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ASSTRACT 

The p r i m a r y  p u r p o s e  of  t h i s  r e s e a r c h  p r o j e c t  is t o  i n c o r p o r a t e  p a r a m e t e r  
u n c e r t a i n t y  i n t o  t h e  development  of  mu1 t i c r i  t e r i a  p l a n n i n g  a n d  management 
t o o l s  f o r  g roundwa te r  q u a l i t y  p rob lems .  We have  f o c u s e d  upon t h r e e  c r i t e r i a  --. 
c o s t ,  w a t e r  q u a l i t y ,  a n d  s e n s i t i v i t y .  'We have a l s o  f o c u s e d  upon a p a r t i c u l a r  
t y p e  of  management s t r a t e g y  -- t h e  u s e  of  i n j e c t i o n  and  e x t r a c t i o n  wells t o  
c o n t r o l  and  remove a  c o n t a m i n a n t  plume.  

Two d i f f e r e n t  s t o c h a s t i c  management t o o l s  have been d e v e l o p e d  i n  t h i s  
p r o j e c t  -- t h e  M a r g i n a l  S e n s i t i v i t y  Techn ique  (MST), a n d  t h e  P a r a m e t e r  
C o n f i g u r a t i o n  Techn ique  (PCT) . The f o r m e r  t e c h n i q u e  d e s i g n s  a  " b e s t H  pumping 
scheme w i t h  r e s p e c t  t o  c o s t  and  p a r a m e t e r  s e n s i t i v i t y  a n d  d e t e r m i n e s  t h e  
t r a d e o f f  be tween t h e s e  two c r i t e r i a .  The  l a t t e r  t e c h n i q u e  seeks t o  i d e n t i f y  
u n f a v o r a b l e  ( b u t  p h y s i c a l l y  p l a u s i b l e )  s p a t i a l  d i s t r i b u t i o n s  o f  g roundwa te r  
p a r a m e t e r s .  The  MST u s e s  an  e f f i c i e n t  method t o  compute t h e  s e n s i t i v i t y  of  
t h e  h y d r a u l i c  g r a d i e n t  a l o n g  t h e  plume boundary  w i t h  r e s p e c t  t o  changes  i n  
t r a n s m i s s i v i t y  v a l u e s  t h r o u g h o u t  t h e  f l o w  domain. The  maximum s e n s i t i v i t y  is 
c o n s t r a i n e d  t o  be l e s s  t h a n  o r  e q u a l  t o  a  u s e r - s u p p l i e d  p a r a m e t e r .  A p a r a -  
m e t r i c  l i n e a r  programming a l g o r i t h m  is u s e d  t o  d e t e r m i n e  t h e  t r a d e o f f  be tween 
c o s t  and  s e n s i t i v i t y .  The PCT f i n d s  a "bad" s e t  o f  s p a t i a l l y  v a r y i n g  t r a n s -  
m i  s s i v i t y  v a l u e s  by s o l v i n g  a  c o n s t r a i n e d  o p t i m i z a t i o n  problem. The  
c o n s t r a i n t s ,  which g u a r a n t e e  t h a t  t h e  t r a n s m i s s i v i t y  f i e l d  i s  p h y s i c a l l y  
r e a s o n a b l e ,  a r e  based  upon g e o s t a t i s t i c a l  c o n c e p t s .  

The MST has  been a p p l i e d  t o  a  s i m p l e  h y p o t h e t i c a l  p roblem i n v o l v i n g  
u n i f o r m  f l o w  t h r o u g h  a  t w o - d i m e n s i o n a l ,  homogeneous a q u i f e r .  The  MST shows 
t h a t  i t  i s  p o s s i b l e  t o  i n c r e a s e  pumping ( i . e . ,  c o s t )  i n  s u c h  a  way s o  a s  t o  
m a n i p u l a t e  t h e  g r o u n d w a t e r  s y s t e m  i n t o  s t a t e s  o f  l ow  s e n s i t i v i t y  t o  p a r a m e t e r  
changes .  A h y p o t h e t i c a l  example  problem was c o n s t r u c t e d  t o  i l l u s t r a t e  t h e  u s e  
of t h e  PCT. Two pumpout schemes  were d e s i g n e d ,  under  t h e  a s s u m p t i o n  of 
un i fo rm t r a n s m i s s i v i t y ;  o n e  scheme was based  o n  o n e  e x t r a c t i o n  wel l ,  t h e  o t h e r  
o n  o n e  e x t r a c t i o n  and  o n e  i n j e c t i o n  w e l l .  The l e a s t - c o s t  d e s i g n  (pumping 
scheme)  o f  e a c h  was t h e n  s u b j e c t e d  t o  a  PCT-generated t r a n s m i s s i v i  t y  f i e l d .  
F o r  t h e  d a t a  s e t  u s e d ,  t h e  l e a s t - c o s t  one -we l l  scheme c a p t u r e d  85% of  t h e  
c o n t a m i n a n t  and  t h e  two-wel l  d e s i g n  c a p t u r e d  86%. 

