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I . INTRODUCTION

I n  t h e  s e a r c h  f o r  m u l t i p l e - e r r o r - c o r r e c t i n g  codes  w hich  can  be 
e a s i l y  and r a p i d l y  d e c o d e d ,  some c o d i n g  t h e o r i s t s  have t u r n e d  t h e i r  a t t e n t i o n s  
t o  t h r e s h o l d  ( m a j o r i t y  l o g i c )  d e c o d i n g .  Much work has  been  done i n  t h i s  a r e a  
r e c e n t l y ,  and q u i t e  a few c l a s s e s  o f  new codes s u i t a b l e  f o r  t h r e s h o l d  d e c o d in g  
have been d e v e l o p e d .

The main d e s i r a b l e  f e a t u r e  o f  m a j o r i t y  l o g i c  d e c o d in g  i s  t h a t  i t  can  
be v e ry  s im p ly  im p lem en ted .  Whi le  t h e  BCH codes  a r e  th e  b e s t  known c l a s s  o f  
codes  f o r  c o r r e c t i n g  l a r g e  numbers o f  random e r r o r s ,  the  c o s t  and c o m p l e x i t y  of  
i t s  i m p l e m e n t a t i o n  and th e  t ime r e q u i r e d  f o r  d e c o d in g  l e a v e s  so m e th in g  t o  be 
d e s i r e d .  On the  o t h e r  h a n d ,  a l t h o u g h  most  o f  t h e  known m a j o r i t y  l o g i c  d e c o d a b l e  
codes a r e  somewhat  i n f e r i o r  t o  t h e  BCH c o d e s ,  the  s i m p l i c i t y  of  a m a j o r i t y  l o g i c  
d e c o d e r  and the  e a s e  o f  d e c o d in g  g i v e  t h i s  method of  d e c o d in g  an a t t r a c t i v e  
p r o s p e c t .  F u r t h e r m o r e  m a j o r i t y  d e c o d i n g  can a l s o  a u t o m a t i c a l l y  c o r r e c t  many 
more p a t t e r n s  o f  e r r o r s  o t h e r  t h a n  t h o s e  g u a r a n t e e d  by the  d e c o d in g  schemes 
w i t h o u t  any a d d i t i o n a l  e q u ip m e n t .

T h i s  p a p e r  i s  a s u r v e y  o f  t h e  L - s t e p  m a j o r i t y  d e c o d i n g .  O n e - s t e p  
m a j o r i t y  d e c o d i n g  i s  s t u d i e d  e x t e n s i v e l y  in  a s e p a r a t e  r e p o r t . [ 3 ]  M a j o r i t y  
l o g i c  d e c o d in g  of  b l o c k  codes  was f i r s t  i n t r o d u c e d  in  1954 by Reed [ 1 6 ]  who 
i n v e n t e d  a d e c o d in g  scheme f o r  t h e  R e e d - M u l l e r  c o d e s .  In  1958 Y a le  [ 2 6 ]  and 
Z i e r l e r  [2 7 ]  a p p l i e d  m a j o r i t y  l o g i c  d e c o d i n g  t o  t h e  maximal l e n g t h  sequence  
c o d e s .  I n  1961 M i t c h e l l  [ 1 4 ]  m a j o r i t y  decoded  t h e  c y c l i c  Hamming c o d e s ,  t h e  
augmented  maximal  l e n g t h  se q u e n c e  c o d e s ,  and th e  ( 1 7 , 7 ) ,  ( 2 1 , 1 1 ) ,  and ( 7 3 ,4 5 )
BCH c o d e s .  I n  h i s  book o f  1963,  " T h r e s h o l d  D ecod ing"  [1 3 ]  Massey p r e s e n t e d  
m a j o r i t y  d e c o d in g  a l g o r i t h m s  f o r  b l o c k  codes t h a t  a r e  o n e - s t e p  and L - s t e p  
o r t h o g o n a l i z a b l e . R u d o l p h ’ s m a j o r i t y  d e c o d i n g  a l g o r i t h m  [ 1 7 , 1 8 ]  d i f f e r s  f rom
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p r e v i o u s  ones  i n  t h a t  t h e  p a r i t y  ch eck s  need n o t  be o r t h o g o n a l .  He a l s o  
i n t r o d u c e d  f i n i t e  geom et ry  i n  the  c o n s t r u c t i o n  o f  m a j o r i t y  l o g i c  d e c o d a b le  
c o d e s .  His  g e o m e t r i c  codes  were f u r t h e r  s t u d i e d  by Chow,[ 4 ]  W eldon , [ 1 5 , 2 4 , 2 5 ]  
G o e t h a l s  and D e l s a r t e . [ 5 ]

Weldon in  1966 d e v i s e d  a c l a s s  of  c y c l i c  codes  b ased  on p e r f e c t  
d i f f e r e n c e  s e t s . [ 2 l ]  Kasami,  L i n ,  and P e t e r s o n  [ 9 , 1 0 , l l ]  showed t h a t  a l l  
b i n a r y  R e e d - M u l l e r  codes  w i t h  one d i g i t  d ro p p ed  can  be made c y c l i c  by 
r e a r r a n g i n g  th e  d i g i t s .  G e n e r a l i z a t i o n  t o  t h e  n o n b i n a r y  c a s e  was t h e n  
e a s i l y  made. The n o n - p r i m i t i v e  R e e d - M u l l e r  codes  were s t u d i e d  by Weldon . [ 2 2 , 2 3 ]  
A l l  t h e s e  codes a r e  s u b c l a s s e s  of  R u d o l p h ' s  p r o j e c t i v e  geomet ry  codes  and 
hence a r e  m a j o r i t y  d e c o d a b l e .

In  1967 Townsend and Weldon [ 2 0 ]  d e v i s e d  a new c l a s s  o f  l i n e a r  
b l o c k  c o d e s ,  c a l l e d  s e I f - o r t h o g o n a l  q u a s i - c y c l i c  c o d e s ,  w h ich  i s  o b t a i n e d  
from d i s j o i n t  d i f f e r e n c e  s e t s .  The code i s  o n e - s t e p  d e c o d a b l e .  In  1969 
Gore [ 6 ]  g e n e r a l i z e d  M a s s e y ' s  c o n c e p t  o f  t h r e s h o l d  d e c o d i n g  and showed t h a t  
th e  Reed-Solomon codes  a r e  c o m p l e t e l y  t h r e s h o l d  d e c o d a b l e .  The fo r m a l  
e q u i v a l e n c e  be tween M a s s e y ' s  L - s t e p  o r t h p g o n a l i z a t i o n  d e c o d in g  p r o c e d u r e  and 
R e e d ' s  m a j o r i t y  d e c o d in g  scheme i s  a l s o  d e m o n s t r a t e d  by Gore [ 7 ]  t h r o u g h  th e  
fo rm a l  e q u i v a l e n c e  o f  t h e i r  r e s p e c t i v e  d e c o d i n g  c i r c u i t .
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I I .  L-STEP DECODING ALGORITHM

We s h a l l  b e g i n  our  d i s c u s s i o n  w i t h  a s e r i e s  of  d e f i n i t i o n s  and 
examples  t o  make th e  u n d e r s t a n d i n g  o f  t h e  b a s i c  i d e a  b e h in d  L - s t e p  m a j o r i t y  
d e c o d in g  a s  s im p le  as  p o s s i b l e .

C o n s i d e r  an ( n , k )  b l o c k  code o v e r  GF(q) w i t h  p a r i t y  c heck  m a t r i x  
Ch] . We expand  t h i s  p a r i t y  check  m a t r i x  by t a k i n g  a l l  p o s s i b l e  l i n e a r  com
b i n a t i o n s  o f  i t s  rows and c a l l  t h i s  expanded  m a t r i x  [Hg] . I f  

C = ( V  ^ l , ' * ' , ^ n - l ^  3 coc*e v e c t o r > o b v i o u s l y

[Hg] • CT = 0 ( 2 . 1)

Each  row o f  e q u a t i o n  ( 2 . 1 )  i s  a p a r i t y  c heck  e q u a t i o n .
D e f i n i t i o n  2 . 1 : A s e t  o f  J  o f  t h e  p a r i t y  c heck  e q u a t i o n s  of  e q u a t i o n  ( 2 . 1 )
i s  s a i d  t o  be o r t h o g o n a l  on th e  i ^  b i t  p o s i t i o n  i f  t h e  i b i t  i s  checked
by e v e r y  one o f  t h o s e  J  e q u a t i o n s  w h i l e  no o t h e r  b i t  p o s i t i o n  i s  c h eck ed  by
more t h a n  one o f  t h e  J  e q u a t i o n s .  L e t  [ h£ ]  = ( h ^ )  be t h e  s u b m a t r i x  o f  [Hg]
c o r r e s p o n d i n g  to  t h i s  s e t  o f  J  e q u a t i o n s .  Then [Hjj] w i l l  have o n ly  n o n ze ro  

t  he l e m e n t s  in  t h e  i  column w h i l e  e a c h  o f  t h e  r e m a i n i n g  columns w i l l  have no 
more t h a n  one n o n z e ro  e n t r y .  F o r  ex am p le ,  t h e  f o l l o w i n g  s e t  o f  4 e q u a t i o n s  
i s  o r t h o g o n a l  on t h e  (j d i g i t

c o + c i + C5
c o + C2 + C6

n o + C3 + C7

o o + C4 + C8

( 2 . 2 )

0
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c o r r e s p o n d i n g  t o  t h e  s u b m a t r i x
✓  N

1 1 0 0 0 1 0 0 0  
1 0 1 0 0 0 1 0 0  
1 0 0 1 0 0 0 1 0  
1 0 0 0 1 0 0 0 1

( 2 . 3 )

Suppose [ h£] i s  a s u b m a t r i x  o r t h o g o n a l  on t h e . t hl b i t pos i t i o n ,
and  l e t  R = ( r n , r , , . . . , r  J  be  a r e c e i v e d  v e c t o r .  0 1 n-1

Let

( 2 . 4 )

where [s] i s  a J  e l e m e n t s  column v e c t o r .
Le t  R = C + E = ( c Q, . . . >c n _^) + ( e Q , . . . , e  ^ ) , where  C i s  t h e

t r a n s m i t t e d  code v e c t o r  and E i s  t h e  e r r o r  v e c t o r .  Then from ( 2 . 4 )

[ « ¿ ] . rt  = [ h^ ] * ct  + [ h^ ] * e t  = o + [ e£ ] - e t  = Cs].

