(© 2016 Aolin Xu



INFORMATION-THEORETIC LIMITATIONS OF
DISTRIBUTED INFORMATION PROCESSING

BY

AOLIN XU

DISSERTATION

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Electrical and Computer Engineering
in the Graduate College of the
University of Illinois at Urbana-Champaign, 2016

Urbana, Illinois

Doctoral Committee:

Assistant Professor Maxim Raginsky, Chair
Professor Bruce Hajek

Professor Olgica Milenkovic

Professor Rayadurgam Srikant

Adjunct Assistant Professor Yihong Wu



Abstract

In a generic distributed information processing system, a number of agents
connected by communication channels aim to accomplish a task collectively
through local communications. The fundamental limits of distributed infor-
mation processing problems depend not only on the intrinsic difficulty of the
task, but also on the communication constraints due to the distributedness.
In this thesis, we reveal these dependencies quantitatively under information-
theoretic frameworks.

We consider three typical distributed information processing problems:
decentralized parameter estimation, distributed function computation, and
statistical learning under adaptive composition. For the first two problems,
we derive converse results on the Bayes risk and the computation time, re-
spectively. For the last problem, we first study the relationship between the
generalization capability of a learning algorithm and its stability property
measured by the mutual information between its input and output, and then
derive achievability results on the generalization error of adaptively com-
posed learning algorithms. In all cases, we obtain general results on the
fundamental limits with respect to a general model of the problem, so that
the results can be applied to various specific scenarios. Our information-
theoretic analyses also provide general approaches to inferring global prop-
erties of a distributed information processing system from local properties of

its components.
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Chapter 1

Introduction

In this thesis we use information-theoretic tools to study the fundamental
limits of distributed information processing. In a generic distributed infor-
mation processing system, a number of agents connected by communication
channels aim to accomplish a task collectively through local communica-
tions. The communication among the agents can be either static, where
certain agents passively receive messages sent by the other agents; or dy-
namic, where the agents interact with each other so that the messages sent
by each agent depend on the messages received from the other agents; or se-
quential, where each agent receives messages from the upstream agents, and
sends messages to downstream agents. The fundamental limits of distributed
information processing thus depend not only on the intrinsic difficulty of
the task, but also on the communication constraints due to the distribut-
edness. Our objective is to reveal these dependencies quantitatively under
information-theoretic frameworks. The methods of analysis we develop also
provide general approaches to inferring the global properties of a distributed
information processing system from the local properties of its components.
We consider three typical distributed information processing problems: de-
centralized parameter estimation, as an example of non-interactive process-
ing; distributed function computation, as an example of interactive process-
ing; and statistical learning under adaptive composition, as an example of
sequential processing. For each problem, our goal is to obtain general results
on the fundamental limits with respect to a general model of the problem, so
that the results can be applied to various specific scenarios. For the first two
problems, we derive converse results on the Bayes risk and the computation
time, respectively. For the last problem, we first study the relationship be-
tween the generalization capability of a learning algorithm and its stability
property measured by the mutual information between its input and output,

and then derive achievability results on the generalization error of learning



algorithms obtained from adaptive composition.

1.1 Decentralized Estimation

In Chapter 2, we study lower bounds for the Bayes risk in decentralized pa-
rameter estimation. In decentralized estimation, the estimator does not have
direct access to the samples generated according to the parameter of interest,
but only to the quantized and possibly noise-contaminated data received from
a local processor that observes the samples. The estimation performance is
therefore not only subject to the statistical relationship between the param-
eter and the samples, but also subject to the communication constraints
caused by the separation of the local processor from the estimator. When
there are more than one local processor, the estimation performance further
degrades because of the distribution of the samples and the communication
resources to multiple processors.

We start with deriving Bayes risk lower bounds for the centralized esti-
mation, where we find ways to relate the Bayes risk to various information-
theoretic quantities, such as the small ball probability of the parameter and
the mutual information between the parameter and the samples. The lower
bounds reflect how the estimation performance is limited by the statisti-
cal constraint, which exists even in the absence of the communication con-
straints, and is determined by the joint distribution of the parameter and
the samples as well as the distortion function. The lower bounds for the
centralized estimation also serve as the basis for deriving lower bounds for
the decentralized estimation.

When the estimation is decentralized, due to the quantization of the sam-
ples and the transmission over noisy channels, the mutual information be-
tween the parameter and the data received by the estimator is a contraction
of the mutual information between the parameter and the original samples.
Therefore, when applying the lower bounds derived for centralized estimation
to the decentralized estimation problems, it is crucial to sharply quantify this
contraction of information according to the communication constraints. We
use a powerful tool called the strong data processing inequality for this pur-
pose. The strong data processing inequality also couples the communication

constraint and the statistical constraint together in the lower bounds, which



allows us to obtain much tighter Bayes risk lower bounds than one could get
from the ordinary data processing inequality.

For the situation with multiple local processors, we consider the cases
where the processors observe independent or dependent sample sets con-
ditional on the parameter, and where the communication protocol is non-
interactive or interactive. Our general results can recover and improve the
existing Bayes risk and minimax risk lower bounds for specific decentralized
estimation problems with noiseless channels, and also capture the effect of
noisy channels on the estimation performance. Moreover, our lower bounds
provide a general way to quantify the degradation of estimation performance
caused by distributing samples and communication resources to multiple pro-

cessors, which is only discussed for specific examples in existing works.

1.2 Distributed Function Computation

In Chapter 3, we study the problem of distributed function computation.
We consider a general model where the computing agents, or nodes, are
connected by point-to-point discrete memoryless channels, and each node
aims to compute a common function of the observations of all the nodes in the
network through local communication and computation. We are interested in
obtaining lower bounds for the fundamental limit on the computation time,
i.e., the minimum time needed by any algorithm to achieve a given accuracy
with a given confidence on the computation result at each node.

The quantity that plays a key role in our derivation is the conditional mu-
tual information between the function value and the computation result of an
arbitrary node, given the observations in a subset of nodes that contains this
node. Any requirement on the accuracy and confidence of the computation
results translates into a lower bound on this conditional mutual informa-
tion. On the other hand, the computation time of the algorithm, as well as
the communication constraints imposed by the network topology and by the
channel noise, place an upper bound on this conditional mutual information.
Our main objective is to establish tight lower and upper bounds on this con-
ditional mutual information according to the performance requirement and
the communication and time constraints, which in turn will provide us with

lower bounds on the computation time.



For the lower bound on the conditional mutual information of interest, we
propose a bound via the small ball probability, which captures the depen-
dence of the computation time on the joint distribution of the observations at
the nodes, the structure of the function, and the accuracy requirement. For
linear functions, the small ball probability can be expressed in terms of Lévy
concentration functions of sums of independent random variables, which lead
to strict improvements over existing results.

For upper bounds on the conditional mutual information of interest, we
propose a bound based on the strong data processing inequality, which com-
plements and strengthens the cutset-capacity upper bound in the literature.
In addition, to address the limitation of the single-cutset analysis in the lit-
erature, we propose a multi-cutset analysis, which quantifies the dissipation
of information as it flows across a sequence of cutsets in the network. This
analysis is based on reducing a general network to a bidirected chain, and the
results highlight the dependence of the computation time on the diameter
of the network, a fundamental parameter that is missing from most of the

existing results.

1.3 Stability and Generalization of Statistical Learning
Algorithms

In Chapter 4, we study the information-theoretic stability and generalization
capabilities of statistical learning algorithms. A statistical learning algo-
rithm can be viewed as a (possibly randomized) transformation that maps
the training dataset to a hypothesis. We say that such an algorithm is stable
if its output does not depend too much on any individual training instance.
Since stability is closely connected to generalization capabilities of learning
algorithms, it is of theoretical and practical interest to obtain sharp quanti-
tative estimates on the generalization error of learning algorithms in terms
of their stability properties.

We propose an information-theoretic notion of stability based on the mu-
tual information between a learning algorithm’s input dataset and its output
hypothesis. This notion of stability naturally follows from the idea that sta-
bility imposes limits on the amount of information the algorithm can extract

from the observed data. We derive upper bounds on the expected general-



ization error and the absolute generalization error of a learning algorithm in
terms of its input-output mutual information. These upper bounds formalize
and quantify the intuition that the less information the output of a learning
algorithm contains about the input dataset, the better the algorithm general-
izes, or the less it overfits. We also discuss how to design learning algorithms
with controlled input-output mutual information, and show that regulariz-
ing the empirical risk minimization algorithm with the input-output mutual
information leads to the well-known Gibbs algorithm.

Another benefit of relating the generalization error of a learning algorithm
to its input-output mutual information is the ease of analyzing the generaliza-
tion capability of learning algorithms obtained from adaptive composition of
constituent algorithms. Adaptive composition can be realized in a decentral-
ized manner by multiple processors sharing the same dataset and sequentially
executing the constituent algorithms: each processor takes the dataset as well
as the outputs of the executed algorithms as its input, executes its own al-
gorithm, and sends the output to the downstream processors. By bounding
the input-output mutual information of each constituent algorithm, we can
upper-bound the generalization error of the final output of the composed
algorithm. The information-theoretic analysis also helps to capture how the
communication constraints due to separation of the processors influence the
generalization capability of the composed algorithm: although the effective
hypothesis space may be reduced by the communication constraint, the com-
posed algorithm can generalize better because of it. The same techniques can
be applied to adaptive data analytics, where the analyst chooses queries by
interacting with the dataset in multiple rounds, a topic that has become

popular in recent years.



Chapter 2

Lower Bounds for Bayes Risk in Decentralized
Eistimation

2.1 Introduction

2.1.1 Decentralized Estimation

In decentralized estimation, the estimator does not have direct access to the
samples generated according to the parameter of interest, but only to the
data received from local processors that observe the samples. In this chap-
ter, we consider a general model of decentralized estimation, where each local
processor observes a set of samples generated according to a common random
parameter W, quantizes the samples to a fixed-length binary message, and
then encodes and sends the message to the estimator over an independent
and possibly noisy communication channel. When the communication chan-
nels are noiseless and feedback from the estimator to the local processors
is available, the processors can operate in an interactive protocol by taking
turns to send messages, where the message sent by each processor can de-
pend on the previous messages sent by the other processors. An estimate
W is then computed based on the messages received from the local proces-
sors. The estimation performance is measured by the expected distortion
between W and W, with respect to some distortion function. The minimum
possible expected distortion is defined as the Bayes risk. We derive lower
bounds on the Bayes risk for this estimation problem, and gain insight into
the fundamental limits of decentralized estimation.

There are three types of constraints inherent in decentralized estimation.
The first, and the most fundamental one, is the statistical constraint, de-
termined by the joint distribution of the parameter and the samples. The
statistical constraint exists even in the centralized estimation, where the

estimator can directly observe the samples. To study how the estimation



performance is limited by the statistical constraint, we start with deriving
lower bounds on the Bayes risk for centralized estimation in Sec. 2.2. The
results obtained in Sec. 2.2 apply to the decentralized estimation as well, but,
more importantly, they also serve as the basis for the refined lower bounds
for the decentralized estimation in Sec. 2.4 and Sec. 2.5.

The second is the communication constraint, due to the separation be-
tween the local processors and the estimator. The communication constraint
arises even when there is only one local processor. It can be caused by the
finite precision of analog-to-digital conversion, limitations on the storage of
intermediate results, limited transmission blocklength, channel noise, etc. In
Sec. 2.4, we present a detailed study of decentralized estimation with a single
processor and reveal the influence of the communication constraint on the
estimation performance. Section. 2.3 contains background information on
strong data processing inequalities, the major tool used in our analysis of the
communication constraint.

The third constraint appears when there are more than one local proces-
sors. It is the penalty of decentralization, caused by distributing the samples
and communication resources to multiple processors. We study decentral-
ized estimation with multiple processors in Sec. 2.5, where we show that,
regardless of whether or not the sample sets seen by different local proces-
sors are conditionally independent given the parameter, the degradation of
estimation performance becomes more pronounced when the resources are
distributed to more processors. We also provide lower bounds on the Bayes
risk for interactive protocols, where the processors take turns to send their
messages, and each processor sends one message based on its sample set and

the previous messages sent by other processors.

2.1.2 Method of Analysis

Our method of analysis is information-theoretic in nature. The major quan-
tity we examine is the conditional mutual information I (W;/W|U ) with a
judiciously chosen auxiliary random variable U.

We first lower-bound this quantity according to the estimation perfor-
mance, such as the probability of excess distortion or the expected distor-

tion. The lower bounds will also depend on the a prior: uncertainty about



W, measured either by its small ball probability or by its differential entropy.
Any such lower bound can be viewed as a generalization of Fano’s inequality,
which indicates the least amount of information about W that must be con-
tained in W in order to achieve a certain estimation performance. We also
analyze the probability of excess distortion and the expected distortion via
the distribution of the conditional information density i(W; /W]U ).

On the other hand, various constraints inherent in decentralized estimation
impose upper bounds on I(W; /W|U ). According to the statistical constraint,
(W, W!U ) is upper-bounded by the conditional mutual information between
W and the samples. The communication constraint further implies that
the amount of information about W contained in the estimator’s indirect
observation of the samples will be a contraction of the amount contained
in the samples. We use strong data processing inequalities to quantify this
contraction of information and to couple the communication constraint and
the statistical constraint together in the upper bounds on I (W; /I/I7|U ). When
there are multiple processors, strong data processing inequalities also give an
upper bound that decreases as the samples and communication resources are
distributed to more processors, which reflects the penalty of decentralization.
In addition, we rely on a cutset analysis that chooses the conditioning random
variable U to consist of all the samples seen by only a subset of the processors;
this choice is useful for analyzing the situation where the processors observe
sample sets that are dependent conditional on W.

Finally, by combining the upper and lower bounds on I(W; /W]U ), we

obtain lower bounds on the Bayes risk.

2.1.3 Related Work

Early work on the fundamental limits of decentralized estimation mainly
focused on the asymptotic setting, e.g., determining the error exponent in
multiterminal hypothesis testing with fixed quantization rates. That work is
surveyed by Han and Amari [1]. In recent years, the focus has shifted towards
determining explicit dependence of the estimation performance on the com-
munication constraint (see, e.g., [2-6] and references therein). For instance,
Zhang et al. [2] and Duchi et al. [3] derived lower bounds on the minimax

risk of several decentralized estimation problems with noiseless communica-



tion channels. Their results also provide lower bounds on the number of bits
needed in quantization to achieve the same minimax rate as in the centralized
estimation. Garg et al. [4] extended the lower bound for interactive protocols
in [2], which centered on the one-dimensional Gaussian location model, to the
setting of high-dimensional Gaussian location models. Braverman et al. [5]
presented lower bounds for decentralized estimation of a sparse multivariate
Gaussian mean. Their derivation is based on a “distributed data processing
inequality,” which quantifies the information loss in decentralized binary hy-
pothesis testing under the Gaussian location model. Shamir [6] showed that
the analysis of several decentralized estimation and online learning problems
can be reduced to a certain meta-problem involving discrete parameter es-
timation with interactive protocols, and derived minimax lower bounds for
this meta-problem.

The main idea underlying all of the above works is that one has to quantify
the contraction of information due to the communication constraint; however,
this is often done in a case-by-case manner for each particular problem, and
the resulting contraction coefficients are generally not sharp. Additionally,
these works only consider the situation where the sample sets are condition-
ally independent given the parameter and where the communication channels
connecting the processors to the estimator are noiseless.

By contrast, we derive general lower bounds on the Bayes risk, which
automatically serve as lower bounds on the minimax risk. We use strong
data processing inequalities as a unifiying general method for quantifying the
contraction of mutual information in decentralized estimation. Our results
apply to general priors, sample generating models, and distortion functions.
When particularized to the examples in the existing works, our results can
lead to sharper lower bounds on both the Bayes and the minimax risk. For
example, we improve the lower bound for the mean estimation on the unit
cube studied in [2], as well as the lower bound for the meta-problem of
Shamir [6]. Moreover, we consider the situations where the sample sets are
conditionally dependent and where the communication channels are noisy.
We also provide a general way to quantify the degradation of estimation
performance caused by distributing resources to multiple processors, which

is only discussed for specific examples in existing work.



2.2 Bayes Risk Lower Bounds for Centralized
Estimation

In the standard Bayesian estimation framework, P = {Pxjw=., : w € W}
is a family of distributions on an observation space X, where the parameter
space W is endowed with a prior distribution Py,. Given W = w, a sample X
is generated from Px|y—,. In centralized estimation, the unknown random
parameter W ~ Py is estimated from X as W = ¥(X), via an estimator
¥ : X — W. Given a non-negative distortion function ¢ : W x W — RT,
define the Bayes risk for estimating W from X with respect to ¢ as

Ry = if BL(W, (X)) (2.1)

In this section, we derive lower bounds on the Bayes risk in the context of
centralized estimation. These bounds serve as lower bounds for the decentral-
ized setting as well, but they can also be used to derive refined lower bounds
for decentralized estimation, as shown in Secs. 2.4 and 2.5. We first present
lower bounds on the Bayes risk based on small ball probability, mutual infor-
mation, and information density in Secs. 2.2.1 and 2.2.2. These lower bounds
apply to estimation problems with an arbitrary joint distribution Py, x and
an arbitrary distortion function ¢, and also provide generalizations of Fano’s
inequality, as discussed in Sec. 2.2.3. Next, in Sec. 2.2.4, we present a lower
bound based on mutual information and differential entropy, which applies to
parameter estimation problems in R¢, with distortion functions of the form

{(w, W) = ||w — @|" for some norm || - || in R? and some 7 > 1.

2.2.1 Lower Bounds Based on Mutual Information and Small
Ball Probability

The small ball probability of W with respect to distortion function ¢ is defined

as

Lw(p) = sup PU(W,w) < p. (2.2)

weW

10



Given another random variable U jointly distributed with W, the conditional

small ball probability of W given U = u is defined as

Ly (u, p) = suvpi/ P(W,w) < p|U = ul. (2.3)

we
Each of these two quantities measures how well the distribution Py or Pyjy—y
concentrates in a small region of size p as measured by £(-,-). The larger the
small ball probability, the more concentrated the corresponding distribution
is. We give a lower bound on the probability of excess distortion in terms of

conditional mutual information and conditional small ball probability:

Lemma 2.1. For any estimate W of W, any p > 0, and any auxiliary

random variable U,

- I(W:WI|U) + 1
P(W, W) > p| > 1 Vs WIU) +

2 g (VB U.p)]) (24)

Proof. The inequality (2.4) is a direct consequence of the lower bound on the
conditional mutual information: whenever P[¢(WV, /W) > p| <9, it holds that

—_~ 1
IW;W|U)>(1-9)log =——+— — 1,
( )21 -9) ElLwu (U, p)]
which follows from the proof of Lemma 3.1 in Chapter 3. In Sec. 2.7.1, we
present an alternative unified proof of Lemmas 2.1 and 2.2 using properties

of the Neyman—Pearson function. O

Our first lower bound on the Bayes risk for centralized estimation is an

immediate consequence of Lemma 2.1:

Theorem 2.1. The Bayes risk for estimating the parameter W based on the

sample X with respect to the distortion function £ satisfies

IW; X|U) + 1 )
Rp > sup su 1-— . 2.5
b2 b pJS”( o8 (L/E Lo 0 (0, o)) (25)

In particular,

Rp > supp (1 —

p>0

I(W;X) +1 >

tog(L/ L (9)) (26)

11



Proof. For an arbitrary estimator ¢ : X — W,
I(W:W|U) < I(W; X|U) (2.7)

by the data processing inequality. It follows from Lemma 2.1 that

(W X|U) + 1
log (1/E[Lwu(U, p)])’

Ple(W, W) > p] >1— p>0.  (2.8)

Theorem 2.1 follows from Markov’s inequality E[¢(WV, W)] > pPlU(W, /V[7) >
p) and from the arbitrariness of ¢, Pyjw,x, and p > 0. n

Remark 2.1. Precise evaluation of the expected conditional small ball prob-
ability E[Lw (U, p)] in Theorem 2.1 can be difficult. The following tech-
nique may sometimes be useful: Suppose we can upper-bound E[Ly (U, p)]
by some increasing function g(p), which has an inverse function g7'(p) =
sup{p > 0: g(p) < p}. Given some s € (0,1), choosing a suitable p > 0 such
that

g(p) < 2" UWXID+D/(1-5) (2.9)

guarantees

I X|U) +1 .
tog (/B LLw (U, ) = > (2.10)

It then follows from Theorem 2.1 that

Rg > sup sup sg (2_(I(W‘X|U)+1)/(1_S)). (2.11)
Pyjw,x 0<s<1

A similar methodology for deriving lower bounds on the Bayes risk has
been recently proposed by Chen et al. [7], who obtained unconditional lower
bounds similar to (2.6) in terms of general f-informativities [8] and a quan-
tity essentially the same as the small ball probability. However, as will be
shown later, the conditional lower bound (2.5) can lead to tighter results
compared to the unconditional version (2.6), and is also useful in the context

of decentralized estimation problems.
For the problem of estimating W based on n samples X1, ..., X,, condition-

ally i.i.d. given W, we can choose the conditioning random variable U in (2.5)
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to be an independent copy of X™ = (X1,...,X,) conditional on W, denoted
as X' — that is, Pw,x» xn = Py ® Pxnjw @ Pxmpy and Pxmjw = Pxnw.
This choice leads to

I(W; X" X™) + 1
o 2 supe ( "~ Tog (L/E[Lwxe m,pm) e

We then need to evaluate or upper-bound I(W; X™|X") and E[Lyx» (X", p)].
For example, in the smooth parametric case when P is a subset of a finite-
dimensional exponential family and W has a density supported on a compact
subset of R?, it was shown by Clarke and Barron [9,10] that

d 1
I(W; X" = 5 log % + h(W) + §E[log det Jxw (W)] + o(1) as n — 0o
(2.13)

where h(W) is the differential entropy of W, and Jxw(w) is the Fisher

information matrix about w contained in X. When (2.13) holds, we have

I(W: X" X™) = I(W; X", X™) — [(W; X™™) (2.14)

4

I
d
B as n — 0o, (2.15)
meaning that I(W; X" X"™) in (2.12) is asymptotically independent of n.
Upper-bounding E[Ly|x» (X", p)] is more problem-specific. We give two ex-
amples below, in both of which we consider the absolute distortion ¢(w, w) =
|w — w], such that the Bayes risk gives the minimum mean absolute error
(MMAE). A benefit of lower-bounding MMAE is that the square of the re-
sulting lower bound also serves as a lower bound for the minimum mean
squared error (MMSE).

Example 2.1 (Estimating Gaussian mean with Gaussian prior). Consider
the case where the parameter W ~ N(0,0%,), the samples are X; = W + Z;
with Z; ~ N(0,0?) independent of W fori=1,...,n, and {(w,w) = |w—1w].

From the conditional lower bound (2.12), we get the following lower bound

for Example 2.1:

13



Corollary 2.1. In Example 2.1, the Bayes risk is lower bounded by

1 2
Ry > 1—6\/ TTw (2.16)

2(1+ noiy/o?)
Proof. Section 2.7.2. O

Note that the MMAE in Example 2.1 is upper bounded by

2

o
Rp </ ——%— 2.17
P2V 14002 /o2 (2.17)

which is achieved by W = E[W|X"]. Thus the non-asymptotic lower bound
on the Bayes risk in (2.16) captures the correct dependence on n, and is off
from the true Bayes risk by a constant factor. If we apply the unconditional

lower bound (2.6) to Example 2.1, we can only get an asymptotic lower bound

2
Ry > 1 Oy
~ 4log (1 +noy /o?)\ 1+ nod, /o>

as n — 00, (2.18)

which differs from the upper bound by a logarithmic factor in n. This exam-
ple shows that the conditional lower bound (2.5) can provide tighter results

than its unconditional counterpart (2.6).

Example 2.2 (Estimating Bernoulli bias with uniform prior). Consider the
example where the parameter W ~ U|0, 1], the samples X; ~ Bern(w) condi-

tional on W =w fori=1,...,n, and {(w,w) = |w — w|.
Corollary 2.2. In Example 2.2, the Bayes risk is lower bounded by

1
Rp 2 ———— as n — oo. (2.19)

16+/271n

Proof. Section 2.7.2. O

Note that the MMAE in Example 2.2 is upper bounded by

1
Rp < —, (2.20)

which is achieved by the sample mean estimator W= % >+, X;. Thus, the
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lower bound in (2.19) asymptotically captures the correct dependence on n,

and is off from the true Bayes risk by a constant factor.

2.2.2 Lower Bounds Based on Information Density and Small
Ball Probability

For a joint distribution Py x on U x W x X, define the conditional infor-

mation density as

dPW|U:u,X:ac

2.21
dPwv=u (2.21)

i(w; x|u) = log
We give a lower bound on the probability of excess distortion in terms of
conditional information density and conditional small ball probability:

Lemma 2.2. For any estimate W of W based on the sample X, any p > 0,

v >0, and any auxiliary random variable U,

PIO(W, W) > p] >P[i(W; X|U) < log~] — vE[Lw (U, p)]+

. d-PW|U:u
v inf ————

(w) BL(W: X|U) > log 7). (2.22)
w,w,z dPW\Uzu,X:x

Proof. The proof, inspired by the metaconverse technique from [11], is given
in Sec. 2.7.1. O

Our second Bayes risk lower bound for centralized estimation is a conse-

quence of Lemma 2.2:

Theorem 2.2. The Bayes risk for estimating the parameter W based on the

sample X with respect to the distortion function £ satisfies

Ry > sup sup p(Bli(W; X|U) < logn] —1ElLwi(U.p)]).  (223)

Puyw,x p7>0

In particular,

Ry > sup p(Pli(W; X) <logy] —vLw(p)). (2.24)

psy>0
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Proof. With the aid of Markov’s inequality, (2.22) leads to the inequality

Ru > supsup p( BV XIU) < loga] - 1B Lo U, )+

Pyyw,x pv>0

dPwv=u
v inf — = (GYPl(W; X|U) > logfy]). (2.25)
u,w,x dPW|U:u,X:a:
The lower bound in (2.23) follows by replacing inf, ., . ﬂ%}“z(w) with
Zero. [

We give a high-dimensional example to illustrate the usefulness of Theo-

rem 2.2:

Example 2.3 (Estimating d-dimensional Gaussian mean with uniform prior
on d-ball). Consider the case where the parameter W € R is distributed
uniformly on the ballW = {w € R : ||wl||y < a}, the samples are X; = W+Z;
with Z; ~ N(0,0%1y) independent of W for i = 1,...,n, and (w,®) =

[w = wlla.

Corollary 2.3. In Ezample 2.3, for any a > 0, 0> > 0, and d > 1, the

Bayes risk is lower bounded by

1 /[2mo2d
R _
B~ 90 n

as n — 0o. (2.26)

Proof. Section 2.7.3. m

Note that the Bayes risk in Example 2.3 is upper bounded by

2d
Ry < /25, (2.27)
n
which is achieved by the sample mean estimator W= % >, Xi. Thus, the
lower bound in (2.26) captures the correct dependence on n (asymptotically)
and d (non-asymptotically), and is off from the true Bayes risk by a constant

factor. Moreover, by squaring (2.26), we get a lower bound on the MMSE

that also captures the correct dependence on n and d.
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2.2.3 Generalizations of Fano’s Inequality

The lower bounds on the probability of excess distortion in Lemmas 2.1 and
2.2 can be viewed as generalizations of Fano’s inequality.

When W takes values on {1,..., M} and ¢(w,w) = 1{w # W}, setting
p = 01in (2.4) without conditioning on U recovers the following generalization

of Fano’s inequality due to Han and Verdu [12]:

— IW;X)+1
PW #W|>1-— . 2.28
W#W]=z log(1/ max,e Pw(w)) (2:28)
Similarly, setting p = 0 in (2.22) without conditioning on U, we get
P[W # W] > supP[i(W; X) < logv] — v max Py (w)+
v>0 we([M]
: dPy .
7 inf (w)P[i(W; X) > log~]. (2.29)

w,r dPW|X:x

When W is uniformly distributed on {1,..., M}, (2.28) reduces to the usual

Fano’s inequality

— IW;X)+1
P >1—-— 2.
)z T (2.30)
while (2.29) reduces to the Poor—Verdi bound [13]
P[W L Pli(w;
W £ W] > sup (1 . M) Pli(W; X) < logA]. (2.31)

v>0

When W is continuous, (2.4) and (2.22) provide continuum generalizations
of Fano’s inequality. For example, when W C R? and {(w, @) = |jw — 0|z,
(2.4) leads to

IW;X)+1
log(1/ sup,ew PlIW — wll2 < p])’

PIIW =W, >p] =1 (2.32)

which is also obtained by Chen et al. [7], and generalizes the result of Duchi
and Wainwright [14]. Similarly, (2.22) leads to

P = Wi > o] 2 sup (PG(V: X) < loga] — sup PIIW ~ vl < 1)
v we

(2.33)
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2.2.4 Lower Bounds Based on Mutual Information and
Differential Entropy

For the problem of estimating a real-valued parameter W with respect to
the quadratic distortion ¢(w, @) = (w — @)?, it can be shown that (see, e.g.
Lemma 3.3 in Sec. 3.2.1), if E(W — /W)Z < «, then

W W\U) > h(W|U) — %log(Qwea). (2.34)

Upper-bounding (W /W]U) by I(W; X|U), we obtain a lower bound on the
MMSE

— 1
inf E(W — W)? > — 2 W XT)=hWIU)), 2.35
WCE(W — )22 swp —— (235)
More generally, for the problem of estimating a parameter W taking values

in R, the Shannon lower bound on the rate-distortion function (see, e.g., [15,
Chap. 4.8]) can be used to show that, if E||W — WH” < « with an arbitrary

norm || - || in R? and an arbitrary » > 1, then
—~ d/r d
I(W; W) > h(W) — log (w(?) F(l + —)) , (2.36)
r
where V; is the volume of the unit ball in (R?, || - ||) and I'(+) is the gamma

function. For example, this method can be used to recover the lower bounds
of Seidler [16] for the problem of estimating a parameter in R? with respect
to squared weighted f5 norms, and gives tight lower bounds on the Bayes
risk and the minimax risk in high-dimensional estimation problems [17, Lec.

13]. A simple extension of (2.36) via an auxiliary random variable U gives

(W W|U) > h(W|U) — log (w(%)dﬁr(l + g)) . (2.37)

As a consequence, we obtain a lower bound on the Bayes risk in terms of

conditional mutual information and conditional differential entropy:

Theorem 2.3. For an arbitrary norm || - || in R? and any r > 1, the Bayes

risk for estimating the parameter W € R? based on the sample X with respect
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to the distortion function {(w,w) = ||lw — @||" satisfies

d d —r/d
Rg > sup — (VdF<1 + —)) 2~ UWsX|U)=h(WID))r/d (2.38)

Pyw,x r

In particular, for estimating a real-valued W with respect to {(w, W) = |w—1w|,

Rg > sup 2i€2—(1(W;X|U)—h(WU))' (2.39)

One advantage of Theorem 2.3 is that its unconditional version can yield
tighter Bayes risk lower bounds than the unconditional version of Theo-
rem 2.1. For example, consider the case where W is uniformly distributed on
[0,1], and is estimated based on X with respect to the absolute distortion.
Setting g(p) = 2p in Remark 2.1 and optimizing s in (2.11), the unconditional

version of Theorem 2.1 yields an asymptotic lower bound

1
Rp 2~ 27 W0 I(W;X) — o0. 2.40
02 ST as I(ViX) oo (240
By contrast, the unconditional version of Theorem 2.3 yields a tighter and

non-asymptotic lower bound

1
Rg > 2—62—1<W%X>. (2.41)

2.3  Mutual Information Contraction via SDPI

While the results in Sec. 2.2 all apply to general estimation problems, either
centralized or decentralized, the results in terms of mutual information (The-
orems 2.1 and 2.3) are particularly amenable to tightening in the context of
the decentralized estimation. For example, Theorem 2.1 reveals two sources
of the difficulty of estimating W: the spread of the prior distribution Py or
its conditional counterpart Py, captured by Ly or Ly, and the amount
of information about W contained in the sample X, captured by I(W;X)
or I(W;X|U). When an estimator does not have direct access to X, but
can only receive information about it from one or more local processors, the
amount of information about W contained in the estimator’s indirect obser-
vations will contract relative to I(W; X) or I(W; X|U). The contraction is
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caused by the communication constraints between the local processors and
the estimator, such as finite precision of analog-to-digital conversion, storage
limitations of intermediate results, limited transmission blocklength, channel
noise, etc.

We will quantify this contraction of mutual information through strong
data processing inequalities, or SDPI’s; for the relative entropy (see [18]
and references therein). Given a stochastic kernel (or channel) K with input
alphabet X and output alphabet Y, and a reference input distribution p on X,
we say that K satisfies an SDPI at p with constant ¢ € [0,1) if D(vK||uK) <
cD(v|p) for any other input distribution v on X. Here, 4K denotes the
marginal distribution of the channel output when the input has distribution
. The SDPI constant of K at input distribution p is defined as

D(vK|ukK)

n(p, K) = sup 2.42
0= B, D) 242
while the SDPI constant of K is defined as
n(K) £ supn(p, K). (2.43)
“w

It is shown in [19] that the SDPI constants are also the maximum contraction

ratios of mutual information in a Markov chain: for a Markov chain

W—-X-Y,
we have
su LU (Px, Pyix) (2.44)

if the joint distribution Px y is fixed, and

Sup % = 1(Py|x) (2.45)

if only the channel Py|x is fixed. This fact leads to the following chain of

inequalities for mutual information:

IW,Y) < I(W; X)n(Px, Pyix) < I(W; X)n(Pyx). (2.46)
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This is a stronger result than the ordinary data processing inequality for
mutual information, as it quantitatively captures the amount by which the
mutual information contracts after passing through a channel.

It is generally hard to compute the SDPI constant for an arbitrary pair of

1 and K, except for some special cases:

e For the binary symmetric channel, n(Bern(3), BSC(g)) = n(BSC(e)) =
(1 —2¢)? [20].

e For the binary erasure channel, n(Bern(3), BEC(¢)) = n(BEC(e)) =

1—e.

e If X and Y are jointly Gaussian with correlation coefficient px y, then
[21]

n(Px, Pyix) = pxy- (2.47)

In the remainder of this section, we collect a few upper bounds and properties
of the SDPI constants, which will be used in the following sections. The first
upper bound is due to Cohen et al. [22]:

Lemma 2.3. Define the Dobrushin contraction coefficient of a stochastic

kernel Pxyw by
I(Pxiw) = {E%}/{ | Pxjw=w — Px{w=uw|Tv- (2.48)
Then
n(Pxyw) < 9(Pxw)- (2.49)

The next upper bound is proved in [18, Remark 3.2] for arbitrary f-divergences:

Lemma 2.4. Suppose there exist a constant a € (0,1] and a distribution
Qx, such that'

d-PX|VV:w
d@x

'In Markov chain theory, this is known as a Doeblin minorization condition.