E h e a r t ,  J. W .  and  A. J. V a l o c c h i  
MULTICRITERIA MANAGEMENT OF GROUNDWATER QUALITY UNDER UNCERTAINTY 

KEYWORDS -- groundwa te r  p o l l u t i o n ,  g roundwa te r  management, m a t h e m a t i c a l  m o d e l s  



I N T R O D U C T I O N  

Contamination of a  grloundwater supply i s  a  complex and formidable problem 
for  s t a t e  and l o c a l  water a u t h o r i t i e s .  Because of the  wide range of technica l  
o p t i o n s ,  managers of groundwater resources  f ace  a  complex t a s k  i n  r a t i o n a l l y  
devis ing  p r a c t i c a l  programs t o  pro tec t  aqu i f e r s  from contamination from waste 
d isposa l  f a c i l i t i e s .  The p r a c t i c e  of aqu i fe r  cleanup is s t i l l  i n  i t s  infancy;  
however, t h e r e  a r e  seve ra l  r e s t o r a t i o n  opera t ions  c u r r e n t l y  i n  progress .  Such 
ope ra t ions  may cons i s t  of one o r  more of t h e  following: i s o l a t i o n  of t he  
contaminated plume by t h e  cons t ruc t ion  of an engineered b a r r i e r  (e  .g., a  
bentoni te  s l u r r y  w a l l ) ,  hydraul ic  cont ro l  of plume migration by s e l e c t i v e  
pumping from e x i s t i n g  o r  new w e l l s ,  i n s t a l l a t i o n  of purge we l l s  t o  e x t r a c t  and 
possibly t r e a t  t h e  pol lu ted  groundwater, and removal of the  p o l l u t a n t  source.  

I n  t h i s  r e sea rch ,  we have focused upon r e s t o r a t i o n  of pol lu ted  a q u i f e r s  
by a c t i v e  hydraul ic  methods which usual ly  involve cont ro l  of plume migrat ion 
by s e l e c t i v e  pumping/injection of new or e x i s t i n g  we l l s  and the  i n s t a l l a t i o n  
of purge we l l s  t o  e x t r a c t  and possibly t r e a t  the  contaminated groundwater. 
Optimal design of a  r e s t o r a t i o n  s t r a t e g y  i s  an enormously complicated problem 
because: ( 1  ) t h e  s t a t e  of t he  groundwater system ( i  .e . ,  t h e  s p a t i a l  d i s t r ibu -  
t i o n  of po l lu t an t  concent ra t ion)  is nonl inear ly  r e l a t e d  t o  t h e  dec is ion  
va r i ab le s  (i  .e . ,  t h e  well  l o c a t i o n s  and pumping q u a n t i t i e s ) ,  and ( 2 )  aqu i fe r  
parameter values a r e  inhe ren t ly  heterogeneous and uncer ta in .  Cost and water 
q u a l i t y  a r e  t h e  two primary c r i t e r i a  i n  the  design of an aqu i fe r  r e s t o r a t i o n  
system. However, s ince  t h e r e  a r e  always i n s u f f i c i e n t  da t a  on the  physical  
parameters a s soc ia t ed  w i t h  po l lu t an t  movement through aqu i fe r s  , another  major 
ob jec t ive  i s  t o  decrease t h e  s e n s i t i v i t y  of the system t o  unforseen changes i n  
the  ambient condit ions or e r r o r s  i n  t h e  es t imates  of the physical  parameters. 

Although t h e r e  have been numerous s t u d i e s  dea l ing  w i t h  optimal design of 
aqu i fe r  r e s t o r a t i o n  systems (e  .g . ,  Gorelick e t  a l . ,  1984; Atwood and Gore l ick ,  
1985; Colaru l lo  e t  a l . ,  19841, t hese  inves t iga t ions  have a l l  assumed t h a t  
aqu i f e r  parameters a re  known w i t h  complete c e r t a i n t y .  I n  l i g h t  of t h e  well- 
e s t a b l i s h e d  unce r t a in ty  i n  groundwater flow parameters,  the  d e t e r m i n i s t i c  
n a t u r e  of these  previous s t u d i e s  must be regarded a s  a  s e r i o u s  def ic iency .  

The primary purpose of t h i s  research  pro jec t  i s  t o  incorpora te  parameter 
uncer ta in ty  i n t o  the  development of mu1 t i c r i t e r i a  planning and management 
t o o l s  f o r  groundwater qua1 i t y  problems. We have focused upon t h r e e  c r i t e r i a  -- 
c o s t ,  water q u a l i t y ,  and s e n s i t i v i t y .  We have a l s o  focused upon a p a r t i c u l a r  
type of management s t r a t e g y  -- the use i n j e c t i o n  and e x t r a c t i o n  we l l s  t o  
con t ro l  and remove a contaminant plume. 

Two d i f f e r e n t  s t o c h a s t i c  management t o o l s  have been developed i n  t h i s  
p ro jec t  -- t h e  Marginal S e n s i t i v i t y  Technique (MST) , and the  Parameter 
Configurat ion Technique ( P C T )  . The former technique designs a  bes t" pumping 
scheme w i t h  r e spec t  t o  cos t  and parameter s e n s i t i v i t y  and determines the  
t radeoff  between these  two c r i t e r i a .  The l a t t e r  technique seeks t o  i d e n t i f y  
unfavorable (but  phys ica l ly  p l a u s i b l e )  s p a t i a l  d i s t r i b u t i o n s  of groundwater 
parameters. The former i s  r e s t r i c t e d  t o  s i t u a t i o n s  where the  assumed t rans-  
mis s iv i ty  f i e l d  i s  l lc losel l  t o  the  a c t u a l  one,  but i t  is r e l a t i v e l y  simple 
computationally s ince  l i n e a r  programming techniques a r e  used. However, t he  
PCT is d i f f i c u l t  computationally due t o  i t s  inherent  non l inea r i ty .  These two 
techniques a r e  described f u r t h e r  i n  the  fol lowing s e c t i o n s .  



