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I Introduction

Compared with the rich literature on linear regulator theory,
publications dealing with feedback design of nonlinear systems are a small
minority. Realistic approaches to the difficult nonlinear feedback control
problem usually exploit properties of special classes of systems to develop
approximate methods [1,2]. The approach in this paper exploits multiple
time scale properties of a class of nonlinear singularly perturbed systems [3,4] to
achieve stabilization and near-optimality. The stabilization results obtained are
essentially nonlinear in the sense that they also apply to the critical case
when linearized models provide no stability information. Due to a separation
of time scales, the proposed design procedure is applicable to higher order

systems.

The problem considered is to optimally control the nonlinear system

X = ar(x) + AM(X)Zz + BAGOU ,  x(0) = xq (1a)
Pz = a2(x) + A2G)z + B2G)u , z() = zq (Ib)
with respect to the performance index |
J= gjo [PCO) +s ")z +2°Q(x)z +u*R(G)uldt ®

where R > 0 is the small singular perturbation parameter, X, z are n-,m-
dimensional states, respectively, u is an r-dimensional control and the
prime denotes a transpose. It is assumed that there exists a domain

DC rq containing the origin such that for all x€D and zeRm the problem

satisfies the following assumptions:



I. The functions a®, a2> A", A2» B, B2, p, s, q and R are differentiable
with respect to x a sufficient number of times and a a 2, P and s are

all zero only at x=0.

Il. The matrices Q(x) and R(x) are positive definite, that is, Q(x)>0,

R(x)>0. Furthermore, the scalar function p+s®"z+z"Qz of x and z is

positive definite in both x and z.

I111. For every Tfixed xeD

el
rank[B2, A2B2 ,*** A2 ~ =m
and hence A2(X) is assumed to be nonsingular. (If not, then using

u=u + K(x)z such that A2 + B2K is nonsingular we redefine the problem.)

Assumptions 1 and 11 establish that the origin is the desired equili-
brium of (1). Assumption Il1l and Q(x)>0 simplify the derivations.
Alternatively a less restrictive stabilizability-detectability condition
can be used.

Finite time trajectory optimization problems for the same class
of systems have been treated in [3,4] via singularly perturbed two point
boundary value problems originating from necessary optimality conditions.
The resulting controls are open-loop and require boundary layer correction
terms at both ends of the interval. For the infinite time regulator
problem considered here the Hamilton-Jacobi-Beliman sufficiency condition
is more suitable since it readily incorporates stability requirements and
leads to feedback solutions. Using this condition we obtain near-optimal
stabilizing controls in feedback form and avoid explicit treatment of

boundary layer phenomena.
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Our procedure 1is based on a nested power series expansion of the
optimal value function in z and p . An advantage of this procedure is that
it uses lower order equations involving only the slow variable x. In appli-
cations truncated series are of interest. Stabilizing properties of various
truncated designs are discussed and an explicit estimate of the stability
domain is given. It is of practical importance that this domain encompasses
large initial disturbances of z(0). Furthermore, near-optimality of these
truncated designs is established in terms of 0(p), 0@%2), etc. A particularly
useful result is that an O(MO near-optimal Tfeedback control can be implemented
without knowing the value of the small parameter (.

The paper is organized as follows. In Section 11 a reduced order
problem is formulated for the slow variable x. The crucial assumption is
that the properties of its solution are known. Using a truncated expansion
of the optimal value function the so called composite control is introduced
in Section 11l1. Since the leading term in the series is the optimal value
function of the reduced problem, the original problem is well posed. In
Section IV it is shown that the composite control guarantees a finite domain
of stability for the resulting feedback system. In Section V, a formal
expansion of the optimal value function is proposed and near-optimality results

are discussed. An example is discussed in Section VI.

1. The Reduced Control

In singular perturbation techniques [5], a problem for the full

order system (1) where > 0 is interpreted as a perturbation of a

reduced problem

X
1

ax(x) + A1)z + B1(Xu, x(0) = xq

o
1

a2(x) + A2(x)z + B2(x)u (4b)



in which H=0. Due to Assumption IlIl, z can be solved from (4b) and eliminated

from (4a) and (2). Then the reduced problem is to optimally control the system

x =a ) + B Qu , x(0) = x ®
with respect to
J = J00 [P ¢O + 25*(Qu + u"R (uldt (6)
° 0
where
al  AlA2 a2
“ Bl AlAZ2 B2

P - s"A’V, + a’AM"QA™ N

BA - X(QA”a2 - i s)
R =R + B "™’V N - m

The origin x =0 1is the desired equilibrium of the optimally controlled reduced

system (6) for all xeD, since, in view of Assumption 11, aQ(0)=0 and

Po (x)+2s™M(x)u+u"Ro (X)u ®

is positive definite in x and u.