() >« for all x € X and w € W. (2.50)
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Then

Lemma 2.4 leads to the following property:

Lemma 2.5. For a joint distribution Py x, suppose there is a constant o €
(0, 1] such that the forward channel Pxw satisfies

dPxw—uw
—XW=w x) >« for all x € X and w,w' € W. (2.52)
dPX|W:w’

Then the SDPI constants of the forward channel Pxpy and the backward

channel Py x satisfy
n(Pxw) <1—a and n(Pyix) <1-a. (2.53)

Proof. To prove the claim for the forward channel, pick any w’ € W and let
(Qx = Pxjw=u. Then the condition in Lemma 2.4 is satisfied with this @) x.
To prove the claim for the backward channel, consider any x € X and w € W.
Then

dPWIX:.Z’ dPX|W:w
Al il = 2.54
ary W= [ Pxiw—w P (du) () (2:54)
1
2.55)
dPX w’ (
f dPX‘|V‘:, ) Py (dw’)

> L (2.56)

- éfPW(dw’) '
= aq, (2.57)

where (2.56) uses the fact that M( ) < 1/a, due to the assumption in
(2.52). Using Lemma 2.4 with Quw = Py, we get the result. O

In decentralized estimation, we will encounter the SDPI constant 7(Pxn, Py|xn).
The following lemma gives an upper bound for this SDPI constant, which is

often easier to compute:

Lemma 2.6. If W — Z — X" form a Markov chain, then
U(PXn, PW|X") S n(Pz, Pw‘z) (258)
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In particular, Z can be any sufficient statistic of X™ for estimating W .

Proof. 1t suffices to show that for any Y such that W — X" — Y form a

Markov chain,
I(W;Y) < 0Py, Py I(X7;Y). (2.59)

Indeed, by the definition of n(Pz, Pi|z) and the fact that W — Z — X" -V

form a Markov chain,

I(W:Y) < n(Py, Py )(Z:Y) (2.60)
< n(Pz, Pwiz2) [(X™Y), (2.61)
which proves (2.59) and the lemma. O

We will often need a conditional version of the SDPI:

Lemma 2.7. For any Markov chain W,V — X =Y with Py\x = K,
IW3Y V) <n(K)I(W; X|V).

Proof. For binary channels, this result was first proved by Evans and Schul-
man [23, Corollary 1]. Here, we give a general proof. For each v € V we have
the Markov chain W — X — Y conditional on V' = v, hence

IW; YV =) <n(Pyixv=,) I (W; X|V =)
=n(K)I(W; X|V =v).

Taking expectation with respect to V' on both sides, we get I(W;Y|V) <
n(F)I(W; X|V). O

For product input distributions and product channels, the SDPI constant

tensorizes [19] (see [18] for a more general result for other f-divergences):

Lemma 2.8. For distributions iy, ..., [, on X and channels Ky, ..., K,

with input alphabet X,

N ® ... @ pn, K1 ® ... ® Kp) = max n(p;, K;).

1<i<m
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Finally, the following lemma that gives an SDPI for multiple uses of a
channel. Tt is a special case of Polyanskiy and Wu [24, Corollary 2], obtained
using the method of Evans and Schulman [23]. We give the proof, since we
adapt the underlying technique at several points in this chapter as well as in
Chapter 3.

Lemma 2.9. Consider sending a message Y through T uses of a memoryless
channel Py with feedback, where U, = (Y, V=1 t) with some encoder ¢
fort=1,...,T. Then for any random variable W such that W =Y —UT VT

form a Markov chain,
HW;VT) < 1W:Y) (1= (1= (o)), (2.62)

In particular, the result holds when the channel is used T times without feed-

back.

Proof. Let n = n(Pyy). Then

IW;, V) = 1(W; V=Y + 1(W; V[V (2.63)
W VY I (W; Ug|VTh (2.64)
(1 mI(W; V1) +nI(W; VT Uy) (2.65)

) (2.66)

< (L= I(W; VI +9I(W;Y),

where (2.64) follows from the Markov chain W, VT=! — Up — V; and the
conditional version of SDPI (Lemma 2.7); (2.66) follows from the Markov
chain W —Y — V=1 Up. Unrolling the above recursive upper bound on
I(W;VT) and noting that I(W;V;) < nl(W;Y), we get (2.62). O

Using the same proof technique, we can obtain an upper bound for the

SDPI constant of a product channel:

Lemma 2.10. For a product channel K = Q| K;, if the constituent chan-
nels satisfy n(K;) <n forie {1,...,m}, then

n(K)<1—(@1—-n" (2.67)
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2.4 Decentralized Estimation: Single Processor

We start the discussion of decentralized estimation with the single-processor
setup. Consider the following decentralized estimation problem with one

local processor, shown schematically in Fig. 2.1:

X" Y UT ; VT .
W PX|W q o o , Tnoisy

local processor

Figure 2.1: Model of decentralized estimation (single processor).

e IV is an unknown parameter (discrete or continuous, scalar or vector)

with prior distribution Py .

e Conditional on W = w, n samples X" = (Xi,...,X,) are indepen-

dently drawn from the distribution Px |y —..

e The local processor observes X™ and maps it to a b-bit message Y =
Pq(X™).

e The encoder maps Y to a codeword UT = ¢g(Y) with blocklength T,
and transmits U7 over a discrete memoryless channel (DMC) Py ;. We

allow the possibility of feedback from the estimator to the processor,
in which case U; = (Y, Vi1 t), t =1,...,T.

e The estimator computes W = P(VT) as an estimate of W, based on

the received codeword V7.

The Bayes risk in the single processor setup is defined as

Rp = inf E[((W,»(VT))], (2.68)

PQPEY
which depends on the problem specification including Py x, ¢, n, b, T', and
Pyjy. We can use the unconditional versions of Theorems 2.1 and 2.3 to
obtain lower bounds for Rg, by replacing I(W; X) with I(W;V7T). To reveal
the dependence of Rg on various problem specifications, we need an upper

bound on I(W;V7T) which is independent of ¢q and ¢g:
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Theorem 2.4. In decentralized estimation with a single processor, for any

choice of pq and v,

I(W;VT) < min {I(W; X"Ynr, n(Pxn, Pixe) (H(X™) Ab) oy,

1Py, PW|Xn)CT}, (2.69)

where C is the Shannon capacity of the channel Py, and

1—(1—=n(Pyy)t with feedback
= e . (2.70)
n(P‘%}) without feedback

Proof. When the channel is used with feedback, the problem setup gives rise
to the Markov chain W — X" —Y —U*, VT, With ny =1 — (1 —n(Pyiw))7,

as a consequence of Lemma 2.9, we have

IW; VD) < I(W; Y )np < T(W; X™)nr. (2.71)
Alternatively,
I(W;VT) < I(W5Y)nr (2.72)
< n(Pxn, P x») I (X" Y )nr (2.73)
< n(Pxn, Pwixn)(H(X"™) A b)nr, (2.74)

where (2.73) is from the SDPI in (2.46); (2.74) is because I(X™;Y) <
min{ H(X"), H(Y)} and Y € [2°]. Lastly, from the SDPI and following the
proof that feedback does not increase the capacity of a discrete memoryless
channel [25],

IW; VY < n(Pxn, Puxn ) I(Y; V) < n(Pxn, Pyxn)CT.

We complete the proof for the case with feedback by taking the minimum of
the three resulting estimates to get the tightest bound on I(W;V7T).

When the channel is used without feedback, we have the Markov chain
W —X"—Y —UT — VT, In this case, (2.71) holds with ny = n(P‘%TU) as a
consequence of the SDPI. The rest of the proof for this case is the same as

the case with feedback. O
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Note that, with the ordinary data processing equality, we can only get the
upper bound

IUV;VT)grmn{lav;xn%fﬂxW)Ab,CT}, (2.75)

where the first term reflects the statistical constraint due to the finite number
of samples, the second term reflects the communication constraint due to the
quantization, and the third term reflects the communication constraint due
to the noisy channel. All of these terms are tightened in (2.69) via the
multiplication by various contraction coefficients. Thus, using the SDPI, we
can tighten the results of Theorems 2.1 and 2.3 in the setting of decentralized
estimation by quantifying the communication constraint, and by coupling the
statistical constraint and the communication constraint together.

Next we study a few examples of this problem setup to illustrate the ef-

fectiveness of using Theorem 2.4 to derive lower bounds on the Bayes risk.

2.4.1 Transmitting a Bit over a BSC

Example 2.4. Consider the case where the parameter takes values 0 and
1 with equal probabilities, the local processor directly observes W, and com-
municates the value of W to the estimator through T uses of the channel
BSC(e). Formally, W is Bern(3), W = X" =Y, and Pyjy = BSC(e). The
Bayes risk is defined as Rg = inf,, ,, P[W # W}

In this simple example, there is no statistical constraint since W can be
directly observed by the local processor, while the communication constraint
is imposed by the T uses of a BSC. Using Theorem 2.4, we can derive lower
bounds on Rp and obtain upper bounds on the error exponent when the

channel is used with or without feedback:

Corollary 2.4. In Fxample 2.4, if the channel is used without feedback, then

N

Ry > 13! (;(45(1 —o)

- ) (2.76)

and

1 1 1
limsup —= log Rg < = log (2.77)

Tow T 2 CU4e(l—e)
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If the channel is used with feedback, then
Rp > hy' ((4e(1—¢))"), (2.78)
and

1
lim sup ~7 log Rp < log (2.79)

Proof. Choose the ¢r and 1 that attain Rg. In this case, we can bypass

Theorem 2.1 by using the binary-alphabet version of Fano’s inequality:
1 — ho(PIW # W) < I(W; V7). (2.80)

If the channel is used without feedback, it follows from Theorem 2.4 and
Lemma 2.3 that

(W V) < I(W; X")n(BSC(e)®")
<9 (BSC()®T)
1 T/2

where the upper bound on ¥(BSC(e)®7) is evaluated in [24]. Combining
(2.80) and (2.81), and using the fact that [26, Theorem 2.2]

hy ' (x) for z € [0, 1], (2.82)

= 21og(6/x)

we obtain (2.76) and (2.77).
If the channel is used with feedback, Theorem 2.4 gives

I(W; VT < I(W;X™) (1= (1 —n(BSC(e)") <1-—(4e(1—¢g))", (2.83)

where we used the fact that n(BSC(e)) = (1—2¢)?. Combining (2.80), (2.82),
and (2.83), we obtain (2.78) and (2.79). O

Using the Chernoff bound, it can be shown that a blocklength-T" repetition
code without feedback can achieve P[W # W] < (4(1 — £))~7/2 [27]. Thus,
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when the channel is used without feedback,

1 1 1
lim inf—f log Rg > ilog (2.84)

To00 4e(1 —¢)’

which matches the upper bound on the error exponent given by (2.77). There-
fore, Theorem 2.4 can effectively capture the communication constraint in

this example.

2.4.2 Estimating a Discrete Parameter

Example 2.5. Consider the case where W is uniformly distributed on {—1,1}4.
The sample X € {—1,1}? is generated conditionally on W as follows. For
Jj=1,...,d, given W; = wj, the jth coordinate of X, denoted by X;, is in-
dependently drawn from the distribution Px,yw,—w,(7;) = (1 + x;w;0)/2 for
some § € [0,1]. In other words, Px,w, is BSC(152). It follows that X
is uniformly distributed on {—1,1}, and Pw,x; is BSC(lT_‘S) as well. The

communication channel Py is assumed to be an arbitrary DMC.

Theorem 2.4 gives the following upper bound on I(W;VT) for this exam-
ple:

Corollary 2.5. In Fxample 2.5,
I(W;V7T) < min {d(l — hg(%&))nT, §%bnr, 52C’T}. (2.85)

Proof. Since (Wy, X1),...,(Wy, X,) are independent in this case, we can ap-
ply the tensorization property of the SDPI constant (Lemma 2.8), which
states that

’17<Px, PW|X) = Imax n(PXj7PWj|Xj)- (286)
1<j<d

Due to the fact that X; is uniform on {—1,1} and Py, x, = BSC(152), we
have the exact SDPI constant

n(PXja PWj|Xj) = 52' (287>

We also have I(W;X) = d(1 — hy(%52)). The results then follow from
Theorem 2.4. O
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The same problem with a noiseless communication channel was considered
in [2]. The result in [2, Lemma 3|, proved in a much more complicated way,
shows that

3202(d A D)

I(W;Y) < o)

(2.88)
where the contraction coefficient is less than 1 only when ¢ < 0.133. By con-
trast, the contraction coefficient in (2.85) never exceeds 1. Moreover, since
1— hg(lz;é) < 42, the upper bound in (2.85) is a considerable improvement
on the one in (2.88) over all § € [0, 1], especially for large d, under the same
noiseless channel assumption (nr = 1). Corollary 2.5 can also be used to de-
rive lower bounds on the minimax risk of estimating the mean of an arbitrary
probability distribution on the cube [—1,1]¢. We discuss this application in
Sec. 2.5.1, in the multi-processor setup.

From another point of view, Example 2.5 is essentially a problem of noisy

1

lossy source coding [28] of an i.i.d. Bern(3) source of length d observed

through a BSC(I—;S), with an additional challenge of sending the quantized
message over T' uses of another noisy channel. Using Corollary 2.5, we can
obtain lower bounds on the average bit error probability for estimating the

source W and on the quantization rate of the sample X:

Corollary 2.6. In Ezample 2.5, let {(w, W) = ézgzl 1{w; # w;}. Then,

R > by (1 - %lmin {a(t=na(552))r, 8%y, 52CT}) L (2.89)

provided b, d, and T are such that the argument of hy*(+) lies in [0,1]. More-

over, to achieve Ry < p, it is necessary that
(2.90)

where nr =1 — (1 —n(Pyw))".

Proof. Choose the ¢q, ¢r, and 1 that attain Rg. In this case, we can again
bypass Theorem 2.1 by using the following chain of inequalities to relate the
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average bit error probability with I(W;VT):

1 — hy(Rg) = da(Ral|3) (2.91)
d
1 —
< 2D da(PIW; # W 15) (2.92)
j=1
1< —
<D IWEW)) (2.93)
j=1
1
< EI(WQX/T) (2.94)
1
< —min {d(1 = ha(552))nr, e, $°CT | (2.95)

where (2.92) uses the fact that Rp = 525:1 P[W; # W\]] and the convexity
of divergence; (2.93) uses the fact that IW; is uniform on {—1,1} and the
data processing inequality for divergence; (2.94) uses the fact that W;’s are

independent; (2.95) follows from Corollary 2.5. Applying h; ' to both sides,

we get (2.89). The lower bound (2.90) is a consequence of (2.95). O
The asymptotic rate limit of noisy lossy coding of an i.i.d. Bern(%) source
observed through a BSC(152) with distortion p is given by
2+ —1 1-4 1
=1—hy| ——— < —<p< - 2.
R(p) 2( 55 )7 0<——<p=<g (2.96)

In Fig. 2.2, the lower bounds on the quantization rate given by (2.90) with

different values of 1(Py|y) are compared with R(p) The lower bounds are

1

also compared with the rate-distortion function of an ii.d. Bern(s

) source,

given by

R(p)=1-hs(p), O0<p<g. (2.97)

N | —

We can see that with 7(Pyy) = 1, the lower bound well matches the asymp-
totically achievable rate given by (2.96) for large 0. With n(Pyjy) < 1, the
elevated lower bounds capture the need to increase the quantization rate for

sending the quantized message through another noisy channel.
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Lower bounds on b/d (p = 0.3)

R(p)
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Figure 2.2: Comparison of lower bounds on b/d, where p = 0.3 and
n=n(Py).

2.4.3 Estimating a Continuous Parameter

Example 2.6. Consider the problem of estimating the bias of a Bernoulli
random variable through a BSC. In this case, W is assumed to be uniformly
distributed on [0,1], Px|w=. is Bern(w), and Py is BSC(e). We are inter-
ested in lower-bounding the Bayes risk with respect to the absolute distortion

l(w, ) = |w— .

Define I* = sup,,, ., [(W; V). Replacing I(W; X) with I* in (2.41), we
obtain the following lower bound on the Bayes risk for this example as a

consequence of Theorem 2.3:

1 -
Rp > 2—62—1 : (2.98)

Now we only need to upper-bound [*:

Corollary 2.7. In Example 2.6, for any choice of pq and ¢g,
1
13 V™) < min { (5 logn + 3 )nr, (1= 27", (1= 27)(1 = ha(e))T |},
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where 7, is some sequence such that lim,_,, v, = —0.6, and ny = 1—(4e(1—
eNt.

Proof. From (2.13),

1 n 1 1
IT(W; X™) = —log — —E |log ——= 1 2.
(W; X"™) 20g2m—|—h(W)—|—2 {ogw(l_w)}—l—o() (2.99)
1
=3 logn — 0.6 + o(1) as n — 00. (2.100)

Moreover, from Lemma 2.3,
n(Pwxn) <V (Pwixn) =1-27", (2.101)

where the Dobrushin coefficient is evaluated in Sec. 2.7.4. In addition,
n(BSC(g)) = (1 —)?>. With these facts, the result follows from Theo-
rem 2.4. [

Now we apply the above results to two special cases.

Case 1: ¢ =0, T > b. In this case, the communication constraint only
comes from the quantization of the samples, since the quantized message can
be perfectly received by the estimator. Setting b = %log n, the lower bound
in (2.98) together with Corollary 2.7 imply that

1 . 1
Rp > 2—2—<1—2 )b > (2.102)
e

~ 2e\/n’

To obtain an upper bound on Rg, consider the scheme where the local pro-
cessor computes the sample mean X = %Z?Zl X, which is uniformly dis-
tributed on {0,1/n,...,1}, and quantizes X into X using a uniform b-bit
quantization of [0, 1]. The estimator sets W=X. By the triangle inequality,

E|W — W| < E[W — X| +E|X — X| < \/E[Var(X|W)] +27°  (2.103)

1
= 7o + 270, (2.104)

Thus for b = %log n,

Rg < —, (2.105)
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which differs from the lower bound only by a constant factor.

Case 2: € > 0, b > log(n + 1). In this case, the communication constraint
only comes from the noisy channel, since log(n + 1) bits are enough to per-
fectly represent the sample mean X, which is a sufficient statistic of X™ for

estimating W and can take only n+ 1 values. From (2.98) and Corollary 2.7,

9T %2—(1—2—")(1_}12(5)&} ) (2.106)
e

Rp > max { Sy

To obtain an upper bound on Rp, consider the scheme where the local
processor first uses log(n + 1) bits to represent the sample mean X as a
message uniformly distributed on {0,1/n, ..., 1}, then transmits the message

over the channel using an optimal blocklength-7" code. The estimator decodes
X as )?, and sets W = X. Then

E|W — W| <E[W — X| +E|X — X (2.107)
1 A~

<—+PX#X 2.108

N (X # X] (2.108)

S _|_ 2—Er(%log(n+1))T’ (2109)

g~
N

where E,(-) is the random coding error exponent of BSC(e) [27, p. 146]. For

1 Ve

E.(+log(n+1)) =1—log(l+ /4e(1 —¢)) — % log(n + 1). (2.110)

If the channel is used with feedback, then FE,(-) in (2.109) can be replaced
by E¢(-), the best attainable error exponent on BSC using block codes with
feedback. In particular [29, Problem 10.36],

lim Ey(R) = E¢(0) = —log ('3(1 — £)*® + 2/3(1 — e)'/%) > E,(0).
R—0
(2.111)

From the lower bound in (2.106) and the upper bound in (2.109), we know

that the Bayes risk in this case decays polynomially in n and exponentially
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in T'. Moreover,

1 < 1—h2(6) Sg

= log (61/3<1 _ 6)2/3 4 82/3(1 _ 5)1/3)

for e € (% %) (2.112)

which implies that the error exponent with respect to 1" in the lower bound
can closely match that in the upper bound when transmission rate is low and

¢ is relatively large.

2.5 Decentralized Estimation: Multiple Processors

We now consider the problem setup with m local processors. The ith proces-
sor, 7 =1,...,m, observes n samples X (’;) generated from a common random
parameter W. Given W = w, the joint distribution of the m x n array of
: Xn .
samples is PX(l),..., Xy [W=0" In other words, the samples across different pro-
cessors can be dependent conditional on W, but, at each processor ¢, the sam-
ples are i.i.d. draws from Pxw=w- As in the single-processor setup, the ith
processor maps its samples to a b-bit message Y(;) = ¢qi(X (7;)), then maps the
message to a blocklength-T" codeword U (7;) = ¢g,i(Y)), and sends it to the es-
timator via T uses of a discrete memoryless channel. The estimator computes

W = ¢(V™<T) based on the received codewords VT = Vs Vi)
Here we assume that the channels between the processors and the estimator
are independent and have the same probability transition law PV|U.2 The

Bayes risk in this multi-processor setup is defined as

Ry = inf E[((W, (V™). (2.113)
PO PE
Compared with the single processor setup, the multi-processor setup gives

rise to some new problems:

e The sample sets observed by different processors can be either inde-
pendent or dependent conditionally on W, depending on the joint dis-
tribution PX<1)7._,,X(m>|W:w. In Sec. 2.5.1, we derive lower bounds for
the case where X(y,..., X, are conditionally independent given W;

in Sec. 2.5.2, we study the case where X(y,..., X, are dependent

2The results can be straightforwardly generalized to the case where the parameters n,
b, T, and the channels are different across the processors.
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conditionally on W. We will see that the Bayes risk can behave quite

differently in these two cases.

n

e Suppose the m x n array of samples (X(1)> e ,X("m)) can be observed
by a single processor, which can map the samples to an mb-bit message
and use the channel mT times to send the message, and the estimation
is based on the received codeword of blocklength mT. How will the
estimation performance degrade once these resources are distributed
into m processors in the multi-processor setup? We examine this per-
formance degradation through the Bayes risk lower bounds, for both
cases where the sample sets are conditionally independent and depen-
dent.

e When the channels are noiseless and feedback is available from the esti-
mator to the local processors, each processor can observe the messages
sent by the other processors. This allows for interactive protocols, as
studied in [2,4,5]. We will mainly focus on the case where the com-
munication from local processors to the estimator is carried out with-
out feedback, except for Sec. 2.5.3, where we consider the case where
feedback is available and derive lower bounds on the Bayes risk for

interactive protocols.

Before delving into various special cases, we give two general lower bounds
for Bayes risk in the multi-processor setup, which are immediate consequences

of Theorems 2.1 and 2.3, respectively:

Theorem 2.5. In the multi-processor setup, the Bayes risk satisfies

R > inf sup p (1 — (2.114)

QPR SCml], p>0

[(W; VmxT| X1y 4 1)
log(1/E[Lw (X2, p)]) )

where Xg = (X{j))ies- When W € R? and ((w, @) = ||w—@|" for any norm
|l -1l in RY and any r > 1,

d d 71”/(1 -
Rg > inf sup — (vdr<1 + _>) o= (W V™ T|XZ)~h(W|XZ))r/d
r

PO PE Scim) T€

(2.115)

The proof of Theorem 2.5 is inspired by the proof of the Slepian-Wolf converse

for distributed almost-lossless source coding using the cutset argument [25,
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Chap. 15.4]: choose the auxiliary random variable U = X2 in Theorems 2.1

and 2.3, then optimize over S.

2.5.1 Sample Sets Conditionally Independent Given W

We first study the case where the sets of samples observed by the proces-
sors are conditionally independent given the parameter . In this case, we
can simply choose § = @ in Theorem 2.5 to obtain lower bounds on the
Bayes risk. To that end, we need an upper bound on I(W;V™*T) which is
independent of ¢ and ¢

Theorem 2.6. In the multi-processor setup, where the samples observed by

the processors are conditionally i.i.d. given W, for any choice of ¢ and ¢y,

I(W; V™T) < min {I(W;men)an, n(Pxn, Pwix»)mbnr,

(P, PW|Xn)mCT}, (2.116)

where np = n(P‘%TU). The first upper bound can be replaced by mI(W; X™)nr

Proof. Applying SDPI to the Markov chain W — X™xn — gmxT" _ yymxT
we get the first upper bound in (2.116). Due to the independence assump-
tion, the codewords Vg), . V(Z,;) received by the estimator are conditionally

independent given 1. This implies that (see, e.g., [3, Lemma 4])
I(W; vmxTy < Z (2.117)

Using Theorem 2.4 to upper-bound each term, we obtain the second and the
third upper bound in (2.116), as well as an alternative mI(W; X™)nr to the
first upper bound. O

To capture the penalty of decentralization, consider the situation where
a total number of N conditionally i.i.d. samples are allocated to a single
processor, which maps them to a B-bit message and uses the channel L

times to send the message. In this situation, Theorem 2.4 gives the upper
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bound

I(W;VE) < min{[(W;XN)nL, n(Pyw, Pxv ) By, n(PXN,PwlxN)CL}.
(2.118)

Once these resources are evenly distributed to m processors, so that each
processor observes N/m samples, maps then to a B/m-bit message, and uses

the channel L/m times to send the message, Theorem 2.6 implies that

I(W7 me%) S min {[(W, XN)T]L, ’r](PXN/m, PW|XN/"L)B77L/TTL7

1(Pyrm, PW‘XN/m)CL}, (2.119)

where the first upper bound can be replaced by mI(W; X™¥/™)n ,,. Compar-
ing (2.119) with (2.118), we see that the differences are in the SDPI constants
N(Pxn/m, PleN/m) and 7p,/m,. Since W — X" — X* form a Markov chain when-
ever k < n, Lemma 2.6 implies that 1(Py~/m, Py x~/m) is decreasing in m.
For example, when W ~ N(0,0%,) and X; = W + Z; with Z; drawn i.i.d.
from N(0,0%) for i = 1,...,n, we have n(Px, Py x) = noyy,/(noy, + 0°) by
(2.47). Then by Lemma 2.6

2
o N/m
N(Px~im, Pyxnm) < W (2.120)
N 2 2
~ W when 2% is small. (2.121)
m o? o?

Moreover, from (2.67) we know that 7y, is decreasing in m as well, and

~

NLjm & (Pyiv) when 7n(Pyy) is small. (2.122)

EU
Thus, when the processors observe sample sets that are conditionally inde-
pendent given the parameter, the penalty of decentralization can be captured
by the reduced SDPI constants. The resulting upper bound on I(W; me%)
decreases as the resources are distributed to more processors.

To illustrate the effectiveness of Theorem 2.6, we first show an example
of mean estimation in the d-dimensional Gaussian location model with a

Gaussian prior:

Example 2.7. Consider the decentralized estimation of W ~ N(0,0%1,)
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with m processors, where the samples are i.i.d. draws from N(w,o*1;) given
W = w. The distortion function is {(w,®) = |jw — @||3. Suppose there are
N samples in total, a budget of B bits for quantization, and L available uses

of the channels. These resources are evenly distributed to the m processors.

Combining (2.119) from Theorem 2.6 and (2.115) in Theorem 2.5, we get
the following Bayes risk lower bound for Example 2.7:

Corollary 2.8. In Example 2.7, the Bayes risk satisfies

, ex
P Noi, +mo? d

N o No2,Ind4 (Bnpm ACL
RBszIQ/VmaX{<1—|— JW) (_ owlnd (B ))}7
O'

(2.123)

where Ny, = n(P“%])

The first lower bound captures the increase of the Bayes risk due to the
noisy communication channels, as compared to the Bayes risk W of the
centralized estimation. From the second lower bound, we can see the order
increase of the Bayes risk when the samples and the communication resources
are distributed to more processors. When the communication channels are

noiseless, the lower bound in Corollary 2.8 reduces to

do? No3,In4 B
Rg > — W do} —— ). 2.124
B_max{1+Na‘2,V/a2’ UWeXp( NO'%/V—FmO'Qd)} ( )

It shows that, with noiseless communication channels, in order to achieve
the same performance as in the centralized scenario, the total number of bits

allocated for quantization needs to be at least

mo? \ d No
B> (1 —1 1 W 2.12
—(+Naav)20g(+o) (2.125)

Note that it is necessary to have N > m, since each processor should observe
at least one sample. Whether the lower bound in (2.125) is a sufficient
condition for achieving the Bayes rate of centralized estimation is an open
problem.

As a second example, we use Theorem 2.6 to derive lower bounds on the
minimax risk for a nonparametric estimation problem studied in [2]. Here

we assume that the communication channels are noisy:
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Example 2.8. Consider the decentralized estimation of the mean of an un-
known distribution P on X = [—1,1]%, where each processor i € [m] only ob-

serves a single independent sample X ;) drawn from P. We use P to denote
the family of probability distributions on [—1,1]¢, and define (P) = Ep[X]

for a distribution P € P. The minimax risk of this example is defined as

Ru= inf supEp|l6(P) — o (V™72 (2.126)

Y ¥R Y PeP
where v is an estimator of 0 € [—1,1]%.

Corollary 2.9. In Example 2.8, the minimax risk satisfies

d d
R —min< 1 2.127
M E mm{ " mmin{dnr, bnr, C’T}}’ ( )

where nr = 1(PFy,)-

Proof. At a high level, the proof strategy follows that in [2] by reducing the
minimax estimation problem to the Bayes estimation problem in Example 2.5
of Sec. 2.4.2. However, here we use the result of Corollary 2.6 instead of the
distance-based Fano’s inequality used in [2] to obtain a tighter lower bound.
The lower bound will also be able to capture the influence of noisy channels
between the processors and the estimator.

Let W, 0, and Px,w, be defined as in Example 2.5. Conditional on W = w,
each processor observes an independent copy of X, whose coordinates are
drawn according to Px;jw,=w,; for « = 1,...,d. Hence Pxjw=, € P for all
w € {—1,1}%. Let 0,, = 0(Pxjw-y) = 0w, then

100 — Our||? = 46%u(w, w'), (2.128)
where /g denotes the Hamming distance. Define
Rp = inf infE[em(W, W), (2.129)
WT?‘?? P

where the second infimum is over all estimators of W ~ Unif({—1,+1}%).
Then, for 0 <6 <1,

Ry > 48°Rg. (2.130)
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From the proof of Corollary 2.6 and Theorem 2.6, we have

’m

1
L= ha(Ra/d) < ZI(W;V™T) £ — min {dnT, by, CT}, (2.131)

where we have replaced the first upper bound in Theorem 2.6 with mI(W; X)nr,
and used the fact that 1 — hy((1 — §)/2) < §2. Thus,

52
Ry > 46%d hy! (1 — Tm min{dnr, bnr, CT}> : (2.132)

With 62 = min{1,d/(2m min{dnr, bnr, CT})}, the quantity in the paren-
theses is at least 1/2, and since h;'(1/2) > 1/10, we obtain the desired
result. O

When the communication channels are noiseless, Corollary 2.9 reduces to

Ry > gmin{l, ﬁ}, (2.133)
which recovers the lower bound in [2, Proposition 2| and improves the multi-
plicative constant. The lower bound can be achieved within a constant factor
when b = d, using a method described in [2].

As the last example of this section, we apply Theorem 2.6 to the case where
the parameter is a vector of length n, and each component of the sample set

is generated according to the corresponding component of the parameter.

Example 2.9 (CEO problem with noisy channels). Suppose the unknown
parameter now is a random sequence W', consisting of n i.i.d. draws from
some prior distribution Py on RY. X1y, -+, X(m) are assumed to be inde-
pendent, but not necessarily identically distributed, conditional on W. Given
W™ = w", the ith processor observes the sample set X(’;), whose jth com-
ponent is independently drawn from Px w=w;, for j = 1,...,n. The ith
processor then maps X(Z) to a b;-bit message and encodes it for transmission
via T uses of a noisy channel Pyy. The estimator computes W" from the
m receiwed codewords as an estimate of W™. The distortion is measured by

%Z?zl |lw; — @;||" with some norm || - || on R and some r > 1.

When the channels between the processors and the estimator are noiseless,
Example 2.9 coincides with the chief estimation officer (CEO) problem [30].
Courtade [31] worked out a lower bound on the sum rate of the CEO problem

41



using SDPI. The following result is an extension of the result in [31] to the

case where the channels between the processors and the estimator are noisy:
Corollary 2.10. For the CEQO problem with noisy channels in Example 2.9,

if % ZyzlEHVVj — ﬁ/\JHT < «, then the quantization rates b;/n, 1 =1,...,m,
need to satisfy

5 Py P e = 1) tog (Va(%5) 0 (14 1) ) 2131y

- r
=1

where Ny = n(P‘Q,@'TU).

Proof. Since X (1y>--- , X (m) 8re conditionally independent given W™, Theo-

rem 2.6 gives

=1
= Z bin(PX(iy PW|X(Z~))77T7 (2'136)
=1

where the second step follows from the independence among (W, X ;)’s for

each fixed ¢ = 1,...,m, and the tensorization property of the SDPI constant

(Lemma 2.8).
Now define
Ry (a) = inf _ I(W;W)
Piy gy EIW =W | <a
and
Ryn(a) = inf (W)
PW”|W”7‘:% Z?:l E“WJ_WJ”TSO‘

to be the rate-distortion functions of W and W™, respectively. We have

I(W™ W™ > Ry (c) (2.137)
=nRwy(a) (2.138)

> (h(W) ~log (w(?)dﬁro + g))) . (2139)

where (2.137) is because of the assumption that %Z?Zl E|W; — /V[ZH’" < o
(2.138) uses the additivity property of the rate-distortion function under ad-
ditive distortions; and (2.139) is a consequence of (2.36). The proof of (2.134)
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is completed by combining the upper and lower bounds on I(W™; W”) O

2.5.2 Sample Sets Conditionally Dependent Given W

Now we consider the situation where the processors observe dependent sam-
ple sets conditional on the parameter. To obtain tight Bayes risk lower
bounds, we need to choose a suitable conditioning subset & in Theorem 2.5.
Once S is chosen, we need to evaluate or upper-bound the expected con-
ditional small ball probability E[Ly (X2, p)] or the conditional differential
entropy h(W|X2). We also need to upper-bound I(W;V™7T|X%) regard-
less of the choice of ¢ and ¢ . Here we give a general upper bound on
I(W; Vm<T| X2, which holds regardless of whether or not the sample sets

are conditionally independent given W':

Theorem 2.7. In the multi-processor setup, for any choice of ¢¢y and ¢F,
and for any S C [m],

1OV VT 1XE) < min {TOV; X2 X5, 0(S)IS bmisr, 7(S)IS9CT },

(2.140)
where 8¢ = [m]\'S, Nse;r = n(P‘%'gC'T), and
n(S) = supn (P, xa—ey, Pwixg. xz—az)- (2.141)
rg
In particular, when the channels are noiseless, we have
I(W; V™T|X") < min {[(W; XX, n(S)|SC|b}. (2.142)
Proof. Section 2.7.5. m

Theorem 2.7 can be used to capture the penalty of decentralization when
the sample sets are conditionally dependent. Consider the situation where
n

all of the m sample sets X (1) > X(m) are observed by a single processor,

which maps them to an mb-bit message and uses the channel mT" times to
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send the message. In this situation, we have the upper bound

[(W; V™ |[X2) < min {I(W; X2,

X&), (S)mbnar, n(S)mCT}
(2.143)

(see Section 2.7.5 for the proof). In particular, when the channels are noise-

less, we have
I(W; V™T|X2) < min {I(W; X1 XD, n(S)mb}. (2.144)

Comparing (2.140) with (2.143), we can see that, when the sample sets are
dependent conditionally on W, the penalty of decentralization can still be
captured by the reduced upper bound on I(W; V™| X2%). In particular, when
the channels are noiseless, for a fixed S, the second upper bound in (2.142)
is only a %“Sl fraction of the second upper bound in (2.144). However, this
does not mean that choosing S as large as possible leads to the tightest lower
bound on the Bayes risk. The reason is that a larger S generally corresponds
to alarger E[Lw (XE, p)] or a smaller h(W|X%), which may offset the decrease
of the upper bound on I(W; V™| X%). The optimal S to choose thus depends
on the specific problem.