MARGINAL SENSITIVITY TECHNIQUE 

I f  hydrodynamic  d i s p e r s i o n  is  n e g l e c t e d ,  t h e n  g roundwa te r  f l o w  s i m u l a t i o n  
models  can  be u s e d  t o  p r e d i c t  t h e  impac t  o f  a g i v e n  pumping scheme upon 
c o n t a m i n a n t  plume m i g r a t i o n .  D e s p i t e  t h e i r  s i m p l i c i t y ,  s u c h  models  s e r v e  as 
p r a c t i c a l  p r e l i m i n a r y  s c r e e n i n g  t o o l s  t o  e v a l u a t e  p roposed  d e s i g n s  of pu rge  
well s y s t e m s  (Kee ly ,  1 9 8 4 ) .  Atwood and  G o r e l i c k  ( 1  985)  and  C o l a r u l l o  e t  
a l .  ( 1984)  have  r e c e n t l y  shown how t o  combine g roundwa te r  f l o w  mode l s  w i t h  
o p t i m i z a t i o n  t e c h n i q u e s  i n  o r d e r  t o  d e t e r m i n e  t h e  l e a s t - c o s t  pumping s t r a t e g y  
t h a t  w i l l  a c h i e v e  s p e c i f i e d  h y d r a u l i c  c o n t r o l  of  t h e  plume m i g r a t i o n .  These  
models  a r e  examples  of  t h e  g e n e r a l  c l a s s  of g roundwa te r  o p t i m i z a t i o n - s i m u l a -  
t i o n  mode l s  r ev i ewed  by G o r e l i c k  ( 1  9 8 3 ) .  Use o f  t h e s e  mode l s  r e q u i r e s  
s p e c i f i c a t i o n  of t h e  s p a t i a l  d i s t r i b u t i o n  of  a l l  g roundwa te r  f l o w  p a r a m e t e r s  
(e .g . ,  t r a n s m i s s i v i t y ) ,  as w e l l  a s  t h e  boundary  c o n d i t i o n s  and  t h e  l o c a t i o n  o f  
t h e  c o n t a m i n a n t  plume and  t h e  i n j e c t i o n / e x t r a c t i o n  w e l l s .  I n  l i g h t  of  t h e  
w e l l - e s t a b l i s h e d  u n c e r t a i n t y  i n  h y d r a u l i c  p a r a m e t e r s ,  t h e  d e t e r m i n i s t i c  n a t u r e  
o f  t h e s e  mode l s  must  be  r e c o g n i z e d  a s  a s e r i o u s  d e f i c i e n c y .  The  l e a s t  c o s t  
pumping s t r a t e g y  i s  of l i t t l e  u t i l i t y  i f  c o n t a i n m e n t  of  t h e  c o n t a m i n a n t  plume 
is h i g h l y  s e n s i t i v e  t o  t h e  assumed t r a n s m i s s i v i t y  f i e l d .  Low s e n s i t i v i t y  t o  
changes  i n  assumed p a r a m e t e r  v a l u e s  i s  a n  e q u a l l y  i m p o r t a n t  c r i t e r i o n  i n  
p r a c t i c e .  F o r  t h e  p u r p o s e s  of  t h i s  p r o j e c t ,  we d e f i n e  a  f f r o b u s t u  s t r a t e g y  a s  
o n e  t h a t  e x h i b i t s  s m a l l  s e n s i t i v i t y  t o  p a r a m e t e r  changes .  

The  MST is a s i m p l e  method f o r  i n c o r p o r a t i n g  u n c e r t a i n t y  i n t o  t h e  d e s i g n  
of  h y d r a u l i c  g r a d i e n t  c o n t r o l  schemes .  T h i s  method e x p l i c i t l y  a c c o u n t s  f o r  
t h e  t r a d e o f f  between c o s t  and  r o b u s t n e s s  i n  a  m u l t i - o b j e c t i v e  f ramework .  We 
assume two-d imens iona l ,  s t e a d y  f l o w  i n  a  h o r i z o n t a l  a q u i f e r  and  we r e s t r i c t  
o u r  a t t e n t i o n  t o  t h e  c a s e  whe re  t r a n s m i s s i v i t y  is t h e  o n l y  u n c e r t a i n  para-  
m e t e r .  The t r a n s m i s s i v i t y  f i e l d  i s  h e t e r o g e n e o u s  and  i s  assumed t o  c o n s i s t  o f  
a c e r t a i n  number of  homogeneous subdomains .  Our f o r m u l a t i o n  is based  upon t h e  
u s e  o f  s e n s i t i v i t y  c o e f f i c i e n t s  (Sykes  e t  a1 ., 1985;  McElwee, 1982)  t o  d e f i n e  
a  measu re  of r o b u s t n e s s  as t h e  s e n s i t i v i t y  o f  t h e  pe r fo rmance  of  a g i v e n  
pumping s t r a t e g y  t o  t r a n s m i s s i  v i  t y  c h a n g e s  a t  c e r t a i n  c r i t i c a l  l o c a t i o n s .  
Model s o l u t i o n  is c o m p u t a t i o n a l l y  s i m p l e  s i n c e  i t  can  be  o b t a i n e d  w i t h  
p a r a m e t r i c  1 i n e a r  programming t e c h n i q u e s  . 

