, let z = iy for y € R,y > 0, and 6 € (0,7) be the angle v makes with

the upward-pointing vector in the counterclockwise direction. Then under the identification (4.9),

(z,v) is identified with

yl/2 0 cosg
0 gy /2 sing

s 0
—Slng

0
COS 5

By the previous part of the proof, #(U,V,¢) is the constant ¢ > 0 such that the base point of

gt(z,v) = (M (i), M'(i)vg), where

1/2 (4 .} t/2
Y 0 cos sin e 0
M = 2 2

0 y*1/2 sin g cos g 0 e t/?

has real part equal to 1. By a straightforward calculation, this implies that

1
(U, V,e) = §log <

Then, using the fact that U = y~! tang and W =

65

1
1+ytan(0/2)°

ysin(0/2) cos(6/2) + c052(0/2)> '
ysin(6/2) cos(6/2) — sin?(6/2)

we easily deduce (4.13).



Remark 2. See [3, Section 7] for a different way of relating the Farey map to a cross section of

the geodesic flow in T' M.

Hence, we can see how a given periodic orbit

2n
{pj([al,ag,...,agn], [l,agn,agn_l,...,al],:l:l) j: 1,...,26%} (414)
k=1

of P maturally includes the periodic orbit (4.10) of P, and so corresponds to the same closed
geodesic. We therefore extend our definition of the length function £ to the periodic points of F' so
that for all k € N, ¢(F*([a1,--,az2n))) is the length of the closed geodesic given by the g.-orbit of

any point in (4.14), i.e.,

2n
((FM([ar > azn))) = =2 log(GY([ar, -~ azn)))-
j=1
Note here that if x = [a1, ..., a2, has minimal even periodic length 2n and k € {0,...,a; — 1},

then letting y = F*(z), we have

E(ﬂ) = g([l + /6, A2n s A2 —1 5 + - al]) = K(Fal_l_k([al, a2n, A2n—14 - - « ,ag]))

= E([al, A2n s A2n—1 45 -« « 4 CZQ]) = f([azn, A2n—1y -« + al]) = E([(Il, ag, ... ,agn]) = E(y),

where we used (4.11) for the penultimate equality. This shows that for any 7' > 0, the set {(x, Z) :

x € Qp(T)} is symmetric about the line = y, a fact we used in the proof of Corollary 4.

To conclude this section, we notice that the measure éﬁ‘i@ on X induced by the Liouville

measure is, in the coordinates (U, W) (with € fixed as 1 or —1),

AU Nd(—(W-1=1)  U2W~2dUdV AU dW

U WD) (Ut W12 (U W -UW)Y

Thus the Liouville measure naturally induces the invariant measure ji of £ on [0, 1]2.
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4.3 Proof of equidistribution

We now set out to prove Theorem 4. The result follows directly from the following asymptotic

formula we aim to show, and which holds for all f € C([0,1]):

S af() ~ (;’2 /01 () dx) T (T = ) (4.15)

zeQr(T)

In Section 4.3.1, we reduce the proof of (4.15) to showing a similar asymptotic formula for sums
of certain analytic functions over the periodic points of the Gauss map. From that point we adapt
the work of Pollicott [59] on a Ruelle-Perron-Frobenius operator of the Gauss map. We introduce
this operator in Section 4.3.2 and establish its nuclearity and analyticity with respect to certain
parameters in Section 4.3.3. Then in Section 4.3.4, we utilize the Fredholm determinants of the
operator to construct a certain n function which is the Laplace transform of an approximation S [

to a sum of the form

> f@)

z€Qa(T)
We then calculate the residue of a pole of the n function and apply the Wiener-Ikehara Tauberian
theorem to determine the asymptotic growth rate of S . We conclude the proof in Section 4.3.5
by showing that S + is in fact asymptotically equivalent to Sy, which uses a fact due to Kelmer
[45, Theorem 3] that the sum of f over the odd periodic continued fractions grows asymptotically

slower than that over the even.

4.3.1 Reduction to equidistribution of Qs (7T)

First, let f € C([0,1]), and assume without loss of generality that f is real valued and nonnegative.

Then let g : [0,1] — R be defined by g(z) = zf(z). Notice that for any 7" > 0, we have

a;—1
Y aflm)= Zg — k@3, a3, a1

z€Qr(T) [a1,azn]€Qa(T) k=
a1—1 [1/z]-1
= > (9o F*)([ar;—am)) = Z Z (9o F¥)(x
[@1,-»a2n|€Qc(T) k=0 z€Qq (T
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So understanding the sum of g over Qr(7') is equivalent to understanding the sum of the function

g :(0,1] — R defined by
[1/z] -1
gla)= Y (90 F)(x)

k=0

over Q¢ (T). Notice also that

1/n n=l 1/n dx
S S [ o)
/01] Z 1/ (n+1) kzo l—i—a: log2 kz(mzk:ﬂ (n+1) 1—kx) (1+x)log2
_i/u(kﬂ) " du
- 0 INT "k (14 z)log?2

:Z/ (1+Z?j(1+ky))10g2 <y: 1j€’“>

o0

1
log2 /0 9(v) (g (1+ky)(1+ (k+ 1)y)> dy

L atn= s [ rwa
10g2 [0’1] H 10g2 0

Thus the asymptotic formula (4.15) is equivalent to

3log?2
Z g(x) ~ 2g / gdv | el (T — o0)
& [0,1]
r€Qa(T)

If g had an extension to a function in C([0, 1]), this asymptotic formula would follow from the work
of Pollicott. However, in general, g(z) has discontinuities at the points x € {n™! : n € N,n > 2}
and can grow without bound as  — 07, and we must take these facts into account. On the other
hand, the following lemma essentially shows that we can assume that g is an analytic function of

a particular form.

Lemma 3. The function g(x) = thcl:/gkl(g o F¥)(z) can be approzimated arbitrarily closely in
LY(v) from above and below by functions of the form p(x) = p1(x)(1 —logx), where py is a polyno-

mial.

Proof. By the mutual absolute continuity between v and the Lebesgue measure A on [0, 1], it suffices

g(x)

to prove the approximation in the L' norm with respect to A. It is clear that g(z) := Tologz is

uniformly bounded on (0,1], and it is also continuous except possibly at the points {n=! : n €
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N,n > 2}, where there could be jump discontinuities. For any e > 0, one can clearly find continuous

functions hy e, hoe : [0,1] — R such that by < g < hag, ||h1,e

[oo}] ”hQ,E oo S ||§||OO7

1 1
/ (g(x) — hie(x))de < e, and / (hao(z) — §(x)) dz < e.
0 0

Then by the Stone-Weierstrass theorem, there exist polynomials pi ¢, p2 e such that hy(z) —e <
Pre(x) < hye(z) and hy(x) < poc(x) < hg(x) + € for x € [0,1]. We then have
1 1
[ @) = o)1 <toza) do = [ @) = pr@)1 - oga) da
1 1
= / (g(x) — h1e(z))(1 —logz) dz + / (h1e(x) — p1e(2))(1 —logx) dz
0 0
€ 1 1
< [ 2t - logaydo+ (1 4+ 1oge ™) [ (@) ~ b)) do e [ (1 loga) da
0 € 0
< 217lo0e(2 — loge) + e(1 + loge ™) + 2e.
The last expression above approaches 0 as ¢ — 0. Thus, we can conclude that g(z) can be

approximated arbitrarily closely in L'()\) from below by functions of the desired form. Similarly,

using pe 2, one can show the approximation of g(x) by such functions from above. ]

By this approximation result, we have reduced the proof to showing that

s = Y f<w>~<31§§2 /[ 1]de>eT- (T - o0)
) )

z€Qa(T

for functions f : (0,1] — R of the form f(x) = p(x)(1 — logx) where p is a polynomial.

