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CHAPTER 1

INTRODUCTION

1.1. A Brief Overview of Descriptor Variable and Singular

Perturbation Theory
Descriptor variable theory depends heavily on the theory of regular
matrix pencils which was first explored by Weierstrass in the nineteenth
century [1]. A standard modern reference to the theory is Gantmacher [2].
A regular matrix pencil is a matrix polynomial Es-A where E and A are square

matrices of the same dimensions and
det(Es-A) T O. (1.1)

In (1.1) the determinant is formed in the obvious way by taking the deter-
minant of the corresponding matrix of scalar polynomials.

More recently, it was observed by Rosenbrock [3],[4] that the

linear systenm
Ex = AX + Bu (1.2)

is strongly related to the pencil Es-A since Laplace transformation of (1.2)

yields

(Es-A)x = Bu + Ex(0). a.3)

X and u are the Laplace transforms of x and u. If E is singular, (1.2) is
called a descriptor variable system.

In [4] Rosenbrock introduced his decomposition of (1.3) into static
and dynamic parts along with the theory of infinite decoupling zeros. The
decomposition uses the canonical form of a regular pencil to decompose the

system into two parts, one whose eigenvalues are the same as those of (1.2)



and one with no dynamics in the usual sense. The theory of infinite
decoupling zeros is an algebraic characterization of controllability and
observability for the static subsystem. The theory utilizes properties of
the pencil As-E. Continuing in the same direction, Verghese et al, [5]-[7]
carried the work of Rosenbrock further with some modifications.

Proceeding in a somewhat different direction, Luenberger (who
originally coined the phrase "descriptor variable'™) concerned himself with
time varying, discrete-time descriptor systems. In [8 and [9], as well as
having stated basic results, he gave many real-world examples as a justifi-
cation of the development. [10] contains applications of the theory to
the LQ regulator problem and to large-scale systems.

A third line of work has been followed by Campbell [11] who solved
(1.2) using the Drazin inverse. The Drazin inverse is a generalized matrix
inverse, closely related to the eigenspaces of a matrix. The solution of
(1.2) can be written in terms of E, A, and B and their Drazin inverses. Such
an approach seems less traditional than that of the others insofar as it
completely avoids explicit use of the theory of matrix pencils.

The motivation for descriptor variable theory for the most part is
that, in choosing variables in a physical system in a natural way, one is not
always guaranteed that the resulting mathematical model will be iIn state
variable form. In many instances the most natural choice of system variables
may be a non-minimal set leading to a system model (1.2) with E singular.
Luenberger gives several examples of such systems in [8] and [9],

In other situations it may not even be possible to write a state
equation under any choice of system variables. For example, Figure 1.1 shows

a simple electrical network with one energy storage element, A convenient



Figure 1. . An electric circuit which is not naturally described
by a state equation.



choice of variables might be as labeled. However, the loop equations are

X1 = _XI™X2 1.4
0O =xM+u
which cannot be manipulated into state space form. It will be shown in

Chapter 2 that even though the circuit contains an energy storage element, the
system order is zero. (1.4) 1is an almost trivial example of one sort of
problem that can arise in system modeling. However, it is clear that in more
complex situations when one’s intuition may not be readily applied, a
systematic approach to such problems is essential.

We now turn to singular perturbation theory. It is difficult to
state precisely what constitutes a singular perturbation problem. Singularly
perturbed systems are identified as such if they exhibit certain characteristic
features. First, there is a dependence on a parameter of some sort, usually
real and in some sense "small."™ Secondly, a slight change in the parameter
results iIn a change in system order. This often occurs when a small real
parameter multiplies a derivative of a system variable. Many times, when
the parameter is set to give a low-order system, a descriptor variable system
results. This fact is the basis for the relationship between descriptor
variable and singularly perturbed systems.

Existing work in singular perturbation theory is extensive. Surveys

of the subject include [12]-[14]-

1.2. Contributions of this Thesis
In this section we shall explore some of the limitations of
existing singular perturbation theory and general directions that will be

taken iIn subsequent chapters to overcome them.



The majority of control oriented results in singular perturbation
theory have been derived for the linear time-invariant system
= + +
A T AIXT T aox Y omr
uxe

1.5
+ +
A21X1 A22x2 B2

where w is a small real parameter and A~ is nonsingular. There are, however,
important cases in which system models yield singular ~N* A simple example

is given in Figure 1.2. The system equations are

X1 X1 x2

a6

-cox™ = XN + u.

Here =0 and the results of [15]-[17] are not applicable. There are only
a few results available concerning singular A (see [20]).-

There are many instances in which systems may not be conveniently
modeled in the form (1.5) even if singularity of A* 1is allowed. Consider

the operational amplifier circuit of Figure 1.3. Assuming an ideal amplifier,

the system equations are

+ XN = =xM-u
a.n
WX2 = ~X2°

(1.7) seems to be the most natural (i.e. most intuitively meaningful) de-
scription of Figure 1.3. Yet it is not clear how to transform (1.7) into
the form (1.5). One might try to diagonalize the matrix of coefficients of
xN and x”~> but this would lead to a similarity transformation which is
singular at w=0. Thus system equivalence between (1.7) and the transformed
system would be lost at w=0. Other attempts at standardizing the model
must all lead to a loss of the natural interpretation inherent in (1.7) of

the parameter and system variables.



Figure 1.2. A singularly perturbed system with singular A "™ .



x1

Figure 1.3. A singularly perturbed system which is not naturally
representable by the standard form (1.5).



Actually, a more natural interpretation of the system of Figure 1.3
would include two parameters, one for each parasitic capacitance. This
brings us to the problem of generalizing the system parameter. It is easy
to think of many examples where the most intuitively pleasing model formula-
tion requires several parameters. However, little work has been done in this
area. Most results can be applied only to systems of a highly restrictive
form [18],[19].

Singular perturbation theory is primarily a qualitative theory.

Its purpose is to give insight into the nature of the perturbations of system
related quantities that occur as a result of slight changes in system
components. Quantitative results are scarce. In fact, the existence of
practical numerical bounds on the variation of system related quantities
would render most convergence results obsolete since bounds contain much

more information than a simple statement of convergence. Singular perturba-
tion theory is mainly a means of obtaining insight into the variational
characteristics of a system and, in particular, of obtaining information
about a high-order model by examining one of lower order.

Given a particular physical system it is clear that one may mathe-
matically characterize it with a large number of parametrically dependent
models. One task of those who apply the theory is that of choosing the model
that supplies the most information. Since the information to be gained is
basically qualitative, it makes the most sense to choose system parameters
and variables which have direct and intuitively clear relationships with
physical quantities in the system. It is true that singularly perturbed
models of an extraordinary nature may in some cases be manipulated into

something resembling a standard form. However, it is unavoidable that such



manipulations at times must diminish the intuitive power of the model
resulting in a loss of information provided by the theory. It is for this
reason that a more general theory is needed.

The main contributions of this work are 1) the reformulation of
the singular perturbation problem to include system models which cannot be
naturally put into a standard form, 2) the extension of existing control-
theoretic results of standard singular perturbation theory to the more general
class of system models, and 3) the unification of descriptor variable and
singular perturbation theory for linear, time-invariant systems. It is hoped
that this thesis will be viewed as a fresh look at the singular perturbation
problem. Whenever possible, results are stated in coordinate-free or geometric
terms. This is done in order to increase conceptual clarity. In this way
the reader is freed from the burden of having to keep track of changes of
coordinates which would appear in any discussion of structural properties and
would necessarily depend on the perturbation parameter. The value of the
geometric approach has been established by Wonham [21] and others. Part of
the last chapter is devoted to alternative algebraic formulations of the
problem. This is intended to give further insight into the nature of
singularly perturbed systems.

It should be stressed here that even in the linear time-invariant
case the structure of generalized singularly perturbed systems can be

extremely complex. Many pertinent questions cannot be answered easily.

1.3. Chapter Survey
The thesis is divided into two main parts: 1ideas concerning

descriptor variable theory (Chapters 2 and 3) and singular perturbation theory
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(Chapters 4-7). In Chapter 2 the decomposition theory of Rosenbrock [4]

is interpreted in geometric terms. It is shown that there is a natural
decomposition of the state space into independent subspaces that span the

whole space, including Rosenbrock’s decomposition on the system. Chapter 3
carries the geometric approach further by defining controllability of descriptor
systems and studying the interplay between controllability and linear non-
dynamic feedback. The geometric structure of closed-loop systems is studied

in the tradition of Wonham.

In Chapter 4 we begin the study of generalized singularly perturbed
systems with the definition of such systems and with an extension of the
geometric decomposition described in Chapter 2 to a region of the parameter
space. Under this decomposition a singularly perturbed system consists of
two subsystems which are consistent with the partitioning of the system
eigenvalues into slow and fast modes. Chapter 5 is a study of the variation
of the trajectory or solution of a system under small pertutbations. Some
conditions are given under which a small perturbation in system parameters
results in a small change in the system trajectory. Chapter 6 is a study of
the behavior of certain basic structural properties such as stability,
controllability, and stabilizability that results from a perturbation of
the system.

The linear quadratic regulator problem is considered in Chapter 7,
Conditions are established under which the optimal control, trajectory, and
cost change only slightly as a result of a small perturbation in system

parameters. Finally, Chapter 8 contains some alternative ways of looking at
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descriptor variable and singularly perturbed systems. Previous results are

interpreted in new ways and basic conclusions of the thesis are stated.
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PART ONE

DESCRIPTOR VARIABLE THEORY
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CHAPTER 2

GEOMETRIC DECOMPOSITION

2.1. Problem Formulation

To facilitate the development in later chapters and to gain insight
into the structure of descriptor systems we shall be concerned in this chapter
with the decomposition of a given system into two subsystems. The decomposi-
tion has already been achieved in [4], for example, using analytic techniques.
However, the geometric structure of the decomposition has not been described
elsewhere. We shall parallel the development of the analytic decomposition
for descriptor systems with geometric interpretations given at each step.

It will be seen that the natural response of one subsystem is a
linear combination of the Dirac delta and its derivatives. Hence it will
be called the "fast" subsystem. The other subsystem will be called "slow”
since it is a state variable system with exponential natural response. It is
emphasized that the terms slow and fast refer merely to the natural responses
of the two subsystems of the original open loop system. The character of
the trajectories of the two subsystems may change drastically when feedback
or an external control is applied. The terms "dynamic" and "static" seem
to be preferred by some authors. However, since we are ultimately concerned
with singular perturbation theory, the terms slow and fast seem more
appropriate.

Let X and U be complex Euclidean spaces with dimX=n and dimU=m,

X and U have inner products and norms related by <x,x) = IxII2 and (u,u> :|M|2
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for x£ X, uEk U.l’2 We shall consider only linear maps associated with X and U.

Let Hom(U,X) be the C-vector space of homomorphisms from U into X where C is
the complex plane. We choose to make the distinction between homomorphisms
and matrices in keeping with the philosophy of coordinate-free representations.
Hom(X,X) is the C-algebra of endomorphisms on X. Hom(X,X) has identity element
I. If AG Hom(X,X) and S is an A-invariant subspace of X then let A]SEHom(S,S)
be the restriction of A to S. The identity map in Hom(S,S) will also be
denoted by I. If S is not A-invariant then A[Sg Hom(S,X).
Let A”eHom(X,X), i=0,..,,v and choose a basis ft of X. We denote

by det(A"NsV+ eee+ ANs+ Aq) the determinant of the polynomial matrix

a\;j-sv +’***+'a%ijs + gij:j’ Wwhere Matg A%_‘C: [al:.j..J- de{('AV\s/ T4+ eFxy A'—ls+’K0) is
independent of the particular choice of ft.

We shall consider dynamical systems described by differential

equations of the form
AXV +***+ Ax = BuTr+* ,*+Bu .1)
\Y o} it o]

where B~EHom(U,X), 1i=0,...,Ti and superscripts denote differentiation with
respect to t. A”™x1l and B”ul are to be interpreted in the obvious pointwise
sense. The class of admissible controls is taken to be the set of all general-
ized functions (or distributions; see [24] and Section 5.1) with range in U that
are identically zero on (-°°,0). The admissible controls form a C-vector space

denoted by Jjo(U) .

AThroughout the thesis all inner products are denoted by < .,e),
and all norms by [™1.

2<-,->‘ is conjugate symmetric.
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The system equation (2.1) can be simplified considerably by
defining Z =XV x]JTr, jiy () and analogous to o @), and zG"q (@),
vGI™CU) according to

z = (X,--..,x " ,u, ) (2.2)

and

@-3

where x is a solution of (2.1) for a given u. Then (2.1) may be rewritten
Ez = Az + Bv .9

where E,AGHom(Z,Z) and BGHom(U,Z). Applying a control v to (2,4) corresponds
to applying the nth indefinite integral of v to (2.1). Thus any problem
involving (2.1) can be reduced to one in which (2.4) is considered.

Henceforth we shall concern ourselves with (2.4) only, OFf course,
the interesting case occurs when E is singular. We shall always assume that

det(Es-A)1 0.

2.2. System Decomposition

For simplicity, assume E,AGHom(X,X) and BG Hom(U,X) , Our goal

is to decompose the system

Ex = Ax + Bu 2.5)

k ni
into slow and fast parts. Let det (Es-A) = d:)o g (s—A.i) where j><f 0 and if j

implies A[’\A.j- Define a(E,A) = {AI e - - ,Ak} and let AGC-cr(E,A), Then

k -
det(Ae-p) = @& .7 (A 110 ¢ 5)
S E ¥

so AE-A is invertible. Define



and

where
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Ker ((AE-A) “E-+1= pM
=1 A A

0p]
1
-

F = Ker((AE-A) %*BE)n r

r = E n. = deg(det(Es-A)) < n.
=1 1

Clearly, r<rank E with r=n if and only if E is invertible.

Theorem 2.1 gives a canonical

pair (E,A).
Theorem 2.1: 1.

2.

Proof:J Let det (Is-(AE-A) dE)::sH_% tt (s-p.) 1 where d= E

i=
i=1,...,8, and i/j implies n_.t njA n-d is the multiplicity of the zero eigen-
i

SOF=Xwith dimS=r.
There exists an invertible MG Hom(X,X) such that
a) S and F are both ME- and MA-invariant
b) ME|S=1, MA]F=1
c) ME]f is nilpotent
d) det(1s-MA]'S) = _'§rl (s—A.l)n>i(-
i=

p-"~0 for
| X i !

value of (AE-A) dE, Define

and

m.
Ker ((AE-A) E-p-.1) 1
|

py
I
1@ g

R2

Ker ((AE-A) 1E)n d,

Then R*©OR2=X, dim R*=d, and R® and R2 are both (AE-A) ~E-invariant.