T r a d i t i o n a l  F o r m u l a t i o n  Wi thou t  P a r a m e t e r  U n c e r t a i n t v  

I n  t h i s  s e c t i o n  we b r i e f l y  r e v i e w  t h e  t r a d i t i o n a l  management model 
f o r m u l a t i o n  where  p a r a m e t e r  u n c e r t a i n t y  i s  n e g l e c t e d .  Atwood a n d  Gore1 i c k  
( 1  9 8 5 )  p r e s e n t  t h i s  f o r m u l a t i o n  i n  g r e a t e r  d e t a i l .  S i n c e  hydrodynamic  
d i s p e r s i o n  i s  n e g l e c t e d  i n  t h i s  s t u d y ,  c o n t a m i n a n t s  w i l l  m i g r a t e  a l o n g  t h e  
f l o w  p a t h l i n e s  which  a r e  c o m p l e t e l y  s p e c i f i e d  by t h e  g roundwa te r  f l o w  
e q u a t i o n .  For t h e  c a s e  o f  s t e a d y ,  h o r i z o n t a l  f l o w  t h r o u g h  a n  i s o t r o p i c  
a q u i f e r ,  t h e  g o v e r n i n g  f l o w  e q u a t i o n  is  

where  T is t h e  t r a n s m i s s i v i t y  C L ~ T - ~ ] ;  h  i s  t h e  p i e z o m e t r i c  h e a d  [L];  W i s  t h e  
v o l u m e t r i c  i n f l o w  p e r  u n i t  a r e a  due t o  f l u i d  s o u r c e s  and s i n k s  [ L T - ~  1;  and x ,y  



are  t h e  C a r t e s i a n  s p a c e  c o o r d i n a t e s  [L]. I f  t h e  o n l y  s o u r c e s  and  s i n k s  are 
wells,  t h e n  

where  Q j  
number j 
o f  well j 

i s  t h e  e x t r a c t i o n  ( p o s i t i v e )  o r  i n j e c t i o n  ( n e g a t i v e )  r a t e  f o r  well 
[ L ~ T - I  1 ;  NW is t h e  t o t a l  number of  wells; xw.  , y  i s  t h e  l o c a t i o n  

[L]; and 6 ( x , y )  is  t h e  D i r a c  d e l t a  f u n c t i o n J  [LaYJ. 

The d e c i s i o n  v a r i a b l e s  i n  t h e  management model are t h e  i n j e c t i o n /  
e x t r a c t i o n  r a t e s ,  Qj  , a t  a p r e s e l e c t e d  s e t  o f  well l o c a t i o n s  ( x w .  , y w .  1. The 

J g o a l  of c o n t a m i n a n t  plume c o n t a i n m e n t  can  be e x p r e s s e d  m a t h e m a t i & a l l y  a s  a  set  
o f  t a r g e t  h y d r a u l i c  g r a d i e n t s  a t  a series of  check  p o i n t s  l o c a t e d  a r o u n d  t h e  
p e r i m e t e r  of  t h e  plume ( s e e  Atwood and  G o r e l i c k ,  1 9 8 5 ) .  T h u s ,  h  can  be 
c o n s i d e r e d  t o  be t h e  s t a t e  v a r i a b l e  o f  t h e  s y s t e m ,  a n d . t h e  g roundwa te r  f l o w  
e q u a t i o n  ( 1 )  p r o v i d e s  t h e  l i n e a r  r e s p o n s e  f u n c t i o n  t h a t  re la tes  t h e  s y s t e m  
s t a t e  t o  t h e  d e c i s i o n  v a r i a b l e s .  The o b j e c t i v e  i s , t o  f i n d  t h e  l e a s t  c o s t  
pumping s t r a t e g y  t h a t  w i l l  a c h i e v e  t h e  d e s i r e d  h y d r a u l i c  c o n t r o l  of  t h e  
plume.  I n s t e a d  o f  d i r e c t l y  s o l v i n g  f o r  t h e  l e a s t  c o s t  s t r a t e g y ,  we w i l l  f i n d  
t h e  s o l u t i o n  t h a t  min imizes  t h e  sum of  e x t r a c t i o n  and  i n j e c t i o n  r a t e s .  

F o l l o w i n g  Atwood a n d  G o r e l i c k ,  t h e  management model can be e x p r e s s e d  as  

O b j e c t i v e :  

NW 
Min 1 ( u j  + v . )  

j = l  J 

C o n s t r a i n t s :  

O < v . < Q  - J - max 

where U j  i s  t h e  e x t r a c t i o n  r a t e  a t  w e l l  j ;  V j  i s  t h e  i n j e c t i o n  r a t e  a t  well j ;  
g i  i s  t h e  t a r g e t  h y d r a u l i c  g r a d i e n t  a t  l o c a t i o n  i ;  R i j  i s  t h e  g r a d i e n t  
r e s p o n s e  c o e f f i c i e n t ,  which g i v e s  t h e  impact  of  a  u n i t  e x t r a c t i o n  a t  well j 
upon t h e  g r a d i e n t  a t  l o c a t i o n  i ;  NGP is t h e  number of  g r a d i e n t  check  p o i n t s ;  
and  Qmax i s  an upper  bound o n  t h e  maximum p o s s i b l e  e x t r a c t i o n / i n j e c t i o n  r a t e .  
Due t o  l i n e a r i t y ,  R i j  i s  c o n s t a n t  w i t h  r e s p e c t  t o  u j  and  v j ,  ~t i s  s i m p l e  t o  



a d d  a n  a d d i t i o n a l  c o n s t r a i n t  r e s t r i c t i n g  t h e  t o t a l  i n j e c t i o n  t o  be l e s s  t h a n  
o r  e q u a l  t o  t h e  t o t a l  e x t r a c t i o n ,  s i n c e  t h i s  would be p r a c t i c a l  r e q u i r e m e n t  
f o r  most  pumping s t r a t e g i e s .  L i n e a r  programming c a n  be u sed  t o  f i n d  t h e  
o p t i m a l  s o l u t i o n  t o  t h e  a b o v e  management model.  A s  d i s c u s s e d  by Atwood and  
G o r e l i c k ,  t h e  u s e  o f  ( 3 )  t h r o u g h  ( 5 )  p e r m i t s  t h e  l i n e a r  program t o  d e c i d e  
a u t o m a t i c a l l y  whe the r  a p a r t i c u l a r  well s h o u l d  b e  i n j e c t i n g  o r  e x t r a c t i n g .  