Hence

( 2 . 5 )

i s  a s e t  o f  J  e q u a t i o n s  o r t h o g o n a l  on e ^ .  E q u a t i o n  ( 2 . 5 )  can  be w r i t t e n  in  
t h e  a l t e r n a t e  expanded  form:

n - 1
S h i k X '  ek = s i ’ J = ! . • • • . J  ( 2 . 6 )k=0 Jk K J

M u l t i p l y  b o t h  s i d e s  o f  e ach  e q u a t i o n  by (h -1 f o r  e a c h  j  = 1 , . . . , J  we
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o b t a i n

e . + 1 < * & ~ l 4  v S ( h . V ^ s  •J i  J

j  = k , . . .  , J ( 2 . 7 )

To o b t a i n  an e s t i m a t e  on e ^ ,  we p r o c e e d  a c c o r d i n g  t o  t h eo rem  2 . 2 :
4

Theorem 2 . 2 : e i  i s  e s t i m a t e d  t o  be e q u a l  t o  t h a t  v a l u e  o f  GF(q) which  i s
assumed by th e  m a j o r i t y  o f  s ^ ,  s 2 ' ,  ............. I n  c a s e  of  a t i e  be tween
z e r o  and a n o n z e ro  e l e m e n t ,  s e t  = 0 .  ê  ̂ w i l l  be c o r r e c t l y  e s t i m a t e d  by
t h i s  d e c o d in g  p r o c e d u r e  i f  t h e  number o f  e r r o r s  t  £  —.

P r o o f :  (a)  I f  e^  -  0 ,  t h e n  t  o f  t h e  e . ' s ,  j  ^ i ,  a r e  n o n z e r o .  S in c e  e a c h  e . ,J j
j  f  i> i s  i n  no more t h a n  one of  t h e  e q u a t i o n s  i n  ( 1 . 7 ) ,  a t  most  t  of  the  J
S j ' s  a r e  n o n z e r o .  Hence i f  t  ^  a t  l e a s t  h a l f  o f  t h e  s ^ ' ,  ' ,  . . . ,  s '
a r e  e q u a l  t o  0 .
(b) I f  e .  = Oi, a  e GF (q) , a  f  0 ,  t h e n  t - 1  o f  t h e  e ^ ' s ,  j  ^ 1, a r e  n o n z e r o ,  
e a c h  a p p e a r i n g  in  no more t h a n  one of  the  J  e q u a t i o n s  in  ( 2 . 7 ) .  Thus i f  
t  ^  , a t  l e a s t  J  - ( t - 1 )  = J + l - t  ^  J + l  - -j = 1 + — > -j,  i . e . ,  more t h a n  h a l f ,  
of the  J  S j ' s a r e  e q u a l  t o  O’. Hence i n  b o t h  c a s e s ,  t h e  d e c o d i n g  a l g o r i t h m  w o rk s .

Q.E.Do

Theorem 2 .2  e x t e n d s  n a t u r a l l y  t o  t h e  d e c o d i n g  o f  an e n t i r e  r e c e i v e d  
v e c t o r .  I f  f o r  e a c h  b i t  p o s i t i o n  a s e t  o f  J  o r  more p a r i t y  ch e c k  e q u a t i o n s  
o r t h o g o n a l  on t h a t  b i t  p o s i t i o n  can be f o u n d ,  t h e n  e a c h  d i g i t  o f  a r e c e i v e d  
v e c t o r  can be c o r r e c t l y  decoded  by t h e  a l g o r i t h m  o f  theo rem  2 . 2  i f  a t o t a l  of
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no more t h a n  [~ ]  (where [ ] s t a n d s  f o r  " t h e  i n t e g e r  p a r t  o f " )  e r r o r s  have 
o c c u r r e d .  In  p a r t i c u l a r ,  f o r  a c y c l i c  c o d e ,  i f  a s e t  of  J  p a r i t y  check  e q u a t i o n s  
o r t h o g o n a l  on any b i t  p o s i t i o n  can  be fo u n d ,  t h e n  by t h e  c y c l i c a l  n a t u r e  of  t h e  
co d e ,  such  a s e t  can be fo und  f o r  e v e r y  b i t  p o s i t i o n ,  and he nce  t h e  e n t i r e  code 
v e c t o r  can be m a j o r i t y  decoded  u s i n g  th eo rem  2 . 2 .  F o r  a s y s t e m a t i c  c o d e ,  
d e c o d in g  i s  c o m p le te  when t h e  f i r s t  k ( i n f o r m a t i o n )  d i g i t s  a r e  d e t e r m i n e d .
Hence f o r  c o m p le te  d e c o d in g  of  a s y s t e m a t i c  c o d e ,  J  o r t h o g o n a l  p a r i t y  ch e c k s  a r e  
n e c e s s a r y  o n ly  f o r  e a c h  of  t h e  f i r s t  k d i g i t s .

Theorem 2 . 3 : I f  a s e t  o f  J  p a r i t y  c heck  e q u a t i o n s  can  be formed o r t h o g o n a l  on
e v e r y  b i t  p o s i t i o n ,  t h e n  t h e  code has  minimum d i s t a n c e  a t  l e a s t  J  + 1.

P r o o f :  Assume t h a t  t h e r e  i s  a n o n z e r o  code v e c t o r  o f  w e i g h t  J  or  l e s s .  A s e t
of  J  o r t h o g o n a l  p a r i t y  c h e c k s  can be formed on one of  t h e  n o n z e r o  d i g i t s .  The 
r e m a i n i n g  J  - 1 o r  l e s s  n o n z e r o  d i g i t s  of  t h e  code v e c t o r  can  a p p e a r  i n  a t  most  
t h a t  many p a r i t y  c h e c k s ,  l e a v i n g  a t  l e a s t  one p a r i t y  check  n o n z e r o ,  which  i s  
n o t  p o s s i b l e .  Hence e a c h  code v e c t o r  must  have w e i g h t  J  + 1 or  g r e a t e r .

Q.E.D.

C o r o l l a r y  2 . 4 : F o r  a code i n  s y s t e m a t i c  fo rm ,  i f  a s e t  o f  J  p a r i t y  check
e q u a t i o n s  o r t h o g o n a l  on e a c h  o f  t h e  i n f o r m a t i o n  d i g i t s  can  be fo rm ed ,  t h e n  the  
code has  minimum d i s t a n c e  a t  l e a s t  J + l .

P r o o f :  O b s e r v in g  t h a t  e v e r y  n o n z e r o  code v e c t o r  has  a t  l e a s t  one n o n ze ro
i n f o r m a t i o n  d i g i t ,  t h e  p r o o f  f o l l o w s  s i m i l a r l y  t o  t h a t  o f  theo rem  2 . 3 .

Q.E.D.
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As an example o f  a p a r i t y  check  m a t r i x  of  a s y s t e m a t i c  code o r t h o g o n a l  
on e a c h  o f  t h e  f i r s t  k d i g i t s ,  c o n s i d e r  th e  p a r i t y  c heck  m a t r i x  of  th e  f o l l o w i n g
(2 6 ,1 3 )  code :

H

11 1 1 1 
1 1 1 1  1 
1 11 1 1 
1 111 

11 1 1 
1 1 1  1 
1 11 1 

11 1 1 
1 1 11 

11 1 1 
1 1 1 1  

11 1 1 
111 1 1

( 2 . 8 )

Here J  -  4 and d -  5.  The code can  t h e r e f o r e  c o r r e c t  2 e r r o r s  by t h e  a l g o r i t h m  
of  theore m  2 . 2 .  The code can  be ov e r  any f i n i t e  G a l o i s  f i e l d .

Thus f a r ,  th e  d e c o d in g  o f  a d i g i t  depends  on th e  e x i s t e n c e  o f  a s e t  
of p a r i t y  check  e q u a t i o n s  o r t h o g o n a l  on t h a t  d i g i t  which  a r e  o b t a i n a b l e  d i r e c t l y  
from th e  o r i g i n a l  p a r i t y  c heck  m a t r i x .  Such m a j o r i t y  d e c o d in g  i s  c a l l e d  o n e - s t e p  
d e c o d i n g .  However,  n o t  a l l  codes  can  be decoded  by su ch  a p r o c e d u r e .  For  some 
codes i t  i s  n e c e s s a r y  t o  a r r i v e  a t  a s e t  o f  p a r i t y  c heck  sums o r t h o g o n a l  on a 
d i g i t  from the  o r i g i n a l  p a r i t y  c heck  m a t r i x  i n  L s t e p s .
Def 2 . 5 : A s e t  o f  J  p a r i t y  c h e c k  e q u a t i o n s  i s  s a i d  t o  be o r t h o g o n a l  on t h e  sum
of i  b i t  p o s i t i o n s  ( a ^ ,  a ^ ,  . . . ,  a ^ )  i f  t h e  c o e f f i c i e n t s  i n  p o s i t i o n s  ot^, 

a r e  1 i n  e a c h  e q u a t i o n  and no o t h e r  p o s i t i o n  has  more t h a n  one n o n ze ro  
c o e f f i c i e n t  in  t h e  J  p a r i t y  c heck  e q u a t i o n s .

From the  o r i g i n a l  p a r i t y  c heck  m a t r i x ,  suppose  t h a t  we can f i n d  s e t s  
of  p a r i t y  ch eck s  o r t h o g o n a l  on s e l e c t e d  sums o f  n o i s e  b i t s .  By a p p l y i n g  the  
a l g o r i t h m  of  theo rem  2 . 2  on t h e s e  sums,  t h e y  can be d e t e r m i n e d .  These sums of
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n o i s e  b i t s  can t h e n  be r e g a r d e d  as  new check  sums and used  to  form new s e t s  of  
p a r i t y  ch e c k  sums o r t h o g o n a l  on some s m a l l e r  sums.  E v e n t u a l l y  a f t e r  r e p e a t i n g  
such  s t e p s  L t im e s  a s e t  o f  p a r i t y  c h e c k  sums o r t h o g o n a l  on a b i t  p o s i t i o n  i s  
fo rm ed .  Such a d e c o d in g  p r o c e d u r e  i s  c a l l e d  L - s t e p  d e c o d i n g .  F o r  a c y c l i c  c o d e ,  
a p r o c e d u r e  f o r  d e c o d in g  one d i g i t  d ecodes  a l l  t h e  o t h e r  d i g i t s .

!
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I I I .  HAMMING CODES

Massey has  shown t h a t  f o r  M -  2 , 3 , 4 , . . . ,  t h e  M t h - o r d e r  b i n a r y  Hamming
M M(2 - 1 ,  2 - M - l ) , d = 3 ,  codes  can be L - s t e p  o r t h o g o n a l i z e d  f o r  L no g r e a t e r  t h a n  

M - l .  However,  i t  has  been shown in  a s e p a r a t e  r e p o r t  on o n e - s t e p  d e c o d i n g  [ 3 ]  
t h a t  a l l  Hamming codes can be o n e - s t e p  decoded  by a somewhat  d i f f e r e n t  o n e - s t e p  
d e c o d in g  a l g o r i t h m .  S in c e  o n e - s t e p  d e c o d in g  i s  s i m p l e r  t h a n  L - s t e p  d e c o d i n g ,  
we s h a l l  j u s t  lo o k  a t  one example o f  L - s t e p  d e c o d in g  o f  a Hamming code f o r  
i l l u s t r a t i o n  p u rp o s e  and t h e n  move a l o n g .