4.3.2 The Ruelle-Perron-Frobenius operator

We now begin following [59], as well as [22] and [45], in proving the above growth rate by analyzing
a Ruelle-Perron-Frobenius operator of the Gauss map. For r > 0,let D, = {z € C: [z — 1| < r}
and D, the closure of D,, and let a,b € R be any fixed constants satisfying 1 < a < b < % The
Ruelle-Perron-Frobenius operator we define below acts on the disk algebra, which we denote by A
and view as the set of continuous functions on D, which are analytic in D,, equipped with the

supremum norm || - ||oo. Let f be a complex valued function of the form f(z) = f1(z)(1 — log 2),
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where log z is the principal branch of the logarithm and f; is analytic in an open neighborhood of

D1 and real valued and positive on [0,1]. Then f is analytic in an open neighborhood of D1\ {0},

and letting K = || f1]/oo(1 + 7), we have |f(z)| < K(1 —log|z|) for all z € D1\{0}. Then letting
2s ,wf

Xsw(2) = 2% (2) for s,w € C (the 2s power coming from the principle branch of the logarithm),

we define the Ruelle-Perron-Frobenius operator Ly, : A — A by

(Lswg)(2) == nig (zin> Xow <z—|1-n) '

=1

Note that the particular operator Li ¢ is the transfer operator Gy of the Gauss map. Letting
U:= {(s,w) € C? : Re(s) > %M}, we see that Lg, is a well defined and bounded operator for

(s,w) €U (with s = o + it for o,t € R) by the calculation

! LY < gl S
gz+n Xs,w Z+n = |Gllco

n=1

[e.e]

D

n=1

1
(z+mn)%s

o f(1/(z4n)) ‘

Z eRe((20+2it)(f log |z+n|—i arg(ern)))eRe(wf(l/(z+n)))

n=1
)
—20 log |z4+n|+2t arg(z+n) |w| K (1+log |z4+n
SHQHooE :e g |z+n] g(z+4n) o |w| K (1+log [2-+n])

= [1gll

n=1
27rt+K|w| o0 e27rt+K\w|
< ||9||ooz 2 o 2o—Kw| = ||9||002m (4.16)
n=1

4.3.3 L, is nuclear of order 0 and analytic

We now closely follow the arguments of Faivre [22] to show that for (s,w) € U, L, is a nuclear
operator of order 0, and is analytic in (s,w). We begin with nuclearity.

For a given € > 0, we wish to find a sequence {A; ® €;}72, C A" ® A such that

o0 o
W= Aj@ej, and YA el < oo,

j=0 7=0

where A; ® e; is defined as an operator on A by ((A; ® e;)g)(2) = (Ajg)ej(z). Assume (s,w) € U

so that o > 1+f2<\w\

, fix g € A, and for each n € N let

(L)) = hamal®) =5 (55 ) o (s )

z+n +n
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It is easy to see that hyp s 18 an analytic function on D3y, and so for z € D, C Dy,

o 4 (j)
T hgm,s.w(1) :

hg7n’87w(z) = g " (Z - 1)]‘
=0 7

Define the element A, ;. € A* by
hmsw(l) _ 1 hyan.sw(Q)
An,j,s,wg = ]' = 21 C _ 1)j+1 d<7
[¢—1]=b

the latter equality follows from Cauchy’s formula. Also define e; € A by e;(2) = (2 — 1)/ so that
o
hgnsw = Z(An,j,s,wg)ej-
j=0

By the calculation (4.16), we have

- HQHOOGZmH_K'w'

Ihamssllee < 22y

and therefore

2T |C - 1|j+1 bﬁ(n _ %)207K\w\ ’
[T

|Anjswdl <

This implies that
00 00 2t Kl

Dol <Y bi(n — )2 KRl

n=1 n=1 T2

which is a finite quantity, and we denote its product with & by x(s,w). Hence

o0

Ajsw = E A js.w
n=1

is a well defined element of A*.
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Next, notice that

27rt+K\w\

ZZHA ,J,sw||||ej||oo<ZZ T R Z( ) = %W'

7=0n=1 ]0111 j=

As a result, we have

00 oo oo 00 00 )
n=1 7=0

n=1j5=0 j=0n=1

Finally, note that for all € > 0,

> 2 k(s,w)¢ . K(s,w)®
A soll€llesllE < : € — )
jz_; H 7,5, || ||€]H — ]Z_; bed a 1— (Cb/b)e <00

This completes the proof that L, is nuclear of order 0.

We now prove the analyticity of L. We specifically show that (s,w) +— L, is analytic as a
map from U to the order € nuclear operators on A for any ¢ > 0. Throughout the proof, we fix
(s0,wo) € U at which we prove the differentiability of Ly . Also, let so = o + ity for og,ty € R.

For our first step, we fix n, j € NU{0} with n > 1, and show that (s,w) — A, j s« is differentiable

(as a map from U to A*) at (sg,wp) with respect to s. Define the element ol € A* by

n,7,8,w

(1] o 1 _th,n,s,w (C) log(C + n)
en,j,s,wg = omi (¢ — 1)j+1 dg.

We aim to show that 01", = = 2 Apjsw- For (s,wp) €U and g € A, we have

n,7,8,W

An,j,s,wo B An7j750)w0 _ 0[1] g
S — 8o ,7,50,W0

1 / g((C +n)~H)ewo  (CHm) 7! <(<+n) (c+n)230+210g(<+n)>d
| ¢

270 (¢ —1)itt s — o (¢ +m)2so
IC—1[=b

2mi (¢ —1)+1(¢+ n)250 s — 80
¢=11=b

+ 2log(¢ + n)) ac|. (4.17)

Notice that for a function 1 that is analytic in an open neighborhood N of 0, and for h € C such
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that the straight line segment [0, h] connecting 0 and h is in N, we have

[¥(h) = ¥(0) = hy'(0)] =

/ () du — hy! (0)
[0,h]

/ (& () — /(0))du
[0,h]

/ Y

_ V) =¥ | < / max [¢" (u')|[u]|dul

[0,R] U [0,R] u/€[0,u]

< <max |@ZJ”(U)|> /lhl rdxr = w max |1 (u)] (4.18)

~ \ue0,h] 0 2 uefon ' '
This implies that

(¢ +mn)~2s=s0) — 2log(c 4+ n)| < |s — sol 4(log(¢ +n))?
s — 8o & - 2 u€[0,5—s0] ¢+ n)Qu

