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Complexity-performance trade-offs are investigated for dynamic resource allocation in load shar-
ing networks with Erlang-type statistics. The emphasis is on the performance of simple allocation
strategies that can be implemented on-line. The resource allocation problem is formulated as a
stochastic optimal control problem. Variants of a simple least load routing policy are shown to
lead to a fluid type limit and to be asymptotically optimal. Either finite capacity constraints or
migration of load can be incorporated into the setup.

Three policies, namely optimal repacking, least load routing, and Bernoulli splitting, are exam-
ined in more detail. Large deviations principles are established for the three policies in a simple
network of three consumer types and two resource locations and are used to identify the network
overflow exponents. The overflow exponents for networks with arbitrary topologies are identified
for optimal repacking and Bernoulli splitting policies, and conjectured for the least load routing
policy.

Finally, a process-level large deviations principle is established for Markov processes in the Eu-
clidean space with a discontinuity in the transition mechanism along a hyperplane. The transition
mechanism of the process is assumed to be continuous on one closed half-space and also continuous
on the complementary open half-space. A similar result was recently obtained by Dupuis and Ellis
for lattice-valued Markov processes satisfying a mild communication/controllability condition. The
proof presented here relies on the work of Blinovskii and Dobrushin, which in turn is based on an

earlier work of Dupuis and Ellis.
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CHAPTER 1

INTRODUCTION

Economic pressures and reliability considerations generally lead to communication networks with
load sharing capabilities and highlight resource allocation as a fundamental issue in network design.
The objective of resource allocation in such systems is oftentimes consumer satisfaction, which may
translate to minimizing consumer blocking or achieving fairness by load balancing. Regardless
of its objective, an essential aspect of a resource allocation policy is implementability: Practical
considerations require allocation policies to have low complexity, require little information about
the network state, and be robust to changes in the traffic parameters. This thesis concerns trade-offs
implied by these requirements.

Two instances of resource allocation arise in transmission scheduling in wireless networks and
dynamic routing in telephone switching networks. A wireless network consists of a number of
base stations and users (as in Figure 1.1(a)). The users require communication channels that are
available at the base stations, whereas each base station can serve the users within its geographical
range. The resource allocation problem in this setting concerns the question of station selection.
Similarly, in a telephone switching network, users demand channels that are available at the network
links. In networks such as the multiparented network (see [1]) of Figure 1.1(b), there are multiple
paths between pairs of users, and the resource allocation problem concerns path selection.

In this thesis the mathematical abstraction of a load sharing network is a triple (U, V, N). Here
U is a finite set of consumer types, V is a finite set of locations, and (N(u) C V : u € U) is a set of
neighborhoods (see Figure 1.2 for examples). A demand for this network is a vector (A(u) : u € U)
of positive numbers. In a dynamic setting A(u) denotes the arrival rate of type u consumers. Each
consumer is served, starting immediately upon its arrival, for the duration of its holding time. The
neighborhood N (u) denotes the locations that are available to type u consumers, in the sense that
each such consumer can be served only at a location within N(u). Note that the abstraction of

the wireless network of Figure 1.1(a) is the W network of Figure 1.2(b). An allocation policy is an
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Figure 1.1 Two instances of resource allocation: (a) a typical wireless network with overlapping
neighborhoods, and (b) a multiparented circuit switching network.

algorithm that assigns consumers to locations within their respective neighborhoods. The load at
a location is the number of consumers at the location.

Load balancing is a possible guiding principle for resource allocation, whereby the load is allo-
cated across locations as evenly as possible. There is a rich literature on load balancing, and both
static and dynamic versions of the problem have been studied by numerous authors (e.g., [2], [3], [4],
[5], [6], and references therein). It is well-known that load balancing can be an effective allocation
strategy when the cost is convex (or the reward concave) as a function of the allocated loads. For
example, z(1)2 + z(2)? is minimized over probability vectors (z(1),z(2)) by z(1) = z(2) = 1/2.
This is connected with the convexity of the function f(z) = z2.

A brute force approach for dynamic load balancing is the optimal repacking (OR) policy under
which consumers are continuously repacked to balance the load at all times. Nevertheless, in
many applications, repacking of consumers is not acceptable due to operational reasons. Besides,
computational complexity of this policy may be too high for large networks. As an alternative
strategy, one can consider the nonrepacking Bernoulli splitting (BS) policy under which consumers
are assigned to locations randomly, so as to balance the mean load in the network. BS is a simple
policy; however, it exerts only open-loop control, and it is not robust with respect to the network
demand. Another reasonable allocation strategy is the popular least load routing (LLR) policy
whereby each arriving consumer is assigned to a location with the least load in the associated

neighborhood. The following chapters concentrate on the comparison of the OR, BS, and LLR
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Figure 1.2 Two load sharing networks: (a) the single-location network, and (b) the W network.

policies based on certain estimates on their performances. The emphasis is on the analysis of the
LLR policy.

Chapter 2 concerns the properties of the LLR policy implied by fluid limit approzimations,
which are deterministic weak limits of the network load, suitably normalized, for large values of
demand. Under a stochastic model that incorporates mobility of consumers, but not finite capacity
constraints on locations, the dynamic resource allocation problem is formulated as an optimal
control problem with a long-term average convex cost. The fluid limit approximations of the
network load under the LLR policy are obtained and used to establish the asymptotic optimality of
LLR, in the sense of minimizing a suitably normalized version of the cost, for large values of network
demand. Under a complementary model that incorporates capacity constraints on resources but
not mobility of consumers, the problem is formulated as the minimization of blocking probability.
Fluid limit approximations are obtained, and certain variants of the LLR policy are shown to be
asymptotically optimal for large values of network demand. In the presence of both finite capacity
constraints and mobility, it is shown that simple policies are not necessarily optimal, even in the
asymptotic sense.

The fluid limit approximation provides a description of the typical behavior of the network load.
Although this description proves to be fruitful, there are reasonable questions that demand a finer
analysis. In particular, (1) the three policies, OR, BS, and LLR, have the same performance in

the fluid scale, and (2) certain events of interest, such as network overflow, correspond to large
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deviations of the network from its typical behavior, and hence are not described accurately by
the fluid limit approximation. Although network overflow is a rare event, it has a strong impact
on network performance; it is therefore desirable to estimate its probability and mode accurately.
In Chapter 3 we employ large deviations theory to study network overflow in terms of overflow
ezponents, which provide estimates on the probability of overflow within a fixed, long time interval.
The three policies are then ordered based on their overflow exponents.

Chapter 3 establishes an explicit large deviations principle (LDP) for the load process in the W
network of Figure 1.2(b) under each policy of interest. Mobility of consumers is not incorporated.
The LDP under the LLR policy entails a treatment of large deviations of Markov processes with
discontinuous transition mechanisms, which is the subject of Chapter 4. Based on the obtained
LDPs, the overflow exponents are identified for the three policies, and it is shown that the LLR pol-
icy performs as well as the OR policy for small enough capacities, whereas it performs significantly
better than the BS policy for the whole range of capacities. The methods used in the analysis of
the W network generalize easily to identify the overflow exponents for arbitrary networks under
the OR and BS policies. This generalization appears difficult under the LLR policy, for which we

conjecture the general form of the overflow exponents.



CHAPTER 2

FLUID SCALE ANALYSIS OF ALLOCATION POLICIES

2.1 Introduction

This chapter concentrates on load sharing networks in the dynamic setting and provides determin-
istic descriptions for the network behavior under certain allocation policies. These descriptions are
then used to estimate the performance of the policies of interest, and certain simple policies are
shown to have optimality properties.

To observe a typical behavior of the network load under the LLR policy, consider the load
sharing network of Figure 1.2(b). Suppose that the network demand is A = (v, 7,7) so that the
arrivals of consumers of each type form a Poisson process of rate 4. Each consumer remains in
the network for an exponentially distributed amount of time, with unit mean. Finally, suppose
that initially location 1 has zero load, whereas location 2 has load 3v. Figures 2.1(a)-2.1(c) depict
typical sample paths of the normalized load, defined as the load divided by #, at the two locations
for ¥ = 1, 10, 100, for the time interval [0, 8]. In the limit as ¥ goes to infinity, the normalized load
converges to the deterministic trajectory depicted in Figure 2.1(d). Deterministic descriptions of
this sort are commonly referred to as fluid limit approximations.

This chapter focuses on the optimality properties of the LLR allocation policy (and variants)
implied by the corresponding fluid limits. The main results of the chapter are that for large values
of network demand, (1) the LLR policy is asymptotically optimal in the sense of minimizing a
long-term average quadratic cost (Theorem 2.3.1, and for 2 model including migration, Theorem
2.5.1), and (2) variants of the same policy achieve the minimum blocking probability in the case
of locations with finite capacities (Theorem 2.4.1). The strategies of interest do not display the
pathologies found in some finite capacity networks (as in [7]) so that optimality properties can be
obtained via fluid limit analysis.

The outline of the rest of the chapter is as follows. Section 2.2 gives some preliminary results

regarding static load balancing. Section 2.3 defines the basic dynamic model in which consumers
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Figure 2.1 Load under the least load routing policy.

remain stationary in the network until departure, and locations have infinite capacities. The dy-
namic resource allocation problem is formulated as a stochastic optimal control problem with a
long-term average quadratic cost, which is to be minimized within a set of practical controls. The
results for the static load balancing policy are used to provide a lower bound on the performance of
arbitrary controls. Section 2.3.1 describes the LLR policy. Sections 2.3.2 and 2.3.3 identify the fluid
limit approximations of the network load under LLR as the solutions to certain integral equations
with boundary constraints. This solution converges to an optimal point in equilibrium, and Section
2.3.4 exploits this fact to establish the asymptotic optimality of LLR. Section 2.4 considers the
case in which locations have finite capacities, and the resource allocation problem is defined as the
minimization of blocking probability. It is shown that a class of least relative load routing (LRLR)
policies asymptotically achieve the smallest blocking probability for large arrival rates. A connec-
tion with trunk reservation policies is discussed. Section 2.5, which can be read independently of
Section 2.4, generalizes the results of Section 2.3.4 by considering an infinite capacity network in
which consumers can migrate. A summary of conclusions and final remarks are collected in Section

2.6.



2.2 Preliminaries: The Static Load Balancing Problem

This section concerns the static load balancing problem, which plays an important role in the
discussion of the dynamic load balancing problem of Section 2.3. Thus, as a precursor to the
arguments therein, we define the static load balancing problem and provide three lemmas that
characterize its solutions.

Given a load sharing network (U,V, N), we say that an assignment a, given by (@, : u €
U,v € V), is admissible if a > 0 and a,, = 0 whenever v ¢ N(u). Given a demand vector A, an
admissible assignment a satisfies demand A if }°, ay v = A(u) for all u € U. The load at location
v € V corresponding to assignment a is given by ¢(v) = 3, @y, and ¢ = (q(v) : v € V) is called
the load vector.

Let Ay be the set of admissible assignments that satisfy demand A. Let ® : RY — R be
a strictly convex, differentiable function which is symmetric in its arguments. The static load

balancing problem (SLB) is defined as
SLB(A,®) : Minimize(®(q) : a € A)).

The proofs of the following three lemmas can be found in Section 2.7.

Lemma 2.2.1 There ezists a solution to SLB(A, ®). An assignment a € A) is a solution if
and only if for allu € U, and all v € N(u)

a,y =0 whenever gq(v) > m,(q), (2.1)

where m,(g) = min,en(u) g(v). Furthermore, all such assignments yield the same load vector.

Lemma 2.2.2 There ezists a unique partition {V;,V3,---,V3} of V and a unique partition
{Uh,Us,---,Us} of U such that for any assignment a satisfying condition (2.1), and the corre-

sponding load vector q,

q(v) = q(v") v, e V; i=1,2,---,J (2.2)
gv) < q(v) veV, veV; i<j (2.3)
a,, =0 veV;,, vel; >3 (2.4)
N@nVi=0  wel;  i<j (2.5)

7



Let the function ¥ : Rﬂ{ — R denote the value of SLB as a function of the demand vector, i.e.,
¥(A) = ®(q), where ¢ is the unique load vector corresponding to the solutions of SLB(A, ®). The

following lemma holds:

Lemma 2.2.3 The function ¥ is convez.

2.3 The Basic Model

Given a load sharing network (U,V, N), a demand vector A, and a positive number v, consider
the following stochastic description of the network dynamics: For each u € U consumers of type
u arrive according to a Poisson process of rate yA(u), the processes for different types of arrivals
being independent. In this section we assume that each location has infinite capacity; therefore,
the network can accommodate every consumer immediately. This assumption is relaxed in Section
2.4, in which finite capacities are imposed on the locations. Each consumer has a holding time that
is exponentially distributed with unit mean, independent of the past history. In the basic model it
is also assumed that consumers do not change their types until they depart from the system. This
assumption is relaxed in Section 2.5, which introduces a model such that consumers can migrate
in the sense that their types change.

Let X;(v) denote the load at location v € V at time ¢, and set X; = (X (v) : v € V). The
consumer arrival and departure times, together with the allocation policy and an initial condition,
determine the load process X = (X, : ¢t > 0). The performance measure for an allocation policy =

is the long-term average cost J7, defined by

1 T
- / ®(X.)dt | Xo = zo| ,
T Jo

JI = liTrr_x*ior:f E [
where ®&(z) = 3°, z%(v) for = € RY. The dynamic load balancing problem is to determine the set of
allocation policies that minimize J7.

By Lemma 2.2.1, a wide class of convex functions would be appropriate for the instantaneous
cost in order to focus on load balancing, in the sense that certain optimality properties remain true

for any such cost function. In this chapter we concentrate on the quadratic instantaneous cost for

convenience.



Let L¢(u) denote the number of type u € U consumers in the network at time ¢, and set
Ly = (L¢(u) : u € U). Note that consumer arrivals and departures, and hence the process L = (L; :
t > 0), are not affected by the assignment decisions. Therefore, the value of problem SLB(L;,®)
yields a lower bound on the instantaneous cost at time ¢ under any allocation policy. The process
(Lt(u) : t > 0) for fixed u is an M/M /oo queue length process with load factor yA(u); hence the
equilibrium distribution of L is described by a vector (Lo (%) : € U) of Poisson random variables

with mean vector yA. This implies the following lower bound on the cost of general allocation

policies:
. . 1 [T
7 2 lpinfE |z /0 ¥(Le)dt [ Xo = 2o
= E[¥(L)]
2 Y(yA). (2.6)

Here, the last inequality follows by Lemma 2.2.3 and Jensen’s inequality.

Let ¥(L:) denote the value of the problem SLB(L;, ®) under the additional constraint that
the assignment a have integer coordinates. If repacking is allowed, then the optimal policy is
clearly optimal repacking (OR), which continuously rearranges the consumers in the network so
as to maintain &(X;) = ¥,(L,) at all times ¢t and achieves JO® = E[¥;(L)]. The OR policy
can be implemented at a cost of O(JV||U] + |V|?) computations per consumer arrival and con-
sumer departure, which may be impractical for large networks. Furthermore, frequent repacking
of consumers may not be feasible due to operational constraints. These considerations lead to the
study of nonrepacking policies that are much simpler in terms of computational complexity and

information required about the network state.

2.3.1 Least load routing

This section describes the particular nonrepacking type allocation policy considered in the context
of the basic model, namely the least load routing (LLR) policy. LLR is defined with the following

assignment rule:

e When a type u consumer arrives, it is assigned to a location v € N(u) with the minimum
load. If multiple locations achieve the minimum in N(u), the consumer is assigned at random

to one such location, each location having equal probability.
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The LLR policy is 2 nonrepacking policy and costs [V (u)| comparisons per consumer arrival of
type u € U. Another desirable feature of LLR is that it can be implemented in a distributed manner
by using one independent assignment agent per consumer type. Each arrival can be assigned to a
location based on partial information about the network state. Furthermore, LLR is robust with
respect to the network demand. On the other hand, LLR is a myopic allocation policy and is not
necessarily optimal for finite arrival rates. The LLR. policy has been studied by a number of authors
and has been shown to have a poor worst-case performance relative to the optimal nonrepacking
policy (see [8])-

Under LLR, the load process X is Markov on the state space ZX . For v € V, define the operator
T, : Z¥Y -+ ZY as

z(v)+1 ifv=v,
(Tuz)(v) =
z(v') else.
Then the off-diagonal entries of the generator matrix of X are given by
I{I(!dmu(z)} M p—
Luen-1) YAy Tarmmaey LY =To®
Qz,9) = z(v) ify=T,z (2.7)
0 else,

where N~!(v) ={u € U:v € N(u)}.

In principle, given a load sharing network, one can compute the equilibrium distribution of X
and thereby the cost incurred under the LLR policy. However, it is computationally intractable
to obtain an expression for the cost of LLR for arbitrary networks through an expression for the
equilibrium distribution. As an alternative approach, we study the network for large values of the
parameter v and, by obtaining fluid limit approximations, evaluate the performance of the LLR

policy for arbitrary network topologies.

2.3.2 Convergence

This section addresses the weak convergence of the network load as v tends to infinity. The main
result, Lemma 2.3.3, characterizes the possible weak limits of the load process, properly normalized,
via a semimartingale representation.

Let the normalized load process X7 be defined as X7 = y~!X, where X denotes the network
load under the LLR policy. Assume the existence of a finite number K such that E[}_, XJ(v)] < K

10



for all 4. Define

_ s =m@)}
au.v(z) = DGN(") [{3(0’) = mu(z)}l\( )’

and
t
A0 = [ eun(XDds. (28)

For each v € V, the drift of the process X7(v) at time ¢, given that X7 = z,is v~} 3_, cgv (y(v) — 72(v))
Q(vz,y), which by (2.7) is given by (Z,en-1(y) Gu,v(X{)) — X{/(v). Therefore, the process M7 (v)
defined implicitly by

X =GO +M O+ ¥ AL - [ XIe)ds (2.9
u€N - (v) o

is a local martingale with My (v) = 0. (See Section 4.7.B and Problem 4.11.15 of [9].)

Lemma 2.3.1 For v eV, M7(v) is a square integrable martingale, and

EM )] € ~(2t T A + K). (2.10)

Proof. Let 1, = inf{t : M;'(v) > n}. Since the local martingale M (v) has jumps of size y~!,

the process M), (v) is bounded and hence is a square integrable martingale. Thus,

E[(M{\r,(0))?] = E[[M(v))enr.]
< %E[uumber of jumps of X7(v) in [0,¢]]
< %(mz,\(u) +K),

where [MY(v)] is the quadratic variation process of M”(v). Fatou’s Lemma implies (2.10). Finally
(2.10) implies that M7(v) over any finite interval is uniformly integrable; hence it is a martingale.
O

Remark 2.3.1 By Doob’s L? inequality and Lemma 2.3.1,

E(sup (M](v))"] < 4E [(M] (v))*] = O(+7Y).
0<s<t

11



Therefore, M¥(v) => 0 forallve V.

Lemma 2.3.2 ( Tightness ) If the sequence (Xg : v > 0) is tight, then the sequence of processes
(X7, A7) : v > 0) is tight.

Proof. By [9, Proposition 3.2.4], it suffices to show the tightness of (X7) and (A7) separately.

Towards this end, the observation

AL.(0)
0 < AL()-AL(s) £ (t-s)A(w)

0,

for t > s, yields the tightness of (A7) ([9, Corollary 3.7.4]). This, along with Remark 2.3.1 and the
representation (2.9), implies that to establish tightness of (X7), it suffices to establish the tightness
of (fo X7 (v)ds). Note that

E[sup X7(v)] < E[%(tota.l number of arrivals in [0,t]) + ZXJ (v)]
0<s<t v

< tY_Au)+K.

Thus, for 7 > 0, Markov’s inequality yields that

P ( sup XJ(v) > MM) <17, (2.11)
0<s<t n
and the desired result follows by [9, Corollary 3.7.4]. o

Lemma 2.3.3 ( Convergence of Subsequences and Fluid Equations ) If Xq => z, then every
subsequence (X, A7) has a further subsequence (X ™, A™x) such that (X""x, A™) = (z, A),
where (z, A) satisfies the following fluid equations :

z,(v) = zo(v) + Z A, (t) - /t zs(v)ds (2.12)
u€N-1(v) 0

Au(0) =0, A,.(t) nondecreasing, z Ay o(t) = Au)t, (2.13)
vEN(u)

[} Haa0) > mue}Aua(s) = 0. (2.14)
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Proof. Let (v, ) be a subsequence of v, — oo such that (X, A™) converges weakly.
Let (z,A) denote the limit. By Skorokhod’s theorem ([9, Theorem 3.1.8]), the processes can be
constructed on the same probability space such that the convergence is almost everywhere. The
limit z is continuous with probability one and the convergence is uniform on compact time sets ([9,

Lemma 3.10.2] and [9, Lemma 3.10.1] respectively); therefore,

n—0o

lim /ot X" (s)ds = _[ z(s)ds

with probability one. Since M7 — 0, (z, A) satisfies Equation (2.12) with the initial condition zo.
By (2.8), (X", A™*) satisfies conditions (2.13) and (2.14) for all k. The relation (2.13) defines a
closed subset in the Skorokhod topology; hence it is satisfied by the limit A. Since

[ Hx26) > muxHAZL6) =0,

it follows that
t
[ (X20) - mu(X2) A 1 AT, (5) = 0. (2.15)
0

By {10, Lemma 2.4], we can take a limit in (2.15) along the subsequence (v5,) so that (z, A) satisfies
(2.14). This establishes the lemma. o

2.3.3 The fluid limit

In this section we concentrate on the solutions to the fluid equations (2.12)-(2.14), existence of
which is known due to Lemma 2.3.3. In particular, via a monotonicity argument, Lemma 2.3.5
establishes that there is a unique load trajectory that solves the fluid equations, and Lemma 2.3.7

identifies the limit point of this trajectory. We start with a remark.

Remark 2.3.2 Equation (2.13) implies that Ay, has a density a,, such that 3" . N() aup(t) =
A(u) almost everywhere on the positive real line. Therefore, z and A are almost everywhere dif-
ferentiable, and whenever the derivatives ezist, Ay u(t) = @yo(t), 2:(v) = (X, uo(t)) — z:(v), and

I{ze(v) > my(z¢) }au o (t) = 0.
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Lemma 2.3.4 ( Monotonicity ) Suppose (z', A") and (z, A) are two solutions to the fluid equa-
tions (2.12)-(2.14) with zg(v) > zo(v) for all v € V. Then zy(v) > z¢(v) forallv eV andt > 0.

Proof. To prove the claim by contradiction, suppose that the conclusion is false. Take € > 0
so that ¢; defined as follows is finite:

t, = inf{t > 0: z,(v) — zi(v) > € for some location v € V'}.
Since z} and z, are continuous, the set F defined as follows is nonempty:
F={veV: z(v) =z (v)+€}.