Example:  C o n s i d e r  the  ( 7 , 4 )  b i n a r y  Hamming code w i t h  d = 3 .  Here M = 3 and i t
w i l l  be shown t h a t  the  code can be 2 - s t e p  d e c o d e d .

The p a r i t y  c heck  m a t r i x  i s  g i v e n  by:

[H] =
1 1 0  1 1 0  0 
1 1 1 0  0 1 0  
1 0  1 1 0  0 1

( 3 . 1 )

The c o r r e s p o n d i n g  p a r i t y  ch eck s  a r e

e 0 + e l  + e 3 + e 4 = S 1 
e Q + e i  + e 2 + e 5 = S2 
e 0 + e 2 + e 3 + e 6 = S3

( 3 . 2 )
( 3 . 3 )
( 3 . 4 )

E q u a t i o n s  ( 3 . 2 )  and ( 3 . 3 )  a r e  2 e q u a t i o n s  o r t h o g o n a l  on e Q + e^ w h i l e  ( 3 . 3 )  
and ( 3 . 4 )  a r e  o r t h o g o n a l  on e^ + Thus i f  no more t h a n  one e r r o r  has
o c c u r r e d ,  t h e  m a j o r i t y  d e c o d in g  a l g o r i t h m  of  theo rem  2 .2  can  2 .2  can  be u sed  
to  d e t e r m i n e  e^  + e^ and e^ + from t h e s e  two s e t s  o f  o r t h o g o n a l  e q u a t i o n s ,
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L e t

and
e o + e i = t-

e 0 + e 2 = t ,

( 3 . 5 )

( 3 . 6 )

Now e q u a t i o n s  ( 3 . 5 )  and ( 3 . 6 )  a r e  a s e t  of  2 e q u a t i o n s  o r t h o g o n a l  on e ^ ,  and 
hence  theo rem  2 . 2  can a g a i n  be a p p l i e d  t o  d e t e r m i n e  e^  p r o v i d e d  t h a t  no more 
t h a n  one e r r o r  has  o c c u r r e d .  Thus e^  can  be e s t i m a t e d  by th e  above p r o c e d u r e  
of  2 - s t e p  o r t h o g o n a l i z a t i o n  and d e c o d i n g .  A s i m i l a r  p r o c e d u r e  can  be f o l l o w e d  
f o r  e ^ , e ^ , and e^ .
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IV. SOME CLASSES OF CODES BASED ON FINITE GEOMETRIES

A c l a s s  of  codes  can  be d e f i n e d  by t a k i n g  th e  i n c i d e n c e  m a t r i x  
of  a (b ,  v ,  r ,  k ,  X) b a l a n c e d  i n c o m p le t e  b l o c k  d e s i g n  (BIBD)[ l2]  as  i t s  p a r i t y  
check  m a t r i x . [ 1 7 , 1 8 ]  I  have c a l l e d  t h i s  c l a s s  of  codes  t h e  c l a s s  I  BIBD 
c o d e s . [ 3 ]  The codes c a n  be o n e - s t e p  decoded  by a m a j o r i t y  a l g o r i t h m  t h a t  does  
n o t  depend  on o r t h o g o n a l  p a r i t y  c h e c k s , [ 1 8 ]  and can  c o r r e c t  [ —̂ — ] e r r o r s  by 
such  a p r o c e d u r e .  The i n v e s t i g a t i o n  of  t h e  p o s s i b i l i t y  of  L - s t e p  d e c o d in g  
t h i s  c l a s s  o f  codes  i s  w o r t h w h i l e  i f  b e t t e r  e r r o r  c o r r e c t i n g  c a p a b i l i t i e s  can 
be a c h i e v e d  by su ch  a p r o c e d u r e  t h a n  by o n e - s t e p  d e c o d i n g .  So f a r  su ch  an 
i n v e s t i g a t i o n  has  o n ly  been  p e r fo rm e d  on two s u b c l a s s e s  of  the  c l a s s  I  BIBD 
c o d e s ,  namely t h o s e  BIBD's  t h a t  a r e  r e l a t e d  t o  t h e  p r o j e c t i v e  geometry [ l ]  and 
t h e  E u c l i d e a n  g e o m e t r y .  I t  i s  w e l l  known t h a t  b l o c k  d e s i g n s  can  be d e r i v e d  
from b o t h  of  t h e s e  g e o m e t r i e s .  We s h a l l  now f i r s t  r e v i e w  some o f  t h e  p r o p e r t i e s  
of  f i n i t e  g e o m e t r i e s .

A. P r o j e c t i v e  geom et ry
An m - d i m e n s i o n a l  f i n i t e  p r o j e c t i v e  geo m e t ry  ov e r  GF(pt ) i s  d e n o t e d  

by PG(m, p t ) . A PG(m, p*") may be c o n s i d e r e d  as  a s e t  of  p o i n t s  and s u b s p a c e s .  
Each  p o i n t  can  be r e p r e s e n t e d  by a n o n z e ro  e l e m e n t  o f  a GF(p^m+^ t ) .  Two 
e l e m e n t s  a  and 3 o f  GF(p^ ' ) r e p r e s e n t  t h e  same p o i n t  i f  a  = 0®|3, where 
0GGF(pt ) .  T here  a r e  t h u s  v = (p t -1 )  /  ( p 1" - 1) p o i n t s  i n  a PG(m, p*1) . A s e t
of  a l l  t h e  p o i n t s  l i n e a r l y  d e p e n d e n t  on s+1 ,  s<m, l i n e a r l y  i n d e p e n d e n t  p o i n t s  
over  GFCp*") c o n s t i t u t e s  an s - d i m e n s i o n a l  s u b s p a c e  PG (s,  p fc) . There  a r e  

(m-t-l)t mt / ( m - s + l ) t _ n
b ( s , m , p  ) = ° ° ° “ ^  d i s t i n c t  P G ( s ,p  ) c o n t a i n e d

( p ( S + i ) t - l ) ( p S t - l ) . . . ( p t - l )
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i n  a g i v e n  PG(m, p fc) . F u r t h e r m o r e ,  e a c h  PG(n,  p*") , n < s ,  i s  c o n t a i n e d  in  
e x a c t l y

. ( m - n ) t  ( m - n - l ) t  N ( m - s + l ) t
X (n ,  s ,  m, p h  = --------, - 1) - ( P  --------- L - z l l

( p ( s ' n ) t - l )  ( p ( s ' n " 1)1:- l )  . .  . ( p * - ! )
( 4 . 1 )

PG (s ,  p ) which  a r e  c o n t a i n e d  i n  a g i v e n  PGini, p^)  . By a s s o c i a t i n g  t h e  p o i n t s  
w i t h  v a r i e t i e s ,  t h e  PG (s,  p ) w i t h  b l o c k s ,  one can  o b t a i n  f rom a g i v e n  PG(m, p^) 
a BIBD w i t h  p a r a m e t e r s :

b = b ( s , m, p )
v =
k =

( P ( m f l ) t - i )  /  ( p ^ i )
( P ( s + 1 ) t - D
( p 1- ! )

r  = X (0 ,  s ,  m, p ) ( 4 . 2 )

X =<
X( 1 ,  s , m, p ) f or  s > 1

f o r  s = 1

The i n c i d e n c e  m a t r i x  [ s ]  — ( s „ )  of  a PG(m, p ) i s  d e f i n e d  by s e t t i n g
S j .  -  1 i f  t h e  j  p o i n t  i s  i n  t h e  i 1 PG (s ,  p fc) , and s . .  = 0 o t h e r w i s e  **

Theorem 4 . 1 : The i n c i d e n c e  m a t r i x  [ s ]  o f  a PG(m, p fc) i s  c y c l i c ,  i » e „ ,  e v e r y
c y c l i c  p e r m u t a t i o n  of  a row of  [ s ]  i s  a l s o  a row o f  [ s ] .
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P r o o f .  L e t  & be a p r i m i t i v e  r o o t  o f  GF(p^  ̂ ) .  Then cyV i s  a p r i m i t i v e
r o o t  o f  GF(p ) .  Oi , o' , .........., q,V a r e  l i n e a r l y  i n d e p e n d e n t  ov e r  GF(pt ) and
a r e  used  t o  r e p r e s e n t  a l l  t h e  v p o i n t s  in  a PG(m, p 11) . L e t  P Q, p ^ . . . ^  be 
a s e t  o f  s+1 l i n e a r l y  i n d e p e n d e n t  p o i n t s  d e f i n i n g  a P G (s ,  p fc) , which  i s  a l l  the  
d i s t i n c t  l i n e a r  c o m b i n a t i o n s  o f  t h e  P ' s  ov e r  G F C p V  Each  p o i n t  can be e x p r e s s e d  
in  t h e  form

c i  = s  9 i i  ’ e i i  ej=0  J J 1J

C y c l i c  p e r m u t a t i o n  of  t h e  row r e p r e s e n t i n g  t h i s  PG (s ,  p fc) i s  e q u i v a l e n t  t o  
m u l t i p l y i n g  e a c h  p o i n t  by oi, where  otV i s  i d e n t i c a l  t o  ot®. S in c e

s
Oi*C . = Z 0 . .(«P . ) ,

1 j=0  J

t h i s  r e s u l t s  i n  a s e t  o f  p o i n t s  which  a r e  a l l  t h e  d i s t i n c t  l i n e a r  c o m b i n a t i o n s  
o f  the  a p ' s .  I t  o n ly  r e m a in s  t o  show t h a t  a £ o ,  a p l , . . . ,  cv3s a r e  a s e t  of  s+1 
l i n e a r l y  i n d e p e n d e n t  p o i n t s  and he nce  a l s o  d e f i n e s  a PG(s ,  p ) .  Assuming t h a t  
t h e y  a r e  l i n e a r l y  d e p e n d e n t  ov e r  GF(pt ) ,  t h e n

s
E u> (c*P .) = 0 ,  U). 6 GF (p*")

j=0  J J J

f o r  some UK, j  -  0 ,  1 , . . . ,  s .  However s i n c e  a^O,  t h i s  i m p l i e s  t h a t

2  U) . P . = 0 ,  
j - 0  J J

which i s  a c o n t r a d i c t i o n .  Hence orpQ--------, a P g a r e  l i n e a r l y  i n d e p e n d e n t .