< 2|s — so|(m + log(n + 1 + b)) 22 ms=s0)l (5, 4 1 4 p)2IRe(s=s0)],

Hence, (4.17) is at most

”g”ooe2wto+K|wo|

_ 2 27r|1m(s—30)‘ 2|Re(5_30)|
bi(n — %)200—K|w0|2|8 sol(m +log(n + 1+ b))% (n+1+0b) ,

and therefore

Anjswo — Anjsowo ol
S — 8o n,7,50,W0

< 2(m + log(n+ 1+ b))262ﬂt0+Klwol+2w\ Im(s—so)l(n +14 5)2\ Re(s—s0)|
B bi(n — %)200*K|w0|

|S_80‘7

(1]

which approaches 0 as s — sg. This proves that 6, G = %An,j,s,w-

Next, notice that

oo 0[1] . o0 627rt+K|w|2(7r —|—10g(n+ 1+ b))
Z | w}s,w” = Z bi(n — ;)QU—KM ’
n=1 n=1 2

which is finite for (s,w) € U; and hence

0]
O =D Onjs
n=1
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is a well defined element of A* for all 7 € NU{0}. We then have

Aj757WO = Ajso,w0 _ pl1]
s — 50 7,50,w0

Z 7T + IOg n+1+ b))2 2mto+K|wol+27| Im(s— 50)|(n +14 b)2\ Re(s—s0)|

= b (n — 320Kl 5 = ol

which is finite as long as s is close enough to sy so that 209 — K|wp| — 2| Re(s — sg)| > 1. Such s
comprise an open neighborhood of sy since 209 — K|wgy| > 1. It is thus clear that as s — s, the
left side above approaches 0. This proves that %Aj,s,w exists and equals (9][ i o

Next fix € > 0. Then notice that

o0

o0 27rt+K|w|2 1 14+ € )

1] e m+ log(n+ 1+ ¢
> 105 LI les <Z (Z b](< )%(KW V) o
j=0 2

_ <i 627Tt+K‘UJ‘2(7T + log(n + 1 + b)))e 1

= (TL _ %)QU—K\W\ 1- (a/b)E

< 00,
n=1

for (s,w) € U, implying that

is a nuclear operator of order e. We also have

jswo - jso,wo . 1]
S — 80 7,50,wW0

lesll°

oo 00 2(7T—|—10g(n+1+b))2 27rt0+K|w0|+27r\Im(sfso)|(n+1+b)2\Re(8780)\ € -
= Z bi(n 2)2Cf0 Kwol |5 = sol

o [ 2(7 + log(n + 1 + b))2ePriotKleol+2n Imis—so)(y 4 1 4 p)2Re(s—s0) \©
= |5 — S(]| Z (n _ %)2007K\w0\ 1- (a/b)e’

n=1

which again is finite as long as 209 — K|wo| — 2| Re(s — so)| > 1, and approaches 0 as s — sg. This

means that

oo
Ls o — Lsgwo _pll 2 : Ajiswo = Ajisowo _ (9[.1} ® e;
s — so 50,Wo0 pard s — s J,80,w0 J

approaches 0 in the norm on order € nuclear operators. This completes the proof that (s,w) — L,

is analytic with respect to s as a map to the order e nuclear operators (Ve > 0) and %LSM = HEL
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We will now essentially repeat the above argument to show that

o0 [o¢]
ZZ s ® €5
j=0n=1

where
9[2] L hg,n,s,w(()f((( + n)il

niswd = o (¢ — 1)t
jc-1/=b

>dg

For (so,w) € U and g € A, we have

An,j,s w An,j,s W 2]

'( Ow—Luo T e )9

_ 1 g((C + n)_l) 6“f((§+n)71) — ewof(((-yn)*l) wof((C+n)~1) 1 d

“lam | g e g - Newn) )%
jc=1j=b

RES / g((¢ + n) H)ewol (CH) ™) [ plo—wo)f(CHn)™h) _ g iy 1 ac (4.19)

2w (¢ — 1)+ (¢ + n)2s0 w — wo ¢+n ’
I¢—1]=b

Using (4.18), we have

w—wo) F((CHm)~Y) _ g 1
()

w — wy C+n

|w — wo

< max
2 u€[0,w—wo)

uf((c+m) ) Ly
‘ ¢+n

< %|w _ WQ|K2(1 + log(n +14+ b))26|w7w0|K(1+log(n+1+b)).

Therefore, (4.19) is at most

HgH 27rto+K|wo| 2 Klowo| Ko wo‘
207 (n — ﬁ%okwﬂw wol K*(1 +log(n + 1 + b))% (n+1+b)
and so
Anjsow = Anjsowo _ gl2)
w — wo n,7,50,wW0
K2(1 +log(n+1+b))%e 27Tt0+K|w0\+K|w—wo|(n + 1+ b)Klw—wol
B 2b (n, — )200 K|wol |w — wol,
which approaches 0 as w — wg. We have thus shown that HLQ }J sw a% Ap s
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Now notice that

SOl < Y T I sl 12 0)
n,7,8,w il — — bj(n _ %)QU—KIW‘ ’

which is finite for (s,w) € U. So
(2] (2]
9‘77570-} : Z 9 7]78 w

is a well defined element of A* for all j € NU{0}. Then

H Ajiso.0 = Njsowo . 9[2]

w — wp 7,50,wW0

2L K2(1 +log(n + 1+ b))% 2”t0+K\w0\+Klwfw0\(n + 1+ b)Klw—wol
- 2bj( _ )20’0 K‘wo‘

n=1

|w—w0|,

which is finite as long as w is close enough to wg. Thus, if w — wp, the left side above approaches

0. This proves that %A sw €xists and equals 92

J,S,w”

Again fix € > 0 and notice that

o0

©° . 2K K21 4 log(n + 14 b ‘ .
D105 N <Z<§j o) @
j=0 2

2, 2 KW K2(1 4 log(n + 1 4 b)) ‘ 1
<z:: (n — 1)2o-Kll ) 1—(a/b)¢

< 00,

for (s,w) € U, implying that

is a nuclear operator of order . We also have

jiswo — Njisowo _ pl1]
s — 50 3,50,0

les 1

2

€

0 K2(1 11 14 b))2 27rto+K|wo|+K|w7wo| 1+b K|w—wo ‘

< <§: (1+log(n+1+0b)) (n+1+0b) o] @
n=1

= 2b_]( )20’0 K|w0|

. 00 K2(1_|_log(n_|_1+b))QeQﬂt0+K\w0\+K|w—wo\(n_|_1+b)K|w_w0| € 1
= |w — wol Z
n=1

2(n — %)QUO*K\WO\ 1—(a/b)¢’
which is finite as long as 209 — K |wp| — K|w — wp| > 1, and approaches 0 as w — wy. This implies
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that

Lsyw — Lisgwo _ 95)] o = i (AJ}SO,W - Aj:507WO _ 9[2] ) @ ej

W — wp = W — wo 7,50,w0

approaches 0 in the norm on order e nuclear operators. Thus (s,w) — L, is analytic with respect
to w, and hence with respect to (s,w), as a map to the order e nuclear operators (Ve > 0) and

Q%Ls,w = HE} .