The reduced problem (5), (6) is considerably simp:gr than the
original problem (1), (2) because of the elimination of the fast variables
and the reduction of the system order. One of the tasks of the singular
perturbation analysis is to establish whether the full problem is well
posed in the sense that its solution tends to the solution of the
reduced problem as ~ » 0. If so, then the next task is to deduce the

properties of the original problem from the properties of the reduced problem.



Finally these properties are to serve as a basis for a simplified design
procedure.
To formulate our basic assumption about the properties of the

solution of the reduced problem we use the optimality principle

®
where L is the optimal value function and is its partial derivative with
respect to x. This yields the minimizing control
UO = —Rol(So + } bOIX) (10)
whose elimination from (9) results in the Hamilton-Jacobi equation
°©= (Po - sX Iso> + LK<ao -V C V -£ L<) - 0.
(11)
Note that,due to (8), pO - sc'JRO o is positive definite in D. Our

crucial assumption is then stated as follows.

IV. The unique positive definite solution L(X) of (11) exists in D and is
differentiable with respect to x a sufficient number of times.
Furthermore the level surface L =cq =constant is taken to be the
boundary of the set D.

In the special case considered in [1], where the linearization of (6) at x =0

is stabilizable and its states are observable in the quadratic approximation

of Jg, our Assumption IV is automatically satisfied for all x near the origin

It follows from Assumption IV that u”™ is the unique optimal feedback control

for the reduced problem and L is a Lyapunov function of the optimally

controlled reduced system



x = aj —BOR oASS +5 B(;IX') = aOSx), (12)
establishing that the origin is asymptotically stable and the set D belongs

to its domain of attraction.

I11. The Composite Control

The optimal value Tfunction V(x,z,p-) of the full problem (@),

(2) satisfies the equation
O = min[p + sz + z"Qz + u"Ru + W @" + Az + BMu) +

rva+v +V) a3

where Vx’ VZ denote the partial derivatives of V with respect to the

variables x, z, respectively. The minimizing control of (13) is

»=-K VX +HirwW a?

and its substitution into (13) yields the Hamilton-Jacobi equation
O0=p+ s’z+ z"Qz+ Vx(@" + Anz) + A V’Z\(/ag + AO2)
- |FOXB1 + 1 VzB2) 1BV + 1 Bev;> ,  V(O,0,m0 =0 . (¢15))

Since system (1) is linear in z and J in (2) is quadratic in z,

and since z is multiplied by §., we seek a solution of (15) in the form

V(X,z,M0 - Vg (X)+M-(x)z+M<z "2 OC)zHp—q(x, zW)

= V(X,z,H) Ha.q,z,M.) , VQ(0)=0 (16)
where

do/dx = 0(1), dg/dz = 0@). an



We shall investigate the expansion of g in a later section. The partial

derivatives of V with respect to x,z are

VX = VOx +° ) 1s)

\Y
z

tiv.i +aiz'v.Z +0<ji2).
Substituting (18) into (15) and neglecting the M dependent terms, we obtain
the equation

O=p+vai+tv 2-K

+ [s' #2372 +vOx (Ai‘ BIR" 1b2V2) +vJ(A2"B2R" [ b2V2) "z

+ 2 7(Q + V2A.; + A2N2OB2R- A2/ 2) 2% €))

In order to satisfy (19) identically for all z, we require that

0=p+V al+XAa2-4 ("OxBl +v|b2)r' 1(bgvdyd BV7),  Vn(0) =0 (20)
0 = s"+2372+VOx(Ai-BJR_1B2V2) +VI(AQ-BOAR -1\ Q) (21)

0 =Q+V2A2+AN -V A" A (22)
At each fixed value of x, (22) is an algebraic Riccati equation for V2. In

view of (3 and Q(x)>0, the unique positive definite solution V2 exists such
that for all xeD, the real parts of the eigenvalues of A2=A2~B2R ~B2"2~
denoted by Re{\(A2)}, are less than a negative constant. Thus is non-

singular and VW can be expressed in terms of Vg” and V2 as

V] = -[s" + 2a2v2 +VOx (A1-Blr “1B2V2)]A21 . @3

It is of crucial importance that the elimination of from @21) results in

an equation involving only Vgx For the well posedness of the full problem



it is necessary that the leading term Vg of (16) be identical to the solution
L of the reduced problem.
Lemma 1

IT Assumptions 111 and 1V are satisfied, then the unique positive
definite solution vq x) of (20)-(22) exists in D and is identical to the
solution L(x) of the reduced problem (5), (6).
Proof: It is shown in the Appendix that eliminating from (20), we obtain
the Hamilton-Jacobi equation (11) with Vgx in place of L , and hence
Vg &) - L(X) with properties as in Assumption IV.