We study two examples to illustrate the effectiveness of combining the
upper bound on I(W;V™|X2) in Theorem 2.7 with the lower bounds in
Theorem 2.5. For simplicity, we focus on the case where the communication

channels are noiseless.

Example 2.10. Consider a two-processor case, where W ~ U|0,1] and
X1, Xy € {0,1}. The conditional distribution Px ) Xy W=w 18 specified as
PXM,X(Q)‘W:UJ(O, 0) = PX(I),X@)‘W:w(l, 1)=(1-w)/2, and PX(I),X@)‘W:w(O, 1)
= Px(l),x(2)|wzw(1,0) = w/2. Note that X; and Xs are marginally indepen-
dent of W, but are jointly dependent on W. In the decentralized estimation,
processor i observes X(”Z.) and maps the samples to a b-bit message. The esti-
mator computes W based on the noiselessly received messages. The distortion

function is {(w, W) = |w — @|.

For this example, we can choose & = {2}, then use (2.115) in Theorem 2.5
and (2.142) in Theorem 2.7 to obtain the following lower bound on the Bayes

risk:
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Corollary 2.11. In Example 2.10, the Bayes risk satisfies

1 7,1
Rp > 2—2*“*2 ®, (2.145)
(&

Proof. Since X5 is independent of W, h(W|X{,)) = h(W) = 0. Moreover,
since XZ";) and X&) are independent, and Z" = X("l) @ X&) is a sufficient

statistic of X(”l) and X&) for W,

U(PX("lﬂX(”Q):x&), Pw‘X(anX&):m&)) = T](Pzn, PW|Z") fOI' all l’?z), (2146)
where Z;’s are iid. Bern(1/2) and Pz w-., = Bern(w). As shown in
Sec. 274, 19(PW\Z") =1-—2"" Thus

Sup 77(PX("1)|X

T(2)

n s Pwixs X&):m&)) <1-27" (2.147)

=% (1)’

Combining (2.115) in Theorem 2.5 and (2.142) in Theorem 2.7, we get

Rp > 2i2I(W§Y(1)7Y(2)|X<nz))+h(W|X("2>) (2.148)
e
1 —n
> 2—2—“—2 ® (2.149)
e
which proves the claim. O

In the extremal case when Processor 1 does not send anything to the
estimator, no matter how many bits Processor 2 can send to the estimator,

the Bayes risk is lower-bounded by

1

Rp > %’ (2.150)
which follows from (2.145) by setting b = 0. This conforms to the fact
that X (”2) is independent of W. It shows that the communication constraint
can have much more severe effects on the estimation performance when the
sample sets are dependent conditionally on the parameter, as compared to
the case where the processors can observe samples that are conditionally i.i.d.
given the parameter.

The lower bound in (2.145) may not be tight in general. Setting b = % logn,
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(2.145) implies that

1
2ey/n’

This lower bound would be achievable up to a constant factor when Proces-

Rg >

(2.151)

sor 1 could observe both X 8) and X (”2), in which case the problem is reduced
to Example 2.6 with noiseless channel. But it is unlikely to be achievable
when the sample sets are distributed to the two processors. A recent paper
of El Gamal and Lai [32] studies the problem of decentralized minimum-
variance unbiased estimation of W based on observations quantized at the
rate of b/n. It is shown that Slepian—Wolf rates are not necessary to achieve
the centralized estimation performance, but in their protocol b needs to be
proportional to n. The optimal rate region for this decentralized estimation
problem is still unknown.

Now we examine the penalty of decentralization. First consider the situa-
tion where a single processor can observe both X Z"”l) and X &) and map them
to a 2b-bit message. In this situation, (2.115) in Theorem 2.5 together with
(2.144) lead to

1 n
Rp > 2—2*“*2 )2, (2.152)
€

Choosing 2b = %log n, we have

1
2e\/n’

For achievability, the processor can compute the sufficient statistic 2" =

Rp >

(2.153)

X1y @ X(3), where Z;’s are i.i.d. Bern(w) given W = w, and use 1 logn bits
to uniformly quantize the sample mean of Z" over [0, 1]. Following the same

analysis as in Case 1 of Example 2.6, we obtain

Rp < W (2.154)

Thus the lower bound (2.153) is tight up to a constant factor in this situation.
Once the sample sets and the 2b = %logn bits are distributed to the two
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processors, it follows from (2.145) that

1

525 (2.155)

Compared with (2.153), we can see the order increase of the lower bound.
Therefore, although the Bayes risk lower bound given by (2.145) may be
conservative, it can already reflect the penalty of distributing the sample
sets and the communication resources to two processors.

Example 2.10 can be extended to the m-processor case:

Example 2.11. Consider the following conditional distribution of a length-m
binary vector (Xay, ..., X)) given W:

(1— w)2’(m’1), ifxa)y @ ... 0 T =0

Px o X W=w(T)s -+ T(my) = :
@ ) w2_(m_1), if Z(1) Pb...PD T(m) = 1
(2.156)

The vector (Xqy,...,Xm)) has the property that any m — 1 or fewer of

its coordinates are independent of W, while the entire vector is dependent
on W. Moreover, Z = X1y ® ... ® X(m) s Bern(w) conditional on W =
w, and Z is a sufficient statistic of (X(1),...,Xm)) for estimating W. In
decentralized estimation, the ith processor observes XZ;), 1 =1,...,m, and
maps its samples to a b-bit message. The estimator computes W based on the

noiselessly received messages. The distortion function is {(w,w) = |w — w|.

With § = {2,...,m}, following a similar analysis as in Example 2.10, we

can show that
h(W|X3) = h(W) =0, (2.157)
and

camans Pwixn xnmen) < 1— 27 (2.158)

(1)’

sup (P,
Tg

Thus combining (2.115) in Theorem 2.5 with Theorem 2.7, we get a lower
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bound on the Bayes risk in Example 2.11:

1 7,1
Rp > 2—2*“*2 ®, (2.159)
(&

Again, we can examine the penalty of decentralization. In the situation
where a single processor can observe (Xa), e ,X("m)) and map them to a
mb-bit message, it follows from (2.114) in Theorem 2.5 and (2.144) that

1 _n
Rp > 9~ (1=27")mb, (2.160)

2
Choosing mb = %log n, we have

1
Rp > —— 2.161
B — 26\/%7 ( )
which is tight up to a constant factor. Once the sample sets and the mb =

%logn bits are distributed to the m processors, it follows from (2.159) that

1
Rp >

Compared with (2.161), we can see the order increase of the lower bound as
m increases, which reflects the penalty of distributing the sample sets and

the communication resources to more processors.

2.5.3 Interactive Protocols

When the communications channels are noiseless and feedback is available
from the estimator to the processors, each processor can observe the messages
sent by the other processors. This allows for the interactive protocols, as
studied in [2,4,5]. Here we consider a case where the processors take turns
to send messages to the estimator, and each processor transmits only once.
The message sent by a processor can depend on the previous messages sent
by other processors, and is noiselessly received by the estimator. This serial

interactive setup has also been considered by Shamir [6].

Theorem 2.8. Consider the multi-processor setup, where the processors ob-

serve sample sets X(”l), e ,X(’;n) that are conditionally i.i.d. given W, and
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where the message sent by the ith processor is given by
Yo = %’(Xg), Yi*l), 1=1,...,m. (2.163)

If the backward channel Pxy satisfies

dPX\W:w

x) > a, for all x € X and w,w'" € W (2.164)
dPX|W:w’

for some constant o € (0, 1], then, for any choice of ©™ and 1,
I(W;Y™) < min {I(W; XXy (1 — a")mb}. (2.165)

In particular, the above upper bound holds in the non-interactive case as well.
Proof. Section 2.7.6. [

We can apply Theorem 2.8 to the “hide-and-seek” problem formulated
by Shamir [6] as a generic model for a number of decentralized estimation

problems and online learning problems:

Example 2.12. Consider a family of distributions P ={P, :w =1,...,d}
on {0,1}. Under P,, the wth coordinate of the random vector X € {0,1}¢
has bias %—I—p, while the other coordinates of X are independently drawn from
Bern(%). Forv=1,...,m, the ith processor observes n samples X(’;) drawn
independently from P,, and sends a b-bit message Y(;) = gpi(XZ};), Y1) to the
estimator. The estimator computes W from the received messages Y™. The

minimaz 1isk of this example is defined as

Ry = inf maxP[W # w]. (2.166)

e weld]

The minimax lower bound for this problem obtained in [6] is

1 1
Ry>1-— § + 54/ min Opnmb,mnp2 for 0 < p<—. (2.167)
d d 4n

The question was left open whether this lower bound can be improved. The

following result gives an affirmative answer.
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Corollary 2.12. In Example 2.12, the minimaz risk is lower bounded by

1 —2p\n
min{{l - < p) }mb—i—l, (4mnp2/\logd)—|—1}

>1—
B 1+2p
(2.168)

log d

forogpgé.

Proof. Let W be uniformly distributed on {1,...,d}. Then we can use the
techniques developed so far to derive lower bounds on the average error prob-
ability IP’[/W # W], which will provide lower bounds on the minimax risk.
Using the fact that

+
I

PX|W:w (f[))
PX|W:w’ (.I)

Vv
NN

for all z € X and w,w’ € W, (2.169)

Theorem 2.8 gives

I(W;Y™) < {1— (1_2p)"} mb  for 0< p<

2.1
1+2p (2.170)

In addition, since the entries in X™*" are i.i.d. conditional on W = w,

defining @ as the uniform distribution on {0, 1}¢, we have

IW; X)) < mnD(Pxywl| Px | Pw) (2.171)
< mnD(Pxw(|QPw) (2.172)
=mn(1 — ha(3 + p)) (2.173)
< dmnp?, (2.174)

where (2.172) follows from the identity

D(Pxwl| Px|Pw) = D(Pxw Q| Pw) — D(Px[|Q),

and in the last step we have used the fact that he(p) > 4p(1 — p). We also
know that I(W; X™*") < H(W) = logd. Therefore, for 0 < p < 3,

I(W;Y™) < min { [1 - ( )n] mb, (4mnp? A log d)} L (2.175)
Moreover, the lower bound (2.114) in Theorem 2.5 with the choice § = &
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and the distortion function ¢(w,w) = 1{w # w} becomes the usual Fano’s

inequality
— IW;Y™) +1
PW#W|>1—- ———m—. 2.176
L (2,170
Plugging in the upper bound (2.175), we get the result. O

Now we compare the result of Corollary 2.12 and the lower bound in
(2.167). Note that the lower bound in (2.167) holds only for 0 < p < ﬁ,
whereas the lower bound given in Corollary 2.12 holds for all 0 < p < % We
compare them in two cases. In the first case we set p = ﬁ, and in the second
case we set p = 0.01 for all n. In both cases we set m = 10, d = 512, and
b = 3d, as [6] considers the situation where b = O(d). With n varying from 1
to 1000, we plot the lower bounds for the two cases in Fig. 2.3 and Fig. 2.4,
respectively. We can see that the lower bound given by Corollary 2.12 is

tighter in the plotted range of n in both cases.

p=r
0.9 : n

0.8

0.7

05F

04r

0.2r1

our lower bound
0.1r lower bound by Shamir | |

O 1 1 1 1
0 200 400 600 800 1000

n

Figure 2.3: Comparison of minimax lower bounds given by Corollary 2.12
and by [6], where m = 10, d = 512, b = 3d, and p = ﬁ.
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lower bound by Shamir
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Figure 2.4: Comparison of minimax lower bounds given by Corollary 2.12
and by [6], where m = 10, d = 512, b = 3d, and p = 0.01 (the lower bound
in [6] is set to 0 when n > 1/4p).

2.6 Conclusion and Future Research Directions

We have proposed an information-theoretic framework for deriving general
lower bounds on the Bayes risk in a systematic way, with applications to

decentralized estimation. The main contributions are summarized below.

e Starting in the context of centralized estimation, we have derived lower
bounds on the Bayes risk in terms of mutual information (Theorem 2.1)
and information density (Theorem 2.2). Both lower bounds involve
the small ball probability. They are proved by lower-bounding the
probability of excess distortion using properties of the Neyman-Pearson
function, and then converting these bounds into lower bounds on the
expected distortion using Markov’s inequality. The lower bounds in
Theorem 2.1 and Theorem 2.2 apply to general parameter spaces, prior

distributions, sample generating models, and distortion functions.

e Theorem 2.3 gives a lower bound on the Bayes risk in terms of mutual
information and differential entropy. The proof does not involve a de-

tour to bounding the probability of excess distortion, and instead relies
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on the Shannon lower bound for the rate-distortion function, which
directly relates the mutual information to the expected distortion. Its
unconditional version can yield tighter lower bounds than that of The-
orem 2.1. However, it only applies when the parameter space is R% and

the distortion is measured by some norm.

All of our lower bounds on the Bayes risk for centralized estimation
involve an auxiliary conditioning random variable U. A proper choice of
U can lead to tighter lower bounds than the ones without conditioning.
Moreover, when applied to decentralized estimation, choosing U as a
subcollection of sample sets enables us to handle the case where the

processors observe conditionally dependent sample sets (Theorem 2.5).

In the context of decentralized estimation, the general results are re-
finements of the lower bounds on the Bayes risk based on mutual in-
formation (Theorem 2.1 and Theorem 2.3). We have used strong data
processing inequalities (SDPIs) as a unified method to quantify the con-
traction of mutual information caused by communication constraints.
The essence of this method is exhibited already in the upper bounds on
the mutual information for the single-processor setup (Theorem 2.4).
For the multi-processor setup, we have discussed two cases depending
on whether the sample sets are conditionally independent or not (The-
orem 2.6 and Theorem 2.7). The resulting lower bounds on the Bayes
risk (Theorem 2.5) provide us with a systematic way to quantify the

penalty of decentralization.

Finally, we have obtained upper bounds on the mutual information
(Theorem 2.8) for interactive communication protocols, where the pro-
cessors take turns to send their messages, and each processor transmits
only once. Deriving general upper bounds on the mutual information
using SDPIs for multi-round interactive protocols is an interesting di-

rection for future research.
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2.7 Additional Proofs for Chapter 2

2.7.1 Proofs of Lemma 2.1 and Lemma 2.2

The proof relies on the properties of the Neyman—Pearson function, which
arises in the context of binary hypothesis testing, and is defined as follows:
Given two probability measures P and () on a common measurable space Z,
for any a € [0, 1] let

Ba(P,Q) = inf {/ZfdQ:/zfdPZa}. (2.177)

f:Z—[0,1]
We will need the following properties of 5, (P, Q):

e Data processing inequality: For any Markov kernel K from Z into an-

other measurable space Y,

Ba(PK,QK) > B.(P,Q), (2.178)
where PK and QK are the images of P and () under K [33].
e Weak converse: For any a € [0, 1],

da(al[fa) < D(P[|Q), (2.179)

where dy(pl|q) = plogZ + (1 —p)log }%g is the binary relative entropy

34].
e Strong converse: For any « € [0, 1],
a—Yfa < (1 — yinf%(z)> P [d—P(Z) > 7} Vy >0. (2.180)

(see [35, Lemma 35]).

Now we proceed to the proof. Fixing an arbitrary Pyw,x, define P = Pyw, x
and Q = Py ® Py ® Pxjy. For any estimator ¢» : X — W and any
p > 0, consider the function f(w,z) = 1{l(w,w) < p}. Then [ fdP =
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Ple(W, W) < p] and [ fdQ = Q[¢(W, W) < p]. On the one hand,

QW) <= [ [ [ 1{tt0,9) < ph v (dul) Py (0l P
(2.181)

_ /U /W PLU(W, @) < plU = u] Py (dibfu) Py (du) (2.182)

< / sup PIE(W, @) < plU = u] Py (du) (2.183)
= E[ﬁwlU(Ua p)]- (2.184)

On the other hand, by the definition of 5, and by the data processing in-
equality (2.178),

Q[ﬁ(VV, W) < p] > ﬁ]p[g(wﬁ/\)gp] (]P)va[% Qwﬁ/\) (2'185>
> Bp[g(wj/[?)gp] (Pa @) (2'186>

Combining (2.184), (2.185), and (2.179), and using the fact that ds(a||5) >

alog % — ha(ar), we obtain a lower bound on the excess distortion probability

. I(W; W|U) +1
PEW, W) > p] 21~ log (1/E[Lwu (U, p)])’

(2.187)

which proves Lemma 2.1.
Combining (2.184), (2.186), and (2.180), we obtain another lower bound

on the excess distortion probability

Pl(W, W) > p] ZPli(W; X|U) < logn] = 7E[Lw (U, p)]+

. dPwv=u
~ inf

WPwwen B X|U) > loga] YA > 0,
U, W, dPW\Uzu,X:x

(2.188)

which proves Lemma 2.2.
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2.7.2 Proofs of Corollary 2.1 and Corollary 2.2

Proof of Corollary 2.1

We prove this result using Theorem 2.1, by choosing U as an conditionally
independent copy of X™ given W. In Example 2.1, we have the conditional
pdf

pwixneen = N(E[W|X" = 2"], Var[W|X" = 2"]), (2.189)
where
ol oty
EW| X" =2"] = —————7 Var[W| X" = 2" = — W
ug 7] 0% +o%/n" ar{IV o 1+ nog, /o
(2.190)
and z = £ 3" 2;. Thus,
1 1 n
pwixr—en | = sup [pwiscn—on (w)] \/QW <0%v + 02) (2:191)
and therefore
Ly xn (2", p) = SHEPHW —w| < p| X" = 2" (2.192)
we
w—+p
- sup/ Pwxn—gn (w')dw’ (2.193)
weER Jw—p
< 2p|pwixr=an || (2.194)

2 1 n
= - =4+ —= . 2.1
p\/ﬂ' (U%V + 02> (2.195)

1. 142002 /02
I(W; X"|X™) = I(W:; X", X™) = I(W; X™) = - log %
w

(2.196)

In addition,
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From (2.11),

2
o nxm
N W o~ (I(W;iX"|X"™)+1)/(1-s) 2.197

E OS<181£>1\/2(1+n0%V/02)3 ( |

1+ 02/(no},) oY,
> ST 02 (o™ ) \/ 201 + nol /o) (2.198)

1 To2
> 14 2.199
- 16\/2(1+n0§v/02)’ ( )

where the second line follows by setting s = 1/2.

Proof of Corollary 2.2

Again, we use Theorem 2.1 by choosing U as an conditionally independent

copy of X™ given W. In Example 2.2, we have the conditional pdf

n

s (ule”) = 0+ 1)}

)(1 —w)" " 1{0 < w < 1}, (2.200)
where k = >""" | x;. Since the maximum of the function
w— (1 —w)"Fwk1{0 <w < 1}

is achieved at w* = k/n, we have

lpwiscnzee || = (n+1) (Z) (1- E>M<E>k, (2.201)

n n

and therefore

Ly xn (2", p) < 2)0HpW\X":mnHOO =2p(n+1) <Z> (1 - E>n_k <E)k

(2.202)

Since the marginal distribution of K =Y | X; is uniform over {0,...,n},

E[Lyw x- (X", p)] < Qpi (Z) (1- %)"_k<§>k (2.203)

and, using Stirling’s approximation [36, p. 54], we have the estimate
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O O R

With these upper bounds, we have

E[Lw xn (X" ,p)]<2p<2+z1/2ﬂkn_ ) < 2p(2+ \/mn/2).

(2.205)
In addition, from (2.15),
n m 1

I(W; X™MX™) — 5 as n — 00. (2.206)

Therefore, using Eq. (2.11), we find

S ’
Re > su 9—(I(W; X" X™)+1)/(1=s) 2.207
"= 0<sI<)1 2(2+ /7 /2) ( )
1 /

2—2(I(W;X"|X ")+1) 2.208
42+ /mn/2) ( )
~ m as n — o9, (2209)

where the second line follows by setting s = 1/2.

2.7.3 Proof of Corollary 2.3

We use the lower bound in (2.24) to prove this result. In Example 2.3, the

conditional pdf py|xn—,» is a truncated Gaussian distribution

n Hwllz < a} no-
i (wle") = i e (—5lz—wl3), (2210

where T = % S x; € R and the normalizing factor is

cn@)_/Rd%e b (5l — wl}3) duw (2.211)

=P[|X +U,|» < a|X =] (2.212)
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with U,, ~ N(0, %Id) independent of X. We can show that?
cn(X) 5 as n — 00. (2.213)

Indeed, since X L W and U, 4, 0, we have X + U, 4w [37, Lemma 4.5
and Corollary 4.7], hence

Ellea(X) = 1] = 1~ E[e,(X)] = BIX + Ull2 > a = P[[W ]|, > a] = 0
(2.214)

as n — oo, and thus c,(X) L% 1 asn — oo. Since Zn L 7 is equivalent to
E[|Z, — Z| AN1] — 0 as n — oo, we arrive at (2.213). From (2.210),

()" Il <
— X a

H H ) cn(T) \ 2702 ’ 2=
L SR L (Tl BTN
X e e— T a

cn(T) \ 2702 P 202 ’ ?

(2.215)

Let V; denote the volume of the unit ball in (R, || -||2). Then, for all 2 and

[wllz < a,

Pw|xn=gn (w)
pw(w)

Viad d/2
< Via oo, < 25 ()"

2.216
= ¢, () \2mo? ( )

Choosing v = (1+6)V,a? (Q:UQ)d/Q (for an arbitrary 6 > 0) and p = a(2y)~'/¢
in (2.24), we get

Rg > p <]P [i(W;X”) < log’y} - ’Yﬁw(p)) (2.217)
(]P [c‘:c(l??) <2:a2)d/2 = 7} 7 <§>d) (2.218)

v
=

1 Vd_ 4,4 |2m0? 1 1
> P = 149 —= 2.21
= (2(1+5)) Y V n cn(X) ST 2 (2.219)
1 [2no%d
>
R 50 - as n — 00, (2.220)

. . . Lt P
3Given a sequence of real-valued random variables {Z,}, we write Z,, — Z, Z, —

Z, and Z, 4 7 to indicate the convergence in L', in probability, and in distribution,
respectively.
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where the last step follows from the fact that ¢, (X) LS| (hence 1/c,(X) i
1), (1/2)Y4 > 1/2 for all d > 1, V,;/* < 5/v/d for all d > 1, and the fact that
0 > 0 is arbitrary. We thus obtain a lower bound that is asymptotic in n and

non-asymptotic in a, o2, and d.

2.7.4  Proof of Equation (2.101)

We have py (w) = 1 for w € [0,1], and Pxnjw (2"|w) = w*(1 — w)"~*, where

s is the Hamming weight (the number of 1’s) of 2. Thus,

1

and
P (w]2™) = w(1 — w)"™*(n + 1) (”) |

This gives

n—+1

| Pw|xn=an — Pwxn—sn|Tv =

2
[

which is maximized by choosing " and z" such that s = 0 and § = n. Hence

n+1 [ n
V(P ixn) = 5 /0‘(1—w)"—w"‘dw:1—2 .
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2.7.5 Proofs of Theorem 2.7 and Equation (2.143)

Proof of Theorem 2.7

The first upper bound follows from

I(W; Vvt Xg) = I(W; Ve (2.221)
< n(Pyzr,) I(W; Use | X5) (2.222)
< Miserl (W Yse| X3) (2.223)
< ser I (W X5 X3), (2.224)

Xs)

where (2.221) follows from the Markov chain W, V. — X% — VI and (2.222)
follows from the Markov chain W, X2 — UZ. — V& and the conditional version

of SDPI (Lemma 2.7).
Alternatively, we can upper-bound I(W;Ysc|X2) in (2.223) with the fol-

lowing chain of inequalities:

I(W; V™| X2) < mseprd (W Yse| X2) (2.225)

< Niser / I(X§e; Yse|X§ = xg)n(Pch\Xg:zg, PW|XgC,Xg:xg)PXg (dzs)

(2.227)

< T)|se|T SUP 1(Pxg.xg=en, Pwixz, xz=az) [S°|D, (2.228)
rs

where (2.227) is from the Markov chain W —X¢g. —Ys. conditional on X% = 2%
and the SDPI, and (2.228) is because (XZ;Yse|X%) < H(Yse) < |S°|b.

Lastly, from the Markov chain W — X2, — V& conditional on X2 = 2% and
the SDPI,

(W™ T|Xg) = I(W; Ve X3) (2.229)
< I(X35e; Ve | Xg) sup U(ngcmgzxg, PW\XgC,Xg:xg) (2.230)
zs
<|s|cT SUPU(PXQC\Xg:xg; PW|XgC,Xg:$g)7 (2.231)
s

where the last step follows from I(X2.; VE|X2) < I(UL; VL
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because of the Markov chain X% — UL, — VL.

Proof of Equation (2.143)

The proof parallels that of Theorem 2.7. For the first upper bound in (2.143),

I(W V™ XZ) < Py (W3 U™ |X3) (2.232)
< M [(W: Y |X3) (2.233)
< M (W5 X2 |X2), (2.234)

where (2.232) is from the Markov chain W, X% — U™ — y™T,

Alternatively, we can upper-bound I(W;Y|X2) in (2.233) with the follow-

ing chain of inequalities:

I(WV™XE) < nr [ (WY |X5) (2.235)
= an/I(W; Y|X§ = mg)ng(dmg) (2.236)
< an/I(ch; Y|X§ = 25)n(Pxp. xz=an, Pwixz, xa—an) Pxz (d2)

(2.237)

< N1 SUP U(ngcmgza:g, PW|X§C,Xg::cg)mb7 (2.238)
T

where (2.237) is from the Markov chain W — Xg. —Y conditional on Xg = 2%
and the SDPI; (2.238) is because [(XZ;Y|XZ) < H(Y) < mb.
Lastly, from the Markov chain W — X2. — V™ conditional on X% = x%
and the SDPI,
LW V™ Xg) < I(Xge; VX g) sup Py, xg—og Pvixg. xg—az)
Ts

(2.239)
< mCT sup n(Pxz, | xz=on, Pwixz. xp=ez), (2.240)
Tg

where the last step follows from [(XZ;V™|X%) < [(U™;V™TX%) <
I(U™T; VmT) because of the Markov chain X% — U™ — V™I,
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Figure 2.5: Bayesian network of (W, X™*™ Y™) in the interactive case
(m =4).

2.7.6 Proof of Theorem 2.8

The first upper bound in (2.165) follows from the Markov chain W — X" —
ym™,

To prove the second upper bound in (2.165), we use the chain rule to
decompose I(W;Y™) as

IV Y™) =31V Y [y, (2.241)
i=1
and then apply SDPI to each term. Since Y(;) = ( iy Y1), we know that

W — X (i)~ Y(;) form a Markov chain given Y*~! = y*~!. Thus the SDPI gives

(WYY =y h) < n(Pipxgy vy )L (X Yo [Y 1 = 7).
(2.242)

Now the goal is to upper-bound n(PW‘Xz’;)yyi—lzyi—l). We can view PW|X(ni)7yi—1:yi—l
as the backward channel and PXn W yisi=yi-1 as the forward channel. Since
we assume that each processor sends its message only once, X and Y1
are conditionally independent given W, which can be seen from the Bayesian

network in Fig. 2.5. Therefore,

M ) S 2013)
dPXn |W w’ Yz lfyz 1 (Z) dPX’ﬂ |W w’ (Z)
>a" for all zf}), w, and w', (2.244)

where (2.244) follows from the condition in (2.164) and the assumption that

n

the samples in X (i) are conditionally i.i.d. given W. Then by Lemma 2.5, the
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SDPI constant of the backward channel satisfies

W(PW\X(’;),YH:yi—l) <1-a"
Since the above inequalities hold for any 3!, we have

I(W; YY) < (1= a™)I(X(); YY)

< (1—a™I(X™" Y|V,

It follows that

I(W;Y™) < (1—aI(X™"™y™)
< (1 —a™)mb.
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Chapter 3

Lower Bounds for Distributed Function
Computation

3.1 Introduction and Preview of Results

3.1.1 Model and Problem Formulation

The problem of distributed function computation arises in such applications
as inference and learning in networks, and consensus or coordination of mul-
tiple agents. Each node of the network has an initial random observation and
aims to compute a common function of the observations of all the nodes by ex-
changing messages with its neighbors over discrete memoryless point-to-point
channels and by performing local computations. A problem of theoretical and
practical interest is to determine the fundamental limits on the computation
time, i.e., the minimum number of steps needed by any distributed computa-
tion algorithm to guarantee that, when the algorithm terminates, each node
has an accurate estimate of the function value with high probability.
Formally, a network consisting of nodes connected by point-to-point chan-
nels is represented by a directed graph G = (V, £), where V is a finite set of
nodes and £ C V x V is a set of edges. Node u can send messages to node
v only if (u,v) € £. Accordingly, to each edge e € £ we associate a discrete
memoryless channel with finite input alphabet X., finite output alphabet Y.,
and stochastic transition law K, that specifies the transition probabilities
K (ye|ze) for all (z.,y.) € X. X Y. The channels corresponding to different
edges are assumed to be independent. Initially, each node v has access to
an observation given by a random variable (r.v.) W, taking values in some
space W,. We assume that the joint probability law Py, of W £ (W, ).y is

known to all the nodes. Given a function f : [],., W, — Z, each node aims

veV
to estimate the value Z = f(W) via local communication and computation.

For example, when f is given by the identity mapping Z = W, the goal of
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each node is to estimate the observations of all other nodes in the network.

The operation of the network is synchronized, and takes place in discrete
time. A T'-step algorithm A is a collection of deterministic encoders (¢, ;)
and estimators (¢, ), for allv € V and t € {1,...,T}, given by mappings

ot Wy x Y 5 X by W, x YI = Z,

where X, = [T,en. Xww) and Yoo = [Toenr. Y. Here, Noe 2 {u €
V:(u,v) € Eyand N, = {u €V : (v,u) € £} are, respectively, the in-
neighborhood and the out-neighborhood of node v. The algorithm operates
as follows: at each step ¢, each node v computes X, ; =S (Xwu)t)ueN,, =
gov,t(WU,ifj’l) € Xy, and then transmits each message X, along the
edge (v,u) € €. For each (u,v) € &, the received message Y{,.): at each ¢ is
related to the transmitted message X, via the stochastic transition law
K(uu). At step T', each node v computes Z) = 1, (W, Y.I') as an estimate of
Z, where Y, ; £ (Y )ueny. € Yoo for t € {1,...,T}.

Given a nonnegative distortion function ¢ : Z x Z — R™, we use the excess
distortion probability IP[E(Z, Z}) > 5} to quantify the computation fidelity
of the algorithm at node v. A key fundamental limit of distributed function

computation is the (g, d)-computation time:

T(s,6) = inf {T € N :3 a T-step algorithm A such that

maxP[((Z,Z,) > ] < 5}. (3.1)

veY

If an algorithm A has the property that

rgggP[ﬁ(Z, Z,) >e] <6,

then we say that it achieves accuracy € with confidence 1 — 6. Thus, T'(¢,0)
is the minimum number of time steps needed by any algorithm to achieve
accuracy € with confidence 1 — 4. The objective of this chapter is to derive
general lower bounds on T'(e,d) for arbitrary network topologies, discrete
memoryless channel models, continuous or discrete observations, and func-
tions f.

Previously, this problem (for real-valued functions and quadratic distor-
tion) has been studied by Ayaso et al. [38] and by Como and Dahleh [39] using
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information-theoretic techniques. This problem is also related to the study
of communication complexity of distributed computing over noisy channels.
In that context, Goyal et al. [40] studied the problem of computing Boolean
functions in complete graphs, where each pair of nodes communicates over a
pair of independent binary symmetric channels (BSCs), and obtained tight
lower bounds on the number of serial broadcasts using an approach tailored
to that special problem. The technique used in [40] has been extended to
random planar networks by Dutta et al. [41]. Other related, but differ-
ently formulated, problems include communication complexity and informa-
tion complexity in distributed computing over noiseless channels, surveyed
in [42]; minimum communication rates for distributed computing [43-45],
compression, or estimation based on infinite sequences of observations, sur-
veyed in [46, Chap. 21]; and distributed computing in wireless networks,
surveyed in [47]. Some achievability results for specific distributed function

computation problems can be found in [38,48-55].

3.1.2 Method of Analysis and Summary of Main Results

Our analysis builds upon the information-theoretic framework proposed by
Ayaso et al. [38] and Como and Dahleh [39]. The underlying idea is rather
natural and exploits a fundamental trade-off between the minimal amount of
information any good algorithm must necessarily extract about the function
value Z when it terminates and the maximal amount of information any
algorithm is able to obtain due to time and communication constraints. To
be more precise, given any set of nodes S C V, let Ws = (Wy)ves denote
the vector of observations at all the nodes in §. The quantity that plays a
key role in the analysis is the conditional mutual information I(Z; Z,|Ws)
between the actual function value Z and the estimate Z, at an arbitrary
node v, given the observations in an arbitrary subset of nodes & containing
node v.