Let € = max{z,, (v) ~ z{,(v): v€E Fc} and ¢€p, €; be such that ¢ < ¢g < €] < ¢, and ¢ > 0. By

the continuity of solutions, there exists ¢ with 0 < £ < £; such that
zs(v) -z (v) > ¢ forv e F, s € [to, t1) (2.16)

z,(v) — z4(v) < ¢ for v € F¢, s € [to, ). (2.17)

Note that 37, . Z¢, (v) — 24, (v) < |Fle = L er 21, (v) — 77, (v) so that

Y (22 (v) = 24 (v)) > Y (20, (v) ~ 24, (v))-

veF veF

This, together with (2.12) and (2.16), implies the existence of a u € U such that

/ ; Y. auu(s)ds > /t ; .l ,(s)ds. (2.18)

o ,eN(u)nF veN(u)OF

By Remark 2.3.2, for almost all s € [tg,¢;1) such that the integrand of the left-hand side of (2.18) is

positive,
i < i . .
veN(INF* () < T (v) (2.19)
In view of (2.16) and (2.17), this implies that
. 7 4 !
ueAIP(LI}an’ (U) < uGNn(lzlt;lnFc %s (U). (2.20)
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Thus, for almost all such s, the integrand of the right-hand side of (2.18) equals A(u), which is
an upper bound to the integrand of the left-hand side. This contradicts (2.18) and hence also the

existence of ¢; for any € > 0. a

Lemma 2.3.5 ( Uniqueness of Load Trajectory ) If (z, A) and (2', A) are two solutions to the
fluid equations (2.12)-(2.14) with zq = zj, then z; = z; for allt > 0.

Proof. Use Lemma 2.3.4 twice with zj < zg and zg§ > zo. (]

Remark 2.3.3 Note that the fluid equations and the initial state zo do not necessarily deter-
mine A uniquely. For a simple illustration, suppose that V =U = {0,1}, N(u) =V foru € {0,1},
and A = (1,1). Let A, ,(t) = (1/2)t, and A,,(t) = [{u = v}t. Both (z,A) and (z, A) satisfy the

fluid equations with zo(v) = 0 and z(v) =1 — e~ for all v.

The uniqueness result of Lemma 2.3.5 removes the need to pass to a subsequence for the con-

vergence of X7 in Lemma 2.3.3.

Corollary 2.3.1 If XJ = zq, then X7 => z, where for some process A, (z, A) is a solution
of the fluid equations (2.12)-(2.14) with the initial condition zq.

Let a be an assignment that solves the static problem SLB(A,®) with the corresponding load
q- It is easy to verify that (¢(1 —e~*),at) is a solution to the fluid equations with zero initial state
and that this solution converges to ¢ exponentially fast as ¢t & oco. The next two lemmas show that

starting from any initial state z; converges to ¢ exponentially fast.

Lemma 2.3.8 Let (U, V, N) be an arbitrary load sharing network. For any (z, A) that satisfies
(2.12) and (2.13),
Z zi(v) = Z zo(v)e™ + Z Au)(1-e7Y).
v v v

In particular, im0 3, :(v) = Y, A(u) uniformly for all zq in bounded subsets of RY.

Proof. Equations (2.12) and (2.13) yield the integral equation

t
Y zi(v) = 3 zo(v) + £ 3 A(w) — /0 Y 2, (v)ds,
which yields the desired result. O
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Lemma 2.3.7 ( Insensitivity to Initial State ) Let (z, A) be a solution to the fluid equations
with o > 0. Then

e — gllsup < e~ ("qusup v Z“’o(")) ’
v

where || - ||;up denotes the supremum norm. In particular, lim¢_, o [|2¢ — g|lsup = 0 uniformly for all

zo in bounded subsets of RI.

Proof. Let v € V be arbitrary. By Lemma 2.3.4, z,(v) > ¢(v)(1—e~%); thus 0 < z,(v) —q(v)(1-
e™*) < Ty (ze(v') — q(v)(1 ~ €7*)). By Lemma 2.3.6, 3=, (ze(v") — q(v')(1 - €7%)) = v zo(v')e™;
therefore,

—q(v)e™" < ze(v) — q(v) < (—q(v) + ; zo(v"))e™".

This establishes the lemma. a

2.3.4 Asymptotic optimality of least load routing

This section establishes the asymptotic optimality of LLR for the optimal control problem for-
mulated in Section 2.3. In Section 2.3.3 it was shown that the finite dimensional distributions of
the normalized load process converge as v — oo, and the limit process converges to an optimal
point ¢ as t = oo. Lemma 2.3.9 establishes the convergence of the equilibrium distribution of the
normalized load process to the deterministic distribution concentrated at q. These facts are used
to prove Theorem 2.3.1 on the asymptotic optimality of LLR.

In what follows, P, denotes the distribution of the process X7 when X has distribution x. Also,
po is the deterministic distribution concentrated at the zero state, and p; denotes the distribution

of X{ given X, = 0. We start with an auxiliary lemma.

Lemma 2.3.8 Given € > 0, there erists a v, such that whenever ¥ > .,

Py (ZX?(U)S€+21\(1£)) >1—€ foranyt>0.

v

Proof. Starting from the zero state, the total load in the system at any time ¢ > 0 is stochasti-
cally dominated by a Poisson random variable with mean )", A(u). Chebychev’s inequality yields

the desired result. a
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Lemma 2.3.9 ( Convergence of Equilibrium Distributions ) Let q be the unique load vector
corresponding to solutions of SLB(A,®) and v be the distribution of the equilibrium load XZ,.
Then for alle > 0,

Jim v (X% = qllswp > €) = 0.

Proof. Let € > 0 be fixed. Note that (|| X2, — qllsup > €) < liminf7_y00 Py (|IXF ~ qllsup > €)
so that it suffices to show that
Pi(IX7 = qllsup > €) <€

for all sufficiently large T and «y. Towards this end, appeal to Lemma 2.3.7 to fix 8 so that
izt — qllsup < €/2 whenever t > 8, for all z such that }_, zo(v) < €+ Y, A(u). By the time
homogeneous Markov property of X7,

Puy (IX7 = qllsup > €) = Py.’,’._, (1X5 — gllsup > €)

whenever T > 0. Therefore, to prove the lemma, it suffices to establish the following claim: There

exists a v, such that whenever v > v/,
P, (IXg — qllsup > €) <€ forall T > 0. (2.21)

To argue by contradiction, suppose that the claim is false. Then one can construct a sequence

(a€) with € = oo, such that € = pf(e) for some choice of t(€) > 0, and
Pge (IIXZ;E = qllsup > e) >e (2.22)

By Lemma 2.3.8, (iif) is tight; therefore, by Lemma 2.3.3, there exists a subsequence &, — co such
that if X§" ~ P;¢, then X ¢n = z, for some z as in Lemma 2.3.3. Hence there exists an n, such

that
Pren (1X5" = Zolloup > €/2) < ¢/2 (2.23)

whenever n > n,. However, by the choice of # and Lemma 2.3.8, for all £, sufficiently large,
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Observations (2.23) and (2.24) contradict (2.22), hence proving (2.21), which establishes the lemma.
a

Theorem 2.3.1 ( Asymptotic Optimality of LLR ) Given an allocation policy v, let J5 denote

the cost under * when the network demand is yA. Then

.« e e —271%~ o .—27LLR
h_’r'r_lgf'y J12}LH307 Jy> 0.

Proof. Note that in equilibrium yXJ, (v) is stochastically dominated by a Poisson random
variable with mean 3, A(u), for all v € V. Consequently, E[(X2,(v))?]=O(1) forallpe€ Z;. In
particular, ( (X2, (v))?:v > 0) is uniformly integrable. Thus, by Lemma 2.3.9,

Jim y~207ER = lim B [;(X;(v))’]

= E [Z(q(v))z]

= ¥(A) >0.
Inequality (2.6) implies that for any allocation policy =,

v T > yTR(yN)
= T\

for all ¥ > 0. This proves the theorem. a

2.4 Finite Capacities

This section considers a variation of the basic model in which each location has a finite capacity.
Namely, we assume that the load of a location cannot exceed its capacity, and arrivals to the
congested neighborhoods are dropped. In this setting, a natural objective for the allocation policy
is to minimize the percentage of consumers dropped in the system. We concentrate on a broad

class of practical allocation policies, namely the least relative load routing policies, in which new
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consumers are assigned to the location with the least relative load. The relative load of a location
is defined by applying a2 normalization function to the actual load. Theorem 2.4.1 establishes that
such policies asymptotically achieve the smallest loss probability for large arrival rates. We then
provide stronger results on two members of this class, namely the least ratio routing (LRR) and
the mazimum residual capacity routing (MRCR) policies.

The use of a binary valued normalization function would model trunk reservation strategies,
studied in a similar context by Hunt and Kurtz [7]. However, we require the normalization functions
to be strictly increasing; thus, trunk reservation strategies are not covered in this chapter. In doing
so, we avoid the pathologies associated with trunk reservations in heavy traffic, and can therefore
establish optimality results. The drawback of our approach is that more feedback information
about the network state is required to implement the allocation policies.

To describe the dynamic model of interest, let a capacity vector « = (k(v) : v € V) be a
vector of positive numbers. Given a load sharing network (U, V, N), a capacity vector %, and a load
vector A, consider the limiting regime of Section 2.3.2. Suppose that in each system indexed by v,
each location v has capacity [yx(v)]. A location is called full if its load and capacity are equal,
and a consumer is lost if, upon its arrival, all of the locations in its neighborhood are full. Lost
consumers cannot be assigned later; hence they are treated by the system as if they never arrived.
The problem of interest is to find allocation policies that minimize the loss probability P, (Loss),

which is defined as

E[number of consumers lost in [0, ¢]]

£y 3y Au)

In light of Section 2.3, we start with some definitions regarding an associated static problem.

P,(Loss) = htn_1’ Lrolf

Given a capacity vector x, define B) . as the set of admissible assignment vectors a such that

Youuw < A(u) for all u, and g(v) < &(v) for all v, where g denotes the load vector determined by

assignment a. The static load packing problem (SLP) is the simple assignment problem defined as
SLP()\ k) : Mazimize(z g(v) : a € Brg).
v

Towards the end of characterizing certain solutions to SLP, we have the following definition:

Definition 2.4.1 A function f : RY — RV is called a normalization function if for allv € V,

the real valued function f(-,v) has the following three properties:
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(i) f(g,v) depends on q only through q(v),

(%) f(q,v) is a strictly increasing and continuously differentiable function of q(v), such that
9f(q,v)/0q(v) > b for some § >0,

(332) f(q,v) =0 when g(v) = s(v).

Consider the following two conditions on a generic assignment a, where g denotes the load vector

corresponding to a, and m.(f(g)) = min,en(u) f(g,v):

Condition 2.4.1 a,, = 0 whenever f(q,v) > m.(f(q))-
Condition 2.4.2 Y, ay . < A(u) only if f(q,v) =0 for all v € N(u).

Let the function & : Y — R be defined as 3(q) = 3=, J3 £(4, v)d(v). Note that & is convex,
however, not necessarily symmetric in its arguments. The following three lemmas are proved
in Section 2.7. The first lemma concerns a static load balancing problem, the second concerns a

connection between static load balancing and load packing, and the third gives a sufficient condition
for optimality in SLP(), ).

Lemma 2.4.1 ( Load Balancing ) There ezists a solution to SLB(),®). An admissible assign-
ment @ which satisfies demand A solves the SLB(A, ®) if and only if @ satisfies Condition 2.4.1 .

Furthermore, all such assignments yield the same load vector.

Lemma 2.4.2 ( Truncation ) Let a solve SLB(\, ®) with the corresponding load vector §, and
let a be the assignment defined by

Quy =Gy (1 A :;—g%) .

Then a € By . and a satisfies Conditions 2.4.1 and 2.4.2 with the corresponding load vector g(v) A
&(v).

Lemma 2.4.3 ( Sufficiency ) An assignment vector a € B) . solves SLP(), k) if there ezists a
normalization function f such that both Conditions 2.4.1 and 2.4.2 hold. For a given normalization
Junction, there ezists an assignment a € B, « that satisfies Conditions 2.4.1 and 2.4.2, and all such

assignments yield the same load vector.
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To treat the lossy network in the context of the already existing theory, we introduce a new
location vz, and define an extended load sharing network (f! R f’,ﬁ) by U = U, V = Vu{u}
and N(u) = N(u)U {vp}, where s(vz) = co. A load process (X(v) : v € V) corresponding to an
allocation policy 7 can be extended to a load process (X (v) : v € V) on (I, V, N) by letting X:(vr)
denote the number of blocked consumers that would have been in service at time ¢ if they were not
blocked. We continue to use X to denote the extended process, and let X7(v) = v~ X (v) for all
veV.

The solution of SLP(A,x) provides a lower bound for the loss probability of any allocation
policy.

Lemma 2.4.4 For any allocation policy = and any v > 0,

- Lvev a(v)
PF(Loss) > 1— ﬁaﬂ

where q is the load vector corresponding to a solution of SLP(A, ).

Proof. Consider the load process X on (I, V, N), and assume, without loss of generality, that

X starts with the zero initial state. Let

sk = Holding time of the k** arrival to vy,

B(t) = Number of arrivals to vg in [0,¢).

Note that §(t) is the number of consumers lost by time ¢ in the original system (U, V, N). By the

construction of X,

E X,(v)ds]- E X,(v))ds] = E[] Xs(vr)ds
[/0%; ()ds] = B[} - Xulode] = B[ Xaor)ds]
B(t)
< E[D_ sl
k=1
= E[B(¢)], (2.25)

where the last step follows by the independence of (si : k > 1) and B(t). For every s, E[X7] is the
load vector corresponding to an assignment in B) «; therefore, by the choice of ¢, 3=,y E[XJ(v)] <
2 vev q(v) so that Elfy 2vev Xs(v)ds] € tv3,ev q(v). Rearranging (2.25) and observing that
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Elfg T.ev X (s)ds] = v, A(n) f(1 — e~*)ds yield

Eni(t)] > 1- =) Yo - .

veV

The result follows by dividing each side by Y, A(u) and letting ¢ — oo. o

In the context of finite capacity constraints, we investigate a class of allocation policies which
are named least relative load routing (LRLR) policies. Given a normalization function f, an LRLR

policy is defined by the following assignment rule:

e Upon arrival, a consumer of type u is assigned to a location v € N(u) with the minimum
relative load, f(X7,v), provided that the minimum relative load is less than zero. Otherwise,

all of the locations in /N (u) are full, and the consumer is lost.

Consider the extended load process (X (v) : v € V) under an LRLR policy. Intuitively, this
process is lossless, and it is also governed by LRLR with the normalization function extended by

defining f(q,vr) = 0~. The process X7 is Markov and has the following representation:

X0 = RO+ M@+ L ALO - [ X

ueEN-1(v) 0
where
t IH{f( X, v)=mu (S (X NDH{f(X,,v)<0 .
A7) = | P Crewa HIXei = XY Mujds ifveV
u,v
Jo I{mu(f(X,)) = 0}A(u)ds if v = vy,

and M7(v) is a local martingale with M (v) = 0. Given that (X]) is tight, the methods of
Section 2.3.2 can be applied to establish the tightness of (X7, A) and characterize the possible

weak limits. Namely, the following lemma holds:

Lemma 2.4.5 Suppose (X) is tight. Then every subsequence (X», A7) has a further sub-
sequence (X7, A™«) such that (X"™«, A7) =3 (z, A), where (z, A) satisfies the following fluid

equations:
t
z(v) = zo(0)+ 3 Auslt) - / z4(v)ds, (2.26)
wEN-1(v) °
A,,(0) =0, A,,(t) nondecreasing, (2.27)
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0< ze(v) Sh(v), Y. Auult) = Au)t, (2.28)

vEN(x)
[ 150 0) > mu(fe)}dAuals) =0 00z, (2.29)
[ Hmuls(e) < 0}dAun () = 0. (2.30)

Call t a regular point of a function g : R — R if g is differentiable at ¢, and let §; denote the

derivative of g at a regular point ¢. The following lemma is proved in Section 2.7.

Lemma 2.4.6 Let g be an absolutely continuous function, and let « € R. Then g, = 0 for

almost all t such that g; = o

Lemma 2.4.7 ( Monotonicity ) Let (z', A") and (z, A) be two solutions to the fluid equations
(2.26)-(2.80). Then,

() If zg(v) > zo(v) for all v € V, then z}(v) > z,(v) for allu € V and t > 0.
(%) If in addition zg(vL) > zo(vL), then zi(vr) 2 z:(vL) for all t > 0.
Proof. For (z), the proof of Lemma 2.3.4 applies directly by replacing F¢ by F*NV and using

f(z,) and f(z’) in place of z; and z/ in inequalities (2.19) and (2.20), respectively.

To prove (i), for each t define

Fi={veV:z(v)=x(v)}, F{={veV:zi(v)=r(v)}, (2.31)
Gi={ueU:N@u)CF}, G;,={uelU:N(u)CF(} (2.32)

By part (i), Ft C F{, and G;: C Gj for all t. By Remark 2.3.2 applied to (2.26)-(2.30) and

Lemma 2.4.6, for almost all ¢,

( Z @, y(t)) —k(v) =2Z(v) =0 forallveF,
u€G:

(Y al,(t) — s(v) =zi(v) =0 forall ve Fl. (2.33)
uEG}
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Therefore, for almost all ¢,

2e(vr) = e(ve)+ D Ee(v)

vEF:
= 3 Au) - (3 (v) - ze(vr),
uEG: vEF:
zh(or) = (o) + Y #e(v)
veF:
< Y M) - () #(v)) - =(ve),
u€G, veF:

where the inequality follows by (2.33) and the definitions (2.31) and (2.32). Hence if e; = z}(vy) —
z¢(vg), then é; > —e; for almost all ¢. This, along with the hypothesis eg > 0, proves (iz). a

Corollary 2.4.1 ( Uniqueness ) If (z, A) and (2, A’) are two solutions to the fluid equations
(2.26)-(2.30) with z¢ = z{, then z; =z} for allt > 0.

We now concentrate on the properties of the unique trajectory z that corresponds to the so-
lutions of the fluid equations (2.26)-(2.30). The proof of the following lemma can be found in
Section 2.7.

Lemma 2.4.8 Let g,(i) be absolutely continuous, t = 1,2,---,1I, and set m; = min; g;(z). Then
m is absolutely continuous, almost every t is a regular point for g(1),---,g(I), m, and for all such

t, me = Ge(3) for all t such that g,(3) = m,.

Note that by the continuous differentiability of f, there exists A such that aaq, :’," < A whenever
0 < ¢(v) < s(v) for all v € V. Let q be the optimal load vector corresponding to the assignments
satisfying Conditions 2.4.1 and 2.4.2. Extend ¢ to V by setting q(vr) = (I, A(u)) - 2vev q(v)-

The next two lemmas establish the convergence of z to the load vector g.

Lemma 2.4.9 Given € > 0, there ezists 19(€) such that for allv € v,
z¢(v) 2 g(v) — ¢ (2.34)

whenever t > 1o(e).
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Proof. We first establish the inequality (2.34) forv € V. Let {V;,V2,---,Vs}and {Uy,U2,---,Us}
be the unique partitions of V' and U, respectively, defined by Lemma 2.2.2 when condition (2.1)
is replaced by Condition 2.4.1, and the vector ¢ is replaced by f(g) in (2.2) and (2.3). Let
j€{1,2,---,J} and define

m{ = inf f(zev),
veU;;j :
- J 3
Fl = ¢velJVi: fla,v)=m],,
=3

. . j-1
N*(F]) = {u:N@)NF! #0 and N(u) n(U Vi) =0},
=1
with the understanding that U2, Vi = 0. Let f; denote the value such that f(q,v) = f; for all
v € V;. Assume that ¢ is a regular point of m’ such that mj < f; — €5. Then by the explanations

indicated in parentheses,

|Film] = T, F flze,v) ( Lemma 2.4.8)
> § Zuei'{ z(v) ( Definition 2.4.1)
> S(Tyenern) M8) = Togpr 2e(v) ( Definition of F/ and the fluid equations )
2 S(T,ene(rr) M¥) = Toepia(v) —e6/A))  ( Definition of Fl)
> |F]les?/A. ( Definition of N* and ¢ )

Therefore, if t > sup, | f(0, v)]A/eé?, then m{ > f; — €6, so that f(z:,v) > f(q,v) —€d for v € V},
which in turn implies that z,(v) > ¢(v) — € for v € V;. Since j is arbitrary, (2.34) holds for all
t > sup, |f(0,v)[A/e6? and vE V.

To complete the proof of the lemma, note that by Lemma 2.3.6, there exists a 7;(€) such that
zi(vL) + Loev, Tt(v) = Tueu, Mu) — € for all t > 1;(¢). Therefore, for all such ¢, z,(vp) >
(Tueu, M) — € — X ev, 5(v))+ 2 gq(vr) — . This proves (2.34) for v = v and establishes the
lemma with 7o(€) = (sup, | (0, v)|A/ed?) V T1(e). a

Lemma 2.4.10 ( Insensitivity to Initial State ) If (z, A) is a solution to the fluid equations
(2.26)-(2.30), then im0 l|Z¢ — ql|sup = 0 uniformly for all zo in bounded subsets of RZ.
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Proof. Fix [ > 0 and let 3= i, zo(v) < l. Given € > 0, set ¢ = ¢/(|[V]| +2). Appealing
to Lemma 2.3.6, let 71(l, &) be such that for all ¢ > 1i(l,€), |3,y 2e(v) — £y A(u)]| < €0, or
equivalently | 3= i (2:(v) — g(v))| < €o. If ¢ > 1o(e0) V 71 (I, €0), then Lemma 2.4.9 implies that

inf (z¢(v) — q(v)) 2 —€0 2 —e.
veV
This in turn implies that

sup(ze(v) = q(v)) < Y (ze(v) — g(v) + <o)

veEV 06‘7
= Y (z:(v) — q(v)) + (VI + Veo
uéf’
< (VI+2)eo=g¢
which yields the desired result. a

Lemma 2.4.11 ( Convergence of Equilibrium Distributions ) Let g be the unique load vector
corresponding to assignments satisfying Conditions 2.4.1 and 2.4.2, and v be the distribution of the
equilibrium load X2,. Then for all e > 0,

Jim v (1X2, = gllowp > &) = 0.

Proof. The proof of Lemma 2.3.9 applies directl; by using Lemmas 2.4.5 and 2.4.10 in place
of Lemmas 2.3.3 and 2.3.7, respectively. a

Theorem 2.4.1 ( Asymptotic Optimality of LRLR ) Let Py (Loss) denote the loss probability
of an arbitrary allocation policy © and P_{‘RLR(Loss) denote the loss probability of the LRLR policy

for some normalization function f. Then

NP : pLRLR =1 2wevd(®)
lim inf PY(Loss) > lim Py™(Loss) = 1~ S2=0 s,

where q is the load vector corresponding to a solution of SLP(A, K).
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Proof. The collection (X, : v > 0) is dominated by normalized Poisson random variables and

is uniformly integrable. Therefore,

. . ... o E[number of consumers lost in [0, ¢]}
LRLR — ’
_Ylgrgo P, (Loss) = Whm ll‘m inf S A(w) .

1 .
Y] Jim E{X(vr)],

q(v)
T A(u)’
= 1 Zeevd(®)
YuA(w) '

where the second step follows by Little’s Theorem, and the third step is a consequence of Lemma 2.4.11

and the uniform integrability of (X2, : ¥ > 0). The theorem now follows by Lemma 2.4.4. o

Having proven the optimality properties of generic LRLR policies, we now focus on two particu-
lar elements of this class, namely the least ratio routing and the maximum residual capacity routing
policies. In the next two sections, we obtain a stronger version of Lemma 2.4.10 for these policies

and provide explicit solutions of the fluid equations (2.26)-(2.30) for certain initial conditions.

2.4.1 Least ratio routing

In this section we focus on a particular least relative load routing policy, namely the least ratio
routing (LRR). The LRR policy is defined as the LRLR policy associated with the normalization
function f(gq,v) = —1 + ¢q(v)/x(v). Note that LRR assigns each consumer to the location with the
least load-to-capacity ratio, X7 (v)/x(v).