By virtue of Lemma 1, Vg and are solved independently from (11)
and (22). This is the separation of time scales in the design of nonlinear
regulators, analogous to the linear time-invariant design in [7].

Using V, we derive the control

@4
= u.+0@)

whose main part u? is defined as the composjite control. Eliminating v1 from

(24) using (23) and following the derivation in [7], uf can be written as
u
c
(25)
where
(263)

(26b)



Hence the composite control u consists of a slow control u which optimizes
the reduced system (5) and a fast control -R~AB” (z+A~1a2) which optimizes
the fast part (z+A a2) of z in the sense that V2 satisfies (22). Note that
when z is not penalized in (2), that is when Q(x)=0, but ReU(A2)} <0, then
V2 #s identically zero and u reduces to u® of (10). Stabilizing properties

of the composite control u® are established in the next section.

IV. Stabilizing Properties
System (1) controlled by uC is

x = al+Alz+Bluc = ax(X) +A1l(X)z, x (0)=xq

@n
Mz = a2 +A2Z+B2Uc ~ a2(X)+A2()z, =z (0)=zq
where
*1 = al "2 BIR"1(BIVOx+B271)s ai(°)=0
(28
Ax = A1-BIR"1B2V2 .
With the change of variables
n= 9
exhibiting T as the fast part of z, system (27) becomes
X =a+A1p , x(0)=xo (30a)
M7L = (A2 a2)xal +[A2 +p (A21a2)xA1]M
- MFQ) + [2 O+PERITT . TO = zq *Q)a2 xq) - (30b)

Since the right-hand side of (30b) is an O(p) perturbation of A, (X)T] and
Re{X (A2)} < 0 in D we expect that Tpwill rapidly decay to an 0(Ji) quantity.

This motivates the introduction of
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ux,ti,e) = VO(x)+eTTv2X)i) C3i)

as a tentative Lyapunov function for (30). Here £ is a small positive scalar
to be determined. From Assumptions IIl and IV, Vg(x) is positive definite
and V2(x)>0 in D. Hence U is positive definite for all xeD and TJeRn.

Furthermore, since Vq&)=cq>0 for all x on the boundary of D, the surface
SCLTELE) = DTl -U.D.8.) = ¢} G2

is closed in the (n+m)-dimensional domain xeD, 7leRn. We define SFn to be
the domain in the interior of S.

Let D1 be a set strictly in the interior of D, that is, the boundary
of does not intersect the boundary of D, and let E be a bounded set in Rm.
The presence of £ In U extends S to encompass ,T]) for all xeD™ and for T] in
any prescribed set E. This crucial result is stated as follows.

Lemma 2

IT Assumptions 11l and IV are satisfied, then there exists an £ >0
such that the domain S.rn contains all xeDl* HFE'

Proof: At each point xeD”, the projection S onto the 1] subspace is the

ellipsoid

TVV2 )] = (q-VOK&))/E (33)

implying that 1] extends to O(I/\VVE). Hence for every x, there exists an £(X)
sufficiently small such that the ellipsoid (33) includes all TleE. (Note that
we must exclude the boundary of D because from (33) the projection of Sat
any point on the boundary of D is a single point T =0.) Hence choosing £* to

be the smallest of such £(x), the domain Sin contains all xeD®, T]eE for any

£e(0,£*] .
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By virtue of Lemma 2, the initial condition T|(0) of (30b), and
hence z(0) of (27), can be as far away from zero as O(IATY) and still be
enclosed by S. We now examine the relationship between £ and Q.--

Using (11), (22) and rearranging, we obtain the time derivative of

U with respect to (30) as

u = -g(x,e,n) §"q )8 TTm & ,TLEJi )T 4
where

g=g -— yQ'y

1 21

o
1

Po~S5-150 * & VB ,EoR-1Bs¥x

ANVOx +2£V2F (35)

<
I

5 =H Q_1ly

=
1

| + V2B2R _1B2V2-t),(2F +F " v2)4I\2 .