Consider an arbitrary T-step algorithm A that achieves accuracy ¢ with
confidence 1 — ¢. Then, as we show in Lemma 3.1 of Sec. 3.2.1, this mutual

information can be lower-bounded by

1
[Lzws(Ws,€)]

1(Z: Z,|Ws) > (1 —6)log = — ha(6), (3.2)
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where hy(§) = —dlogd — (1 — 9)log(1 — ) is the binary entropy function,

and

Laws (ws.) = sup BIU(Z, ) < e[ Ws = ws]
FAS

= S;gglf”[f(f(w), z) < e|Ws = ws]

is the conditional small ball probability of Z = f(W) given Ws = ws as de-
fined in (2.3). The conditional small ball probability quantifies the difficulty
of localizing the value of Z = f(W) in a “distortion ball” of size ¢ given
partial knowledge about the value of W, namely Ws = wg. For example, as
discussed in Sec. 3.4, when f is a linear function of the observations W, the
conditional small ball probability can be expressed in terms of so-called Lévy
concentration functions [56], for which tight estimates are available under
various regularity conditions.

On the other hand, if A is a T-step algorithm, then the amount of infor-
mation any node v has about Z once A terminates can be upper bounded by
a quantity that increases with 7" and also depends on the network topology
and on the information transmission capabilities of the channels connecting
the nodes. To quantify this amount of information, we consider a cut of the
network, i.e., a partition of the set of nodes V into two disjoint subsets & and
S¢ 2 V\S, such that v € S. The underlying intuition is that any information
that nodes in S receive about Ws. must flow across the edges from nodes in
S¢ to nodes in §. The set of these edges, denoted by s, is referred to as
the cutset induced by S. Figure 3.1 illustrates these concepts on a simple

four-node network. We then have the following upper bound [38,39] (see also

S° S

Figure 3.1: A four-node network with a cut defined by S = {2,3} and
S¢={1,4}. The cutset Es consists of edges (1,2) and (4, 3), marked in
blue.
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Lemma 3.4 in Sec. 3.2.2):
1(Z; Z,|Ws) < TCs. (3.3)

The quantity Cs, referred to as the cutset capacity, is the sum of the Shannon
capacities of all the channels located on the edges in the cutset £s. Thus,
if there exists a cut (S,S°) with a small value of Cs, then the amount of
information gained by the nodes in & about Z will also be small. Note that
the cutset upper bound grows linearly with 7. However, when the initial

observations W are discrete, we also know that
[(Z;Z,|Ws) < I(Wse; Z,|Ws) < H(Wse|Ws),

where H(Ws:|Ws) is the conditional entropy of Wse given W, which does
not depend on 7'. In fact, we sharpen this bound by showing in Lemma 3.5
in Sec. 3.2.3 that

1(Z; Z,|Ws) < (1 — (1 —n,)") H(Wse[Ws). (3.4)
Here, n, is defined as
=su —](U;Yv)
777.1 - p ](U,XU)7

where the supremum is over all triples (U, X,,Y,) of r.v.’s; such that U takes
values in an arbitrary alphabet, U — X, — Y, is a Markov chain, X, takes
values in X,., Y, takes values in Y,., and the conditional probability law
Py, |x, is equal to the product of all the channels entering v. As discussed in
detail in Sec. 2.3, this constant is related to so-called strong data processing
inequalities, and quantifies the information transmission capabilities of the
channels entering v. When 7, < 1, the upper bound (3.4) is strictly smaller
than H(Wsc|Ws). With the upper bound (3.4), we can strengthen the cutset
bound to the following:

1(Z; Z,]Ws) < min {TCs, (1 — (1 —n,)") H(Wse|[Ws)}. (3.5)

Combining the bounds in (3.2) and (3.5), we conclude that, if there exists a
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T-step algorithm A that achieves accuracy € with confidence 1 — §, then

1 1
T > max {C_s ((1 —d) log L7 (Vs.2) — h2(5)> )

) 1
log (1 ~ HWeWa) <(1 —9) logW B h2(5)>) }

10g(1 - 7711)
(3.6)

moreover, this inequality holds for all choices of S C V and v € S§. The
precise statements of the resulting lower bounds on T'(e, §) are given in The-
orem 3.1 and Theorem 3.3.

The lower bound in (3.6) accounts for the difficulty of estimating the value
of Z = f(W) given only a subset of observations Ws through the small
ball probability £zws(Ws,€), and for the communication bottlenecks in the
network through the cutset capacity C's and the constants 7n,. The presence
of Lzjws(Ws,e) in the bound ensures the correct scaling of 7'(e,d) in the
high-accuracy limit € — 0. In particular, when the function f is real-valued
and the probability distribution of Z = f(W) has a density, it is not hard to
see that Lzw,(Ws,e) = O(¢), and therefore T'(e, §) grows without bound at
the rate of log(1/¢) as ¢ — 0. By contrast, the bounds of Ayaso et al. [3§]
saturate at a finite constant even when no computation error is allowed,
i.e., when ¢ = 0. Detailed comparison with existing bounds is given in
Sec. 3.4, where we particularize our lower bounds to the computation of
linear functions. Moreover, in certain cases our lower bound on 7'(¢, §) tends
to infinity in the high-confidence regime § — 0. By contrast, existing lower
bounds that rely on cutset capacity estimates remain bounded regardless of
how small we make §.

Throughout this chapter, we provide several concrete examples that il-
lustrate the tightness of the general lower bound in (3.6). In particular,
Example 3.1 in Sec. 3.2.4 concerns the problem of computing the mod-2 sum
of two independent Bern(1) random variables in a network of two nodes com-
municating over binary symmetric channels (BSCs). For that problem, we
obtain a lower bound on T'(0,0) that matches an achievable upper bound
within a factor of 2. In Example 3.2 in Sec. 3.2.4, we consider the case where
the nodes aim to distribute their discrete observations to all other nodes,

and obtain a lower bound on 7(0,0) that captures the conductance of the
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network, which plays a prominent role in the previously published bounds
of Ayaso et al. [38]. In Sec. 3.5, we study two more examples: computing a
sum of independent Rademacher random variables in a dumbbell network of
BSCs, and distributed averaging of real-valued observations in an arbitrary
network of binary erasure channels (BECs). Our lower bound for the former
example precisely captures the dependence of the computation time on the
number of nodes in the network, while for the latter example it captures the
correct dependence of the computation time on the accuracy parameter ¢.

A significant limitation of the analysis based on a single cut (S, S¢) of the
network is that it only captures the flow of information across the cutset
Es, but does not account for the time it takes the algorithm to disseminate
this information to all the nodes in S. We address this limitation in Sec. 3.3
through a multi-cutset analysis. The main idea is to partition the set of nodes
V into several subsets Si,...,S,, such that, for all P; £ S U...US;, the
cutsets Ep,,...,Ep,_, Epe,...,Epe_ are disjoint, and to analyze the flow of
information across this sequence of cutsets. Once such a partition is selected,
the analysis is based on a network reduction argument (Lemma 3.7), which
lumps all the nodes in each S; into a single virtual “supernode.” The con-
struction of the partition ensures that each supernode 7 only communicates
with supernodes ¢ — 1 and 7 + 1, and can also send noisy messages to itself
(this is needed to simulate noisy communication among the nodes within S;
in the original network). Thus, the reduced network takes the form of a chain
with n nodes communicating with their nearest neighbors over bidirectional
noisy links and, in addition, sending noisy messages to themselves. We refer
to this network as a bidirected chain of length n — 1. Figure 3.2a shows the
partition of a six-node network, and the bidirected chain reduced from this
network is shown in Fig. 3.2b.

Once this reduction is carried out, we can convert any 7T-step algorithm
A running on the original network into a randomized T-step algorithm A’
running on the reduced network with the same accuracy and confidence guar-
antees as A. Consequently, it suffices to analyze distributed function com-
putation in bidirected chains. The key quantitative statement that emerges
from this analysis can be informally stated as follows: For any bidirected
chain with n > 3 nodes, there exists a constant ) € [0, 1] that plays the same
role as 7, in (3.4) and quantifies the information transmission capabilities

of the channels in the chain, such that, for any algorithm A that runs on
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) —\ 3
“' 1&& 8 "
(a) (b)

Figure 3.2: A six-node network partitioned into three sets, S; = {1,4},

Sy ={2,5}, and S3 = {3,6}. Here, P; = {1,4}, P, = {1,2,4,5}, and the
cutsets Ep, = {(2,1),(2,4)}, Ep, = {(3,2),(6,5)}, Epe = {(1,5),(4,5)}, and
Eps ={(2,3),(5,6)} are disjoint. Observe that nodes in S; communicate
only with nodes in S; and &, and nodes in 83 communicate only with

nodes in S and S3. The bidirected chain reduced from the network is
shown on the right.

this chain and takes time 7' = O(n/n), the conditional mutual information
between the function value Z and its estimate Zn at the rightmost node n

given the observations of nodes 2 through n is upper bounded by

[(Z; Zy|Wai) = O (C(LTQ)”Ze—W) : (3.7)
where C(; 2y is the Shannon capacity of the channel from node 1 to node 2.
The precise statement is given in Lemma 3.8 in Sec. 3.3.1. Intuitively, this
shows that, unless the algorithm uses §2(n/n) steps, the information about
W1 will dissipate at an exponential rate by the time it propagates through
the chain from node 1 to node n. Combining (3.7) with the lower bound on
1(Z; Z\n|W2m) based on small ball probabilities, we can obtain lower bounds
on the computation time 7'(e,d). The precise statement is given in Theo-
rem 3.4. Moreover, as we show, it is always possible to reduce an arbitrary
network with bidirectional point-to-point channels between the nodes to a
bidirected chain whose length is equal to the diameter of the original net-
work, which implies that, for networks with sufficiently large diameter, and

for sufficiently small values of ¢, 9,

T(e,8) = 0 (“%“”) | (3.8)

where diam(G) denotes the diameter. This dependence on diam(G), which
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cannot be captured by the single-cutset analysis, is missing in almost all of
the existing lower bounds on computation time. An exception is the paper
by Rajagopalan and Schulman [50] that gives an asymptotic lower bound
on the time required to broadcast a single bit over a chain of unidirectional
BSCs. Our multi-cutset analysis applies to both discrete and continuous
observations, and to general network topologies. It can be straightforwardly
particularized to specific networks, such as bidirected chains, rings, trees, and
grids, as discussed in Sec. 3.3.2. We note that techniques involving multiple
(though not necessarily disjoint) cutsets have also been proposed in the study
of multi-party communication complexity by Tiwari [57] and more recently
by Chattopadhyay et al. [58], while our concern is the influence of network

topology and channel noise on the computation time.

3.2 Single-cutset Analysis

We start by deriving information-theoretic lower bounds on the computation
time T'(¢,6) based on a single cutset in the network. Recall that a cutset
associated to a partition of V into two disjoint sets S and S¢ = V\ S consists

of all edges that connect a node in §¢ to a node in S:
EsE{(u,v) €€ ueSveS}= (S xS)NE.

When S is a singleton, i.e., S = {v}, we will write &, instead of the more
clunky &f,y. As the discussion in Sec. 3.1.2 indicates, our analysis revolves
around the conditional mutual information I(Z; Z,|Ws) for an arbitrary set
of nodes S C V and for an arbitrary node v € S. The lower bound on
(7, Z,|W5) expresses quantitatively the intuition that any algorithm that

achieves

max P[{(Z, Z,) > e] <o

veY

must necessarily extract a sufficient amount of information about the value
of Z = f(W) = f(Ws,Wsc). On the other hand, the upper bounds on
1(Z: Z,|Ws) formalize the idea that this amount cannot be too large, since
any information that nodes in § receive about Ws. must flow across the edges
in the cutset s (cf. [25, Sec. 15.10] for a typical illustration of this type of
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cutset arguments). We capture this information limitation in two ways: via
channel capacity and via SDPI constants.

The remainder of this section is organized as follows. We first present
conditional mutual information lower bounds in Sec. 3.2.1. Then we state
the upper bound based on cutset capacity in Sec. 3.2.2 and the upper bounds
based on SDPI in Sec. 3.2.3. Finally, we combine the lower and upper bounds

to derive lower bounds on 7'(,d) in Sec. 3.2.4.

3.2.1 Lower Bounds on I(Z; Z,|Ws)

Lower Bound via Small Ball Probability
For any ¢ > 0, S C V, and ws € [],cs W, according to the definition in

(2.3), the conditional small ball probability of Z given Ws = wg is

Laws(ws,e) =supPU(Z, z) < e[Ws = ws]. (3.9)

zeZ

This quantity measures how well the conditional distribution of Z given
Ws = ws concentrates in a small region of size ¢ as measured by £(-,-). A
useful fact about the conditional small ball probability is the monotonicity
of the set function S — E[Lzws(Ws,€)]: if S C S C V, then

ElLziws Ws,€)] < E[L;(Ws,€)]. (3.10)

Indeed, by the law of iterated expectation, for any S C &’ C V we have

£2|W5(w3,€) = SZIEJ_IZ)E[E[].{€<Z, Z) S €}|Wg/] Wg = ws]
< E[sup E[1{U(Z, 2) < £}|Ws!]|Ws = ws]

zeZ

= E[ﬁz(WSI,é)‘WS = ws].
Integrating over wg, we obtain (3.10).

The following lower bound on I(Z; Z,]Wg) in terms of the conditional

small ball probability is essential for proving lower bounds on T'(g, §).
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Lemma 3.1. If an algorithm A achieves

maxP[U(Z,Z,) > €] <6 <1/2, (3.11)

veV
then for any set S CV and any node v € S,

1

[(Z; Z,|Ws) > (1 - 8)log E[Lzws(Ws, €)]

— hy(6), (3.12)

where hy(6) = —dlogd — (1 — 9) log(1 — §) is the binary entropy function.

Proof. Fix an arbitrary § C V and an arbitrary v € S. Consider the proba-
bility distributions P = PWS,Z,Z and Q = Py, @ Pzws @ PZIWS‘ Define the
indicator random variable T £ 1{{(Z, Z,) < e}. Then from (3.11) it follows
that P[Y = 1] > 1 — §. On the other hand, since 7 — Ws — Z, form a
Markov chain under Q, by Fubini’s theorem,

o == [ [ 1462 < <)Pazhu Bz s Blauy
- /W S /Z P[((Z,%,) < e|Ws = ws]P(dZ,|uws)P(dws)
< | swPlez,5) < el Ws = s P(dus)
= E[ZZUWS(WS, e)]. (3.13)

Consequently,

1(Z; Z,[Ws) = D(P|Q)
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where

(a) follows from the data processing inequality for divergence, where dy(p||q) =

plog(p/q)+(1—p)log((1—p)/(1—q)) is the binary divergence function;

(b) follows from the fact that dy(p||q) > plog(1/q) — ha(p); and
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(c) follows from the fact that P[Y = 1] > 1 —4§ > 1/2 by (3.11), and

]

For a fixed ¢, Lemma 3.1 captures the intuition that, the more spread the
conditional distribution Pz is, the more information we need about Z to
achieve the required accuracy; similarly, for a fixed Pz, the smaller the
accuracy parameter £, the more information is necessary. In Sec. 3.4, we
provide explicit expressions and upper bounds for the conditional small ball
probability £zw,(ws, €) in the context of computing linear functions of real-
valued r.v.’s with absolutely continuous probability distributions. We show
that, in such cases, Lzws(ws,e) = O(e), which implies that the lower bound
of Lemma 3.1 grows at least as fast as log(1/¢) in the high-accuracy limit

e — 0.

Lower Bound via Rate-distortion Functions

In Sec. 3.1.1, we have defined the (g,0)-computation time where the excess
distortion probability is used as a measure of the computation fidelity. Al-
ternatively, we can use the expected distortion E[E(Z, ZJ)] to quantify the

computation fidelity of node v, and define the e-computation time as
T(c) 2 inf {T € N:3A € A(T) such that maxE[((Z,Z,)] < g}. (3.14)
ve

Lemma 3.2 summarizes the relationship between the two definitions of com-

putation time.
Lemma 3.2.

1. For alle >0 and § € (0,1),

T(e/d,0) < T(e).

2. If the distortion function is bounded, i.e., dyayx = max, zez £(2,2) < 0o,
then for all € € [0, dmax] and § € [0,1),

T(e + ddmax) < T'(g,0).
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Proof. 1. If ]E[E(Z,, Z)} < g, then due to the non-negativity of the distor-

tion function and Markov’s inequality,

P[U(Z,, Z) > £/5] < W <4

2. If]P’[E(Z,, Z) > 5] < ¢, then by the assumption that 0 < ¢(2,2) < dyax,

~

E[((Z,,2)] = /OOOW(Z,Z) > u)du

~

_ /EIP’[K(Z),Z) > u]du+/dmxp[e(zv,2) > u]du

< €+ ddax-

]

To obtain lower bounds for the e-computation time defined with respect to
the expected distortion, we can make use of the conditional rate-distortion
function of Z given W [59], defined as

Rzws(e) = inf 1(Z; Z|Ws). (3.15)

Ps1zws’ E[(Z,2)|<e

The operational meaning of Rz, (e) is the minimum asymptotic rate to
encode the source Z within expected distortion € when both the encoder and
the decoder are provided with the side information Ws. Also denote the

usual rate distortion function of Z by

Ry(e) = inf  1(Z;2).

PElZ;E[E(Z,Z)]gs

Under the expected distortion criterion, I(Z; Z,|Ws) can be lower-bounded
in terms of Rzw,(e) or Rz(e). Moreover, when Z is continuous and the
distortion function is quadratic, the lower bound only involves the conditional

differential entropy of Z given Wy, as stated in the following lemma.

Lemma 3.3. If an algorithm achieves maxveyE[ﬁ(Z, Z,)] < g, then for any
set S CV and any node v € S,

1(Z; Z,|Ws) > Rzws(e) > Rz(e) — 1(Z; Ws).
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If Z is continuous and ((z,2) = (2 — 2)?, then under the same condition,

~ 1 1
I1(Z: Z > h(Z —1 .
(Z; Z,|Ws) = h(Z|Ws) + 5108 5——

Proof. For any set S C V and any node v € §, an algorithm that achieves
max,cy E [ﬁ (Z, ZJ)] < ¢ yields a conditional distribution P, that lies in
the feasible set for the infimization in (3.15). Thus,

1(Z; Z,|Ws) > Rzws (o).

The conditional rate distortion function can be further lower bounded in
terms of Ry(g) [59],

Rzws(e) 2 Rz(e) — 1(Z; Ws).

1[(Z: Z,|Ws) = h(Z|Ws) — h(Z| Zy, Ws)

= WZ|Ws) = W(Z = Zy|Zy, W)

> WZ|Ws) — W(Z — Z,)
1

> h(Z|Ws) — 3 log (2meE[(Z — Z,)?])
1 1

> hZ ~1

(Z]Ws) + 2 8 2mee’

where we have used the fact that conditioning reduces differential entropy and
WMZ—2,) < 1log (27re]E[(Z—Z,)2]). This completes the proof of Lemma 3.3.
O

3.2.2 Upper Bound on I(Z; 2U|W3) via Cutset Capacity

Our first upper bound involves the cutset capacity Cs, defined as

Cs2 ) C.

ecs

Here, C, denotes the Shannon capacity of the channel K..

Lemma 3.4. For any set S C V, let Zs 2 (Z,)veg. Then, for any T-step
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algorithm A and for any v € S,
1(Z; Z,\Ws) < 1(Z; Zs|Ws) < TCs.

Proof. The first inequality follows from the data processing lemma for mutual
information. The second inequality has been obtained in [38] and [39] as well,
but the proof in [38] relies heavily on differential entropy. Our proof is more
general, as it only uses the properties of mutual information.

For a set of nodes S C V, let Xs; 2 (Xy4)ves and Ys; £ (Y, ;)ves. For two
subsets Sy and S, of V, define X (s, s,).¢ = (X(W),t cu € 81,0 € Sy, (v,u) €
5) as the messages sent from nodes in &; to nodes in Sy at step ¢, and
Y(s1,80) = (Y(u,v)ﬂf cu € 81,v € Sy, (u,v) € 5) as the messages received by
nodes in S, from nodes in S; at step t. We will be using this notation in the
proofs that follow, as well.

If T = 0, then for any v € S, Z, = (W), hence I(Z; Zg|W5) <
I(Z;Ws|Ws) = 0. For T" > 1, we start with the following chain of in-
equalities:

~ (a)
I(Z; Zs|Ws) <

~
S

WS> WSC; WSay‘ST‘WS)
Wse; Yo [We)

Il
~
S

I(Wese; Yo |[Ws, YET)

[M]=

,ﬁ
Il

1

I(Wse; Y, |[Ws, YET! X))

G
]~

~
Il
—

I(Wee, Xse 15 Ys 1| Ws, Y& Xs4)

]~

1

o+~
I

I(Xses; Ysi[Ws, YE X 4) + T(Wese; Y i |[Ws, YE!, X, Xse )

[M]=

-
Il

1

I(Xses; Ysi|Ws, YE Xs4)

[©
(]~

—_
o,
=
-+
Il
—

[M] =

I(Xser; Ysi| Xst), (3.16)

~~
Il
—

where
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(a) follows from data processing inequality, and the fact that Z = f(Ws, Wse)
and /Z\v = ¢U<an Y;;T);

(b) follows from the fact that X, ; = @, (W, Y ™1);

(c) follows from the memorylessness of the channels, hence the Markov
chain Wge, W, Y§_1 — Xst, Xsey —+ Ys,, and the weak union property
of conditional independence [60, p. 25]; and

(d) follows from the Markov chain Ws, Y& — Xg4, Xse; — Vs, together
with the fact that, if X — A, B — C form a Markov chain, then

I(A;C1X,B) < I(A;C|B).
To prove this, we expand I (A, X;C| B) in two ways to get

I(A,X;C|B)=I1(X;C|B)+1(A;C|X,B)
=I(A;C|B)+I(X;C| A, B).

The claim follows from the fact that I (X;C| A, B) = 0.

From now on we drop the step index ¢ and denote X(s, s,): as Xs;s, to
snnphfy the notation. Note that XS = (X887XSSC) and Yg = (YSS,YScS).
We have

I(ch; Y3|Xg) = ](ch; chg, Y33|X3)
I(ch; chg Xg) —|— ](ch; Y33|X3, YSCS)
I

(

o

)
Xses, Xsese; Yses| Xs)

- I(chg; chg XS) + I(chgc; YSCS

Xs, Xses)

<> C., (3.17)

where

(a) follows from the Markov chain Xgc, Yscs — Xs — Yss and the weak

union property of conditional independence;
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(b) follows from the Markov chains Xs — Xgcs — Yses and Xgege, Xs —
Xses — Yses, and the weak union property of conditional indepen-

dence; and

(c) follows from the fact that the channels associated with Es are indepen-
dent, and the fact that the capacity of a product channel is at most

the sum of the capacities of the constituent channels [34].

Then the statement of Lemma 3.4 follows from (3.16) and (3.17). O

3.2.3 Upper Bound on I(Z; Z,|WS) via SDPI

In Sec. 2.3, we have introduced the necessary background on strong data pro-
cessing inequalities (SDPIs). We now state our upper bounds on /(Z; Z,|W5)
based on SDPI constants. Let K, = ®e€5v K, be the overall transition law

of the channels across the cutset &,. Define

= n(Ky)
as the SDPI constant of K, according to (2.43), and

* A
e K
my = max(Ke)

as the largest SDPI constant among all the channels across &£,. Our sec-
ond upper bound on I(Z; Z,|W3) involves these SDPI constants, and the

conditional entropy of Wse given Wg.

Lemma 3.5. For any set S C V, any node v € S, and any T'-step algorithm
A,

[(Z: Z,|Ws) < (1 = (1 — ny)")H(Wse|Ws)
< (1= (1 =)&) H(Wse|[Ws).

Proof. We adapt the proof of Lemma 2.10. For any v and ¢, define the
shorthand X, ; £ XNy w)t- HT =0, then for any v € S, Z, = 1, (Wy);
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hence I(Z; Z,|W5) < I(Z;W,|Ws) =0. If T > 1, then for any v € S,

I(Z; Zy|Ws) < I(Ws, Wse; W,, Y.I|Ws)
= [(Wse; Y, |[Ws)
= [(Wse; V7 Ws) + T(Wese; Yo p[Ws, V7Y
< I (Wese; YV THWes) + ] (Wese; Xoe | Ws, Y,

= (1 = )T (Wse; Y,/ HWs) + 0l (Wse; YL X 7| W),
(3.18)

where the fourth line follows from the conditional SDPI (Lemma 2.7) and
the fact that Wse, Ws, Y™ — X, — Y, form a Markov chain for ¢ €
{1,...,T}. Unrolling the recursive upper bound (3.18) on I(Wse; Y.I|Ws),
and noting that [(Wse; Y, 1|[Ws) < nul(Wse; Xo 1|Ws), we get

I(Wse; Y, [Ws) < (1 —n0)" 'l (Wase; Xo 1 [Ws) + ...+
(1 =m0l (Wse; V)72, Xy ra|[ W) + 1l (Wae; Y1 X | W)
<((T=m)" "+ (1= n) + ) H(Wse|Ws)
= (1= (1—n)")H(Ws:|Ws).

The weakened upper bound follows from the fact that 7, < 1 — (1 — n?)&!,
due to Lemma 2.10. This completes the proof of Lemma 3.5. O

Comparing Lemma 3.4 and Lemma 3.5, we note that the upper bound
in Lemma 3.4 captures the communication constraints through the cutset
capacity alone, in accordance with the fact that the communication con-
straints do not depend on W or Z. The bound applies when W is either
discrete or continuous; however, it grows linearly with 7. By contrast, the
upper bound in Lemma 3.5 builds on the fact that I(Z;Z,|Ws) is upper
bounded by H(Wse.

nication constraint through a multiplicative contraction of H(Wse

Ws), and goes a step further by capturing the commu-
Ws). It
never exceeds H(Ws:|Ws) as T increases. However, it is useful only when
Ws) is well-defined and finite (e.g., when W

is discrete). We give an explicit comparison of Lemma 3.4 and Lemma 3.5

the conditional entropy H(Wse

in the following example:

Example 3.1. Consider a two-node network, where the nodes are connected

by BSCs. The problem s for the two nodes to compute the mod-2 sum of
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their one-bit observations. Formally, we have G = (V,&) with V = {1,2},
E=1{(1,2),(2,1)}, Kng2 = Kp1) = BSC(p), Wi and Wy are independent
Bern(3) rv.’s, Z =W, & W, and €(2,2) = 1{z # Z}.

2

Choosing § = {2}, Lemma 3.4 gives
1(Z; Z5|Wa) < (1 — ha(p))T, (3.19)
whereas Lemma 3.5, together with the fact that n(BSC(p)) = (1—2p)?, gives
[(Z; Zo|Wy) < 1 — (4pp)", (3.20)

where, for p € [0,1], p = 1 — p. For this example, the cutset-capacity upper

bound is always tighter for small T, as

o(1 — (4pp)") 1
= —>1-— .
aT ’T:O lOg 4p23 = 1 h2(p), p S [07 1]

Fig. 3.3 shows the two upper bounds with p = 0.3: the cutset-capacity upper
bound is tighter when 7' < 5.

2.5 T
— [T
S 1 (4pp)" e
! 2 s <
S v
= s
s
£ )
o /
:%1 15 I //
= p
= v
=~ s
3 1 s
s
~§ s
v
2 ~
; 05} 7
7
& 4
5 7
%
0 1 1 1
0 5 10 15 20
T

Figure 3.3: Comparison of upper bounds in Lemma 3.4 and Lemma 3.5 for
computing mod-2 sum in a two-node network.
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3.2.4 Lower Bounds on Computation Time

We now proceed to derive lower bounds on the computation time T'(g,0)
and T'(¢) based on the previously derived lower and upper bounds on the

conditional mutual information I(Z; Z,|Ws). Define the shorthand notation

1
[Lz1ws(Ws, )]

I(S,¢,0) & (1—6)logE — ho(6),

which is the lower bound on I(Z; Z,|Ws) in Lemma 3.1.

Cutset-capacity Bounds

Combined with the conditional small ball probability lower bound in Lemma 3.1,

the cutset-capacity upper bound in Lemma 3.4 leads to a lower bound on
T(e,0):

Theorem 3.1. For an arbitrary network, for any e >0 and § € [0,1/2],

Z(S,¢,9)
> _~ ' ' 7
T(e, ) max s

Combined with the rate-distortion lower bound in Lemma 3.3, the cutset-

capacity upper bound leads to a lower bound on T'(¢):

Theorem 3.2. For an arbitrary network,

T(e) > max Rz(e) — I(Z;Ws)
Scy 03

If Z is continuous and ((z,2) = (2 — 2)?, then

1 1 1
T(e) > max o (h(Z|W5) +3 log QW%) :

From an operational point of view, the lower bound of Theorem 3.1 re-
flects the fact that the problem of distributed function computation is, in
a certain sense, a joint source-channel coding (JSCC) problem with pos-
sibly noisy feedback. In particular, the lower bound on I(Z; Z,|Ws) from
Lemma 3.1, which is used to prove Theorem 3.1, can be interpreted in terms
of a reduction of JSCC to generalized list decoding [61, Sec. II1.B]. Given
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any algorithm A and any node v € V, we may construct a “list decoder” as
follows: given the estimate Z,, we generate a “list” {z € Z: ((z, Z,) < e}. If
we fix a set S C V and allow all the nodes in S to share their observations
Ws, then IE[EZWS (Ws, €)] is an upper bound on the Py,-measure of the list of
any node v € §. Therefore, Z(S, ¢, 0) is a lower bound on the total amount
of information that is necessary for the JSCC problem. The complementary
cutset upper bound on I(Z; Z,|W3) bounds the amount of information that
can be accumulated with each channel use. The lower bound on T'(¢,4) can
thus be interpreted as a lower bound on the blocklength of the JSCC prob-
lem. Similarly, the lower bound from Lemma 3.3 involves the (conditional)
rate-distortion function, which quantifies the asymptotic fundamental limits
of lossy source coding. The complementary upper bounds on I(Z; Z,|Wg)
involve channel capacity, which quantifies the asymptotic fundamental limits
of channel coding.

As we will demonstrate in Sec. 3.4, based on Theorem 3.1, it is possible
to exploit structural properties of the function f (such as linearity) and of
the probability law Py, (such as log-concavity) to derive lower bounds on the

computation time that are often tighter than existing bounds.

SDPI Bounds

Combining the lower bound of Lemma 3.1 with the SDPI upper bound of

Lemma 3.5, we get the following:

Theorem 3.3. For an arbitrary network, for any e >0 and § € [0,1/2],

-1
Z(S,e,9) ))

log (1 — 220
T(&T, 5) > max max ( H(Wsc|Ws :
scv wes &, log(1 —nr)~1

(3.21)

where N £ maxeeg, N(K,).

We can obtain a lower bound on 7'(¢) of the same form by replacing Z(S, ¢, 0)
in (3.21) with the lower bounds on I(Z; Z,|Ws) in Lemma 3.3.
The lower bounds in Theorem 3.1 and Theorem 3.3 for T'(¢, ) can behave

quite differently. To illustrate this, we compare them in two cases:
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When H (W

Ws) > log W, Theorem 3.3 gives

Z(S,e,0) )—1

log (1 — 7772=—
T(e,d) > max max ( (s [Ws)
scv ves &y log(1 — )t

Z(S,¢e,0)loge
Ws)|E,|log(1 =)~

~ max max

SCV ves H(Wgc

which has essentially the same dependence on Z(S,¢,4) as the lower bound

given by Theorem 3.1. In this case, Theorem 3.1 gives more useful lower

bounds as long as Cs < H(Ws:|Ws), especially when W is continuous.
When H(Wsc|Ws) ~ log m and ¢ is small, H(Wsc|Ws) serves

as a sharp proxy of Z(S,e,0). Theorem 3.1 in this case gives

Z(8S,¢,0) H(Wse|Ws)
> 7 - 2 2
Teozey o T T o

while Theorem 3.3 gives

-1
I(S.2,0) ))

log (1 — w2~
T'(e,6) > max max ( H(Wse|Ws
SCV weSs €, log(1 — )1

lOg H(Wgc ’WS) + IOg #@)
~ max max s

SCV ves |Ey] log(1 —n)~1

where in the last step we have used the fact that log (5 + IJ(V}‘Z—%> ~

log (%) as 6 — 0. Theorem 3.1 in this case is sharper in capturing
the dependence of T'(g,d) on the amount of information contained in Z, in
that the lower bound is proportional to H(Wsc|Ws), whereas the lower bound
Ws) only through log H(Wsc|Ws).

On the other hand, Theorem 3.3 in this case is much sharper in capturing the

given by Theorem 3.3 depends on H (W

dependence of T'(¢,4) on the confidence parameter 0, since log ha(J) grows
without bound as 6 — 0, while the lower bound given by Theorem 3.1 remains
bounded. We consider two examples for this case.

The first is Example 3.1 in Sec. 3.2.3, for the two-node mod-2 sum problem.
We have Lzw,(w2,0) = max.cgoy P[W1 @ Wy = 2|Ws = wy| = L

5, and
Z(S,0,0) =1—9 — ha(d). Theorems 3.1 and 3.3 imply the following:

Corollary 3.1. For the problem in Ezample 3.1, for § € [0,1/2], the (0,0)-
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computation time satisfies

1— 5 — ho(8) log(s + hg(a))l}

7(0,0) > maX{ 1—ho(p) ~  log(4pp)

(3.22)
where the first lower bound is given by Theorem 3.1, and the second one is

giwen by Theorem 3.3.

To obtain an achievable upper bound on T'(0, §) in Example 3.1, we consider
the algorithm where each node uses a length-T" repetition code to send its
one-bit observation to the other node. Using the Chernoff bound, as in [27],
it can be shown that the probability of decoding error at each node is upper-
bounded by (4pp)T/2, and therefore this algorithm achieves accuracy ¢ = 0

T/2

with confidence parameter 6 < (4pp)*/*. This gives the upper bound

7(0,6) < 21080 "

< foglipp) T (3.23)

Comparing (3.23) with the second lower bound in (3.22), we see that they
asymptotically differ only by a factor of 2 as 6 — 0, as lims_,olog(d +
ha(6))/log(d) = 1. Thus, for the problem in Example 3.1, the converse lower
bound on 7'(0,d) obtained from the SDPI closely matches the achievable
upper bound on T'(0, ).

The second example concerns the problem of disseminating all of the ob-

servations through an arbitrary network:

Example 3.2. Consider the problem where W, ’s are i.i.d. samples from the
uniformly distribution over {1,... .M}, Z =W, and {(z,2) = 1{z #Z}. In
other words, the goal of the nodes is to distribute their observations to all

other nodes.