Q.E.D.
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Because  o f  theo rem  4 . 1 ,  i n  the  c o n s t r u c t i o n  o f  an i n c i d e n c e  m a t r i x  o f  a 
PG(m, p*") one does  n o t  have t o  d e t e r m i n e  a l l  t h e  b d i s t i n c t  PG(s ,  p*") . One 
o n l y  has  t o  d e t e r m i n e  t h e  b / v  PG (s ,  p ) w h ich  c a n n o t  be o b t a i n e d  from e a c h  
o t h e r  by p e r m u t a t i o n  on t h e  i n c i d e n c e  m a t r i x ,  and p e rm u tes  t h e s e  rows t o  o b t a i n  
t h e  r e m a i n i n g  rows.

B. E u c l i d e a n  geom et ry

From a g i v e n  PG(m, p ) ,  i f  any PG(m-l ,  p ) and a l l  i t s  p o i n t s  a r e  
d e l e t e d ,  a new sys tem  of  p o i n t s  and s u b s p a c e s  r e s u l t s .  T h i s  new m - d i m e n s i o n a l
geom et ry  o v e r  GF (p ) i s  c a l l e d  t h e  E u c l i d e a n  g e o m e t r y ,  d e n o t e d  by EG(m, p*") .

t  mtEach  p o i n t  o f  an EG(m, p ) can be r e p r e s e n t e d  by  an e l e m e n t  o f  a GF(p ) .  The re
a r e  t h u s

• • t  t  t-p o m t s  in  an EG(m, p ) .  Each  PG (s ,  p ) c o n t a i n e d  i n  t h e  o r i g i n a l  PG(m, p )
b u t  n o t  i n  t h e  d e l e t e d  PG(m-l ,  p fc) becomes an EG (s ,  p 1") , s i n c e  by d e l e t i n g
a PG(m -l ,  pfc) f rom PG(m, p fc) we a l s o  d e l e t e  a P G ( s - l ,  p fc) f rom e a c h  o f  t h e s e
P G ( s , p fc) . T h e r e f o r e  the  number o f  E G (s ,  c o n t a i n e d  i n  an EG(m, p fc) i s

b ( s , m, p t ) - b ( s , m-1,  p fc) .

The number of  E G (s ,  pfc) c o n t a i n i n g  a g i v e n  EG(n,  pfc) , n < s ,  i s  t h e  same
as t h e  number of  PG(s ,  p1") c o n t a i n i n g  a g i v e n  PG(n,  p*") , namely X (n ,  s ,  m p*") .
L e t  P 1 , P 2 , . . . , 3 g be s e l e m e n t s  o f  GF(pm t) l i n e a r l y  i n d e p e n d e n t  ov e r  GFCp*1) .
Then an E G (s ,  p*1) can  be c o n s i d e r e d  as  the  s e t  of  p o i n t s  a ,3  , + a 03_+ .  . .+a 3 +Y1 1 2  2 s s
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where  , a ^ , .  . » ,a^  ru n  i n d e p e n d e n t l y  ov e r  GF (p*") and Y i s  some e l e m e n t  in  
GF(pmt) .  As w i t h  th e  p r o j e c t i v e  g e o m e t ry ,  t h e  E G (s ,  p t ) o f  an EG(m, p 1") form 
a b a l a n c e d  in c o m p le t e  b l o c k  d e s i g n  w i t h  p a r a m e t e r s

b = b ( s , m, p t ) - ( b ( s ,  m-1,  
mtv = p

r = XCOjSjm^)  (4 .3)
p
Î H I , s , m, p fc) i f  s < 1

I—* i f  s = 1

C ♦ C l a s s  A PG Codes
As s t a t e d  i n  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n ,  th e  c l a s s  I  BIBD codes 

a r e  d e f i n e d  by t a k i n g  t h e  i n c i d e n c e  m a t r i x  o f  a b a l a n c e d  i n c o m p l e t e  b l o c k  
d e s i g n  as  i t s  p a r i t y  ch e c k  m a t r i x .  We s h a l l  now d e f i n e  t h e  c l a s s  A PG 
codes  by t a k i n g  th e  i n c i d e n c e  m a t r i x  o f  a p r o j e c t i v e  geom e t ry  as  i t s  p a r i t y  
ch eck  m a t r i x .  S in c e  a b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  can  be d e r i v e d  from a 
p r o j e c t i v e  g e o m e t ry ,  t h e  c l a s s  A PG code i s  n a t u r a l l y  a subcode  o f  t h e  c l a s s  I  
BIBD c o d e .  S i n c e  t h e r e  a r e  m-1 l e v e l s  o f  PG (s ,  p*") i n  a PG(m, p*”) , c o r r e s p o n d i n g  
t o  s = l  , 2 , .  . . ,m -1, t h e r e  a r e  m-1 d i f f e r e n t  i n c i d e n c e  m a t r i c e s  f o r  e a c h  PCCm^*"). 
F u r t h e r m o r e ,  t h e  code w h ich  i s  d e f i n e d  by an i n c i d e n c e  m a t r i x  o f  a p r o j e c t i v e  
geomet ry  may be t a k e n  o v e r  any f i n i t e  G a l o i s  f i e l d .  Hence t h e r e  can be 
i n f i n i t e l y  many c l a s s  A PG c o d e s .

The c l a s s  A PG codes can  be o n e - s t e p  m a j o r i t y  decoded  by an a l g o r i t h m
which  does  n o t  depend on o r t h o g o n a l  p a r i t y  c h e c k s .  The number o f  e r r o r s  t h a t
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c a n  be c o r r e c t e d  by t h i s  p r o c e d u r e  i s

t  = r+X-1
2X ( 4 . 4 )

where r  and X a r e  as  i n  ( 4 . 2 ) .  However t h e  c l a s s  A PB codes can  a l s o  be 
L - s t e p  m a j o r i t y  decoded which  may o r  may n o t  y e i l d  b e t t e r  e r r o r  c o r r e c t i n g  
c a p a b i l i t i e s .  C o n s i d e r  t h e  i n c i d e n c e  m a t r i x  o f  t h e  b d i s t i n c t  PG(1,  p fc) , 
e v e r y  p a i r  o f  p o i n t s  i s  i n  one and o n ly  one PG(1,  pt ) . Hence a s e t  o f  r  
o r t h o g o n a l  p a r i t y  ckecks  can  be formed on any b i t  p o s i t i o n ,  and th e  code i s  
o n e - s t e p  o r t h o g o n a l i z a b l e . From now on we s h a l l  o n l y  c o n s i d e r  t h e  c a s e  s > 1 
where th e  code c a n n o t  be o n e - s t e p  o r t h o g o n a l i z e d .

Now c o n s i d e r  t h e  p a r i t y  check  m a t r i x  o f  a c l a s s  A PG code which i s  
t h e  i n c i d e n c e  m a t r i x  o f  t h e  b d i s t i n c t  PG (s ,  p fc) i n  a PG(m, pfc) . Each  
P G ( s - l ,  p ) o f  PG(m, p fc) i s  c o n t a i n e d  in  e x a c t l y

o , t  ( m - s + 1 ) tJ  -  X ( s - 1 , s ,  m, p ) = -2— _ _ ------- i
P -1 ( 4 . 5 )

PG(s,  p ) .  S i n c e  t h e  s l i n e a r l y  i n d e p e n d e n t  p o i n t s  d e f i n i n g  a g i v e n  P G ( s - l ,  p fc) 
p l u s  a n o t h e r  p o i n t  n o t  i n  t h i s  P G ( s - l ,  p fc) d e f i n e  one and o n ly  one PG(s,  p*) , 
e a c h  p o i n t  i n  t h e  PG(m, p fc) which  i s  n o t  in  a g i v e n  P G ( s - l ,  a p p e a r s  in  a t  
most  one of  t h e  J °  PG( s ,  p fc) c o n t a i n i n g  t h i s  P G ( s - l ,  p fc) . C o n s e q u e n t l y  a s e t  
of  J  p a r i t y  ch e c k s  o r t h o g o n a l  on t h e  p o i n t s  o f  e a c h  PG ( s - 1 ,  p fc) can be 
fo rm ed .  I n  g e n e r a l ,  a g i v e n  P G ( s - i - l ,  p fc) i s  c o n t a i n e d  i n  e x a c t l y

i  (m-s+ i+1)  t  nJ - X ( s - i - 1,  s - i ,  m, p ) = -2--------- -------- —
Pt  -1

( 4 . 6 )
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PG(s-i, pfc). These again form J1 orthogonal parity check sums on the points
of  the  g i v e n  P G ( s - i - l ,  p*") . Thus b e g i n n i n g  w i t h  i=0  and f i n i s h i n g  w i t h  i = s - l ,  

. • s ~ 1one a r r i v e s  in  s s t e p s  a t  a s e t  o f  J p a r i t y  ch eck  sums o r t h o g o n a l  on one 
p o i n t .  Looking  a t  e q u a t i o n  ( 4 . 6 )  one can  see  t h a t  J° < <„..< JS

A p p ly in g  t h e  m a j o r i t y  d e c o d in g  a l g o r i t h m  of  t h eo rem  2 . 2  a t  e a c h  s t e p ,  the  
e r r o r  a t  a p o i n t  can  e v e n t u a l l y  be c o r r e c t l y  e s t i m a t e d  i f  t h e  t o t a l  number of  
e r r o r s  t  £ min { j 1} _

2 2 ’

As a l r e a d y  p o i n t e d  o u t ,  a c l a s s  A PG code d e f i n e d  by an i n c i d e n c e  
m a t r i x  [s] o f  a p r o j e c t i v e  geom et ry  may be t a k e n  ov e r  any G F (q ) .  The c h o i c e  
of  GF(q) does n o t  a f f e c t  the  e r r o r  c o r r e c t i n g  a b i l i t y  of  t h e  c o d e ,  as  i s  
o b v io u s  i n  the  above d i s c u s s i o n .  The number of  check  d i g i t s  p e r  b l o c k  l e n g t h  
i s  e q u a l  t o  the  r a n k  o f  [ s ] , t h e  p a r i t y  ch e c k  m a t r i x ,  o v e r  G F (q ) .  Thus the  
e f f i c i e n c y  o f  t h e  code depends  on th e  c h o i c e  of  th e  f i e l d .  A l l  t h e  work done 
i n  t h i s  a r e a  so  f a r  has  been  l i m i t e d  t o  the  c h o i c e  o f  q = p,  where t h e  code i s  
commonly known as  p r o j e c t i v e  geomet ry  co d e .  However ,  s i n c e  a l l  p r a c t i c a l  codes  
a r e  b i n a r y  c o d e s ,  GF(2)  seems t o  be a more p r a c t i c a l  c h o i c e  a l t h o u g h  t h i s  may 
y i e l d  a l e s s  e f f i c i e n t  c o d e .

