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BASIC GAS DYNAMIC EQUATIONS IN A MOVING ORTHOGONAL COORDINATE SYSTEM

C. J. Woan and T. J. Akai

1. Introduction

We shall expand in this report the basic gas dynamic equations written

by Walkden [I] in tensor form for an arbitrary moving coordinate system for the

following specific systems:
(@ Orthogonal moving,
(@ Elliptic-cylindrical moving, and

(@) Orthogonal stationary.

2. Basic Equations in Tensor Form for an Arbitrary Moving Coordinate System

The basic equations of motion of a viscous, compressible gas referred

to general coordinates (§O,|1,§ ,$3) are given by Walkden [I] as follows.

Continuity equation:

~o@p) +M-g(@pv) = 0 W
ds 3T

I**-momentum equation:
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Energy equation:
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In the general coordinates, § represents time and 8 represents the

space variable. The general system is related to the cartesian system by
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The symbols used in equations (1),(2), and (@ and their relations
are summarized as follows.
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- elements of the metric tensor given by
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where c is the speed of light.

ij , . . .
g J - elements of a tensor associated with the metric tensor and are given
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by g..gJ =6.
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$ = the dissipation function
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M = coefficient of viscosity,
p = pressure.
T = temperature.
P = density.
CP B gpecific heat at constant pressure
Kk - thermal conductivity.
= + v3 0.
0 o+v 3 =%
DS oc
To expand equations (1),(2), and (3), i.e., to carry out the summation,
the letter indices are replaced by numerical indices. The quantities J 6&
i pi . ) . ¥
gij* g * " >\g,” vaje» and are then replaced by the relations given

in the preceding summary.
It should be noted that the summation convention for Greek and Latin
indices are different. Greek indices take on the values 1, 2, and 3 whereas

Latin indices take on the values 0, 1, 2, and 3. For example,

=vV+vV+VvV+vV

and

veV* vV+v2vy Vv 3.

3. Basic Equations for a Moving Orthogonal System
We consider an orthogonal system that is moving but is not distorted
in time; 1i.e.; the curves of constant §\ ?2, and P3 remain fixed relative to

each other. We wish to introduce the scale factors hd' defined b\j



We then have, for this system,

h1h2h3,
er - P Yy - (no sum. intended)
g*B = s/ (hp 2. (no sum intended)
(no sum intended)
where u™ iIs the velocity component in the -direction, and

VR =Ve + *bo- (no sum intended)

Since the coordinate system is not distorted, the quantities h, J, ~ and O

are not functions of time.

Introducing the above expressions in equations (1), (@ and (3), we

obtain the following equations of motion for a moving orthogonal system.

Continuity equation;

iJo - - + ji2<hilv V + ji3<hlw ] - <7>



Momentum equation, g -component:
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The ~ ~ and § -components of the momentum equation can easily be

obtained by rotating the indices 1, 2, and 3, For example, to obtain the

2 i
S -component, replace 1 by 2, 2 by 3, and 3 by 1 in the 5 -equation.



Energy equation:
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In these equations,

H = CT+—-uu,
P P9
-k dT

a

ALl + . c

1 h1951 hih2 3]2 hih3 95~
au2 , u3 dh2 , U1l dh2l , .
2 = 2B82 hzhd 3 h2hl~A
duQ u. dh_ u_
a3 - * — -1 d+ Jl— +~¢l +r
- h3 s§3 h3hibgl ¥2 ar
C = 3 hjh~ {~1(h2h3uD + ~ ( h3hlu2) +
= T
12 21 A"hi9r~nh2 h2a52*hr~~’
3B / d /ur
BT hrdliy Ths  hr
- o S8 a/ "Vi 5 /U2
23 32 ~ . A
h2 dg§2-h3 &ar h2

div(F*> = {i*1(h2h3Ful) + j~(hlIh3FU2) + 5



4, Basic Equations for a Moving, Elliptic-Cylindrical System
We shall now apply equations (7), (8), and (9) to an accelerating

elliptic system:

0_-0
- (10)
x1 = a cosh 1-1 cos §2 + cp@0¥, (11)
X2 = a sinh |1 sin§2 + t@N - (12)
For this system, * h2 = aCsinh2*1 + sin2?2)"

801 ~ 810 “ a(”™o sinh”cos?2 + "cosh§ ”sing2)

and g02 = S20 coshgWn?2 + ALsj,nh§ ~cos?2)

It is also noted that g is independent of
The basic equations for this system are:

Continuity equation:

i5' *>m> a2
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Momentum equation, 5 -component:
55 pui + Tr] + div(pv + p~K7 ™)

r«x 3»! u2 3>rt N orv/ 8IO\Shl ™ .«on

“\ klnl ™ 'k V2 A

3h2 410 dn1

oo 1o SBANHRIJIV 1] +dodi'izy

T12 shl  @22"P) Sh2
+

as
hho a2 hi» &1 F

Energy equation;
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5, Basic Equations for a Stationary Orthogonal System

Finally we consider the stationary orthogonal system

0 ,0
X~ =5 (16)
X& = x~d1,?2,?723) @an
We note that - g™ - 0 and that gBQ is not a function of . Thus, we
2900
set g0 = gO* = 0 and it = 0 iIn equations (7)), (B8), and (9 and arrive at the
o]
following results
Continuity equation;
Op _ 1
5 ="TT~L~2T (h2h3pV + jjl<hIh3puU2> + jp (hlh2pu3>] <18>

Momentum equation ™ -component;
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Energy equation:

p o4 p LG Hodd B dAl
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+ G[3LNIN2 (uITS1 + u2T82 + UBT33)- (20)

The energy equation given in reference 2 appears to be iIncorrect in

that the last 3 terms on the right hand side of the equation have the factors

n2N3 NIR3 NIN2

~QO— S an® instead of h~h”~, h~h, and h™h” respectively.
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