Much of this proof was patterned after Gantmacher [2], Vol. 1,

p- 28

p- clearly depends on A. However, A is fixed so we do not write

this dependence explicitly as p~(A).

decomposition of X with respect to the
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Let J = (AE-A) 1E|R1 and J2=(AE-A) 1E|R2. Then detCls-JA =

6 -L
:_itI (s—rii) and Jlé is nilpotent. Since (AE-A) A= A(AE-A) E-I,
1=
(AE-A) 1A|R1 = AJ1-1 and (AE-A) 7a |R2= AJ2~1. Define Me Hom(X,X) according to
i’L if xXER
Mx

R (AJ2-1)_1x if xG r2

and AJ2~1 are invertible since has no zero eigenvalues and J2 is
nilpotent. Let M=M(AE-A) Then R™ and R2 are both ME- and MA-invariant
with
melrl = m(ae-a)“le r1 = j"1* = 1
and
MAJR2 = M(AE-A) 1AV&2 = (AJ2-1) 1(AJ2-1) = I.
Also,

mer2 = (@j2-i) xj2
which is nilpotent and
MAJRT = J11 (AJ1~1) = Al-Jl11.

Next observe that

det(ES:A)__gEEAMEsﬂW@L
det(Is-MA|RN)det(ME]r2s-1)
det M
n-d Al n.
_ i Gy . Also
1> (s-dt) 1
6 m.
']'.1)) _7r (S_ (A—A)) \
=l ni
have 6=k, my=n.> d=r,
A_”h‘::Ai so n.=TR}--  Hence Ry =S, RO=F. This completes the proof,
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The construction of M in the preceding theorem is important so it

will be repeated here. Let

(AE-A) 1E|S (2.10)

J+

i2 (ae-a)-le |r (2.11)

and let MG Hom(X,X) be defined by

X if xg S
Mx = Al (2.12)

Finally, let

M = M(AE-A) (2.13)

F=VEF, L =WMAS .14
Note that

rank Lf = rank ME - r = rank E-r, (2.15)

Formulas (2.7), (2.8), and (2,10)-(2.14) constitute a family of
algorithms for decomposing the pair (E,A), The family is indexed by the
parameter A which ranges over C-a(E,A). It is fortunate that all the
algorithms give the same end result. The following two lemmas establish that
S, F, M, and consequently Lg and are independent of A.

Lemma 2.1: Let A™go (E,A), 3 be any positive integer, and L~ and L™ be gener-
ated by using a fixed parameter Ag C in the algorithm (2.7)-(2.14) . Then

1D Ker((nE—A)_lE—7$%28 = Ker(A.I—H )63
and 1
2) Ker((nE-A)_1E)3 = Ker L»

for all nG C-a(E,A) .
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Proof: 1) First observe that

(NE-A) 1E--~- | = - —t- (nE-A)_1(A E-A)
i i

so if M is given by (2.7)-(2.13) (using A, not rf) we have
Ker ((riE-A) "1E 1)3 = Ker((nE-A)_1(A.E-A))3
i 1
Ker ((nE-A)"1IM~IM(AIE-A))3

Ker ((nME-MA)""1 (AIME-MA)) 3

Ker ((1-L)"1(A.1-L ))3

© Ker((nL~D_1(AL -1))3

Ker((nI—LS) 1(?-I—% )3
since A;Lf‘l is invertible. Also

((ni-Ls)"1 (Ali-Lg))B = (nl-Ls)"B(AlI-Ls)S
since (rH—LS) and AiIE} commute. Hence

K E-A)-1E-—f- DB =K A_lI-L )6.
er((nE-A)-1E-—fi- DB = Ker (A 1-L_)

2) The argument parallels that of part 1).

Ker ((pE-A) 1E)3 Ker ((pME-MA)_1IME)3

Ker(pl-L S)“3© Ke r((nLt— I)_lL’.\:)S

Ker L3

since (pL™-1) and commute. This completes the proof.

An obvious corollary to Lemma 2.1 is that S and F do not depend on

Al The A-independence of M will be shown next.
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Lemma 2.2: Let J3-"(A), “(A), M(A) , and M(A) be given by (2.10)-(2.13) for
some choice of A. For riGC-o(E,A) define J™n), J2(), M(n) , and M(n) in
the obvious way. Then M(n)=M(A) regardless of the choice of p.

Proof: We have

MCA)EIS = I, M(A)AIF = L.
Define

L (&) = N(MAIS, L (A) = M(AEIF.
Then

J-,(n) = (nM(A)E-M(A)A)"IM(A)E|s

= (nl-L_(A)_1.

Similarly,

J2() = (nLF(R) - i) :LLF(R)
so

M(n) Is = ni- LS )]
and

M(n)|f = nLf(R) - i.
Hence

M(n) (NM(AYE - M(A)A) 1 = I

M(n) (NMCA)E - M(A)A) IM(A)
M(CA)

M(n)

which is the desired result.
This brings us to the decomposition of the descriptor system (2.5).

Operating on both sides of (2.5) by M yields
MEx = MAX + MBu. (2,16)

Define P GHom(X,S) and Q £Hom(X,F) as the skew projection operators on S

along F and on F along S respectively. Let
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BS = PMB .17)
and
Bf = QMB. (2.18)
We may rewrite (2.16) as
xs = Lsxs + Bsu (2.19)
LfxF=x + Bu (2.20)
where xS = Px and x_f = QX.

We now have two systems acting on independent state spaces with x=x + x°.

2.3. Trajectories and Initial Conditions

If TEHom(S,S) define e(T) : [0, =Hom(S,S) according to

e(T)(Lt) = etT. (2.21)

Then the solution of (2.19) is simply

xS = e(LS)F:)x + e(LS)*BSu (2.22)
where denotes convolution. Defining solutions of (2.20) is a more
complicated task.

Let q be the index of nilpotency of L . In [11] Campbell

showed that for each g times differentiable u : [0,°°)-"U there exists a

unique differentiable x~ : [0,°°)->F satisfying (2.20). x™ is given by

Xlr(t): ~LnB ct), 2.23)

— N
i= 1
Note that no initial condition is specified, This is iIn contrast to the
family of solutions of (2.19), a particular solution being singled out by

choosing an initial condition XsoES'
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It has been suggested in [5] and [7] that by allowing solutions

of (2.20) from ~(X), a distinct solution may be defined for each choice

of initial condition x"eF. The proposed solution is
g-1 i—1 i qg-1 i X
X_= -H L.x -_ELB.wU .24)
f 1=1 ffo i=0o f f

where 6" is the jth derivative of the Dirac delta. (2.24) was obtained
by taking the Laplace transform of (2.20). Although the Laplace transform
approach is quite formal and is not very satisfying intuitively, we shall
take (2.24) to be the solution of (2.20). A more intuitively pleasing
jJustification will be given in Chapter 5. We shall see that, for any
singularly perturbed system with (2.20) as its limiting descriptor form, if
its solutions converge to anything then they converge to (2,24),

The parts of (2.22) and (2.24) due to initial conditions alone
serve as motivation for calling (2.19) the slow subsystem and (2.20) the
fast subsystem. Also, we shall henceforth call S the slow subspace and F

the fast subspace.
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CHAPTER 3

CONTROLLABILITY AND POLE PLACEMENT

3.1. Reachability in the Fast Subspace

In this chapter we begin by defining controllability for descriptor
systems. Although the idea of extending the usual state variable definition
of controllability to descriptor systems is a fairly obvious generalization,
it has not been proposed elsewhere.

Some authors have come close to considering controllability.
Rosenbrock in his theory of infinite decoupling zeros [4] considered
certain properties of descriptor variable systems which are related to
controllability. According to his definitions, a descriptor system has
infinite decoupling zeros if and only if the matrix [sA-E < B] loses rank
at s=0. It will be shown that this condition is equivalent to uncontrol-
lability of the fast subsystem as we shall define it in Definition 3.1.
Rosenbrock®"s theory, however, does not address the problems of state reach-
ability and of finding controls that steer the trajectory to a specified state.

In [10] Luenberger et al. defined the concept of maintainability
which is also related to controllability as we shall define it. Maintain-
ability guarantees that a solution exists to a certain type of tracking problem
determined by the parameters of a descriptor system. It is clear after
examination of the definitions that maintainability is not equivalent to our
forthcoming definition of controllability. For our purposes it will be con-
venient to define controllability for descriptor systems in a way more closely
analogous to the standard definition of controllability for state variable

systems.
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In generalized function theory it is often impossible to talk about
the value of a function at a given point.™ To avoid this problem let CN.U)
be the C-vector space of g times continuously differentiable mappings from
[0, into U (using the right-hand derivative at 0) and consider only

controls from CM(U). Then x» may be identified with a differentiable ordinary

function on (0,°°), namely

i
Xx_ = - £ LTBAu t>0 G.1)

and it makes sense to say
X (O = -~£ L"B pur(b) 3.2
f i=0 f?

for any t> O.

The definition of a reachable vector for descriptor variable

systems is highly analogous to that of a reachable state for state variable

systems. Let $ : [0,°°) x C*(U) xx->X be given by

tL t (t—xX)L Qi .
$(t,u,x ) = e S(Px )+ [/ e SB u(x)dx- £ L™B_ul(®) @G3-3)
o] © 0 S i=0 ¥ F

where ul(©) is the ith right-hand derivative at 0. Then $(*,u,x ) agrees on

(0,0 with the solution of (2.5) with control u and initial condition Xo'
Definition 3.1: A vector wG X is said to be reachable from xQe X with respect

to the system (2.5) at time xG (0,°°) if there exists a control uGC~(U) such

that $(x,u,xo):w.

Clearly, when applied to the slow subsystem (2.19), Definition 3.1

is equivalent to the usual notion of controllability from state variable theory.

AWhat is 5(0)?
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We now consider controllability of the fast subsystem (2,20), Let

G% = Ime + f f + + 1ImBf. @G.4)

Theorem 3.1: Let we F. The following statements are equivalent with regard
to the fast subsystem (2.20):

1) we

2) There exist tg (0,°°) and such that w is reachable from x”q

at time Xx.

3 w is reachable from at time x for every xe (0,°°), x™ EF,
Proof: It should be noted at the outset that the initial vector be has no
effect on the solution of (2.20) for t>0. It appears in statements 2) and

3 merely to preserve the form of the analogous theorem from state variable

theory.
First we show that 1) implies 3). Let x*beF: and xG (0,°°) be
H H - * * H N J = _ H
given. Since wG G?, w wo+ _+wq_I with WiG % IQBr, i=0,...,9-1. Since
N = N i i - = - i= -
L1JmP Im(Ltﬁz), there are uer satisfying L€B+Li W, 0 0,..,,q-1.
Define uE CMN(U) according to
-1
() GON
u(t u_ + -xX)N + +
O A e 21 @D! g1
Then
’ ’ = - E l b u t
SOGUXg) = SgE It
g-1 +
= - ELBuU.
i=0 f ¥ 1
= w.

Obviously, 3) implies 2) so it remains to show that 2) implies 1),
This follows almost trivially since L%BFul(x)G L?ImBF, Inspection of the

definitions of $ and gives the desired result.
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3.2. Controllability of Descriptor Variable Systems
We now consider reachability and define controllability for
. 2
descriptor systems. Let R be the controllable subspace of the slow sub-

system (2.19).

Lemma 3.1: Let p be a nonnegative integer, xE (0,0, and

X - tL tlx »
Jf = f t2pe SB_B*e Sdt.3
T J S°S
0
Then
Im xp:@s'
Proof: Let xG Kerj’\Xp for some x,p. Then
X t* O X _ t =
/ 1 tPB’'e Sx” dt = { <x,t Pe SBSBge Sx> dt
o *
0 x , tL tw
= (x, / t Pe SBnge Sxdt)
0
= Oy
=0
Y
"

so tPB*e Sx=0 for all tG [0,x]. Right-hand differentiation p+r-1 times at

t=0 gives
B*L* x = 0, i=0,...,r-1. (3.5)
SRS
Hence
r 1 2 r-1 f r
XG H Ker(B"L™ ) = n Im(L B )
i= S s i=0 S s
27—X
= (E Im(L1B ))"
i=0 33
R (3.6
See [21].

) i -
“denotes the adjoint operator.

This is an adaptation of a proof given on pp. 35-36 of [21].
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so Kerdlr. C<R_and
TP S

R C Kerjy Im>% = Imfr
s Xp Xp Xp

since Vf is Hermitian.

xXp

To show the reverse inclusion let xGiRS*. Then (3.6) holds and
hence (3.5) does also. Recall that there exist y™ : [0,x]->C, i=0,...,r-1

such that
e S = Ol + L + + o)L

for all te [0,x]. Thus
t"Bxe Sx = _E ty_(©)B, L™ = 0
S i0Q yl ® S s

andJY x=0 so
Xp

xe ImJty)’(‘p = Ker xp

Hence (RSICKerjtyxp and ImJVXpC (RS- This completes the proof.

The next result justifies calling R the controllable

Let R= <RS £ '€ next result justities callihg =< the CONntrofiabis

subspace,
Theorem 3.2: Let wG X. The following statements are equivalent with regard
to the system (2.5):

D we(R.

2) There exists xe (0,® and xOES@ ©OF such that w is reachable from

Xo at time x.

3 w is reachable from X, at time x for every x£ (0,°°), erS(R OF,

Proof: To show 1) implies 3) let x and xgq be given and let w=wg+w”",

WSE <RS, wf_e<R?. Choose u; . i=0,...,g-1 so that
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and define u~GCMN(U) by

g-1
Uf(t) =Uo+ (t—T)/\ + u2 + eee + ( — « .
a1
L
et t (x-t)L
m /e BSU¥GDth 4%
0
and choose an osition integer_p>"~-. Let = + X, , eR , F,
Yy posttl thteger.p="3 %0 "% s0 " Mo’ “so s X£g

tL
Since 4% is Ls—invariant, ws—e sto—6£<RS and from Lemma 3.1 there exists

z£ S with
tL
TVTp =wg e Xso d)
Define
x-t)L*
u(t) = (x—t)2pB’S*e sz + uf(t) .
Then uX() = u™(x)=ui> i=0,...,q-1 and
rlLi mi()
- 5 X) = W_.
i=0 %Bf T
Also
X (x-t)L X 2p (x-t)L x-t)L*
/ e B u(t)dt = /7 (x-t) e BSB;e z dt +
0] S 0
=yr z +
and hence
$(x,u,xo) = wg + We = w.
2) follows from 3) trivially. Inspection of the definition of

gives that 2) implies 1) and the proof is complete.
For obvious reasons, if <R=X the system (2,5) is said to be
completely controllable and (E,A,B) is called a controllable triple.

Implicit in the notation (E,A,B) is the assumption that det(Es-A)$ O,
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Recall that an eigenvalue A~ of is called a controllable mode if the eigen-
space of is reachable, i.e.
n.
Ker(AI,I—LS) 1C <RS . @G.7)

In [3] and [5] tests were established to check for the existence
of input decoupling zeros. Although they were not originally intended to
pertain to our concept of controllability, these tests are related to our
definitions. We shall interpret them geometrically.