To sum m ar ize ,  t h e  c l a s s  A PG code can  c o r r e c t  [— : ] e r r o r s  u s i n g
o 2Xj

o n e - s t e p  d e c o d in g  and [ — ] e r r o r s  u s i n g  L - s t e p  d e c o d i n g .  The c h o i c e  o f  which
d e c o d in g  p r o c e d u r e  t o  use  i s  n o t  o b v i o u s .  O n e - s t e p  d e c o d i n g  i s  e a s i e r  to
implement  and i s  d e f i n i t e l y  t h e  b e t t e r  c h o i c e  when i t  can c o r r e c t  t h e  same

r+X 1 °number of  e r r o r s  as  L - s t e p  d e c o d i n g ,  i . e . ,  [—tt---- ■] = . However i n  t h e  c a s e
jO +X 1 2A 2

where ^  C ^  a t r a d e  o f f  must  be made be tween  e a s e  of  i m p l e m e n t a t i o n  on
one hand and e r r o r  c o r r e c t i n g  c a p a b i l i t i e s  on t h e  o t h e r .
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D. C l a s s  A EG Codes
A c l a s s  A EG code can  be d e f i n e d  i n  a s i m i l a r  manner as the  c l a s s  A 

PG code by t a k i n g  th e  i n c i d e n c e  m a t r i x  [s] o f  a l l  t h e  E G (s ,  p t ) c o n t a i n e d  in  
an EG(m, p*") as  t h e  p a r i t y  check  m a t r i x .  T h i s  c l a s s  A EG code i s  a l s o  a s u b 
code of  t h e  c l a s s  I  BIBD c o d e .  The f i e l d  o f  t h e  code can a g a i n  be chosen 
a r b i t r a r i l y  w i t h o u t  a f f e c t i n g  t h e  e r r o r  c o r r e c t i n g  c a p a b i l i t i e s  of  t h e  c o d e .
The c h o i c e  o f  t h e  f i e l d  G F(q ) ,  how eve r ,  does  a f f e c t  t h e  number of  check  d i g i t s  
w h ich  i s  t h e  r a n k  of [s] ov e r  G F (q ) .  When q = p,  t h e  code i s  commonly known 
as E u c l i d e a n  geometry  c o d e .  However GF(2) i s  a more s u i t a b l e  c h o i c e  f o r  
p r a c t i c a l  a p p l i c a t i o n s .

When o n e - s t e p  m a j o r i t y  d e c o d in g  i s  a p p l i e d ,  t h e  c l a s s  A code can
c o r r e c t  [— — ] e r r o r s ,  where r  and \  a r e  as  i n  ( 4 . 3 ) .  J u s t  as t h e  c l a s s  A
PG c o d e ,  t h e  c l a s s  A EG code can  a l s o  be L - s t e p  d e c o d e d .  The p r o c e d u r e  i s
e x a c t l y  a n a l o g o u s  t o  t h a t  o f  t h e  PG c o d e .  Each E G ( s - i - l ,  pfc) i s  c o n t a i n e d  in
e x a c t l y  J 1 E G ( s - i ,  p*") . S in c e  t h e  ( s - i - 1 )  l i n e a r l y  i n d e p e n d e n t  p o i n t s  d e f i n i n g
an E G ( s - i - l ,  p*1) p l u s  a n o t h e r  p o i n t  n o t  i n  t h i s  E G ( s - i - l ,  p*") d e f i n e  one and

t  to n l y  one E G ( s - i - l ,  p ) ,  e a c h  p o i n t  i n  t h e  EG(m, p ) w hich  i s  n o t  in  a g iv e n
E G ( s - i - l ,  p*") i s  i n  a t  most  one o f  t h e  J 1 E G ( s - i ,  p fc) c o n t a i n i n g  t h i s

t  s — 1 tE G ( s - i - l ,  p ) .  Thus i n  s s t e p s  a s e t  o f  J  EG(1,  p ) o r t h o g o n a l  on a p o i n t
can be fo rm ed .  A p p ly in g  th e  m a j o r i t y  d e c o d i n g  a l g o r i t h m  of  theo rem  2 . 2  a t  e a c h
s t e p ,  t h e  e r r o r  a t  a p o i n t  can e v e n t u a l l y  be c o r r e c t l y  e s t i m a t e d  i f  the  t o t a l

J °number o f  e r r o r s  t  ^  — .

E .  C l a s s  B PG Codes
The i n c i d e n c e  m a t r i x  of  a b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  can a l s o  

be u sed  to  g e n e r a t e  a n o t h e r  c l a s s  of  c o d e s ,  which  I  have c a l l e d  t h e  c l a s s  I I I
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BIBD c o d e s . [ 3 ]  C o n s i d e r  t h e  p a r i t y  check  m a t r i x  [ h] o f  a code w hich  i s  i n  
t h e  s y s t e m a t i c  fo rm.  Then [ h] i s  o f  t h e  form

[ h] = [P I ] ( 4 . 7 )

where I  i s  an i d e n t i t y  m a t r i x .  A c l a s s  I I I  BIBD code i s  d e f i n e d  by s u b 
s t i t u t i n g  t h e  i n c i d e n c e  m a t r i x  [ s ]  o f  a b a l a n c e d  i n c o m p l e t e  b lo c k  d e s i g n  i n t o  
P o f  ( 4 . 7 ) .  I f  [s] i s  a l s o  t h e  i n c i d e n c e  m a t r i x  of  a p r o j e c t i v e  g e o m e t ry ,  t h e n  
we d e f i n e  th e  r e s u l t i n g  code t o  be a c l a s s  B PG c o d e .  N a t u r a l l y  t h i s  code i s  
a s u b c l a s s  o f  t h e  c l a s s  I I I  BIBD c o d e s .  Once a g a i n  t h e  c h o i c e  of  t h e  f i e l d  of  
t h e  code can be a r b i t r a r y .  However,  h e r e  t h e  c h o i c e  o f  t h e  f i e l d  does  no t  
have any e f f e c t  on t h e  e f f i c i e n c y  of  the  c o d e ,  s i n c e  f rom ( 4 . 7 )  i t  i s  obv ious  
t h a t  t h e  code has  b l o c k  l e n g t h  b + v , b p a r i t y  c heck  d i g i t s ,  and v i n f o r m a t i o n  
d i g i t s ,  where  b and v a r e  as  i n  ( 4 . 2 ) .  F u r t h e r m o r e  s i n c e  b ^  v ,  t h e  c l a s s  B 
PG code can  o n ly  have a maximum e f f i c i e n c y  o f  no more t h a n  0 . 5 .

S in c e  t h e  ( b + v ,v )  c l a s s  B PG code i s  i n  s y s t e m a t i c  fo rm ,  t h e  f i r s t  v 
d i g i t s  o f  each  code word a r e  t h e  i n f o r m a t i o n  d i g i t s .  F o r  e a c h  r e c e i v e d  v e c t o r ,  
i t  i s  t h e n  o n ly  n e c e s s a r y  t o  decode  t h e s e  f i r s t  v d i g i t s .  I t  i s  now o bv ious  
t h a t  e a c h  of  t h e s e  f i r s t  v d i g i t s  can  be decoded  i n  e x a c t l y  t h e  same manner  as  
th e  d e c o d i n g  of  e a c h  d i g i t  o f  a c l a s s  A PG c o d e ,  b e c a u s e  e a c h  p a r i t y  check  
d i g i t  a p p e a r s  i n  one and o n l y  one p a r i t y  check  e q u a t i o n .  C o n s e q u e n t l y  a

„ I A _ 1c l a s s  A PG code and a c l a s s  B PG code can c o r r e c t  [——---- ] e r r o r s  u s i n g  one -
j °s t e p  d e c o d in g  and [ — ] e r r o r s  u s i n g  L - s t e p  d e c o d i n g .  The c h o i c e  o f  which 

d e c o d in g  p r o c e d u r e  to  u se  f a c e s  t h e  same c o n s i d e r a t i o n s  as  t h o s e  o f  the
c l a s s  A c o d e s .



F .  C l a s s  B EG Codes

The c l a s s  B EG code c a n  be s i m i l a r l y  d e f i n e d  as  t h e  c l a s s  B PG c o d e .  
By s u b s t i t u t i n g  t h e  i n c i d e n c e  m a t r i x  Ts]  o f  an E u c l i d e a n  geom et ry  i n t o  P of  
e q u a t i o n  ( 4 . 7 ) ,  t h e  r e s u l t  i s  a p a r i t y  c heck  m a t r i x  of  a c l a s s  B PG c o d e ,  
w hich  can  be decoded  i n  e x a c t l y  t h e  same manner as  t h e  c l a s s  B PG c o d e .
C..2X ^  and a r e  i t s  e r r o r  c o r r e c t i n g  c a p a b i l i t i e s  by o n e - s t e p  and L - s t e p
d e c o d in g  r e s p e c t i v e l y .  The code has  b l o c k  l e n g t h  b+v and v i n f o r m a t i o n  d i g i t s ,  
where  b and v a r e  as  i n  ( 4 . 3 ) .  The c h o i c e  o f  t h e  f i e l d  can  be t a k e n  a r b i t r a r i l y  
w i t h o u t  a f f e c t i n g  e i t h e r  the  e r r o r  c o r r e c t i n g  c a p a b i l i t i e s  or  t h e  e f f i c i e n c y
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Vo GENERALIZED THRESHOLD DECODING