Since V2F + £ V2 and V2 are bounded for all x,T| in Si , and since Q(x)>0

in D, it follows that there exists a M*‘i7>0 such that M> 0 for all x,T] in S_
in

and for M>e(0,(3.~]. Thus the last two terms in U are positive definite. To
ensure that g(x,S,M-) is positive definite, we assume that the reduced problem

also satisfies

V. The Hlimit
v'n-4
Ix]| O 81

exists for all fixed £>0.

= K(£)<” (36)

Note that k>0 because y"Q 7y is positive semidefinite and g is positive
definite. The limit (36) implies that there exists a domain D about x=0

such that
y'Q \ < (I+k)gl (37
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that is such that for M-< 2£/ (1-fk), g is positive definite in D, see (35).
Let k(£)> 0 be the minimum value of on the boundary of D. Hence in the

domain

D1 = {x:gl(x)<k} (38)

g is positive definite. On the other hand, since D is bounded, there exists
a (£)> 0 such that y"Q ly< for all xeD, that is such that g is positive

definite when x is not in the domain
D(X) = {x :gx(X) <M-kl1/2e} (€2))

about the origin. But for M<<2f£k/kl, DCD” 1implying that g is positive
definite in D. Thus U is negative definite for all x,71 contained in S'in'

We now conclude that U is a Lyapunov function for (30) guaranteeing that

X=0, T=0 is asymptotically stable for all xeD”™ TJeE and for fie(0,p*], where

*
111

2R 2k
K = -LLBCY™k (40)

Returning from the T] variable to the z variable via z=T1]-AMa2,
we obtain for all xeD, T]eE a corresponding bounded domain E® for z. We
summarize the above discussions on the asymptotic stabilizing property of
u. in (24) as follows,

Theorem 1

IT Assumptions 1-V are satisfied, then there exists a (i*>0 such
that for all ]ie(O,M"v3 and for all xeD™ and z in any prescribed bounded set
Ep the origin x=0, z=0 of the feedback system (1) controlled by the
composite control u™ is asymptotically stable.

Theorem 1 can be applied in two different directions. As outlined

above, for any given DI anq E, , we Ffirst find £* such that Sin of (32)
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contains all xeD®, zeE~. Then we find @* from (40). This direction is
suitable when p is a parameter at the designer®s disposal, such as a gain
factor [9]. In the other direction, if p represents some given physical
parameters, such as time constants, we use its value to determine the
smallest £ such that U of (34) is negative definite, that is we find the
largest and EA~.

As a special case of Assumption V, consider that the origin x=0
of the reduced system (12) is exponentially stable. Then near the origin,
Pg-s™Ro %0, Vg grow as |x]|”~, and |Vgx|], |aQ] grow as |x], and we can find

positive constants kg,. . 1&9 and 6 such that

KOIXK™ = B, =SER, X5 = Kglxif®
KAXI2 1 VO < kJx| 2

41
k6U! 11 vOx] < k?Ix!

k8Ixl 1 Jao] < k9|x|

for all |x] <6. It follows from (41) that there exists a fixed k"Q(&)>0

such that

y'qg Iy 1 kiolxl12 42)

and the limit (36) is bounded by

Urn Jdai-S ;1j (43)
IX]-0 81 uzo
satisfying Assumption V.

In this case a claim stronger than Theorem 1 can be made.
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Corollary 1
IT Assumptions I-1V are satisfied and the origin x =0 of the
reduced system is exponentially stable, then the conclusion of Theorem 1 holds
and moreover the origin x=0, z=0 of (27) is exponentially stable.
Proof: The first part of the corollary follows from Theorem 1. The second

part follows from the linearization of (27) at the origin

[ aai<o) P
6x dx Ax () 6x
“4
1332(0) 1
6z M odx M a2@0) 6z

The system matrix of (44) has one group of n small eigenvalues O(p-) close
da-L -1 da2

to those of and another group of m large eigenvalues 0(l)
P x=0 . J,_i_L_ ~ di'o
g;ose Ao :hggg iof b4 ,_A_Q @ [81. But ail—Ail'A<z< aQ = a, and o x=0

dxl_a1a2;1 dx "X=0 as ﬁE(O) = 0. Thus the real parts of the eigenvalues of
the system matrix of (44) are all negative and x =0, z=0 is exponentially
stable.