In this example, H(Ws:|Ws) = |S8¢| log M, and Z(S, 0, 6) = (1—0)|S¢| log M —
hy(6). Following Ayaso et al. [38, Def. I11.4], we define the conductance of

the network G as
. Cs

= min
Seviv|/2<|s|<v] |S¢|

>

o(G)

Then we have the following corollary:
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Corollary 3.2. For the problem in Example 3.2, Theorem 3.1 gives

(1 —6)|S5¢[log M — hs(d)

T7(0,6) > max C (3.24)
S
log M
2 —— as 6 — 0, (3.25)
(&)

whereas Theorem 3.3 gives

log (18¢| log M) + log ho ()2
T(O75)Zmaxmax Og(’ fog )+og 2()

SCV ves €, log(1 — m7) ! as 6 — 0. (3.26)

Again, we see that the lower bound obtained from SDPI is much sharper for
capturing the dependence of T'(0,4) on 4, since log hy(§) ™t — 400 as § — 0.
On the other hand, the lower bound obtained from the cutset capacity upper
bound is tighter in its dependence on M, and can also capture the dependence
on the conductance of the network.

Finally, we point out that Theorem 3.1 gives the correct lower bound
T(e,0) = 400 when the network graph G is disconnected (assuming f de-
pends on the observations of all nodes): If V consists of two disconnected
components S and S¢, then Cs = 0, which results in 7'(¢,6) = +00. Despite
the sharp dependence of the lower bounds of Theorems 3.1 and 3.3 on ¢ and
0, they have the same limitation as all previously known bounds obtained via
single-cutset arguments: they examine only the flow of information across a
cutset s, but not within S; hence they cannot capture the dependence of
computation time on the diameter of the network. We address this limitation

in the following section.

3.3 Multi-cutset Analysis

We now extend the techniques of Sec. 3.2 to a multi-cutset analysis, to ad-
dress the limitation of the results obtained from the single-cutset analysis. In
particular, the new results are able to quantify the dissipation of information
as it flows across a succession of cutsets in the network. As briefly sketched in
Sec. 3.1.2, we accomplish this by partitioning a general network using multi-
ple disjoint cutsets, such that the operation of any algorithm on the network

can be simulated by another algorithm running on a chain of bidirectional
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noisy links. We then derive tight mutual information upper bounds for such
chains, which in turn can be used to lower-bound the computation time for

the original network.

3.3.1 Network Reduction

Consider an arbitrary network G = (V,&). If there exists a collection of
nested subsets P; C ... C P,_1 of V, such that the associated cutsets
Epy,---,Ep,_, are disjoint, and the cutsets Epe,...,Epe  are also disjoint,
then we say that G is successively partitioned according to Py, ..., P,_1 into
n subsets Si,...,S,, where S; = P; \ Pi_1, with Py = @ and P, £ V. For
i € {2,...,n}, anode in §; is called a left-bound node of §; if there is an
edge from it to a node in S;_1. The set of left-bound nodes of S; is denoted
by 581-. For S;, define 581 = {wv} for an arbitrary v € §;. In addition, for
i€{2,...,n}, let

di 2 |Epe | + €| + 1{E N (S x 0S)} (3.27)

be the number of edges entering S; from its neighbors §; ; and S;y1, plus
the number of edges entering 55} from §; itself. For example, Fig. 3.2a in
Sec. 3.1.2 illustrates a successive partition of a six-node network into three
subsets S; = {1,4}, S, = {2,5}, and S; = {3,6}, with 08, = {4}, 0S, =
{2}, and 0S; = {3,6}. In addition, do = 5 and ds = 4. As another example,
the network in Fig. 3.4a, where each undirected edge represents a pair of
channels with opposite directions, can be successively partitioned into &; =
(1}, S, = {2,7}, Sy = {3,6,8,9}, Sy = {4,10}, and S5 = {5}, with 9S, =
{1}, dS, = {2,7}, 0S; = {3,8}, 0S, = {4,10}, and 0S; = {5}. In addition,
dy =6,d3="7,d, =06, and d5 = 2.

Formally, a network G has bidirectional links if, for any pair of nodes
u,v € V, (u,v) € € if and only if (v,u) € €. A path between u and v is
a sequence of edges {(v;,vi11)}F=!, such that v; = w and v, = v (if G is
connected, there is at least one path between any pair of nodes). The graph
distance between u and v, denoted by dg(u, v), is the length of a shortest path

between u and v (shortest paths are not necessarily unique). The diameter
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1’ 2/ 3 4 5

(b)

Figure 3.4: A successive partition of a network and the chain reduced
according to it.

1’ 2/ 3 4/ 5

(b)

Figure 3.5: Another successive partition (using the construction in the
proof of Lemma 3.6) and the chain reduced according to it.

of GG is then defined by

diam(G) £ max max de(u,v).

The following lemma states that any such network G can be successively

partitioned into n = diam(G) + 1 subsets:

Lemma 3.6. Any network G = (V, £) with bidirectional links (i.e., (u,v) € €
if and only if (v,u) € €) admits a successive partition into subsets Sy, ..., S,
with n = diam(G) + 1.

Proof. For any v € V and any r € {0 : diam(G)}, we define the sets
Bg(v,r) = {ucV:dg(v,u) <7}

and
Sa(v,r) 2 {u €V :dg(v,u) =r},

i.e., the ball and the sphere of radius r centered at v. In particular, Bg(v,r) =
Bg(v,r — 1) USg(v, 7).
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We now construct the desired successive partition. Let n = diam(G) + 1,
and pick any pair of nodes vg,v; € V that achieve the maximum in the
definition of diam(G). With this, we take

Pi = Bg(vg, i — 1), 1=1,...,n.
Clearly, Py = {vo} C Py C ... C P, =V, and moreover

Si = Sg(vg, i — 1), 1=1,...,n.
From this construction, we see that

Ep, ={(u,v) €€ :u€S1,veS}

and
Epe ={(u,v) €V:ueS;,veSi}.

The pairwise disjointness of the cutsets &p,, as well as of the cutsets Epe, is

immediate. O
Remarks:

e Using the construction underlying the proof, we can also show that, for
any two nodes in GG, we can successively partition G into n = dg(u, v)+1

subsets.

e For the successive partition constructed in the proof, all nodes in §;
are left-bound nodes, and d; is the sum of the in-degrees of the nodes
in Sz

As an example, Fig. 3.5a shows the successive partition of the network in
Fig. 3.4a using the construction in the proof, where §; = {1}, So = {2, 7},
Sy = {3,8}, Sy = {4,6,9}, S5 = {5,10}, with 9S; = S;, i € {1,...,5}, and
dy =6, d3 =6,d, =9, and d5 = 5.

The successive partition of G ensures that nodes in §; only communicate
with nodes in §;_; and S;.1, as well as among themselves. Indeed, suppose
that the network graph G includes an edge e = (u,v) € & with u € §;
and v € §;, where 7 > j + 1. By construction of the successive partition,
u € Pj,y CPjand v € P; C Pjy1. Therefore, e belongs to both &p; and
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Ep,,,- However, the cutsets &p, and Ep,,, are disjoint, so we arrive at a
contradiction. Likewise, we can use the disjointness of the cutsets Epe and
57)](3 to show that the network graph contains no edges (u,v) with u € &,
vedSj,and j>i+ 1.

In view of this, we can associate to the partition {S;} a bidirected chain
G' =V, &), ie., anetwork with vertex set V' = {1’,...,n'}, edge set

g ={(, (i— 1))}, u{{ +1)} - u{@ )},

and channel transition laws

K (i-1y) = 0%¢ K ) (3.28)
(u,v)EEUES; WES;—1

K(ilv(i‘ﬁ‘l)/) - ® K(u,v) (329)
(u,v)EEUES; WES 11

K(il:il) = ® K(u,v); (330)

(u,v)EENES; ,UEESZ-

where node ¢’ in G’ observes
Wiy = Ws,.

In other words, the subset S; in G is reduced to node ¢’ in G’; the channels
across the subsets in G are reduced to the channels between the nodes in G;
and the channels from S; to 587; in G are reduced to a self-loop at node i’ in
G’'. The channels from S; to S; \ BSZ- in G are not included in G’, and will be
simulated by node i’ using private randomness. For the network in Fig. 3.2a
in Sec. 3.1.2, according to the illustrated partition, it can be reduced to a
3-node bidirected chain in Fig. 3.2b, with K/ 1) = K gy, K2y = K2,
and Kz 3) = Kzg @ Kggz). For the network in Fig. 3.4a, according to
the illustrated partition, it can be reduced to a 5-node bidirected chain in
Fig. 3.4b, with Koy = Ko7 @ Kra), Kg3)y = Kez) @ Keg) @ Kgg),
and Ky 4y = K10) @ K104). According to the partition in Fig. 3.5a, the
same network can be reduced to a 5-node bidirected chain in Fig. 3.5b, with
Kooy = Keon@K72), Kway = Koy @K, and K 5y = K510 0K (10,5)-

For the bidirected chain G’ reduced from G, we consider a class of ran-

domized T-step algorithms that run on G’ and are of a more general form
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compared to the deterministic algorithms considered so far. Such a ran-
domized algorithm operates as follows: at step t € {1,...,T}, node ¥
computes the outgoing messages Xy i—1)y);: = fpi,’t(l/Vi/, Y;’f_l), X (i1t =
@i,7t(Wi/, YL Ul and Xering = G (Wi, Vi1 UL, and computes the
private message Uy ; = ﬁi/’t(Wi/,Yj_l, Uf/_l, Ry +), where Ry, is the private
randomness held by node ', uniformly distributed on [0, 1] and independent
across i’ € V' and t € {1,...,T}. At step T, node 7' computes the final esti-
mate Zy = Yy (Wi, Y;F') of Z. These randomized algorithms have the feature
that the message sent to the node on the left and the final estimate of a node
are computed solely based on the node’s initial observation and received mes-
sages, whereas the messages sent to the node on the right and to itself are
computed based on the node’s initial observation, received messages, as well
as private messages, and the computation of the private messages involves

the node’s private randomness. Define

T'(e,0) = inf {T € N : 3 a randomized T-step algorithm A’ such that
max P[((Z, Zy) > £] < §} (3.31)

eV

as the (e, d)-computation time for Z on G’ using the randomized algorithms
described above. The following lemma indicates that we can obtain lower
bounds on T'(¢, §) by lower-bounding 77(¢, §).

Lemma 3.7. Consider an arbitrary network G that can be successively par-
titioned into Sy, ...,S,, such that 55} s are all nonempty. Let G' = (V', &)
be the bidirected chain constructed from G according to the partition. Then,
given any T-step algorithm on G that achieves max ey P[U(Z, Z,) > €] <
0, we can construct a randomized T-step algorithm A" on G', such that
maxyey P[U(Z, Zy) > €] < 6. Consequently, T(e,8) for computing Z on
G is lower bounded by T'(e, ) defined in (3.31).

Proof. Section 3.7.1. O

Remark: In the network reduction, we can alternatively map all the chan-
nels from S; to §; (instead of only mapping the channels from S; to 581) in
the original network G to the self-loop at node i’ of the reduced chain G'.
By doing so, to simulate the operation of an algorithm A that runs on G,
the algorithm A’ that runs on G’ no longer needs to generate private mes-

sages using the nodes’ private randomness, since all the channels in G are
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preserved in G'. In other words, under this alternative reduction, any T-step
algorithm A in that runs on G can be simulated by a T-step algorithm A’ of
the same deterministic type as A that runs on G’. However, this alternative
reduction increases the information transmission capability of the self-loops
in G’, and will result in a looser lower bound on T'(g, ), as will be discussed
in the remark following Theorem 3.4.

In light of Lemma 3.7, in order to lower-bound T'(e, ) for computing Z
on G, we just need to lower-bound 7”(e,6) defined in (3.31). To this end,
we derive upper bounds on the conditional mutual information for bidirected

chains by extending the techniques behind Lemma 3.4 and Lemma 3.5:

Lemma 3.8. Consider an n-node bidirected chain with vertex setV = {1,...,n}

and edge set

€={Gi- D}, u{Gi+ D} u{6E)}L,,

and an arbitrary randomized T-step algorithm A’ that runs on this chain. Let

n; = n(K;) denote the SDPI constant of the channel K; = ®j:(j,i)65 K,
and let n = maxi—y ;. If T <n—2, then
I(Z; Zy|Wai) = 0.
If T'>n—1, then
( T—n+2
H(Wi|Wa)n Y B(T —i,n—2,n),n > 2 (3.32a)
5 i=1
-[(Za Zn|W2n) S T—n+42
Camn Y B(T—i—1,n—3,n)i, n>3(3.32b)
L i=1

with B(m, k,p) = (Z’j)pk(l —p)™ k. Forn > 2, the above upper bounds can

be weakened to

n—1

H(Wi[Way) (1= (1= )" )", (3.33a)

[(Za Z\n’WZn) S I
Cag(T—n+2)(1—(1—7)""?2)"" (3.33b)
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Moreover, ifn >4 andn—1<T <2+ (n—3)y/n for some~ € (0,1), then

1(Z; 2n|W2:n) < C(I,Q)@ exp <—2 (g - 77) (n— 3)) . (3.34)

Proof. Section 3.7.2. O

Equation (3.32a) is reminiscent of a result of Rajagopalan and Schul-
man [50] on the evolution of mutual information in broadcasting a bit over a
unidirectional chain of BSCs. The result in [50] is obtained by solving a sys-
tem of recursive inequalities on the mutual information involving suboptimal
SDPI constants. Our results apply to chains of general bidirectional links and
to the computation of general functions. We arrive at a system of inequali-
ties similar to the one in [50], which can be solved in a similar manner and
gives (3.32a) and (3.32b). We also obtain weakened upper bounds in (3.33a)
and (3.33b), which show that, for a fixed T, the conditional mutual infor-
mation decays at least exponentially fast in n. The upper bound in (3.34)
provides another weakening of (3.32a) and (3.32b), and shows explicitly the
dependence of the upper bound on n.

Assuming for simplicity that H(W;|Ws.,,) = 1, Fig. 3.6 compares (3.32a)
with the weakened upper bound in (3.33a). We can see that the gap can be
large when n is large and 7" is much larger than n. Nevertheless, the weakened
upper bounds in (3.33a) and (3.33b) allow us to derive lower bounds on
computation time that are non-asymptotic in n, and explicit in €, J, and

channel properties.

3.3.2 Lower Bounds on Computation Time

We now build on the results presented above to obtain lower bounds on
the T'(,0) by reducing the original problem to function computation over
bidirected chains. We first provide the result for an arbitrary network, and
then particularize it to several specific topologies (namely, chains, rings, grids,

and trees).
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Figure 3.6: Upper bound in (3.32a) (solid line) vs. the weakened one in
(3.33a) (dashed line) for chains.

Lower Bound for an Arbitrary Network

Theorem 3.4 below contains general lower bounds on computation time for
an arbitrary network. The statement of the theorem is somewhat lengthy,
but can be parsed as follows: Given an arbitrary connected network with
bidirectional links, any reduction of that network to a bidirected chain gives
rise to a system of inequalities that must be satisfied by the computation
time T'(¢,0). These inequalities, presented in (3.35), are nonasymptotic in
nature and involve explicitly computable parameters of the network, but
cannot be solved in closed form. The first inequality follows from an SDPI-
based analysis analogous to Theorem 3.3, while the second inequality is a
cutset bound in the spirit of Theorem 3.1. Explicit but weaker expressions
that lower-bound T'(¢,d) in terms of network parameters appear below as
(3.36) and (3.38), together with asymptotic expressions for large n (the size
of the reduced bidirected chain). Both of these bounds state that T'(e, ) is
lower bounded by the size of the bidirected chain plus a correction term that
accounts for the effect of channel noise (via channel capacities and SDPI con-
stants). Finally, (3.39) and (3.40) provide the precise version of the bound in
(3.8): asymptotically, the computation time T'(¢, §) scales as (n/7), where
7 is the worst-case SDPI constant of the reduced network. By Lemma 3.6,

it is always possible to reduce the network to a bidirected chain of length
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diam(G) + 1, so the main message of Theorem 3.4 is that the computation
time T'(e, §) scales at least linearly in the network diameter. Thus, the main
advantage of the multi-cutset analysis over the usual single-cutset analysis is

that it can capture this dependence on the network diameter.
Theorem 3.4. Assume the following:

e The network graph G = (V,E) is connected, the capacities of all edge
links are upper bounded by C', and the SDPI constants of edge links are
upper bounded by 7.

e (G admits a successive partition into Sy, ...,S,, such that 5& s are all

nonempty.

Let

A £ max d;
ie{2:n}

where
di = |Epe | +|Ep| + {EN(Si x 08))}]

as defined in (3.27), and let
i=1-(1-mn"

Then for € > 0 and § € (0,1/2], the (g,0)-computation time T(e,0) must

satisfy the inequalities

H(Ws, |[Wge)ii S LD 2 B2 §) —in—2,7), n>2
I(S.2.6) < (Wi Wese )1 3252 (T'(e,0) ) >

Coet L2 B(T(e,6) — i — 1,n — 3,7)i, n> 3.
(3.35)
The above results can be weakened to
I(S§,e0) \it -
T(c,5) > “ (1 _ (H(W;l"%f))N) 5 3.36
(€,0) > Alog(l = 7)1 +n— (3.36)
I(S¢,e,6 -1
log(n — 1) + log (1 — W)
~ ' +n—2 asn— o0, (3.37)

Alog(1—mn)~!
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and

+n—2. (3.38)

Moreover, if the partition size n is large enough, so that n > 4 and

20 _ 22
W exp (—2n*(n — 3)) < Z(Sf,¢,6), (3.39)
then
T(55)>2+”_3—Q<9) (3.40)
7 2n n) '

Proof. In light of Lemma 3.7, it suffices to show that the lower bounds in
Theorem 3.4 need to be satisfied by 7”(¢,d) for the bidirected chain G, to
which G reduces according to the partition {S;}.

Consider any randomized T-step algorithm A’ that achieves

max P[((Z, Zy) > €] < 6

eV’
on G'. From Lemma 3.1,
1(Z; Z W) > T({2': 0'}, €, 6).
Then from Lemma 3.8 and the fact that

Th‘/ = n(K((ifl)/,i/) ® K((?}Fl)’,i’) ® K’i/,’i/) S 1 - (1 - n)dz S 1 - (1 - ,',])A’
(3.41)

we have

H(WI”WT:H')?? Z?:1n+2 B(T_Zan_ 2777)7 n Z 2

Z({2 :n'},e,0) < .
Coani BT —i—1,n—3,7)i, n>3
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and

H(W | War) TT (1= (1= ) n42)

Z({2 :n'},e,0) <
Cauoy(T—n+2)1, (1 —(1- n)di(T—n+2))

,n > 2.

(3.42)

Since Z({2' : n'},e,6) = Z(Sf,¢,6), HWy|Waw) = H(Ws, |Wse), and
C(2y = Cse, we see that T'(e, §) must satisfy (3.35) in Theorem 3.4.
Using (3.41), (3.42) can be weakened to

H(ng |W$f)(1 _ (1 _ n)A(T*’ﬂ‘FQ))n*l

Z(85,¢e,0) < - (3.43)
Cse(T —n+2)(1— (1 —n)AT—n+2)
The first line of (3.43) leads to
I(Sted) o)
/ log (1 - (—H(Wsll]v’vsf)) "1>
T'(g,0) > -2
SRE Alog(l —n)! o
I(S¢,e,6 -1
log(n — 1) 4 log (1 — —H(Vﬁfsll\Wif))
~ -2
Alog(1—n) 1 +n as n — 00,

where the last step follows from the fact that log (1 — p%)_1 ~ logl%p as
n — oo for p € (0,1). The second line of (3.43) leads to

Finally, we prove that T"(e,d) = Q(n/7) under the assumption that (3.39)
holds. Suppose that 7"(s,d) < 2+ (n — 3)/27. Then, from (3.34) in
Lemma 3.8, we have

(n —3)? _ :
7 exp (—27*(n —3)) ifn>4.

I(Slca g, 5) < CS{

Note that A > 1 by the assumption that G is connected, thus 7 =1 — (1 —
n)® > n. Moreover, Cs: < C|E] < C|V[*. As a result,

_ OV 3

I(‘Sfa &, 6) = 4n exp (_2772(n — 3)) if n >4,
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which contradicts the assumption that (3.39) holds. Thus,

n—3 n
Tlg,(s >2+ o :Q<j)
(€,6) o7 7

Theorem 3.4 then follows from Lemma 3.7. O
Remarks:

e We call a node in S; a boundary node if there is an edge (either inward
or outward) between it and a node in S;_; or S;y1. Denote the set
of boundary nodes of S; by 0S;. The results in Theorem 3.4 can be
weakened by replacing d; with

adz = Z ’81)‘7

vEDS;

namely the summation of the in-degrees of boundary nodes of §;, since
d; <0d; fori € {2,...,n}.

e Asdiscussed in the remark following Lemma 3.7, an alternative network
reduction is to map all the channels from S; to S; (instead of only
mapping the channels from §; to BSZ) in the original network G to
the self-loop at node i’ of the reduced chain G’. Using the same proof
strategy with this alternative reduction, we can obtain lower bounds
on T'(g,0) of the same form as the results in Theorem 3.4, but with d;’s

replaced by
& 2 |Ep || +1Em] + {EN (S x 8))].

Since d; < dd; < d; for i € {2,...,n}, the lower bounds on T'(e, d)
obtained by this alternative network reduction are weaker than the
results in Theorem 3.4, and are even weaker than the results obtained

by replacing d;’s with dd;s.

e Due to Lemma 3.6, for a network G of bidirectional links, we can always
find a successive partition of G such that n in Theorem 3.4 is equal to
the diam(G) + 1. By contrast, the diameter cannot be captured in
general by the theorems in Sec. 3.2.
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e Choosing a successive partition of G with n = 2 is equivalent to choos-
ing a single cutset. In that case, we see that (3.38) recovers Theo-
rem 3.1, while (3.36) recovers a weakened version of Theorem 3.3 (in
(3.36), A = dy is at least the sum of the in-degrees of the left-bound
nodes of Sy, while Theorem 3.3 involves the in-degree of only one node
in Sy).

We now apply Theorem 3.4 to networks with specific topologies. We assume
that nodes communicate via bidirectional links. Thus, any such network will
be represented by an undirected graph, where each undirected edge represents

a pair of channels with opposite directions.

Chains

For chains, the proof of Theorem 3.4 already contains lower bounds on
T'(g,9). These lower bounds apply to T'(¢, ) as well, since the class of T-step
algorithms on a chain is a subcollection of randomized T-step algorithms on

the same chain. We thus have the following corollary.

Corollary 3.3. Consider an n-node bidirected chain without self-loops, where

the SDPI constants of all channels are upper bounded by n. Then for e >0

and 0 € (0,1/2], T(e,0) must satisfy the inequalities in Theorem 3.4 with

S ={1} and d; =2 for alli € {1,...,n}. In particular, if all channels are

BSC(p), then

IV \ {1},¢,9) log(n — 1) +log (1 — %m)—l
1—ha(p) 2log(4pp)~*

T(e,§) > max +n

for all sufficiently large n.

Here and below, the estimates for a network of bidirectional BSCs are ob-
tained using the bounds (3.19) and (3.20).

Rings

Consider a ring with 2n — 2 nodes, where the nodes are labeled clockwise
from 1 to 2n — 2. The diameter is equal to n — 1. According to the successive

partition in the proof of Lemma 3.6, this ring can be partitioned into &; =
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{1}, Si = {i,2n — i}, i € {2,...,n — 1}, and S, = {n}. As an example,
Fig. 3.7a shows a 6-node ring and Fig. 3.7b shows the chain reduced from
it. With this partition, we can apply Theorem 3.4 and get the following

6 5 1’ 2! 3! 4/

(a) (b)

Figure 3.7: A ring network and the chain reduced from it.

corollary.

Corollary 3.4. Consider a (2n — 2)-node ring, where the SDPI constants of
all channels are upper bounded by n. Then fore >0 and § € (0,1/2], T(¢, )
must satisfy the inequalities in Theorem 3.4 with S; = {1} and d; = 4 for all
i€ {l,...,n}. In particular, if all channels are BSC(p), then
TW\{1},e,0) |1
I(V \ {1}787 5) IOg(n o 1) + log (1 - H(Wll{W]:;\{l}))

Te.0) =maxy =05 ) 4log(4pp)~!

+n—2,

for all sufficiently large n.

Grids

nt1
2
n — 1. Figure 3.8a shows a successive partition of a

Consider an ”T“ X grid (where we assume n is odd), which has diameter

n+1 n+1 n+1
X Ty 2
subsets, with A = max;c (2., d; = 2n. Figure 3.8b shows the successive parti-

grid into

tion in the proof of Lemma 3.6, which partitions the network into n subsets,
with A = max;eqon) d; = 2(n — 1), thus resulting in strictly tighter lower
bounds on computation time compared to the ones obtained from the par-

tition in Fig. 3.8a. With the latter partition, we get the following corollary.

”T“ X ”TH grid, where 1 — ... —n is one of
the longest paths. Assume that the SDPI constants of all channels are upper
bounded by n. Then for e > 0 and 6 € (0,1/2], T'(e,d) must satisfy the

inequalities in Theorem 3.4 with & = {1}, d; = dpy1-; = 4(i — 2) + 6,

Corollary 3.5. Consider an
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5 5
6 6
7 7

(a) (b)

Figure 3.8: Successive partitions of a 4 x 4 (n = 7) grid network. The
length of the labeled path is the diameter of the network.

i€ {1,....2%51}, and dinsry2 = 2(n — 1). In particular, if all channels are
BSC(p), then

ZTW\{1},e,6) \—1
I(V\{1},¢,6) log(n —1) +log (1 - Ww}wg}))

T(e,0) > max , = +n—2,
21— ha() 2(n — 1) log(dpp) !

for all sufficiently large n.

Trees

Consider a tree, whose nodes are numbered in such a way that 1 — ... —n

is one of the longest paths. Then the diameter of the tree is n — 1, and
nodes 1 and n are necessarily leaf nodes. The tree can be viewed as being
rooted at node 1. Let D; be the union of node ¢ and its descendants in
the rooted tree, and let S; = D; \ D;11, i@ € {1,...,n}. The tree can then
be successively partitioned into Si,...,S,. In the n-node bidirected chain
reduced according to this partition, the edges between nodes i and (7 + 1)’
are the pair of channels between nodes 7 and i+1 in the tree, and the self-loop
of node i, i € {2,...,n — 1}, is the channel from S; \ {i} to node i in the
tree. As an example, Fig. 3.9a shows this partition of a tree network, where
the chain reduced from it has the same form as the one in Fig. 3.4b. With

this partition, we get the following corollary.

Corollary 3.6. Consider a d-regular tree network where 1 — ... —n is one
of the longest paths. Assume that the SDPI constants of all channels are
upper bounded by n. Then fore >0 and § € (0,1/2], T'(e,d) must satisfy the
inequalities in Theorem 3.4 with S = {1} and d; = d for all i € {1,...,n}.
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Figure 3.9: Successive partitions of a tree network.

In particular, if all channels are BSC(p), then

Z(V\{1},&,6 -1
T(V\ {1},¢,6) log(n — 1) +log (1 — g t=y)

1 —ho(p) dlog(4pp)—!

T(e,6) > max

for all sufficiently large n.

If we use the successive partition in the proof of Lemma 3.6 on a d-regular
tree with diameter n—1, then the tree will be reduced to an n-node bidirected
chain without self-loops. Figure 3.9b shows such an example. However, with
this partition, A = max;c{2.n) d; increases with n, which renders the resulting
lower bound on computation time looser than the one in Corollary 3.6. It
means that, although the partition in the proof of Lemma 3.6 always captures
the diameter of a network, it may not always give the best lower bound on

computation time among all possible successive partitions.

3.4 Small Ball Probability Estimates for Computation
of Linear Functions

The bounds stated in the preceding sections involve the conditional small
ball probability, defined in (3.9). In this section, we provide estimates for
this quantity in the context of a distributed computation problem of wide
interest — the computation of linear functions. Specifically, we assume that

the observations W,,v € V, are independent real-valued random variables,

104

+n—2,



and the objective is to compute a linear function

Z=fW)=> aW, (3.44)

veY

for a fixed vector of coefficients (a,).ey € RIVI, subject to the absolute error
criterion £(z,2) = |z — Z]. We will use the following shorthand notation: for
any set S C V, let as = (ay)ves and (as, Ws) = Y .5 auWh.

The independence of the W,’s and the additive structure of f allow us to
express the conditional small ball probability £zw(ws,¢e) defined in (3.9)
in terms of so-called Lévy concentration functions of random sums [56]. The
Lévy concentration function of a real-valued r.v. U (also known as the “small
ball probability”) is defined as

L(U,p) =supP[[U—u[ <p],  p>0.

ueR

If we fix a subset S C V), and consider a specific realization Ws = wg of the

observations of the nodes in S, then

l:ZHVS(1U57€> ::SUI)P)[‘EE:‘ZULL% _'Z‘ <e va _‘QUS]
z€R ey
=supP ’ZaUWUjLZavwv—z‘ <5]
2€R vES® vES
=supP ’ a W, —z| <e
= (<GSC,WSC>,€) s (345)

where in the second line we have used the fact that the W,’s are independent
r.v.’s, while in the third line we have used the fact that for any function
g:R — R and any a € R, sup, g(z) = sup, g(z + a). In other words, for a
fixed S, the quantity L (ws,€) is independent of the boundary condition
ws, and is controlled by the probability law of the random sum (age, Wise),
i.e., the part of the function f that depends on the observations of the nodes
in §¢.

The problem of estimating Lévy concentration functions of sums of inde-

pendent random variables has a long history in the theory of probability —
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for random variables with densities, some of the first results go back at least
to Kolmogorov [62], while for discrete random variables it is closely related
to the so-called Littlewood—Offord problem [63]. We provide a few examples
to illustrate how one can exploit available estimates for Lévy concentration
functions under various regularity conditions to obtain tight lower bounds
on the computation time for linear functions. The examples are illustrated
through Theorem 3.1, as it tightly captures the dependence of computation
time on Z(S,¢,0). (However, since the results of Theorems 3.3 and 3.4 also
involve the quantity Z(S, ¢, ), the estimates for Lévy concentration functions

can be applied there as well.)

3.4.1 Computing Linear Functions of
Continuous Observations

Gaussian Sums

Suppose that the local observations W,, v € V, are i.i.d. standard Gaussian
random variables. Then, for any S C V, (as, Ws) is a zero-mean Gaussian
r.v. with variance |las||3 = >, c5 a2 (here, || - ||z is the usual Euclidean ¢,
norm). A simple calculation shows that

2
Laws(ws,€) =L (N (0, [lase[3) ) < \/;—

g
|ase||2

Using this in Theorem 3.1, we get the following result.

Corollary 3.7. For the problem of computing a linear function in (3.44),
where (W) eV N(0,1), suppose that the coefficients a, are all nonzero.

Then for e >0 and § € (0,1/2],

1 /1-96 ||ase||3
> — — .
T(,0) 2 max = ( e —ha(d)

Thus, the lower bound on the computation time for (3.44) depends on the

vector of coefficients a only through its ¢ norm.
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Sums of Independent r.v.’s with Log-concave Distributions

Another instance in which sharp bounds on the Lévy concentration function
are available is when the observations of the nodes are independent random
variables with log-concave distributions (we recall that a real-valued r.v. U
is said to have a log-concave distribution if it has a density of the form
pu(u) = e F® where F : R — (—o0, +00] is a convex function; this includes
Gaussian, Laplace, uniform, etc.). The following result was obtained recently
by Bobkov and Chistyakov [64, Theorem 1.1]: Let Uy, ..., Uy be independent
random variables with log-concave distributions, and let S, = U; + ... 4+ Uy.

Then, for any p > 0,

1 P 2p
V3 +/Var(Sy) + p?/3 < LiSkp) < V/Var(Sy) + p2/3°

(3.46)

Corollary 3.8. For the problem of computing a linear function in (3.44),
where the W, ’s are independent random variables with log-concave distribu-
tions and with variances at least o2, suppose that the coefficients a, are all
nonzero. Then for e >0 and 6 € (0,1/2],

1 (16 o?|lase|? 1
> — (= L ,
T(e,0) 2 max Cs ( 5 o8 ( 2 12) h2<5)>

Proof. For each v € V, a,W, also has a log-concave distribution, and, for

any S C V,

Var({age, Wse)) = Z |a,|*Var(W,) > ||ase 30>

veES*®

The lower bound follows from Theorem 3.1 and from (3.46). O

Sums of Independent r.v.’s with Bounded Third Moments

It is known that random variables with log-concave distributions have bounded
moments of any order. Under a much weaker assumption that the local obser-
vations W,, v € V have bounded third moments, we can prove the following

result.

Corollary 3.9. Consider the problem of computing the linear function in

(3.44), where the W, ’s are independent zero-mean r.v.’s with variances at
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least 1 and with third moments bounded by B, and the coefficients a, satisfy
the constraint K; < |a,| < Ky for some Ky, Ky > 0. Then for e > 0 and
d€(0,1/2],

1 (1=6. V\§
> — _
T(=.9) %&x(2I%M%)hM0’

where M(g) £ ¢(e/K1 + B(Ky/K1)*) with some absolute constant c.

Proof. Under the conditions of the theorem, a small ball estimate due to
Rudelson and Vershynin [65, Corollary 2.10] can be used to show that, for
any S C V,

M (e)

L((CLS,WS>,€) < ’Sl

The desired conclusion follows immediately. O

3.4.2 Linear Vector-valued Functions

Similar to the Lévy concentration function of a real-valued random variable,
the Lévy concentration function of a random vector U taking values in R"

can be defined as

L(U,p) = sup P[[|U —ul2<p],  p>0.

u€ER™

Consider the case where each node observes an independent real-valued ran-
dom variable W,, and the observations form a |V| x 1 vector Wy,. Suppose

the nodes wish to compute a linear transform of Wy,,

7 = AWy (3.47)
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with some fixed n x |V| matrix A, subject to the Euclidean-norm distortion

criterion £(z,2) = ||z — Z]|2. In this case

Lziws(ws,e) = sup P[[|[AWy, — z||3 < e|[Ws = ws]

z€R"™

= sup P[||As-Wse + Asws — z[]2 < €]
z€R"™

= sup P[[|As:Wse — z|ls < €]
z€R™

= L<ASCWSCJ 8)7

where Agse is the submatrix formed by the columns of A with indices in S¢.
We will need the following result, due to Rudelson and Vershynin [66]. Let
sj(Ase), j =1,...,min{n,|S¢|}, denote the singular values of As. arranged

in non-increasing order, and define the stable rank of Ag. by
[ Ase s
r(Ase) = | 7 |,
{ [As|?

where ||Ase|lus = (Z;.n:i?{"’wcl} sj(Agc)2)1/2 is the Hilbert-Schmidt norm of
Ase, and || Ase|| = s1(Ase) is the spectral norm of Age. (Note that for any

non-zero matrix Age, 1 < r(Asc) < rank(Asc).) Then, provided
LWy, e/[[Asellus) < p
for all v € §¢, we will have
L(AscWse, ) < (cp)o'%(ASC),

where ¢ is an absolute constant [66, Theorem 1.4]. This result relates the
Lévy concentration function of the linear transform of a vector to the Lévy
concentration function of each coordinate of the vector. Applying this result
in Theorem 3.1, we get a lower bound on T'(g, §) for computing linear vector-

valued functions.