Theorem 3.3: 1) An eigenvalue A”ea(E,A) 1is a controllable mode of the slow

subsystem (2.19) if and only if

Im(KE-A) + ImB = X.

2) The Tfast subsystem (2.20) is completely controllable if and
only if
ImE + ImB = X.

Proof: 1) Let M be given by (2.13). Then

MCIm(ATE-A)+ ImB)

Im(A ME-MA) + Im(MB)

Im(ACI-L ) + In(AL=-1) + Im(VB)

- +
(Im(A||sL ) ImBS)tbF
since AiIT—I is invertible. From state variable theor&,,
- + =
Im(AI_ISL ) ImBS S

if and only if A" is a controllable mode. Since M is invertible the result
follows.
2) From (3,4) it follows that the fast subsystem is completely

controllable if and only if (L ,B") is a controllable pair or equivalently,

Im(AI-LF) + ImB = F
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for all As C. This certainly holds for ANO. Hence

MCImE + 1ImB)

Im(ME) + Im(MB)

S© (ImLA+ ImBr)

gives the desired result.

3.3. The Effects of Linear Feedback

Now that controllability has been defined, we can iInvestigate its
bearing on problems associated with descriptor systems. As we shall see, in
some situations it is necessary to allow controls in”™ Q) - (U). At fFirst
it may seem strange that controllability is a useful concept iIn such cases
since it was defined entirely in terms of CM(U) controls. However, closer
inspection reveals that controllability is essentially a structural property
independent of the types of control driving the system.

Suppose one were to apply to the system (2.5) a feedback control law

u(t) = Kx(t) + v(t) @,9)

where KGHom(X,U) and vVE&O @), The system would then be of the form

Ex = (A+ BK)x + Bv. -9

However, it is easy to construct examples where the condition

det(Es-A-BK) * 0 (3.10)

is violated. Since we do not know how to deal with such systems theoretically,
only those K satisfying (3.10) will be considered.

Our first task is to establish relationships between the structures
of the open and closed loop systems (2.5) and (3.9). One easy result

concerns systems satisfying
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rank E = r (3.11)

where r is defined in (2.9). (2.15) shows that (3.11) is equivalent to

Lf=0. If (3.11) holds then
dim(Ker E) = n-r =dimF. (3.12)

From (2.8), the definition of F, Ker ECF. Hence (3.11) implies F=Ker E
so the fast subspace of any system satisfying (3.11) is invariant to linear
feedback.

A more difficult result says that the feedback invariance of the
controllable subspace in state variable theory can be extended to descriptor
systems. To prove this we shall need a lemma.

Lemma 3.2: Let (E,A,B) have controllable subspace R. Then the pair ((AE-A) "E,
(AE-A) 7™B) has controllable subspace (in the state variable sense) for any

AG C-a(E,A) .

Proof: Choose A™a(E,A) and observe that

R + (AI—LS)R CR+ LsR

for any subspace R of S. If xeR+LgR then there exist y, zeR such that

X=y+Lgz. Let z=-z and y=y+Az. Then z,yeR and

X =y + (AI—LS)ZGR + (AI—LS)R

SO
R+ LR=R+ (Al-L )R.
S ( s)

Assume that
R+ LR+ eee + kR = R + (Al-L )R + ee_ + (Al-L )kR
s K ¢ S) C S)

for some k. Then
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R+ LR+ + Lk+1R R+ LR+ eee + L R
S S S S

..*
+LS(R+LSR+ +L§m

R+ L R+ eee+ | kR
S S

— *.
+ (Al Ls) R+ LSR+ _+LIS<R)

(AI—LS) R+**+ (Al —Ls)k+1R,

Setting R=ImBs, it follows that
= =+ - + eee | - -
‘Rs ImBS (Al Ls)ImBs (Al Ls)n_llmBS
Since G% is LS—invariant it is also (AI—LS) “"A-invariant so
KR = (Al-L )-1ImB_ + e=_ + (Al-L imB_ .
S ( s) m S (¢ s)—n'm s

We shall now prove that

ft, = (AL=D_11mB + ((A-D 1L (AL~ 1)_11mB + ===+

+ ...+ ((ALF-1)"1LF)n~1 (ALF-1)"11mBF,

For A= 0 this is obvious so assume that A0 and let R be any subspace of F,

Clearly,
L" 2R+ (AL =D)L 2R+ (AL.-1) 27 3R+ eeet (AL -1)"HRC R+LARY o..+ LTRR,

Let O<k<n-1 and consider the nxn matrix T= rt..l where

1
-1 _
i-j (-1)] if J
* «m<
0 it j<j

=0 ,n -1 satisfying
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Then
ft1l i n-i-1 .
= N +
Vi OLF-1) LF rllsl E a. (3 -D1 fnj 11
:n§ISa(|§1(I)J|JthI
3=0 i=j 1 1 f
ITf XGR then
x = "Bl -niiT e
JX = - X
T i=0 T T 1
S |'f'_1R + (ALr—I)l'%—ZR + eee + (ALf—I)n_lR
and

R+LfR+ eee+LJriR = L~_1R + (ALF-1)L"*2R+ eee+ (ALT-1)n_1R.
Setting R=ImB” and observing that is (AL™-1) ~'—invariant gives
Q®f = (ALT-1) ImBf+ (ALT-1) LFfImBf+ eee+ (ALT-1)_nL* ImBT.

Note that
LF(ALF~1) = (ALF-I)LTF
so left and right multiplication by (AL™-1) ~ shows that (AL™-1) ~ and

commute. This establishes the desired expression for(R™.

Finally, note that

(AE-A)_LEJS = (AI-L)_1

(AE-A)_le |F = (AL -D)_1L_
P(AE-A)_1B = (AI-L )"1B_
Q(AE-A)_1B = (AL -1)_1B.

so the pairs ((AE-A) 1E|S, P(AE-A) 1B) and ((AE-A) 1E|F, Q(AE-A) 1B) have

controllable subspaces (Ry and respectively. Since (AE-A) Lp |g and



(AE-A) 1E|F have disjoint spectra, ((AE-A) ~E, (AE-A) ”B) has controllable
subspace R =(@R. This completes the proof.
Theorem 3.4: The triple (E,A+BK,B) has controllable subspace R for all

KG Hom(X,U) that satisfy (3.10).

Proof: Let <R*be the controllable subspace of (E,A+BK,B). For any subspace
R of X and any A£ C-(a(E.A) n a(E,A+BK)) we have
(AE-A-BK) (AE-A)“1 (ImB+ R) = (1-BK(AE-A)_1)(ImB+ R)C ImB+ R

and _
(AE-A) 1(ImB+R) = (AE-A-BK) 1(ImB + R)

since AE-A-BK is invertible. Applying Lemma 3.2 gives

R = (AE-A)_1(ImB + E (AE-A)_1(ImB + E (AE-A)_1(...(ImB)===)))

(AE-A-BK)_1(InB + E (AE-A-BK)_1(ImB + E (AE-A-BK)_1(=- . (ImB)===)))

=%
and the proof is complete.
Henceforth, for notational simplicity, we shall denote the relevant
subspaces and operators of the closed loop system (3,9) by S, FR, M., LgkK,

LfK, etc.

3.4. Slow Feedback

Besides feedback invariance of the controller subspace, there
does not appear to be much that can be said in general relating structural
properties of open loop descriptor systems to those of closed loop ones.
Fortunately, the pole placement problem can be dealt with by feeding back

the slow and fast trajectories separately. The induced structural changes
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can then be more easily characterized. In this section we consider feedback

in the slow subsystem. That is, we apply a control u=Kx+v with

Ker K 3 F . (3.13)
Let
K = KJs (3-14)
and let 4ig” (¢”,....,e ) and jf = (er+1>eee>n) be bases of S and F
respectively. If fi =(e™, ..., en) then
Mat (Is—LS—BSKS) 0
Mat . (MES-MA-MBK) = S (3.15)

Mat -

Mats B_(-BFf V g ¢ sD
Clearly, the eigenvalues of the closed loop system (3.9) are those of the
operator Lg+ BMK”~. Hence we have the following extension of a well known
result from state variable theory.
Theorem 3.5: An eigenvalue A" of the descriptor variable system (2.5) can
be shifted arbitrarily by applying slow feedback if and only if the eigenspace
of Al is contained in (RS.

From (3.15) it follows that the dimensions of the slow and fast sub-
spaces do not change when feedback is applied. In fact, the next result says
that the fast subspace and fast subsystem are essentially unchanged by slow

feedback.

Theorem 3.6: If K satisfies (3.10) and (3.13) then

= F
fk
LfK = L1‘=
and RFK = i

Proof: Choose Ae C- (@(E.A) Ho(E,A+ BK)) and observe that
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Mat (AlI-F -B K ) 1 0
iB s s s
Mat ((AE-A-BK) 1E)

Maté B (XL -D-"B”~ tXI-L -B K J-1 Mat  (ALT-1)-1Lf
S f

Clearly,
FK = Ker((AE-A-BK)_1E)n”r = F.
Also, (3.13) implies

(AE-A-BK)_1E|F = (AE-A) le |f

SO i -1 -

Mr [f = (AJM-1) = (XJ2_1) = MIF
and
LFK = MK (AE“A_BK)_iE © = MCAE-A)_le |r = L
Finally, <RiK:<RKn Pk FK:F, and Theorem 3.4 together imply (RI’K:($?1‘ so the
proof is complete.
It is easy to construct examples where BrK/\B?' Nevertheless, as

we have just seen, the open and closed loop systems have the same fast

controllable subspace.

3.5. Fast Feedback

Consider the control law u=Kx + v with

Ker K3 S (3.16)

and let
K = K|F. ((3.17)

Then
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Mat B (i1s-Ls} MatU Gfr(_BSK‘f)
Mat (MEs-MA-MBK) S S (3.18)
0 Mat (L s-1-B K )
& ¢ 2

Clearly, the eigenvalues of the open loop system are also eigenvalues of the
closed loop system. But det(L"s-1-BMK”) 1in general is not a constant poly-
nomial so fast feedback may induce additional modes in the system.

IT some of the roots of det(Lf.s?—BtK.) are also eigenvalues of LS
then it is difficult to find a relationship between the open loop and closed
loop eigenspace structures. However, this can be easily avoided as we shall
now see.

Let X denote the subspace of Hom(X,U) consisting of all T
satisfying Ker TCS and let 7 cX consist of all T satisfying det(L"s-1-B~"T?) £0

and such that
a (LF,1+BfTHNaEA = 9 (3.19)
where TNr=t|f. Let

il = s ITxI] IxeX, [IxI] = 13- (3,20)

Proposition 3.1: 7 is open relative to X =

Proof: The proof will be postponed until Chapter 4. See the discussion

following Lemma 4.3.

Corollary: There exists e>0 such that TE?C and WM <e together imply that

TE 1

Proof: Obviously Oe T so the result follows immediately from the proposition.
We next establish a threefold decomposition of the closed loop

system. Let
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det(L_g-1-8,.K.p = ¥ & (s,-s;I)Si

1
for all 1,j. Let AG C-a(E,A+BK) and define

where ¥0’\0 and i implies 8, 4 8j' Henceforth we assume that Kg J

Ker ((AE—A—BK)_iE - D .
[ A

D =
K

o=

Lemma 2.1 guarantees that D.K is independent of A.
Theorem 3.8: 1) SK’:S©D"K
2) S and are both MME- and M™.(A+BK)-invariant with
MAA+BK) |S=Lc
3) TisK=Fls®DK-
Proof: 1) Let AE C-a(E,A+BK) and define

_ AL -1
S = i@LKer((AE A-BK) TE - )

Then SJ(: S© DK' Let xXE X with X:X'X+ xQ, XXE S, and XZGF. Then

(AE-A-BK)_1Ex = (AI-L)_1Xk + (AI-L)"1B_LCAL -1-BXJ La

+ (AL 1-B K ) 1L X,

and there exists Ne Hom(F,S) such that

A-A.

X 1 x= XX

St

M — 1 M N_ || - N N
Since KEJ , oy 1S not an eigenvalue of (ALr 1 BXKX) LX SO

(ALT-1-BKD XCo — = 5

XE S. Conversely, suppose x e S. Then

(3.21)

SO 8i’\

(3.22)

k -1 1 ni k 1 1 n*
B ((AE-A-BK) "E— ~— D"Xx = NxQ+ 1t (AL, -1-B.K ) Lo- . = 1) Xx .
n 9+ _ 1 X~ A-AY %

I is iInvertible. Thus, if XE S we have x .= 0 and

5See the proof of Theorem 2.1 for a discussion of the eigenvalues

of (AE-A) -1 for any E and A with AE-A invertible.

Ay
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t ((AE-A-BK) £ li D x=0
i=1 A-Ax
and XxG S so S=S.

2) We have immediately that S and DK are (AE-A-BK) E-invariant,

J1K~ and M~-invariant, and hence MME-invariant. From
(AE-A-BK)_1(A+BK) = A(AE-A-BK)_1E-I

MACA+BK)-invariance of S and follows. From (3.16),
(AE-A-BK)“1E]S = (AE-A)_1E|S

SO

- -1 B
MAIB = J-KI|S = 1" -M]|S

and
MR (A+BK) ]S

AE-A-BK) a|s

m (ae-a)_la |s

=L .
s

3 Clearly,
ImM($IME-MA-MBK) + ImMB = S (Im(3tLF-1-BfK )+ ImB )

For x g F let x*= (3""-1) ~x and x» =K~Ax~. Then

NI LF-1-BFKF)xi + Bfx2 = X
and
I3l -1-B.K) + ImB. = F.

Hence, from Theorem 3.3, part 1), DKC <R. Also DKC SK S0

DK CflnsK :<RsK-

Furthermore, by Theorem 3.4,

& = FinsCfi ns =Ffl [
s K K sK
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SO

% KDRs® \ -

To prove the converse let
xe«sk = KNSR - N (s ® dk).

Then xG(R and there exist yG S, zGDK such that x=y+z. But y=x-zG <R+ DK:<R

SO
x£ (R S) ©D’K = <RS ©D'I|2’
and
fiSK C «s® Dr
This completes the proof.
Theorem 3.8 is analogous to Theorem 3.6. It states that the closed

loop system consists of three subsystems: one acting on the open loop slow
subspace S with eigenvalues and controllable subspace ~ , one which is
completely controllable acting on DK with the induced eigenvalues 3|, and a
fast subsystem acting on FK, Although there is considerable structural
reshuffling, the controllable subspace of the overall system R remains
unchanged,

ITf rank E=r then we can go even further. We already know that in
this case the fast subspace does not change when feedback is applied. Since
SC and S"OF=X it follows that S=S . The next result says that not only
are the slow and fast subspaces unchanged, but the entire system is essentially
unaffected. This would seem to indicate that applying fast feedback to such
a system is pointless. Recall that rank E=r implies L~"=0 so I+ B~KF must

be invertible for det(L%s—l—B# F)E 0 to hold.