IT the origin x =0 of the reduced system is only asymptotically
stable but not exponentially stable, then in general g need not be positive
definite for all xeD. This situation includes the critical case when the
linearized model does not provide any stability information as clarified by
the example in Section VI. For this situation the system is now shown to
possess a weaker stability property, that is, its trajectories tend to a

small sphere around the origin. Define the domain in Rn

p(x) = {x :g(x.E.M-) < O} (45)

which is contained in the domain D of (39). Due to the presence of p- in
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(34), U may be positive only if xep (X) and TI=0(p). Otherwise, U is
negative. Defining the surface

ttix ,z) = {X,z 1xep (X;p), z= -A™ (x)a2 ()} 46)

m; A
about the origin in R » uc defined by (24) is a stabilizing control in the

following sense.
Theorem 2

If Assumptions I-1V are satisfied, then there exists a P*>0 such
that for all pe(0,p*], the feedback control (24) steers all xeD®, zeE” of the
full system o(p) close to the surface tt( ,z).

Proof: Since U>0 and U<0 except for xep X) and 1 =0(§ , X converges to
p() and T) decays to an O () quantity. Thus in the x,z variables, (X,zjconverges
to an 0(p) neighborhood of the surface tt(x ,z).

In the case where the fast transients of z in (1) are exponentially
stable, that is, A2(X) Is stable for all xeD, and we are only concerned with
the optimality of the reduced system (5), then the z-independent reduced
control ug of (10) stabilizes the full system (1) with essentially the same
stabilizing properties as uc of (24). We shall not repeat the argument.

An attractive feature of the controls u and u is that they do
not require the knowledge of the actual value of p provided that it is
sufficiently small. When appropriately implemented, these controls stabilize
the full system (1) and achieve optimality of the reduced system, and in the
case of u®, also optimality of the fast part of z. The above results also
answer the question of well posedness by giving the conditions under which
the same optimal reduced order system is obtained when P is set equal to

zero either when system (1) is uncontrolled or when it is controlled by
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uc or uq. In contrast to many other singular perturbation results which
require p to be sufficiently small, this section provides a method to
compute an estimate of allowable values of p given a stability domain or

vice versa.

V. A Formal Expansion and Near-Optimality

The expansion (16) only satisfies the Hamilton-Jacobi equation (15)
to O0(p) order. We now propose to solve (15) by expanding V formally as a
nested infinite power series. IT this power series is convergent, then
the optimal solution V of (15) exists. For X,z near the origin, it has been
shown in [1] that the optimal solution exists and possesses a power series
expansion when system (1) after linearization at the origin is stabilizable
and the state in the quadratic approximation of J is observable. Here we
are interested in a power series of V which satisfies (15) to any order of p.

Since system (1) is linear in z and J is quadratic in z, the
optimal value function can be expanded as a power series in the components
of z [2] - In addition, since z is the fast variable, the z terms in the
optimal value function are multiplied by appropriate powers of [B1 - In

view of these two characteristics, we seek a solution of (15) in the form

m m m
V(x,z ,P) = VQ(X,p) LP)Zj + p ~ KSIV2jKX,70 Zjzk
O9m m m
+p E E E v,
j=1 k=1 o=1 -
+

m m
1"1 E - E V.. x,p)z. 2.
p V1\71 XpZJlZJZ

vO(@.,H) =0 “n
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where V.. . is the (§, >jO>ee=>j.) element of the completely symmetric

i N t i
generalized matrix of dimension m and z» is the jth component of z.
The summation signs in (47) and in other equations in the paper will be

omitted when there is no confusion as to which indices 37*J2»eee*

are being summed. The partial derivatives VX ,VZ 5 expressed in terms
1 m

of the vector x and the scalars Zq,---,2, are

VX = VOX + W LjXZj + IV2JKXZjzk + eee (482)

VL" s H<Vh_ 4 ZH¥2ij zj -u 3ul \\//3ijkzj%< + 1=I 9 m (48b)
where the summation signs over j,k are omitted.

For the series (47) to satisfy (15) as an identity, we fFfirst
rewrite (15) in terms of the vector x and the scalars zl....,,zm ,

0 = p+s.z. + Q..Ziz. + W @1+Aliz.)) + = Vz.@2i +A2ij2j>

* \<xBI + f VZiB2i)R-1(Biv3 + J B~V ) 49
where s/, a2i are the ith components of the vectors s, a’3 respectively,
AN is the ith column of the matrix A, B2i is the ith row of B2, ,
N2ij are tle elements of Q, A2, respectively, and the summation signs

over the indices i,j are omitted. Then, upon substituting (48) into (49)

and equating the coefficients of the like powers of z*, we obtain

The (J,j2»e=*>jt) elements of ~ are identical for all permuta-
tions of the indices j©,j2,...,ji [6].
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0=P+VA+VA.-i (VA+VAAR-ABA +B-A),
vO (0,p) =0 (50a)
0" 8 +V | i +“Vilxal +VIJAZj i +2V2ij*2j -2 (VOxBI
+VIjBj )R LCBiVi ix+ 2B2jV2ji) * = 1>2>-" (500)