Corollary 3.10. For the problem of computing a linear transform of the

observations defined in (3.47), where W, ’s are independent real-valued r.v.’s,
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suppose the rows of A are nonzero vectors. Then for e > 0 and 6 € (0,1/2],

E—

cmax,ese L(W,,e/||Ase

scv Cgs

T(e,0) > mao(L (0.9(1 —0)r(Ase) log

for some absolute constant c.

3.4.3 Linear Function of Discrete Observations

Finally, we consider a case when the local observations W, have discrete dis-
tributions. Specifically, let the W,’s be i.i.d. Rademacher random variables;
i.e., each W, takes values +1 with equal probability. We still use the absolute
distortion function ¢(z,Z) = |z — Z] to quantify the estimation error. In this
case, the Lévy concentration function L((as, Ws),¢) will be highly sensitive
to the direction of the vector as, rather than just its norm. For example,
consider the extreme case when a, = |V| for a single node v € S, and all
other coefficients are zero. Then L({as, Ws),0) = L(|]V|W,,0) = 1/2. On
the other hand, if a, = 1 for all v € V and |S] is even, then

g (IS 2
L((as, Ws),0) = 2 (ISI/2) 5wl

where the last step is due to Stirling’s approximation. Moreover, a celebrated
result due to Littlewood and Offord, improved later by Erdés [67], says that,
if |a,| > 1 for all v, then

S|

L{as, Ws), 1) < 2718 (us|/2J

2
~og e as |S| — oo,
)~z s

which translates into a lower bound on the (1, §)-computation time which is

of the same order as the lower bound on the zero-error computation time.

Corollary 3.11. For the problem of computing the linear function in (3.44),
where the W, ’s are independent Rademacher random variables, suppose that
lay| > 1 for allv, and § < 1/2. Then

1 [1-=6. wV\S]
> > — _ )
T(0,6) >T(1,0) 2 max Cs ( 5 log 5 hg(é)) as |S| — oo
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3.4.4 Comparison with Existing Results

We illustrate the utility of the above bounds through comparison with some
existing results. For example, Ayaso et al. [38] derive lower bounds on a

related quantity
T(e,6) 2 inf {T € N :3 a T-step algorithm A such that
r&a@cP[ZU ¢l(1-e)Z (1+e)Z]] < 5}.

One of their results is as follows: if Z = f(V) is a linear function of the form
(3.44) and (W,) BN Uniform([1,1 + B]) for some B > 0, then

S| 1

Te0) = a0 8 B s+ (1) BV

scv 2Cs

(3.48)

for all sufficiently small £, > 0, where x > 0 is a fixed constant [38, Theo-
rem II1.5]. Let us compare (3.48) with what we can obtain using our tech-

niques. It is not hard to show that
T(e,8) = T(JalL (1 + B)e, ), (3.49)

where |la|l; = >, o |ay| is the £; norm of a. Moreover, since any r.v. uni-
formly distributed on a bounded interval of the real line has a log-concave
distribution, we can use Corollary 3.8 to lower-bound the right-hand side of

(3.49). This gives

- 1 [1-96 B?|las:||3
T(e,0) > — 1 2 — hy(d 3.50
oz (s gl ) 650
for all sufficiently small €,6 > 0. We immediately see that this bound is
tighter than the one in (3.48). In particular, the right-hand side of (3.48)
remains bounded for vanishingly small £ and §, and in the limit of ,6 — 0

tends to

|S| log B log B
max — < — .
scv Cs |V mingcy Cs

By contrast, as €, — 0, the right-hand side of (3.50) grows without bound
as log(1/e).
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Another lower bound on the (g, d)-computation time 7'(¢,§) was obtained
by Como and Dahleh [39]. Their starting point is the following continuum
generalization of Fano’s inequality [39, Lemma 2| in terms of conditional
differential entropy: if Z, 7 are two jointly distributed real-valued r.v.’s, such

that EZ? < oo, then, for any € > 0,
~ ~ 1
WZ|Z) <P||Z - Z| < ¢ loge + 3 log (16meEZ?). (3.51)

If we use (3.51) instead of Lemma 3.1 to lower-bound I(Z; Z,|Ws), then we
get

1 (1-6. 1 1 ,
T(e,0) > max s (T log = + h(Z|Ws) — 3 log (16meEZ )) . (3.52)

Again, let us consider the case when Z = f(W) is a linear function of the

form (3.44) with all a, nonzero and with (W,) S N(0,1). Then (3.52)

becomes

1 /1-6. 1 1. |as?
T(g,0) > — | ——log = + =1 . 3.53
SRES - Tor ( 2 B T % a3 (3.53)
The lower bound of our Corollary 3.7 will be tighter than (3.53) for all € > 0
as long as

1-0, wlas3 L llasell3

1 ha(0) > =1
A

VS C V. (3.54)

Note that the quantity on the right-hand side is nonpositive. More gener-
ally, for observations with log-concave distributions, the result of Lemma 3.1
can be weakened to get a lower bound involving the conditional differential

entropy h(Z|Ws), which is tighter than similar results obtained in [39].

Corollary 3.12. If the observations W,, v € V, have log-concave distribu-
tions, then for computing the sum Z =) ., W, subject to the absolute error
criterion €(z,2) = |z — Z|, fore > 0 and ¢ € (0,1/2],

T(e,8) > maxoi <<1 iy (h(Z|W5) +log i) _ @(5)) |

scv Cgs
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Proof. Let ps(z) denote the probability density of > W,. From (3.45),

veS®

z+€
Lzws(ws,e) = sup/ ps(2)dz < 2¢||ps|loo, Yws € HWU> (3.55)

2€R - vES

where ||ps||o is the sup norm of ps. By a result of Bobkov and Madiman |68,
Proposition 1.2], if U is a real-valued r.v. with a log-concave density p, then
the differential entropy h(U) is upper bounded by loge + log ||p||z!. Using
this fact together with (3.55), the log-concavity of ps, and the fact that the

W,’s are mutually independent, we can write

1 ! > 1 1 +1 1
0og = 108 — og T———
E[Lzws(Ws,¢)] 2¢e ps]loo
1
> log — h( WU>
= 108 2ee + ;

1
=log — + h(Z .
og 5— +h(Z|Ws)

Using this estimate in Theorem 3.1, we get the desired lower bound on T'(g, §).
O

3.5 Comparison with Upper Bounds on Computation
Time

For the two-node mod-2 sum problem in Example 3.1, we have shown in
Corollary 3.1 that the lower bound on computation given by Theorem 3.3
can tightly match the upper bound. In this section, we provide two more
examples in which our lower bounds on computation time are tight. In the
first example, our lower bound precisely captures the dependence of compu-
tation time on the number of nodes in the network. In the second example,
our lower bound tightly captures the dependence of computation time on the

accuracy parameter €.

3.5.1 Rademacher Sum over a Dumbbell Network

Example 3.3. Consider a dumbbell network of bidirectional BSCs with the

same crossover probability. Formally, suppose |V| is even, and let the nodes be
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indezxed from 1 to [V|. Nodes 1 to |V|/2 form a clique (i.e., each pair of nodes
is connected by a pair of BSCs), while nodes |V|/2+ 1 to |V| form another
cliqgue. The two cliques are connected by a pair of BSCs between nodes |V|/2
and |V|/2 + 1. Each node initially observes a Bern(3) (or Rademacher) r.v.
The goal is for the nodes to compute the sum of the observations of all nodes.

The distortion function is {(z,2) = |z — Z|.

By choosing the cutset as the pair of BSCs that joins the two cliques,
our lower bound for random Rademacher sums in Corollary 3.11 gives the

following lower bound on computation time.

Corollary 3.13. For the problem of in Example 3.3, for § € (0,1/2),

1 (1—-0. x|V
> [ — 0 _
T(0,9) 2 c ( 5 log A h2(5)> as |V| — oo,

which implies
T(0,8) = Q(log|V]) .

Now we show that the above lower bound matches the upper bound on

the computation time, which turns out to be
T(0,6) = O (log|V]).

As shown by Gallager [48], for a fixed success probability, nodes |V|/2 and
|V|/2 4+ 1 can learn the partial sum of the observations in their respective
cliques in O(log log |V\) steps. These two nodes then exchange their par-
tial sum estimates using binary block codes. Each partial sum can take
[V|/2 + 1 values, and can be encoded losslessly with log(|V|/2 + 1) bits.
The blocklength needed for transmission of the encoded partial sums is thus
O(log(|V]/2+ 1)), where the hidden factor depends on the required success
probability and the channel crossover probability, but not on |V|. Having
learned the partial sum of the other clique, nodes |V|/2 and |V|/2 4+ 1 con-
tinue to broadcast this partial sum to other nodes in their own clique. This
takes another O(log(|V|/2+1)) step. In total, the computation can be done
in O(loglog |[V|) +20(log(|V|/2 + 1)) = O(log |V|) steps, to have all nodes
learn the sum of all observations, for any prescribed success probability. This
shows that 7°(0,d) = O (log |V]).
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3.5.2 Distributed Averaging over Discrete Noisy Channels

Example 3.4. Consider a network where the nodes are connected by binary
erasure channels with the same erasure probability. Fach node initially ob-
serves a log-concave r.v. The goal is for the nodes to compute the average of

the observations of all nodes.

For this example, Carli et al. [51] define the computation time as
. 1 ~
T(e) £ inf {T eN: —SE[(Z- Z,()] < Vi 2 T}
|V| veY
and show that

(3.56)

where p is the second largest singular value of the consensus matrix adapted
to the network, and ¢; and ¢ are positive constants depending only on chan-
nel erasure probability. It can be shown that the above upper bound still
holds (with different constants) when channels are BSCs.

We use Corollary 3.12 to derive the following lower bound on T'(¢).

Corollary 3.14. For the problem in Example 3./,

~ 1 /1 1 1 1
T(e) > — | = A 1 —log— | —1]. .
(e) > K (2 <h( |Ws) + log Y + 5 log s) ) (3.57)

Proof. Using Jensen’s inequality twice, we can write

o SEZ = 210 = 5 3 (817 - Z(T)))

veY veY

. R 2
> (W > E|Z - ZU(TN) :

veY

Therefore, V|3, oy E[(Z — Z,(T))?] < e implies that E|Z — Z,(T)| <
|V|\/e for all v € |V], and

P||Z — Z,(T)| > |v;5\/g] <4, WweV,de(0,1/2]
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by Markov’s inequality. Then by Corollary 3.12,

7o) =7 (VE.0)

J
> max — ( (1= ) (h(Z]We) + log —— h(6)
X — - — ) - :
=5 s SIS 9 vvE) T
Choosing § = 1/2, we obtain (3.57). O

Alternatively, we can use the lower bound on 7'(¢) to obtain a lower bound
on T'(¢). Noting that T'(¢) can be lower bounded by T(|V|e) with £(z,2) =
(z — 2)2. The lower bound for T'(¢) in Theorem 3.2 leads to

1 1
> — Z
T(e) > max Cs (h(Z|W5) +3 log

1
2melV|e )

The above lower bounds imply that T(E) is necessarily logarithmic in 71,

1

which tightly matches the poly-logarithmic dependence on €7 in the upper

bound given by (3.56). As pointed out in Carli et al. [69], it is possible to

is achievable by embedding

prove that a computation time logarithmic in e~
a quantized consensus algorithm for noiseless networks into the simulation

framework developed by Rajagopalan and Schulman [50] for noisy networks.

3.6 Conclusion and Future Research Directions

We have studied the fundamental time limits of distributed function com-
putation from an information-theoretic perspective. The computation time
depends on the amount of information about the function value needed by
each node and the rate for the nodes to accumulate such an amount of in-
formation. The small ball probability lower bound on conditional mutual
information reveals how much information is necessary, while the cutset-
capacity upper bound and the SDPI upper bound capture the bottleneck on
the rate for the information to be accumulated. The multi-cutset analysis
provides a more refined characterization of the information dissipation in a
network.

Here are some questions that are worthwhile to consider in the future:

e In the multi-cutset analysis, the purpose of introducing self-loops when
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reducing the network to a chain is to establish necessary Markov re-
lations for proving upper bounds on I(Z; ZLIWS) in bidirected chains,
and the reason for considering left-bound nodes is to improve the lower
bounds on computation time. We could have included all channels from
S; to S; into the self-loop at node ¢/ in G’, but this would result in looser
lower bounds on computation time (cf. the remark after Theorem 3.4).
However, there might be other network reduction methods, e.g., differ-
ent ways to construct the bidirected chain, that will yield even tighter

lower bounds on computation time than our proposed method.

In the first step of the derivation of Lemma 3.4 and Lemma 3.5, we
have upper-bounded (Z; Z,|W3) using the ordinary data processing

inequality as
[(Z; Z,\Ws) < I(Wse; Z,|Ws).

One may wonder whether we can tighten this step by a judicious use

of SDPIs. The answer is negative. It can be shown that

I(Z7 /Z\U’WS) S I(WSC7 /Z\U’WS) Sup n(PWSC‘W5=w57 PZ‘WSC,WS:wS)7

wseHveS WU

where the contraction coefficient depends on the joint distribution of
the observations Py, and the function Z = f(W). However,

n(PWSC‘WSZ’ws;PZ|WSC,W3:’w5) =1

for both discrete and continuous observations. For discrete observa-

tions, this is a consequence of the fact that [20]

N(Px,Py|x) < 1 <=graph {(z,y) : Px(z) > 0,Pyx(ylz) > 0}

is connected,

and the fact that, for any Py x induced by a deterministic function
f + X —= Y, this graph is always disconnected. This condition can
be extended to continuous alphabets [70]. It would be interesting to
see whether nonlinear SDPIs, e.g., of the sort recently introduced by

Polyanskiy and Wu [71], can be somehow applied here to tighten the

117



upper bounds.

e If the function to be computed is the identity mapping, i.e., Z = W,
then the goal of the nodes is to distribute their observations to all
other nodes in the network. In this case, our results on the computa-
tion time can provide non-asymptotic lower bounds on the blocklength
of the codes for the source-channel coding problems in multi-terminal
networks. In Example 3.2, we have considered one such case with dis-
crete observations, and obtained lower bounds in Corollary 3.2 based
on the single cutset analysis. It would be interesting to apply the
multi-cutset analysis to the source-channel coding problems in multi-

terminal, multi-hop networks.

3.7 Additional Proofs for Chapter 3

3.7.1 Proof of Lemma 3.7

The goal of this proof is to show that, given any T-step algorithm A running
on (G, we can construct a randomized T-step algorithm A’ running on G’
that simulates A. Fix any T-step algorithm A that runs on G. For each
t, we can factor the conditional distribution of the messages X; = (X t)vey

given W, X'=1 Y= as follows:

Px,jwxt-1ye1 (zew, 2y = H Py, e vt (To,t|we, Yt
veY

n
=TT TL P (e

=1 veS;

n
- l lP Xs,4Ws, Ys, ! (I&wt
=1

t—1
o)

ws, y5"). (358)

Likewise, the conditional distribution of the received messages Y; £ (Yot)vey
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given W, X!, Y*=1 can be factored as

IEDYt|VV,X"‘,Yt_1 (yt‘w, :L't, ytil) = H PYEJ‘X&t (ye,t‘xe,t>

ec&

- H Ke (ye,t|xe,t>

eef

o H H H K(u ) (y(u,v),t|x(u,y),t)- (3.59)

i=1 u€S; veV: (u)eE

Since the successive partition of G ensures that nodes in §; can communicate
with nodes in S; only if | — j| < 1, the messages originating from S; at step

t can be decomposed as

Xsit = (X(s1,8i 1)t X(80,8i01)t> X(S0,8:),t)

:(X(Siysi—l)yt7X($u$z+l) X(sz,aS) X(si,si\ﬁsi),t%

and the messages received by nodes in S; at step ¢ can be decomposed as

YSi,t - (}/(Sifl,si),tv 1/(51-“,51-),157 }/(Si,si),t)
= (}/(Si—lysi)yb Y(S¢+1,S¢),t> Y(&-ﬁ&-),t» Y(Si78i\58i),t)' (3'60)

According to the operation of algorithm A, for each (u,v) € £ there exists a
mMapping Q).+, such that X, p)r = @ (We, Y,/1). By the definition of

5&, we can write
X(Siasi—l)»t = ((p(uw)’t(Wu, Yiffl) : (u, U) € 5, u e 88“ NS 81;1).
Thus, there exists a mapping o s,.» Such that

Xisisie = Ps,0Wgs, Y53, (3.61)

where

Y§s.:= (Y(si_lﬁsi),tv Y (51,984 Y(&,‘E&),t) (3.62)
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By the same token, there exist mappings @, ;, ¥s, and @s, ¢, such that

X(Si7si+1)’t = asi,t(WSu Y}:l); (363)
Xis, a5y = Psia(Ws, Ys), (3.64)
Xisosn\ o500 = Psia(Ws, Y ). (3.65)

Define the random variables

W; £ Ws,,

Xip = (Xm0 Xiit1),6 Xiiye)
(X(SZ,SZ 1) t7X(SuSz+1) X(sz,aS) )
(Y(z Lyt Y410t Y, )t)

£ (Yisi1s t’}/(Sz+173i)7t7Y(Si,%Si),t)a
Uip = (

Xisi.50\080 Y (81,80 550).0)-

From the decomposition of Ys,; in (3.60), we know that (Y;',U/™") con-
tains Y& '; while from the decomposition of Y4 , in (3.62), we know that
Y!~! contains Y& L Therefore, from (3.61) and (3.63)-(3.65), we deduce

the existence of mappings ?ai’t, ?pivt, i1, and @;, such that the messages

transmitted by nodes in §; at time ¢ can be generated as

X(zz 1), %t(WHYt 1) (366)
X(“H Gi (W, Y1 U, (3.67)
Xzz t—gpz,t( wyt ! Ut 1) (368)
Xisisnasns = Pit( W, Y Ui, (3.69)

Note that the computation of X(;; 1), does not involve U, =1 Next, the
messages received by nodes in S; at step ¢ are related to the transmitted

messages as

1,1)

K.
(i
X(i—1,0)t — Y(i—1,i),t>
Koo
(i+1,7)
X(i+1,0),t Yiit1,)ts

K
X(z AR A Yv(zz) ts

where the stochastic transition laws have the same form as those in (3.28) to
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(3.30). In addition, since X, 5,5, and Y(s, s,\ 5, are related through
the channels from S; to S; \ 0S;, there exists a mapping x;; such that

Y (s,.50\ 0 can be realized as

Yisisnasns = fit(Xs, 0080 i) (3.70)

where R;; can be taken as a random variable uniformly distributed over [0, 1]
and independent of everything else. From (3.69) and (3.70), we know that

Ui can be realized by a mapping 9, as
Uie = 0i(W3, YL U Riy), (3.71)

Taking all of this into account, we can rewrite the factorization (3.58) as

follows:

]IDXt|WXt—17yt—1 (xt ”LU, $t_l, yt_l)

= H 1{‘r(i—17i),t = &i,t(wi’yf_l)} ' l{x(i,iﬂ),t = Céiﬂf(wia yf_lauf_l)}
i=1
Uwae = Giawi g u ) Wags, 505800 = Prelwi gy Hui )}

(3.72)

and we can rewrite the factorization (3.59) as

Py, jw,xt -1 (ye|w, ',y )
= H K(i—l,i)(y(z’—17i),t|x(i—1,i)7t) : K(i—&-lﬂl) (y(z’+1,z’),t|$(i+1,i),t) : K(m’) (y(i7i),t|x(i,i)7t)
i=1

® Ky (Y(s,,80,580),6%5:.50\550),.8) (3.73)
(u,v)ES:uESi,UESZ'\gSi

where the channel Q) (
kit with the r.v. R; ;.
To summarize: the mappings defined in (3.66) to (3.68) and (3.71) specify

) CEuES; weS\ 5 S, K (4,) can be realized by the mapping

a randomized T-step algorithm A" that runs on G’ and simulates the T-step
algorithm A that runs on G. Specifically, using these mappings, each node
i in G’ can generate all the transmitted and received messages of S; in A
as (X7, Y], UL). Moreover, from (3.72) and (3.73) we see that the random
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objects
(Ws,, XE,Ydrie{t,....n}) and (W, X)) Y/, U i € {1,...,n})

have the same joint distribution.

Finally, as we have assumed that 58/8 are all nonempty, we can define
/Z\i £ 21} = wv(an Y;]T)

with an arbitrary v € 581-. From the definition of Y;; and the fact that \7

contains Y,I', it follows that there exists a mapping 1); such that
Zi = (Wi, Y1),

Using this mapping, node ¢’ in G’ can generate the final estimate of the
chosen v € 0S; in A as Zy, such that (Z, Ziie€ {1,...,n}) and (Z, Zy i€

{1,...,n}) have the same joint distribution. This guarantees that

max P[{(Z, Zy) > ] = max P[U(Z,Z;) > €]

eV’ ie{l:n}

< maxP[{(Z, Zv) > ¢]

veEY
< 6.

The claim that T'(g,6) for computing Z on G is lower bounded by T"(e, d)
for computing Z on G’ then follows from the definition of 7"(e,0) in (3.31).

This proves Lemma 3.7.

3.7.2 Proof of Lemma 3.8

Recall that, for any randomized T-step algorithm A’, at step t € {1,..., T},
nodei € {1,...,n} computes the outgoing messages X;;—1), = ; (Wi, Y1),
Xt = Qo (W, Y7L UY), and X0 = @i (W3, Y71, USY), and the
private message U, = 0, (W, yi-t ot R; ), where R;, is the private ran-
domness of node 7. At step T, node ¢ computes Z = (W, Y1), We
will use the Bayesian network formed by all the relevant variables and the
d-separation criterion [60, Theorem 3.3] to find conditional independences

among these variables. To simplify the Bayesian network, we merge some of
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the variables by defining
Usr & (Xiiiy e Xir).o Uie)

and

Yie = Yiiiya Yitia)
fori € {1,...,n}. The joint distribution of the variables can then be factored
as

]PWXT uT YT(w fTa UT7 yT>

n

— t—1 ~i—
H 1{x(i:i*1),t = Qpi,t(wi»yz }IP) Ty oW, Y108 1(”1 t|w27 y Uy
t:1 =1

E'ﬂ

3

XA Py W12l @1 0Py, 5, X, Gitl Tt Tag,00)-
i=1

(3.74)

The Bayesian network corresponding to this factorization for n = 4 and
T = 4 is shown in Fig. 3.10 at the end of this chapter.

If T =0, then Z, = %(W,), hence I1(Z; Zn|Wau) < 1(Z; Wp|Wau) = 0.
For T > 1, we prove the upper bounds in the following steps, where we
assume n > 4. The case n = 3 can be proved by skipping Step 2, and the
case n = 2 can be proved by skipping Step 1 and Step 2.

Step 1:

For any ¢ and ¢, define the shorthand X, ; = XN i), Where N is the in-
neighborhood of node i. From the Markov chain W, Y7~ — Xner — Yor
and Lemma 2.7, we follow the same argument as the one used for proving
Lemma 3.5 to show that

I(Z; Zy|Wa) < I(Wy; YT |Way,)
S (1 - nn)I(Wb YnT_1|W2:n) + nnI(Wla YnT_lu Xne,T|W2:n)-

Applying the d-separation criterion to the Bayesian network corresponding

0 (3.74) (see Fig. 3.10 at the end of this chapter for an illustration), we can
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read off the Markov chain

t—1 t—1 7 -
Wi — Wan, Y, 21 = Y, Un—14, Uny

for t € {1,...,T}, since all trails from W; to (Y,)™', U, _14,U,.) are blocked
by (Waum, Yy 1)), and all trails from (Y, Uy 14, Uny) to Wi are blocked
by (Wam, Y,/=1). This implies the Markov chain

T-1 T-1
Wl — WQ:ny Yn_l — Yn )Xn<—,T7

since X(,_1,),7 is included in ﬁn,l,T and X, ) 7 1s included in (~]n7T. Conse-

quently,
TW3 Y Way) < (1 =) I(W3 Y Wau) + 0o l(Wys Y Wa,). (3.75)

Note that I(Wy; Y, 1[Wa) < T(Wi; X 1 |[Wa) < T(Wis Wy, [Wa) = 0.
Step 2:
For i € {1,...,n — 3}, from the Markov chain W, Y’ "' — Xn—iyer—i =

Y,—ir—; and Lemma 2.7,

M LW Y, Xn—iye,r—ilWap)

From the Bayesian network corresponding to (3.74), we can read off the

Markov chain
t—1 t—1 717 7
Wl — WQ:na Yn,i,1 — Ynfi ) Un—i—l,t7 Un—i,ta X(nfiJrl,nf'i),t

fort =1,...,T—i, since all trails from W to (Y,'~}, Un,i,l,t, Un,@t, Xn—it1,n—i)t)
are blocked by (Wa.,, Y ), and all trails from

(n—i—2,n—i—1)
t—1 717 7
(Yn—i ) Un—i—l,ta Un—i,t; X(n—i—i—l,n—i),t)

to Wi are blocked by (Wys,, Y=L ). This implies the Markov chain W; —

T—i—1 T—i—1 . o :
Won, Y, 500 — Y, 0, X—iyeer—is since X(y—i—1pn—i),r—; is included in

! This follows from the ordinary DPI and from the fact that, if X — A, B — C is a
Markov chain, then X — B — C is a Markov chain conditioned on A = a.
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Un—i—1,7—i and X(,,—; n—i)7—; is included in U,_; 7—;. Therefore,

(3.76)

for i € {1,...,n — 3}. Also note that
T(Wh; Yoin|[Wa) < T(Whs Xy 1| Waim) < T(Wh; W./\/'(n,i)H’WQ:n) =0.

Step 3:
Finally, we upper-bound I(Wy; Y, ~"*2|W,,,) for T > n—1. From the Markov
chain W, Y™ — Xy, ; — Ya,; and Lemma 2.7,

I(Wl’ szT_n+2’W2:n) S (1 - 772)I(W11 erT_n—H |W2:n) + 772H(W1 ‘WQn)
(3.77)

This upper bound is useful only when H(W;|Ws.,) is finite. If the observa-
tions are continuous r.v.’s, we can upper-bound I(Wy; Yy ""2|Ws,,) in terms

of the channel capacity C )

T—n—+2
I<W1§ }/éT_n+2|W2:n) = Z I(Wl; }/Qvt|W2:n’ Yg_l)
t=1
T—n—+2 ~
= Z I(Wla Y(l,?),t|W2:n7 }/275_1) + I(Wl’ }/27t|W2:n7 Yv2t_17 }/(1’2)70
t=1
T—n+2

< Z I(X(172)7t; Y(l,?),t’WQ:na Y;_l)
t=1

T—n+2

< Z I(Xa2:Ya2)4)
t=1

< Cup(T —n+2), (3.78)

where we have used the Markov chain W; — WQ;n,}/Qt_l,}/(l’z)ﬂf — 372,,5 for
t € {1,...,T—n+2}, which follows by applying the d-separation criterion to
the Bayesian network corresponding to the factorization in (3.74), so that the
second term in the second line is zero; the Markov chain W, Y;‘l — X2, —
Y(1,2),+, which also implies the Markov chain Wi — X(j2);, Wa., Y;‘l —

Y(1,2)+ by the weak union property of conditional independence, hence the
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third line and the fourth line; and the fact that I(Xq 2)+ Y1,2)4) < Cl12)-
Step 4:

Define I;, = I(Wy; Y{[Way) for i > 2 and ¢ > 1. From (3.75), (3.76), (3.77),
and (3.78), we can write, forn >3 and T > n — 1,

Lnir—i < n—iln—ir—ic1 + Mp—ilp—icir—i—1, 1€ {0,...,n—3} (3.79)

where 7,_; =1 —n,,—;, and I,,_;; = 0. In addition, for T">n — 1,

Nolo 7_pni1 + mH (W1 |[Wa.,
Lormis < N2d2T—nt+1 T 12 ( 1’ 2) ’ (3.80)

0(172) (T —n + 2)

and I, = 0.

An upper bound on I(Wy;Y,T|[Ws,.,) can be obtained by solving this set
of recursive inequalities with the specified boundary conditions. It can be
checked by induction that I(Wy; YT |Ws.,) =0if T <n—2. For T >n—1,
if n; <7 foralli € {1,...,n}, then the above inequalities continue to hold
with n;’s replaced with 7. The resulting set of inequalities is similar to the
one obtained by Rajagopalan and Schulman [50] for the evolution of mutual
information in broadcasting a bit over a unidirectional chain of BSCs. With

B(m, k,p) = (T,':)pk(l — p)™~*_ the exact solution is given by

T—n+2 T—Z
I(WyY,F W) < HW [Wa, )i Z i ' "“(n_z)
T—n+2

W1|W2n Z B —Z n — )

for n > 2, and

T—n+2

o (T—i—1
W YT Wau) < Comit 3 ﬁ”(l—ﬁ)“”“( Z )

n —
1=1 3

T—n+2

=Capn Y BT —i—1,n-3,n)i
=1

for n > 3. This proves (3.32a) and (3.32b).
For general 7;’s, we obtain a suboptimal upper bound by unrolling the first
term in (3.79) for each ¢ and using the fact that I,,_;; =0 for t <n —i—2,
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getting

“T—n+1 =
Iniri <0, Mn—iln—icim—ico + oo Dpeifn—idn—ic1m—i—2 + Mn—idln—i—17—i—1

< (ﬁz:;-nﬂ + .+t 1)nn7iln7ifl,Tfi71

- (1 - ﬁg:in+2)ln—i—1,T—z’—1-

Iterating over 7, and noting that I 7+ < min {H(Wl ]WQZH)(l—ﬁg’_"“), Ca2)(T—
n+2)}, we get forn >2and T >n — 1,

H(W1|W2:n) H?:z (1 - (1 - ni)TinJrQ)

[<W17 YnT‘WZn) <
Caa(T—n+2) [, (1—(1—n)T"2)

(3.81)

The weakened upper bounds in (3.33a) and (3.33b) are obtained by replacing
n; in (3.81) with 7 £ max;—;__, 7.

Finally, we show (3.34) using an argument similar to the one in [50]. If

n>4and T <2+ (n—3)y/n for some v € (0, 1), then
n _n—3 _n—2

< =< < <1
TSy=Tr—2=To1=7

where the last inequality follows from the assumption that 7" > n — 1, since
otherwise I(Z; Z,|Wa.) = 0. The upper bounds in (3.32a) and (3.32b) can

be weakened to

H(W1|W2;n)7](T —n—+ 2)B(T — 1, n — 2, 7])

Caan(T —n+2)*B(T —2,n—3,n)

< min{H(W;1|Wa,,), Cao}n(T — n+2)*B(T — 2,n — 3,n)

2
< Cuan(T —n+2)%exp (‘2 <; :?2) - 77> (T - 2))

_9\2.2 2
< C’(Lg)(n# exp (—2 (g — n) (n— 3)) ,

where the first and second lines follow from monotonicity properties of the
binomial distribution; the third line follows from the Chernoff-Hoeffding
bound; and the fourth line follows from the assumption that n > 4 and
n—1<T<2+(n—3)7/n.
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Figure 3.10: Bayesian network of (W, X7, U7, YT) for the randomized
algorithm A’ on a 4-node bidirected chain with 7" = 4. (W;.4 are arbitrarily
correlated, and not all edges emanating from Wy, are shown.)
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Chapter 4

Upper Bounds for Generalization Error of
Statistical Learning Algorithms

4.1 Introduction

Machine learning algorithms can be viewed as stochastic transformations that
map training data to hypotheses. The performance of a learning algorithm is
assessed by the true risk of its output hypothesis: based on a random training
dataset, a good learning algorithm should generate a hypothesis with small
true risk either in expectation or with high probability. The generalization
error of a hypothesis is defined as the difference between its true risk and its
empirical risk on the training data. A small generalization error means that
the true risk of a hypothesis can be accurately estimated by its empirical
risk. A hypothesis will have a small true risk if both its empirical risk and its
generalization error are small, meaning that it both can fit the training data
and is able to generalize, or in other words, does not overfit. It turns out
that the generalization capability of a learning algorithm is determined by its
stability properties, which pertain to sensitivity of the learning algorithm’s
output to local modifications of the input dataset. Algorithmic stability
was introduced in the 1970’s by Devroye and Wagner [72] and Rogers and
Wagner [73] as a tool for estimating the generalization error, and studied
more recently by Kearns and Ron [74], Bousquet and Elisseeff [75], Poggio
et al. [76], and Shalev-Shwartz et al. [77] to establish sufficient and necessary
conditions for learnability.

In recent years, the interest in stability was renewed through the work
on differential privacy [78], which quantifies the sensitivity of the distribu-
tion of the algorithm’s output to the dataset, and can therefore be viewed
as a form of information-theoretic stability. Once the connection to gener-
alization error bounds was established, it was used to study adaptive data

analytics, where the analyst chooses queries by interacting with the dataset
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in multiple rounds [79,80]. Differential privacy also behaves nicely under
composition of algorithms [81,82], which makes it particularly amenable to
information-theoretic analysis. Based on the idea that the distribution of the
output of a stable learning algorithm cannot depend too much on any par-
ticular instance in the input dataset, a number of new information-theoretic
notions of stability, e.g., stability in erasure mutual information and stability
in Wasserstein distance, have been proposed recently by Raginsky et al. [83].
The notion of stability in erasure mutual information is weaker (i.e., less re-
strictive) than differential privacy; whereas stability in Wasserstein distance
is a stronger notion, which is based on the theory of optimal transporta-
tion, and can be related to other information-theoretic stability notions via
transportation-information inequalities.

In this chapter, we define a new notion of stability through the mutual
information between the input dataset and the output hypothesis of a learn-
ing algorithm, and call it stability in input-output mutual information. This
notion of stability naturally captures the idea that stability imposes limits
on the amount of information the algorithm can glean from the observed
data. We derive an upper bound on the expected generalization error for
learning algorithms that are stable in input-output mutual information (The-
orem 4.2). Our generalization error bound is similar to the result obtained
by Russo and Zou [84], which is in terms of the mutual information between
the output hypothesis and the collection of empirical risks. For learning al-
gorithms that generate the output hypothesis solely based on the empirical
risks, these two upper bounds are equivalent. However, the proof in [84]
requires the hypothesis space to be a finite set, whereas our formulation al-
lows uncountably infinite hypothesis spaces. Moreover, for algorithms that
are stable in input-output mutual information, we derive a high-probability
bound for the absolute generalization error that decays exponentially in the
size of the dataset (Theorem 4.4). In addition, we discuss several approaches
to designing learning algorithms with input-output mutual information sta-
bility, and show that the popular Gibbs algorithm [85] can be viewed as a
regularized variant of empirical risk minimization, where the regularization
controls the input-output mutual information.