For  s i m p l e  s i t u a t i o n s  w i t h  a  homogeneous t r a n s m i s s i v i  t y  f i e l d  a n d  i d e a l  
domain g e o m e t r y ,  t h e  g r a d i e n t  r e s p o n s e  c o e f f i c i e n t s ,  R i j ,  c a n  be o b t a i n e d  f rom 
a n a l y t i c a l  s o l u t i o n s  t o  e q u a t i o n  ( 1 )  (Tung,  1986 ;  Maddock, 1 9 7 2 ) .  I n  t h e  
g e n e r a l  c a s e  whe re  n u m e r i c a l  s i m u l a t i o n  mode l s  are u s e d  t o  s o l v e  ( I ) ,  R i j  
v a l u e s  can  be  o b t a i n e d  by e x e c u t i n g  t h e  model o n c e  f o r  e a c h  p o s s i b l e  w e l l  
l o c a t i o n  ( G o r e l i c k ,  1 9 8 3 ;  Atwood a n d  G o r e l i c k ,  1 9 8 5 ) .  I n  t h i s  s t u d y ,  we u s e  a 
f i n i t e  e l e m e n t  model w i t h  l i n e a r  t r i a n g u l a r  b a s i s  f u n c t i o n s  t o  s o l v e  e q u a t i o n  
(1 ) . A s  w i l l  be d i s c u s s e d  f u r t h e r  i n  t h e  n e x t  s e c t i o n ,  t h e  s o - c a l l e d  a d j o i n t  
s e n s i t i v i t y  t h e o r y  r e c e n t l y  p r e s e n t e d  by Sykes  e t  a l .  ( 1  985 )  can  a l s o  be  
u t i l i z e d  t o  o b t a i n  R i j  v a l u e s .  

S i n c e  we a r e  u s i n g  a d i s c r e t e  n u m e r i c a l  model t o  s o l v e  ( I ) ,  we f o l l o w  
Atwood a n d  G o r e l i c k  and  e x p r e s s  t h e  g r a d i e n t  a t  a p a r t i c u l a r  l o c a t i o n  o n  t h e  
plume boundary  as t h e  d i f f e r e n c e  between t h e  p i e z o m e t r i c  h e a d  a t  two nodes  on  
o p p o s i t e  s i d e s  of t h e  plume boundary .  T h e r e f o r e ,  f o r  s u c c e s s f u l  plume 
c o n t a i n m e n t ,  

where p o i n t s  A and  B a r e  t y p i c a l l y  l o c a t e d  j u s t  o u t s i d e  and  i n s i d e ,  r e s p e c -  
t i v e l y ,  o f  t h e  plume bounda ry ,  a n d  AhtWget  i s  s e t  e q u a l  t o  z e r o  (a f l a t  
g r a d i e n t )  o r  t o  some d e s i r e d  inward  g r a d i e n t .  The a d j a c e n t  p o i n t s  A and B a r e  
c a l l e d  a g r a d i e n t  check  p a i r .  I f  we d e f i n e  t h e  r e s p o n s e  c o e f f i c i e n t  , R i j ,  as 
t h e  i m p a c t  of  a u n i t  e x t r a c t i o n  a t  well j upon t h e  d i f f e r e n c e  hA - hBi, t h e n  

i we can  u s e  s u p e r p o s i t i o n  t o  write 

where t h e  r e g  s u p e r s c r i p t  s i g n i f i e s  a  r e g i o n a l  f l ow  f i e l d  which  may be p r e s e n t  

i n  t h e  a b s e n c e  o f  any  pumping. L e t t i n g  Ahreg = hreg  - hregy  we can combine 
A i B i 

( 6 )  a n d  ( 7 )  t o  g i v e  t h e  c o n s t r a i n t  e q u a t i o n  (4), where  g i  i s  e x p r e s s e d  as 

F o r m u l a t i o n  Wi th  Par-arneter U n c e r t a i n t v  

Once t h e  g r a d i e n t  r e s p o n s e  c o e f f i c i e n t s  ( R i j )  a r e  s p e c i f i e d ,  t h e  d e t e r -  
m i n i s t i c  management model p r e s e n t e d  i n  e q u a t i o n s  ( 3 ) ,  (4) , and ( 5 )  can be  
s o l v e d  by s t a n d a r d  1 i n e a r  programming a l g o r i t h m s .  I n  o r d e r  t o  d e t e r m i n e  R i j  , 
t h e  n u m e r i c a l  s o l u t i o n  of  ( 1  ) is u s e d ;  however ,  t h i s  n u m e r i c a l  s o l u t i o n  



r e q u i r e s  s p e c i f  i c a t i - o n  o f  t h e  s p a t i a l  d i s t r i b u t i o n  o f  t h e  t r a n s m i s s i v i  t y .  I n  
p r a c t i c a l  a p p l i c a t i o n s ,  t h e r e  w i l l  a lways  be c o n s i d e r a b l e  u n c e r t a i n t y  a b o u t  
t h e  t r a n s m i s s i v i t y  f i e l d .  Hence, t h e  r e s p o n s e  c o e f f i c i e n t s  a p p e a r i n g  i n  (4) 
must  be r e g a r d e d  as u n c e r t a i n  q u a n t i t i e s ,  and  t h e  management model must  be 
r e c a s t  as a s t o c h a s t i c  o p t i m i z a t i o n  problem.  I n  t h i s  s e c t i o n  we p r e s e n t  a  
s i m p l e  f o r m u l a t i o n  u s i n g  l i n e a r  d e t e r m i n i s t i c  m a t h e m a t i c a l  programming t o o l s  
t h a t  a c c o u n t s  f o r  u n c e r t a i n t y  i n  t h e  g r a d i e n t  r e s p o n s e  c o e f f i c i e n t s  a p p e a r i n g  
i n  ( 4 ) .  