Theorem 3.9: If rank E=r and K satisfies (3.10) and (3.16) then LSE: Ls’

LfK= °> Bsk=Bs (I-KF(1+BfKF)"IBF)> and BFK= (1+BEKF)-1BF.
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Proof: Since F=KerE, L = [F=0. Also, if AG C-ct(E ,A+BK) then

ik

and _ 1
LgK = MAAE-A-BK)  (A+BK)|S

(ae-a-bk)_le |S = (ae-a)-le|s = (AI—LS)—l

= Ji%(ae—a)_la Is

=L .
S
Next we have
PMr = JAP
S0 1 -1
PHrB = JIKP(AME-MA-MBK) mb
“ J5 ai-LsriIBs- (Al-Ls)"IBsKf(l+ BfKF)_ IBF)
= Bs (I-KF (1 + BfKF)_1BF).
Finally,
Q\ “ (AJ2K-1)_1q
80 QMKB = (AJ -D) _1Q(AME—MA—MBK) Lus
= —(AJ2K-1)_1(1+BfKF)“1BF.
Biit

JOI_= (e-a-bk)-le|f = O

which gives the desired result.

To conclude this chapter we consider the problem of eliminating the
impulsive portion of the fast trajectory (2.24) by applying fast feedback.
The result that we shall obtain says that it is possible to eliminate
impulsive behavior iIf and only iIf the fast subsystem (except for the part
acting on Ker L?) is controllable. First we need a lemma.
Lemma 3.3: Let Y and Z be finite-dimensional C-vector spaces with dimY=dimZ.
Let NGHom(Y,Z) and GG Hom(U,Z) . There exists HG Hom(Y,U) such that N+ GH is

invertible if and only if ImN+ImG=Z.
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Proof: |If N is invertible then the result is obvious. Let N be noninvertible
and choose bases of Y, Z, and U. The existence of an appropriate H is
equivalent to controllability of the mode O of the pair (MatN, MatG) which

is equivalent to

IMN + ImG = Z

so the proof is complete.
Let F/KerL™ be the quotient space of F modulo KerL”?,
We Hom(F,F/Ker LT) the canonical surjection, and L™ the induced map of L.
Proposition 3.2: L™ is nilpotent with index of nilpotency g-1.
Proof: L™ is uniquely defined by WLA=L"W. Assume

WL’% = |_/1\yv.

Then G-23)

N4 = N
WLf 1 LfWLf

Hence (3.23) holds for p=1,2,3,...
Next, note that if xG ImL" then there exists yG F with x=L"~ y.

= |\v =
Thus Lf.x Lfy 0 and

ImL™ 1 C KerL = Ker W

S0
LN XW = WLr 1 =0
. _ . i} —-q-1
and, since W is a surjection, L& =0.
On the other hand, there exists ye F with L™ “y~0 so
ImLN 2 Ker L
f b i
Thus

1J 2w = wi™ 2 M0

and LN 270. This completes the proof.
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* A
Letting BN =WB” and x~(t) =Wx~(t), we may define the quotient system
L™ = x™ + BMu. (3-24)

Since L is nilpotent, (3.24) has similar structural properties to those of
the fast subsystem (2.20). In particular, from Theorem 3.3, part 2) it
follows that (3.24) is completely controllable if and only if
IMjf+ %mB_= F/Ker LF' We shall make use of this fact in the final theorem
of this chapter. Note that no 6-functions are present in (2.24) if and only
if LF=0.
Theorem 3.10: The following statements are equivalent:

1) There exists Ke Hom(X,U) satisfying (3.10) such that LrK:O.

2) There exists KG Hom(X,U) satisfying (3.10) and (3.16) such that

LfK=°-

3 ImLfﬁ Ime+ KerLf: F.
4) The quotient system (3.24) is completely controllable.
Proof: Choosing bases of S and F, it is clear from the matrix representation

of- Ex-MA-MBK that, for any K,
deg(det (Es-A-BK) ) = r + deg(det (L"s-1-B Kp)) .

From (2.15), LIK:O if and only if

deg(det(Es-A-BK)) = rank E

or equivalently,
deg(det(Lfs-1-B K )) = rank LFf

since
rank E = r + rank L™,

Whether or not L_~=0 is therefore determined solely by the action of K on F.
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The behavior of K on S is irrelevant and the equivalence of 1) and 2)

follows.
Choose a basis =(e-,---,6 ,86 ,—,... e >eee 1 1 >eee )
1 Px P4+l P pd-i+1 pa
of F so that Matg LF is in Jordan form with d blocks of sizes p. Ry - Let
n i+l X
Mat™ (1 +BMK™) = [h_]. A straightforward but notationally messy calculation

yields that the (rankL™)th coefficient of det(L"s-1-BMK?) 1is just det®©

where, setting pQ=0, ©= [0 ] with
O..=h__ _ _ .
U Pi.Pj.i+l

1) is equivalent to det © 0 for some K~. Note that

ImLF = span{e |j=p~+1,. ...p~l; i=1,...,d}
and
Ker L,, = span{en,e e
f n 17 p~L=* pd-1+1
Let T =span{e ,e ,...,e }
P1 P2 Pd

Then dim( Ker L") = dimT and 1) is equivalent to the statement that
P?Tmtf(lJr B_FKF) lKer L+’ is invertible for some K‘f where TIne 1S the skew

projection operator on T along ImL_t. Let V:P_nm'[,\ . Then
V(I + BfKt) lKer Lt = VIKer Li+ (VBf_)t(K—IKer Lf)
and from Lemma 3.3 an appropriate K may be found if and only if

V(Ker Lf+ I:mBJ = ImVlKerL$+ ImVB¥ = T.

Hence we have arrived at the equivalence of 3).

Complete controllability of (3.24) is equivalent to

ImLN + ImBN = F/Ker LN

so the equivalence of 3) and 4) follows from elementary arguments.
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Since 1) implies 2) in Theorem 3.10, we are guaranteed that if the
impulsive behavior of the fast subsystem can be eliminated by feedback then
it can be eliminated by fast feedback. Theorme 3.10 may be interpreted as
a pole placement theorem concerned with shifting poles at infinity into the
finite portion of the complex plane. Theorem 3.S says that the shifted poles

correspond to controllable modes and can thus be placed arbitrarily.

3.6. A Two-Stage Pole Placement Procedure

The following design procedure can be used for pole placement in the
overall descriptor system. First, calculate the decomposition for the given
open loop system. If the fast subsystem modulo Ker is completely
controllable then any impuslive behavior can be eliminated by applying fast
feedback as outlined in the corollary to Proposition 3.1 and Lemma 3.3.

Second, calculate the decomposition of the closed loop system after
fast feedback has been applied and shift the poles of the slow subsystem as
desired. The properties listed in Theorem 3.8 make calculating the decompo-

sition easier.
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PART TWO

SINGULAR PERTURBATION THEORY
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CHAPTER 4

DECOMPOSITION OF GENERALIZED SINGULARLY PERTURBED SYSTEMS

4.1. Preliminaries

As shown in Chapter 1, there is a need for a singular perturbation
theory which not only unifies existing theories, but also extends them to
a larger class of systems. In this Chapter, after defining the generalized
singularly perturbed system, we shall develop a geometric decomposition of
the system into slow and fast subsystems. Such a decomposition will have
use in Chapter 5 in the study of the behavior of the solutions of (4.8).
It will also be useful in studying the behavior of the solution to the LQ
regulator problem in Chapter 7. For the standard form (1c5), approximate
decompositions already exist (see, for example, [15]). We shall take a
somewhat different approach from what has been done in the past, extending the
geometric decomposition developed in Chapter 2 to systems defined on a para-
meter space. The decomposition will be exact in contrast to the approximate
decoupling result of [15]. In order to develop the theory we shall need certain
mathematical concepts. Consider the set 7 of all subspaces of X. For any

R G74 let P £Hom(X,X) be the orthogonal projection operator on R. Define
p: 7A »[0,03) by

PR, T = [IR - PTH. “.D

It is shown in [33], pp- 69-71 that p is a metric with values in [0,1] and
that p(R,T) =1 if and only if either RLHT/0 or RFIT*00 From a
dimensionality argument it follows that p(R,T) =1 when dim R/dim TO p can

be thought of as a generalization of the angle between subspaces.
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Let Q be a topological space (see, for example, [28]) and choose
Uo €Q0 If R :Q-*H is continuous at with respect to p, it will be useful
to construct a convergent basis for RO To do this we need a pair of lemmas
Lemma 4.1. Lety, e*:Q-*, i=1,...,n be continuous at with (eNw) <<
en (™)) a basis of X for all a)£Q. If ct\: Q~C, i=1,0..,n are defined by
y(co) :ai(ou)ei @+ ...+ a, (oj)en (@) then each a; is continuous at Q-

Proof: Define L :Q-»Hom(X,X) according to

Lupei@d) =ei@), 1=1,...,n0
Then L is continuous at a and L)) is invertible for each cotQ. Taking
the inverse of L)) corresponds to a continuous function on the topological
subspace of invertible endomorphisms in Hom(X,X). Hence ou”~L”™) * is

continuous at c_poé It follows from

F® Y@ -Low> ly@@)1" Ik @ ~-LC) 1]lIMull

+ I W0) 1HIM@ * y@o)Il
so uw>*L(uj) is continuous at ag. Define £ :Q->C according to

LED Ly (") =3, (e, & )+ .00+ F (@he @ ).
Then each 3i’ is continuous at coo. It follows that
y((iU)=L(tU)(P(CDO)+ - 3n(upe 0(00 )
="k @+ .0.+3 (e @

so gl =3, i=1,...,n and the proof is complete.
Lemma 4,2. Let L :Q-3Hom(X,X) be continuous at ® with (v»,.0.,v») a basis
of Ker L((to)e There exists a neighborhood V of ido and maps e1 V-»X,

i=1,...,p such that
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1) eN is continuous at @, i=1,...,p.

2 ei(@)=v., iI=
d E&@),--- ., (@) is linearly independent Vu)€V.
4) span {ei_(a)),...,ep (@)} *Ker L(w) VUWEV.

5 ou-"span {&@j) ,--- .,eM0))} is continuous at ugn .

Proof: Choose a basis 6'01*"" bn—p)] of ImL(u)0)7 and define Cy :Q—*X.9
i=1,...,n-p according to c™ouw) =LWU)) b~. Then c™0)) £Ker L @)~ . Further-

*

more, (bi"" ’bn—p) is a basis of Ker L@oov 1 so (/ci(u%),.. "Cn—psqo» is a
basis of ImL(UJo) a:Ker L~) ’. Since the points in Xn—p which correspond
to linearly independent sets of vectors form an open set, there is a
neighborhood of Uy throughout which @ ),...,cn_~@)) is linearly
independent. Taking the adjoint corresponds to a continuous Tfunction on
Hom(X,X) so a-»L(@) is continuous at oj- | X@® - @DI™ B -L(@) 1
gives that c™ is continuous at oq, i=l,...,n-p.

Applying the projection theorem (see [27], p- 56) yields the
orthogonal projection 3™ (L) @) + -.. + 3™ n_p()cn_p() °F on span
[eN@),---,c™ p@)}cKer L()-1where 3~ VA~*C is given by

<c1l(uj),cl(aj)> cee <cl@Wi)™ n_p (@))> <vi5Ci(Ww)>

<Cn—p @ngcpled> --- <Cn—p(Cd35’Cn—psid3> 5,n-p (“i <Vi’cn—p @>

Clearly, each 3ij' is continuous at u)o-

Define e™ on by

ei<“) =vi « (B11W cl(»)+ ""+Pi|n.pW cn.pW)

Then each e1 is continuous at caz- Also,3
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vi_ span & ®) ¢ @)%

SO e,i(u)o):v.i, i=1, ... 3p and there exists a neighborhood ch,1 of LDO
throughout which (e, &@),---,e (@)) is Linearly independent. Restricting
e toV, 1) -3) hold.

Since
ei(oj)€span [cl @D),.--. O)1,
from a dimensionality argument it follows that
span[e™(0)) ,-.-*e”™0)} =span{c@),-.- , 0~ (@)}1=)Ker L(ou)

for all wGV. Finally3 let x*"X. From lemma 43 there exist ¢, 1Q“*C5

i=1,...,n, continuous at &%, such that

17

X=Ql)el@) + ... +"pCNep @) + ap+10 0ci W) + =.. +  UDN_p @)
for all 0)6v. Then

IDspan fe1@@).....e (a))jx =apfe D+ ... +a;@de, P

so tr—*P is continuous at cuo and so is cn—>spanfce-|9ja),-. .

N
spanFe"éu) .--- ., )
ep(W)}. This completes the proof.

Corollary; Let (v»,...,vp) be a basis of R()o). There exist a neighborhood
V of a)o and maps el Q-»X, i=1,...,p, continuous at QJO, with el (u)o):lv.J
i=1,....,pand (" (@) ,---,ep(©@)) a basis of Ru) Tor each cu€v.

Proof: Since R is continuous at & , dim R(uj) =p Tor all 4y in some neighbor-
hood of y . Setting
H® I “PR(d)

and applying 1) -4) give the desired result.
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We shall shortly be considering parametrically varying linear
operators. Unfortunately,their domains may also depend on a parameter.
Hence, in order to talk about continuous behavior locally about the

singular point, it is necessary to topologize the set

X =R hr(Hom(R*R)* (4.2)
To do this define jK:%-*Hom(X,X) according to
HX if x s R
Mx =" (4.3)
0 if x &R1

Hom(X,X) has the topology induced by the operator norm (3.20). Let Q)
be the weakest topology on X that makes p continuous. The topological

space (Z,3(X)) 1is pseudometrizable with pseudometric

w V =1In Vv -4
Hence, a map L : is continuous at if and only if p£sL is continuous
at in the usual norm sense. Define H(X) to be the set of all L :Q~-"Z

continuous at C%-

IFTR :f i s continuous at 06 we denote by HR(X) the set of all

L €H(X) with L&) 6Hom(R(0)) ,R(ou)) for each 0)6Q. IFf G and R(cu) =G for

all & then HM(X) is alternative notation for HR(X). Note that Hom(G,G)c%
with

T (M) (4.5)

for any T€Hom(G,G). Thus, considering Hom(G,G) as a topological subspace
of X, the relative topology on Hom(G,G) is the same as the norm topology.