4.3.4 The n-function

By the work of Grothendieck [28, 29] on the theory of Fredholm determinants of nuclear operators

on Banach spaces, the functions

Zi(s,w) == det(I + Lg ) = II (+x0),
As,w€Espec(Ls,w)
where spec(Ls,,) is the set of eigenvalues of Ls, (counted with multiplicity), are well defined
and analytic on U. Furthermore, the product over the eigenvalues converges absolutely. By [22,
Proposition 3.4], if Re(s) > 1 or s = 1 + it with ¢ € R\{0}, then the spectral radius of Ly is less
than 1, and hence there is an open neighborhood V of {(s,0) € C? : Re(s) > 1,s # 1} in U such
that the spectral radius of L, is less than 1 for all (s,w) € V. Thus, for (s,w) € V, Z+(s,w) # 0

and

X  qyn—1
Z1(s,w) = exp Z log(1+ As) | =exp Z Z (1T>L(:|:)\s’w)”

As,wEspec(Ls,w) As,wEspec(Ls,w) n=1

= exp <— Z (:F;)n Tr(L?jw)> .

n=1

Assuming that Re(s) > 1 and following [56] (see also [22, Theorem 3.3| for a detailed argument

which can readily be applied to our situation), we have

i [Tj=1 Xs.0 (G ([ar;, 5 an)))

Tr(L5.) = 1= ()" [, G(an - an)?

at,...,an=1
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It then follows that

Z+(S + 17"'}) . L S -
G+ (s, = exp - Xsw(G ([a1, 7 an )
Hw) = T 2y 2 Ded@lEmmm)
(5.10) = Z_(s+1w) _ exp i (1" i ﬁx (¢4 (@r—an))
’ Z+(87 w) n=1 n at,...,an=1j=1 7 ’ ’ ’
and hence

00 00 2n
1(s0) = loa(C (5,00 () =3 o > [ el @lar—am)).
n=1

at,...,azp=1j=1
Taking the derivative of  with respect to w and setting w = 0 yields the function

[e o] o0

1 oo
W =2 gy 2 (LS @ ) e
n= j=

ai,...,a2p=1

For a given tuple a = (ay,...,a,) € N of any length, we define per(a) be the length of the
minimal period in the periodic continued fraction [a], which is the number of distinct tuples of
length n that one can cyclically permute to obtain a. Then the term (2n)~!f([a])e=*/®) appears

per(a) times in the sum defining 7, and so we can rearrange terms to get

o0

i =Y 3 P g,
n=1 qgeN2n

This establishes 7 as the Laplace transform

/ e st dgf(t)
0

of the function

Sm=3 3 P @)
e

Now since 7)(s) is the w-derivative of n(s,w) at w = 0, 7 extends analytically to a neighborhood

of {s € C: Re(s) > 1}\{1}. In this section, we see that s = 1 is a simple pole of 7 and calculate
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its corresponding residue, which allows us to determine the asymptotic growth rate of S [

Recall that as an operator on C'([0, 1]), G, has maximal eigenvalue 1, and all other eigenvalues
have modulus less than 0.31. Hence, the same is true for Gy = L1 as an operator on the smaller
space A. By analytic perturbation theory (see [44]), there is a neighborhood W of (1,0) such
that for (s,w) € W, the maximal eigenvalue A;(s,w) of Ls,, is analytic in (s,w) and the lesser

eigenvalues of Ly, are of modulus less than 1. So for (s,w) € W such that A\;(s,w) # 1,
1 2
n(s,w) = —§log(1 —Ai(s,w)”) + (s,w),

where @ is analytic in V. Hence

A1(87 O) 8)\1 8@

fi(s) = W%(Svo) + %(5,0)7

which extends the domain of 7(s) to the set of s € C such that (s,0) € W and A\(s,0) # +1. So if

%(1, 0) # 0, then 7(s) has a simple pole at s = 1 with residue

From the proof of [59, Proposition 2] and [22, Theorem 3.6], it follows that —%(1, 0) is the entropy
of the Gauss map, which is %; and [59] also establishes that %(1, 0) = f[o,l] fdv.

We prove the latter assertion in detail, taking into account the fact that f(z) can have an
asymptote at z = 0. Note first that if w € R, then it is clear that Tr(L’f’w) >0 foralln € N, and
hence A\ (1,w) is real and positive. Therefore, A;(1,w) can be calculated as the spectral radius of

L}, for w € R. So letting w € R and following [22, Theorem 3.6], we have

1
log M(1,w) = lim —log LYl

1 oo n n
> lim —1 e 2 .
2 lim —log | max ) Za: 1 1_11[%, ,an + 2|7 | exp wz;f([a], L an + 2])
1y--an= J= J=

o0 n

1 2 -
zggn;oﬁlog Z H[aj,...,an] exp wa([aj,...,an])
at,...,apn=1 \j=1 7j=1
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By the properties (3.2) and (3.3), we have

u 1 1
Haj,..., =— > = X[a1, ..., an]).

q% q1,n(q1,n + q1,n71)

These inequalities and the concavity of log yields

log A\1(1,w) > nll)ngoﬁlog Z 1)\([[a1, ..y an]) exp wzlf([aj, ceyan])
A1 yeeeyGn= j=

anli_?;o%z: S Aons- s and) - £((ag, -y an)).

j=1lai,...,an=1

Next, notice that

fllag,. - an)) = )\([[a1,.1. o) /[[ (feehar+0 (

Aa, - an]))

; Hf/‘[[a,- ) ]]HOO
o GI1 d)\+0< Lt >;
Y ) 4jn(Qjn + @jn-1)

I /
)\([[a17 tee 7an]]) |Ia17---7anﬂ
and hence

n

!
log A1(1,w) > w lim / Z foGI~ 1)d)\+0 sup lz ||f|[[aj"“7anﬂ”oo
[0,1] ™

n—00 avyman M 5= Qjn(@jn + djn-1)

1 n / '
—w fdv+0O [w lim = sup Z 17 V.. nloc , (4.20)
[0’1] n—oo n al,...,an =1 QJ7n(q_7,n + qj,nfl)

where we used the von Neumann ergodic theorem [58] and the ergodicity of G to derive the equality.
We wish to prove that the error term in (4.20) is equal to 0. To do so, note that by the definition
of f, there exists C' > 0 such that |f(2)] < % for z € D1\{0}, and 50 || f'|[q;,....an]lloc < Claj +1).