In  a l l  of  t h e  p r e v i o u s  s e c t i o n s ,  L - s t e p  m a j o r i t y  l o g i c  d e c o d in g  
had depended  on the  e x i s t e n c e  o f  a s e t  of  J  p a r i t y  check  e q u a t i o n s  o r t h o g o n a l  
on t h e  sum of  s p o s i t i o n s ,  and t h e  c o e f f i c i e n t s  of  e a c h  o f  t h e s e  s p o s i t i o n s  
a r e  1 in  a l l  o f  t h e  p a r i t y  c heck  e q u a t i o n s .  I f  any o f  t h o s e  c o e f f i c i e n t s  i s  
o t h e r  t h a n  1, t h e  d e c o d i n g  scheme w i l l  o b v i o u s l y  s t i l l  work p r o v i d e d  t h a t  t h e  
c o e f f i c i e n t s  o f  e ach  o f  t h e  s p o s i t i o n s  a r e  t h e  same t h r o u g h o u t  t h e  s e t  of  J  

p a r i t y  check  e q u a t i o n s .  I n  o t h e r  w o r d s ,  i f  a^e^+b^e^  and a 2e i"*”̂ 2e 2 a r e  ^w0 
p a r i t y  check  e q u a t i o n s  o r t h o g o n a l  on e^ and e ^ ,  m a j o r i t y  l o g i c  

d e c o d in g  i s  s e e n  to  work e a s i l y  j u s t  as  w e l l  i n  d e t e r m i n i n g  th e  sum ae ^ + b e 2 
p r o v i d e d  = a 2 = a and = b2 = b.  However i f  a ][ ^ a 2 o r  b l  ^ b2 , i t  i s  n o t  
o b v io u s  a t  a l l  t h a t  m a j o r i t y  d e c o d i n g  would work .  A f t e r  a l l  i t  does  n o t  make 
any s e n s e  t o  t a k e  a m a j o r i t y  v o t e  on a ^  + b ^  and a ^  + b ^  when t h e y  a r e  
two d i f f e r e n t  e n t i t i e s .  Thus i f  a s e t  o f  J  p a r i t y  check  e q u a t i o n s  i s  o r t h o g o n a l  
on s p o s i t i o n s  w i t h  the  c o e f f i c i e n t s  in  t h e s e  p o s i t i o n s  a r b i t r a r y ,  i t  seems 
a p p a r e n t  t h a t  the  p r e v i o u s l y  g i v e n  m a j o r i t y  d e c o d in g  a l g o r i t h m  c a n n o t  be 
a p p l i e d .  However ,  by i n t e r p r e t i n g  t h e  meaning of  a p a r i t y  check  i n  a somewhat  
d i f f e r e n t  manner ,  Gore was a b l e  t o  show t h a t  ou r  p r e v i o u s l y  g i v e n  m a j o r i t y  
d e c o d in g  a l g o r i t h m  can  s t i l l  be a p p l i e d  in  p r e c i s e l y  t h e  same fo rm t o  t h e  c a s e  
of a r b i t r a r y  c o e f f i c i e n t s .  He c a l l e d  i t  " g e n e r a l i z e d  t h r e s h o l d  d e c o d i n g " [ 6 ]  
a l t h o u g h  t h e  a l g o r i t h m  i s  t h e  same.

A. G e n e r a l i z e d  t h r e s h o l d  d e c o d i n g

C o n s i d e r  a p a r i t y  ch eck  e q u a t i o n  on p o s i t i o n  i  and s o t h e r  p o s i t i o n s  
(m^, m2 , . . . ,  m ^ ) . Wi th  t h e  c o e f f i c i e n t  i n  p o s i t i o n  i  n o r m a l i z e d ,  t h e  e q u a t i o n
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can be w r i t t e n  as

s
e . + S |3 e = A . i  . n m . m .J=1 J J

( 5 . 1 )

We can i n t e r p r e t  ( 5 . 1 )  as  an e q u a t i o n  w hich  g i v e s  the  e r r o r  d i g i t  in  p o s i t i o n  i  
i f  no e r r o r s  have o c c u r r e d  i n  p o s i t i o n s  m^, m^, mg . Such an e q u a t i o n  i s
c a l l e d  a g e n e r a l i z e d  p a r i t y  c h e c k  e q u a t i o n  and i s  w r i t t e n  as

C ( i ; m 1 ,m2 , . . . ,m ) = A .  ( 5 . 2 )

Thus e v e r y  p a r i t y  c heck  e q u a t i o n  ca n  be w r i t t e n  as  some g e n e r a l i z e d  p a r i t y  
check  e q u a t i o n .

We d e f i n e  h e r e  a g a i n  a s e t  o f  J  p a r i t y  check  e q u a t i o n s  t o  be o r t h o g o n a l  
on p o s i t i o n  i  and s o t h e r  p o s i t i o n s  (m^, m^, . . . ,  m ) i f  th e  c o e f f i c i e n t  in  
p o s i t i o n  i  i s  1 i n  e a c h  e q u a t i o n ,  and t h e  c o e f f i c i e n t s  i n  p o s i t i o n s  m^, m ^ , . . . ,  
mg a r e  a r b i t r a r y ,  w h i l e  no o t h e r  p o s i t i o n  has  more t h a n  one n o n z e ro  c o e f f i c i e n t  
in  the  J  p a r i t y  check  e q u a t i o n s .  A l s o  we d e f i n e  a s e t  of  J  g e n e r a l i z e d  p a r i t y  
check  e q u a t i o n s  t o  be o r t h o g o n a l  on p o s i t i o n  i  and s o t h e r  p o s i t i o n s  
(m^, m^, . . . ,  mg ) i f  i  and , m^, . . . , mg a r e  i n  e v e r y  one of  t h e s e  J  g e n e r a l 
i z e d  p a r i t y  c h e c k s  w h i l e  no o t h e r  p o s i t i o n  a p p e a r s  i n  more t h a n  one of  t h e s e  
e q u a t i o n s .  S i n c e  e v e r y  p a r i t y  ch e c k  e q u a t i o n  i s  i n  f a c t  a g e n e r a l i z e d  p a r i t y  
c h e c k ,  a s e t  o f  J  p a r i t y  check  e q u a t i o n s  o r t h o g o n a l  on p o s i t i o n  i  and s o t h e r  
p o s i t i o n s  (m^, m^, . . . »  m ) can  be w r i t t e n  as  a s e t  J  g e n e r a l i z e d  p a r i t y  ch eck  
e q u a t i o n s  o r t h o g o n a l  on t h e  same s e t  of  p o s i t i o n s .  F o r  exam ple ,  ( 5 . 3 )  i s  a s e t  
of 4 p a r i t y  check  e q u a t i o n s  o r t h o g o n a l  on p o s i t i o n  1 and p o s i t i o n s  2 and 3.
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+ ß 1e 2 + ß 0e Q + Y -, e2 3 1 4 + Y5e 8 = A.

e l  + ß 3e 2 + P4e 3 
e l  + ß 5e 2 + ß 6e 3 
e l  + ß 7e 2 + ß 8e 3

+ V 5 + ̂ 6e 9
+ Y3e 6 + V l O

= A,
= A,

( 5 . 3 )

+ V ? + V l l  = A4 •

( 5 »3) may be w r i t t e n  a s  a s e t  o f  4 g e n e r a l i z e d  p a r i t y  ch eck  e q u a t i o n s  a l s o  
o r t h o g o n a l  on p o s i t i o n  1 and p o s i t i o n s  2 and 3 a s  i n  ( 5 . 4 ) .

C1( l ; 2 , 3 , 4 , 8  ) = Ax 
C2 ( l ; 2 , 3 , 5 , 9  ) = A£ 
C3 ( l ; 2 , 3 , 6 , 1 0 )  = Aß 
C4 ( l ; 2 , 3 , 7 , l l )  = A4

( 5 .4 )

The m a j o r i t y  l o g i c  d e c o d i n g  a l g o r i t h m  g i v e n  p r e v i o u s l y  in  s e c t i o n  I I  
can now be a p p l i e d  d i r e c t l y  t o  the  c a s e  o f  a r b i t r a r y  c o e f f i c i e n t s .  T h i s  i s  
s t a t e d  i n  t h e o re m  5 . 1 .
Theorem 5 . 1 : A g e n e r a l i z e d  p a r i t y  check e q u a t i o n  on p o s i t i o n  i  and s o t h e r
p o s i t i o n s  (m^,m2 , . . . ,m ) can  be c o n s t r u c t e d  from a s e t  o f  J  g e n e r a l i z e d  p a r i t y  
check  e q u a t i o n s  o r t h o g o n a l  on t h e  same s e t  of  p o s i t i o n s

C1 ( i ; m 1 ,m2 , . . , II >
I—1

C2 ( i ; m 1 ,m2 , . . , • , m s > S 2 ) CM
<3II

CJ ( i ; m 1 ,m2 , . . ,
■ • v V

<II

where S^ ,  S2> . . . ,  r e p r e s e n t  d i s j o i n t  s e t s  o f  p o s i t i o n s ,  p r o v i d e d  t h a t
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[ j / 2 ]  o r  fe wer  e r r o r s  have o c c u r r e d .  The new g e n e r a l i z e d  p a r i t y  check  
e q u a t i o n  C ( i ;m ^  jin^, . . .  ,rn ) = B i s  o b t a i n e d  by s e t t i n g  B t o  be t h a t  v a lu e
assumed by the  m a j o r i t y  o f  t h e  A ^ . I f  z e r o  (0)  i s  assumed by e x a c t l y  h a l f  o f
t h e  A j ,  B i s  g i v e n  the  v a l u e  0 .
P r o o f :  The p r o o f  i s  e x a c t l y  t h e  same as  t h a t  of  Theorem 2 . 2 .  Because  of  t h e
d e f i n i t i o n  o f  a g e n e r a l i z e d  p a r i t y  check  e q u a t i o n ,  i t  i s  o n ly  n e c e s s a r y  t o  show
t h a t  i f  no e r r o r s  o c c u r  i n  m^»m^, . . . ,mg , t h e  above a s s i g n m e n t  of  th e  v a lu e  o f  B
i n d e e d  g i v e s  t h e  c o r r e c t  e r r o r  d i g i t  i n  p o s i t i o n  i .  Thus assum ing  no e r r o r s  
i n  p o s i t i o n s  m.. ,m , „. . ,m f o r  a l l  c a s e s ,  i f  e . = 0 ,  due t o  th e  o r t h o g o n a l i t y

■L Cm S 1

of  t h e  s e t  o f  e q u a t i o n s ,  a t  most  [ ^ ]  o f  t h e  A. a r e  i n c o r r e c t  l e a v i n g  a t  l e a s t  
o f  t h e  Aj c o r r e c t l y  g i v i n g  t h e  v a l u e  o f  0 ,  I f  e .  ^ 0 ,  t h e n  a t  most  

[ t ] - 1 o f  t h e  A . w i l l  be i n c o r r e c t ,  l e a v i n g  a t  l e a s t  J - [ ~ ] + l > [ ” ] o f  t h e  A. c o r -¿ 3  2 2 j
r e c t l y  g i v i n g  t h e  v a lu e  of  e ^ .  .

Q„E .D.

I f  one can a p p l y  the  a l g o r i t h m  of  theo rem  5 . 1  r e p e a t e d l y  on s u c 
c e s s i v e l y  s m a l l e r  and s m a l l e r  s e t s  of  p o s i t i o n s  m1 ,m0 , . . . , m  and a r r i v e  a t  th e1 2  s
end of  L s t e p s  a g e n e r a l i z e d  p a r i t y  check  e q u a t i o n  on i  a l o n e ,  i , e . ,  C ( i )  = e ^ s 
t h e n  L - s t e p  m a j o r i t y  d e c o d i n g  i s  a c h i e v e d .  I t  i s  now o b v io u s  t h a t  t h e  o n ly
d i f f e r e n c e  be tween the  a l g o r i t h m  o f  S e c t i o n  I I  and t h a t  o f  th eo rem  5 .1  l i e s
o n l y  in  t h e i r  i n t e r p r e t a t i o n s  o f  t h e  r e s u l t  o f  a m a j o r i t y  v o t i n g .  The new
i n t e r p r e t a t i o n  e x t e n d s  t h e  domain of  the  a p p l i c a t i o n  of  t h e  m a j o r i t y  l o g i c  
d e c o d in g  t o  i n c l u d e  t h o s e  c a s e s  o f  a r b i t r a r y  c o e f f i c i e n t s ,  and hence a r e  
r i g h t f u l l y  c a l l e d  g e n e r a l i z e d  t h r e s h o l d  d e c o d i n g .