Therefore, L :Q_iHom(G,G) 1is contained in H~AX) 1if and only if it is con-
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tinuous at W with respect to the norm topology on Hom(G,G).
Consider a locally continuous R : and L £Hd (X). Let V be a

neighborhood of gf* and e”,,..,e" basis functions as described in the

corollary of lemma 4.2. Then
Hi @@ex (@) "L0o)eil0 o)l = h(L @)ex(@ - (tR))e+ 1
~ H(jioL) (1) - (POL) o>l|[ler(cuo)|| + [[la(L((to))[| lle~(to) - ei (1O)II (4.6)

so uj»LW))e™0)) is continuous at €y, i=1,...,p. It follows from lemma 4.1
that the matrix representation of L(w), defined on V with respect to

ei,”..,ep, varies continuously with the parameter about the singular point.

Proceeding similarly, let
U= Hom(U,R) “@.n

and define v :fy-—>Hom(U,X) by v(T)u =Tu for any u €u« v simply extends
range spaces to X. Letting JJQU) be the weakest topology on % that makes
v continuous, define H(U) to be the set of all L :Q.-’fy, continuous at 0
with respect to «JU). If R : is continuous at Q%, let HR ) consist
of all 1 £H(U) with L(cu) €Hom(U,R(0))) for all uU. Local continuity of
matrix representations of members of HR(U) can easily be shown.

In dealing with singularly perturbed systems we shall consider
only operator valued maps in HR(X) and HR U) for some R, continuous at Ug.
Hence, all systems that we shall consider will have locally continuous
matrix representations. Since matrix representations are inevitably used
in applications we are justified in developing a theory which guarantees
local continuity with respect to the topologies b(X) and 3?(U). For

theoretical purposes, however, abstract topological concepts are preferred
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over notions of matrix convergence since the abstract approach is coordinate
free.
We need a few more results concerning HK(X) and HK V). Let

R : be continuous at Ljo.
Proposition 4.1. 1) Let L £HX(X) and let R(@o) be L(@E0) - invariant for all
cu€Q. Then aw-»L@)) IR(y) is continuous at w .

2) If X :U-»C is continuous at u) and L €nh (X) then
@ X(@L(@) is continuous at

3 If LN~ 6nh (X such that, for each 0)6Q, L~(u) and
LQ (™ share the same domain, then giu->L,I (D + L~Z— (w) 1is continuous at cuo-

4 If L£HL|5X) and L)) is invertible for each u£Q
then ou—*L((GY) " is continuous at Ao

5 IfG:Qand v :y-*X are continuous at @0 with
R(w) O G(aq) =X for all oj€Q then w PRO)G(»v(™)land ~ PG(g))R(@V”" are
continuous at q%.

6) If BEHx (U) then «>-Pr (ib)g ()B(u) and PG(0))R(W))B(«»
are continuous at guo-

Proof: 1) Let x6X and ej,...,ep be as in the corollary to lemma 4.2.

Since PR@)-t=1 "PRUI)” ““wR U)X is continuous at N and e may be

constructed to form a locally continuous basis for R(m)x. As in lemma

4.1 construct such that
x =~(uen”"Cto) + ... +an ((Wen (©) -
Then

MLWDIr @)x = 2 a (VLe @)

Pr )G (o) 6Hom(X,R(™)) 1is the skew projection operator on R((Gd along G(0)).
r (u oj



and U -, (L) Ir u)) is continuous at mb.
2) This follows immediately from
WX(@E)LH0)) = X Wp. QD)) -
3) The result follows from
M-C*Cad) +L2 (@) = M(L"(0))) + 11.A2 @)>.
4) Construct a locally continuous natrix representation with

respect to a basis (e”™...”~") on a neighborhood V of The inverse of

Mat L)) also varies continuously at Define |S_ :V~*C according to

Mat L(w)"1 = [P @)]-
Choose x£x and construct auf... ap as in 1). Then

-1 P -1 P P
HLW) Dx =181 WILAD) el () = iglGi (@] 1" 1 @Del @OD)>-

5) Choose basis functions e,,....e Tfor R and e e for G
i p p+1 n

and let satisfy

VO)=0~r() ()+ ... +cn()en (o).

Then
PR (W) G(w) VICD) =“1THBL(W) + "™ =+ “px(Wep @)~
6) Let u€U. Then
V(FRG»)G»)BCED)IU=PR » C W B(,)U-
Letting

v (@) =B(@)u = v(B((O)u

we have that v is continuous at t%. The desired result follows from 5) and

the proof is complete.
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4.2. Eigenvalue Behavior

We shall now construct a singularly perturbed system. We call Q
the parameter space and o) the singular point. For applications, the
importance of non-Euclidean parameter spaces is not as yet clear. However,
for our purposes, the structure of a topological space will be sufficient.
We shall not cloud the relevant issues by imposing additional structure on
Q-

A generalized singularly perturbed system is a family of linear

time-invariant systems described by

E(oo)x = ACtwx + B(™Mu “4.8)
where E, A(th ), B £hx (), and I ranges over Q. Furthermore, we require

that

detEQ) s -AU) )) $ 0 “.9)

and that E(®™ ) be singular.

The singularity of E(0)o) and the continuity of E and A at work
together to create the "singular™ behavior of singularly perturbed systems.
For example, we shall now see that, in general, systems of the form (4.8)
have eigenvalues which can be separated into two classes according to

magnitudes in a natural way.

Consider the characteristic polynomial det (E (c>)s-A(V))) of (4.8).
Since forming the determinant involves only sums and products of the entries

of E(@) and A(ou) we have
detE@)S-AW) =Yn@G)sn +... +Y-"Utfs + Yq (1) (4.10)

where Y1 :~N-*C 1Is continuous at Qﬁ’ i=0,...,n. Let
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r =max{i 1Y) )f O]. “4.1D)

Lemma 4,3. Let f(o,s) =Yn(@)sn+ ... +Yq ) where Y :Q-»C, i=0,.,.,n are
continuous at bo satisfying Yr+’| (<00): ...:Yn (mo):o. Yr((DO)t 0, r<n, but
otherwise arbitrary. Then there exists a neighborhood V of UQ and maps

- ’\r’ Ctysmnn SO :V—*C,‘5 continuous at bo, with ag (too) =0,

1=1,...,r, Oo(to)™0 for all 0), and such that
f(to,s) =00 ()(Inl1 (ai (()s-D) (] 1(s-Xi @D))

for every ©6V.
Proof: Let gU),s) =Yg @sll+ ...+Yn(@®@ . A bound on the roots of a polyno-

mial over C given in [26], p- 62 implies that there exists at least one

root 6~ of g(tu,s) satisfying

I-ELH
WL W tiztd ) 4-12

whenever Yr (@) ~ 0. Since Yr@RQ) ~0, there is a neighborhood of ©

throughout which (4.12) holds. Define on according to
if Yn M +0
al(®

o0 if Yngto) =0

Vv
The construction of guarantees that if O is a root of g(ou,s) then
Jf(w) =0. From (4.12) is continuous at with GNo) =0.

Let C(V1l) be the set of all maps from into C, continuous at

). Using pointwise addition and multiplication, C(V®) is a commutative
ring with identity. Hence (see [25],p- 334) there exist YOj..*,Y 76:G(VM)

such that



57

g=(s-at)(Yosn-1+ ...+Yr,1)

where g is considered as a polynomial over C(VY. Multiplying and equating
coefficients at (D0 %ields Yrﬂ\@o):- .- Yn_1 (a)o) =0 and Yrgcoo) ~ 0.
The above arguments may be applied n-r times yielding a neighbor-

0. ,...,0

e ee s , , 1V *C. continuous at U
1 n-r o (o]

hood V of @ and maps C
n-r o) r

with ay @O)z "'=0;1—r@o):0 such that

. ,-n-r,, r, , XN-r N
g= (1) (0 rs + ... +00)inl1(E’gi)*

From the construction of the a_i we have that 0 is not a root of

0O @)sr+ ...+0 (d) so 0 @ "0 for ang; G)£Vn Let V=Vn

Clearly,

£().3) = C0@)S + ... + or(a)))?ﬁg ai ci)s-1).

From the continuity of 0~ and a it follows that there exist X,...,Xr :V-»C,

continuous at bo such that
Oq@s" + ... +Or @ =00 ODihi (s -Xi Q)

for all cufv. This completes the proof.

We thus have that the eigenvalues of the system (4.8) are
)@I ((11?3,.. .,Xr@ and azéo_d{'?""\] 6——n—k@ where XI and a, are continuous at
a® and ¢ (D =0. Hence there is a characteristic separation of the modes
of all systems of the form (4.8) according to magnitudes.

It is now a straightforward task to prove proposition 3.1.
Proof of Proposition 3.1. Let with the topology induced by the norm

(3.20) and choose ® € T. Then from lemma 4.3

. n-r-p
det (LFs - 1 =BF@ IF)) =oc(@) ( » G-T*(@)) (7~ (S.,(dDs-1))



58

for some pEn-r where € (@) 0 and 6°(d) =0. Clearly,

det (Lfs - 1 -BF@ IF))~ 0

is satisfied throughout a neighborhood of Q%- Also

\(“0) £°(e,a)
implies
f' ﬁ(e 1a)

throughout a neighborhood of Gy. Finally,

6i @)
SO

a(Lf,1+Bf(m IF)) 1 a(E,A) =0

throughout some neighborhood of w Hence 7 is open in Q and the proof is

complete.

4.3. Slow and Fast Subspaces

Since the system (4.8) is a descriptor system at ii)Q, the slow
and fast subspaces are already defined at qb- We shall now extend their
definitions to a neighborhood of co®. From lemma 4.3 there exists a
neighborhood V of a1 such that X.(@QJ)] <]- r] for all uc6V. We now re-

oA

define Q,=V so that the natural eigenvaluelseparation occurs at all points
of Q. Since we are concerned only with local properties of (4.8) about

the restriction of Q to a neighborhood of ® causes no problems.

To facilitate the definition of slow and fast subspaces we need

the following lemma.
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Lemma 4.4. Let E, A €H (X) satisfy (4.9). Then there exists X :Q-*c,
continuous at a such that X(of) 6C -cr(E(i) ,A(q)) for all BE€Q.
Proof: Let 1:Q-C be continuous at g™ with 11QYY jfcr(E&@©j ),A03 )). Then
there exists a neighborhood V of B such that Ty@) ~X.(as), i=1,..., r and
IKOD)I<F; 21 >i=1,.__, n-r. Hence 7] jct(E i) ,A(q)) for all g €v.
Define X(q) =Tj(03) for B€v and let A(W) satisfy A(m-).~a(EW) ,
A(@))) for 0)6Q-V. This completes the proof.

Choosing X as in lemma 4.4 we may now define the slow subspace

at B as

SO0™) =Ker 1r¥1((X(0,)E((u) -A (to))_lE(u>) -n A @hn (4.13)

and the fast subspace at 0 as

n-r a @
F(OJ) =Ker " ((X"~"E"*) -A@)_1E Q@) - XQUDOA(E))-1 D (4.14)
Let
, Po n iB
det (Is - X @E @A) E@)=i216 “1 ) (4.15)

with 17j implying Ii@’\ T}.uj. As demonstrated in the Proof of theorem 2.:I7

1 - . -1
X(@@)-X. @ 1S an eiSenvalue of X(O))E@)-A@)) E @) and so may be identi-
fied, after proper indexing with .,> i=1,...,g,a for some q - The re-
i g, <)
maining eigenvalues of (X (03)E(03)-A(0J)) E(q) are Y(u)0 (@) -1 and may be

identified with 1=H"N+l,...,p - Hence we may give an alternate
definition of S@) and F@) as the direct sum of eigenspaces. Note the
resemblance to (2.7) and (2.8).
n n.
S(v) = & Ker((AWEUD-AW))EW) -y D (4.16)

P
F(») =i=® +1Ker((X(a))E(iD)-A(u)))" -TI) (4.17)
[V
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Clearly, the definitions (4.16) and (4.17) are equivalent to
(4.14) and (4.15). (4.14) and (4.15) are usually to be preferred, however,
since they are given in terms of operators that vary continuously with w
at U 1t follows immediately from lemma 2.1 that S (@) and F(o0) are
independent of the particular choice of the function X for all 0)€Q. From
the definitions and the properties of and a as outlined in lemma 4.3
it is clear that dim @) =r and dim F(o) =n-r for all id. Also, S OF(d)
= X for all U. From (4.13), (4.14), and lemma 4.2 we have that S, F :

are continuous at @ .

4.4. System Decomposition
We now extend the decomposition for descriptor systems to a

neighborhood of the singular point. We first extend the algorithm (2.10) -

(2.13) to all of 0. Let J», ;Q-*X be defined by
= (X(o0)E(od) -A(ed)) “ 1E (ed) | S(00) (4.18)
J2 (™) = (X(uu)E(00)-A(ou))™1E(00) 1F (00) . (4.19)

Define M, M :Q-*Hom(X,X) by
f
i@ 'x if x 65 @
MCooyx = { (4.20)
Wi ©)-» if x €F(d)
and
M(od) =M (ui) (X (O0)E (00) ~A(00) )" 1 - (4.21)

Finally, let Lg, Lf :Q-Z be given by
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Lg(uw) =\(CD)I - JyCg " 1 (4.22)
and

LF@)» (XWAW-D " ~C o). (4.23)
Clearly, M(u) and M(u>) are invertible for each @60. From proposition 4.1

we have J, Lgs Hg(X), J*, L™6 Hp(X), and M, ME€H".(X).

At this point we are ready to state the main decomposition result.

Theorem 4.1. For each g

1) S(a) and Fu) are both M(tu)E())- and M(oi)A(ou)-invariant.
2) MCOE®@) | S(a) =1, MUOHAW) |f (U))=I.

3) MEWE@W) I1FED) =LT@), M@)AGW |S@) =Lg @ -

4) det(LF()s-1) = .|I(@.((i))s-i).

5) det(Is-Ls @)) = jn1 (s-\i @)).

Proof: 1) -3) follow immediately from the definitions and from

(X(dE(g) - A(a)))"1A(a)) =X(a)> (X(au)E(00) - A(d))) “1E(a) - I.