We also discuss the input-output mutual information stability in the adap-
tive composition of learning algorithms, where a number of learning algo-

rithms are sequentially executed, and the output of each algorithm may de-
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pend on the dataset as well as on the outputs of the previously executed
learning algorithms. Adaptive composition can be used as a way of obtain-
ing complex learning algorithms by combining simple constituent algorithms,
and can be realized in a decentralized fashion by multiple processors shar-
ing the same dataset and running the constituent algorithms. By analyzing
the input-output mutual information of each constituent algorithm, we can
upper-bound the generalization error of the final output of the composed
algorithm. The information-theoretic analysis also helps to capture the in-
fluence of communication constraints on the generalization capability of the
algorithm obtained from adaptive composition. Finally, we apply the rela-
tionship between input-output mutual information stability and generaliza-

tion error to analyzing bias and accuracy in adaptive data analytics.

4.2  Preliminaries

4.2.1 Formulation of General Statistical Learning Problem

In the standard framework of statistical learning theory [77,86], we have
an instance space Z, a hypothesis space W, and a nonnegative loss function
¢:W x Z — R*. The learning algorithm is given a dataset of size n, i.e., an
n-tuple

S=(Z1,...,%Z,)

of i.i.d. random elements of Z with distribution pu, serving as training sam-
ples. The distribution p of the training samples is unknown to the learning
algorithm. A possibly randomized learning algorithm is a Markov kernel
Py s that maps a dataset S to a random element W of the hypothesis space
W. The randomness in W comes from two sources: the randomness of the
dataset S, and the private randomness utilized by the learning algorithm if

it is randomized. The true risk of a hypothesis w € W on p is given by

>

Ly(w) 2 Btw, 2)] = [ tlw,2)u(dz). (4.1

z

The goal of a learning algorithm is to output a hypothesis W based on the

input dataset S such that the true risk of W is small either in expectation or
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with high probability. Had the learning algorithm known the data-generating
distribution y, it could pick a hypothesis from W that minimizes L,(w) and
attain the minimum true risk over W, which is inf,ew L,(w). The ezcess
risk of a learning algorithm is the difference L, (W) — inf,ew L, (w), which
is always nonnegative. For a learning algorithm characterized by Py g, the

expected excess risk on p is given by

Rexcess (14, PWIS) =S E[LM(W)] — inf L, (w)

weW

where the expectation is taken over the marginal distribution of W. A good
learning algorithm should have a small expected excess risk for any data-
generating distribution p. Since p is unknown, the learning algorithm can-
not directly compute L,(w) for any w € W, but can instead compute the

empirical risk of w

n

1
L 22N Y(w, Z 4.2
() 2 0 tw.2) (4.2)
as a proxy of L,(w). For a learning algorithm characterized by Py g, the gen-
eralization error on  is the difference L, (W) — Lg(W), and we are interested

in its expected value
gen(u, Pyis) £ E[L, (W) — Ls(W)],

where the expectation is taken with respect to the joint distribution Pgsy =
" @ Pys. When a learning algorithm has a small empirical risk, it means
that its output fits the training samples well. When a learning algorithm has
a small generalization error, it means that the difference between the true risk
of its output and the empirical risk of its output is small; in other words, the
algorithm does not overfit. As will be discussed in the next subsection, if a
learning algorithm has a small expected empirical risk, and at the same time
has a small expected generalization error, then it will have a small expected
excess risk.

The above framework of statistical learning applies to both supervised and
unsupervised learning. As an example of supervised learning, consider the
problem of learning a neural network for image classification. In this case,

each training sample Z; = (X;,Y;), where X; € X is an image and Y; € Y is
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the label of that image. The hypothesis space W is the set of predictors of
the form w : X — Y that can be implemented by the neural network. For
a given network structure, each w € W is determined by a configuration of
the set of weights over the edges in the network. For any w € W and any
instance z = (z,y), the loss function takes the form ¢(w, z) = 1{w(x) # y}.
A learning algorithm for a neural network takes a dataset S consisting of n
training samples as input, and outputs a configuration of the set of weights
in the network, hence a predictor W € W.

As an example of unsupervised learning, consider the problem of k-means
clustering in R?. In this case, Z = R%, W is the collection of all subsets of R?
of size k, and £(w, z) = minge, ||z —c||?>. Here, each w € W represents a set of
k centroids, and the loss function measures the squared Euclidean distance
between an instance z and its nearest centroid, according to the hypothesis
w. A learning algorithm for k-means clustering takes as input a dataset S
consisting of n i.i.d. training samples drawn from g and outputs a set W of

k centroids.

4.2.2 'Trade-off Between Empirical Risk and
Generalization Error

A learning algorithm aims to output a hypothesis W € W with a small true
risk L, (W) either in expectation or with high probability. The expected true

risk can be expressed as

E[L,(W)] = E[Ls(W)] + E[L,(W)] — E[Ls(W)]
= E[Ls(W)] + gen(p, Pws).- (4.3)

The first term in (4.3) is the expected empirical risk of W, which reflects how
well the output hypothesis fits the training samples, while the second term in
(4.3) is the expected generalization error, which reflects how well the output
hypothesis generalizes. To minimize the expected true risk of the algorithm
we need both terms to be small.

A learning algorithm is called an empirical risk minimization (ERM) al-

gorithm if it always outputs a hypothesis Wgrm € W that minimizes the
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empirical risk, i.e.,
Lg(Wj = inf L .
s(Werm) ul}gw s(w)
Note that the expected minimum empirical risk is less than the minimum

true risk, as

E[Ls(Wira)] :E[ inf Lg(w)} < inf E[Ls(w)] = inf Ly(w).  (44)

weW weW

A less restrictive requirement for a learning algorithm to have small empir-
ical risk is asymptotic empirical risk minimization (AERM) [77], where the

output hypothesis W is required to satisfy

sup E[Lg(W) — Ls(Wery)] ——= 0.
i

We say that a learning algorithm Pys generalizes on average if

n—oo

sup ‘gen(u, PW|S)| — 0.
m

We say that a learning algorithm Py s is consistent if

n—00

sup Rexcess(,u; PW|S) — 0.
m

The following theorem formalizes the intuition that if a learning algorithm
has both small expected empirical risk and small expected generalization

error, then it has small expected excess risk.

Theorem 4.1 (Shalev-Shwartz et al. [77]). If a learning algorithm is AERM

and generalizes on average, then it is consistent.

Proof. For any data-generating distribution p,

Rexcess(:ua PW|S) = E[LM(W)] - ul;rel\% Lﬂ(w)
= E[L,(W)] = E[Ls(W)] + E[Ls(W)] = E[Ls(Wgrn)]+
E[Ls(Werm)] — f L,(w)

< gen(u, Pwys) + (E[Ls(W)] — E[Ls(Wrrm))),

where in the last step we have used (4.4). From the definition of AERM and
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generalization on-average, we know that

lim sup Rexeess(,u7 PW|S) <0

n—oo -
The claim follows because Rexcess(1t; Pwys) is nonnegative for all n. n

However, it is generally impossible to minimize the expected empirical risk
and the expected generalization error simultaneously: on one hand, if W con-
tains a hypothesis that perfectly fits the training samples, then choosing this
hypothesis will result in zero empirical risk, but at the same time lead to
overfitting, such that the hypothesis would fail on fresh instances and result
in large generalization error; on the other hand, by ignoring the training
samples, the learning algorithm can output a hypothesis with zero expected
generalization error (which will be shown in Sec. 4.4.2), but clearly this will
lead to large empirical risk. Therefore, any learning algorithm faces a trade-
off between the empirical risk and the generalization error. In this chapter,
we focus on information-theoretic analysis of the generalization error. We
will mainly show that we can control the generalization error of a learning
algorithm by controlling the mutual information between the input and out-
put of the algorithm. We will use the analytical results to design algorithms
that balance the empirical risk and the generalization error, and also apply
the results to adaptive composition of learning algorithms and adaptive data

analytics.

4.2.3 Adaptive Composition of Learning Algorithms

Adaptive composition is a way of obtaining complex learning algorithms by
combining simple constituent algorithms. It can be realized in a decentral-
ized fashion by multiple processors (machines) sharing the same dataset and
running the constituent algorithms. Under a k-fold adaptive composition,
the dataset S is shared by k processors. The jth processor runs a learning
algorithm A; = Py, | ws-1, which outputs a random element W; € W based
on the dataset S and the outputs W71 of the algorithms A;,..., A;_; run
by the first j — 1 processors. Figure 4.1 shows the dependence among the
dataset and the algorithm outputs under a 4-fold adaptive composition.

Suppose each of the constituent algorithms Ay, ..., A satisfies certain gen-
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W W, W, W,

Figure 4.1: Dependence of the dataset and the algorithm outputs in a
4-fold composition.

eralization guarantees conditional on the outputs of the previous algorithms.
We would like to find out what generalization performance the overall al-
gorithm can achieve. Our information-theoretic analysis provides us with
the right tool to tackle such a problem, so that we can upper-bound the
generalization error of the composed learning algorithm using the knowledge
of local generalization guarantees of the constituent algorithms. The same
information-theoretic analysis can be applied to upper-bounding the bias in
the adaptive data analytics [79,80], a topic that has become popular in recent

years.

4.3 Stability and Generalization of Learning
Algorithms

As discussed in Sec. 4.2.2, having a small generalization error is crucial for a
learning algorithm to produce an output hypothesis with a small true risk. It
turns out that the generalization error of a learning algorithm is determined
by its stability properties. Roughly speaking, a learning algorithm is stable
if a small change of the input to the algorithm does not change the output of
the algorithm much. In this section, we first review the traditional notions
of stability that quantify the variability of the output W relative to local
changes of the dataset S. Then we introduce an information-theoretic notion
of stability that measures the statistical dependence between the input and
output of a learning algorithm based on the mutual information 7(.S; W). We
also review some other information-theoretic notions of stability and discuss

their relationships.
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4.3.1 Traditional Notions of Stability

On-average Stability

The first notion of stability we present is the on-average stability defined in
[77], which is equivalent to generalization on average. Let S’ = (Z7,...,2])

be an i.i.d. copy of the dataset S, and let
S('L) = (Zh ey Zi—l) ZZ/, Zi+1, N Zn)

In other words, S(;) is obtained by replacing the ¢th sample in S with the
ith sample in S’. For the same learning algorithm Pyy|g, let W be its output
when the input dataset is S, and let W(; be its output when the input
dataset is S(;. We say an algorithm is (e, 1)-stable on average if, under the

data-generating distribution p,
1 n
‘5 > E[U(W), Z)] - B[U(W, Z)]| <,
i=1

where the expectations are taken over the random tuples (S(;), W(;), Z;) and

(S, W), respectively. A learning algorithm is said to be stable on average if
sup |~ S BV, Z0] — Bl 2] 2= 0.
a i=1
It is straightforward to show that
LS Bl 2] - BV 2] = gen(in Pus)
i=1

by noting that W(; is independent of Z;. Therefore, a learning algorithm

generalizes on average if and only if it is stable on average.

Uniform Stability

A stronger stability notion is uniform stability [75]. We say that an algorithm

is e-uniformly stable if, for all datasets s,s’ € Z™ differing in at most one
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instance, i.e., their Hamming distance dy(s, s’) < 1,

sup |E[((W, z)|S = s] — E[({(W, 2)|S = §]| <e.

z€Z

Note that if an algorithm is e-uniformly stable, then for all : =1,...,n,

E[6(Way, Zi)] — E[L(W, Z;)]

— [ nase) [ BV, 150 = 50l = [ p@sEIOV.)1S = o

n

[ e (=) (BIEOV. )15 = 0] ~ ELOW, )1 = 5]

IN

&5
hence the algorithm is also (g, u)-stable on average, and

|gen(p, Pyis)| < e

for any p. Moreover, the notion of uniform stability is strong enough,
such that for uniformly stable deterministic algorithms, we can derive high-
probability bounds for the absolute generalization error |L, (W) — Lg(W)].
Specifically, it is shown by Bousquet and Elisseeff [75] that if a deterministic
learning algorithm is e-uniformly stable, and the loss function ¢ takes values
in [0, 1], then

PIIL,(W) = Ls(W)] > o+ 2¢] < 2e-me/(@net
Thus, if ¢ = O(1/n), then the probability for |L,(W) — Lg(W)| being large

decays exponentially in n.

4.3.2 Information-theoretic Notions of Stability

Stability in Input-output Mutual Information

The traditional notions of stability suggest that the generalization capability
of a learning algorithm hinges on how sensitive the output of the algorithm
is to local modifications of the input dataset. It suggests that the more

independent the output hypothesis W is of the input dataset S, the better
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the learning algorithm generalizes. The dependence between S and W can be
naturally measured by the mutual information between them, which prompts
the following definition: a learning algorithm is (e, u)-stable in input-output

mutual information if, under the data-generating distribution u,
I(S;W) <e.

This information-theoretic definition of stability says that the less informa-
tion the output of a learning algorithm can provide about its input dataset,
the more stable it is. We mainly focus on studying the consequences of this
notion of stability in this chapter. In the next section, we will show that a
learning algorithm that is (e, u)-stable in input-output mutual information
has strong generalization guarantees. But before doing that, we review some
other information-theoretic notions of stability, and discuss some of their

relationships.

Stability in Erasure Mutual Information

As proposed by Raginsky et al. [83], a learning algorithm is (&, u)-stable in

mutual information if, under the data-generating distribution u,
I »
= H(ZzW|ST) <«
n
i=1

where S~ = (Zy,...,Z; 1, Zi11,- .., Zy). To distinguish this notion of sta-
bility from the preceding definition of stability in input-output mutual infor-
mation, we call it stability in erasure mutual information in this chapter, as
the quantity Y | I(Z; W|S™) coincides with the erasure mutual informa-
tion [87, Def. 6] between S and W. Since

n

1 — . 1 .
=N TIWLZ) ST = 1(W8) — =Y I(W ST
P (W: Z;|S™) (W;9) P (W87,

we see that if an algorithm is (g, )-stable in input-output mutual informa-

tion, then it is (e, u)-stable in erasure mutual information.
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On-average KL-stability

As a slight modification of the definition proposed by Wang et al. [88], we
say a learning algorithm is (e, u)-KL-stable on average if, under the data-

generating distribution pu,
1 n
3 [ i @A) D sl Pris—) < < (15)
i=1

where sy = (21, ..., 2i—1, 2, %is - - - , Zn). Using the i.i.d. assumption on S and

the convexity of relative entropy, we can show that
IZsWIS™) < [ 1" @uldz) D(Puis— | Pvis, )

Therefore, if an algorithm is (e, p)-KL-stable on average, then it is (e, u)-

stable in erasure mutual information.

KL-stability and TV-stability
The notions of KL-stability and TV-stability are introduced recently by Bass-

ily et al. [80]. A learning algorithm is e-KL-stable if

sup D( Py \s=s| Pwis=s) < €
s,8'€Z™:dy(s,s')<1

and is e-T'V-stable if

sup | Pwis=s — Pwis=s|lTv < €.
s,s'€Zm: dy(s,s')<1
It is clear that if a learning algorithm is e-KL-stable, then it is (e, u)-on-
average KL-stable for any p, and hence (g, u)-stable in erasure mutual in-
formation for any p. Moreover, from the variational representation of the

total-variation distance

IP=Qllrv = sup Epf(X)—Eqf(X) (4.6)

f:X—[0,1]
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we see that, if the loss function ¢ takes values in [0, 1], then for any s, s’ € Z"

sup |]E[€(VV, 2)|S =s] —E[¢{(W,2)|S = s’]| < [|Pwis=s — Pw|s=s1|Tv-

zeZ

Therefore, if a learning algorithm is e-TV-stable and ¢(-,-) € [0, 1], then it is

e-uniformly stable. In addition, from Pinsker’s inequality !

1
| Pwis=s — Pwis=slTv < \/iD(PW|S—sHPW|S—s’)

it follows that, if a learning algorithm is e-KL-stable and ¢(-,-) € [0, 1], then
it is y/e/2-uniformly stable.

(¢, 0)-Differential Privacy

Recently the concept of (g, §)-differential privacy, introduced in the context
of statistical processing of databases, has been adopted as a notion of algo-
rithmic stability for statistical learning and adaptive data analytics [79,80].
A learning algorithm is said to be (g, 0)-differentially private for some £ > 0
and § € [0,1] if, for any two datasets s,s" € Z" with du(s,s’) < 1 and for
any measurable set F' C W,

PW\S:s(F> < €€PW|S:5’(F) + 0.

The relationship between (g,6)-differential privacy and other information-
theoretic stability notions has been a popular topic in the literature, and

some recent results are obtained in [83] and [89)].

Stability in Max-information
Dwork et al. [79] propose to measure the stability of a learning algorithm

using the max-information between S and W, defined as

dPsw
I (S;W) 2  su log ————— (s, w).
( ) sezn,gew s d<PS ® PW)( )

LAll logarithms are natural in this chapter.
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A learning algorithm is e-stable in max-information if
I(S; W) <e.
It can be shown that

APy 5
Io(S;W) = sup suplog&

w) > I1(S;W).
s,s'€Z™ weW dPW|S:s’( ) N ( )

Therefore, if a learning algorithm is e-stable in max-information, then it is
(¢, u)-stable in input-output mutual information for any p. Moreover, if a
learning algorithm is (g, 0)-differentially private, then it is e-stable in max-

information.

Stability in Wasserstein Distance

Suppose that W is a complete separable metric space with metric d. For

p > 1, the p-Wasserstein distance between two probability measures P and
@ on W is defined as [90]

1/p
A : p /
W) =, ERRWL)
where the infimum is over all couplings of P and @), i.e., random couples
(W, W’) taking values in the product space W x W, such that the marginal
distribution of W (respectively, W) is equal to P (respectively, Q).

As proposed by Raginsky et al. [83], a learning algorithm Py g is e-stable

in p-Wasserstein distance if, for any two s, € Z" with du(s,s’) <1,
W, (Pws=s, Pwis=s) < €.

It is shown in [83] that if the function w +— ¢(w, 2) is p-Lipschitz for any
z€Z e, [l(w,z)— Ll 2)| < pd(w,w), then a learning algorithm that is
e-stable in 1-Wasserstein distance implies that the algorithm is pe-uniformly
stable. To see this, fix s and s’ with du(s,s’) = 1, and let IT € P(W x W)
be the optimal coupling of A, and Ay, i.e., the one that achieves W;. Then,
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for any z € Z,
[E[C(W, 2)|S = 5] = E[{(W, 2)|S = &
= ‘/W U(w, 2)Ag(dw) — /Wé(w, z)Asf(dw)’

_ ’ /W (w,2) = ) T, du)

< p/ d(w, w)(dw, dw")
W

= ,Owl (ASJ As’)
< pe.

4.4 Upper-bounding Generalization Error via I(S; W)

We have defined a learning algorithm to be (e, p)-stable in input-output

mutual information, if under the data-generating distribution u,
I(S;W) <e.

Now we turn to deriving generalization guarantees for learning algorithms

with this property.

4.4.1 A Decoupling Estimate

We start with a digression from the statistical learning problem to a more
general problem. Suppose there is a pair of random variables S and W with
joint distribution Pgy. Let S be an independent copy of S, and W an
independent copy of W, such that Psy = Ps ® Py. Consider an arbitrary
real-valued function f: S x W — R of S and W. The problem is to upper-
bound the absolute difference between E[f(S, W)] and E[f(S,W)]. There
are two cases where we can obtain information-theoretic upper bounds on
this quantity.

The first case is when the function f takes values in the unit interval.?

From a straightforward application of the variational representation of the

2Actually any bounded function will work; restricting the function to be bounded in
[0,1] is just for convenience.
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total-variation distance in (4.6), we can show that

Lemma 4.1. If f(s,w) € [0,1] for all s € S and w € W, then
[E[f(S,W)] = ELf(S,W)]] < [IPsw — Ps @ Pwllrv

where the right-hand side of the above inequality coincides with the so-called
T-information between S and W [71].

The second case is when the random variable f(S,W) is o-subgaussian.
Recall that a random variable X is o-subgaussian if log E[e*X—EX)] < \252/2
for all A € R [91].

Lemma 4.2. If f(S,W) is o-subgaussian under Psy = Ps ® Py, then
[ELF(S,W)] - BLA(S,W)]| < v/20I(S:W).
Proof. For any s € S and w € W, let
F(s,w) 2 f(s,w) — E[f(5, ).
By the subgaussian assumption,

_ o _ 2 2
log E[eAF(51)] = log E[AVSM-EUEID] < AQU

VAeR.  (4.7)

Just like Russo and Zou [84], we exploit the Donsker—Varadhan variational
representation of the relative entropy [92, Cor. 4.15]: for any two probability

measures 7, p on a common measurable space (2, F),

D(lp) :s%p{/QFdw—log/Qede}, (4.8)

where the supremum is over all measurable functions F': {0 — R, such that
el € L'(p). From (4.8) and (4.7), we know that for any \ € R,

D(Psw | Ps ® Py) > EIAF(S, W)] — log B[]

> A(ELF(S,W)] — ELf(5,W)]) — 2"

(4.9)

The above inequality gives a nonnegative parabola in A, whose discriminant
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must be nonpositive, which implies

[B[£(S.W)] ~ E[£(5.W)]] < /202D(Psw|[Ps © Py).

The result follows by noting that I(S; W) = D(Psw || Ps ® Py ). O

Generally, the function f(s,w) need not have an additive structure for
f(S,w) to be subgaussian. As an example, when S = (Zy,...,Z,) where

Z;’s are i.i.d. standard Gaussian, if f(s,w) is p-Lipchitz in s, i.e.,

|/ (s,w) = f(s", w)| < plls = &'l

then f(S,w) is p-subgaussian [91].

4.4.2 Upper Bound on Expected Generalization Error

Upper-bounding the generalization error of a learning algorithm Py g is a
special case of the general problem considered in the preceding subsection.
In this case,

S=(Zi,...,Zy) ~ pu®"

is the input dataset, and W is the output hypothesis of the learning algo-
rithm. For some loss function £ : W x Z — R, let the function f take the

form

f(s,w) = %Zé(w, ;).

For an arbitrary w € W, recall that the empirical risk is
1 n
() 2>t 2) = 1 (5.0

and the true risk is
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Also recall the expected generalization error of the learning algorithm Py g,

which can be written as

gen(p, Pwis) = E[L, (W) — Ls(W)]
=E[f(S,W)] -
where the joint distribution of S and W is Pgw = p*" @ Pys.
Theorem 4.2. Suppose {(w, Z) is o-subgaussian under p for all w € W,
1.€.,
E [ Al 2)] < Mo*/2 gy e R, (4.10)

Then when S ~ u®",

|gen(p, Puis)| < 2%‘21(5’; w). (4.11)

Proof. In this case

n

f(S,w) = lZzz(w,zi). (4.12)

n <
=1

Since ¢(w, Z) is assumed to be g-subgaussian and Z;’s are i.i.d. random vari-
ables, we have
A
Elexp{A(f(S,w) = Ef(Sw)}) = E| exp { 3 = (0w, Z) = Lu(w)) ]

i=1

which means that f(S,w) is o /y/n-subgaussian for all w € W, hence f(S, W)

is 0 /+/n-subgaussian. The claim then follows from Lemma 4.2. ]

Theorem 4.2 implies that if a learning algorithm is (e, )-stable in input-

output mutual information and if ¢(w, Z) is o-subgaussian under pu, then

202¢e

|gen(u, PW\S)‘ < -
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It suggests that, by controlling the mutual information between the input and
the output of a learning algorithm, we can control the learning algorithm’s

generalization error.

Comparison with the Result by Russo and Zou

Russo and Zou [84] considered the case where the hypothesis space W is a
finite set and showed that, if ¢(w, Z) is o-subgaussian for all w € W, then

|gen i, PW‘S \/—I Aw(S); W), (4.13)

where
Aw(S) = (Ls(w)),, o

is the collection of empirical risks of the hypotheses in W. Since for each
w €W, Lg(w) is a deterministic functions of S, we always have the Markov
chain

Aw(S) =S =W,
hence

I(Aw(S); W) < I(S; W).

Thus, in the case considered in [84], the result of Theorem 4.2 can be obtained
as a consequence of (4.13). On the other hand, if the output W of the
learning algorithm depends on S only through the empirical risks Aw/(.S), in

other words, when the Markov chain
S —Aw(S)—-W

holds, then
I(Aw(S); W) = 1(S; W)

and the result of Theorem 4.2 implies (4.13). The advantage of Theorem 4.2
is that it does not put any restriction on W, which is allowed to be an

uncountably infinite set.
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Comparison with the Upper bound via Erasure Mutual Information

It is shown by Raginsky et al. [83] that, under certain regularity conditions
on the loss function, if a learning algorithm is (e, u)-stable in erasure mutual

information, then the expected generalization error is upper bounded by

V202¢:

Theorem 4.3 ( [83, Theorem 2|). If for any s € Z" and any i € [n], (W, z;)

is o-subgaussin with respect to Py|s-i—s—i, i.¢.

‘ . ‘ 1 \22
log]E[eXp INEW, ) — E[((W, 2)|S7 = s7])} ‘5—1 — 8_’] < S (414)
for all A € R, where
S_i = (Slv s 7Si—17 Si—‘rh SR Sn)a
then
|gen(p, Pwis)| < Lﬂi[(w- Zi|S—1). (4.15)
9 —_ n — Y

For completeness, we include the proof of Theorem 4.3 in Sec. 4.8.1. The
results in Theorem 4.2 and Theorem 4.3 are complementary to each other.

Since

1 u —iN . 1 - . Q—t
;;uw,ziws >—I<W,S>—;;I<W,S )

requiring an algorithm to have a small I(S; W) for a given p is more re-
strictive than to have a small L 3" T(W; Z;|S~). However, having a small
I(S; W) implies that the absolute generalization error |L,(W) — Lg(W)] is

small with high probability, as discussed in the next subsection.

4.4.3 High-probability Bound on |L,(W) — Lg(W)|

We now turn to the study of guarantees on the absolute generalization error
|L,(W) — Ls(W)| of a learning algorithm which is (e, p)-stable in input-
output mutual information. The objective is to derive a high-probability
bound for |L,(W) — Ls(W)| to be small. First of all, for any fixed w € W,
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if the loss function takes values in [0,1], then from the Chernoff-Hoeffding
bound,
P[|Ly(w) — Ls(w)| > a] < 2e72

It means that for each w € W, to make

Pl|Ly(w) — Ls(w)| > o] <3

it is sufficient to have a sample complexity

n > 1 log z,
~ 202 Ié]
which is polynomial in 1/« and logarithmic in 1/8. The following results
(cf. Corollary 4.2) show that, even if W is a random element from W that
is dependent on S, as long as the mutual information I(S;W) is small, a
sample complexity polynomial in 1/« and logarithmic in 1/ still suffices to
guarantee P[|L, (W) — Lg(W)| > o] < 3, where the probability now is taken
with respect to the joint distribution of S and W.

Theorem 4.4. Suppose the loss function { takes values in [0,1], and the
dataset S has the distribution u®". For any 0 < «, 8 < 1, if an algorithm
Py s is (g, p)-stable in input-output mutual information and ¢ > %log%,
then choosing n > 3762 guarantees that P[|Ls(W) — L,(W)| > o] < 5.

Choosing ¢ = % log% in Theorem 4.4, we get the following result.

Corollary 4.1. Suppose the loss function ¢ takes values in [0,1], and the
dataset S has the distribution u®". For any 0 < «, 8 < 1, if an algorithm

Py satisfies

I(S; W) < %log ,

S

then choosing
guarantees that P[|Ls(W) — L,(W)| > o] < 5.

Another corollary of Theorem 4.4 can be stated as follows.

Corollary 4.2. Suppose the loss function ¢ takes values in [0,1], and the
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dataset S has the distribution p®". For any 0 < a, 8 < 1, if

128 2
n > —310g—
o

B

and if the algorithm Py s satisfies

o’
W)y < 22
I(S;W) < "

then P[|Ls(W) — L,(W)| > o] < 8.

Note that the above results are independent of the size of the hypothesis
space W, which is allowed to be an uncountable set. To prove Theorem 4.4,

we need the following lemmas.

Lemma 4.3. Consider the parallel execution of m independent copies of Py s
on independent datasets Sy,...,Sy,: fort =1,...,m, an independent copy
of Pys takes Sy ~ p®" as input and outputs W;. Define SE(S,...,5,).
If Pw\s is (e, p)-stable in input-output mutual information, then the overall
algorithm Py g satisfies I1(S;W™) < me.

Proof. The proof is based on the independence among (S;, W), t =1,...,m,

and the chain rule of mutual information. O

Lemma 4.4. Let S £ (S1,...,Sm), where S; ~ p®". If an algorithm
Pyrgg: 27" = Wx [m] x {£1} satisfies I(S;W,T,R) < ¢, and if {(w, Z)

is o-subgaussian for all w € W, then

202¢e

E[R(Ls, (W) — L,(W))] <

n

Proof. For any § € Z™*" w e W, t € [m] and r € {£1}, let
u($,w,t,r) = r(Ly, (w) — Ly (w)).

If {(w, Z) is o-subgaussian under Z ~ p for all w € W, then 237" l(w, Z;)
is 0 /y/n-subgaussian under S; ~ p®" for all w € W, t € [m] and r € {£1},
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hence

log]E[eA“(S’w’"t)} _ logE[eXp {A(% i Uw, Zy ;) — % i E[¢(w, Zm-)]> H
=1 i=1

2 .2

< for all A € R.

2n

From the Donsker-Varadhan variational representation of the relative entropy
(4.8),

D(PS'\sz,T:t,RZTHPS) > ]E[)\’U,(S, w, t7 T)|W = w, T = tv R = T] - logE[e)\U(g’w’r,t)]

)\20.2
> AME[rLs,(w)|W =w, T =t,R =r] — rL,(w)) — et
n
Averaging both sides with respect to Py r, we get
~ A2o?
I(S;W,T,R) > \E [R(LST(W) — LM(W))} -3, for all A € R,
which implies that
2021(S; W, T, R)
E[R(Ls, (W) = Lu(W))] < \/ ’
and proves the claim. O

Note that the upper bound in Lemma 4.4 does not depend on m. The
following lemma pertains to the accuracy of the so-called exponential mech-
anism introduced by McSherry and Talwar [93] in the context of differential

privacy.

Lemma 4.5 (Bassily et al. [80, Lemma 7.1]). Let F be a finite set, [ be a
function F' — R, andn > 0. If a random variable X on F has the distribution

Px(x) o< @), x€F (4.16)
then
Ef(X) > max f(z) — - log|F]| (4.17)
> Iglcrlea;( T p og | F|. )

With these lemmas, we can prove Theorem 4.4.
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Proof of Theorem /.4. The proof is an adaptation of a “monitor technique”
proposed by Bassily et al. [80]. First, let Pymig be the parallel execution
of m independent copies of Py g: for t = 1,...,m, an independent copy of

Xn

Py s takes an independent S; ~ p®" as input and outputs W;. Given the

outputs w™, define the set
F={t=1,...,m: (w,t,1), (w,t,—1)} (4.18)

with cardinality 2m. Then, let the output of the “monitor” be a sample
(W*,T*, R*) drawn from F according to the distribution

ynr*
2

PW*,T*,R*\S:é,Wm:wm (w*, ", r") oc exp < (LM(U’*) — Ly, (UJ*))> (4.19)

for (w*,t*,r*) € F, with some v > 0. Note that given § and w™, the
output (W*,T*, R*) is essentially obtained from an exponential mechanism

(93] applied to § with respect to the function
u((w*, t*,7%),5) =r*(Ly(w*) — Ly, (w")), (w*, t",r*) e F.  (4.20)

It can be shown that the above exponential mechanism with ¢ € [0,1] has

the following property: for two datasets §,5 € Z™*" such that dy(§,5") <1,

- * * *
PW*,T*,R*|S:§,Wm:wm(w ) ,
<e’,

e 7T <

< V(w*,t*,r*) e I (4.21)
PW*,T*,R*‘S:§/7Wm:wm (w*, t*7 T*)

which means that the algorithm Py, 7. gejg ypm_ym is (7, 0)-differentially pri-
vate for all w™. By the group privacy property of (v, 0)-differentially private
algorithms [81, Theorem 2.2],

I(S;W*, T*, R |W™) < supsup D(PW*,T*,R*\S:é',WM:wm”P *7T*,R*|§:§/7Wm:wm)

w™ §,8

< ny. (4.22)
In addition, since Py g satisfies I(S; W) < €, Lemma 4.3 implies that
I1(S;W™) < me. (4.23)

Therefore, by the chain rule of mutual information and the data processing
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inequality, we have

I(S;W*,T*, R*) < I(S; W™ W* T* R")
< me + ny. (4.24)

By Lemma 4.4 and the assumption that £(-,-) € [0,1] (hence 0? = 1/4 in

Lemma 4.4),
E[R* (Ls,.(W*) — L,(W"))] < ,/%Zm. (4.25)

On the other hand, in view of (4.54), we can apply Lemma 4.5 with the set
F, the function f(w*,t*,r*) = u((w*,t*,r*), §), and n = yn/2 to get
E[R*(Ls,. (W*) — L,(W*)|S =5 W™ = w™]

2
> *at*7 - ) S) — _1 F
> maxu((wht,r7),5) = —log F

2
= max |Ls, (w) — L,(w)| — — log(2m),
| L 1) = Ly (10)| = = Jog(2m)

telm

which implies

E[R* (Lg,.(W*) — L,(W*))] > E[max |Ls, (W) — LH(Wt)H — %log@m).

te[m]

(4.26)

Combining (4.60) and (4.61) gives

2 me + ny
— < — _ .
Mgwam>mmw_wywm+w2n (4.27)

The rest of the proof is by contradiction. Choose m = [1/3], and v =
e/Bn. Suppose the algorithm Py s does not satisfy the claimed generalization

property, namely,

P[|Ls(W) — L,(W)| > o] > 8. (4.28)
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Then by the independence among the pairs (S;, W), t =1,...,m,

/el 1
]P[{nfw}( |Ls, (W) — L(Wy)| > a] >1- (1 - 5) >3,
em
Thus
(6]
E[g% |Ls, (W;) — LM(Wt)H >3 (4.29)
Combining (4.62) and (4.63) gives
a 203 2 €
— < —log— —. 4.30
5 < . og5+ Bn (4.30)

Since it is assumed that ¢ > % log %, the above inequality implies that

- € 16¢
n a 23 2 — 2737
B(5 —Tlog3)? ~ aff
which contradicts the assumption that n > CIYTG;, and hence completes the
proof. O

Using the same monitor technique, we can also obtain a high-probability
bound on |L,(W) — Lg(W)| for algorithms stable in erasure mutual infor-
mation, stated in the following theorem. Since stability in erasure mutual
information is much weaker than stability in input-output mutual informa-

tion, the resulting sample complexity is polynomial in both 1/« and 1/8.