Let @ and ¢ be defined as in Lemma 2.4.2. Define the trajectories a and z as follows:

uy veV t<In(d(v)/(4(v) - &(v))+),
Gup(t) =  dyoun(v)/(v) veV t2In(d(v)/(4(v) — (v))+),
Yuev(@uy = aup(t)) v=1vy,
{ d(v)(1 - e7t) A 5(v) vev,
z(v) =
(1-e) Ly A1) — Toev 2(v) v=vL.

It is straightforward to verify that (z, f; a(s)ds) solves the fluid equations (2.26)-(2.30) with the

zero initial state.
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Lemma 2.4.12 ( Convergence Rate of LRR ) Let q be the unique load vector corresponding
to assignments satisfying Conditions 2.4.1 and 2.4.2. If (z, A) is a solution to the fluid equations
(2.26)-(2.30), then

sup [ze(v) — g(v)| < e™* (323 gv)v . zo(v)) .

veV

Proof. By Lemma 2.4.7, for all v € V, z;(v) > z(v). Also,

ze(v) — 2:(v) < D (ze(v) — z(v)) = €™ ) _ zo(v)-

veV veV

These inequalities, together with the fact that
q(v)(1 - ™) < z(v) < q(v)

for all v € V, yield the desired result. a

2.4.2 Maximum residual capacity routing

The mazimum residual capacity routing (MRCR) is defined as the LRLR policy associated with the
normalization function f(q,v) = ¢(v) — x(v). Note that the MRCR policy assigns each consumer
to the location with the maximum residual capacity defined as yx(v) — X, (v).

Let @ be an optimal assignment satisfying Conditions 2.4.1 and 2.4.2, and let g be the load
vector determined by a. Extend a to (U, V, N) by setting a, ., = A(x) — 2 veV Guu- Let zg denote
the vector such that zp(v) = x(v) for v € V, and 0 < zp(vz) < oo. Direct verification yields that
(2, A), defined by

z(v) = z(v)e™ +q(v)(1-e7)

Au,u(t) = au,vt:
is a solution to the fluid equations (2.26)-(2.30) starting with the initial state z.

Lemma 2.4.13 ( Convergence Rate of MRCR ) Let q be the unique load vector corresponding
to assignments satisfying Conditions 2.4.1 and 2.4.2. If (z, A) is a solution to the fluid equations
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(2.26)-(2.30) with an arbitrary initial state zq, then

sup |z(v) - g(v)| < e ((‘I(”L) Vzo(vr)) + ) K(v)) .

veV vevV
Proof. Let zp be an initial state vector defined as 29(v) = x(v) for v € V and z(vr) = zo(vL),

and let z denote the load trajectory starting with z,. By Lemma 2.4.7, forall v € V,

zi(v) < z(v)

= zo(v)e 4+ q(v)(1—e7%).

On the other hand, for any v € V,

z(v) —zi(v) < D (2(v) — z:(v))
uGV
= ¢ Y (20(v) - 20(v))
veV
< et Z k(v).
veV
Therefore,
(z0(v) — q(v) = Y_ K(v))e™ < zo(v) — q(v) < (20(v) — g(v))e™",
veV
and the desired result follows. o

2.5 The Migration Model

In this section we consider locations with infinite capacities and generalize the basic model of
Section 2.3 by allowing consumers to change their types while they are in the system and also by
including type-dependent departure rates. Towards this end, Lemma 2.5.1 identifies the weak limits
of the network process as solutions to certain fluid equations. An example shows that the fluid
equations do not necessarily uniquely determine the transient behavior of the load; nevertheless,
by Lemma 2.5.5, the limit point is unique. These facts are used to establish Theorem 2.5.1 on the
asymptotic optimality of LLR.

The analytical description of the migration model involves a routing matriz R, suca that R =

Tuu|JUxU, Where ry v > 0 for u # ¥/, and Y ey ruw < 0 for all w € U. Given a load sharing
] ] GU v
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network (U, V, N), an arrival rate vector A, and a routing matrix R, consider the load balancing
problem of Section 2.3. Suppose for all u,u’ € U such that v’ # u, each type u consumer transforms
into a type u' consumer with rate r, s or departs from the system with rate — Y /ey ru,ws- Each
arrival is assigned to a location via the LLR policy. In addition, when a consumer changes its type,
it is reassigned using LLR. Its location may or may not change. We assume that R is nonsingular,
so that every consumer eventually departs from the system. Let L.(u) continue to denote the
number of type u consumers in the network at time ¢. It can be verified by direct substitution that
the equilibrium vector (Lo (u) : u € U) is a vector of independent Poisson random variables with
mean vector vp, where p = —AR™!, so that the normalized cost of any allocation policy is lower
bounded by ¥(p). This section extends the analysis of Section 2.3 to the more general setting.
Let the contribution of type u to location v at time ¢, denoted by Ci(u,v), be the number of
type u consumers at location v at time t. Define C} (u,v) = v~'C:(u,v), and L} (u) = v~ L¢(u).
Note that X; (v) = 3, C{(u,v), and L] (u) = 3, C{(u,v). Under LLR, C is Markov on the state

space ZS{ xV and C7(x,v) can be represented as
t
C2 1w, 0) = CJ(,0) + M (w,0) + AL, (0 + [ ruuClCu,v)ds,
0

where
g , , I{X,(v) = m.(X;)}
A2, = [ 0w+ 2 Bl ) = ma T

and M7 (u,v) is a local martingale with M (u,v) = 0. Given that (Cj) is tight, the methods of
Section 2.3.2 can be applied directly to establish the tightness of (C™, A"} and characterize the

possible weak limits. Namely, the following lemma holds:

Lemma 2.5.1 Suppose (CJ) is tight. Then every subsequence (C'™, A"™) has a further sub-
sequence (C""k, A™k) such that (C""x,A"™) = (c, A), where (c, A) satisfies the following fluid
equations:

ci(u, v) = co(u,v) + Ay (t) + [: Ty uCs(u, v)ds (2.35)

t
Auy(0) =0, Auu(t) nondecreasing, 3" Auu(t) = Aw)t+ 3 / l(@)rwads,  (2.36)
vEN(u) uw’#u 0

/0 " Hzy(v) > ma(2s)}dAuy(s) = 0, (2.37)

where z:(v) = Y en-1(v) Ce(% V) and ly(u) = 3 en(u) (B, v)-
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Figure 2.2 An example to illustrate the nonuniqueness of the solutions to the fluid equations

(2.35)-(2.37).

3

1
O

0
2) @

L @ @v

Table 2.1 Two assignment regimes for the network of Figure 2.2.

Ae(u, v) c(u, v)
u\v| 1 2 3 1 2 3
1 t/2 t/2 0| (1-e7%)/2 (1-e7%)/2 0
2 |3t/2 3t/2 0l 1-e¥)/2 (1-e3)/2 0
3]0 o of o 0 (.9495 x 107)e=T¢
Aft (uv v) Et(ur U)
u\v 1 2 3 1 2 3
1 t 0 0 1-e~t (i 0
2 |1~et 3t—14+et 0 (et—e3)/2 1—-(et+e73)/2 0
3 0 0 0 0 0 (.9495 x 107)e~7¢

The following example shows, in contrast to Lemma 2.3.5, that the initial state cg and the fluid
equations (2.35)-(2.37) do not necessarily determine a unique load trajectory z.

Example. ( Type dependent departure rates, no routing ) Consider the load sharing network
and the routing matrix of Figure 2.2. Suppose ¢c(3,3) = .9495 x 107, and co(u, v) = 0 otherwise.
Let 7 = In10, and consider the two assignment regimes (c, A) and (&, A) for t € [0, 7] as listed
in Table 2.1. It is straightforward to verify that both (c, A) and (&, A) satisfy (2.35)-(2.37), and
zi(v) = Z¢(v) for v € V and t € [0,7]. Note that 7 = inf{t : z,(1) = z,(2) = z,(3)}, and
z,-(1) = .9495. Under both regimes, at time 7, the instantaneous rate of decrease of load at
location 3 is 7(.9495), whereas the instantaneous rates of decrease of load at locations 1 and 2,
respectively, are each upper bounded by 3(.9495). The difference is larger than the flow rate of
type 2 arrivals; therefore, there exists a § > 0 such that (2.35)-(2.37) are not violated only if all type
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2 arrivals are directed to location 3 during [, 7+ 6]. Under (c, A), type 1 arrivals can split evenly
between locations 1 and 2 and maintain (1) = z¢(2) for t € [, + §]. However, under (¢, 4),
at time 7 location 1 discharges at an instantaneous rate of .9 + 3(.0495) = 1.0485, and location
2 discharges at an instantaneous rate of 3(.9495) = 2.8485. The difference between the discharge
rates is greater than the flow rate of type 1 arrivals; therefore, there exists a §' > 0 such that all
type 1 arrivals are directed to location 2, and £,(1) > £:(2) for t € (r,7+ &’]. Thus, ¢o together
with the fluid equations (2.35)-(2.37) does not determine z uniquely. a

We now concentrate on the properties of the load trajectories corresponding to the solutions
of the fluid equations. By the definition of the demand vector, the coordinates of p are strictly

positive; however, the extension of the results to nonnegative p is trivial.
Lemma 2.5.2 Given [y € Rﬁ{, limiyoo [|le — Pllsup = 0 uniformly for 0 < lp < lo.

Proof. By Equations (2.35)-(2.37), [, satisfies
t
l=lo+ A+ / Ri,ds,
0

which can be solved to yield
Iy = lge®t + p(I — ™),

where the exponential e® of the matrix R can be defined by a power series. Since e — 0
exponentially, I; converges to p exponentially fast, uniformly for lo < lop. This establishes the

lemma. a
The following auxiliary lemma is proved in Section 2.7.

Lemma 2.5.3 Suppose that a; < @; for 1 <i < J, and wmin = min;<icy wi- Then

Z aiw; < z aw; + (E a; — Z &) Wmin-

Lemma 2.5.4 Let q denote the unique load vector corresponding to the solutions of SLB(p, ).
Given ly € Rf{ and € > 0, there ezists t; (lo, €) such that for allv e V,

zi(v) 2 g(v) — €
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whenever t > t;(lo, €), and 0 < lp < .

Proof. Let {V;,V3,---,Vs} and {U},Us,---,Us} be the unique partitions of V' and U, respec-
tively, defined by Lemma 2.2.2 adapted to SLB(p, ®). It is enough to show that

inf z(v)>q;—¢€ 2.38
P v t(v) 2 g; (2.38)

for all j € {1,2,---,J}, and ¢t > t;(lo, €), where gj is the value such that ¢(v) = g; for all v € Vj.
Towards this end, for each j € {1,2,---,J} define

m{ = inf  z¢(v),
v€l ;’zjVi
. J .
= freln s niomni)
i=j
a(u,Fl) = Y a(u,v),
ueF{
) : i-1
N*(F}) = {u:N@)nF} #0and Nu)n (|J Vi) =0}

=1

with the understanding that U2, V; = 0.

Let rpin = min,{~ry o} and ripaz = max,{—ry . }. Given e > 0,let €9 < €rmin(2 3, Sou ITuwl) 7t
Appeal to Lemma 2.5.2 to fix to(lo, €0) such that sup, |l;(u) — p(u)] < €o for all t > to(l, o) When-
ever 0 < lp < ly. To prove the lemma by induction on j, let § = 1, and choose ¢t > to(io, €g)-

Suppose that ¢ is a regular point of m! and z, and that
m! <q —e (2.39)
Then, by Lemma 2.4.8 and the fact that N*(F}!) = N~1(F}),

|Fllmg = ) &(v)

ueFl

= Y Au+ Y k(v > rua — 9 €e(t, FY)(—ruu)
ueN*(F}) wel v EN*(FI\{u} uelU

= Z A(u) + z le(u) Z Ty’ — 2: ce(, F)(=ruu). (2.40)
uEN*(F}) uel wEN(F)\{u} u€N*(F})
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By the choice of ¢, c¢(u, F}t) < p(u) + €0, so that Lemma 2.5.3 and (2.39) can be used to bound the
third term on the right-hand side of (2.40) to obtain

lFtllmtI 2 Z A(u) + Z le(u) z Tuu’ — Z (p(u) + €0)(—Tu,u)

weN*(F}) v€U  weN*(Fl)\{u} wEN*(F})
- (lF:II(QI - Y. (p(u) +€o)) Tmin-
"GN.(F:I)

Note that Y ene(rr)p(u) > |Fllar, and l(u) > p(u) — eo. This, together with the identity
P(8)(—Tuu) = A(8) + L2y P(u')ruw . and the choice of €q, yields that

IFtllfhtl 2 —¢€o (Z Z Tuu + Z (—ru.u)) +€|I?tl|rm€n

u€U weN*(F})\{u} u€N*(F})
5rmin|Ftl |

>
- 2

Thus, for almost all regular points £ of m such that ¢t > to(lo, €0), M} > €rmin/2 whenever m}! < q;—¢.
Therefore, (2.38) holds for 5 = 1 for all t > T'(lo, €) = to(lo, €0) + 2 . (P(1) + €0)/€rmin.

As the induction hypothesis, fix j € {2,3,---,J}, and suppose that given ¢ > 0, for each
p€{1,---,7 — 1} there exists a T?(lo, €0) such that

P
thQp"fo

whenever ¢t > TP(lp, €).

Let € < min{ermin(4( U4+ V])Fmaz) ") €rmin(4 o Tour [Tuwr]) "'}, and choose t > max{to(lo, €o),
T'(lo, o), - - -, T7~Y(lo, o) }. Suppose that ¢ is a regular point of m7 and z, and m! < ¢; — e. Note
that the methods used in the case 7 = 1 imply that

|Filmi = Y &(v)

UEF{

> E Alu) + Z le(v) Z Tuu!
ueN*(F?) u w'€N*(F])\{u}

- Z ce(u, F{)(—ruu) — Z ce(u, F{)(=Tuu)
ueN*(F?) ueN*(F7)e
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2 —€ (E z: Tuu + Z ("ru.u)) + €| F}|rmin ~ Fmasz z ce(u, Fi’)'

v weN*(F)\{u} uwEN*(F}) uEN*(F])c

By (2.5), the choice of t, and the induction hypothesis,

> a(u, F) < Y. (e +ea)- Y. (g.—¢)

wEN*(F}) sel JIZ; U; el o) Vi
€'min

= =1
4Tmer

Hence by the choice of ¢, [F,j Irh{ > erm,-anf [/2. Thus, there exists a T7(lp, €) such that m{ >
gj — e for all t > T7(lp,€). This completes the induction step and the proof of the lemma with
t1(lo, €) = TI (I, €). a

Lemma 2.5.5 ( Global Convergence ) Let z be the load function corresponding to an arbitrary
solution of the fluid equations (2.35)-(2.37), and q be the unique load vector corresponding to the
solutions of SLB(p, ®). Then lim 0 ||Z¢ ~ qllsup = O uniformly for all ly in bounded subsets of
RY.

Proof. Fix lp € RY, and let lop < ly. Given € > 0, set ¢ = €¢/(|V]| + 1), and appealing
to Lemma 2.5.2, let to(lo, €0) be such that | ,ey(ze(v) — q(v))] < €o for all t > to(lo,€0). If
t> to(fo, €0) V tl(l-o, €0), then Lemma 2.5.4 implies that

i - > —ep > —
inf (z¢(v) - 4(v)) 2 ~€0 2 -,
which in turn implies

sup(z:(v) - q(v)) < Y (ze(v) — q(v) + €)
veV eV

= D _(z:(v) - q(v)) +Vleo

veV
< (VI+De =«

This proves the desired result. a
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Let P, denote the distribution of the process C” when Cy has distribution p and po denote
the deterministic distribution concentrated at the zero state. The proof of the following lemma is

immediate:

Lemma 2.5.6 Given € > 0, there erists a vy, such that whenever v > v,,

P, (zX;'(v) $e+2p(u)) >1—€¢ foranyt2>0.

Lemma 2.5.7 ( Convergence of Equilibrium Distributions ) Let q be the unique load vector
corresponding to solutions of SLB(p,®) and v be the distribution of the equilibrium load XJ,.
Then for alle > 0

Jim v (IX% = dllw > © =0.

Proof. The proof of Lemma 2.3.9 applies directly by redefining u; as the distribution of C}
and by using Lemmas 2.5.1, 2.5.5, and 2.5.6 in place of Lemmas 2.3.3, 2.3.7, and 2.3.8, respectively.
a

Theorem 2.5.1 ( Asymptotic Optimality of LLR ) Given an allocation policy &, let J5 denote

the cost under © when the network demand is yA. Then

.- . -2 . -2 yLLR
imiafy ™ 2 g >0

Proof. The proof of Lemma. 2.3.1 applies directly by using Lemma 2.5.7 in place of Lemma 2.3.9
and p in place of A. o

2.6 Conclusions and Discussion

This chapter concentrates on the dynamic load balancing problem and studies the performance of
practical allocation policies, namely LLR and the class LRLR. When there are no capacity con-

straints on the resources, LLR is shown to achieve asymptotically the most balanced load in the
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V 1 2 V
k(1)=1 K(2)=1
(a) (b)

Figure 2.3 The counter examples for the optimality of (a) sticky LLR, (b)) LRLR under finite
capacities and migration.

sense of minimizing a wide class of long-term average costs. LLR is also robust to migration, pro-
vided that consumers are reassigned according to LLR whenever their types change. On the other
hand, when the resources have finite capacities, LRLR policies asymptotically achieve the minimum
possible loss probability. The desirable aspects of the considered policies are low computational
complexity, decentralized implementation, and robustness to arrival and migration rates.

The reassignment of migrating consumers is important for the asymptotic optimality of LLR
in the migration model. The network of Figure 2.3(a) is an example in which LLR is not optimal

without reassignments. Let A = (0,1) and the routing matrix be

=5

Hence all consumers arrive as type 2 and migrate to become type 1 before leaving the system.
Suppose that consumers are assigned using LLR upon arrival; however, they maintain their original
locations even though they migrate. Then at any time ¢, all of the load in the network is at location
2; hence the limiting normalized cost of this policy is 4. A simple calculation yields that the LLR
policy splits the load equally between the two locations, thus having a limiting normalized cost of
2.
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Optimality properties of the policies discussed in this chapter do not necessarily persist in the
case of finite capacities and migration. In particular, myopic policies, which accept a consumer
whenever possible, may not be asymptotically optimal. As an example to illustrate this, consider
the network of Figure 2.3(b) in heavy traffic. Let A = (1,1, 3), x = (1, 1), and the routing matrix
be

-1 0 0
R=| 0 -1 1 |.
0 0 -1

Hence type 2 arrivals first visit location 1 and then location 2 before exiting the system. Without
loss of generality, assume that location 2 gives higher priority to exogenous arrivals, in the sense
that an exogenous arrival blocks a migrated consumer that is already in location 2, provided that
location 2 is full at the time of arrival. Since exogenous arrivals suffice to overload location 2, all
type 2 arrivals are bound to be lost. Any myopic policy blocks half of type 1 arrivals and has a
limiting consumer loss probability of 0.7. On the other hand, a policy that blocks type 2 arrivals
regardless of the system state has a limiting consumer loss probability of 0.6. We therefore conclude
that the optimal policies have considerably more complex structures under the more general case.

There are other asymptotically optimal policies that are not of repacking type. In particular,
let the assignment a be a solution to SLB(A, ®), and consider the Bernoulli splitting (BS) policy
under which each arriving type u € U consumer is assigned to location v € N (u) with probability
@u»/A(u) independently of previous events. Under this policy and the basic model of Section 2.3,
the equilibrium load at each location v € V' is a Poisson random variable with mean ygq(v), where
g denotes the load vector corresponding to the assignment a. It is therefore easy to see that the
BS policy achieves the optimal normalized cost in the limiting regime of interest. Similarly, if a
is a solution to problem SLP(A, k), then the BS policy asymptotically achieves the minimum loss
probability in the case of finite capacity constraints. However, this policy explicitly uses the traffic
parameters; therefore, it is not robust with respect to the network demand. Furthermore, it exerts
only open-loop control; hence one expects a finer analysis to reveal the superiority of LLR to BS.
This suggests a large deviations analysis to compare the policies that are optimal in the fluid scale,

which is the approach taken in the following chapter.
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2.7 Proofs of Lemmas

This section contains the deferred proofs from previous sections. We start with the proof of

Lemma 2.2.1 by first giving an auxiliary result.

Lemma 2.7.1 Let & : R* — R be strictly convez and differentiable, and &, denote the v** par-
tial derivative of ®. If ® is symmetric in its arguments (i.e., ®(z(1),---, z(d)) = ®(z(p(1)), - --, z(p(d)))

Jor any permutation p ), then for all v,v'
z(v) > z(v') = B, (z) > Pw(z)-

Proof. Since the conclusion involves only two arguments, we can assume without loss of
generality that d = 2. For (a, b) € R?, define g, s(a) = ®(a(a, b) + (1 — @)(b,a)). Then, go5(c) =
(®1 — ¥2)(a — b), where the partial derivatives ®; and P, are evaluated at a(a,b) + (1 - a)(b,a).
Note that by the strict convexity of ®, g, 5 is strictly convex for a # b. Also by the symmetry of @,
g.,,,,(a)lu% = 0; therefore, for a # b, gas(@)|a=1 > 0. This implies (®,(a, b) — $2(a,b))(a—b) > 0,

which proves the claim. =]

Proof of Lemma 2.2.1. The problem SLB(A,®) is a convex optimization problem on a
compact and convex set; thus, there exists a solution.

To establish the second statement of the lemma, we argue by contradiction in each direction.
In what follows, 1(a) denotes the value ®(g) induced by the assignment a. First, let a satisfy (2.1),
and suppose that a is not a solution to SLB(A, ®). Then there exists an admissible perturbation

vector h such that

Y huy=0 foralueU (2.41)
vEN(u)
hyy >0 whenever a,, =0, hy, =0 whenever v € N(u)¢ (2.42)
_ p(a+eh) — $(a)
ch\r'% - = Zu:velzv%u) huy®u(q) < O. (2.43)

By (2.42) we have that for all u and v € N(u)

hup <0 = @y, >0
=> q(v) < q(v) forall v’ € N(u)
= &,(q) < Dy(q) forall v' € N(u) (2.44)
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by using Lemma 2.7.1 in the last step. Now for u € U define

o (9) = ma.x(@,,(q) they < 0) , A= Emh,., <0 hy vy
(D:‘ (q) = min(®,(q) : hew>0) h;t = Ev:hu.u >0 hy,v-

Then by (2.41) h} = —h, and by (2.44) &} (q) > D7 (g), and therefore for all u € U,

DD huw®ulg) 2D AF(BE(g) - B7(9)) > 0,
v yeN(u) u
which contradicts (2.43).
To show that the converse also holds, suppose that a does not satisfy the condition (2.1). In

particular, let u be such that for some v, v’ € N(u),
@y >0 and gq(v) > q(v).

Then by Lemma 2.7.1, ®,(q) —~®.(q) > 0; thus, there exists a § small enough such that it is possible
to decrease a,, and increase ¢, ,s by an amount § without violating the constraints of SLB(A, ®)
and obtain a smaller value for ®. Therefore, a cannot be a solution.