To prove 4) note that

n-r ~ Coi)
dec(Is -J2W)) = 21 (¢ -x((Wa_O)

Then from (4.23) we have the desired result. 5) follows similarly by
observing that
detCls- (») = 51(- )-
This completes the proof.
From lemma 2.2, M is independent of X and hence so are Lg and L~
From 6) of proposition 4.1 we may define BS €bHC(U) and f€Hib(U) according

to
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4.24
V"*> " pswrwBW ( )

and
= PF@)S(U))BU,)- (4>25)
We have finally arrived at the decoupled system equivalent to (4.8). Letting

the solution x of (4.8) be decomposed by SO0 and F(J) into x =xg+x" we

define the slow subsystem
xg =Lg (upxg +B g (Wu (4.26)
and the fast subsystem
LT ()xF = XT+ BFQ))u. “.27n)
The initial condition xO is decomposed into

%50 = Paanyrany”™o 4-28)

and

Xposuj? - F(('D)S((JJ)'XO i (4-29)

From 5) of proposition 4.1,5 xSO and be are continuous at dB'

We have thus achieved an exact decoupling of (4.8) according to
eigenvalue magnitudes. Continuity at the singular point has been preserved
everywhere possible. The decomposition at v coincides with the descriptor
decomposition developed in Chapter 2. We shall use the decoupling results

in a variety of situations in later chapters.
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CHAPTER 5

TRAJECTORY CONVERGENCE

5.1. Solution of Descriptor Equations

In this chapter we shall consider two questions. The first
concerns one justification for calling (2.24) the solution of (2.20). Con-
sider the class of all singularly perturbed systems whose system operators
converge to those of a given descriptor system. Given one member of that
class, its solution may or may not converge as uj~*yo. We would like to
find the set of all possible limiting solutions of such systems. If there
exists only one possible limit then it would make sense to call that the
solution of the descriptor equation. Since each descriptor system is the
limit of a singularly perturbed system, it would be convenient if at least
the possibility of convergence of solutions existed. Of course we have to
decide what definition of convergence of functions to use. It would be
helpful if more than one notion of convergence gate the same result. So far
no other author has taken such an approach to the solution of ( .20).

The second problem is that of determining when the solution of a
singularly perturbed system does converge. More will be said about this
latero

We Ffirst consider generalized functions (see [24]) from [0,0)
into X and Uo Let K(X) be the C-vector space of infinitely differentiable
maps from (-“j00) into X having compact supporto A sequence (O™ in K(X)
converges to 0 €k (X) if and only if the supports of all the 0™ are contained
in the same bounded interval.and Qﬂfzoi uniformly for 1=1,2,3,.... The
class of generalized functions is the set of all continuous linear func-

tionals on K(X). We shall consider only a subspace &g (X) of the generalized
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functionso $ (X) consists of all x with (x,0) =0 whenever 0 has support
contained in (-°°,0]. In other words, () consists of all x such that
X =0 on 0).

If x - [0,000 X is Lebesgue measurable and integrable on any

compact interval then
(x,0) =Jq <x(t),0(t) >dt G.1)
defines the corresponding x€& ((X). For v €X, the functional 6 v defined
by
6 v,0)=(-1)1<v,01 () > G2

is the multivariable generalization of the Dirac delta (differentiated i
times) 0 We shall consider the two most common topologies on ~(X), the
weak and strong topologies (see [24]),, A sequence (x&? in &O(X) is said to
converge weakly to x €&O(X) if (x,,0)» (x,0) for every 0€K(X). We need
not even consider the definition of strong convergenced0 For our purposes
it suffices to state that strong convergence implies weak convergence and
the two limits are egual™".

Consider the descriptor variable system (2.5) and the class of
all singularly perturbed systems converging to it in the sense of its de-
fining operators. We could attempt to show that there is only one linmit
for the solution to achieve, but we are already satisfied with the defini-
tion of the solution of the slow subsystem (since this is merely a state
equation). In fact, only the natural response of the fast subsystem is in
question since the forced response is the solution of Q@ ®0) in the ordinary

sense for u £CMN(U). We especially need to justify our use of the unforced

*The three topologies on K(X) and $ (X are all Hausdorff and satisfy the

first axiom of countability. Hence, we need consider only countable
sequences. Also, no sequence has more than one limit.
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part of (2.24) since it does not even satisfy

Q@ .20).

Let Rk “*R€/?(C and (T) be in X with T~ invertible in Hom(R™,R™)
and *T €Hom(R,R), T nilpotent with index q. Let v*—-v £R. We need to
consider the solution of

Tkx =X (5.3)
with initial condition Vi -
Theorem 5.1. If e(MT™ converges weakly to some limit then that limit
g-1 ., .
is tVv
Proof:

We have for 0 €K(X)

! q
(e(Tk1)vk,0)=/"<e

k vk,0(t)>dt = .S1 (-1 <Tkvk ,0-"1(0)>

Tt

+ (-Dagr” <T~e k vk)Ogq(t)>dt

by integration by parts.

Choose an orthonormal basis (e”,.

-.,en) of X and
let
ot
e vk - a lk<C)el+. . . +aA (e
~N(E) = NMM(Del+ **«+ ™ (Hen
KTkg)e. = nljuUr+_ . _+rt ken.
Since

KTkg) = 0~(k))q,
M-(T~) —»0 and TJr.A-"0 as k-*°°.

Since 0™ €K(X), we may define T. . €K(X) by

T..(t) =Mt)e.._
1J 1 ]
Then
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-1
e o My
AJK(ON Bdt g<e Vi 13 (® > -C44
for some , 1,J=1,...,n and
@ q a n ro a
Jo <Tke >dt = i51J0 < H-({kqg) (e vk >N i<t)ei >dt

-0

i, 3=1 Tijid 0% kS (D t-0-

Hence,

(e(Mk1)vk’0) ="i=I(" 1)1 vtiv .01"1(©) > = (->s ™ *Vv.Ti)
for all 0 €K(X) and the proof is complete.

We therefore know that the only possible limit of the solution
of the fast subsystem (4.27) (unforced) in the weak topology on $ (X) ds
in fact what we have been calling the solution all along. To reinforce
this convergence argument, consider the strong topology on $g (X). If the
unforced solution of (4.27) converges in the strong sense then it must
converge weakly. Since the two limits must be the same, Theorem 5.1 holds
for strong convergence as well. The labeling of (2.24) as the "solution"
of the fast subsystem is inescapable. It should be stressed, however, that
(2.24) can be called the solution only in the limiting sense. Once again,

it does not satisfy the equation (Q .20).

5.2. Sufficient Conditions for Convergence

Although the previous section shows that only one limiting solu
tion of a singularly perturbed system can exist, the question of whether
or not that limit is actually achieved is still unanswered. In this sec-
tion we shall develop conditions which guarantee convergence of the solu-

tion as tt™0)
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For several reasons it is important to know if the system trajectory
converges with a. Since in practice a descriptor system can usually be
viewed as the limit of a particular singularly perturbed system, establish-
ing trajectory convergence serves as justification for considering a des-
criptor system as a viable model. A descriptor system which has not been
identified as the limit of a particular singularly perturbed system, or for
which trajectory convergence has not been established may have hidded
instability due to the disappearance of the fast modes in the limit.

In terms of numerical considerations, it is easier In some cases
to compute the solution of an rth order descriptor system than an nth order
state variable system. If trajectory convergence has been established, a
computational savings may be obtained by setting the parameter to U and

calculating the corresponding solution, sacrificing a small amount of

accuracy.

Convergence of the solution of the standard system (1.5) is
understood (see [20],[28], and [34]-[36])- Necessary and sufficient condi-
tions for existence of a limiting solution can be stated in terms of the
limiting system alone. This can be done, however, only because the assump-
tion of the form (1.5) contains implicitly the assumption of one particular
way of approaching the limiting system. In our formulation many different
approaches are possible leading to a much more difficult problem. To
guarantee convergence of solutions, some statements must be made not only
about the limiting system, but also the way in which it is approached.

Convergence of the solution of the slow subsystem (4.26) in

various senses is relatively easy to establish. We shall be concerned
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mainly with characterizing convergence of the solution of the fast sub-

system (4.27) in terms of the behavior of the fast eigenvalues a (lct) *
For convenience we assume that is iInvertible when " &". That is,
W is an isolated singularity.
Let :Q x [0,38) xc"(U) xX-"X be given by
tL ©O)"1 X (t-T)LF(@)) 1
e xFo(u))+je BF (U))Hu(MdT if iuwllo
= <
)= < g )
iISoh”~o) BfCo)ul(t> if “=“<

where u1 (0) is the ith right-hand derivative of u at 0. Clearly,
agrees on (0, with the solution of the fast part of (¢ .8) at Y with con-
trol u and initial condition xO

From (5.4) it is clear that understanding the behavior of
e(LE(cu) ™ plays an essential role in the study of convergence. We now

characterize convergence of e(™00) 7~ in terms of the fast eigenvalues

aj¢r
Consider the smallest rectangle in C, symmetric about the real
axis, enclosing the eigenvalues — ™~ r . (See Figure 5.1.) Let
afa) =max Re c. ® (5.5)
J
- 1
b)) =min Re (5.6)
a.(0)
c@®) =max jIm a. (9 (.7
J
Define

Here "Im" denotes imaginary part.
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Figure 5.1. The eigenvalues of L"(co)
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Y @) =mini -——==5 2 (5-8)
a@D” +c @ b(a)2 + ¢ ()2

As a part of any sufficient condition for convergence that we
shall derive, it will always be assumed that a (49 -» as cu-»w~ and hence
b(uo)-j-0. Actually, it can be shown that this is in fact necessary for

most types of convergence. Thus we may restrict attention to a neighborhood
Vi "o N~ 0} a@ <~ Define p~ : [0,1] *C by
D M_ = IM, I3~ i2ny .M +.1 —
Py T 12V Y - Py ey G-9
arametrizes a circle with center at \—((G%I - 1~T and radius *
Pa P Y ac) 12 a(cu)l

Let Rp¢ @' Thl-
Lemma 5.1. 64(Y)<G, o;.@) is enclosed bv Py, and

lpo)(Y) -2 @I 1
for j-1,... ,n-r and each y 6 [0,1], 0) - {aq) -
Proof: Choose j,y, and aL We have

() £ -a(cw) 1
a(o)e +c(CU) 2 a@)

From (5.9),

@ <0

Let aJ.(cu) w+ zi. Then
b @) £ a @)

w +z

and

-2 Z 2 ~E CUI*
w + z
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Equivalently,

W ~2a +z - p
Z m 4a (3
12 2 1
weTTTe ) +z ~ ———— )
D(tt,) 4b(@ 2 (5.10)
2 ./ 1 n2n 1
” o (Z%2cW ) 4c @)2
2 . -1 2 N 1
Wt (z+- =) "
2 *
2 c(uu) 4c @)
Hence, (@ is contained in the region determined by four circles as in
Figure 5.2. The five points of intersection are bw tp W 2 ;0

a.(0j)Z+ c(0))2 b +c)
From the geometry it is clear thatw£ -Y (Go - From (5.10) it follows that

w + z f- Y
a(oy
SO
o _ e Y .
£ aad? 2t E - Fe@YV CL aw 16 tggﬁ\@?ta(@)z
=W8Y@ 1 2

~o4 a(@); ~*

Thus, dj @) is enclosed by the circle with center at | '\gf +§('-i® and radius

Y @ W
4 4

and the proof is complete.
Lemma 5.2. If a(@)—>-m, b©))”" *0, and c(D):B" 0 as Q—»a for
every 0>1 then e("™N@) ™)-»0 pointwise on (0,0) and uniformly on [£,°°)

with respect to the pseudometric dX (see (4.4)) for all €>0.



Figure 5.2.
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The region containing a" (o)

Re

FP- 6774
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Proof: Let t"€>0. Then

tLF @)
I eS(sl ' Lf (i«))'1ds

where the path of integration is parameterized by p , Henc

t N
el 1eP“ (M) P- (@)
~(e M oo n "(adj(p@(Y)l -Lf@))dyl
w
i vy -
<:—2|T]_8’lu PO<y>|-lpi<y>l__________ - IM<adi @ (V)X - L

VHp(y) -o (u)! “ fA>>)ildy

'3
where "'adj" denotes the (classical) adjoint. Since PM(y)-*0 as u*g;

uniformly in vy,

~(ad]j (po_)(y)l - LMow)) >-P*(adj LT @0>)

uniformly in y and there exists a neighborhood V of and N>G such that

Hedj ("1 -LF@DIIN

for all @€V - , Yy €[051] .

We have for U -{~1,

s s V 1 w2 .2 y @® 1 1/
GOy " 4 "a(to)) +V y) - rfl-+7 M) (4 a”™ )}

SO
vy €- a@
6,,(y)2+\(y)2 2( M +a(h)))l 5
since Y(uw) < Thus

a@™*
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—rci
PQi(y), or ciO)
From

"E Ml

it follows that for Oj’\VOVI_1 - b)oj

2,
A " 3 X m L -n
L)) ! ea(O))_ ) +a(‘Q); "
N< > 7 ) n-r
(~ >
which is independent of t. If n-r =1 we need only show that
% ea()
é‘k
auuY(<u)
L £
Letting O=e we have
2a (@)
a® I & S P
a(o)) € alB)
aroj)2 +c(0J)2
and
.2a (@B , . S
——————————— *———-2 ((b(Wyea(W))2 + (CU)0a(*3)2)
«(«@>)<——— 2-r) a(on)
b@) +CB
For n-r >1 set 0=e2m r ™~ . Then
3 6a(0)) -Y() B
Y(ID) n-r-1 Yy ®
But
2a@®
a@ -——— = a()o2ar>+1i_(c(«))0aW ) 2

a(B)2 +c(0))2
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and
Oza(CD) 1 ,,, , Na(o).2 a(ou) .2x
= b0*0 ((b(t™)? ot CcW)?) > >
b(ct 2 +c(w)2
6
Finally, setting O=e”n and applying similar arguments gives
|£a(i0)

n-r
a(0))Y @
This completes the proof.
Lemma 5.2 establishes convergence of the exponential provided

a~)-*-®@ and certain growth conditions on b{(D) and c(ou) are satisfied. For

example, if
b@o) M N a ik (5.11)

for some N, k>0 then the condition b ()0a 0 holds for every 0>1. The

rate of growth of b(ou) and c ) must be less than any exponential of a())).

Lemma 5.3. If a(00-*-m then there exists a neighborhood V of such that
o L@’ n-r
€ 1 1 a &)
for all y£v - O 3.
Proof; As in the proof of lemma 5.2,
) tL.p(a))'"1 n-r i p (y)
e f S Gay" 12 a@) J_ 1dy
so, by Fubini’s theorem,
t
< tLfFO)r1 n-ry 1 11 2 PujCy)
Jjle [IAESN(FA ) +—  Yolje idt dy

Gt K T HNGaen?® N $io? Gt
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Since a () there exists a neighborhood V of 0% with
n~ >)2
Then
w  tLFQT 1" s e l"'r
1 < S + Cc.<»

and the proof is complete.