From Section 3.1, we have the property g;., = a;qj+1,n + ¢j+2,n, and as a result,

n

Z Uf,‘[['aj,...,an]]noo Szn:g

=1 %,n(%,n + Qj,n—l) = 9jn

Now for any a1,...,an € N, gjn > Fy_j41, where {Fj};’il is the Fibonacci sequence with F} =
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F5 = 1; and since the Fibonacci sequence grows at an exponential rate, we can say that

" 20 20
<

sup. sup = — < 00.
n ay,...,an jz; qjvn = Fj
This proves that
1 n o
lim —_ Sup ||f ||Ia]7"~7an:ﬂ ”OO _ 07

and hence

logA\i(1,w) —w fdv>0.
[0,1]

for (1,w) € U. Since U contains an open neighborhood of (1,0), and thus the above holds for w in
an open neighborhood of 0, and the expression on the left is equal to 0 when w = 0, the expression’s

derivative at w = 0 must vanish. So

91,0
a“(’)—/ fdv=0;
A1(1,0) [0,1]

and since A;(1,0) = 1, we have

oA\
—(1,0) = dv.
50, (1 0) [0,1]f

We have therefore established that the function 7(s) has a pole at s = 1 with residue 3 l:r’2g 2 f[o 1] fdv.

Then by the Wiener-Ikehara Tauberian theorem [52, Section III, Theorem 4.2],

5(T) ~ (310g2/[01]fd1/> T (T = o)

2

4.3.5 S;(T) and S;(T) are asymptotically equivalent

We first rewrite the sum defining S #(T') in terms of the periodic points of G. For this we need to

distinguish between periodic continued fractions of even and odd period by defining the sets

QG,even(T) = {[ﬁ] ‘a € N2n,n S N,per(a) = 2n,€([6]) < T},

Qcodd(T) ={[a] : a € N2" n e N is odd, per(a) = n,l([a]) < T}.
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Now let a € N*", with £(a) < T, be a tuple represented in the sum defining S;(T). Then by the

definition of per(a), a is the concatenation of the tuple (a1, ..., aper(q)) With itself plei%) times. If
per(a) is even, let k = pgr’(la), and if per(a) is odd, let k = pe?(a). Then letting = [a], we have

{(a) = kf(x) whether per(a) is even or odd. Thus, for a given tuple a in the sum defining S;(T),
we have associated corresponding elements z € Q¢ and k € N such that ¢(a) = kl(z). So we can

rewrite S¢(T) as follows. First define
_ 1
M= Y f@ty Y f@) (4.21)
erG,even(T) wGQG,odd(T)
We then have
5 [T'/6o] 1 T
S¢(T) = -
=3 15 (3).
k=1
where £ is the length of the shortest closed geodesic in T3 M. Noting that f is real valued and
positive on (0, 1], we see that S;(T) < S¢(T) < €T as T — oo, and hence
[T'/¢o)

(T
> 5 (k> <Te'?. (T — )
k=2

This yields

55(T) ~ §;(T) ~ (31°g2 /[0 . fdu) T (T = ) (4.22)

T2

To complete the proof, by (4.21) it suffices to establish that >° o . ) fz) < e’/2. To show

this, note that

o (om0 | =32 3 B et

n
n=1acN"

is the Laplace transform of the function

S =3 3 Py

n=1 aeN"
L(a)<T

and has a simple pole at s = 1, though is otherwise analytic on {s € C : Re(s) > 1}. So by the
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Wiener-Tkehara Tauberian theorem, S #(T) < eT'. Note also that

> @=5(3).

2€Qa,0dd(T)

since if ¢ = [a7, .., ayn|, where n is odd and the minimal period length in the continued fraction
expansion of z, then (z) = 2{(ay, ..., a,) so that the inequalities £(z) < T and {(ay,...,a,) < 2

are equivalent. We thus have

Z flz) < el/?,

T€EQG,0dd(T)
(One can likely adapt the work of Kelmer [45, Theorem 3] to prove a more precise estimate.) This

imples that

T2

S/(T) ~ Sy(T) ~ (31%2 /[0 l]de> T, (T )

and therefore the proof of Theorem 4 is complete.
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Chapter 5

Effective equidistribution of
preimages of iterates of the Farey map

5.1 Introduction

In this chapter, we consider the equidistribution of preimages of the Farey map, building upon the
author’s work in [34]. We begin in this section by stating our main results and drawing out their

dynamical and number theoretical implications.

5.1.1 The preimages F'~"(|o, (])

As noted in Chapter 1, a motivation for the work of Kessebéhmer and Stratmann on the preimages

of I’ was the problem of estimating the Lebesgue measure of the sum-level set for continued fractions

k
Cn = {[al,ag,...] €[0,1] : Zai = n for some k GN}

=1

as n — oo. Using the fact that 4 = [3,1] and that F~1(,) = %,41 (following from (3.9)),
we clearly have €, = F~(""1D(%) = F~(»-1) ([3-1]) (see [49, Lemma 2.1]). This is illustrated
in Figure 5.1 when n = 4. Kessebohmer and Stratmann proved the asymptotic equivalence [49,

Theorem 1.3]
1
- logon’

A(Cn)

(n — o0)

Then in [48], they examined the more general preimages (F'~"([c, 8]))n, with [a, 8] C (0, 1], which

can be interpreted as

tn(a)

F([a, B]) = 1 [a1,a2,...] €]0,1] : |: Z ;= Ny Ay, (a)+15 Aoy (a)+25 -+ | € [, 0] ¢,

=1
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Figure 5.1: The graph of F and %, shown as the preimage F—3 ([%, 1])

L'n(a)

where t,,(a) = ty(a1,ag,...) is the least index such that ) ." " a; > n. Specifically, they showed

that
logn

Jim / fax= [ fax 5.1
n—oo log(B/a) Jp-n([aa) [0,1] (5-1)

which establishes the decay rate of the Lebesgue measures and the equidistribution of the preimages
(F~™([er, B]))n- Their proofs applied results in infinite ergodic theory following from the work of
Aaronson [1, 2], and Kessebohmer and Slassi [46, 47|, to the Farey map. The goal of this chapter is
to prove the following result, which provides an effective version of (5.1) when f is a C? function.
We can think of this result as an analogue for the Farey map of the mixing rate of the Gauss map

because of the similarity to the characterization of mixing (3.7).
Theorem 6. For any interval [o, 3] C (0,1] and f € C*([0,1]), we have

logn / <||f|!c2>
_o8M ) = A+ Onp (WC2) () 5 s 5.2
log(B/a) Jp-n([a,a) f 0,1] f P\ Togn ( ) (5:2)

where || fllc2 = [ flloo + 1 oo + 1" lloo-

We prove Theorem 6 as a corollary of the following result.

85



Theorem 7. Let u € (0,1) and ¢ € L' () N {f € C%([0,1]) : h, k' > 0,h” <0}, and let

Then:
(a) (ugﬂl)n is a monincreasing sequence;

- u log(l/u) ”SDIHOO
b E L( ) _ n / > du Ou . s 00
( ) =0 Pk 1()g n [071] IOg n (n )

Establishing Theorem 6 from Theorem 7 involves finding, for each f € C2(]0,1]), an appropriate
way of writing the function x +— xf(x) as the difference of two functions having the properties of

@ in Theorem 7. We detail how this is done in Section 5.2.1.