Finally, by the strict convexity of ®, there is a unique load vector corresponding to the solutions
of SLB(\, ®). a

Proof of Lemma 2.2.2. It is straightforward to form the partition {V}, V2,---, Vs} that satis-
fies (2.2) and (2.3). This partition is unique since q is the same for all assignments a satisfying (2.1).
Let a be an arbitrary assignment satisfying (2.1), and define the set of subsets {Uy,Us,---,U} of
U as

Ui ={ueU:a(u,v) > 0 for some v in V;}.

By (2.1), (2.4) and (2.5) hold; therefore, {U;, Us,---,Us} is a partition of U.

It remains to show that any assignment satisfying (2.1) yields the same {U;, Ua,---, Us}. Sup-
pose @ is another such assignment which yields {U, 0, - - -, Us}. To prove the claim by contradic-
tion, assume that there exists a u € U such that u € U; N U;, where i < j. Since u € U;, by (2.5)
N(u) N V; = ¢. Therefore, a(u,v) = 0 for all v € V;. This contradicts the assumption that u € U;
and establishes the uniqueness of {Uy, Uy, ---,Uys}. w}
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Proof of Lemma 2.2.3. Fori = 1,2, let A; € R(_,{, and a; solve SLB(A;, ®) with the corre-
sponding load vector ¢;. Then for any @ € [0, 1],

al(\) + (1 -a)¥(\) = a®(q)+ (1 - a)®(q)
> ®(aq +(1 - a)g)
> Wled +(1-a)h).

The second step follows by the convexity of ®. The third step follows by the definition of ¥ and
the fact that aa; + (1 — a)a, is an admissible assignment that satisfies a); + (1 — @) A, with the
load vector aq; + (1 — a)g2. o

Proof of Lemma 2.4.1. The proof of Lemma 2.2.1 applies by replacing ¢(v) with f(q,v) and
by noting that (2.44) follows by the definition of ®. a

Proof of Lemma 2.4.2. It is straightforward to see that a € B « and that g is the load vector
corresponding to a. To show that a satisfies Condition 2.4.1, suppose that f(q,v) > m,(f(q)) for
some u,v with v € N(u). Then by Lemma 2.4.1 there exists a v € N(u) such that f(g,v") < 0.
Since g(v') = §(v') for all v/ with f(§,v") < 0, mu(f(q)) = m.(f(4)), and therefore,

f(@,v) 2 f(q,v) > mu(f(q)) = mu(£(9))- (2.45)

Since @, , satisfies Condition 2.4.1, (2.45) implies that @, , = 0; thus, a,, = 0, and Condition 2.4.1
is satisfied.

To show that Condition 2.4.2 is satisfied, note that if }°, a,, < A(u), then there exists a
v € N(u) such that &,, > 0 and §(v) > &(v). This implies that f(g,v') > 0 for all v’ € N(u) and
hence that f(g,v’) = 0 for all v’ € N(u), establishing Condition 2.4.2. a

Proof of Lemma 2.4.3. Let f be a normalization function and a be an assignment satisfying
Conditions 2.4.1 and 2.4.2 with f and the corresponding load vector q. To prove the optimality
of a, argue by contradiction. If @ is not a solution to SLP(A, ), then there exists a perturbation

vector h such that

heywy = 0 ve N(u)s,
hyy 2 0 if @y, =0, (2.46)
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Y ohup < K(v)—q(v), (2.47)
Y hup < Aw) =) Gy (2.48)
> 0. (2.49)

22 hug
1/ 3 v
We use induction to arrive at the desired contradiction. Let

UO = {u:z:hu.v>0}r
Uisr = UjU{ugU;:hy, <0 forsomeve N(U;)}, 720.

By inequality (2.49), Up is nonempty. Inequality (2.48), Condition 2.4.2, and the Definition 2.4.1

of the normalization function imply that
q(v) = k(v) for all v € N(Up).- (2.50)

By (2.47), Xven(to) 2ou Puw £ 0, and by the definition of Ub, Y uetr, 2venN(wp) Auw > 0; therefore,

U, # Us. If u € Up \ Uy, then inequality (2.46) implies that @, , > 0 for some v € N(Uo). By
Condition 2.4.1, f(q,v) = 0 for all v € N(u). This, along with (2.50), implies that

q(v) = r(v) for all v € N(U)).

As the induction hypothesis, assume that ¢(v) = s(v) for all v € N(U;). By the definition of
(Ui 13 2 0), LueUiy, LveN(Uy) Puw > 0; therefore, the argument of the base case yields that

Uct1 #Ur and q(v) =k(v) for all v € N(Ug41)-

This contradicts the finiteness of the network, and hence the existence of h, proving the optimality
of a.

Lemma 2.4.2 establishes the existence of an assignment a € B) . that satisfies Conditions 2.4.1
and 2.4.2. To prove the uniqueness of the load vector by contradiction, let a and @ be two such

assignments with the corresponding load vectors ¢ and § such that ¢ # 4. Let
F = {v:q(v) > 4(v)}.
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If v € F, then for any u,

vy >0 = f(q,v) < fq,v) forallv' € FFNN(u)
= f(§,v) < f(§,v)) forallv' € FFNN(u)

= Y duy =Au),
veF
where the second step follows by the strict monotonicity of f, and the third step follows by Condi-
tion 2.4.1. However, this implies that }_ cr(@u,v — Gu,v) > 0 for any u € U, which contradicts the
definition of F and proves the desired result. ()

Proof of Lemma 2.4.6. By the absolute continuity of g, J exists almost everywhere ([11,
Corollary 5.12]). Thus, it suffices to prove that the set {f : §; exists, g: = @, §: # 0} has Lebesgue
measure zero. However, all of the points in this set are isolated; hence the set contains at most

countably infinite elements and therefore has zero measure. o

Proof of Lemma 2.4.8. Since g,(¢) i = 1,2,---,I are absolutely continuous, so is m.

Therefore, g(1),---,9(I),m are almost everywhere differentiable. Let ¢ be a regular point of

g(1),---,9(I),m and {z;,---,%.} be such that g,(3;) = - - - = ge(¢,) = m.. Note that
max §:(ix) = max lim 9:(ik) = ge-c(ie)
1<k<Lr 1<k<r e\O €
S [im inf max g‘(zk) —gt-C(zk)
e\O0 1<k<r €
< liminf 22"t
FAN) €
= Thg.
Similarly,
e .. . Mipe — My .
> —_—
1'5'22,-"‘(") 2 hr:l \f:p . e,
and the proof of the lemma. is complete. o

Proof of Lemma 2.5.3.
Z aiw; = Z aw; + Z:(ai - &;)w;
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< Y awi+ ) (8 — &) Wmin,

since a; < @; for all 1.
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CHAPTER 3

ANALYSIS OF OVERFLOW

3.1 Introduction

This chapter concerns load sharing networks in the basic stochastic model of Section 2.3 and
analyzes network overflow under the optimal repacking (OR), Bernoulli splitting (BS), and least
load routing (LLR) allocation policies (see Sections 2.3 and 2.6 for definitions of OR and BS policies,
respectively). Namely, given a load sharing network (U, V, N), a demand vector A, and a positive
number 7, it is assumed that consumers of type u € U arrive according to a Poisson process of
rate yA(u), the processes for different types of arrivals being independent. The holding time of
each consumer is exponentially distributed with unit mean, independent of the past history. Given
Kk > 0, the overflow time of a location v € V is the first time that its load, X;(v), exceeds the
designated capacity |yx), and the network overflow time is the minimum over all v of the overflow
times of location v.

Under allocation policy =, the overflow exponent of the network, F™(x), and the overflow ezpo-

nent of a location v, F™ (v, k), are defined as

F™(x) = - lim lim v 'log P( Network overflow time < T| X, = 0)
T-00 7=+
F*(v,x) = - lim lim ¥ 'log P( Overflow time of location v < T|X, = 0).
T =00 Y—+00

It is easy to see that F™(k) = minyev F*(v, ) whenever the above quantities exist. A crude
interpretation of the overflow exponent of the network is that for fixed but large 7', P( Network
overflow time < T|Xo = 0) = exp(—vF™(x)). Note that larger values of the overflow exponent
indicate larger overflow times. The approach taken in this chapter is to compare allocation policies
based on the corresponding overflow exponents. The rest of this section states the main results.

We start with the two basic networks of Figure 1.2.
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The Single-Location Network. The single-location network of Figure 1.2(a) has been studied
extensively in the context of Erlang’s model for circuit switched traffic. In particular, the following
theorem can be obtained by applying the results in [12, Section 12]. Details of the proof are given
in Section 3.3, since the basic notation and concepts carry over to analysis of more general network

topologies.

Theorem 3.1.1 ( Single Location ) The overflow ezponent of the single-location network ezists

and is given by H)(1)(0, k), where

Hyay(z,y) = /: (108(’/\(2—1)))+dz, y>z2>0.

Intuitively, for z < y, Hy1)(z,y) is a measure of how unlikely it is for the normalized load,
starting at level z, to reach level y within a fixed, long time interval. Note that H,(;)(z,y) = 0
for 0 < z < y < A(1), since such transition is not a rare event in this case. The reader is referred
to [12, Section 12] for large deviations exponents for transitions within fized time duration. For
simplicity, we concentrate here on long time intervals.

The W Network. In the W network of Figure 1.2(b) it is assumed without loss of generality
that A(1) > A(3). We first discuss two upper bounds on the network overflow time that apply to
any allocation policy and then provide three theorems that identify the overflow exponents under
the policies of interest. The proofs of the theorems are the subjects of subsequent sections.

Stochastic ordering arguments provide the two upper bounds on the overflow time of the W
network under any allocation policy: 1) The Single-Location Bound: The load at location 1 is
stochastically larger than the load of a single-location network with demand yA(1). Hence the
overflow time of a single-location network with capacity [yx| and demand yA(1) dominates the
overflow time of location 1, which in turn dominates the overflow time of the network. 2) Pooling
Bound: The network necessarily overflows if the total load exceeds [2yx]. Thus, the overflow time
of the network is dominated by the overflow time of a single-location network with capacity [2yx]|
and demand y(A(1) + A(2) + A(3)).

We now discuss the three policies, starting with some essential definitions. For real z,a, and
b such that ¢ < b, let [z]% denote the number in the interval [a,b] that is closest to z. Let
q(1) = A(1) + pA(2) and ¢(2) = A(3) + (1 — p)A(2), where p is chosen to minimize |g(1) — ¢(2)].
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More explicitly,
g(1) = [(A(1D) + M2) + A@)/244 P and ¢(2) = [(A(1) + A2) + A3))/25 P,

and p = [(A(3) — A(1) + A(2))/2A(2)]}- The assumption A(1) > A(3) implies that ¢(1) > ¢(2).
Consider first the BS policy under which each type 2 consumer is assigned to location 1 with
probability p or to location 2 with probability (1 — p). The load at each location v behaves as
in a single-location network with demand yq(v), independent of the other location. In turn the
overflow exponent of each location can be obtained by appealing to the single-location result, and

the overflow exponent of the network is equal to that of the more heavily loaded location 1.

Theorem 3.1.2 { BS ) For v = 1,2, the overflow exponent of location v under the BS policy
ezists and is given by FBS(v,Kk) = Hy(,)(0, ). In particular, FBS(x) = H,y1(0, &)

As for the BS policy, the network load under the OR policy can be represented in terms of
single-location loads. Under the OR policy, overflow of location v implies that either the number
of type 2v — 1 consumers exceeds {yx|, or the total number of consumers exceeds 2|yx|. The

following theorem holds:

Theorem 3.1.3 ( OR ) For v = 1,2, the overflow ezponent of location v under the OR policy
ezists and is given by FOR(v,k) = H M1)+a2)+7(3)(0: 28) A Hy(20-1)(0, 5). In particular,

H 0,2 if x <
FOR(x) = FOR(1,k) = A0 A2+23) 0, 26)  Fr< K,
Hj1)(0, %) ifK> Ko,

where K, is the larger root of K, = K, log(k,A(1)/q(1)q(2)) + A(2) + A(3).

The overflow exponents under the LLR policy are identified by the following theorem, for which
we provide somewhat detailed comments. For simplicity, it is assumed that if the locations are

equally loaded, an arriving type 2 consumer is assigned to location 1.

Theorem 3.1.4 ( LLR ) Forv = 1,2, the overflow exponent of location v under the LLR policy

ezists and is given by

FELR(y ) = { Hy(1)(0, &) + Hy(2)(0, 5) if k < Ka(V)
H(1)(0, 5. (v)) + Hy(2)(0, £(v)) + Hazu—1)(5-(v),8) if & > K.(v),
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where k.(v) = q(1)g(2)/A\(2v—1). In particular, F*LR(x) = FELER(1, k), which can also be ezpressed
as
FELR() = { H)\(1y+2(2)4+2(3)(0, 25) if £ < k(1)
Hy(1)422)+2(3)(0: 25.(1)) + Hy()(Re (1), 8)  if £ > Ku(1)-

Remark 3.1.1 To see the equivalence of the two ezpressions for FLLR(x) note that (i) if
q(1) = q(2), then Hy;)(0, 5) + Hy(2)(0, 8) = Hx1)4-a2)42(3)(0s 25) for all & and (ii) if (1) > q(2),
then A(1) = q(1) > q(2) = K.(1); hence Hy1)(0,5) + Hy2)(0,5) = Ha(1)4a2)4+2(3)(0,25) = 0
whenever k < k.(1), so that FELR(g) = FLLR(] k)= H A(1)(0, K) for all k.

Here we give an intuitive explanation for the formulas appearing in Theorem 3.1.4. In this para-
graph and in the following paragraph, the “load” at a location is understood to be the normalized
load for some suitably large value of 4. Focusing first on location v = 1, refer to Figure 3.1, which
pictures the extremal trajectories associated with Theorem 3.1.4 for v = 1. Consider first the case
g(1) = q(2). If k < ¢(1) = q(2), then FELE(1, k) = 0, which is expected since overflow of location
1 is not a rare event for such x. If ¢(1) = ¢(2) < & < %.(1), then overflow in location 1 typically
occurs because the whole network becomes overloaded, and both locations maintain roughly equal
loads. For larger values of x, the most likely scenario is that first the loads at the two locations
together build up to level x.(1), and then the load at location 1 continues to grow to level x. The
given value of x.(1) minimizes the expression for FLLR(1, k). Finally, consider the case in which
q(1) > q(2). Then FELR(1, k) = Hy(y)(0, 5) as explained in Remark 3.1.1, and the typical scenario
for overflow of location 1 is that the load at location 1 reaches &, while the load at location 2 relaxes
towards its mean ¢(2).

Now focusing on location 2, let us give an intuitive explanation for the expression for the
overflow exponent FELR(2 k). Consult Figure 3.2. If ¢(1) = ¢(2), the explanation is similar to
that for FLLR(1, k), so assume that q(1) > ¢(2). If & < q(2), then FELR(2, k) = 0, since for such &
network overflow is not a rare event. If ¢(2) < & < ¢(1), then the load at location 2 can grow to level
K, while, even without any large deviation occurring at location 1, all type 2 arrivals are assigned
to location 2. Thus, it makes sense that FLLR(2 k) = H(2)(0, &) for such values of x. Finally, if
k > g(1) > ¢(2), as the load at location 2 begins to build beyond ¢(2), the load at location 1 begins
to build beyond ¢(1), even though the two loads are not equal. In that way, all type 2 consumers
are assigned to location 2, even after the load at location 2 exceeds ¢(1). Eventually, the loads at
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Figure 3.1 The most likely scenario for the overflow of location 1 of the W network under the
LLR policy, for the cases (a) ¢(1) = ¢(2), (b) ¢(1) > ¢(2).
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Figure 3.2 The most likely scenario for the overflow of location 2 of the W network under the
LLR policy, for the cases (a) q(1) = ¢(2), (b) ¢(1) > ¢(2).
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Figure 3.3 The network overflow exponents of the three policies, along with the single-location
and pooling bounds, for a = 0.5.

the two locations simultaneously become approximately equal to £ A 5.(2). If x > x.(2), then the
load at location 2 unilaterally continues to increase to level . It is interesting to note that the
initial segments of the most likely trajectories depend on x as x ranges over & > g(1) > ¢q(2), as
illustrated by the multiple trajectories in Figure 3.2(b).

As a numerical example to compare the three policies, consider the W network with demand
A=(1-0,2a,1 - a), where 0 < a < 1. The network overflow exponents under the three policies
are plotted in Figure 3.3, along with the single-location and pooling upper bounds, for the case
a = 0.5. The OR policy employs the tightest possible control; hence the networl; overflow time
under OR dominates the network overflow time under any allocation policy. Furthermore, in the
W network, FOR(k) is equal to the smaller of the single-location and pooling bounds. From a
practical point of view, the OR policy has drawbacks such as high computational complexity and
the required repacking of consumers. For the values of & < x.(1), the simple and nonrepacking
LLR policy performs as well as any other policy, in the sense that FLLR(x) = FOR(k). For larger
values of %, the nonrepacking nature of LLR reveals itself, and LLR is outperformed by OR. The
BS policy only exerts open-loop control, and its performance is significantly worse than the LLR

policy for the whole range of capacities as illustrated in Figure 3.3.
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Figure 3.4 FLLR(x) for several values of a.

Consider also the dependence of FLLR(k) on a, illustrated in Figure 3.4. Larger values of a
correspond to increased load sharing capability of the network for the same total demand, so it is
not surprising that FLLR(x) is increasing in a. Note that when a = 0 and & = 1, FEER () achieves
the single-location and pooling bounds, respectively.

Networks with Arbitrary Topologies. We next consider the overflow exponents of networks
with arbitrary topologies under the three policies. Define the function ® : RY — R as &(z) =
Yoev(z(v))? for z € RY. Given a load sharing network (U,V, N) and a demand vector A, let a
denote an assignment that solves the problem SLB(), ®) of Section 2.2, and let g denote the load
vector corresponding to a.

The BS policy assigns each type u consumer to location v € N(u) with probability a,./A(u)
so that the load at each location v behaves as an independent single-location network load with
demand vg(v). Straightforward adaptation of Theorem 3.1.2 (details are omitted) yields that the
overflow exponent of location v € V exists and is given by Hg,)(0, )-

To analyze the OR policy in general networks, let L;(u) continue to denote the number of type
u consumers in the network at time ¢, and L; = (L¢(u) : v € U). Note that the process L is a
vector of independent single-location load processes with demand vector A, and the network load
at time t is determined by L; only. The network overflow time is the first time ¢ such that there is

a subset F of locations such that 3=, n(u)cr Le(2) > | 7&]IF]. In turn Theorem 3.1.3 can be easily
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generalized to show that the overflow exponent of the OR policy exists and can be expressed as
minpcv Hyr)(0, 5|F]), where A(F) = L u:N(u)cF AM(u)-

Except for simple network topologies such as the W network, the load process under the LLR
policy has discontinuous statistics along complicated geometries. Due to this fact, establishing ex-
plicit large deviations principles for arbitrary load sharing networks appears difficult. Nevertheless,
the form of the overflow exponents provided by Theorem 3.1.4, together with the extremal paths
of Figures 3.1 and 3.2, suggests the following conjecture:

Conjecture 3.1.1 For each v € V and k > 0, FLLR(y, k) can be identified as follows: Let S
range over the set of set-valued functions of the form S = (S(z):0 < z < k), whereve S(z) CV
for 0 <z < K, and S(z) C S(z') for z > z'. Associated with each such S and 0 < z < &, define
R(z) ={u e U : N(u) c S(z)U {v' : ¢(v') > z}}, N(z,u) = N(u) N S(z) for u € R(z), and
Az = (A(u) : v € R(z)), and let (q(v',z) : v' € S(z)) denote the unique load vector corresponding
to the solutions of SLB(A;, ®) on the subnetwork (R(z),S(z), N(z)). Then

" T
FLLR(y x) = inf / (lo ——)) dz
( ) S Jo V'EZS(::) g(q(vlv :L') +
The rest of the chapter is organized as follows: Section 3.2 consists of the basic definitions
regarding the techniques employed in the analysis, namely the theory of large deviations. Theo-
rem 3.1.1 regarding the single-location network is proved in Section 3.3, and Theorems 3.1.2-3.1.4
regarding the W network are proved in Section 3.4. A large deviations principle for the W network

under the LLR policy is stated as a proposition in Section 3.4 and is proved in Section 3.5.

3.2 Definitions

Given a positive integer d, let R? denote the d dimensional Euclidean space. A collection v =
(v(z) : ¢ € R?) is called a rate-measure field if for each z, v(z) = v(z,-) is a positive Borel measure
on R%, and sup, v(z, R?) < co. For each positive scalar 7, a right continuous Markov jump process
X7 = (X :t > 0) is said to be generated by the pair (v, v) if given its value at time ¢, the process
X7 jumps after a random time exponentially distributed with parameter yv (X}, R“), and the jump

size is a random variable A, where YA has distribution v(X7)/v(X;, R%), independent of the past
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history. The polygonal interpolation of the process X7, X7, is defined as

X = ﬁ:xgm + ;"TT;X" T St < Thya,
where i is the k** jump time of X7. Since X7 has a finite number of jumps in bounded time
intervals, X7 has sample paths in C[O,oo)(Rd)v the space of continuous functions ¢ : [0,00) — R?
with the topology of uniform convergence on compact sets.

The following are some standard definitions of large deviations theory: Let P denote the
probability measure governing the process X7 given XJ = z, and suppose that X7 takes on
values in D C R® for each 0 < t < T. The sequence (X7 : v > 0) is said to satisfy the large
deviations principle in Co 77(D) with the rate function I’ : Cpo 11(D) X D = R4 U {+o0} if for each
zo € D, the function I'(-, zp) is lower semicontinuous, and for any sequence (z” : ¥ > 0) such that

limye 27 = zo and Borel measurable S C Cio11(D),
limsup v~} log P~ (().(;' :0<t<T) e S) < —inf ['(¢, zo)
y—+00 $€S

liminf 7~ log Por (X7 :0<t <T) €S) > - jnf (¢, 20),

where S and S° denote the closure and the interior of S, respectively. The rate function I is called

good if for each zg € D and I > 0, the level set {¢ € Cio 17(D) : ['(¢, zo) < I} is compact.

Remark 3.2.1 If the sequence (X7 : vy > 0) satisfies the large deviations principle in Cio.11(D)
with the good rate function ', then the following inequalities hold for each ¢ € Cio 11(D):

fim lim sup y~ 'log sup Fe( sup IX{ — ¢ <8) < ~T(4,¢0)

Y—oo |z—dal<s 0<t<
. -1
}{'},}{‘},‘L‘&Lﬁfﬁ' logl mt; pP(Oiug I XY — ¢el <8) > —T(o, ).

Two sequences (X7 : v > 0) and (Y7 : v > 0) on the same probability space are ezponentially
equivalent if for each § > 0, lim,o00 7! log P(supge,ct | X7 — Y;'| > 8) = —oco. In this case, if
(XY : v > 0) satisfies the large deviations principle with a good rate function T, then so does
(Y7 :4 > 0) ([13, Theorem 4.2.13]).
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3.3 The Single-Location Network

This section presents the proof of Theorem 3.1.1. The essential ingredient of the proof is Lemma 3.3.1,
which establishes a large deviations principle for the load process. In view of Lemma 3.3.1, the
proof of Theorem 3.1.1 hinges on the solution of a variational optimization problem that is provided
by Lemma 3.3.4.