We now establish sufficient conditions for convergence of

Theorem 5.2. Let a@) » b(0))0a~-»0, and c()0a”™ -=*0 for every 0>

and let u 6CCO(U) have all its derivatives bounded. IT there exists a
neighborhood V of and a positive integer p such that
n-r
ILF (OD1 < aw
b(U))2 +c(u,)2

for all BEV —{cuo} then, as oj—’@o,

*f ("> >u>x0) " *f(l“0, ‘ 'u,x0)
pointwise on (0 ,m and uniformly on [£,°°) for every
€>0 and each xOCX-

Proof: For uMOD®, integration by parts gives

twr@ '
§F @B, t,u,XQ) =e xFo@ - i"QLF@E)LBFfF O))u (O
()1 p + ht—OL”oo0) "1
+ e AL FfW 1BFWu (0)+LFU))PJe. BE (i«)uP (T)dT.
o
From
a@®
b @

b@2+ C@QJ2
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it follows that Lf()P ~*0 so pSsq. Hence, from lemmas 5.2 and 5.3, the

desired result follows.
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CHAPTER 6

FURTHER STRUCTURAL PROPERTIES

6.1. Slow Subsystem

It is often advantageous to know that if a certain dynamical
system property holds for a singularly perturbed system at then it also
holds throughout some neighborhood of . For example, in this chapter we
shall see that controllability behaves in this way. Hence, controllability
at 0) 1is sufficient to guarantee existence of the optimal solution of the LQ
regulator problem (see Chapter 7) throughout a neighborhood of U . This
fact will result in a computational savings.

In this chapter we shall consider various results of tnis type.
Applications to the pole placement problem will be discussed.

In section 4.3 we restricted the parameter space O to a neighbor-
hood of so that the eigenvalues of the system X)) and - - are
separated by magnitudes for all u)6:Q. Since each X~ is continuous at an,
the parameter space can be further restricted so that X~(@g) "X (@Y implies
~NE<*0 f @ for all uj6Q. Accordingly, the functions X~ can be partitioned
into equivalence classes, X® and X being in the same class if and only if
x.1 (OO):XJ_(g )- We can reindex the Xi such that X119...,Xn,\ comprise one
equivalence class, X X another, etc. up to n, =r.

n2 N

Consider the eigenspace

n.

si(») =Ker o L, +tl«X < "A(*))V») -
1-1
n.
|

= Ker j=nn 1+1<V»>-*_j0U
7M1 R

(6.1)



79

where nQ=0 and X is as iIn lemma 4.4. From lemma 4.2 and the fact that

SI(OD has constant dimension throughout Q it follows that S.i is continuous

at ag for 1=1,...,k. Also,
k
s(*) = ®1Si («))- 6-2)
Lemma 6.1. Let t p:Q-*97{ be continuous at Guo- Then there exists

R :Q~*7/( such that
1) R 1is continuous at QJO-
2) R@O))CR1@)+ ..-+R @) VO0XQ.
D RED RO+ - +R @)

Proof; Let L :Q->Hom(X",X) be defined by

L(op) (xI9 ,xP) =P B ,(O).)x 1 + + PR @Xp"

Then uj—»LQU)) 1is continuous at @ and by lemma 4.2 there exists R :
continuous at (@J with R(ou) "Ker L(uo)* for all U and R™) =Ker L(u})*.

Let R(w) =R(0))}. Then R is continuous at an,
R - K L(03)™¢ =R + .. .+R -
() c:Ker L(03)™x =R @) 0 @)

This completes the proof.
Since X:J is continuous at QEI)’ ReX.3(U)O)< 0 imPIies that Rek.,(uu)<0

throughout some neighborhood of w . Let X. ( X. (@ ) be the stable
Xl ° P
members of a(E(cu™) ,A((UW)). Continuity at ug of and lemma 6.1 give the

following result.

Proposition 6.1. Let A () be the eigenspace corresponding to the stable

P

eigenvalues of the system (4.8). Then m—*j _®1 S.I @) is continuous at (uo
J P

and there exists a neighborhood V of d4 such that (ou)dA(u)) for
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every aGV.

Proposition 6.1 states that for small perturbations the slow
subsystem is at least as stable when perturbed as it is at o). Also, the
stable subspace is well-behaved about U .

We next consider the controllable subspace ft .y of the slow
subsystem (4.26).

Proposition 6.2. There exists R :Q T such that

1) R is continuous at lbo-

2) R@)cift @) VooGQ.

3 R(ouo):its(q-oo).

Proof: Since

v(Lg O Bs (M) = n (Ls ()1 v(Bs @),

i '
o)“"‘v(LS () BS(GJ)) is continuous at Lbo. Hence, from lemma 4.2 there
exists R™ :Q continuous at ul), with R™ (@ c: Xm(Lg @) LBg(w@) ) for all
u and R.I (u)o): Im(LS (u)o)lBS (@O)). Let R be as in lemma 6.1 with P: r.

Then 1) holds and
RE)CR ;) + ..+ R @a ImB @+ Im(Lg (WBEW) + ... +Im(Lg <©»
= R0
for all w€q so 2) holds. 3) follows similarly. This completes the proof.

Thus, the slow subsystem is at least as controllable when per-

turbed as it is at Ug. The slow controllable subspace is well-behaved

about o% .

To conclude this section we consider stabilizability.
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Proposition 6.3. If ~(ag) is a controllable mode then 4™co) is controll-
able throughout some neighborhood of u™.
Proof: By hypothesis,

ImM(X.(»)I -Ls@o))+ ImBs@o)= S(w,) -
From proposition 4.1 and lemma 4.2 there exist R®, continuous at
0%, with

Ri@C Im MX @I -Lg@)

and

R2 (upc=Imv ¢ (@)

for all ou€Q and such that

w + W =s<V -

From lemma 6.1 and the constant dimensionality of S,
Im [ikX-©@)I -L (CD))+Imv(B () )=X

throughout a neighborhood of Q and the proof is complete.

Corollary: |If the slow subsystem is stabilizable at then it is stabiliz-

able throughout some neighborhood of o .

6,2. Fast Subsystem

Since many different singularly perturbed systems, with various
types of fast mode behavior, share the same limiting descriptor system, no
information concerning stability of the perturbed fast subsystem can be
extracted from the fast subsystem at the singular point. Hence, we cannot

make statements analogous to those of the previous section about stabiliz-
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ability and convergence of the stable eigenspaces. However, we can
describe behavior of the controllable subspace.

Let i) be the controllable subspace of the fast subsystem
“4.27). If LMw) 1is not invertible at a certain W, then (4.27) must be
decoupled according to the descriptor system decomposition outlined in
Chapter 2. The resulting slow and fast subsystems (subsystems of (4.27))
then have well-defined controllable subspaces as given in Chapter 3. The
vector sum of the slow and fast controllable subspaces is then the controll-
able subspace of (4.27).
Proposition 6.4. There exists R : such that

1) R 1is continuous at U%-

2) R eft (@ VouCQ.

3 R(ag) =Rf(«0).

Proof: Choosing an arbitrary (0 and proceeding according to the algorithm
@ .10) - (2.14) yields the decomposition =F(uu) with

LF& |
and

1£G 12 =12
where is invertible and L™ is nilpotent. In fact, the system decomposi-
tion takes the form

h =Lilxx+ LilBiu

L2X2 =X2 +B2U
where B1 =PF~ B f(©) and B2 =P Bf@).- The part of the controllable

subspace corresponding to subsystem 1 is
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BY + ...+ Im BN - (ImBM+ .+ LN Im BN)
=ImBL+ ...+ Lin”r*“LIm
by the Cayley -Hamilton theorem and the - invariance of Corresponding

to subsystem 2 we have

&2 =ImB2+ ... +L2n"r"1ImB2.

Thus,

W =Rlen2
= ImBF)+ ... +LFf@)n“r"11mBF @j)-

The result follows from lemmas 4.2 and 6.1. This completes the proof.
It is gratifying to note that we have defined controllability
for descriptor systems in such a way that controllability at w implies

controllability throughout a neighborhood of Uy.

6.3. Application to Pole Placement

From propositions 6.2 and 6.4 and lemma 6.1 it follows that
statements identical to those .in propositions 6.2 and 6.4 hold for f(qp) =
ft 0OR (). As an application of this and the results of the previous
two sections we now show how some modes of the perturbed system can be
placed approximately by designing a feedback gain for the system at o)y.
Here we are generalizing results of [16].

First, since controllability at implies controllability for
small perturbations, the existence of a feedback gain that achieves
arbitrary eigenvalue assignment in the perturbed system can in some cases

be established by testing the system at for controllability. IT a mode
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of the limiting sysLem is controllable and if it is shifted as desired by
linear feedback then, from local continuity of slow eigenvalues, the same
feedback gain applied to the perturbed system results in eigenvalues only
slightly different from those desired. Hence, for small perturbations,
modes controllable at y" can be approximately assigned as desired by consi-
dering only the limiting descriptor system.

In fact, as outlined in section 3.5, given a certain degree of
controllability of the limiting system, a feedback gain may be constructed
such that the closed-loop system at ar has slow subsystem (in the descriptor
sense) of dimension rank E(Ao) with all modes controllable. These can be
assigned with linear feedback yielding an approximate assignment in the
perturbed system. Unfortunately, this is the best that we can do. All
information about the position of the remaining n-rank E(URQ) eigenvalues of
the perturbed system is lost at @ . In order to place the remaining eigen-
values, the subsystem decomposition must be calculated at the perturbed
value of w and the gain calculated accordingly. Nevertheless, some computa-
tional convenience is achieved since the feedback gains may be calculated
for the slow and fast subsystems individually. The modal separation

eliminates some of the problems associated with stiff numerical computations.
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CHAPTER 7

THE LINEAR QUADRATIC REGULATOR

7.1. Preliminaries?2

In this chapter we consider the optimal control problem with
quadratic cost and singularly perturbed system constraint. A similar
problem pertaining to the standard system (1.5) was considered in [15].
We shall need to solve the regulator problem for the descriptor system
at ® . The LQ regulator has been considered in [10] for descriptor systems
using dynamic programming, but we shall take a Hilbert space approach. The
Hilbert space methodology is more suitable for dealing with questions about
convergence of the optimal control with respect to U).

Let L2 (X) he the set of Lebesgue measurable maps X : [0,00) -»X

satisfying

.1

o}
. R . . 2 .
After identifying functions which are equal almost everywhere, L (X) is a

Hilbert space with inner product defined by
<x,y> = JQ<x(),y(t) >dt (7.2)
2 i, - 2 .2 2H
for all x,y (L  (X). Define L () similarly. L & xL @) is also a Hilbert
space with inner product
<(x,u),(y,V) >= <X,y >+<u,v > . (7.3)

Recall the definition (2.21) of e(T) for T"Hom(X,X). For

2
x6L (X it is known (see [22],p- 158) that if T is stable then the con-

2
volution e(T)*x : [0,@® -*X belongs to L (X) and
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le(M*xI1* IKI* BetT||de<®. @-4)

Throughout this chapter we shall consider only singularly
perturbed systems with to )=0, Lpr((D) invertible for af G)O- and LS (11)0)
stable. We further assume that LE((D) is stable for of 0%. HenceJ

il (Thad “*X defined by

( tLs @) tLf@ "1
6 Xso@) +e Xfo(oo) if OfeQ,

Jj tL (to ) -5

[e S Xso>$CDo) T 39=3
is in L (X) for 0) in some neighborhood of CDO. We now restrict Q to a
2
neighborhood of 03 such that TP*eL (X) for all 0)£0. Clearly, T is the

natural response of (4 .8).

IT we define J :L2 Q) -»L 2(X) by

e(Ls @)))* Bs@UDu+ e(LF@)"1)*LF@)"1BFWu if <t €q

HW =\ (7.6)
e(L @,))*B, @)u-B @) u if O=0 .

then ~(u) is the forced response of (4.8).

7.2. Problem Formulation

Let
AU =1u) L2 ) xL2(u) Ix-Jd @i. 7.7
m
Since aP" is a linear map, A((D) is a subspace of j} X) xL2 (U). In fact, from

(7.4) it follows that is continuous so A(@) is closed for all Q£Q. The

solution of the regulator problem minimizes the cost functional
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J(x,u)=] o Ix(O) |12+ Qu®l]]2dt 7-8)

over the constraint set (] ,0) 4-A(d) for each Since J(x,u) = (X, (2,
we can view the problem as a minimum norm problem in LZ(X)>d_2(U). Since
A(tw) is closed, we have from the projection theorem (see [23]) that a

unique pair (?Nju ) £0] ,0) + A(0) that minimizes J exists for each a@60.

Furthermore,
<VV = 0)-pAw) <VO0> -9

where is the orthogonal projection operator on A(wW) .

The problem that this chapter addresses is not that of finding
explicitly the solution of the regulator problem since this has already
been done via the algebraic Riccati equation. The Riccati equation will
not come into consideration to any significant extent in this chapter. The
problem that we shall consider can be dealt with much more simply from a
geometric point of view.

Our problem is that of establishing conditions under which
x®~*x®0and u (S*u/%‘)o in the L 2sense as O o If x (Du C% converggs then for

each €>0 there exists a neighborhood V of @ such that if 0)£v then

ilu_-u I € 7.10
0) 0% s )
o} -xJ <e <7-u)
and
- > < 7a2
0) utb € (7a2)
since and J are continuous. Thus, for small perturbations about O,

the solution u of the regulator problem at GO can be applied to the

@
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perturbed system with only a slight deviation from the optimal trajectory
and optimal cost. It will be shown that solving the problem at ®
explicitly for u™ is simpler computationally than solving the problem at

o]
goMo® for u™. Hence, a computational savings can be achieved at the cost

of slight suboptimality.

7.3. Reduced-Order Solution at C%

As a result of the reduction iIn order that occurs in the system
at @, solving the regulator problem explicitly at @ turns out to be
simpler than solving it for some other . To see tnis, choose an ortho-
normal basis (e”,...,er) of 8(00), an arbitrary basis (er+p <=*e»en)
F(U0g) and an orthogonal basis ((]>eee>vm) U with IJvJl=Y, i=1,...,¥m
for some Y >0 If u 6L2(U) and X€L2(X) with x =xg+x*, xg(®) €S(@ ),

xF(® £FQU) ), and

x (1) = Q1(t)el+ .. .+»r(Der (7.13)
Xt (t) = 3|st)er+,1,+--- +P$}E}en (7.14)
u(t) =Y Ist)v,l+ .- +Ymstgvm (7.15)

then

JO,W=3* a(t)Ta(t) + 2a(t) NO(L) + P() QO(L) +Y2Y(L)*Y(t)dt (7.16)

where a(t), ~(t), and Y(t) are column vectors consisting of the o”(t),

pME), and Y () and
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<£l,er+Il> *** <el,en>

N = 7-17)
< < >
€ 5
< er+’1 ’er+1—> -- <€ r+1 Sen
Q: (7.18)
<e ,e > R <e .,e >
n’r+1 nJd n

If (x,u) 6 (A",0) +A((00) then x(t) =xs(t)+xF() =xg () -BFf@o)u
so we may equivalently minimize

* @ f Ju
J(xq,u) =J(xs -BF@Q)u,u) =3 QR a(t) - 202(t) NKY(L)

+Y(O* (Y21+K*QK)Y (t)dt (7.19)
where K =Mat B;U)O).
In [31], pp- 46-48 it is shown that the optimization problem

with cost (7.19) and system
i(t) =Ga(t) +HY (1Y) (7.20)

may be reduced to that, of minimizing

J(<*,0) =3 a()*(1 -NK(Y21 +K"QK)~1KV)a(t) + 0()* (Y21 +K QK)O(t)dt (7.21)
subject to
a(t) = G -H(Y21+K*QK) "1KW™)a(t) +HO(t) (7.22)

if I-NK(Y21+K QK) N is positive semidefinite.
* i* *

- - 0
Lemma 7.1. There exists Y >0 such that 1 -NK(Y 1+K QK)~ K N is positive

definite.