5.1.2 The Stern-Brocot sequence

The sets S,, = {S”’k ck=1,...,2"+ 1} in the Stern-Brocot sequence (S,,),, are defined recursively

tn,k '

as follows:
® 501 = 0 and 50,2 = tO,l = t072 = 1;
® Spi12k—1 = Spk and typqok—1 =ty for k=1,...,2" +1;
® Spi12k = Spk + Spkt1 and ty g ok =ty g + by gy for k=1,...,2" + 1.

In other words, similar to how the Farey sequence can be generated, we have Sy = {%, %}, and
Sn+1 is the union of S, together with the mediants of its consecutive elements. However, unlike
the Farey sequence, there are no restrictions on the mediants of S, to include in S, 4.

It is elementary to show that S, = F~"*D(0) and S,11\S, = F~"tD(1) = F™ (%) for
n > 0. Additionally, the sum-level sets €, = F~ (1) [%, 1] can be written as gaps in elements of

the Stern-Brocot sequence. Specifically, we have ¢, = [%, 1] = [31—2 Sl—’g}, and for n > 2,

t1,27 t1,3

27L72

%, = U |:3n,4k2 5n,4k:|'

)
P tnak—2 Tnak
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Figure 5.2: The sum-level sets as Stern-Brocot intervals

(See Figure 5.2.) This was the characterization of ,, considered by Fiala and Kleban [25] motivated
by their study of spin chain models.

Now all rational numbers in [0, 1] are contained in (J;~,S,. So for a given 2 € QN (0,1),
there exists ng € N such that = € S, = F~(m0+1)(0); and as a result, for every n € N U {0},
Fm (%) - F*("JF”OH)(()) = Sptny- S0 the preimages (F~" (%))n form a sequence of subsets of
the Stern-Brocot sequence. By finding a way to shrink the interval [a, (] to a single point in (5.1),
Kessebohmer and Stratmann [48, Theorem 1.2] were able to prove that for all 2 € QN (0,1) with

ged(v,w) =1,

le log(n"") Z qf <p> —/ fdx for f e C(]0,1]). (5.3)
p/a€F " (v/w) 4o
ged(p,q)=1

So the weighted subsets (F -n (%))n equidistribute with respect to the Lebesgue measure when
g e (%) is weighted by ¢~2. In a similar way, we obtain the following effective version of this

result as a reasonably straightforward corollary of Theorem 6.

Theorem 8. Let 2 € QN (0,1) with ged(v,w) =1 and f € C*([0,1]). Then

log(n*") Z q2f <p> = JdA+ Oy <Hf‘02> . (n — 00)
[0,1]

1
p/a€F " (v)w) 7 cen
ged(p,q)=1

We prove our results in the following section. As in the work of Kessebohmer and Stratmann,
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we analyze the transfer operator F': L'(u) — L'(u) of F, which we recall satisfies

/1Ffdu::/“ fdu, forall BC [0,1] Borel and f € L'(u),
B F-1(B)

and

i ) o1 ()

(5.4)

We begin in Section 5.2.1 with reducing Theorem 6 to Theorem 7. Then in Section 5.2.2, we prove
part (a) of Theorem 7 in a straightforward manner using previously known elementary properties
of F. We then prove part (b) in Section 5.2.3. To do so, we establish estimates involving sums
of the iterates F*y, and make careful applications of the equality (5.7) following from [1, Lemma
3.8.4] and Karamata’s Tauberian theorem [42], which are important results underlying much of the
machinery used in [48, 49], so as to obtain error terms. In particular, we make an application of
Freud’s effective version of Karamata’s theorem [27] in establishing an asymptotic estimate of a
certain weighted sum of the values ,ugle from an estimate of its Laplace transform derived from (5.7).
We can then remove the weights to prove (b) by a standard analytic number theory argument. We
conclude by proving Theorem 8 in Section 5.2.4. See [57] for other asymptotic results derived from

operator renewal theory involving the iterates of transfer operators of infinite measure preserving

systems.

5.2 Proofs

5.2.1 Reduction of Theorem 6 to Theorem 7

We begin by establishing from Theorem 7 the special case of Theorem 6 in which the function
fo € C?([0,1]) defined by fo(z) := xf(x) is in L*(u) N {h € C%([0,1]) : h,h > 0,h” < 0}. First

define /\SCUT)L by

ﬁ%:/ fdA.
S el (ORY)
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Then note that (a) and (b) imply that for all u € (0, 1),

" ~ log(1/u) ol oo
)\( — o\ 77 d\ w 0 d
fin fom = Z fo,k log 1 ( wf +0 ( logn ) )7 ™"

2n
W _ w1 (w _ 1 (2nlog(l/u) nlog(l/u) I1£5lloo
&,x%m_nzzwmn( [ 1mo,

W log 2n logn log?n

_ log(1/u) B A
o (0 () o720 (o)

_ log(1/u) ( fr 40, (HfHoo + ||f'uoo>> |
[0,1]

logn logn

Hence, we have

(u) _ log(1/u) [[f1loo + 1/ lloo
Afn = logn </[071] Fdx+Ou ( logn >> ' (n = o0) (5:5)

Then subtracting this expression for u =  from that for u = « yields (5.2) with the error term

Oap (Ilflloo+\\f’||oo>'

logn

To prove Theorem 6 for general f € C?([0,1]), we wish to write f as the difference f; — fa of
functions f1, fo € C*([0,1]) such that for j = 1,2 f; > [[fllec, f}, f] <0, and [|fjllec < 2| fllc2-
We have

f(@) = £(0) + £(0)x + / ' / (s) ds dt

10+ 7O+ (17~ [ [ t prisyasar) = (170 - [ / dsit).

where f} and f’ are the positive and negative parts of f”, respectively. Let f1 be | ]loe —
Iy fo f"(s)dsdt, added to f(0) if £(0) > 0, and to f/(0)x if f/(0) < 0; and let fo be ||f”|lsc —
Iy fo s)dsdt, added to —f(0) if f(0) < 0, and to —f’(0)x if f/(0) > 0. Then f; and f, are
functions such that f = fi — fo, and for j = 1,2, fi, f;" < 0, [1fi'llse < 1 llce + 1" |loo, and
1 loo < Fi < flloo + If"]lco- Thus the functions f; = f; + 2| f'lloo + | f"[lcc, 4 = 1,2, satisfy all
our desired properties.

As a result, the functions x — 2 f1(z) and = +— z fo(x) are in {h € C%([0,1]) : h, K’ > 0,h" < 0}.

IIfjHoo+||fJ’-||oo>

logn v J =12

Therefore (5.2) is valid for f; and fo, with the error terms being O, g (
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Subtracting these two asymptotic formulas yields Theorem 6 for the function f, since ||fj|lo +

1filloo <3l fllc2, 4 =1,2.