The normalized load process X7 = v~1X is a Markov jump process that takes values in R.
It is generated by the pair (7, r), where for each z € Ry, v(z, {1}) = A(1), ¥(z, {-1}) = =z, and
v(z, {1, ~1}¢) = 0. Note that y»(z, {1}) and yv(z, {—1}) are the consumer arrival and departure
rates, respectively, when the normalized load is z. The polygonal interpolation of the normalized
load process, X7, satisfies a large deviations principle as identified by the following lemma. The
lemma is a slight variation of the results in [12, Section 12], which assume a bounded state space,

and it follows by taking A(2) =0 in Lemma 3.4.1. Its proof is therefore omitted.

Lemma 3.3.1 The sequence (X7 : v > 0) satisfies the large deviations principle in Clo.(R+)
with the good rate function 'y(y), where for each ¢ € Cig11(R+) and z € Ry,

fg Axr)(@r, be)dt  if o = z and ¢ is absolutely continuous
Lo z) =

400 otherwise,

and

) . 5 B2 + 40(1 -
Ancty(Ber ) = delog ("’”’ Vi +4X "”‘) + ée+ A1) =/ + A

27(1)

Remark 3.3.1 For fized A\(1) and ¢, the function Ay(;)(¢:, é¢) is a strictly convez, nonnegative
function of é¢. Furthermore, A,\(l)(qst,q'bt) =0 if and only if ¢ = A(1) — ¢¢, tn which case we say
that ¢ relaxes under A(1).

Remark 3.3.2 Note that Ak(l)(¢g,ég) 2 infa>0 Ay (@ ady)/a = ¢ log(¢de/A(1)). The equal-
ity holds if and only if ¢y = ¢ — A(1), in which case we say that ¢ relaxes in reverse time under

A(1). Thus, for absolutely continuous ¢,
T . T . o o T
/0 A1) (e, dr)dt > /0 ¢,log(m)dt = ~/¢o log()\—(ﬁ)d:c,
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and therefore, [ y(1)($, o) = Hx1)(Po, &T) for all ¢ such that 1 > ¢o > A(1), with equality if and

only if ¢ relazes in reverse time under A(1).
Lemma 3.3.2 Foreachz 20, y € R, and e > 0, A)(z +69) < A\py(z,y) +e.

Proof. The lemma follows by the fact that for all z > 0 and y € R,

OM(.y) _ | 22
oz v+ Vi +FaA(Dz ~
0
Lemma 3.3.3 For each0 <z <y,
inf{Tx1)(¢,2) : do =z, sup & >y} =inf{Cy)($,2) :do =2, sup ¢ >y}
0<t<T 0<t<T
Proof. To prove the lemma, it suffices to show that
inf{Tx1)(#,z) : do =z, sup ¢ >y} <inf{Tr)(h, ) : o =z, sup é: >y} (3-1)
0<t<T 0<t<T

Fix € > 0. By the goodness of I'y(;) there exists a solution ¢ to the right-hand side of inequality
(3-1), and clearly [y)(¢, ) is finite. Set M = supgc,c7 $: < 00, and choose B large enough so
that infoc.<pr Ary(2, @) > Ca1)(¢, 2)/T whenever ¢; > B. Then theset S = {t € [0,T]: ¢ < B}
has positive measure; therefore, § € Cjg 77(R+) defined by & = ¢o and £ = ¢+ el {t € S} satisfies
SupogicT &t > y. Lemma 3.3.2 and the fact that OA1)(¢¢, y)/0y is bounded on S imply that
Trxq)(€: z) < Taqy(9,z) + f(€) for some f(€) — 0 as e = 0. The arbitrariness of ¢ > 0 proves the

lemma. a

Lemma 3.3.4 Foreach0 <z <y,

inf{Cxr1)(¢,z) : do =2, sup ¢ >y, T >0} = Hyy(z,y)- (3-2)
0<t<T
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Proof. By the nonnegativity of Ay, it suffices to show that inf {Tay(z): do =2, ér =
y, T >0} = Hy(1)(z,y). Consider the following three cases:

Case 1: z <y < A(1). There exist a T > 0 and ¢ € Cp,77(R+) such that ¢o =z, é7 =y, and
¢ relaxes under A(1). By Remark 3.3.1, T'y1)(#, 2) = Hx1)(z,y) = 0. The nonnegativity of T'y(;)
implies equality (3.2).

Case 2: A(1) < z < y. There exist T > 0 and a ¢ € Co,1(R+) such that ¢o =z, 7 =y, and
¢ relaxes in reverse time under A(1). Remark 3.3.2 implies equality (3.2).

Case 3: z < A1) < y. Fix € > 0. Note that the nonnegativity of A,(;) and Remark 3.3.2
imply that the left-hand side of (3.2) is bounded below by Hj(1)(y A (A(1) +€),y), and therefore by
H)1)(M(1),y) = Hyq)(=,y)- The lemma is established by constructing T > 0 and ¢ € Cpo,1)(R+)
such that Cy()(#, z) is arbitrarily close to Hy()(z,y): Set ¢p = z, and let ¢ relax under A(1) until
it reaches level zV (A(1) — €); then satisfy @ = (y A (A(1) + €) — 2V (A(1) — €))/e until it reaches
level y A (A(1) + €); and from then on, relax in reverse time under A(1l) until time T such that
¢t = y. By Remarks 3.3.1 and 3.3.2, [y(1)(#, z) = Hy1)(¥ A (A(1) +¢€), y) + f(€) for some f(e) = 0
as € —+ 0. The arbitrariness of € > 0 and continuity of H,(;) imply inequality (3.2). a

Proof of Theorem 3.1.1. The fact

{ sup X7 —+~' > &} c { Overflow time < T} C { sup X7 +v~! > &}
0<t<T 0<t<T

together with Lemma 3.3.1 and the exponential equivalence of (X7~yt:y>0)and (X" 4++7L:
v > 0) imply that

IN

lim sup ¥~} log P( Overflow time < T|Xp = 0) —inf{Cx(1)(#,0) : sup ¢ > &},
Y400 0<t<T

liminf y~! log P( Overflow time < T[Xo=0) > —inf{Tx1)(#,0): sup ¢ > x}.
Yoo 0<t<T
By Lemma 3.3.3, lim,e v~ ! log P( Overflow time < T| X = 0) exists; in turn Lemma 3.3.4 im-

plies that lim7_,c limyeo v~ log P( Overflow time < T|Xp = 0) = —H(1)(0, ). This establishes
the theorem. a
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3.4 The W Network

This section consists of the proofs of Theorems 3.1.2-3.1.4. We start each proof by establishing
the large deviations principle satisfied by the network load, then formulate and solve a variational

optimization problem that yields the desired conclusions via large deviations bounds.

3.4.1 Bernoulli splitting

The Bernoulli splitting (BS) policy is to assign each type 2 consumer to location 1 with probability
p=[(A(3) — A(1) + A(2))/2A(2)]} or to location 2 with probability 1 — p, independently of the past
history. Thus, under the BS policy, X(1) and X(2) are independent single-location network loads
with demands yq(1) and yg(2), respectively.

Let X7 denote the polygonal interpolation of the normalized load process X”. Note that
the processes X7(1) and X7(2) are independent, and each satisfies a large deviations principle
in the complete separable metric space Cyp 73(R+) With a good rate function. Therefore, X7 =
(X7(1), X7(2)) satisfies a large deviations principle in the product space with the good rate function
given by the sum of individual rate functions (see [13, Theorems 4.1.18 and 4.1.11, Lemma 1.2.18,
and Exercise 4.1.10]).

Lemma 3.4.1 The sequence (X" : v > 0) satisfies a large deviations principle in C[o,T](Rz-;.)
with the good rate function T'BS, where for each ¢ € C[o.T](Ri) and z € R%, r2S(¢,z) =
Loy (8(1), 2(1)) + T2y (6(2), 2(2))-

For k > 0 and v = 1, 2, define the set

Qv,g) = € C R%2):¢0=0, su v) 2>k}
08 = | {0 € ComlB) 190 =0, st 6s0) 2 )
The following lemma gives the solution of a variational optimization problem associated with the
overflow of each location.

Lemma 3.4.2 For each x >0 and v = 1,2, inf{['B5(¢,0):¢ € Q(v,5)} = Hy(,)(0, ).

Proof. The same proof applies for both locations; therefore, only location v = 1 is considered.
If ¢ € (1, ), then ¢,(1) = & for some > 0, so the definition of ['2S and Lemma 3.3.4 imply that
r25(¢,0) > Hy(1y(0,5). Thus, inf{I'25(¢,0) : ¢ € Q(1,%)} > H,(1)(0, ). The proof is completed
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by constructing a ¢ € Q(1, &) such that ['BS(¢,0) is arbitrarily close to Hy(1)(0,5): Fix € > 0 and
appeal to Lemma 3.3.4 to choose T’ > 0 and ¢(1) € Co,73(R+) such that ¢o(1) = 0, ¢r(1) = x,
and Ty(1)(6(1),0) < Hy(1)(0, &) + €. Let ¢(2) € Cjo,11(R+) be such that ¢9(2) = 0 and $(2) relaxes
under ¢(2). Note that ¢ = (4(1),#(2)) € Q(1,) and 'B5(¢,0) < Hy(1)(0,5) + €. The lemma

follows by the arbitrariness of € > 0. o

Proof of Theorem 3.1.2. The proof of Theorem 3.1.1, with Lemmas 3.4.1 and 3.4.2 in place
of Lemmas 3.3.1 and 3.3.4, respectively, and an adaptation of Lemma 3.3.3, applied separately
on each location v, establishes the existence and the desired form of FBS(v,k). The fact that
Hy(1)(0, 5) < Hy(2)(0, k) implies FBS(g) = FBS(1,k). n]

3.4.2 Optimal repacking

The optimal repacking (OR) policy is to continuously rearrange the consumers in the network so
as to minimize the maximum load in the network subject to the neighborhood constraints. For
each type u € U, let L¢(u) continue to denote the number of type u consumers in the network
at time ¢. The processes L(1), L(2), and L(3) are independent single-location network loads with
demands yA(1), vA(2), and yA(3), respectively. Under the OR policy, the value of the load at time
t is determined by the value of the process L = (L(1), L(2), L(3)) at time ¢ only. In particular,
[X¢ — m(L¢)| < 1, where the mapping m : R} — R2 is defined by the relations

m(Lo1) = [(Le(1) + Le(2) + Le(3)) /215 )
m(Ls,2) = [(Le(1) + Le(2) + Le(@) /215 .

The following lemma identifies the large deviations principle satisfied by the network load under
the OR policy.

Lemma 3.4.3 Define the mapping M :C[o'n(Ri) — C'[o'T](Rﬁ_) by M(€):=m(&), 0<t <
T. The sequence (X" : v > 0) satisfies a large deviations principle in C[O.T](Ri) with the good rate
function TOR, where for each ¢ € C[O'T](R?,_) andz € Ri,

roR(¢,z) = ce C[i;"lf( R, {Taq)(€(1), &a(1)) + Ta(2)(€(2), &0(2)) + Ta3)(€(3), &0(3)) }

M(£)=¢, M(§)o==
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with the understanding that the infimum over an empty set equals +oo.

Proof. Let L7 denote the polygonal interpolation of the scaled process y~'L. Note that the
sequences (X7 : vy > 0) and (M(L?) : v > 0) are exponentially equivalent; thus, it suffices to es-
tablish the desired large deviations principle for (M(L") : ¥ > 0). By Lemma 3.3.1, L”(1), L7(2),
and L7(3) satisfy large deviations principles in Co,71(R+) with good rate functions (1), Tagz),
and I'y(3), respectively. Therefore, the sequence (L7 : v > 0) satisfies the large deviations prin-
ciple in Cio.1j(B3) with the good rate function I, where for each £ € Cio1}(R3) and z € RS,
L', z)= Caq)(€(1), z(1)) + T 2)(€(2), 2(2)) +T'x(3)(€(3). z(3))- Continuity of the mapping M and
the Contraction Principle ([13, Theorem 4.2.1]) imply the statement of the lemma. a

Lemma 3.4.4 For any positive integer d, € Ri, y € R%, and positive € Ri

d d d
Z Aa(u)(z(u)v y(u)) 2 AE‘ a(u)(z z(u), Z y(u))‘
u=l u=1 u=1 u=1

Proof. Note that gA,(z,y) = Asaloz,oy) for o > 0 and that Az: a(u)(-, -) is convex on
=1

R, x R as can be verified by checking that the Hessian matrix is positive semidefinite. Therefore,

d d d
S halehs) = 2= ohsy o, (Bt Bl )
d d
2 A ' r
= 2«:1 a(u) (ugl z(u) ugl y(u))
and the lemma follows. a

Lemma 3.4.5 Foreachk > 0 andv=1,2,

inf{[%R(¢,0) : ¢ € Q(v,5)} = Hyy4r2)+23)(0: 25) A Hy(2,-1)(0, 5).

Proof. The same proof applies for both locations; therefore, only location v = 1 is considered.

Let ¢ € Q(1,k) be absolutely continuous and £ € Cpo,)(R3) be such that ¢ = M(€). Define
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T =inf{t > 0: (1) = &}. If $-(2) < #-(1), then necessarily & (1) = x; hence the definition of
TR and Lemma 3.3.4 imply that [°R($,0) > H A(1)(0, &) Otherwise,
ro%(4,0) > /: (Axqry(e(1), £(1)) + Ar) (€:(2), £(2) + Axa) (&:(3), &(3)) ) dt

/: A1) er@) @) (D) + E(2) +E:(3), &(1) + £:(2) + £:(3))dt (3.3)
> Hyuyea2)+r)0,25), (34)

v

where inequality (3.3) follows by Lemma 3.4.4, and inequality (3.4) follows by Lemma 3.3.4 and the
monotonicity of Hy(1y4a2)+x(3)(0:-)- Thus, inf{T%”(4,0) : ¢ € Q(1,K)} > Hy1y4a2)+2(3)(0, 25) A
H)(1)(0,5). The proof is completed by constructing a function ¢ € Q(1, ) such that [9R(4,0) is
arbitrarily close to the established lower bound. Fix € > 0 and consider the following two cases:

Case 1: Hy(1)1a(2)4+2(3)(0: 25) < Hy(1)(0,%). Appeal to Lemma 3.3.4 to choose T > 0 and
€ € Clo,11(R3) such that & = 0, &7 = 2x(A(1), A(2), A(3))/(A(1)+A(2)+A(3)), and Ty (&(n),0) <
H)((0,€r(u)) +e€ for each 1 < u < 3. Then M(£) € Q(L, 5) and TOR(M(£),0) < Hy(1)(0,67(1)) +
H)y(3)(0,£7(2)) + H(3)(0,£7(3)) + 3¢ = Hx(1)42(2)+(3)(0, 25) + 3e.

Case 2: H)\(1)+a(2)+1(3)(0:28) > H)(1)(0,5). Appeal to Lemma 3.3.4 to choose T > 0 and
£(1) € Cpr(R4) such that &(1) = 0, &r(1) = &, and [q)(£(1),0) < Hy)(0,5) + €. Let
£ = (£(1),€(2),£(3)), where £&(2) = &(3) = 0, and &(2) and £(3) relax under A(2) and A(3),
respectively. Then M(£) € Q(1, k) and TOR(M(£),0) < Hy(1)(0,5) + €.

Set ¢ = M(€). The lemma follows by the arbitrariness of € > 0. o

Proof of Theorem 3.1.3. The proof of Theorem 3.1.1, with Lemmas 3.4.3 and 3.4.5 in place
of Lemmas 3.3.1 and 3.3.4, respectively, and an adaptation of Lemma 3.3.3, applied separately
on each location v, establishes the existence and the desired form of FO®(v, k). The fact that
Hy(1)(0,5) < Hy(3)(0, 5) implies FOR(x) = FOR(1,x). o

3.4.3 Least load routing

The least load routing (LLR) policy is to assign each new consumer to an admissible location that
has the least load within its associated neighborhood. In the W network of Figure 1.2(b), we assume
that when both locations have the same load the assignment decision is made in favor of location 1.

The normalized load process, X7, is a Markov jump process that takes values in R?,,. The process
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X7 has jumps of magnitude y~! in the four directions, ef = (1,0), ef = (0,1), ef = (~1,0), and

e; = (0,~1), and is generated by the pair (v, ), where for each z € RZ,

v(z,{ef}) = =z(1),

V(z» {e;}) = 3(2)7

oty o [ AOEND) (1) S @)
(= tei } { A(L) if (1) > z(2),

A(3) if z(1) < z(2)

v 4 =
(z,{ez}) { AQB) +A(2) ifz(1) > =(2).

Let X7 denote the polygonal interpolation of X". The following proposition establishes a large
deviations principle for the network load under the LLR policy. The proof of the proposition can

be found in Section 3.5.

Proposition 3.4.1 The sequence (X7 : v > 0) satisfies the large deviations principle in
C[o.T](R%-) with the good rate function TLLR | where for each ¢ € C[O'T](Ri) and z € R%,

rLLR(g z) = { foT A(¢e, ¢)dt  if o =z and ¢ is absolutely continuous

40 otherwise,

and A satisfies

. Axr)(6e(1), Be(1)) + Ar2yiar@)(9(2), 8:(2))  if 6e(1) > 6:(2)
AlBe,d) = { Agay(e(1), De(1)) + Agezy (6:(2), :(2)) if $e(1) = #:(2)
AA(1)+,\(2)(¢1(1),¢3t(1)) + Ay3)(@:(2), 8e(2)) i Ge(1) < He(2).

The following three lemmas provide the solutions of the two variational optimization problems
regarding the overflow of each location. In particular, Lemma 3.4.6 concerns location 1 and Lemma
3.4.8 concerns location 2. Lemma 3.4.7 provides an auxiliary result that is used in the proof of

Lemma 3.4.8.

Lemma 3.4.6 For each x > 0,

inf{PEER(4,0) : 6 € Q(1, 5)} = Haq)a@423)(0: 2(5(1) A K)) + Haay(5a(1) A K, 5).
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Proof. Given absolutely continuous ¢ € Q(1,x), let 7 = inf{t > 0 : ¢(1) = s} and 7 =
sup{t < 7 : ¢(1) = ¢:(2)}. By the nonnegativity of A,

rEER(,0) > [ A(be de)dt + f A(be, dr)dt.

Lemmas 3.4.4 and 3.3.4 can be used to bound the terms on the right-hand side as

/; 'A(¢:,<l3t)dt > /: ’AA(1)+,\(2)+,\(3)(¢t(1)+¢t(2)1$t(1)+43t(2))dt
Hy(1)42(2)+2(3)(0: $(1) + 6-(2)),

[ awudade > [ Asy(@a), dn)de

H)(1)(¢-+(1), 5).

v

v

This, along with the observation ¢,/(1) = ¢,+(2), implies

inf{TLLR(¢,0) : 9 € Q(1,5)} > 022‘{ Hy(1)+22)+2(3)(0, 25) + Hyy) (s, K)}

= Hya)ea@+r3)(0: 2(xe(1) A K)) + Hy()(5-(1) A K, K). (3.5)

The proof is completed by constructing a function ¢ € Q(1, k) such that TLLR (g, 0) is arbitrarily
close to the right-hand side of inequality (3.5). Fix ¢ > 0 and consider the following two cases:

Case 1: ¢(1) = g(2). Appeal to Lemma 3.3.4 to choose T > 0 and &(1) € Cjp 77(R+) such that
do(1) = 0, ¢r(1) = ra(1) A &, and Tyr)(6(1),0) € Hyr(0,me(1) A 5) + €. Set ¢ = ($(1), (1)-
If x < x.(1), the construction is complete and [ELR(4,0) < H AL +A2)+2(3)(0: 26) + 2¢. Else,
if & > K.(1), then for some small § < k — k.(1), extend ¢ further by setting ¢ = (1,1) for
T <t < T+4 (this insures that ¢r4s5 > g(1)) and by letting ¢(1) relax in reverse time under
A(1) and ¢(2) relax under A(2) + A(3) for T + 6 <t < T’, where T” is such that ¢7/(1) = x. Note
that @¢(1) > ¢¢(2) for T+ & < t < T*; hence & can be chosen small enough so that I'LLR(¢,0) <
Hy)422)+23)(0, 254(1)) + Hy1)(5-(1), &) + 3e.

Case 2: q(1) > ¢(2). Note that in this case Remark 3.1.1 implies FLLR(1,k) = H)1)(0, 5).
Appeal to Lemma 3.3.4 to choose T > 0 and ¢(1) € Cpp,17(R4) so that ¢o(1) = 0, ¢7(1) = &, and
Ca)(#(1),0) £ Hy1)(0,5) + €. Let ¢(2) € Co1i(R+) be such that ¢o(2) = 0 and $(2) relaxes
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under A(2) + A(3). Set ¢ = (¢(1),9(2)). Note that ¢(1) can be constructed as in the proof of
Lemma 3.3.4 s0 that ¢¢(1) > ¢:(2) for 0 < t < T, and therefore, [LLR(g,0) < Hy(1)(0, 5) + €.
Figure 3.1 sketches the function ¢ constructed above. The lemma follows by the arbitrariness

of e > 0. a

Lemma 3.4.7 For each s > 0 and absolutely continuous ¢ € C[o,T](R?,,) such that ¢g = 0 and

or = (s,s), T
/o Ae, o)t > Hyr)(0,5) + Hyy (0, 5).

Proof. It is convenient to use the representation
T . T . .
/0 A, ¢ )dt = /0 (Ap(l,t)(¢t(1)) #:(1)) + Apz,e)(6:(2), ¢t(2))) dt, (3.6)

where
(A1), AR) + A(3)) i 6e(1) > 4:(2)

(p(1,2),p(2,8)) = ¢ (q(1),9(2)) if ¢:(1) = ¢¢(2)

(A1) +A(2),A(3)) i $e(1) < ¢¢(2).
For each v = 1,2, define (v, z) = inf{t > 0 : ¢:(v) = z} for 0 < z < s, and define a,(v) =
I{¢:(v) >0, ¢e(v) > ¢(v), 0 < z <t} and ¢}(v) = SuPog.<t $z(v) for 0 <t < T. Note that the

function ¢*(v) is absolutely continuous, and
#:(v) = ¢:(v), F;(v) = de(v) and r(v,¢i(v)) =¢ for almost all ¢ such that oy(v) > 0. (3.7)

Therefore, if s > gq(v), then

T(v,s)

T . .
/0 Aoy (Be(0), de(v))dt > / Aoy (Se(v), be(v))dt

T(v,a(v))

1’("-’) .
] Aoy (Be(0), de(v))oe(v)de
T(v.q(v))

(v.s) .
= /; o) Apu,r(v,sp () (@ (), 82 (v))oe(v)dt (3.8)

“) & #:(v)
/:(v.q(v)) #ilv)log (P(v, (v, ¢?(v)))) or(v)dt (3.9)

v
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0 g #(v)
JIR-(O1 Gt @ (3.10)

- /., ;) log (p———(v’ :Ev, z))) dz. (3.11)

Here equality (3.8) follows by the observation (3.7), inequality (3.9) is a consequence of Re-
mark 3.3.2, equality (3.10) is implied by the fact that ¢}(v)o.(v) = &;(v) for almost all ¢, and
equality (3.11) follows by a change of variables. Inequality (3.11), together with representation
(3.6) and the nonnegativity of A,(; ) and Ayz,), implies

[ assoae > [ e () de [, os () 4
= / Q(I)M[og (——z—-) dz
a(2)ns p(2,7(2,z))

* o Grrman) +oe Garan) = (3.12)

We complete the proof by obtaining appropriate lower bounds for each of the terms on the right-
hand side of inequality (3.12). Note that if 7(1,z) = 7(2,z), then (p(1,7(1, z)), p(2,7(2,2))) =
(g(1), g(2)); else, if 7(1,z) < 7(2,z), then p(1,7(1,2)) = A(1), and if 7(1,z) > 7(2,z), then
p(2,7(2,z)) = A(3). Therefore, (p(1, 7(1,z)),p(2,7(2,2z))) takes values in the set

{ (9(1),4(2)), (A(1),4(2)), (A(1), A(2)+ A(3)), (A(1), A(3)), ((1), A(3)), (A(L)+ A(2),A(3)) },

and a simple calculation yields

og (o) riog(op ) 2 og() (D) s
AV AR slam) e e (313
z T
—_— 2 — . .
ot () 2 Gaa) (3.14)
Since ¢(1) > ¢(2) implies A(2)+ A(3) = ¢(2), inequalities (3.13) and (3.14), together with inequality
(3.12), imply that ff A(y, e)dt > Hy(1)(0, 8) + Hy(9)(0, s). This establishes the lemma. a

Lemma 3.4.8 For each sk > 0,
inf{TLLR(,0) : ¢ € Q(2,5)} = Hy(1)(0, 5.(2) A K) + Hy(2)(0, 5.(2) A 5) + Hy(3)(K(2) A 5, K).
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Proof. Given absolutely continuous ¢ € Q(2,x), let * = inf{t > 0 : ¢¢(2) = s} and 7' =
sup{t < 7 : ¢¢(1) = ¢:(2)}. By the nonnegativity of A,

LLR ! . )
LR (g,0) > /0" A(der de)dt + /: A(de, dr)dt.