The i d e a  b e h i n d  our' method i s  b a s e d  upon t h e  c o n c e p t  of  s e n s i t i v i t y  
c o e f f i c i e n t s  , which can  be d e f i n e d  as 

where P is some pe r fo rmance  measu re  t h a t  i s  a s c a l a r  f u n c t i o n  o f  sys t em s t a t e  
and a is a n y  s y s t e m  p a r a m e t e r .  S e n s i t i v i t y  c o e f f i c i e n t s  a r e  d i s c u s s e d  f u r t h e r  
by G i l l h a m  a n d  F a r v o l d e n  ( 1 9 7 4 ) ,  McElwee a n d  Yuk le r  ( 1 9 7 8 ) ,  a n d  S y k e s  e t  
a l .  ( 1  9 8 5 ) ;  t h e y  have been used  m o s t l y  i n  t h e  c o n t e x t  of  t h e  g roundwa te r  
i n v e r s e  problem (McElwee, 1982 ;  N e ~ m a n ,  1980) a n d  f  i r s t - o r d e r  a n a l y s i s  of 
s t o c h a s t i c  g roundwa te r  models  (Townley and Wi l son ,  1985)  . We assume t h a t  t h e  
d e t e r m i n i s t i c  management mode l ,  ( 3 )  t h r o u g h  (5)  , h a s  been s o l v e d  u s i n g  a  " b e s t  
e s t i m a t e t f  o f  t h e  t r a n s m i s s i v i t y  f i e l d .  However, i n  some s p e c i f i c  r e g i o n s  t h e  
t r a n s m i s s i v i  t y  v a l u e s  a r e  u n c e r t a i n ;  i n  t h e s e  r e g i o n s ,  s e n s i t i v i t y  
c o e f f i c i e n t s  a r e  u s e d  t o  measu re  t h e  impac t  of a s m a l l  change  i n  t r a n s m i s -  
s i v i t y  upon c o n t a m i n a n t  plume c o n t a i n m e n t .  S e n s i t i v i t y  c o e f f i c i e n t s  d e f i n e d  
i n  s u c h  a way p r o v i d e  a q u a l i t a t i v e  measu re  of  t h e  r o b u s t n e s s  of a d e c i s i o n  
s t r a t e g y .  For t h e  p u r p o s e s  of t h i s  i n v e s t i g a t i o n ,  we d e f i n e  a r o b u s t  d e c i s i o n  
s t r a t e g y  as o n e  t h a t  i s  c a p a b l e  of s u c c e s s f u l l y  c o n t a i n i n g  t h e  c o n t a m i n a n t  
plume i f  a c t u a l  t r a n s m i s s i v i  t ies  d i f f e r  s l i g h t l y  f rom t h e i r  assumed v a l u e s .  
M i n i m i z a t i o n  of  t h e  o v e r a l l  s e n s i t i v i t y  of  a  pumping s t r a t e g y  t o  t r a n s m i s -  
s i v i  t y  c h a n g e s  t h e n  becomes a  s e c o n d  o b j e c t i v e  which we append t o  e q u a t i o n s  
( 3 )  t h r o u g h  ( 5 ) .  

Management Model F o r m u l a t i o n :  

A s  d i s c u s s e d  p r e v i o u s l y ,  c o n t a m i n a n t  plume m i g r a t i o n  i s  e v a l u a t e d  
m a t h e m a t i c a l l y  i n  t e r m s  o f  h y d r a u l i c  g r a d i e n t s  a t  s p e c i f i e d  l o c a t i o n s  o n  t h e  
plume boundary .  A s e n s i t i v i t y  c o e f f i c i e n t  t h a t  e x p r e s s e s  t h e  impac t  o f  
t r a n s m i  ssi v i t y  changes  upon t h e  pe r fo rmance  of  a  g i v e n  pumping s t r a t e g y  can  be 
d e f i n e d  as  

where 



is t h e  h y d r a u l i c  g r a d i e n t  a t  check  p a i r  i and  Tk i s  t h e  t r a n s m i s s i v i t y  i n  
r e g i o n  k .  ( I n  t h i s  s t u d y ,  we assume t h a t  t h e  a q u i f e r ' s  t r a n s m i s s i v i t y  f i e l d  
is compr i sed  o f  a  f i n i t e  number of homogeneous subdomains  .) The a b s o l u t e  
v a l u e  o f  s i k  is a measu re  o f  t h e  r o b u s t n e s s  of  any  p a r t i c u l a r  management 
s t r a t e g y ;  s t r a t e g i e s  w i t h  s m a l l  v a l u e s  o f  Isik] w i l l  s t i l l  s u c c e s s f u l l y  
c o n t a i n  t h e  c o n t a m i n a n t  plume e v e n  i f  t h e  t r a n s m i s s i v i t y  d i f f e r s  s l i g h t l y  f rom 
its assumed v a l u e .  