T Qij + W 2ijxal A LixA lj>s + 2/2ikA2kj>s + * V3i jkazk
"2 &/ xBI+VIKB2K)R "1~ Bi~i jx + 3 M 2kv3kij>

A VIixB1 +2V2ikB2K)R" 1C'BiVijx + 2B2kV2Kj) >

i,j—-1,2,...,m (50c)

2 2
o = P V0@ P 1A 1ds T VarjkgPzg T P A dardi

’_I/HZH-W - 2_ i
-2 (VOxBI +VIgB2g)R < BiV3ijkx +4~ B2qV4ijkgn

-r ~VIixBI + 2V2igB2q)R " IFrBiv2jkx + 3~ q V3gjk>V

djj ik 1,2, (o)™

where the right hand sides of (560a), (60b), (50c),(50d),..., are the

coefficients of the z-independent terras and of the z*, z’z , "z z™,...,

terms, respectively. Because of symmetry, there are m(m+1)/2 equations

i -1

in (50c), m (m-F) (m+2)/6 equations in (50d) and in general, OTTM-TK))/i!

equations when the coefficients of z. z. ...z, , }.,j9,---,J-=1,2,... ,m,

Jl J2 Ji 1 2z
are equated.

o«

The subscript s denotes the symmetrization operation of generalized
matrices [6]. For example,

(V2ikAZKkj)s =2 (V2ikA2kj +V 2jkAZKi)

3ijg 20k™s 6MN3ijgA2gk V3jigA2qk+V3ikgA2qj+V3kigA2qj+V3jkgA2qi+V3kjgA2qP -
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For a simplified treatment of these equations we now exploit the
presence of the small singular perturbation parameter |i. We expand each

coefficient of (47) as a power series in [l

00
Vi(x*> = jsOr vig® > GD
where the boundary condition of is v~(o)=0, j=0,1,2,... The

expressions (61) substituted into equations (60) are to satisfy them as

identities in M~ Equating the coefficients of the like powers in M, we

generate sets of equations for V3 , i,j =0,1,2,... The first set of equations
obtained by equating the (i-independent parts in (50a), (&0b), (&0c),
are precisely equations (20), (2l1), (22), respectively. Hence from the

uniqueness of solutions to (20), (1), (22). We conclude that

VO=Vo=1L> V=V W=W (52)

and V thus consists of the leading terms of V.

The second set of equations in matrix form

0=VvIx*l + vI™2 * VOO = ° (53a)
0O=v™1 + + VI>A2 + 27 2\V2 (53b)

O"V2xri + 2 (ViXAL + K'ol\J +\22+ +3f(> (530)

0 "™ 3/3°Vs + <voxais, (G3d)
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obtained by equating the M terms in (60a), (60b), (50c), (50d), respectively,
involve only the unknown terms Vg7, VA, and V*. In (BG3) the multi-
plication of an nA"X~Xn”™ matrix by an n™Xn™ matrix results in an n~"X~Xn"
matrix. For convenience we suppress the last dimension of the mXmXI

matrices (V~a”) and (Va?2) and regard them as mXm matrices. Since A2 is
stable, (G3d) and (B3c) can be solved sequentially for and V2, respectively.
Then can be solved from (63b) and its substitution into (563a) results in

the partial differential equation

Om\LD > \B>- %

In general, in equating the M terms we obtain the (i+l)st set
of equations involving the unknown terms Vgx> V», V2, "Wleee V?+2. The
terms V?+1,vj,...,V2 N are solved for sequentially and then Vg 1 is to be
solved from an equation similar to (41).

The main accomplishment of the nested expansions is that the first
set of equations (@0)-(22) can be solved independently for the Tfirst three
zeroth order terms Vq, V*, and V2. Similarly, (563) and the subsequent sets
of equations can be solved independently for Vq,V”,...,V?+2. These equations
are dependent only on x and not on z or M. A further simplifying property
is that at the first stage the equations (11), 22) for \]?m \/1.2? are
decoupled.

The approximation obtained by expanding V of (47), (61) to the ith
set of equations is stated in the following theorem.