Theorem 4.5. Suppose Py g is (g, jt)-stable in erasure mutual information,
and 0 : W x Z —[0,1]. Ife < a?$%/4 and

n 2 g(#log% (4.31)

for some 0 < o, B < 1, then

(S1}e)
|
™|
B
~—

P[|L,(W) = Ls(W)| > o] < 8.

Consequently, if Py)s is (a*5?/16, pw)-stable in erasure mutual information,
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then

log - (4.32)

guarantees P[|L, (W) — Ls(W)| > a] < 8.
Proof. Section 4.8.2. O

Note that, if we simply use the Markov inequality instead of the monitor
technique, then it can be shown that, if Pyg is (a?5?/4, pu)-stable in erasure
mutual information, then

16 log 2

guarantees P[|L,(W) — Lg(W)| > o] < . This is a worse bound on the
1
complexity bound in (4.32) depends on 3 through 5—12 log %

sample complexity because it depends on S through whereas the sample

4.4.4 Upper Bound on E|L, (W) — Lg(W)]

The proof of Theorem 4.4 also yields an upper bound for the expected abso-

lute generalization error.

Theorem 4.6. Suppose the loss function ¢ takes values in [0,1], and the
dataset S has the distribution p®". If a learning algorithm Py\s is (e, p)-

stable in input-output mutual information, then

Bpat) - £, < 5 (%54 5 49).

Proof. Choose m = 1 in the proof of Theorem 4.4. Combining (4.60) and

(4.61) gives
2log 2 €+ ny
E|L — L < . 4.34
[Ls(W) = Lu(W)| < ==+ =5, (4.34)

The claim holds because v > 0 is arbitrary. ]

For the more general case where ¢(w, Z) is o-subgausian instead of bounded

in [0,1], Russo and Zou [84, Proposition 4] derived an upper bound for
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E|LS(W) — L“(W)| stated as

o 2I(Aw(S); W)
E|Ls(W) — L, (W)| < NG + ca\/ :

n

where ¢ < 36 is a constant. This result relies on a proof that, if a random
variable U is subgaussian, then |U| is also subgaussian. We will compare

these two bounds later when we discuss adaptive data analysis.

4.5 Learning Algorithms with Input-output Mutual
Information Stability

In this section, we analyze several learning algorithms from the viewpoint
of input-output mutual information stability. The first two algorithms we
consider, namely the Gibbs algorithm and noisy empirical risk minimiza-
tion, are in the paradigm of approximate ERM algorithms, where the output
hypothesis approximates the ERM hypothesis in a certain sense. In this
paradigm, the output W of the learning algorithm depends on the dataset
S only through the collection of empirical risks Aw(S); thus we have the
Markov chain
S—Aw(S)—W

and
I(S; W) = I(Aw(S); W),

as the Markov chain Aw(S) — S — W always holds. We also briefly discuss
the method of inducing input-output mutual information stability by pre-
processing of the dataset, where strong data processing inequalities can play
a role in the analysis. Finally, we analyze the input-output mutual informa-
tion stability of learning algorithms obtained from adaptive composition of

constituent algorithms.
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4.5.1 Gibbs Algorithm

As discussed in Sec. 4.2.2, the expected true risk of the output hypothesis

W can be decomposed as
E[L,(W)] = E[Ls(W)] + gen(u, Pws)-

This decomposition suggests that, to obtain a learning algorithm with small
true risk, the output should, on one hand, have small empirical risk (fit
the dataset), and, on the other hand, have small generalization error (not
overfit). Since Theorem 4.2 shows that the generalization error can be upper
bounded in terms of the mutual information (.S; W), it is natural to consider

an algorithm that minimizes the empirical risk regularized by I(S; W):

1

Py s = arginf <E[LS(W)] + —1(S; W)) , (4.35)
Py s p

where S > 0 is a parameter that balances fitting and generalization. To deal

with the issue that p is unknown to the learning algorithm, we can replace

the mutual information term with an upper bound D(Pyys||@|Ps) on it that

does not depend on u, where @) is an arbitrary distribution on W. From

Piyg = argint (E[stv)] n %D(Pwlsu@rm) (4.36)
Py s
1
= arginf On(ds) | E[Ly(W)|S = s] + = D(Pyg—s
seint [ 7 (0s) (BILOVIS = o+ 5D(Puis-10))
1
= ®n(ds) arginf | E[Ls(W)|S = s| + =D(Pys—s ,
[ ey int (BLEGVLS = o+ £D(Puis-10))

it follows that for each s € Z", the algorithm Fy, ¢ that minimizes (4.36)

satisfies

Pijs-. = arginf (Ewwns =5+ %D(PW:SHQ)) R
W|S=s

In the minimization in (4.37), the term %D(PW|S:S||Q) can be viewed as a
stabilizer for the ERM algorithm, which is added to improve the generaliza-

tion capability of the algorithm. The closer @) is to Py in relative entropy,
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the closer D(Py s||Q|Ps) is to 1(S; W), as
I(S;W) = D(Pwsl|Q|Ps) — D(Pw || Q)

and the better Py, ¢ approximates P, s that minimizes (4.35). It turns
out that the algorithm Py, ¢ that satisfies (4.37) for each s € Z" is the
Gibbs algorithm [85], a randomized algorithm that outputs a hypothesis with

smaller empirical risk with exponentially larger probability, which satisfies

: e LI Q(dw)
Wis—s(dw) = Eg e #Ls(M)]

for each s € Z". The parameter 5 > 0 controls how well the Gibbs al-
gorithm approximates the ERM algorithm. The Gibbs algorithm can thus
be interpreted as a way to stabilize the ERM algorithm by controlling the
input-output mutual information I(S; W).

If the loss function ¢ takes value, in [0, 1], then

*

B dPI;/|S:s’ B

for all s, € Z™ such that dy(s,s’) < 1. This implies that the Gibbs algo-
rithm with ¢(-,-) € [0,1] is (283/n, 0)-differentially private, 2/5/n-KL-stable,
and (25/n, p)-stable in erasure mutual information for any p. We can also
upper-bound the mutual information I(S; W) for the Gibbs algorithm. From
the group privacy property of (23/n, 0)-differentially private mechanisms [81,
Theorem 2.2, we know that, if the loss function £(-,-) € [0, 1], then

< T g2 Vs, s € Z",

which implies that for any u

[(S? W) < sup D(P;V\S:s‘|PI;/|S:s’) < 25

s,s'eZn

By Theorem 4.2, the generalization error of the Gibbs algorithm with ¢ taking
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values in [0, 1] satisfies

|gen(ﬂa PJV\S)‘ < g

This estimate is the same as the one given by the guarantee that the algo-
rithm is 2/ /n-stable in erasure mutual information [83]. In addition, from
Hoeffding’s lemma and the fact that the Gibbs algorithm is (1 — e=2%/")-TV
stable, it is shown in [83] that

[gen(p, Big)] < (1 — ") Ao A @ (438)

Moreover, it is shown by Wang et al. [88, Theorem 4] that, for the Gibbs

algorithm,

1 n
gen(x, PJV|S) = B Z /:LL@n(dS)N(dZ@/')D(PWSSHPWISS(i))- (4.39)
i=1

Recalling the notion of on-average KL-stability defined in (4.5), the above
identity implies that the Gibbs algorithm is (e, u)-KL-stable on average if

and only if
ne

E.
In Sec. 4.8.3, we give a more readable proof of (4.39).

gen(lu’a P{;/|S) S

We can also analyze the excess risk of the Gibbs algorithm when W is a
finite set and ¢ takes values in [0,1]. Suppose W has cardinality k. Using
a proof similar to that of Lemma 4.5, we can show that, for any dataset
s, the empirical risk of the Gibbs algorithm (with @ chosen as the uniform

distribution on W) satisfies

E[Ls(W)|S = s] < rrgvr\} Ly(w) + %log k. (4.40)

Choosing 8 = 2v/nlogk, we have

1 /logk
E[Ls(W)) < ElLs(Wera)] + 5 &
< min L —|— l logk‘
weW 2 n
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where the last step is due to (4.4). Combining with the upper bound (4.38)

on generalization error, the true risk can be upper bounded by

) 1 [logk 1 [logk
< Zy/ Y
E[L,(W)] < min L,(w)+ SV eV

Therefore, the expected excess risk of the Gibbs algorithm in this case satisfies

log k

Rexcess(/flfa Y;/\S)S n .

4.5.2 Noisy Empirical Risk Minimization

The second algorithm we consider is the noisy empirical risk minimization
algorithm. The algorithm adds independent noise to the empirical risk of
each hypothesis, and then outputs the hypothesis that minimizes the noisy
empirical risks. Suppose the hypothesis space W = {wy,...,w;} is a finite
set with cardinality k, and the output of the algorithm is W = w«, with

J* = argmin (Lg(w;) + Nj).
Jelk]

We first consider the case where N;’s are are i.i.d. Gaussian with zero-mean

and variance o%. In this case, if £(w, Z) is o-subgaussian, then

I(Aw(S); W) < I((Ls(wi))iem; (Ls(w:) + Ni)iew))

where we have used the data processing inequality for mutual information;
the fact that for product channels, the mutual information between the over-
all input and output is upper bounded by the sum of the input-output mu-

tual information of individual channels [34]; the formula for the capacity of
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input-power constrained Gaussian channel; the fact that Lg(w;)’s are o/y/n
subgaussian hence Var[Lg(w;)] < o?/n; and the fact that log(l + z) < .

Also note that in this case
I(Aw(S); W) < H(W) < log k.

Choosing a small noise variance o3, we obtain an approximate ERM algo-
rithm, with

o2Vk N 202log k

|gen(, Pris)| < . -

by Theorem 4.2. For example, by choosing 0% = 1/n, we have

k [20%log k
’gen<lu’ PW|S)| < 0,2\/j/\ &
n n

Now we consider the case where N;’s are are i.i.d. exponential random

variables with mean b. In this case, if ¢(-,-) € [0, 1], then

I(Aw(S); W) <> I(Ls(w)); Ls(w;) + N;)

j=1
< max k log (1 + M)
JE[k] b

< klog <1+%>,

where we have used the fact that, for any nonnegative random variable X
with mean a and an exponential random variable N independent of X with
mean b [94],

[(X;X + N) < log (1+%) .

Choosing a small noise mean b, we obtain an approximate ERM algorithm,

with
k 1 log k
‘gen(ﬂa PW|S)| < \/% log (1 + E> A \/ o

by Theorem 4.2.
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4.5.3 Preprocessing of the Dataset

Another method of inducing input-output mutual information stability is to
preprocess the dataset S to obtain S, and then run a learning algorithm on
the preprocessed dataset S. The preprocessing can consists of adding noise
to the data or erasing some of the instances in the dataset, etc. In any case,
we have the Markov chain

S—S—-W.

The strong data processing inequality introduced in Sec. 2.3 implies that
I(S; W) < min {1(S;S), 1(S;W)n(Ps, Pg3)}-

If Z; is generated from Z; independently of everything else, then by the
tensorization property of the SDPI constant (Lemma 2.8),

n(Ps, Psg) = maxn(Py,, Pyz,) < maxn(Py,z,).
As an example, if Z; and Z; are jointly Gaussian with correlation coefficient

p, then

It would be interesting to find preprocessing methods such that we can evalu-
ate n( Pz, Py, ;) or n(PZ” 2,); 80 that we can sharply bound the input-output

mutual information 7(S;W).

4.5.4 Adaptive Composition

Consider the situation where k learning algorithms are sequentially executed.
The output of the jth algorithm may depend on the dataset S, as well as on
the outputs W7=1 of the executed learning algorithms. The output at the
final step can be viewed as obtained from an adaptive composition of the k

constituent learning algorithms. From the chain rule of mutual information,
k

I(S;Wh) < I(S;WH) =) I(S; Wy,

j=1
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It suggests that we can control the generalization error of the final output by
controlling the conditional mutual information I(S;W;|W7~!) at each step
of the composition.

When the constituent algorithms are run on different processors sharing the
same dataset, the output hypothesis of each processor needs to be communi-
cated to other processors to serve as an input. In this case, communication
constraints may occur due to the quantization of the output hypothesis, the
finite blocklength for transmission, and the noisy channels connecting the
processors. These communication constraints will limit the effective hypoth-
esis space of each constituent algorithm and the accuracy for reconstructing
the hypotheses at each processor. At the same time, since the mutual infor-
mation terms I(S; W;|WJ~1) are limited by the communication constraints
as well, the generalization capability of the composed algorithm may be im-
proved. For example, if each output of the first k—1 algorithms is constrained
to be represented by b bits, then each of the first £ — 1 hypothesis spaces
is effectively confined to a set of cardinality 2°, and the final input-output

mutual information can be bounded by
I1(S; W) < (k—1)blog2 + I(S; Wy |Wk1).

The methods developed in Chapter 2 and 3 can also be used to upper bound
the mutual information I(S;W;|W?™1), j =1,...,k, according to the com-
munication constraints; then Theorem 4.2 can be invoked to upper-bound
the generalization error.

It is the chain rule of mutual information that makes the adaptive com-
position easy to analyze under the notion of input-output mutual informa-
tion stability. We can also apply the chain rule of mutual information or
relative entropy to analyze the adaptive composition for other information-
theoretic stability notions, e.g., stability in erasure mutual information and

KL-stability. Specifically, if the algorithms Py |5 wi-1, j = 1,..., k, satisfy

] — S
EZI<ZZ‘;WJ'|57@,W]71) S €j
=1
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for some p, then

n k
1 —i
EZ;I(ZZ-;WI,...,WHS ) < Z;s]
1= =

for the same y; moreover, if the algorithms Py g wi-1, j = 1,..., k, satisfy

sup Sup D(PW |S=s,Wi—1l=wi— 1||PW |S=s/Wi—1l=qwi— 1) <€j7
s,s'€Zm: dy(s,s")<1wi—

then

K
sup D(Pyrjs=s || Pwris=s) < Z

s,8'€Z™: dy(s,8')<1

For other notions of information-theoretic stability, the adaptive composition
is not as easy to analyze. For example, for the (g,0)-differential privacy,
one may need to use results in binary hypothesis testing to characterize the

privacy degradation under adaptive composition [82].

4.6 Application to Adaptive Data Analytics

4.6.1 Non-adaptive and Adaptive Data Analytics

In non-adaptive data analytics, there is an unknown distribution y on Z, and
a random dataset S € Z" drawn from pu®". Given a query space W and a
function ¢ : W x Z — R™, the data analyst picks some query w € W and

wishes to evaluate the expectation of ¢(w, Z) under Z ~ p, denoted as
L,(w) =E[l(w, Z)].

Although the distribution y is unknown, there is an answer-generating mech-

anism holding the dataset S, which accepts the query w and returns the

1

to the data analyst. The query picked by the data analyst could also be a

empirical mean

random element W in W, which is independent of the dataset S. By the

164



law of large numbers (assuming the function ¢ is bounded), we know that
Ls(W) — L, (W) converges to zero both in L' and in probability uniformly
for all u. Therefore, in non-adaptive data analytics, due to the independence
between the query W and the dataset S, there is a strong guarantee that the
answer given as Lg(W') can well approximate the true expectation L, (W) for
any p. As an example, consider the problem of performance evaluation in the
general statistical learning framework: W is a hypothesis generated by some
learning algorithm based on a training dataset S’; the learner (playing the
role of the data analyst) would like to evaluate the true risk of W, L, (W),
under p; the tester (playing the role of the answer-generating mechanism)
holds a testing dataset S independent of S” and provides the empirical risk of
Won S, Lg(W), to the learner as a proxy of L,(W). Due to the independence
between W and S, the answer Lg(W) is an accurate estimate of the true risk
L, (W) of the hypothesis V.

In practice, data analytics is often performed in multiple rounds in an
adaptive manner: in the jth round, the data analyst issues a query W; based
on the previously issued queries W71 as well as the answers Y71 received so
far; a new answer Y; is then generated based on the dataset S and the query
W;. In this case, the queries W; for j > 2 are no longer independent of the
dataset S; hence, the empirical mean Lg(W;) can severely deviate from the
true expectation L,(W;). The difference L,(W;) — Lg(W;) is called the bias
of W; on S. An important problem in adaptive data analytics is to design
answer-generating mechanisms such that the answers Y; are close to the true
expectations L, (W) under multiple rounds of adaptive analysis. Continuing
the preceding example of performance evaluation in statistical learning: once
the learner receives Y; = Lg(WW7) from the tester, he can modify the learning
algorithm based on it, and come up with a new hypothesis W5 to see whether
it can reduce the empirical risk on the testing dataset. If the tester naively
returns the empirical risks Y; = Lg(W;) all the time, the learner may gradu-
ally find a hypothesis that overfits the testing dataset such that empirical risk
on S is small, but the true risk is large. The answer-generating mechanism
thus has to be carefully designed to prevent the learner from overfitting the
testing dataset.

Recently, ideas in differential privacy have been brought to designing the
answer-generating mechanisms in adaptive data analytics [79,80,95]. In these

works, the major concern is the bias analysis, which is based on deriving
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generalization guarantees of differentially private algorithms. Once the bias
is upper bounded, the accuracy of the answers can be analyzed by combining
the upper bound on the bias and the accuracy guarantees of various privacy-
inducing mechanisms. In this section, we use information-theoretic methods
developed earlier in this chapter to analyze the bias and accuracy in adaptive
data analytics. Our analyses are simpler than those based on differential
privacy, and provide information-theoretic insights about how to design good

answer-generating mechanisms that reduce bias and improve accuracy.

4.6.2 Analyzing Bias and Accuracy Using I(S; W)

We consider the k-round adaptive analysis, where both the queries and an-
swers can be drawn from randomized mechanisms. At the jth round, the
data analyst issues a query W; drawn according to the kernel Py -1 yi-1,
and receives an answer Y; to the query drawn according to the kernel Py, g, .

The Bayesian network of the query-answer pairs is shown in Fig. 4.2 for k = 4.

Figure 4.2: Bayesian network of adaptive data analysis, k = 4.

Note that the bias L, (W;)—Lg(W;) is equivalent to the generalization error
discussed earlier in this chapter. Consequently, we can upper-bound the bias
of the jth query W; in terms of the mutual information 7(S; W;) using the

results obtained in Sec. 4.4. From the chain rule of mutual information, we
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have the following chain of inequalities: for j =1,... k,

I(S;W;) < I(S; w71 y7=h)
i1

= IS WL YWY
i=1

j-1
= (S Wi WL Y T IS Vi W, W Y
i=1
-1
< ZI(S; Yi|Wi), (4.41)

i=1
where the last step uses the fact that I(S; W;|W =1 Y1) = 0 because of the

Marjov chain S — W1 Y1 — W, and the fact that
I(S;YilW,, W, Y < IV YL S5 Vi) = I(S: Vi)

because W1 Yi=! —» § Y, form a Markov chain conditioned on W;.
Russo and Zou considered the same problem in [84]. However, their as-

sumption is that (1) the query space W is a finite set, and (2) the answer Y;
is generated by adding noise on Lg(W;). Their result [84, Lemma 1] shows
that

j—1

I(Aw(S); W) <> I(Lg(Wi); Vi W' =1 Y= W),

i=1
where Aw(S) = (Ls(w))wew. Our result is more general, as neither assump-
tion is needed. When the answer Y is generated by adding noise on Lg(WV;),
we can obtain the same upper bound on I(Aw(S); W;):

I(Aw(S); Wy) < I(S; W)

7j—1
<> IS YW, Wy
=1

7j—1
<Y I(Ls(Wh); Vi Wi, Wt Y
=1

and we allow the query space W to be uncountably infinite.

167



Gaussian Noise-adding
Now we evaluate the upper bound in the special case where Y; is generated
by adding Gaussian noise to Lg(W)), i.e., for j =1,... k,

Y; = Ls(W;) + Ny,

where N;’s are ii.d. zero-mean Gaussian with variance o3. If {(w, Z) is o-

subgaussian for all w € W, then from (4.41),

7—1

I(S; W) < Y I(S; Yi[W7)
=1

< 3" I(Ls(Wi); Ls(W) + NijW)

7j—1

1 Sup,,ew Var[Lg(w)]
< - 1 1 weW
<2 o (1
j—1 o2
< .
- ; 2no?

By Theorem 4.2, the generalization error (bias) of the jth query in this special

case satisfies

Moreover, we can study the accuracy of the jth answer measured by the

absolute error using Theorem 4.6. Suppose £(-,-) € [0, 1], then for any v > 0,

E|Y; — L.(W))| < E|Y; — Ls(Wj)| + E|Ls(W;) — L. (W;)]
log2  [1(S;W))

< .

S0+ on o +
log 2 1 N1

= Y 2 _2 + '7
n 16n o;
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Choosing 07 = +/j/2n, v = \/j/4n, and using the fact that ST 1Vi <
2\/7, we get

V2514 4log?2
E|Y; — L,(W;)| < + =
| J H( J)| \/ﬁ \/5

Note that the choice of the noise variance ajz = +/7/2n does not depend on k,

j=1,...k (4.42)

meaning that the answer-generating mechanism does not need to know the
total number of queries that will be issued by the analyst in advance. From
(4.42), we see that for a sufficiently large k such that k = Q(n?/?), we have

\/ﬁkl/zl
E|Y: — L,(W;)| < .
max Y — L,(Wj)| S NG

This upper bound is on the same order as the result obtained by Russo and

(4.43)

Zou [84, Proposition 9] (under the assumption that the query space W is a
finite set), which states that

BIY; — L,(0V,)] < 2

max P — <

e j W= "o

with some constant ¢. Under the assumption that the collection of empirical
risks (Lg(w))wew is a Gaussian process with variance o /n, and under a rich-
ness assumption on the query space, Wang et al. [96] obtained the minimax

rate of the mean squared error for the k-fold adaptive data analytics:

inf sup max E(Y; — L, (W;))> =0

{Pyj1s.w; 3 {ij\ JElk]

(57)
W]'—l,Yj—l}?:l n

For the more general problem setup that we have considered above, whether
the upper bound in (4.43) can be improved is an open problem. It would
also be interesting to consider other answer-generating mechanisms beyond
the noise-adding method, and analyze the corresponding bias and accuracy
via I(S;Y;|W;), j=1,... k.
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4.7 Conclusion and Future Research Directions

In this chapter, we mainly analyzed the generalization error of a learning
algorithm via the mutual information between its input and output. We
derived an upper bound on the expected generalization error and a high-
probability bound on the absolute generalization error for algorithms that
are stable in input-output mutual information. We also discussed how to
design learning algorithms with input-output mutual information stability,
and showed that the Gibbs algorithm can be viewed as an input-output
mutual information regularized ERM algorithm. In addition, we discussed
the input-output mutual information stability in adaptive composition, which
is useful for analyzing the generalization performance when the constituent
algorithms are run on multiple processors in a decentralized setting with
communication constraints. The results have also been applied to analyzing
the bias and accuracy in adaptive data analytics. There are a few problems

worthwhile for future study.

e The notion of input-output mutual information stability is a somewhat
strong condition for stability. It is not satisfied by classical learning
algorithms such as the ERM algorithm and the stochastic gradient
descent (SGD) algorithm. The notion of Wasserstein stability is less
restrictive, and can be used to analyze the generalization error of ERM
algorithm and algorithms with random incremental updates [83]. An
interesting research topic is to use Wasserstein stability to analyze the

generalization performance of the SGD algorithm.

e Our upper bound on the expected generalization error (Theorem 4.2)
only requires that the loss function ¢(w, z) is subgaussian in z for any
w € W. However, the high-probability bound (Theorem 4.4) and
the expectation bound for the absolute generalization error |L,(W) —
Ls(W)| (Theorem 4.6) both require the loss function to be bounded.
This is due to the need for upper-bounding the input-output mutual
information of the exponential mechanism used in the proof of these
results, which requires a bounded loss function. Are there better ways
to prove these results which do not require boundedness of the loss

function?

e We have derived information-theoretic upper bounds on the generaliza-
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tion error, but did not have any discussion on how to lower-bound this
quantity. For the Gibbs algorithm, Wang et al. [88] provide an exact
information-theoretic characterization of the generalization error, as
stated in (4.39). It would be interesting to study information-theoretic

lower bounds on the generalization error for general algorithms.

e We have been focusing on the generalization error. However, as dis-
cussed in Sec. 4.2.2, having a small generalization error alone is not suf-
ficient to have a small true risk. Can we provide information-theoretic
conditions for a learning algorithm to be asymptotic ERM, so that we
can characterize the consistency of a learning algorithm in an information-

theoretic manner?

4.8 Additional Proofs for Chapter 4

4.8.1 Proof of Theorem 4.3

Given an index ¢ € [n] and a sample s = (21,...,2,) € Z", let 7 = Py 5=,
p = Pys-i—s-i, and F(w) = —M\(w, z;), where A € R is an arbitrary param-
eter. Then from the Donsker-Varadhan variational representation of relative

entropy (4.8), we have

D(PW|5:S||PW‘57¢:87¢) > —)\E [E(VV, zi)|S = s} — logE[e"\Z(W’zi) ST = S_i].
(4.44)
By the subgaussianity assumption (4.14), we can write
) ) ) ) A2
log E[e M W#)| S7% = s71] < AE[¢(W, 2,)|S™" = 5] + 5 (4.45)
Using (4.45) in (4.44), we obtain
) ) )\202
D (Piwis=s||Pwis-izs-i) = A (E[C(W, 2)|S7" = s7'] = E[¢(W, z)|S = s]) — 5
(4.46)

Let 8" = (Z1,...,Z]) be an n-tuple of i.i.d. draws from p, independent of
(S, W), and let W(;y denote the output of the learning algorithm A operating
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on S4%4 & (Zy,...,Zi1,Z!, Zis1,..., Zy,). Using the fact that S and S’ are

two independent samples of size n from u, we can write

/M®”(ds)E[€(W, )]s =571 = /[L(gm(ds)/PWZ“S—%':s—i(d’LU,dZZ{)E(w’Zi)
/ " (ds) " (ds") Pwis=s,, (dw)(w, 2)
[

pE"(ds) " (ds") P is—s (dw)l(w, z;)

E[¢(W, Z!)]

and

/u®”(ds)]E[€(W, z)|S=s] =

Therefore, taking expectations of both sides of (4.46) with respect to Z", we

have

\2o2

HWZ]S7) > =20 4 A (B[, Z)] - E(W, Z0)])) . (447)

Summing (4.47) over i gives

LS I IS 2 =2 2 S (IO, ZD)] - E(Wey, Z)
_ Az " AR[LW) — Ls(W)].

Maximizing the right-hand side with respect to A € R, we obtain (4.15).

4.8.2 Proof of Theorem 4.5

Similar to the proof for Theorem 4.4, we need the following two lemmas
to prove Theorem 4.5. As before, define S = (S1,...,Sm), where S; =

(Ziay .oy Zyn), t=1,...,m, are i.i.d. datasets drawn from p®".

Lemma 4.6. Consider the parallel execution of m independent copies of
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Py s: fort=1,...,m, an independent copy of Py s lakes S, as input, and

outputs Wy. If Pys is (e, u)-stable in erasure mutual information:

1 & .
- S IW;Zi|ST) <e (4.48)
=1

.....

erasure mutual information:

1 m n B .
— N I(Wh, o Wi Zi4 STH) <e. (4.49)
mn

t=1 i=1

Proof. The proof is based on the independence among (S;, W;), t =1,...,m.
O

Lemma 4.7. Suppose an algorithm Py pis @ 2™ — W x [m] x {-1,1}

is (e, p)-stable in erasure mutual information, i.e.,
1 m n ~_tZ
— Y > I(W, T, R; Z,,|S7) <, (4.50)
mn AT 3

and for all 8, t € [m] and i € [n], the random variable 1{T = t}{(W, z;;)R
with (W, T, R) distributed according to Py pig-tizg—ri s o-subgaussian, i.e.,
forall N € R

log]E[exp {/\<1{T =t (W, z,) R—

E[I{T = t}((W, z,)R|S™ = 57“’]) } ’54,2. = 57&1} <
Then
E[R(LM(W) - LST(W))} < mvV202.

Proof. Let S’ be an independent copy of S. First of all, we have

E[L, ()R] — E[Ls, (W)R] = %Z S (B[1T = 1}V, 2, )R] -

i=1 t=1
E[1{T = t}((W, Zt,i)R]). (4.52)
Then, from the Donsker-Varadhan variational representation of the relative
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entropy and the subgausisan assumption in (4.51), we have

D(Pyz,missl P ms-riza-st) 2 ME[UT = (H(W, 2 RS = 574 -
A2

2

E[1{T = t}((W, 2.,)R|S = 5}) -
Integrating with p®™"(d3), and using the fact that
E[1{T = t}¢(W, Z;,)R] = / pEmMAZE [T = t}H(W, 2,) R| S~ = 5]
and
E[1{T = t}¢(W, Z;)R] = / pEmM(dSE[1{T = t}H(W, 2,)R|S = ],

we have

2 2

7 4 A(E[l{T — t}0(W, Z,,)R]

I(W,T,R; Z,4|S™"") > —

E[1{T = t}((W, Z,,)R] )

Therefore, by (4.52),

m — . Gt
v > I(W.T,R; Z,;|S™)

for all A € R. Optimizing over A\, we get

B(L ()R]~ BlLs, (V)R] < m, | 2 S 3" I(W. T, s 2,15

i=1 t=1

which proves the claim. O

Proof of Theorem 4.5

The proof is based on the monitor technique proposed in [80], and parallels

.....

of m = [1//] independent copies of Py s: for ¢t = 1,...,m, an independent
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copy of Py s takes S; as input and outputs W;. Define the set
F={t=1,...,m: Wyt 1), (Wt —1)}. (4.53)

Then, let the output of the monitor be a sample (W* 7% R*) from F ac-

cording to the distribution

enr*

2

Py g —um (0 17) ¢ exp (5= (L) = L. (w) ) (4:54)

for (w*,t*,r*) € F. Note that given 5§ and wy, . .., w,,, the output (W*, T*, R*)
is essentially obtained from an exponential mechanism applied to s with re-

spect to the function
u((w*, t*,7%),8) = r*(Ly(w") — Ly, (w")), (w*,t*,r*) e F.  (4.55)

It can be shown that the above exponential mechanism with ¢ € [0, 1] satisfies

that, for two datasets § and § such that dg(s,5) =1,

~ * gk ok
PW*,T*,R*|S:§,Wm:wm(w )

et <

< <ef, Y(w',t',r*)eF; (4.56)
Pyre o mejGmgr wm —gm (W, 85, 7%)

hence,

~sup  sup D(Py e pejgeswmmwm | P e pejgs wm—wm) < € (4.57)
3,5":dy (5,8)=1 w™

and

1 m n B '
— N I(W* T RS 2y, ST W, W) < e (4.58)
mn -

t=1 =1

,,,,,

1 m n B .
— N I(Wa, o Wi Zi4 STH) <e. (4.59)
mn

t=1 i=1
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Therefore, by the chain rule of mutual information,

1 m n

% Z Z I(W*, T*, R*, Zt7i|»§_t’i)
t=1 i=1
1 m n

IN

SOS T IWaL e W W T R 2,574

t=1 =1

mn

IN

2e

By Lemma 4.7 and the assumption that ¢ € [0,1] (hence ¢ = 1/4 in
Lemma 4.7),

E[R* (L, (W*) — Lg, (W*))] < mv=. (4.60)

On the other hand, in view of (4.54), we can apply Lemma 4.5 with the set
F, the function f(w*,t*,7*) = u((w*,t*,7*),§), and 1 = en/2 to get
E[R* (L, (W*) — L 5. (W*))|S = 5 W™ = w™]

2
> * t* * ~ _ _1 F
> s o000 = gl

2
= max | L, (w) — Ly, (w;)| — - log(2m),

te[m]

which implies

B[R (Ly(W") ~ L, (7)) 2 [ max|L,(W:) - L ()| = = log(2m)

(4.61)
Combining (4.60) and (4.61) gives
2
E[{g% | L (W) — LSt(M/t)|:| < log(2m) + my/e. (4.62)

The rest of the proof is by contradiction. Suppose the algorithm Py|s does
not satisfy the claimed generalization property, namely,

P[|L.,(W) = Ls(W)| > a] > 8.
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Then by the independence among the pairs (S’t, Wy, t=1,...,m,

m o1
P[{g%\LM(Wt)—LSt(Wt)\ Za} >1- (1—5) >3
Thus
E[%%c L (Wy) — Lgt(Wt)\] > a/2. (4.63)

Combining (4.62) and (4.63) gives

2
3

e

which contradicts the assumption that n > ———
“(3-5v9)

log 2
/67

n <

n[R

log %, and hence com-

=

pletes the proof.

4.8.3 Proof of Equation (4.39)

Recall that for a Gibbs algorithm Py s, dPy|s=s/dQ is given for all s € Z".

Thus, for any two datasets s, s’ € Z",

dPW|S:s

log ————
& dPW|S:s

= log dPw|s=s — log d Py 5=
According to the definition of the Gibbs algorithm, for any w, s, and 2},

log dPyjs—a() = —5 3 0w, ) — e, ) + log dQ(w) — g(s)

J#i
and
B B
log dPiy|s=s, () = —— > l(w, z) - —lw, 2) +log dQ(w) — g(s)).
J#i
where

g(s) £ logEq [exp{ — §Z€<W,2j) — éf(W,zi)H

— n
J#
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and

o(s0) 2 logEo[exp { 230 z)) ~ Zuw )],

— n
J#i

Note that for each i € [n],

/ 1O (ds)pu(d2)g(s) = / 1O (d8) () g (5(0)-

Therefore,
%i / =™ (ds)u(dz)) D(Pyy)s=s|| Pov|s=ss)
- %Z:: / 12" (ds) pu(dz}) Py s=s(dw) (log d Py |s=s(w) — log d Py js—s,, (w))
_ %i} / (" (ds)p(dz)) Pys=s(dw) (€(w, 2;) — £(w, z;)) +
%z [ e @sinta gtse) - o69)

— % Z (]E[LM(W)] — /,u®n(d3)PW|S_s(dw)€(w7 Zz))

which proves (4.39).
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