1

2 & _ * *
Proof: The matrix T=NK(Y I+K QK) K N is clearly Hermitian, positive

semidefinite since Q is positive definite. We need to show only that for
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some Y >0 the eigenvalues of T are less than unity. Since the eigenvalues

of a matrix are bounded above by its norm, it is sufficient to show that

"k a0 1 <-rpv-
Wmr
for some Y.

According to a well-known result, there exists p>0 such that
i < p s(1)

for all Le e ™ where 8§ is the spectral norm. Let P be the minimum eigen-

value of K QK and let

Y >Vmaxip] [INK] i~ -P, ol.

Then

HY2l+ k'gk) 1] <p 2((Y21+K QK)"1) = -T2— < - -
y2+h Ih k2

This completes the proof.

Setting G=Mat LS(%J ) and H=Mat BS(LOD) and choosing Y as in
lemma 7.1 we may solve the regulator problem at Wy by minimizing J subject
to (7.22) which necessitates the solution of an rth order Riccati equation.
Compared to the nth order problem for u)/”~o, the rth order problem is a
considerable computational simplification. The remainder of this chapter
is dewoted to finding conditions under which the solution of the reduced

order problem is close to that of tne full order perturbed problem.

7.4. Convergence of A(ow)

In order to establish convergence of the optimal solution (x ,u®)

it is convenient to establish convergence of AQU)) with respect to a certain
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2 o]
metric on the closed subspaces of L (X) xL (U). Let 7 be the set of closed
subspaces of a Hilbert space H. In [32] and [33] a metric p on 7/ is

discussed giving two equivalent expressions. Let

sup sup
» R, T) = "FB —p -maxi xiRA . D[x,T], x)e(t R lD[x,R]i (7.23)

for any R, T £1/( where

DIX"T] =yETIx vyl (7-24)
Note that p) is a generalization of the metric space considered in
Chapter 4. 1
Rt EA (L))
Theorem 7.1. If J He |[Idt—=0 as 0)-»aw then the mapping U)-»AQ)) is
o}
continuous at 0) with respect to P.
Proof: Observe that
sup DL(x,u),ACou )27 sup DL W).w ,ACa)l

_(x,we A) ° uu z

x,w) "1 U £1
= sup inf NI @) “k W),u-v)||2 ~sup Tk(u) 0) (u) 112

usL W) vEL Q) u(L Q)

Hull £ 1 jivii & i

= ||_/ -
Similarly,
sup DL ¢x,u),A(UD] S k -a?UL
x,u) eACtu ) 0)
xuwll 1
-1
grligtefon R _
so from (7.4) convergence of e Ikt to 0 and stability of L fy 1
o] s o

guarantee that
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p(A(d) ,A(qq)) »0

as 0)=>U and the proof is complete.

7.5. Convergence of the Optimal Solution

We now give sufficient conditions under which oo(x”~u”) 1is

continuous at @ . )
° tLfO) ® tLF " o0

Theorem 7.2. If\] lle |1dt~*0 andJ lle | dt *oas ClJ—*mO then
° o]

X U is continuous at @ .
(4] (00 OO) )
Proof: First observe that

», nhloo tifg)" 2
“1@‘“@ *VJ e 1 [pFo@l] dt + [ (Ls (<Fl»xso@)) -e(Ls @p))xso(mo)

so stability of LS(LDO) and tne second hypothesis of the theorem imply

© - But the first hypothesis guarantees that

(6]
P » p
AO) AQUq)

from (7.23). From (7.9) we have

< W - XU SU«, »HIN
[o e} (0] (0]

and the desired result follows.
Since the hypothesis of theorem 7.2 implies that

® tL @"1 0
J lie I dt <00 (7.25)

throughout a neighborhood of ® and since

l o
= t (D)1 ® 2tRe FOB) ” 1f Re a. (00) B o
J e HdtiJd e J dt =< 3

0 0 (7.26)

2Re if Re <0
00 cr. (oo
J( ) J( )
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for all U£Q, j=I,...,n-r, it follows that it is necessary for Lf@) to be
stable throughout a neighborhood of in order that the sufficiency condi-
tion of theorem 7.2 hold.

The sufficient condition of theorem 7.2 guarantees that the
reduced order problem at may be solved yielding only a slightly sub-
optimal control which is close to the optimal control and which generates a
trajectory close to the optimal trajectory in the L2 sense. Under most
circumstances it is reasonable to interpret the convergence criteria of
theorems 7.1 and 7.2 as conditions on the behavior of the boundary layer
in singularly perturbed systems, for if the natural response converges
uniformly to zero in the integrals are essentially measures of the
intensity of the boundary layer effect in [0,€). The integral convergence

conditions state that the effect of the boundary layer becomes

vanishingly small as
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CHAPTER 8

ALTERNATIVE FORMULATIONS AND CONCLUSIONS

8.1. Algebraic Interpretations

Although it was not explicitly stated in previous chapters, there
are abstract algebraic interpretations for many of the results encountered
so far in our study of singularly perturbed systems. These interpretations
have not been explored in much detail yet, but they are presented here for
completeness and as a suggestion for further study.

To begin with, consider the set of all mappings X :Q-»C, continuous
at @9 . Such mappings have been considered extensively, starting with Chapter
4, but we have not considered properties of the set of all such maps. Denote
the set by CCDO)- With little effort it can be shown that CQDO) is a commuta-
tive ring with identity using pointwise addition and multiplication. Letting
p(0jQ) denote the subset of C(consisting of all A with A((fy)=0, it can be
shown that is an ideal of 0 (). Lemma 4.3 may be interpreted as a
factorization theorem for polynomials over C(oco ).

Let QX be the set of maps x :Q-*X, continuous at a - Using
pointwise addition and scalar multiplication, (@ is a C@o0) -module. Let
T be the set of subspaces of X and R :Q+Y/1 be continuous at ®&f with dimen-
sion p for all 0) For example, R may be the slow or fast subspace map
S or F as defined in Chapter 4. R may be identified with a submodule of
( the following natural way. As outlined in lemma 4.2 choose a basis
(XLGRD,.--,XP(GD) of RU)) with x.1 continuous at ub- Then x1 and

X

ExN, ..., Xpi is linearly independent since
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T @x. @+ -..407 ())x,0) =0 G -1)

implies oc(u>) =0 for all v, i=1,...,p. Let Y.KB),--. ,yp @Q))) be another
basis of R(M), continuous at © . Then
yi(a) = + .+ 3p(Dxp @) @ -2)
with 3i "C(O)O) bX lemma 4.1. Hence,3
span{y”, ...,y 1c spanlx”™_.. _,xp}.- @ .3)
By reversing the argument,

span[x”, ... ,xpj <spanly”™,... .y J 6.9

so we may naturally and without ambiguity identify R with spanix.,...,xPJ.
In our study of singularly perturbed systems we considered
operator valued maps A GHR(X). Members of HR(X) can be identified with

linear transformations on the submodule R by setting
A (O = ACDXV))- (8.5)

HKO() admits the structure of a C((oo) -algebra. Let

(A+B) @ =AW +B(0I) (8.6)
B @ = ACCHBU) 6.7
MO = OQARY) (8.8)

for A, B K(X)'

Following the same line of reasoning it can be seen that the set
(Zu of all maps u :Q-*U that are continuous at 0)0 is a C(tOCI) -module. Also3
Hr (V) is a }B(O) -module of linear transformations from into Q°,.

Consider pencils (i.e. fTirst degree polynomials) over the algebra
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H’K (X). Using lemmas 4.1 and 4.2 it is easily shown that all the bases of
the submodule R have the same number of elements. For G, LQIR(X) each
basis of R determines rxr matrix representations of G and I, with entries
in C@Q). It also determines a matrix representation of the pencil (G,L)1
with entries in the 0(03") -algebra CU3g)[s] of polynomials over C(QJ) in
the indeterminate s. The determinant of the pencil (E,A) may be defined
by forming the determinant ofMat (E,A) in the usual way with respect to

some basis yielding
det(E,A) €C(U>0)[s] - (8.9

A simple argument shows that det(E,A) is independent of the basis chosen.

Consider A €HR(X) and let

P
det(1,A) =Y ini (s-Tip (6 .10)

where 1 is the identity element of HR(X) and YGC(o)O) is invertible.

(¥ is invertible if and only if Y(w)™ O for all g £ Q) . Define

a(d) = Mi li=1,...Jp} (8.11)

The 7} can be considered as eigenvalues of A.
We are now in a position to interpret the central singular pertur-
bation decomposition result, theorem 4.1, algebraically. Suppose that

E, A £Eg (X with

r n-r
det(E,A) “Vi=1E"X))(i=1Kis_1)) (8.12)
where 0o 6C(a)Q) is invertible and ). This can be done according to

~The pencil (G,H) 1is often written Gs -H.
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lemma 4.3. Theorem 4.1 states that
(E.,A) =N* (K,L) (8.13)

where N is an invertible constant polynomial over HX(X), n*'" denotes

polynomial multiplication, and K and L are both S- and F-invariant with

K1S=1I 6HD(X) (8.14)
L 1F =1 6|4r(X) (8.15)
a(k If) = {Chi li=1,...,n-r} (8.16)
et 1s) =1\ |i=1,...,r}. (8.17)

Theorem 4.1 may be interpreted as a canonical factorization result for

regular pencils (i.e. with det(E,A) ~0) over ).

8.2. Geometry of the Space of Linear Systems

Let T be the complex Euclidean space of ordered pairs of nxn
matrices (E,A). There is an obvious one-to-one correspondence between F
and differential equations Ex=Ax. Hence each point of F can be inter-
preted as a linear system of one of the following three types: 1) a state
variable system if E is nonsingular, 2) a descriptor variable system if E
is singular and det(Es-A) $0, 3) a degenerate system iIf det(Es-A) =0.
Viewing linear systems in this way is natural since a small perturbation of
a given system in the Euclidean norm is equivalent to a small perturbation
in the system parameters.

Studying the geometry of T adds valuable insight into the nature

of descriptor variable and singularly perturbed systems. With little effort

IThis implies, of course, that E is singular.
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it can be shown that descriptor and degenerate systems together form a
hypersurface in V contained in the boundary of the set of state variable
systems. The property of being state variable is a generic property of T.

It is an unfortunate fact that for every descriptor system in F
there exists a sequence of state variable systems converging to it with
the corresponding sequences of eigenvalues diverging to +“ , That is, if
a descriptor system is perturbed in the wrong direction, the perturbed
system will have tremendous instability, the smaller the perturbation, the
greater the instability. It is as if every descriptor system is perched
precariously on the edge of a cliff. A step in one direction will result
in only a slight change in its characteristics. A step in the other direc-
tion will have disastrous consequence. The importance of establishing
simple conditions that guarantee trajectory convergence is clear. |If a
designer fails to account for the possibility that a descriptor system’s
parameters are slightly different from what he thinks they are, his whole
design could fTail miserably.

Let DCF be the set of degenerate systems, One way to view the
question of trajectory convergence is to consider the map §X :r—D~*$()00
which associates with each pair (E,A) the solution of Ez=Az for initial
condition x £X. If a topology is placed on $ (X) (e.g- see Chapter 5) then

we need to ask questions about the weakest topology on F that makes “~continuous.

8nce the nature of the resulting neighborhoods of a descriptor system is understood,
the behavior of the solutions of a singularly perturbed system

(which is nothing more than a map from Q into T, continuous at , or the
parameterization of a particular path in F) can be determined by checking

to see if an arbitrarily small neighborhood of the descriptor system
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contains the image of some neighborhood of ay.

So far in this section we have considered only pairs of
matricies corresponding to unforced systems with fixed initial conditions.
In order to study the behavior of a forced system with a parametrically
varying initial condition, T must be the space of 4-tuples (E,A,B,x) where
B is nxm and x is nxl. Our previous discussion of geometry and induced

topology carries through with only minor changes.

8.3. Suggestions for Further Research

In the area of descriptor variable theory there are many avenues
which have yet to be explored. For example, although observability of descriptor
systems has been considered in [7], the descriptor variable equivalent of
observers from state variable theory have not been developed. In a stochastic
environment the Kalman filter might also have a natural extension to descriptor
systems. There are many fundamental control-theoretic concepts such as the
Maximum Principle and various stochastic and adaptive control techniques that

have yet to be considered in the context of descriptor variable theory.

Clearly, the problem of trajectory convergence in singularly
perturbed systems.has, for tne most part, not been solved except for certain
standard systems. The general case that we have considered still requires

a great deal more work. The resolution of this issue is essential. As we

have seen in the last section, the survival of the descriptor variable
approach to system modeling depends on it.

As with descriptor systems, many system-theoretic concepts have
not as yet been extended to singularly perturbed systems. In Chapter 7 we

studied the regulator problem for Lg@p) stable and =0. The same
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problem needs to be considered with the two assumptions dropped. It is

safe to say that if a problem has not been studied in the context of
descriptor systems then it needs to be studied in the context of generalized
singularly perturbed systems. IT a given system is close to a descriptor
system in the Euclidean norm then conditions are needed to insure that one
need only consider the nearby descriptor system. IT a designer is guaranteed
that the application of some design technique to the descriptor system will
yield results close to those that would come from working with ;the given
system, then he may choose to apply that technique to the reduced order
descriptor system. Such an action often results in increased computational

efficiency. OF course, the price is always inferior system performance.

8.4. Conclusions

In this thesis three central points have become clear. First,
there are many alternative ways to view descriptor variable and singularly
perturbed systems. They range from the matrix oriented approaches which
exist in most of the literature to the geometric theory developed in Chapters
2 through 7 to the algebraic ideas discussed briefly in this chapter.
Certainly, there are other interpretations as well that no one has even
thought of yet. The more ways that existsto look at a problem, the more
likely it is that the problem will be solved in the near future.

The second point is that descriptor systems must be considered
as members of the space T. Since they are located in such precarious
positions in F, failure to consider their spatial relationships with nearly

state variable systems could result in unexpected system behavior, to put
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it mildly. The question of trajectory convergence has yet to be answered

satisfactorily.

Finally, there are still many important control-theoretic con-

cepts that have not been extended to singularly perturbed systems. We

have made some progress in the pole placement and regulator problems in

Chapters 3 and 7, but many other problems still exist.
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