We can  u s e  t h e  s e n s i t i v i t y  c o e f f i c i e n t s  t o  f o r m u l a t e  a  " s e n s i t i v i t y 1 '  
c r i t e r i o n ,  Js ,  t o  be min imized  a l o n g  w i t h  t h e  f l c o s t l t  c r i t e r i o n  g i v e n  by ( 3 ) .  

2 Many c h o i c e s  f o r  J s  a r e  p o s s i b l e ,  s u c h  a s  a  w e i g h t e d  sum of Isik) o r  ( s ik )  . 
However, t o  m a i n t a i n  a  l i n e a r  f o r m u l a t i o n  ,, we u s e  a  minimax c r i t e r i o n  

Min J 
S 

( 1 1 )  

J~ = max Isik 1 

k E K* 

where K* is a  s u b s e t  of  t h e  t o t a l  number o f  t r a n s m i s s i v i  t y  zones  c o n t a i n i n g  
t h e  u n c e r t a i n  t r a n s m i s s i v i t y  v a l u e s  a n d  I* is a s u b s e t  of t h e  t o t a l  number o f  
g r a d i e n t  check  p a i r  l o c a t i o n s  c o n t a i n i n g  t h e  p o i n t s  where  t h e  g r a d i e n t  c o n t r o l  
c o n s t r a i n t s  ( 4 )  a r e  b i n d i n g .  The g roundwa te r  f l o w  e q u a t i o n  ( 1 )  p r o v i d e s  t h e  
r e q u i r e d  c o u p l i n g  between s i k  a n d  t h e  d e c i s i o n  v a r i a b l e s  ( u j  and  v j  ) ;  t h e  
d e t a i l s  a r e  p r e s e n t e d  i n  t h e  n e x t  s e c t i o n .  

The new management model is  o b t a i n e d  by a d d i n g  t h e  s e n s i t i v i t y  c r i t e r i o n  
( 11 ) t o  t h e  d e t e r m i n i s t i c  f o r m u l a t i o n  ( 3 )  t h r o u g h  ( 5 ) .  T h u s ,  t h e  new model is 

O b j e c t i v e s :  

N W  
Min I ( u j  + v . )  

j=1  J 

Min Js 

where Js i s  g i v e n  by ( 1  1 )  w i t h  t h e  c o n s t r a i n t s  a r e  g i v e n  by (4) a n d  ( 5 ) .  I n  
o r d e r  t o  s o l v e  t h e  m u l t i o b j e c t i v e  management p rob lem,  we u s e  t h e  s o - c a l l e d  
c o n s t r a i n t  method where  t h e  s e n s i t i v i t y  c r i t e r i o n  i s  p l a c e d  i n t o  t h e  
c o n s t r a i n t  set  ( ~ o u c k s  et a l . ,  1981 ; Neuman, 1 9 7 3 ) .  



Obj e c t  i ve : 

N W  
Min 1 ( U  + v . )  

j = 1  J J  

C o n s t r a i n t s :  

N W  
1 R .  . ( u  - v . )  L g i  

15 j J 
i = 1 ,  2 ,  ..., NGP 

j=1  

where  smax is  t h e  maximum a l l o w a b l e  a b s o l u t e  s e n s i t i v i t y  v a l u e .  P a r a m e t r i c  
l i n e a r  programming t e c h n i q u e s  can  be u s e d  t o  s o l v e  (1 2 )  t h r o u g h  (1 5 )  f o r  
v a r i o u s  v a l u e s  of smax t h u s  a l l o w i n g  e x a m i n a t i o n  o f  t h e  t r a d e o f  f between c o s t  
( a s  measured  by t h e  sum of  i n j e c t i o n  and  e x t r a c t i o n  r a t e s )  and  r o b u s t n e s s  (as 

measu red  by s m a x ) .  

C a l c u l a t i o n  o f  t h e  S e n s i t i v i t y  C o e f f i c i e n t s :  

The r e l a t i o n s h i p  between s i k  a n d  t h e  pumping rates  i s  o b t a i n e d  when ( 7 )  
is s u b s t i t u t e d  i n t o  ( 9 ) .  The  r e s u l t  is 

where 

k 
S i j  can  be r e g a r d e d  as a s e n s i t i v i t y  r e s p o n s e  c o e f f i c i e n t  s i n c e  i t  m e a s u r e s  
t h e  impac t  of  a u n i t  e x t r a c t i o n  a t  w e l l  j upon s i k .  The s e n s i t i v i t y  o f  t h e  
r e g i o n a l  f l o w  f i e l d  t o  t r a n s m i s s i v i t y  c h a n g e s  i s  d e f i n e d  by syTg i n  ( 1 7 ) .  