Lemmas 3.4.7 and 3.3.4 can be used to bound the terms on the right-hand side as

[ AGudddt > Hyy(0,éer(1)) + Hy)(0, 6(2)),

_/; A(de, de)dt > Hygzy(@+(2),5) A (H,\(1)(¢-r'(1), ) + H(2)4(3)(#r(2), K)) .
This, along with the observation ¢,:(1) = ¢,+(2), implies

inf{C“ER(6,0): 0 € 2,8} 2 it { Hyny(0,9) + Hya) (0, )

+ Hy)(s, 8) A (Hm)(s, k) + Hy2)4a3)(s K))}
= Hq(l)(o, k(2) A K) + Hq(z)(o, K(2) AK) + H,\(g)(ﬁ.(?) AK,K).

The proof is completed by constructing a function ¢ € (2, s) such that I‘”‘R(qb, 0) is arbitrarily
close to the right-hand side of the above inequality. Fix 0 < € < 1 and consider the following three
cases:

Case 1: £ < ¢(2). Choose T > 0 and ¢ € Cpo,1(R%) such that ¢o = 0 and ¢(1) and ¢(2) relax,
respectively, under ¢(1) and ¢(2) so that ¢ = x(q(1)/q(2),1). Note that ¢:(1) = (g(1)/q(2))#:(2)
for 0 < t < T; therefore, MELR(¢,0) = 0.

Case 2: ¢(2) < K < K(2). Let T > 0 and (¢: : 0 < t < T) be constructed as in Case 1 with
k = (1 — €)q(2). Extend ¢ by setting ¢ = (5 V q(1),%) for T < t < T + €. Note that ¢r,. is
on the line segment with end points (¢(1),¢(2)) and (k V ¢q(1), ). If & = ¢(2), this completes the
construction. Else, if & > ¢(2), extend ¢ further by letting ¢(1) and #(2) relax in reverse time,
respectively, under ¢(1) and ¢(2) so that ¢r = (s V ¢(1), &) for some time T’ > T + ¢. Note that
in this case (¢:(1) — ¢(1))/(6:(2) - 9(2)) = (s v q(1) — ¢(1))/(x - q(2)) for T + € < t < T", so that
@ traces out the line segment from ¢7.. to ¢7v, and thus, ¢¢(1) > ¢:(2) for 0 < ¢t < T'. Therefore,
TLLR (4, 0) = Hy1)(0, &) 4+ Hyg(2)(0, &) + f(€) for some f(e) = 0 as e — 0.
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Case 3: K > K.(2). Let T > 0 and (¢; : 0 < ¢t < T) be constructed as in Case 2 with x = x.(2).
Note that x.(2) > ¢(1); thus, ¢7(1) = ¢1(2) = K(2). Extend ¢ by letting ¢(1) relax under
A(1) +A(2) and ¢(2) relax in reverse time under A(3) so that ¢7+(2) =  at some time T’ > T'. Note
that (4:(1) — ¢(1))(4:(2) — q(2)) = (5.(2) — q(1))(%«(2) — ¢(2)) and ¢¢(2) > (1) for T < ¢ < T";
therefore, PEER (g, 0) = Hy(1)(0, 5.(2)) + Hy2) (0, 5e(2)) + Hagz)(5«(2), 5) + f(€) for some f(e) =+ 0
as e —0.

Figure 3.2 sketches the function ¢ constructed above. The arbitrariness of ¢ > 0 establishes the

lemma. a

Proof of Theorem 3.1.4. The proof of Theorem 3.1.1, with Proposition 3.4.1 and Lemma
3.4.6 (Lemma 3.4.8) in place of Lemmas 3.3.1 and 3.3.4, respectively, and an adaptation of Lemma
3.3.3, applied on location 1 (location 2), establishes the existence and the desired form of FLLR(1, k)
(FLER(2, k)). Since Hy(1)(0,5) < Hy(3)(0,5) and x.(v) minimizes the expression Hy;)(0,5.(v) A
K) + Hy2)(0, 5(v) A K) + Hy2u—1)(K«(v) A 5,8) for each v = 1,2, it follows that FLLR(k) =
FLLR(1, k) < FLLR(2 k). a

3.5 Large Deviations Principle for the W Network under Least Load Routing

This section proves Proposition 3.4.1, the large deviations principle satisfied by the normalized
load process X7 under the LLR policy. The proof entails an application of the theory of large
deviations of Markov processes with discontinuous transition mechanisms (see Chapter 4, [14], [15],
[12]). The transition mechanism of X7 changes smoothly in the two open halves of R2 separated
by the hyperplane {z € R? : (1) = z(2)} so that the process X7 nearly conforms to the conditions
of Theorem 4.2.1 of Chapter 4. The theorem does not apply directly, however, because for v = 1,2
the log rates log(v(z,e;)) are neither bounded above (since v(z,e;) = oo as z(v) — o0) nor
continuous and finite over R2 (since v(z,e;) — 0 as z(v) — 0). We therefore establish Lemma
3.4.1 by approximating X7 by a sequence of auxiliary processes each of which conforms to the
conditions of Theorem 4.2.1 and adapting the techniques used in [12, Section 12.6] for the one-
dimensional Erlang model.

The outline of the proof is as follows: Lemma 3.5.2 identifies the large deviations principle
satisfied by each auxiliary process. Lemma 3.5.6 establishes the goodness of the rate function
[LLR, Based on a coupling of the auxiliary processes with the load process, Lemmas 3.5.8 and

3.5.9 prove the large deviations upper and lower bounds. We start with the following lemma:
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Lemma 3.5.1 For z4,z2, >0, 01,020>0,y€ R, and B € (0,1),

yxER. neR { BAs (z1,51) + (1 = B)Asy (T2, ¥2) } = Apoy4(1-8)02 (Bz1 + (1 — B)Z2,y).  (3.15)

Bn+(1-Bln=y

There ezists a unique solution to the left-hand side of (3.15) that satisfies

n + V(y1)? + 4013y _ + v (32)* + 4021‘2
(3.16)
201 20’2

Proof. The function BA., (z1,41) + (1 — B)As,(z2, (¥ — B1)/(1 — B)) = o0 as |y1] = oo and
is strictly convex in y;. Therefore, it achieves its minimum at a unique stationary point, which
satisfies equality (3.16) with y, defined by By; + (1 — 8)y2 = y. The quantity on both sides of (3.16)
is the nonnegative root of the equation 7,22 ~ yyz — z, = 0 for each v = 1,2. This quantity is
therefore equal to the nonnegative root of the equation (8o; + (1 — 8)02)2% — (By1 + (1 — B)y2)z ~
(Bzy + (1 — B)z2) = 0 so that

n+ V) +4ae _ v+ V() +40222 _ g+ VY2 +4(Bo1 + (1 - B)oz) Bz + (1 - B)za)
204 - 209 2(ﬂ01 4 (1 ﬂ)d’z)

Equality (3.15) follows by direct substitution. a

Given 0 < € < 1, let Y€ denote the Markov process generated by the pair (v, »¢), where for
each = € R?,

AL+ A(2) ifz(1) <2(2)
A(L) if z(1) > z(2),
A(3) if z(1) < z(2)
AB)+A(2) if z(1) > =(2),

vi(z,{eTH = [z(l)]:/e’ v(z, {e'l'.}) = {
v(z, {7 }) = [£@L/ vz, {ef}) = {

and let Y7¢ denote the polygonal interpolation of Y.

67



Lemma 3.5.2 For each 0 < € < 1, the sequence (Y7 : v > 0) satisfies the large deviations
principle in Cjo 71(R?) with the good rate function [, where for each ¢ € Cio,7)(R?) and z € R?,

I(¢,z) = { ﬁ’T A%(¢e, de)dt if do = z and ¢ is absolutely continuous

+o0 otherwise,

and A%(¢¢, &) = A([¢t]y¢, ).

Proof. Let A° = {z € R? : z(1) = z(2)}, At ={z € R? : (1) < z(2)}, and A~ = {z € R?:
z(1) > z(2)}, and let the rate-measure fields v+ and v—¢ be defined as

VHe(z) = ve(z) if z € A y—4(z) = ve(z) ifze A~
ve(z(1),z(1)) ifze A lims\o v*(z(2) + 6,2(2) - §) if z € A¥.

Note that vt¢, p™¢ and Y7 satisfy the conditions of Theorem 4.2.1; therefore, the sequence
(Yre:y > 0) satisfies a large deviations principle with the good rate function I'¢, where for

z,y € R?

A(z,y) = I{d € AT (z,y)+ [{$s € A°}A(z,9) + [{$: € A"IA""(z,y),
2
A*(z,y) = sup{<y(v) (€ - o2z, ef) + (¢ - Do¥e(z,e7)) },  (317)
1

=

A% (z,y) = inf_ __{ BAY (2, yT) + (1 - B)A™(z,97) }.
0<8<1, yteA—y—eA+
Byt+(1-Bly—=y

Applying [12, Exercise 7.24] on each term on the right-hand side of equation (3.17) yields that

At(z,y) Moz y(1)) + Ay (@)1, y(2))  for z € AF,
A~ (z,y) = Mgz y(1) + M@V y(2) forze 4.

To complete the proof of the lemma, it remains to evaluate A%¢(z,y) for z € A°. Note that
for absolutely continuous ¢, é: € A° for almost all t such that ¢, € A°; therefore, it suffices to

consider the case when y € A°. Fix z,y € A°. For any y*,y~ € R? and B € [0, 1] such that
Byt +(1-By =y,

BAY(z,y*) + (L—-B)A™(z,y7)
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BAwyra) QI yH (1)) + BAra) (@), y*(2)

+ (1-B MOy (1) + 1 - B ae (@14 y™(2)  (3.18)
> MaarezOE v(1) + Ap—sp@r@ (@174 ¥(2) (3.19)
2 ot M@+an@ D14 ¥(1)) + Aa-pnaae (@)1 ¥(2) X3-20)
= Ay (IS y(1)) + Ay ([ (D1, y(2))- (3:21)

In the above argument inequality (3.19) follows by applying Lemma 3.5.1 separately on the first and
third and the second and fourth terms on the right-hand side of equality (3.18). Since z(1) = z(2)
and y(1) = y(2), each of the terms of the right-hand side of inequality (3.19) is the same convex
function evaluated at A(1) + BA(2) and (1 — B)A(2) + A(3), respectively. Equality (3.21) follows by
straightforward minimization.

We next identify A%¢(z,y) with the right-hand side of inequality (3.21) by establishing the
existence of 8 € [0, 1], y* € A-, and y~ € A¥ such that Sy* + (1 —8)y~ =y and both inequalities
(3.19) and (3.20) are satisfied with equality. Inequality (3.20) is satisfied with equality if 8 =
[(A(3) — A1) + A(2))/20(2)]5- If B =0 (B = 1), then take y~ = y (y* = y). Otherwise, by
Lemma 3.5.1 there exist y*,y~ € R? such that By* + (1 — )y~ =y, inequality (3.19) is satisfied
with equality, and the following two conditions hold:

() + VW2 +OOEOI vt @)+ V)2 + 400) + A2) )R

2X(1) - 2(A(1) + A(2) 3-22)
@)+ 2+ AGEEE | @)+ V- @2 +400) +AE)EEE" (3.23)
2X(3) - 2(M(2) + A(3)) o

The left-hand side of equality (3.22) is increasing in y~(1) and decreasing in A(1); therefore, (3.22)
and (3.23), respectively, imply that y*(1) > y~(1) and y~(2) > y*(2). This, together with the
assumption that By* + (1 — B)y~ € A°, implies that y— € A¥ and y* € A=. The proof of the

lemma is complete. a

For z € R4 and € = 0 set [z]cl/‘ = z, so that [ = '} =¢.
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Lemma 3.5.3 Let S be a finite set of positive numbers. For each | > 0 there ezists an M > 0
such that for any absolutely continuous ¢ € C[o,z‘](R+) and0<e<1,

T .
/ inf Ay ([$]V/<, de)dt <! => sup (¢ — do) < M.
o o€S 0<t<T

Proof. Examination of dA,(z,y)/0z yields that A,(z,y) is increasing in z whenever y > o;
thus, lim, o As(z,y)/y = oo uniformly in z € Ry and o € S. Given [ 2> 0, choose a constant
B(l) large enough so that infoes:er, Ao(2,y)/y > | whenever y > B(l). For absolutely continuous
¢ €Cpor(Re) and 0< 7 < T,

1/e ; .
) inf Ma&,dt
tefo,r:e>B(1)} °€S &

Ig,dt

T
: /e ;
[ meacGodtgad > |

/{:e[o.ﬂ:&ezsun
/0 I(de — B(I))dt
> U(¢r — do - BOT).

v

Choosing M = B({)T + 1 establishes the lemma. u]

Lemma 3.5.4 ( Relative Compactness ) For each zo € R% and | > 0, the collection C(l) =
Uo<e<1{® : T¢(¢, z0) < I} is relatively compact in C[o,T](R-z;.)—

Proof. If ¢ € C(l), then ¢ is absolutely continuous, ¢g = o, and forsome 0 < e <1,

v

T .
/0 A(br )t

" inf A, (eI de()de+ [ inf Ao (B2, du(2))de 3.24
[ it Ao (U1, u(0)de+ [ inf Ao (21, b2 (3:24)

v

where S = {A(1),q(1), A(1) + A(2),A(3),¢(2), A(2) + A(3)}. Lemma 3.5.3, applied separately on
the terms of the right-hand side of (3.24), implies the existence of a finite M > 1 such that
Supgci<T |6¢| < M for all ¢ € C(1).

Fix § > 0. Choose a constant B(6) large enough so that infocz<rmoes Ac(z, y)/lyl > 21/6

whenever [y| > B(6). Let ((s;,t,) : j = 1,---,J) be a finite collection of nonoverlapping intervals
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in [0, T], and set D = U;(s;,t;). Given ¢ € C(l), let 0 < € < 1 be such that I'*(¢, zg) < I. Then

J
Z|¢t, _¢SJI S / l¢g|dt
=1 D
1Bl aeps _
= . ————A(¢¢, d1)dt + . dt
/"7“{“"’"’8(‘)} A<(¢r, ) Bt [ ersasaon
J . J
=9 . A(¢s, é:)dt + B £ — s
2 Dn{t:|$¢|>B(5)} (¢‘ ¢*) (J)El 5 s_,[
5 J
< S +BE)Y It~ sl

j=1

Thus, E}I:l [#¢, — &5, < & whenever Z‘j’=l [t; — s;] < 8/2B(8), uniformly for all ¢ € C(l). The

Arzela-Ascoli Theorem implies the relative compactness of C(I). o

Lemma 3.5.5 ( Lower Semicontinuity ) Given zo € R%, the function TLER(., z4) : Clo 1j(RY) —

R, U {+00} is lower semicontinuous.

Proof. Let (¢™ : m > 1) be a sequence such that ¢™ —+ ¢ in Cp 17(R%). To prove the lemma, it
suffices to show that F[‘LR(¢, zo) < liminf 00 FLLR(qS"‘, zg). Assume, without loss of generality,
the existence of [,k > 0 such that [‘LLR(¢"‘,:1:0) < [l for all m > k. The proof of Lemma 3.5.4
shows that the sequence (¢™ : m > k) is uniformly absolutely continuous; therefore, ¢ is absolutely

continuous, ¢p = zg, and by the explanations indicated in parentheses,

PEER(,z0) = [T A(dr, r)dt (Definition of ['ELR)
< liminfono JT AS(de, d)dt (Fatou’s Lemma)
< liminfoyo liminfom oo o AS($F, $7)dt (L.s.c. property of ')
< liminfogoliminfm oo (fif A(SP A L, éP)dt +2€T) (Lemma 3.3.2)
= liminfm_eo PLLR(¢™, z0). (supoce<t |47] is bounded)
This establishes the lemma. o

Lemma 3.5.6 ( Goodness ) TLLR is a good rate function.

Proof. Note that for each { > 0 the level set {¢ : [ELR(gp, z9) < [} is contained in C(l).
Lemmas 3.5.4 and 3.5.5 imply, respectively, the relative compactness and closedness, and therefore

the compactness, of the level set. =]
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Lemma 3.5.7 For z¢ € R2 and closed F C Cjo 11(R2%),
+ fo.T)\ b4

. LLR . . '3
fl (¢,20) < hr:l 1sup .i’e';fvr (¢, zo)-

Proof. Without loss of generality, we may assume the existence of an [ > 0 such that
infser (@, z0) < I for each 0 < € < 1. For each such ¢, appeal to the goodness of the rate
function ['* to choose a ¢° € F such that I'“(¢¢, zo) = infger (P, o). By Lemma 3.5.4 the col-
lection (¢°:0 < € < 1) is relatively compact; hence there exists a sequence €, — 0 and é € F such
that ¢» — . Define

¢ =

n _ zo+(t,t) 0<t<e,
(enrv€n) + P52, & <t<T.

Note that £ — q3, and
T . €n T .
| oaeréma = [T A @it [ A (en,en) + iz, bz, )
€n

€n T -
< [Tz (1L 1) + 260+ [ (A B + 260t (325)
0 0

where the first step follows by the definition of A** and the construction of £», and the second step

follows by Lemma 3.3.2 and the nonnegativity of A**. Therefore, by the explanations indicated in

parentheses,
infger PLER(¢,20) < TEER(4, o) ($eF)
< liminfaoyeo PEER(E,20)  (Lemma 3.5.5)
< liminf,eo I (¢%", zg) (Inequality (3.25))
< limsup~ginfger (4, z0) (Definition of ¢°),
and the lemma is established. a

For each ¥ > 0 construct X" on an appropriately extended probability space, and for each
0 < € < 1 construct the process Y7¢ on the same space as follows: Let N(1) and N(2) be
mutually independent Poisson processes, which are also independent of X7, each having rate vye.
Set Y = Xg. Let r = inf{t > 0: X; € [0,1/€]2 or N; # 0}. At every time ¢t < 7 such that X7
jumps, Y7 takes the same jump. In addition, for v = 1,2, at every time ¢t < 7 such that X (v) <€
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and N(v) jumps, Y7¢(v) jumps down by y~! with probability (¢ — X (v))/e. After time T the
construction is done so that Y7 is generated by the specified pair (v, ).

Let X7 and Y7 denote the polygonal interpolations of X7 and Y€, respectively.

Lemma 3.5.8 ( Upper Bound ) For any closed F C C[o'T](R?,_), zo € R%, and sequence (z7 :
v > 0) such that z7 — z,,

limsup v~ ! log P+ (()?;' :0<t<T) e F') < — inf TEER (g, z4).

Proof. Note that foreach y >0 and 0 <e <1,
Py ((f{"‘ 10<t<T € F) > P ((}"{"‘ :0<t<T)€EF, sup [V < l, NT=0)
0<t<T €

= P~ (()-(Z:OStST)GF, sup |X7| < -1-, NT=0)
0<t<T €
0<t<T €

> (sz ((X7:0<t<T)€F) - Pu( sup |X7]2 l)) e,

0<t<T €

where the second step follows by the construction of the processes X7 and Y7¢, and the third step

follows by the independence of X7 and N. In view of the above inequality,
limsup v~ !log Pcv (()-(;7 :0<t<T)e F’) <
400
(limsup v log Ppx (()7,"" :0<t<T) e F) +2eT) \/limsupy~"log P+ ( sup |X7| > l) (3.26)
Y-+oo Y-+co 0<t<T €

for each 0 < € < 1. Note that suppc,c7|X:| is stochastically dominated by a Poisson random
variable of mean y(A(1) + A(2) + A(3))T’; hence the second term in the right-hand side of inequality

(3.26) is arbitrarily large for small e. Therefore,

limsup v~ ! log Py (()?;' :0<t<T)e F) < liminflimsup ™! log Py~ ((?{"‘ :0<t<T) e F)
Y400 N0 y-00

< -limsup inf ['“(¢,
- e\O p¢€F (9, 20)
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< - inf DELR(4, 20),
< ~inf (¢, z0)

where the second step is a consequence of Lemma 3.5.2, and the third step follows by Lemma 3.5.7.

This establishes the lemma. a

Lemma 3.5.9 ( Lower Bound ) For any open G C C[o.'I'](R?;-)» zo € R2, and sequence (z7 :
v > 0) such that =7 — z,,

liminfy~!log Pov (X7 :0<t<T) €G) 2 - inf PEER(g, z0).

Proof. Fix € > 0 and ¢ € G. Without loss of generality, we may assume that ¢ is absolutely
continuous and ¢y = zg. Let § > 0 be small enough such that the open ball of radius 64 around
¢, B(¢,60), is contained in G. By Lemma 2.3.3 of Section 2.3.2, as ¥ — oo, the process (X} :
0 <t < T) converges weakly to a Lipschitz continuous function (z; : 0 < t < T) that satisfies
z¢(1) A 2(2) > 0 for £ > 0. Let d = supo<,<7 |2, and choose a positive o < §/d such that

s —ps| <8 and |z, — 2,/ < whenever|t—s|<o.

Construct £ as
& 0<t<eo

fo=%0, &=1 (24,2d) c<t<20

bt20 20<t<T.
It can be easily verified that |§ — @] < 56 for 0 <t < T, and &(1) A &(2) > z4(1) A z,(2) > 0 for
o <t < T. Choose positive 1 < (z,(1) A z,(2) A §)/2 small enough, and choose § and o smaller, if

necessary, so that

T . 20 T .
/ A"(&, &)dt < / (A(zo, (25,25)) + 46 + 2n)dt + /2 (A(Dt-20, t—20) + 66 + 2n)dt

IN

T . €
/ Ao, di)dt + 5,
[¢]

where the first inequality follows by Lemma 3.3.2 and the fact that for v = 1,2, z,(v) < &(v) <
zo(v)+26 for o <t € 20 and ¢_2,(v) < &(v) € de—20(v) + 368 for 20 < ¢t < T. Finally, appeal to
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the time-homogeneous Markov property of Y77 and Lemma 3.5.2 together with Remark 3.2.1 to
choose p < 7 small enough so that for large enough v,

lz—Esl<p

T )
inf sz( Sup. V™ - &l <n| Y7 =z) > exp (—7( /a A&, &)dt + %)) .