5.2.2 Proof of Theorem 7(a)

We now set out to prove Theorem 7, and we begin by fixing ¢ € L'(u) N {h € C?([0,1]) : h,h' >
0,h"” < 0}, and proving that (us((,u?l)n is a nonincreasing sequence. Note that by [46, Lemma 3.2],

F maps the set {h € C2([0,1]) : h,h' > 0,h” < 0} to itself. Thus if z € [3,1] and n € NU {0},

we have F"o(x) > Fp (1) = F"+lp(1) > F"*lp(x). Thus (a) holds for u > 1. (See the proof of

[49, Theorem 1.1].) Now assume that u € (0, 3). By [46, Lemma 3.2], it suffices to show that

/:Ffdué/:fdu

whenever f’ > 0. This follows from

1 1 1 1 1/(1+wu)
| fan= [ Frau= [ gau- [ pae= [ pae- [ pan
u u u F=1([u,1]) u u/(14u)
1 u 1
= [ rau- fdu2<f< )—f(u))log(1+u>zo.
1/(14u) w/(1+u) 1+uw

5.2.3 Proof of Theorem 7(b)

We first consider the case where u = %, with N € N, N > 2. Define the function a : R — R by

Lo)

1 ()
:u(png
0

a(0) = log N ‘

which is the p-average of the function F, ¢ := Z,EU:JO F*p on ¢ = [%, 1] by
lo] Lo}

lo]
1 / ~ 1 1 (w)
m > Frodp = > / pdp=—<> oy
w(EH) v i log N = Jr-rsp) log N P ok

We have the following bound between F,¢ and a(o).
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Lemma 4. For alloc € R and z € 6},

N(N —1)

|Fop() = a(0)] < [[¢lloc——

Proof. Without loss of generality, we assume that o =n € NU {0}. By [46, Lemma 3.2], we know
that F}, is nondecreasing. So the difference between Fy,(z) and a(n) is at most Fy,p(1)—Fpp (%)

Using the equality

e (1 i 1 1 o (-1 , .
Fro (=) = 2Bl () - ———Fhp (1= ke NU{0},j>2
so(j.) alelgTr) el (J: ke NU{0},5 > 2)

following from (5.4) and the fact that F*¢ is nondecreasing, we have

Fogp(1) = Fug (}v) Ny < (1) - V-2, (; >>

k=0
= g PR = PN o) < o) = el S
k=0

Next, we let S : (0,00) — R be the Laplace transform of a given by

e (w)
S(o) /0_ a(t log ~ nz_% e " g,

and prove the following bound similar to Lemma 4.
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Lemma 5. For all x € €} and all 0 > 0,

N(N -1)

< Jplloom S

Z e IR o(x) — S(0)
n=0

Proof. We first note the equality

Z ane ™7 = (1 —e 1) Z e o (Z ak> , (5.6)

n=0 n=0 k=0

which holds for all sequences (ay), satisfying Y ;_jar = O(n) as n — oo and all o > 0.

Let x € €}, dn(x) = Fhpo(x) —a(n), and o > 0. Using (5.6) twice, we have

Ze_n/gﬁng0($) = (1- e—l/o—) Z e—n/aﬁnso(x) =(1- 6—1/0) Z e—n/a(a(n) + 0p(x))
n=0 n=0 n=0
= S(0)+ (1 —e71/) i e 76, (x).
n=0

Since |0, (z)] < H(pHOON(A;_I) for all n > 0, we have

[e.e] e}

—-1/o —n/o —1/o —n/o NV -1 NN -1
(1= 3 b, ()| < (1 e V)3 e oo = g Y,
n=0 n=0
O
To continue the proof, we will make use of the following equality given by [1, Lemma 3.8.4].
/ (Z e_"/UF”f> (1—e%4/%) dy = Ze_”/g/ fdu (5.7)
A \n=0 n=0 An

Here, f is any function in L'(u), o is any positive real number, A C [0,1] is any subset such that
u(A) < oo, Ag = A, and A,, = F‘”(A)\Uz;é F7F(A) for n > 1. Also, ¢4 : A — N is the return
time function on A defined by ¢4(z) = min{n € N: F"(z) € A}.

Letting A = ¢} and f = ¢ in (5.7), and noting that A,, = [ﬁ, ﬁ) for n > 1, we have

1 0o . 1 0 1/(n+N-1)
/ Z eIk | (1 — e %47 dy = / pdu+ Z e_”/"/ odu.
1/N n=0

1/N n—1 1/(n+N)
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On the other hand, using Lemma 5, we see that the left side of the above is also equal to

1
(8(0) + On(llllso))(1 — e~1%) /

1/N

<Z 6_"/”Fk1> (1—e%4/%) du

n=0

oo 1/(n+N-1)
= (5(0) + On(llelloc)) (1 — e7/7) (M“) t2 // d“)
n=1

/(n+N)

= (S(2) + On(llglloe))(1 = 7/7) (1ogN F e oy (7”%))

n=1

as 0 — oo. (Note that (5.7) holds for the constant function f(x) = 1 in spite of the fact that
1¢ L' (p) since 320 e/ 7 F*1 has finite integral over €*.) For our next step, we determine the

asymptotic behavior of

1 00 1/(n+N—1) 00 nt N
odu + e—"/”/ odp and logN + Y e ™ log <) .
/1/N nz::l 1/(n+N) ; n+N—1
Lemma 6.
1 < 1/(n+N-1) log
[T g pin=[ pin+0 (10127} (0 o0)
1/N o 1/(n+N) [0,1] g
Proof. Let S;: R — R be defined by
1 [t) 1/(n+N-1) fl gOd,UJ ift>0
1/([t)+N =z
Si(t) = </ <pdu> Lio,00)(t) + Z/ pdp = Y
/N n=1"1/(n+N) 0 if t < 0.

Then for o > 0,

1 1/(n+N-1) o0 1 [ 1
/ god,u—i—Ze_"/"/ god,u:/ e_t/”dSl(t):/ / odp | e dt
1/N — 1/(n+N) 0— g Jo 1/([t]+N)

00 1/(lez|+N)
:/ cpdu—/ / pdy | e *dx.
[0,1] 0 0

Next, letting ¢ : (0,1] — R be defined by ¢(z) = 28 e have

x

00 1/(loz|+N) X e Tdx
o [T ([ ) i< [
0 ( 0 el o loz]+N
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Note that since ¢ € L(u) N C%([0,1]), ¢(0) = 0. So for each z € (0, 1],

for some y € (0, ) by the mean value theorem, which shows that ||@||cc < [|¢|leo- Also, since the

inequality [t] + N > 3(t + 2) holds for ¢ > 0,

* e Tdx e dx L 2dx 2" log o
o <2 < + dr < , (0 — o0)
o loz]+ N g ox+2 g ox+2 1O o

which completes the proof. O

Lemma 7. We have

[e.e]
1
log N + Z e ™ log 089

n=1

< n+ N

n+N—1) zlog(a+N)+C+ON<

). o)

where

1 T _1q 00 ,—T
C:/ € da:—i—/ e—dx.
0 Z 1 T

Proof. Let Sy : R — R be defined by

2] 1 N ift >0
n+ N og({tJ + ) 1
S2( ) (10gN 1[Ooo E 10g ( N — 1)

0 if t <O.