Theorem 3
Suppose that the solutions to the ith set of equations of V exist

and let V1 be the truncated series of (47), (51) including all the terms
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up to the ith set. Then the control

ui = “ 2 R"1(BiVx "+t B2Vz .} 5

is near optimal in the sense that V satisfies the Hamilton-Jacobi equation
(15) to an 0(J,1) error.

Proof: Substituting the V* terms into (15) and using the first i set of
equations of V, the coefficients of @ terms, k<i, 1in the resulting
equation vanish, implying O(@l) near-optimality.

Thus Theorem 3 implies that uf of (24) is an 0O(Ji) near-optimal
control because it is an O(p-) approximation of u® which achieves O0O(]i) near-
optimality. In general, retaining only the M¥l terms, k< i, in u®, the
resulting control also is 0(]x1) near-optimal in the sense of Theorem 3.

Repeating the derivation in Section IV, we can show that uf
stabilizes the full system (1) with similar stabilizing properties as uC of
(24). We Tfirst introduce the x, »“ z+A”a” variables and consider U in
(31) as a tentative Lyapunov function. The analysis is more cumbersome

but results similar to Theorems 1 and 2 and Corollary 1 can be established.

VI. Discussion and Example
The computational advantage of the proposed procedure is that all
the terms of V in (47), (6l) are obtained from equations involving the slow
variable x only. Moreover V» and V» are solved for independently. Explicit
consideration of the initial boundary layer is avoided and it is optimally
stabilized by the z variable feedback. Furthermore using the x,T] variables

an estimate of the domain of stability is easily obtained. Alternatively,
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for a stability domain to encompass a prescribed bounded set TleE c Rm
a bound for M can be determined.

Several aspects of the design procedure and the stability properties
of the resulting feedback system are now illustrated by considering the

optimal control problem of the second order system

X = Xz
(6)
gz = -z +u
with respect to the performance index
* 4 1 7 12
J=J o 42z + =4 Hde. G7)
0

Solving the reduced problem we obtain L:V%:x2 and uo: —x2

The optimally controlled reduced system (12) is x= —x3 and its unique
asymptotically stable equilibrium is x=0. Note that the linearization
of the reduced system fails to provide any stability information at x=0.
Let D be the interval [-1,1], that is, L=Co=1 at x=+1 by Assumption IV.
The pair ~ 2,82)= (-1,1) satisfies (3) and we can solve (22) for
V2 =2 such that A2=-v2. Then the substitution of =L =x2 and

V2 into (23) yields the following expressions for (24) and (16)

uc = -(Ex2+ &2-D2) (8)

<
1]

X2 M-y2x2z+|i — (V2-Dz2. 69

The resulting feedback system is

60
Mz = -2 -1J2z. (0
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This result is essentially nonlinear since the linearization of
(60) at x=0, z=0 does not provide any stability information. Using the

2
change of variables ?=z+x , system (60) becomes

X = -X2+xTl
61
M = -2 - (V2-2nx 2)7].
Since we require |x] < 1, M is restricted to be less than 1A/2. The
tentative Lyapunov function (31) is
Ux,71,e) = x2+]J (V2-DeTl2. (62)

If we require that the initial conditions of (61) be in jxj < .8, jTl <5,

then we must set G to be less than .0695 in order for the ellipse

SCLTIG) = {6T] :U=x2+j (V2-DETR=1) (63)

to enclose these initial conditions. Plots of S in the x,7] coordinates
and the x,z coordinates for G= .06 are shown in Figure 1. The time

derivative of U with respect to (61) is

G
-J ryS—ZAE—r—’\ifTr ()]
where
=2x", y=2Q@-6Q/2-Dx2)x2 (65)
(65)

5 =71-"-vy, M=jr-1jl -2RA02-1)x2.

Since Ii%y /g =2, Assumption V is satisfied. For all x,71 in the interior
X

of S and 6 «.06, U is negative definite for all Pe(, .03] . Hence x=0, z=0

is asymptotically stable for all |[x]<.8, |z+x2]<5 and Me (0, .03].

Furthermore, V satisfies the Hamilton-Jacobi equation (15) with an error

of M2V72x2z2 .



X,T) coordinates

X,z coordinates

Figure 1. Plot of S in (63).
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IT we are only interested in the optimality of the reduced problem
and consider the z-part as due to 'system parasitics,'” we can apply the
reduced control uq to (66) as kK= -1 is stable. System (56) controlled by

u IS
[0}

X Xz

5 (66)
Mz = -x -2z.