For large enough v,

v

P ((X7:0<t<T)€G) P~ (X7 :0 <t <T) € B(4,65))
Por (X7 :0 <t <T) € B(&,n) (327)
Por( sup |X7 &l <p)

mf P,,.v( sup X7 ~&l<n]| XY =1z) (3.28)

lz—€cl<p
::"( sup. X7 - z:l <p)

v

v

mf P,-,( sup V7" &l <q| Y =2z) (3.29)
je=€al<p

> %exp ("'7(/; A”(f,,é,)dt+§))

T .
> %exp (—7(/; A(&e, 4e)dt +€)) .

In the above argument, inequality (3.27) follows by the fact that B(&,n) C B(£,8) C B(¢, 69),
inequality (3.28) is a consequence of the choice of p and the Markov property of X7, and equality
(3.29) is implied by the choice of n and the construction of Y. The arbitrariness of ¢ > 0 implies
that

lim inf y " log Par ((X7:0<t<T)€G) > -T"R (g, z),

and the arbitrariness of ¢ € G establishes the lemma. o
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CHAPTER 4

LARGE DEVIATIONS OF MARKOV PROCESSES WITH
DISCONTINUOUS STATISTICS

4.1 Overview of Previous Work

This chapter establishes a large deviations principle (LDP) for a Markov random process in R?
with a discontinuity in the transition mechanism along a hyperplane. The transition mechanism
of the process is assumed to be continuous on one closed half-space and also continuous on the
complementary open half-space. The following paragraphs give an overview of the related work
and identify the contribution of the present chapter. The formulation and proof of the main result
are the subjects of subsequent sections.

In their paper, Dupuis and Ellis [16] established an explicit representation of the rate function
in the case of a constant transition mechanism in the two half-spaces. The paper [16] proves an
LDP for the process observed at a fixed point in time, though an underlying process-level LDP is
implicit in the paper.

Subsequently, Blinovskii and Dobrushin [14] and Malyshev et al. [17] derived process-level LDPs
for the case of a constant transition mechanism in each half-space, using different approaches. The
work [17] is somewhat restrictive in that the first coordinate of the process is assumed to take
values in a lattice, and when off the hyperplane, the process can step at most one unit towards
the hyperplane at a time. This condition prevents jumps that strictly cross the hyperplane of
discontinuity. On the other hand, the work [17] allows the process to have a different transition
mechanism in each open half-space and on the hyperplane itself. The paper {14] does not rely on
a lattice assumption; the jump distribution need not even be concentrated on a countable number
of points, and jumps strictly crossing the boundary can occur.

The book by Shwartz and Weiss [12] establishes an LDP for a process on a half-space with a flat
boundary that cannot be crossed. The transition mechanism can vary continuously on both the

open half-space and on the hyperplane boundary. The method is lattice-based and also includes
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the assumption of at most unit jumps towards the boundary. The model applies to processes with
continuous transition mechanisms in two half-spaces separated by a hyperplane only if a symmetry
condition holds. A somewhat different explicit representation for the rate function is given in [12],
though as noted by Remark 4.2.1 below, it can be easily related to the expression of [16]. The paper
[18] establishes a large deviations style upper bound, which is tight for the flat boundary process
of [12], but which is not always tight for the case of two half-spaces separated by a boundary.

The paper by Dupuis and Ellis [15] establishes LDPs for Markov processes with transition
probabilities that are continuous over facets generated by a finite number of hyperplanes. For
example, two intersecting hyperplanes generate nine such facets. While in general the paper [15]
does not identify the rate function explicitly, it does state an explicit integral representation for
the case of a single hyperplane of discontinuity. The integrand in the representation given in [15]
and [14] has the form established in the original paper [16]. The paper [15] assumes the processes
are lattice-valued and satisfy a mild communication/controllability condition.

The LDP established in this chapter is based on an adaptation of the construction in [14].
Like [14], it therefore does not require lattice assumptions as posed in all previous papers with
piecewise continuous transition mechanisms. The present chapter is restricted to the case of a
single hyperplane of discontinuity. The method described in [15] accommodates the continuous
variation of transition mechanisms throughout the proof, while it is not clear how to directly
incorporate continuous variation of transition mechanisms in the approach of [14]. The tact taken
in this chapter, therefore, is a two-step procedure: First, an LDP for a piecewise-constant transition
mechanism is identified, and then the LDP is extended to cover a continuously varying transition
mechanism within the half-spaces.

Another contribution of this chapter is to somewhat streamline the proof of [14] and to show

that the method is appropriate in either continuous or discrete time.

4.2 Statement of the Main Result

Let A° denote the hyperplane {z € R? : z(1) = 0}, and set At = {z € R? : z(1) > 0} and
A~ = {z € R?: z(1) < 0}. Given two rate-measure fields v+ and v, let A*, A=, and A° be
defined as follows:

ME(z,() = /R (€% = 1)*(z, d2), z,( € R?
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Ai(zv y) = sup {.'IC - Mi(zy C)}y ye Rd (4.1)
C(ERd

A(z,y) = inf_ __{BAM(z,y*) + (1-B)A(z,97) }- (4.2)
0<B<1, yteAT, y—eAt
Byt+(1-B)y—=y
Consider the following conditions regarding rate-measure fields.
Condition 4.2.1 ( Boundedness ) There ezists a finite number m such that v(z, R) < m for
all z € R4.

Condition 4.2.2 ( Ezponential Moments ) For each ( € R?, there ezists a finite number b
such that [pa(e*¢ — 1)v(z,dz)/v(z, R?) < b for all z € R%.

Condition 4.2.3 ( Uniform Continuity ) For each z,z' € R%, the measures v(z) and v(z") are
equivalent. Furthermore, given a positive number ¢, there ezists a corresponding positive number &

such that (1+ €)~! < dv(z)/dv(z") < (1 + €) whenever [z — 2’| < §.
The main result of the chapter is the following theorem:

Theorem 4.2.1 Let vt and v~ be two rate-measure fields on R®, each of which satisfies Con-
ditions 4.2.1-4.2.3, and v*(z, A~) > 0 and v—(z, A*) > 0 for some (equivalently all) z € R®. Let
X7 denote the Markov process generated by the pair (y,v), where v is given by

{ vt(z) ifzeA¥
v(z) =
v—(z) ifze A,

and let X7 denote the polygonal interpolation of X7. Then the sequence (X7 : v > 0) satisfies the
large deviations principle in C'[o'T](R“) with the good rate function I', where for each ¢ € C'[O'T](R“)

and each = € RS,

foT A(&y, J),)dt if ¢g = z¢ and ¢ is absolutely continuous
F(¢y 30) =

otherwise,

and A satisfies

A(de, de) = I{de € A*IAF (e, b1) + I{d: € A°YA (e, b:) + [{¢: € A~ YA (¢4, 1) (4.3)
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Remark 4.2.1 ( Alternative Representation of A° ) Let n = (1,0,---,0) € R%, and define

K*(z,9) ={ A@y) fyed

otherwise.

Then

A(z,y) = {BA*(z,y*) + (1 - B)A (z,47) }-

inf
0<B<1, yte€R?, y—eR?
Byt+(1-Byy—=y
It is easy to check that At (z, -) is the Legendre-Fenchel transform of infa>0 M*(z, -—am); therefore,
by [19, Theorem 16.5], A°(z,-) is the Legendre-Fenchel transform of infa>0 M+ (z,-—an)VM ™ (z, ).

In particular, for y € A°,

Ao(z’y) = sup { !IC— inf M-(31 (v,C(2),--~,((d)))VM+(z, (u1C(2)1"’1C(d))) }’
<(2),¢(d) wsv

Note also that if v+ (z, A¥) = 0 (as in the case of a process in A~ with a flat boundary that cannot
be crossed), then infa>0 M*(z,( — an) = M*(z,¢) and

A°(z,y) = sup {y¢ - M~ (z,{) v M*(z,()},
CERd

as found in [12].

The proof of Theorem 4.2.1 can be easily adapted to yield the following theorem for discrete-time

Markov chains.

Theorem 4.2.2 Let vt and v~ be two probability-measure fields on R%, each of which satisfies
Conditions 4.2.2-4.2.3, and v*(z,A~) > 0 and v—(z, A*) > 0 for some (equivalently all) = € R%.
Fory > 0, let (X] : k € Z,) denote the Markov chain such that given X}, the scaled increment
Y(Xgy1 — X{) has distribution v(X]), where

{ vt(z) ifzeA¥
u(:c) =
v=(z) ifzeAT,

and let X7 denote the polygonal interpolation of the process (Xt-ytj :t > 0). Then the sequence

(X7 : ¥ > 0) satisfies the large deviations principle in C{o,ﬂ(R“) with the good rate function ', where

A*, A~, and A° are defined by Equations (4.1)-(4.2) with M*(z,() = log [gaexp(zQ)v(z, dz).
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The proof of Theorem 4.2.1 is organized as follows. Section 4.3 contains some observations that
are instrumental for the proof. Section 4.4 extends the work of Blinovskii and Dobrushin [14] to
continuous-time random walks, hence proving the theorem in the special case of constant transition
mechanisms in each half-space. In view of this, Sections 4.5 and 4.6 establish, respectively, the large
deviations lower and upper bounds in the general case. Goodness of the rate function is shown in

Section 4.7.

4.3 Preliminaries

This section contains preliminary results regarding the proof of Theorem 4.2.1. Lemma 4.3.2
establishes that the process X7 and its polygonal interpolation X7 are close in a certain sense so
that they have equivalent large deviation probabilities. The section concludes with Lemma 4.3.3

on the sensitivity of the rate function to variations of the rate measures.

Lemma 4.3.1 Given z € R% and v > 0, let YA have distribution v(z)/v(z, R%). Then for
each § > 0, limsup,_,, v 'logsup, P(|Az] > &) = —oo.

Proof. If |A;| > &, then for some coordinate 1 < i < d, |Az(¢)| > 8/V/d. This, together with
the union bound and Chernoff’s inequality, implies that

sup P(jAz| > 6) < 2dexp(—ayé/Vd) sup Elexp(ayAz(i))]  foreach a > 0.
z <i<d

z, 1<
By Condition 4.2.2, sup,<;<q E[exp(ayA<(i))] is finite, and it does not depend on 7 so that

limsupy~!logsup P(|A(z)| > 8) < —ad/Vd.
y—00 z

The arbitrariness of a > 0 yields the desired result. m]

Lemma 4.3.2 ( Erponential Equivalence ) For each § > 0,

limsup vy~ ! logsup P( sup |X7 — X{| > 6) = —co.
~Y—o0o T 0<t<T
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Proof. Let N7 denote the number of jumps of X7 in the interval [0,T]. Note that if
supogcr XY — ~X7| > &, then at least one of the first NJ + 1 jumps of X7 has size larger
than 4. Therefore, for each ¥ >0, B > 0,and z € R4,

Pz( sup IX:'—X?I>6) S Pz(N'IY'Z‘YB)'!'Pz( sup IX?—X?I>67N:IY'<7B)
o<t<T 0<t<T
< P(N729B)+(yB+1) sup P(lAx| > 6),

where yA_ has distribution v(z)/v(z, R?). By Condition 4.2.1, uniformly over all initial states,
N7 is stochastically dominated by a Poisson random variable with mean ymT. Therefore, given

K > 0, B can be taken large enough so that
limsup vy~ logsup P.( sup |X7 - X7]|>8) < (lim supy~!logsup P;(N] > 78))
v-+00 z 0<t<T Yoo z

V (lim sup vy~ logsup P(|Az] > 5))
~Y—+00 z
= limsupy~!logsup P(NJ > vB) (4.4)
~+—+00 T
< -I{s

where (4.4) follows by Lemma 4.3.1. The arbitrariness of K > 0 proves the lemma. (]

Given a Borel measure p on RY, define
M) =sup {uc- [ (-1}, vert
(eRrd Rd

Lemma 4.3.3 If vy and v, are two positive, finite Borel measures on R? such that (1+¢)~! <

dvo/dvy < (1 +€) for some € > 0, then for all y € R?,

Aw(y) 2 (1+ €7 A, (y) — eevy (RY).

Proof. Define x(e) = sup,cp{(l + €)2¢* — e(!*)*}. Straightforward evaluation yields that
x(€) = €(1 + €)(1+)/¢_ For each ¢ € RY,

/R (€5 = 1wo(dz) = /R _eug(dz) - ro(RY
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< (149 [ e<n(ds) - (149 n(RY (4.5)
< (1+47 /,, X4y, (dz) + (x(6) — 1)(1+€) ' (RY)  (4.6)
< 1+ /R (€049 — 10y (dz) + eenn (RY), 4.7)

where inequality (4.5) is a consequence of the hypothesis, (4.6) is implied by the definition of x(e),
and (4.7) follows by the fact that x(€)/(1 + ¢) < ee. This in turn implies that for any y € R?,

Aw(y) = sup {yc - /R e = I)Vo(dz)}

CeRd

> Cseulgl {y( -(1+¢7t /Rd(e‘((”") ~ 1y (dz)} — eevy (RY)

= (1+¢7! (seugd {y((l +€) — /Rd(e‘((”") -1 (dz)} — eeny (R%)

(14 €7 A, () — eevi (RY).

This proves the lemma. a

4.4 The Piecewise Homogeneous Case

This section establishes Theorem 4.2.1 for the case in which the two rate-measure fields are constant.
The result, stated as Lemma 4.4.1 below, can be proved by adapting the proof of the analogous
result for discrete-time piecewise-homogeneous random walks, as presented in [14]. Here, we outline
the sufficient modifications of that proof, while at the same time pointing out how the argument

in [14] can be somewhat streamlined.

Lemma 4.4.1 If v+, v~ and X7 satisfy the conditions of Theorem 4.2.1 with v+ (z) = v} and
v=(z) = v] for two fized measures v} and v, then the sequence (X7 : v > 0) satisfies the large

deviations principle with the good rate function I.

Let (sf : t > 0) denote 2 compound Poisson process with rate measure vZ so that the probability
distribution P% of the random variable s’f is a compound Poisson probability distribution with a

log moment generating function G§ given by

GE(Q) =log [ e P¥(dz) = [ (e~ \w(dz) = M*(q).
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(The first arguments of M* and A¥ are suppressed in this section since the rate-measure fields
are constant.) Thus, A% is the Legendre-Fenchel transform (denoted Hy in [14]) of GE. The
expression (¢, zo) of Theorem 4.2.1 is thus identical to the rate function N(¢) defined in [14];
hence we simply refer to [14] for the properties of A¥, A, and . In particular, it is shown in [14]
that [ is a good rate function.

A representation of X7: The key to the proof in [14] is to combine two independent homo-
geneous random walks to produce a single, piecewise-homogeneous random walk. The continuous
time process X7 can similarly be constructed by combining the processes st and s, as shown
below. The random variables s/t obey the Cramer Theorem as t — 400, with the rate function
A%. Furthermore, the exponential tightness property and local large deviations properties hold
exactly as for the discrete time case stated in Proposition 5.3 of [14].

We next define an “unscaled” process X so that the process X7 has the same distribution as
the process ((X,¢)/7v : t 2 0). The process X is conveniently defined via a jump representation,
using the following jump representations of s*. Let (J¥(k) : £ > 1) be independent, identically
distributed random variables with the probability distribution v¥(-)/vE(R?). Let (U%(k): k > 1)
be independent, exponentially distributed random variables with parameter v¥(R%). Also, for

convenience, set JE(0) = U%(0) = 0. Then s* can be represented as
st =JF0)+---+JEK) f UEQ)+---+UFK) <t <UEQQ) +---+UE(k+1).

Of course it is assumed that st is independent of s~. Given an initial state X, let X denote the
Markov process for which the corresponding variables (U(k) : £ > 0) and (J(k) : k > 0) are defined
recursively as follows: U(0) = 0, n¥(0) = 0,J(0) = X, and

nt(k+1) =at(k) +1 Ulk+1)=Ut(nt(k+1))

if Xo+ J(1) +---+ J(k) € AT, then {
n=(k+1) =n~(k) J(k+1) = J*(nt(k + 1)),

nt(k+1) = nt(k) Uk +1) = U= (n~(k + 1))

else if Xo+ J(1)+---+J(k) € A7, then {
n~(k+1)=n"(k)+1 J(k+1)=J"(n"(k+1)).

Then X can be represented as

Xe=Xo+JA)+---+J(k) if UQ)---+U(k)<t<U@O)+---+Ulk+1).
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Note that the process ((X4¢)/v : t > 0) can be identified with the process X7 as desired. Define
(©¢:t>0) as follows. IfU(0)+---+U(k) <t < U(0)+---4+U(k + 1), then

0.1 if Xo+J(1)+---+J(k) € A¥
‘ 0 else.

Intuitively, X evolves according to s* on the intervals in which ©; = 1. In particular, let r(t) =
fc,t O,ds. Then for t > 0,

Identify X7 as the polygonal interpolation of the scaled process ((X.¢)/7 :t > 0). Let S* and S~
denote the polygonal interpolations of ((s.'f,'t) [y :t >0)and ((sy)/7 : t > 0), respectively. (For
brevity we do not explicitly indicate the dependence of S* on 7.) It is useful to note that the

relation (4.8) carries over to the scaled processes:
X;Y = yO + S:‘(t) + :—‘l’(f)’ (4-9)

where yg = Xo/7v, for all ¢ > 0.
Given > 0 and T > 0, define the events

K*(n,T,7)={ISE - (s§) /7] <0<t < T}

and set K(n,T,v) = K*(n,T,y)Nn K~ (n,T,7). Lemma 4.3.2 implies that the set K(n,T,v)¢is

negligible for the purposes of proving large deviations principles, in the sense that
lim 47" log P[K(n, T, 7)7 = —oo.

Note that on the event K (n,T,7), | X7 — (Xy1)/¥l <nfor0<t < T.

Due to the analytic considerations in [14], the proof of the large deviations principle in contin-
uous time can be reduced to proving upper and lower large deviations bounds for the events of the
form £(0,8,T) = {|X; —0:| < 6,0 <t < T}, where T > 0 and § > 0 can be taken arbitrarily
small. Here oy = zo + tv, where v € R? and, with z; = o7, either zo,z; € A¥ or zo,z; € A-.
The key to proving these bounds is to bound the event £(a, é, T) from inside and outside by simple

events involving the process (S*,S5~) and to appeal to the large deviations principle for (S+,S5™).
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This is essentially the same idea as in [14], translated for continuous time. Our proof is simplified
somewhat in that (a) in the case of the upper bound, our proof makes better use of the large
deviations principle for (§*,S~), which is common to both discrete and continuous time, and (b)
we exploit the representation (4.9). These simplifications make the translation between discrete
and continuous time more transparent.

Lower bound: The three lemmas that follow identify events involving (S*,$™) that are subsets
of the event £(o, 6, T) whenever zg,z; € A+. The case zo,z; € A- can be handled similarly. The
large deviations lower bound for the process (S*,S~) can then be readily used to provide the
required lower bound for P[€(0, §, T)]-

Lemma 4.4.2 If zo,z; € AY, then for § small enough,
£(0,6,T) D {lyo — zol < 8/2}N{|SF —tv| < 8/2,0<t < T} (4.10)

Proof. It is enough to note that for § small enough, X7 = yo + S;" for 0 < t < T if the event on
the right side of (4.10) is true. o

Corollary 3.2 of [14] states that there is a vector b~ € At such that A= (b™) < +oo.

Lemma 4.4.3 If (zg € AT,zy € A°) or if (zg € A°, z; € AT), then there ezist n = n(8) = 0
and k = k(6) + 0 as § — 0 so that

£(0,6,T) > {ISFf—tv]<n 0t <TIN{|S; ~th™| <0<t <K}
N{lyo — zol < n} N K(n,T,7). (4.11)

Proof. Assume that (zo € A%, z; € At). Take & = 57/b~(1), where n = n(d) is yet to be specified,
and suppose that the event on the right side of (4.11) is true. We first prove the following claim:
T ~71(T) < &. If this claim is false, let u denote the minimum positive value such that v —7(u) = x.

Then k <u<T and

X2(1)

yo(l) + S:.(u)(l) + S;_.,(u)(l)
-1+ (u—K)v(l) —n+xb~(1) — 7
> kb~ (1)-3p=29.

v
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On the event K(n,T,v), ©: = 1 whenever X7(1) > 7 so that u cannot be a point of increase of
t — 7(t). The claim is thus true by proof by contradiction.
Thus, for0<t < T,

X7 =0l < X7 —(zo+SH)| + |20+ St -0

< lzo—yol+( sup IS.?-S:*!) + ( sup ISII) +[tv — S
t—-rx<r<t 0<r<s

< n+(vls+20)+ (|67 [s+0)+n=Chn,

where the constant C depends only on v and b~. Taking n = §/C, the event £(a,4,¢t) is true, and
the lemma is proved in the case (zg € A*,z; € A°). The proof in the case (zo € A%, z; € AT) is

similar and is omitted. a

Lemma 4.4.4 [f g,z; € A°, and if 0 < B8 < 1, vt € A, and v= € A% are such that
v = Pv*t + (1 - B)v™, then there ezist n = n(8) — 0 and k = x(6) = 0 as § = 0 so that

£@,86T) > {ISt -t <n0<t<BT+RIN{IS; ~tv7[<n,0<t < (1 - B)T + 5}
NMlyo — zol <0}V K(n, T, 7). (4.12)

Proof. Take x = 59/(v™(1) — v* (1)), where n = n(8) is yet to be specified, and suppose that the
event on the right side of (4.12) is true. We first prove the following claim: |r(t) — Bt| < x, or
equivalently, |t —7(t) — (1 - B)t] < &, for 0 < ¢t < T. If this claim is false, let © denote the minimum
value of t such that the inequalities are violated. Then either 7(u) = fu+x or u—7(u) = (1-8)u+=x.
By symmetry we assume without loss of generality that u — 7(u) = (1 — 8)u + &, and hence also
7(u) = fu — k. Thus,

XI(1) = w()+ 57,1 + S0
> -0+ (Pu—-k)t(1) -0+ ((1-Blu+r)v~(1) -1
k(v (1) -~ v¥(1)) -3p=21.

On the event K(7,t,7), ©: = 1 whenever X7 (1) > 7 so that u cannot be a point of increase of
t — 7(t). The claim is thus true by proof by contradiction.
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Thus, for0<t < T,

X7 o < 1XT - (o+ Sk + Sg_p)| + Sk ~ Bto* | +1S5_gy — (1 = Bt

< lyo — ol + ( sup IS,T-S*’I) + ( sup [S7-S;_ l) +n+n
Ir—Btl<n o -(—B)ti<n (=hy

< 0+ @2vFle+2n) + (2vT|x + 29) + 29 = Ch,

where the constant C depends only on v* and v~. Taking n = §/C, the event £(0, 4, t) is true, and

the lemma is proved. o

Proposition 3.4 of [14] shows that the conditions y* € A* and 0 < § < 1 in (4.2) can be replaced
by the conditions y* € A* and 0 < B < 1 without changing the value of A°. Thus, Lemma 4.4.4,
with its condition that v¥ € A% (rather than v* € A%) and 0 < B < 1, suffices for the derivation
of the required lower large deviations bound for £(e, 4, T).