As a s im p le  example of  t h e  a p p l i c a t i o n  of  t h i s  g e n e r a l i z e d  t h r e s h o l d  
d e c o d i n g ,  l e t  us  c o n s i d e r  a g a i n  t h e  b i n a r y  ( 7 , 4 )  Hamming code w hich  has  a l r e a d y
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been shown t o  be 2 - s t e p  d e c o d a b l e  p r e v i o u s l y .  R e f e r r i n g  t o  e q u a t i o n s  ( 3 * 2 ) ,  
( 3 o 3 ) ,  and ( 3 . 4 ) ,  th e  c o r r e s p o n d i n g  g e n e r a l i z e d  p a r i t y  ch e c k s  a r e

( ^ ( 0 : 1 , 3 , 4 )  = S L ( 5 . 5 )
C2 ( 0 ; l , 2 , 5 )  = S2 ( 5 .6 )
C3 ( 0 ; 2 , 3 , 6 )  = S3 . ( 5 .7 )

E q u a t i o n s  (5*5)  and ( 5 . 6 )  a r e  a s e t  o f  2 g e n e r a l i z e d  p a r i t y  ch eck s  o r t h o g o n a l  
on p o s i t i o n  0 and p o s i t i o n  1,  w h i l e  ( 5 . 6 )  and ( 5 . 7 )  a r e  o r t h o g o n a l  on p o s i t i o n  
0 and p o s i t i o n  2.  Thus i f  no more t h a n  one e r r o r  has  o c c u r r e d ,  th e  g e n e r a l i z e d  
t h r e s h o l d  d e c o d in g  a l g o r i t h m  of  t h e o re m  5 . 1  can be u sed  t o  d e t e r m i n e  C ( 0 ; 1 )  
and C ( 0 ; 2 )  from t h e s e  two s e t s  o f  o r t h o g o n a l  g e n e r a l i z e d  p a r i t y  c h e c k s .  L e t

and
C ( 0 ; 1 )  = t .
C ( 0 ; 2 )  = t 2 .

( 5 . 8 )
( 5 . 9 )

Now ( 5 . 8 )  and ( 5 . 9 )  a r e  a s e t  o f  2 g e n e r a l i z e d  p a r i t y  c h e c k s  o r t h o g o n a l  on
p o s i t i o n  0 a l o n e ,  and hence theo rem  5 . 1  can a g a i n  be a p p l i e d  t o  d e t e r m i n e
C( 0 ) ,  w hich  i s  e q u a l  t o  t h e  e r r o r  d i g i t  in  p o s i t i o n  0.  Hence e can  beo
e s t i m a t e d  by t h e  above p r o c e d u r e  of  2 - s t e p  m a j o r i t y  d e c o d i n g .  A s i m i l a r  
p r o c e d u r e  can be f o l l o w e d  f o r  t h e  r e m a i n i n g  d i g i t s .

B. Reed-Solomon Codes

The r - t h  o r d e r  e x t e n d e d  Reed-Solomon (ERS) code i s  d e f i n e d  t o  be the  
code o f  l e n g t h  q = p and o v e r  G F ( q ) , whose g e n e r a t o r  m a t r i x  G i s  g i v e n  by
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G =

1 1 1 1 .................. . 1 *
0 1 1

ot a 2 . . . .

CM1X
?a

0 1

CMa

a 4  . . . .

A , r  2r  0 1 o' a a r(q-2)

(5»10)

where  a  i s  a p r i m i t i v e  e l e m e n t  o f  G F(q ) .  The code has  minimum d i s t a n c e  
d = q - r  and i s  t h e r e f o r e  c a p a b l e  of  c o r r e c t i n g  r  —] o r  f ew er  e r r o r s »  I t
w i l l  be shown t h a t  t h e  code can  be r - s t e p  m a j o r i t y  decoded  up t o  i t s  g u a r a n t e e d  
minimum d i s t a n c e .

L e t  ( b ^ , b 2 , . . . , b n ) be t h e  s e t  of  c o e f f i c i e n t s  of  a p a r i t y  check  
e q u a t i o n .  T h i s  v e c t o r  i s  in  t h e  n u l l  s p a c e  of  t h e  g e n e r a t o r  m a t r i x  and hence

[ b x b2 • • •  b ^ G  = 0.  (5 .1 1 )

S in c e  t h e  rows o f  G a r e  a l l  l i n e a r l y  i n d e p e n d e n t ,  t h e  r a n k  of  m a t r i x  G i s
( r + 1 ) • We can  t h e r e f o r e  s e l e c t  a r b i t r a r i l y  ( q - r - 1 )  o f  t h e  b and d e t e r m i n e
t h e  r e m a i n i n g  ( r+1)  b^ f rom ( 5 . 1 1 ) .  Suppose we w i s h  t o  d e t e r m i n e  the  e r r o r
d i g i t  i n  p o s i t i o n  i .  We can  a s s i g n  t h e  v a lu e  1 t o  b^ and 0 t o  any ( q - r - 2 )  of
t h e  r e m a i n i n g  ( q - 1 )  b . .  Then from ( 5 .1 1 )  we can d e t e r m i n e  the  v a lu e  o f  b f o rJ J
th e  r e m a i n i n g  ( r+1)  p o s i t i o n s  ( m ^ n ^ , . .  . ,m ^  . T h e r e f o r e

r+1
e . + Z b e = S 

1 k = l  mk mk ( 5 .1 2 )
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i s  a p a r i t y  c h e c k  e q u a t i o n  from which  we can  o b t a i n  a g e n e r a l i z e d  p a r i t y
check  e q u a t i o n  on p o s i t i o n  i  and p o s i t i o n s  (m . ,m _ , . . . ,m . )i  2 r+1

C ( i ; m 1 ,m2 , . . . ,mr + 1 ) = S.  ( 5 .1 3 )

However (m^>m2 »e * *,mr + p  *‘n ( 5 . 1 3 )  can  ch o se n  a r b i t r a r i l y  f rom (q - 1 )  
p o s i t i o n s  e x c e p t  i .  Hence we can  f i x  r  o f  t h e  p o s i t i o n s  and choose  th e  ( r + l ) s t  
p o s i t i o n  from t h e  r e m a i n i n g  ( q - r - 1 )  p o s i t i o n s  s u c c e s s i v e l y ,  y i e l d i n g  a s e t  of  
J  = ( q - r - 1 )  g e n e r a l i z e d  p a r i t y  c heck  e q u a t i o n s  o r t h o g o n a l  on i  and r  o t h e r  
p o s i t i o n s .  I f  o r  f e w e r  e r r o r s  have o c c u r r e d ,  we can  a p p l y  the g e n e r a l i z e d  
t h r e s h o l d  d e c o d in g  a l g o r i t h m  o f  t h e o re m  5 . 1  and o b t a i n  a new g e n e r a l i z e d  p a r i t y  
check on i  and th e  o t h e r  r  p o s i t i o n s .  A ga in  s i n c e  t h e  r  p o s i t i o n s  can  be 
ch o se n  a r b i t r a r i l y ,  we can r e p e a t  t h e  p r o c e d u r e ,  o b t a i n i n g  a t  th e  k - t h  s t e p  
a new g e n e r a l i z e d  p a r i t h  check  on i  and ( r + l - k )  o t h e r  p o s i t i o n s  f rom a s e t  
o f  o r t h o g o n a l  g e n e r a l i z e d  p a r i t y  c h e c k s ,  where

Jk = q - r  - 2 + k .  ( 5 .1 4 )

Hence a t  t h e  end of  ( r+ 1 )  s t e p s ,  t h e  g e n e r a l i z e d  p a r i t y  c h e c k  on p o s i t i o n  i  i s  
d e t e r m i n e d ,  w h ich  i s  e ^ .  F u r t h e r ,  s i n c e  ( 5 .1 4 )  i s  a m o n o t o n i c a l l y  i n c r e a s i n g  
f u n c t i o n  o f  k ,  e_̂  w i l l  be c o r r e c t l y  d e t e r m i n e d  by th e  above ( r + 1 ) - s t e p

1 J 1 _r _ im a j o r i t y  d e c o d i n g  p r o c e d u r e  i f  [■ — ] = [ ^ ~ 2 ~ ] or  few er  e r r o r s  have o c c u r r e d ,  
w hich  i s  the  o r i g i n a l  g u a r a n t e e d  e r r o r  c o r r e c t i n g  a b i l i t y  o f  t h e  c o d e ,  
t h e  r - t h  o r d e r  ERS code can  be c o m p l e t e l y  ( r + 1 ) - s t e p  m a j o r i t y  deco d ed .

Hence
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C l o s e l y  r e l a t e d  t o  t h e  s u b j e c t  of  m a j o r i t y  d e c o d i n g  i s  t h e  t h r e s h o l d
d e c o d i n g .  In  t h r e s h o l d  d e c o d i n g ,  a t h r e s h o l d  f u n c t i o n  a s s i g n s  an e r r o r  d i g i t
o r  o u t p u t  d i g i t  t o  e a c h  r e c e i v e d  v e c t o r .  M a j o r i t y  l o g i c  d e c o d i n g  can  o b v i o u s l y
be c o n s i d e r e d  as  one form of  t h r e s h o l d  d e c o d i n g .  Rudolph  [ 1 9 ]  has  d e v i s e d  a
t h r e s h o l d  d e c o d in g  a l g o r i t h m  w hich  c a n  decode  any c y c l i c  code ove r  GF(p) up
t o  i t s  minimum d i s t a n c e  by a s i n g l e  t h r e s h o l d  e l e m e n t .  The a l g o r i t h m  depends
on a g e n e r a l  d e c o m p o s i t i o n  th e o re m  f o r  c o m p le x - v a lu e d  f u n c t i o n s  d e f i n e d  on t h e
sp a c e  o f  a l l  r - t u p l e s  w i t h  e l e m e n t s  f rom th e  r i n g  of  i n t e g e r s  modulo p„

We f i r s t  d e f i n e  t h e  f o l l o w i n g  n o t a t i o n s .
i  x1) The symbol  t  d e f i n e s  t h e  mapping x = £ , where  € = e x p ( 2 n i / p ) . I f  ( a .  „)

t  ti s  a m a t r i x ,  t h e n  ( a . . )  = ( a . . ) .i j  l y£2) s t a n d s  f o r  t h e  p x r  m a t r i x  whose rows a r e  t h e  p - a r y  r e p r e s e n t a t i o n s
rof  t h e  numbers 0 , 1 , . . . , p -1  in  t h a t  o r d e r .