Then for o > 0,

> + N o 1 [
log N + 3 e 7 log [ —— :/ e = / o) N
og —i—n:le og <n—|— N 1) . e 17dSy(t) ; e og(|t] +N)dt

g

= /000 e *log(lox] + N)dx

o ° or+ N
= ] + N)d —/ ] — | dz.
/0 e “log(ox ) dx ; e *log <LU$UJ n N) x
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Using the inequality log(1 + z) < x, we have

/wéwb (meV)dx_/meﬁb O+{mﬂ>¢“</me%m
0 & lox] + N o & lox| + N o |lox]+ N’
which is O (loga> as 0 — oo by the proof of Lemma 6.

Next, integration by parts yields

o0 [e.9] —T d
/0 e “log(ox + N)dx =log N + /o Zi n ]\a; (5.8)
To continue, we consider the integral on the right over [0, 1] by writing
/1 oe " dx U oda Lo(e™ —1)
= + ———~dx.
o cx+ N 0 ox+ N o ox+ N
The first integral on the right equals log(c + N) — log N, while the second equals
1 _—=z 1
-1 Nd
/ MN/ —/e dz + O &
0 x(ox + N 0 T o o+ N
1 _—=z
-1 1
:/ ¢ dx—i—ON(OgU). (0 — o0)
0 X g
Now considering the integral in (5.8) over [1,00), we write
*® ge Tdx e dx e * 1
= — d - N —dx+On|—]|.
/1 oxr+ N 1 o / Ux—i—N /1 T T N<U>
Putting these results together proves the lemma. O

Lemma 6 and the preceding equalities give

<sw»+on¢max1—e*”d(ng>%§jé””k%(nZ?$i1>>

n=1
log o
- [ varo(IK1"E) 69

,1
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as 0 — 00. Using Lemma 7 and noting that ||¢|lecc < [|@]lcc < ||¢|loc, We have

g
= d "oo)- 1
S0) = gt e foy £+ ONIF ) (0 20) (5.10)

At this point, an application of Karamata’s Tauberian theorem [42] yields

Zu ~7 / pdu.  (n— o0)
OgN T JI0,1]

Furthermore, one can apply an adaptation of Freud’s effective version of Karamata’s theorem [27]

(see also [66, Section 7.4]) accommodating logarithms to (5.10) in order to prove

1+ Jl¢'lo
Zu%k - logNn </[071] P+ On < loglogn ’ (n = o0)

This, together with the fact that (,u,fouzl +1)n is a nonincreasing sequence, implies that

 _ 1 dp+ oy (L 1#
Pk logny n (/[071](‘0 ot N(loglogn (n = o)

by the reasoning of Section 5.2.1. To obtain an error term of Oy (@), we evaluate the equality

(5.9) more precisely. Instead of directly establishing an asymptotic equality for S(o), we divide by
1 —e Y7 and multiply the series expression for S (o) together with the other series on the left side.

Together with Lemma 7, this process yields

u) _ —nj/o _
logNZ<Z'u“’k£Nn ) —a</[01}

)

log o
-+ O (11 )) (6 50)

where we let {n5(0) = log N and ¢y(n) = log (nﬂ;,ql) for n > 0. Now a direct application of

Freud’s effective Tauberian theorem yields

n k ,
(w) N — 12"l

k=0 j=0
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The left side of this expression is equal to

n

Z (,)ﬁlogN—FZu(NﬁN (k—j) logNZ,uwk—FZ,u@j Z Nk —17)

k=0 j=0 =0 k=j+1
n .
B u) n—j+ N
o3 S ()

= Zufpu]l log(n — k+ N),
k=0

where the second equality follows from the definition of 5 and telescoping. We can rewrite the

last expression above as

n n k;
log(n + N) Z Llog(l—)
k=0 k= t+N
So if we can show that
S os (1= ) = o (¢l (n— o0) (5.11)
2 n+ N N *logn /)’ '

then

e
d .

(u)

First note that since (“%")n is nonincreasing, we have

WM:

u - - u QO/ ~
S o=k < Stk )=t ([ on (1E1) )
k=0 7

k=0

from which it is easy to see that ,ugle =On (”ff) g';f) as n — oo. Now since individual terms on the
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left side of (5.11) decay to 0 as n — oo, we can consider the sum starting from k& = 3. We have

) k Nl B VY oS L W
pT ,klog<1 )':Z” kZ< =D s 2 K e
— 4 n+ N = # ot n+ N j,lﬂ(”"‘N)J — %
¢[00 —  [1¢llso /”H a’ dx
<N Z jn+ N)J Zlogk Zj(nJrN)j 3 logx
—  [1¢ll ( (n+1)7*! >
<
;]n—i-N (7+1Dlog(n+1)
n Z H%’Hoo n+1Y\’
n+ N
< Il L (n— o)
v “logn’

1

This proves Theorem 7 in the case that u = .

For the general case u € (0,1), let N = [1] so that [u,1] C [%,1]. Then for z € [+,1], we

have

IR n ¢/l
k (1/N) _ ¥
ZF )=ty 2ol Onllelle) = g (/[(Jyl]sodﬂJrON(logn . ()

Integrating the first and last expressions over [u, 1] yields

~ () _ nlog(1/u) / 1€/ llso
> ngh = Tlogn \Jou pdu+On Togn ) | (n — o00)

k=0

completing the proof of Theorem 7.

5.2.4 The weighted Stern-Brocot subsets

Finally, we prove Theorem 8. Let v = = € QN (0,1) with ged(v,w) = 1, e € (0,1 — ), and
f € C?([0,1]). By Theorem 6, we have

logn / | fllc
__oem fdr= [ fdr+o < . (oo 5.12
log((v +€)/7) Jr—n(lyy+4) [0,1] 7\ logn ( ) (5:12)

(Note that the constants associated with the error term can be chosen large enough so they remain

valid independent of €, since these constants tend to grow as v decreases, not as ~y increases.) Let
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F™ be the set of continuous functions ¢ : [0,1] — [0, 1] making up the inverse branches of F™.

Then

g(v+e)
lim 10%”/ fdx = tim 108" >+ f(w)d
e—0+ log((v+¢€)/7) F=([yy+e])

6_>0+ € geg(?n g(’Y)
=vlogn Y g’ (MIfg(), (5.13)
gEF ™

where the =+ is chosen to be + if g(v +€) > g(v), and — otherwise. Now the inverse branches of

1

x
F are the maps z — ;77 and © — =,

i.e., the linear fractional transformations determined by
the matrices M7 = (19) and My = (91). Thus any g € .#" is the linear fractional transformation
determined by a product of M; and My, which is of the form (g 7;: ), where 0 <p<gq, 0<p <¢,

and pg’ — p'q = £1; hence g(x) = Zﬁig:. Now g(v) = §Zi§:$ is a fraction in F~"(y) such that

(pv + p'w, qu + ¢'w) = 1 since pqg’ — p'q = +1 and ged(v,w) = 1. We also have |¢'(y)| = m.

So we can rewrite (5.13) as

log(n™) > a (7).

p/qEF " (v/w)
ged(p,q)=1

Thus, letting ¢ — 0% in (5.12) yields

log(n™) > q_2f<g> = /[01] fdr+0, (‘E!?j) . (n—> )

P/aEF—" (v /) 1
ged(p,q)=1
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