Upper bound: The two lemmas that follow identify events involving (S*, $™) that contain the
event £(o,4,T) whenever zp,z; € A¥. The case To,T € A- can be handled similarly. The large
deviations upper bound for the process (S*,S$™) can then be readily used to provide the required
upper bound for P[€(s, 6, T)]. The first lemma is easily verified and is stated without proof.

Lemma 4.4.5 If 29,2z, € AT, and {zo,z1} ¢ A°, then there exist n = n(8) - 0 and k =
k(6) = 0 as § — 0 so that

£(0,8,T) C {ISF_. — (T —s)v| < nfUK(n, T,7)"

Lemma 4.4.6 If z9,z, € A°, then for é, &, € >0, £(0,6,T) C {(St,5~) € F?*}, where F?
and F are the subsets of C[o.‘I'](Rd x R%), defined as follows:

F% = {(¢*,¢7) : sup |¢f — &F]| <20 and sup |¢; — ¢;| < 20 for some (¢, 97) € F},
0<i<T 0<t<T

and F' denotes the closed set F} U F, U F3U Fy, where

Fi = {(¢%,¢7) =Os<t:<p"(l¢2‘l +1o7]) > €}
F, = {(¢*,¢7):3rexT—x]:6f € A=, ¢7_, € A*, 6] + 67_, =T}

F3 = {(¢%,¢7):167-c — (T — K)v| < e+ |v|x}
87



Fi = {(¢%.¢7):167_x — (T — )| < e+ [v]x}.
Proof. Suppose the event £(a, 4, T) is true. Since
E(@,6,T) = {lto + Sk + Sipy — o <60 S T),
it follows (take ¢ = 0) that |yg — zo] < & so that
1SHe + Sir —vt1 <26, 0<t < T (4.13)

To complete the proof of the lemma we consider three cases.

Case 1: Suppose s < T7(T) < T —k. Let A = S:ET) + S;—r('r) — vT, and note that [A| < 26.
Note by the construction of the process Y, if O = 0, then S:'(T) € A-, whereas if O = 1, then
S;__,,(T) € A*. Define (¢, by setting

(S, ST - A=ty AL)) if ©7=0

+ o7) =
@) {(S;"-A(;-(‘.I.—)/\l),S,‘) if Or=1

for0<t < T. Then (¢*,¢”) € F and SUPg<i<T |SE — #F| < 26 so that (St,57) € F2,
Case 2: Suppose 7(T) > T — &. Let to = min{t > 0:7(t) =T — x}, and let ¢t; =to — (T - &).
Then T -k <tg < T and 0 <t < kK. Also, 7(tg) =T — » and to — 7(to) = ¢;, so by (4.13),

1SF_+ S5 - (t1+ T — s)v| < 26. (4.14)

We assume in addition that

sup |Sp| <€ (4.15)
o<

for otherwise (S*,S~) € F C F?. Combining (4.14), (4.15) and the fact 0 < t; < & yields that

ISE (T - &)v] <26 + e+ |v]&s.

-‘—

Therefore, (S+,5~) € F?.
Case 3: Suppose 7(T) < . This case is the same as case 2 with the roles of S* and S~
reversed. Lemma 4.4.6 is thus proved. a
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Lemma 4.4.5 immediately implies that if zo, z; € A¥, and {zo,z,} ¢ A°, then
lim lim sup v~ log P[€(c, 6, T)] < —TA*(v).
030 ~—oo
Similarly, Lemma 4.4.6 yields the appropriate large deviations upper bound if zq,z; € A°:

Lemma 4.4.7 If zg,z; € A°, then
lim limsupy~! log P[£(0, 8, T)] < —=TA°(v).
640 oo

Proof. Let 't denote the rate function I with A = A*. The process (S+,5~) satisfies a large
deviations principle with the good rate function 't 4 I'", so by Lemma 4.4.6 for each x,¢ > 0

s -1 < . + ( pF — (=
}l_r;(l)h;n_}sogpv log P[£(e,6,T)] < —lim o+ ;ggem{l‘ (¢%,0)+ T~ (¢7,0)}

= - 0 (T, 0)+T7(67,0)).

To complete the proof of the lemma, it suffices to show that for each p > 0 there exist x,e > 0
such that for each j € {1,2,3,4}

e 1 )GF’{F"’ (6+,0) + T~ (¢7,0)} > TA’(v) - (4.16)

Note that inequality (4.16) holds for j = 2 for all p,¢,x > 0. Choose L > TA°(v). The fact that

A% (y)/lyl = oo as |y| = oo implies the existence of x(€) — 0 as such that for each ¢,

+ (5t -
o (T840 +T7(¢7,00} > L,

so that (4.16) holds for j = 1. Since

+(o* ~ +(y+ +
(¢+ é_)eF {F (¢ 0)+F (¢ 0)}“I e Vl<£+lv| ()(T K(G))A (y )__)TA (U) aSG—}O

and A*(v) > A°(v), inequality (4.16) holds for j = 3, and similarly for j = 4, for sufficiently small
€. a
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4.5 The Lower Bound

This section establishes the large deviations lower bound for Theorem 4.2.1 roughly as follows.
Given ¢ € C[o'T](R"), the process X7 is approximated by a “patchwork” Markov process with
a time-varying transition mechanism that for each ¢ is constant on each half-space. The time
variation is determined by ¢ and a partition of [0,7]. Lemma 4.4.1 is used to prove a local lower
bound inequality for the patchwork process. Then by comparing the quantities on each side of this
inequality to the corresponding quantities for X7, a local lower bound is obtained for X7. Following
standard techniques, this local lower bound is shown to imply the lower bound for Theorem 4.2.1.
For T > 0, a partition of the interval [0, T] is a finite sequence & = (fo,---,0()) such that
0=00 <8 <---<8j4 =T. Given ¢ € Cio.7j(R?) and a partition 8 of [0, T], let X7%¢ denote a
Markov process with a time-varying transition mechanism: For each i € {0,---,J(6) —1}, X"#¢ in
the time interval (6;,0;4,] is generated by the pair (v, »;), where for each z € R? the rate measure
v;(z) satisfies
vt(ge) ifzeAF
vi(z) = '
{ v=(¢s,) ifzeA.

Also let A% denote the function A defined by Equation (4.3) when v+(z) = v¥(¢y,) and v~ (z) =
v~ (¢s;).

Lemma 4.5.1 ( Intermediate Lower Bound ) For each T > 0, partition 8 = (6,,---,8 10)) of
[0,T), and absolutely continuous ¢ € C[o,T](Rd),

JO)-1 g, .
lim lim liminfy 'log inf Py sup | XM —¢]<é&) > - / A% (¢, b )dt.
§N\0p\0 T—+oo 7 glz-¢o|<,, (DSthl t #e| < 8) > ,—_Z; A (#er 0)

Proof. We prove the lemma by induction on J(6). Lemma 4.4.1, along with Remark 3.2.1
and Lemma 4.3.2, implies that the statement of the lemma holds whenever J(f) = 1. As the
induction hypothesis, let £ > 1 and suppose that the lemma holds for any T > 0 and partition 4
of [0, T] such that J(#) = k. Then Ve > 0 3Idx(€) > 0 such that V& € (0,0x(€)) Ipi(d,¢€) such that
Vp € (0, p(d,€)) Fvi(p, 9, €) such that for ¥ > vk(p, 6, €),

k-1 .4, .
17llog int Pl sup IXP-gl <82 -y [ A%(guddt - (4.17)
lz—dol<er  0<i<8; i=0 YO
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By the time-homogeneous Markov property of the pair (X7%? ), Ve > 0 35(¢) > 0 such that
Vé € (0,0(e)) 3p(4, €) such that Vp € (0,p(5,€)) 3v(p, 6, €) such that for ¥ > v(p, s, €},

-1 . Y] 6.0 e o (s d

ylog inf P sup [X7* -l < 8| X3P =y)> - / A% (b, $e)dt — . (4.18)
ly-¢ﬂk I<e 0 <t<8k41 [:/%

To show that the claim holds for J(0) = k + 1, fix e > 0. For all § € (0,8(¢/2)), @ = (6 A de(e/2) A

P(5,€/2))/2, p € (0, pr(ex, €/2)), and v > (e, 8, €/2) V 7k(p, @, €/2),

v llog inf Pg( sup |XZ'¢'9—¢¢|<6) > ~7llog inf P sup Iz\’,"""a—¢¢l<oz)

le—dol<r  0<t<Biyr lz—dol<r  “0<t<é;
- . .0 6.0
+yllog inf P sup X7 - < 8] X;’k" =y)
ly-¢8k < 0 <t<Oi4

k. (i .
> -3 S A bt —
where the first step follows by the Markov property of X7 and the fact that & < 4, and the second
step follows by the statements (4.17) and (4.18) together with the choice of @. This completes the

induction step and establishes the lemma. o

Given T > 0, a partition 8 of the interval [0, T}, ¢ € C[o.'l'](Rd)y and z € R?, let P}'T and P2-%0T
denote, respectively, the probability distributions of (X7 : 0 < ¢t < T) and (X} #8.0 <t <T),with
X4 = X{,’"”" = z. Note that both measures are concentrated on the space of piecewise constant
functions that take values in R?, equal to z at time 0, are right continuous, and have a finite number
of jumps in [0, T]. There is a version D of the Radon-Nikodym derivative dP?'T/dP%%T which
satisfies for any such function w

Np(w) du(wf_ )

T
D(w) = exp (—7 /0 (v(we, RY) -”(we(:),R"))dt) [I —=(w), (4.19)

k=1 d”(wl(fk))

where N (w) denotes the number of jumps of w in [0, T], 7 and Aw; denote, respectively, the time

and size of the k** jump of w, and €(t) = max{6; : 6; < t}.

Lemma 4.5.2 ( Local Lower Bound ) For each ¢ € C[o,T](Rd) and zq € R?,

. - .. -1 . v -
lim lim lim inf y l°g|.-.-‘2,f|<pp’(02‘:§rlx‘ el < 8) > ~T(¢, zo)-
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Proof. We may take ['(¢, zg9) < oo so that ¢ is absolutely continuous and ¢ = z9. Fix € > 0.
Since both »* and v~ satisfy Condition 4.2.3, there exists 2 § > 0 such that

-1 dvt(z _y _ dv(z
(1+¢) lsdy+((zl)) <(l+¢ and (1+¢) 1Sdu—_((m,—))S(l-*-f)

whenever |z — z/| < 2. Appeal to the uniform continuity of ¢ on [0,T] to choose a partition
0= (00) ) 0.](0)) of [01 T] such that s“Pa.-gtga;“ |¢t - ¢0." <éforeachie€ {01 . 'yJ(o) - 1}' Then
Lemma 4.3.3 applied to the definition of A%: implies that

J(6)-1 i1 X J(#)-1 51 .
> [ atmgdgde < Y [T (0 + A% (b0 b + (1 +eem) de
i=0 * i=0 .
= (1+¢€)l'(¢,z0) + (1 + €)eemT. (4.20)

Let N}"’s'o and N7 denote, respectively, the number of jumps of X7# and X7 in the interval
[0, T]. Appeal to Condition 4.2.1 to choose a B large enough so that

lim sup v~ log Py, (N7*? > 7B) < —I'(4, 20)-
~—+oo
The choice of 8 and Equation (4.19) imply that for each ¥ > 0 and z € R?,

P.(sup |X7%? ~ ¢l <8) < Pe(sup [XT% - ¢4 < 6,N*° < yB) + P(NF*® > yB)
0<t<T 0<t<T

< emT+B)p ( sup | X7 —¢y| < 6, N7 < ¥B) + P( N;,-mo > vB)
0<t<T

IN

" T+BIp (sup |X] — ¢l < 6) + Po(NT*° > 9B),  (4.21)
0<t<T

where the second step uses the fact that log(1+¢€) < e. Inequality (4.21), together with Lemma 4.5.1
and inequality (4.20) on the left-hand side, and the choice of B on the right-hand side imply that
—(14+ € (¢,z0) — (1 + €)eemT <

. . . -1 . v _ —_
(e(mT + B)+ }l\r‘rlx)‘l,x\r‘rb h"xr_x*g\)f'y log I:l-'—lgofl<P Px(ozt:grlxt & < 6)) V( ['(#, z0)) .

The lemma follows by the arbitrariness of ¢ > 0. ]
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Given ¢ € C[OJ"](RJ) and § > 0, let B(¢,8) continue to denote the open ball of radius é around
&

Lemma 4.5.3 ( Lower Bound ) For any Borel measurable S C C[o,T](Rd); zo € RY, and

sequence (z7 : vy > 0) such that lim, 27 = zo,

. - -1 Y . _
liminf 7~ log Py (X7:0<t<T)es) > Jaf I(8,70)-

Proof. Fix ¢ € S°, and let §’ > 0 be such that B(¢, ) is contained in S for all § < §’. Lemma
4.3.2 and Lemma 4.5.2 imply that

o . -1 Y. . . . . -1

h"rr_l’gf'y log P+ ((X;'.OStST) GS) > }l\n})’l,l\l‘rtl)ll‘rlr_l’gf‘y loglz_lzr:\oprP =( sup IX7T - ¢l < 6)
2 lim lim lim inf 77" log it Pz( sup. p |X7 -4 < 6)
Z _F(¢1 zO)'

Since ¢ € S° is arbitrary, the lemma follows. (m]

4.6 The Upper Bound

This section establishes the large deviations upper bound for Theorem 4.2.1 by adapting the meth-
ods of Section 4.5.

Lemma 4.6.1 ( Intermediate Upper Bound ) For each T > 0, partition 6 = (8o, ---,05()) of
[0, T}, and absolutely continuous ¢ € C[o'T](Rd),

J(8)~1

-1 ~¥,9,8 a"‘l'l é .
hm hmsup-y log sup Pr(sup [ X" ~¢l<d) < - Z / A®% (¢, De)dt.  (4.22)
Iz—dol<é  0ZILT i=0 N

Furthermore, if ¢ is not absolutely continuous, then the left-hand side of ({.22) equals —oo.

Proof. By induction on J(6). Lemma 4.4.1, along with Remark 3.2.1 and Lemma 4.3.2, implies
that the statement of the lemma holds whenever J(8) = 1. As the induction hypothesis, let £ > 1
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and suppose that the lemma holds for any T > 0 and partition & of [0, T] such that J(4) = k. To
show that the claim holds for J(8) = k + 1, note that by the Markov property of X744,

yvllog sup P sup [X7*? -4l <8) < vy llog sup P sup [XP® — ¢ <)
lt—éo ‘<5 05:59g+ I3 [t—éq '(5 ostsak

+77'log sup Pr( sup X7 -4 < 6] X500 = ).
ly—do, I<5  OkSt<Orsr
Therefore, if ¢ is absolutely continuous, then the induction hypothesis and the time-homogeneous

Markov property of the pair (X7%?, ¢) imply

6.0 ki .

lim limsupy~'log sup P sup [X7®'-¢l<d) < —Z / A% (py, pp)dt.  (4.23)
5\ =400 lz-éo[(& 0<t<0k+; Som 8;

Otherwise, either (¢¢: 0 <t < 8¢) or (¢ : O <t < Or41) is not absolutely continuous; hence the

left-hand side of (4.23) equals —oo. This completes the induction step and establishes the lemma.

a

Lemma 4.6.2 ( Local Upper Bound ) For each ¢ € C[O,T](Rd) and zo € R?,

lim limsupy~llog sup P.( sup |X7 ~ ¢ < 8) < -[(4,z0)- (4.24)
N0 y—o0 le~zol<s  0Ki<T

Proof. Without loss of generality, we may assume that ¢ is continuous and ¢o = zq, since

otherwise the left-hand side of (4.24) equals —co. Fix € > 0, and choose § > 0 such that

dv "(z)

(1+e¢t < vt(z) <(l+¢ and (1+€7'< (=) <

< &)

<(l+¢)

whenever [z — z/| < 2. Appeal to the uniform continuity of ¢ on [0,T] to choose a partition
8 = (6o, - -+, 8(s)) of [0, T] such that supy,<;<q,,, |6+ — dg;| < 6 for each i € {0,---,J(8) — 1}.

Let N7 and Nf{.“”'o denote, respectively, the number of jumps of X7 and X% in the interval
[0, T]. By the choice of 8 and Equation (4.19), for each z € R?%, v >0, and B > 0,

Px(oiltlngX? —¢<8) < P:r:( o [X{ — ¢4 < 8, N7 < vB) + P-(N7 2 vB)
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< e“mT+EIp (sup |X744 — 4| < 6, N3*? < 4B) + P-(N} > vB)
0<i<T

< TP (sup |XT40 -4l <8) +P(NE27B),  (425)
0<i<T

where the second step uses the fact that log(l + €) < e. By hypothesis, uniformly for all initial
states, N7\ is stochastically dominated by a Poisson random variable with mean ymT. Therefore,
if ¢ is not absolutely continuous, then inequality (4.25), along with Lemma 4.6.1 and choice of
arbitrarily large B on the right-hand side, implies that the left-hand side of (4.24) equals —oo, and
the lemma holds.

If ¢ is absolutely continuous, then the choice of § and Lemma 4.3.3 applied to the definition of
A%% imply

J(8)-1 JO-1 . )
> / A% (Ge de)dt > / ! ((1+‘)—1A¢‘(¢t,¢:)+eem) dt
i=0 Y6 i=0 Y%

= (L+¢)~'T(¢,z0) + cemT. (4.26)

Appeal to Condition 4.2.1 to choose B large enough so that
lim sup y~! log sup P:(N7. > vB) < ~['(4, zo).
y—+co E

Then inequality (4.25), together with Lemma 4.6.1, inequality (4.26), and the choice of B, implies
that

lim limsupy~!log sup Pr(sup |X7 —¢: <8) <
N0 y9c0 le-zo|<d  0Lt<T

(-1 + )7'T($,20) — eemT + ¢(mT + B)) \/ (~T(#, o)) -

The lemma follows by the arbitrariness of ¢ > 0. a

Lemma 4.6.3 ( Ezponential Tightness ) Let (z7 : ¥ > 0) be a sequence such that lim.,_,oo 27 =
To. For each o > O there ezists a compact K, C C[o'n(Rd) such that

llmsup"y"l log Pev ((X" 0<t<T)¢K, ) —-a.
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Proof. The lemma follows by [12, Lemma 5.58] through a straightforward adaptation of [12,

Corollary 5.8] so as to incorporate the continuous support of the measures v(z), z € R®. a

Lemma 4.6.4 ( Upper Bound ) For any Borel measurable S C Cio 11(R?), zo € R?, and

sequence (z7 : vy > 0) such that lim, 27 = 2o,

limsupv~! log P;v ((f(;’ :0<t<T)e S) < — inf (¢, zg).-
y—+co ¢€S

Proof. Fix € > 0. For each ¢ € S, appeal to Lemma 4.6.2 and Lemma 4.3.2 to choose a 8 >0
such that
limsup v~} log Per (X7 :0 < t < T) € B(¢,84)) < ~T($,0) +6,
00

and appeal to Lemma 4.6.3 to choose a compact subset K of C[O'TJ(R") such that
limsupy™log Pov (X7 :0 <t < T) & K) < ~(= A inf. [(# 70)).
~y—+oo € ¢es

By the compactness of SN K, there exists a finite subset {¢!,---,#{} C S such that SN K C
UL, B(¢, 84.); hence for each v > 0,

P ((X7:0<t<T)€S) < P ((X::ostsr)¢K)+§[:P,, ((X::oszgr)e3(¢",a¢.)).

i=1
This in turn implies
- 1 .
H -1 Y. < (= H - 3
lim sup -y~ log Per ((Xg :0<t<T)e S) < ( (= A;rel%l‘w, zo))) V 1“5‘?'5"1{ [(¢*,z0) + €}

< (—(% A inf I, 1‘0))) Vv (— inf I(4, ) +e) :

The lemma now follows by the arbitrariness of ¢ > 0. o
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4.7 Goodness of the Rate Function

This section concludes the proof of Theorem 4.2.1 by establishing the goodness of the rate function
r.

Lemma 4.7.1 ( Lower Semicontinuity ) Given zo € R%, the function ['(-,zo) : C[o"['l(Rd) -

Ry U {+00} is lower semicontinuous.

Proof. Let (¢™ : m > 0) be a sequence such that ¢™ — ¢ in C[o,T](Rd)~ To prove the lemma
it is enough to show that ['(¢, zo) < liminf a0 (@™, 20)- Fix € > 0 and a sequence 7 — z,. By

Lemma 4.6.2, there exists a § > 0 such that
limsupy~* log Pov (X7 :0 < £ < T) € B(4,8)) < ~T(4,70) +e. (4.27)
v—+oo
Let M, be such that supoci<T |67" — 9| < § whenever m > M,. By Lemma 4.5.3,

.. -1 vY . - H ’
limjnf 7 log P (X7 :0 <t <T) € B(g,9) > ~—_ inf  T(#,20)
> -T(¢™ %) (4.28)

for all m > M,. Inequalities (4.27) and (4.28) imply that ['(¢™,zo) > (¢, zo) — € whenever
m > M,, and the lemma is proved. a

Lemma 4.7.2 ( Goodness ) The rate function I’ is good.

Proof. In view of [13, Lemma 1.2.18.b], the lemma is implied by Lemmas 4.5.3, 4.6.3, and
4.7.1. g
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CHAPTER 5

CONCLUSION

We concentrated on complexity-performance trade-offs in dynamic resource allocation in load shar-
ing networks. Realizing the difficulties involved in the exact analysis of arbitrary network structures,
we first focused on the optimality properties of certain simple allocation policies implied by the
corresponding fluid limit approximations. Explicit fluid equations were obtained, and through a
characterization of their solutions it was shown that the LLR policy asymptotically achieves the
most balanced load in the sense of minimizing a wide class of long-term average costs. LLR is
also robust to migration, provided that consumers are reassigned according to LLR whenever their
types change. When the resources have finite capacities, the class of LRLR policies asymptotically
achieve the minimum possible blocking probability. From a practical point of view, important prop-
erties of the considered policies are low computational complexity, decentralized implementation,
and robustness to arrival and migration rates.

The fluid limit approximations considered here are essentially process-level laws of large numbers
for load sharing networks; thus, they provide only a first-order description of the network behavior.
This description does not appear to be accurate enough to contrast certain allocation policies. In
particular, the OR, BS, and LLR policies appear to have the same performance in the fluid scale.
The second part of the thesis concerned a finer analysis to order the three policies: The theory of
large deviations was employed, and network overflow was studied in terms of overflow exponents.
The overflow exponents for each policy were obtained in the simple W network, and it was shown
that the LLR policy performs as well as the OR policy for small values of capacities, whereas it
performs significantly better then the BS policy for the whole range of capacities. The general form
of the overflow exponents for arbitrary network topologies is identified for the OR and BS policies
and conjectured for the LLR policy.

Obtaining overflow exponents for the LLR policy entails establishing large deviations principles
(LDPs) for Markov processes with discontinuous transition mechanisms. An explicit LDP was

established in the case when the discontinuity is along a singie hyperplane, and it was used to
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obtain the overflow exponents in the W network. The established LDP generalizes the work of
Blinovskii and Dobrushin and holds under somewhat more relaxed technical conditions than those
required by related results in the literature.

The results of this thesis suggest maximization of overflow exponents as a guiding principle
for capacity allocation and policy design in load sharing networks. Although obtaining overflow
exponents for general networks appears difficult, rigorous study of simple examples, such as least
ratio routing and maximum residual capacity routing in the W network, may yield good heuristic

arguments. These issues remain to be explored.
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