Q3) I f  x = p€ i s  any complex number where p and 0 a r e  r e a l  numbers and p ^  0 ,
- % £ 0 < p - \ , t h e n  we d e f i n e  a t h r e s h o l d  f u n c t i o n  T such  t h a t
T(x)  = [© + %], where [ z ]  d e n o t e s  t h e  i n t e g e r  p a r t  of  z . I f  y i s  an 
i n t e g e r ,  t h e n

y + T(x)  = y + [0 + %]
= [ y  + 0 + %]

- T ( p €  * * )
= i ( e y - P e e )
= T (yf  • x ) . ( 6 . 1)
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L e t  H be t h e  rXn p a r i t y  ch e c k  m a t r i x  of  a l i n e a r  c y c l i c  code ove r
GF(p ) .  L e t  y be a r e c e i v e d  v e c t o r  when t h e  code v e c t o r  c i s  s e n t .  Then
y-c =e  where e i s  t h e  e r r o r  v e c t o r .  L e t  s be t h e  syndrome when y i s  r e c e i v e d .  

TThen s = yH . The s e t  of  a l l  syndromes i s  t h e  s e t  o f  p - a r y  numbers
0 , 1 , . . . , p r - 1, i . e . ,  t h e  rows o f  Ar . L e t  e g be t h e  e r r o r  p a t t e r n  a s s o c i a t e d

A Tw i t h  a syndrome s .  Then t h e  decoded  code word c = y -e  , where  s = yH . 
C o n s i d e r i n g  o n ly  t h e  f i r s t  d i g i t ,  t h e n

c = y - e (mod p) . ( 6 . 2 )o o so v r

L e t  f  be a f u n c t i o n  t h a t  maps t h e  syndrome s t o  t h e  f i r s t  d i g i t  of
i t s  c o r r e s p o n d i n g  e r r o r  p a t t e r n ,  i ^ e . ,  f ( s )  = -e  . Thens o

c = y + f  ( s )  . ( 6 . 3 )o Jo

By t h e  d e c o m p o s i t i o n  theo rem  f o r  c o m p l e x - v a l u e d  f u n c t i o n s ,  t h e r e  e x i s t s  a 
w e i g h t  v e c t o r  w such  t h a t  f ( s )  can be e x p r e s s e d  i n  t h e  form

f ( s )  = T[ ( s A ^ w ]  . ( 6 . 4 )

TS in c e  s = yH ,

f ( s )  = t [ ( yHTAr T) +w] 

= T [ ( y H ' T) t w ] ,
where

H ’ = A H. r

( 6 . 5 )

(6 . 6)
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E q u a t i o n  ( 6 .3 )  can now be r e w r i t t e n  as

c = y + t [ (yH , T ) *^w ]  (mod p)o '  o ( 6 . 7 )

By th e  p r o p e r t y  ( 6 . 1 ) ,

£ = T [v  t  (yH,T) t w] (mod p) (6 .8)

Now t  J  c a c b a • b = € • €
= € a+b

= (a+b)  . ( 6 . 9 )

Therefore
t ,T t _ t . T i tyQ (y«' ) = y0  C(y0  yx ••• y ^ ) « ’ ]

= C(yo yo ••• >r ) + (y y. ... y JH'1]1* o w o ;n-r
1 1 ... 1

(yo yl ••• V P l
o

1__
__ +(y y. ... y .)H'̂  o n-1

= [ ( y o y i  • • •  V i ) B ] t > (6 .10)

where B i s  th e  m a t r i x  o b t a i n e d  by a d d in g  1 t o  e a c h  e l e m e n t  i n  th e  f i r s t  row 
To f  H 1 . Now ( 6 . 8 )  can be r e w r i t t e n  as

cq = T[(yB)  w] (mod p ) . ( 6 . 11)

E q u a t i o n  ( 6 .1 1 )  i s  t h e  t h r e s h o l d  d e c o d in g  f u n c t i o n  f o r  y • To decode the
r e m a i n i n g  d i g i t s ,  i t  i s  o n ly  n e c e s s a r y  t o  s h i f t  the  v e c t o r  y s u c c e s s i v e l y  i n
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( 6 . 1 1 ) ,  s i n c e  t h e  i 
v e c t o r  w such  t h a t  
c i r c u i t .

ode i s  a c y c l i c  c o d e ,  
i t  s a t i s f i e s  e q u a t i o n

I t  o n ly  re m a in s  t o  
( 6 . 4 )  and g i v e s  t h e

f i n d  th e  w e ig h t  
s i m p l e s t  d e c o d in g

As an exam ple ,  we a g a i n  c o n s i d e r  t h e  b i n a r y  ( 7 , 4 )  Hamming c o d e ,  whose 
p a r i t y  check  m a t r i x  i s

1 1 1 0 1 0 0

H = 1 1 0 1 0 0 1

1 0 1 0 0 1 1

( 6 . 12)

The e i g h t  d i f f e r e n t  syndromes and t h e i r  c o r r e s p o n d i n g  e r r o r  p a t t e r n s  a r e
t a b u l a t e d  below t o g e t h e r  w i t h  t h e  f u n c t i o n  f ( s )  = - e  :so

s e s f ( s )
0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0 0 0 0
0 1 1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 1 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 1

( 6 .1 3 )

Note t h a t  f o r  t h e  b i n a r y  c a s e  € = e x p ( ~ —) = - 1 .  
v e c t o r  w such  t h a t  ( 6 . 4 )  i s  s a t i s f i e d  f o r  a l l  s .

We now have t o  f i n d  a w e i g h t  
One o f  t h e  p o s s i b l e  s o l u t i o n s  i s

w = (6 .1 4 )



32

The m a t r i x  H' as  d e f i n e d  by ( 6 . 6 ) i s  o b t a i n e d  by s u b s t i t u t i n g  i n  and ( 6 . 1 2 ) ,

H' =

/

s

0 0 0 0 0 0 0
1 0 1 0 0 1 1
1 1 0 1 0 0 1
0 1 1 1 0 1 0 ( 6 .1 5 )
1 1 1 0 1 0 0 \
0 1 0 0 1 1 1
0 0 1 1 1 0 1
1 0 0 1 1 1 0

F i n a l l y  t h e  B m a t r i x  i n  ( 6 .1 1 )  i s  o b t a i n e d  by a d d in g  1 t o  e a c h  e l e m e n t  i n  the  
f i r s t  row o f  t h e  t r a n s p o s e  o f  H 1.

1 0 0 1 0 1 1 0
0 0 1 1 1 1 0 0
0 1 0 1 1 0 1 0
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1
0 1 0 1 0 1 0 1
0 1 1 0 0 1 1 0

( 6 .1 6 )

T h e r e f o r e  t h e  t h r e s h o l d  f u n c t i o n  f o r  t h e  f i r s t  decoded  d i g i t  i s

(  (

= T<

/ /

-  T s

u /

1 0 0 1 0 1 1 0

> A
t ✓ >

2
\

0 0 1 1 1 1 0 0 1
0 1 0 1 1 0 1 0 1
0 0 1 1 0 0 1 1 0
0 0 0 0 1 1 1 1 1
0 1 0 1 0 1 0 1 0
0 1 1 0 0 1 1 1 0

> \ t f  " \

X1 > 0
s / >

1 0 0 0
1

2
0 0 1 1 1
0 1 0 1 1
0 0 1 0 1 >
0 0 0 1 k 4

0 1 0 0
0 1 1 0

( 6 .1 7 )
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The t h r e s h o l d  f u n c t i o n s  f o r  t h e  r e m a i n i n g  d i g i t s  a r e  o b t a i n e d  from ( 6 .1 7 )  
by s im p ly  c y c l i c  s h i f t i n g  the  r e c e i v e d  v e c t o r  y .  Note  t h a t  s i n c e  € = -1  f o r  
t h e  b i n a r y  c a s e ,  the  f u n c t i o n  t  s im p ly  maps even  i n t e g e r s  t o  1 and odd i n t e g e r s  
to  - 1 ,  w h i l e  t h e  f u n c t i o n  T maps p o s i t i v e  i n t e g e r s  t o  0 and n e g a t i v e  i n t e g e r s  
t o  1.
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V I I .  SUMMARY

In  t h e  p r e c e d i n g  s e c t i o n s  a s u r v e y  on L - s t e p  m a j o r i t y  d e c o d in g  has  
been g i v e n .  In  C h a p t e r  I I  t h e  p r o c e d u r e  o f  L - s t e p  d e c o d in g  was e x p l a i n e d .
The a p p l i c a t i o n  o f  L - s t e p  m a j o r i t y  d e c o d in g  t o  Hamming codes  was shown in  
C h a p t e r  I I I .  I n  C h a p t e r  IV f o u r  c l a s s e s  o f  c o d e s ,  i n c l u d i n g  two new c l a s s e s ,  
c o n s t r u c t e d  from f i n i t e  geomet ry  were i n t r o d u c e d .  These  codes can a l l  be L- 
s t e p  m a j o r i t y  de c o d e d .  C h a p t e r  V e x p l a i n e d  G o r e ' s  g e n e r a l i z e d  t h r e s h o l d  
d ec o d in g  which  i n c r e a s e s  t h e  number of  c l a s s e s  o f  m a j o r i t y  d e c o d a b le  c o d e s .  
F i n a l l y  a new t h r e s h o l d  d e c o d i n g  p r o c e d u r e  f o r  c y c l i c  codes  ov e r  GF(p) by 
Rudo lph was p r e s e n t e d  i n  C h a p t e r  VI.

As a f i n a l  w ord ,  f u r t h e r  r e s e a r c h  s h o u l d  be done i n  the  a r e a  of  
m a j o r i t y  l o g i c  d e c o d in g  t o  f i n d  b e t t e r  m a j o r i t y  l o g i c  d e c o d a b l e  codes and 
d e c o d in g  a l g o r i t h m ;  b e t t e r  codes  in  t h e  s e n s e  o f  h i g h e r  e f f i c i e n c y  and g r e a t e r  
number of  c o r r e c t a b l e  e r r o r s ,  and b e t t e r  a l g o r i t h m  in  t h e  s e n s e  of  e a s i e r  
i m p l e m e n t a t i o n  and c o r r e c t i n g  l a r g e r  number o f  e r r o r s .
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