Transforming z to TJ=z+x , system (66) becomes

X
1

=X +XT|

(Gl
liz = -2ix2 - (A - 2]i2)N.

We use U iIn (62) as a Lyapunov function for (67) and the time derivative of
U with respect to (67) is
u= -[2 2(V2-1)<>/2+1 -ex2)2]x4 m 23141 -£x2)x2]
- 1 2-1)-22x2)m2. 68

Thus for all x,T] enclosed InS and e= .06, Uis negative definite for all
lie (0,.02]. Hence x=0, z=0 of (66) is asymptotically stable for all
X< .8, |z82]< 5, Me©0,.02] .

2
To obtain an O((1 ) approximation of V in the sense of Theorem 3,

we solve (B3) for higher order terms of and obtain
u™ = uc -|i2x*z (69)
V2 = V+p, -"-+]i2x2z2. (70)
Ji

System (566) controlled by becomes
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Gz =-"x2- 2x2)z , 7D

or, in the x,T] =z+x variables,

2

which is globally asymptotically stable for all |X>0. Furthermore, V

2 ~2 23
satisfies (15) with an error of @ 8 z +2x z ).

VII. Conclusions

A nested power series expansion method has been proposed for
solving the optimal control problem of a class of nonlinear singularly
perturbed systems. The terms in the expansion V are obtained from equations
involving only the slow variable x. In addition, Vq and are solved for
independently. Explicit consideration of the initial boundary layer is
avoided and it is optimized by the z variable feedback. Sufficient condi-
tions are obtained such that feedback controls using truncated series
stabilize the nonlinear systems and the stability domain can encompass large
initial conditions of z. These truncated controls can achieve near-
optimality of 0 (p), 0(p2), etc. In particular, an O(]X) near-optimal feed-
back control can be implemented without knowing the value of the small

parameter K. The results apply to essentially nonlinear problems.
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Appendix
Substituting (23) iInto (20) and rearranging yields
0 = X, +VgX0 -1 VB X3Vhi
where
Xx = p-(s" +2a"V2)A2 a2 - G s"+arV2ANIBR “<1BMA2"1 (] s +V2a2)
X2

x3

\ 1r;

ao * 31e (Ai“BiR B2V2)A2 a2

Bo

si - (AL-BR" 1B~V2)A2 182

A2 A2 "B2R B2V2
- ) 0 8 _ -1y -1
and the superscript O in Vgy and VU has been dropped. Let H = I+R ZNQKQ 82
Then h?’1 = I -RABMNA“3» and h ""RH"1L =RM"ANQANMNII™ =R . Thus

— R_ H_A_ A" - = NB*
BO = IB Ii A 2A Ié o B H. Hence Xj BOR OB - Also,_

o

X2 " ao+BoRM1[(R+B2Ar 1QA21B2)R™IB2V 2™ 1+B2 /™ " Iv2]a2+ 2 BoR31b2A271s

aQ +BoRNMN1IBMNA2 "1 (A2V2 +QAN1B2r “1BNV2 +

+2 BoR™ B2A2"1s

a —BRIS
o) 00

o-

Furthermore, k™ BAR Hi2A2 1 = 1h B2A2 1 = A21PRo1b2A2 1 and
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A2 A2 +A2 B2R B2W2A2

= a™l+a™b2r MbMv2+a2%1ga2lb2r "1bNV2)a21

AM-ANBANB AN - N1 -A21B2R; 1BMA--1V2

Thus  becomes

+ a’V2A“1B2RANIB A " Iv2a2 - arONrAML

But
v2Nh 1+a”"1lv2 = - v~ 1-a”™ Iv2+v2a™lb2r ;1N - 1ga2l+a”™"1ga”™1b2r ;1b”a21v2
+ 2V2A21B2r "1BMNA2 7 1V2
= ANQAN - A2 1v2B2R:- 1b2V2A21. (V2. A2 1qg)A21b2Rolb2A2~1(V2 + Qa"1>
+ v2a2 -1v2 - a'™ ga"1b2r; 1bMa”e xga; 1,
and

A2+ 1v2B2R~ 1b2V2A21 = [ (V2 + ~ - 1Q@)yA1+ a™’\ b2r ~1b2V i™ 1B2R~1b2V2A2: -

that is,

A2' V2BR~1r2V2A21

~(V2 +A2°1Q2)A21B2r "1B2V2A21

(2 +a”" 19 b2 “1b2a7"1(gal +v2),

implying = PQ - soR0O"So* Hence elimination of from (20) yields the

Hami lton-Jacobi equation (11) of the reduced problem.
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