We use  t h e  d i s c r e t e  a d j o i n t  s e n s i t i v i t y  t h e o r y  a s  p r e s e n t e d  by s y k e s  e t  
a l .  (1985)  i n  o r d e r  t o  c a l c u l a t e  S F .  e f f i c i e n t l y .  The d i s c r e t e  f i n i t e  e lement  
approx imat ion  t o  ( 1  ) can be e x p r e s s d d  a s  

where [ A (  I T ) ) ]  is t h e  g l o b a l  s t i f f n e s s  m a t r i x  which i s  a  f u n c t i o n  of  I T ) ,  t h e  
v e c t o r  c o n t a i n i n g  t h e  t r a n s m i s s i v i t y  v a l u e  i n  e a c h  homogeneous subdomain, {h 1 
r e p r e s e n t s  t h e  v e c t o r  of unknown nodal  head v a l u e s ,  and { B ~ ]  i s  t h e  l o a d  
v e c t o r  which a c c o u n t s  f o r  w e l l  pumping ( e q u a t i o n  2 )  and boundary c o n d i t i o n s .  
Because t h e  govern ing  groundwater f low e q u a t i o n  ( 1  ) ( s u b j e c t  t o  D i r c h l e t  and 
Neumann boundary c o n d i t i o n s )  i s  s e l f - a d j o i n t ,  t h e  m a t r i x  [ A ]  i s  symmetric.  
According t o  Sykes e t  a l . ,  i f  a  performance measure P i  is  d e f i n e d  a s  i n  (TO), 
t h e n  t h e  a d j o i n t  s e n s i t i v i t y  method g i v e s  

where 

and {y*li  i s  c a l l e d  t h e  a d j o i n t  s t a t e  and s a t i s f i e s  

The m a t r i x  [ A ]  a p p e a r i n g  i n  (21 ) and (22)  i s  t h e  g l o b a l  s t i f f n e s s  m a t r i x  from 
t h e  f i n i t e  e lement  model ( 1  9 ) ;  hence ,  i f  a  d i r e c t  m a t r i x  s o l v e r  is u t i l i z e d  
o n l y  one  f a c t o r i z a t i o n  of  [ A ]  is  n e c e s s a r y  t o  f i n d  both  { h ]  and  {Y*) .  Since  
P i  is t h e  s i m p l e  l i n e a r  f u n c t i o n  d e f i n e d  by (101 ,  t h e  r i g h t  hand s i d e  of  (22)  
is  a  v e c t o r  with + I  i n  t h e  l o c a t i o n  cor respond ing  t o  p o i n t  A ,  -1  i n  t h a t  
co r respond ing  t o  B ;  and z e r o  e l sewhere .  A l l  t e rms  i n  (21 ) a r e  r e a d i l y  
o b t a i n a b l e ;  f u r t h e r  d e t a i l s  r e g a r d i n g  t h e  s o l u t i o n  of ( 2 0 )  th rough  ( 2 2 )  a r e  
g iven  i n  t h e  paper by Sykes e t  a l .  

The s o l u t i o n  of  (20)  g i v e s  t h e  c o n t r i b u t i o n  of  t h e  r e g i o n a l  f low f i e l d  t o  
t h e  o v e r a l l  s e n s i t i v i t y  ( s r e 6  i n  e q u a t i o n  16)  when { h )  i n  (21 ) i s  t h e k f  i n i t e  l k  
element  s o l u t i o n  t o  (19)  f o r  t h e  c a s e  of  z e r o  pumping. Reca l l  t h a t  S  i s  
d e f i n e d  by (18)  and  t h a t  R i j  i s  equal  t o  ( a P i / a Q j )  whel;e P i  is given 66 ( 1 0 )  
and Q j  i s  t h e  e x t r a c t i o n  r a t e  a t  we l l  j .  T h e r e f o r e ,  S i j  can be o b t a i n e d  by 
d i f f e r e n t i a t i n g  ( 2 0 )  w i t h  r e s p e c t  t o  Q j .  T ~ U S  

k * T  a 
S . .  = {Y I i  - {B+) 
1~ aaj  



The v e c t o r  a { h ) / a Q j  a p p e a r i n g  i n  (24)  above can be found by s o l v i n g  a  modi f i ed  
form of ( 1 9 ) .  

where t h e  r i g h t  hand s i d e  v e c t o r  has  -1  i n  t h e  l o c a t i o n  cor respond ing  t o  node 
j and ze ro  e lsewhere  ( i f  w e l l  l o c a t i o n s  a r e  c o i n c i d e n t  w i t h  nodal  p o i n t s ) .  

Equa t ion  ( 2 5 )  r e p r e s e n t s  t h e  s t a n d a r d  t e c h n i q u e  f o r  f i n d i n g  t h e  g r a d i e n t  
r e s p o n s e  c o e f f i c i e n t s .  S ince  R i j  i s  d e f i n e d  a s  a ( h A .  - hBi)/aQj , R i j  i s  e q u a l  
t o  t h e  d i f f e r e n c e  between e lements  of t h e  v e c t o r  a { h t / a Q j  corresponding t o  
nodes  A and B. A l s o ,  s i n c e  Sykes e t  a l .  n o t e  t h a t  a d j o i n t  s t a t e  p h y s i c a l l y  
r e p r e s e n t s  t h e  change i n  t h e  performance measure caused by a  u n i t  volume 
i n f l u x  o f  water  a t  a  p a r t i c u l a r  l o c a t i o n ,  R i j  i s  a l t e r n a t e l y  g i v e n  by t h e  
e lement  of t h e  v e c t o r  {$*li i n  (22)  c o r r e s p o n d i n g  t o  node j .  

I n  summary, t h e  management model i s  given ,by ( 1  2 )  th rough  ( 1  5 ) .  Required 
i n p u t  t o  t h e  management model i n c l u d e s  t h e  g r a d i e n t  r e s p o n s e  c o e f f i c i e n t s  R i j ,  
t h e  s e n s i t i v i t y  r e s p o n s e  c o e f f i c i e n t s  S F . ,  and t h e  r e g i o n a l  f low c o n t r i b u t i o n  
t o  t h e  o v e r a l l  s e n s i t i v i t y  s r E g .  These 6a ramete r s  a r e  c a l c u l a t e d  a s  f o l l o w s :  

1 .  Equat ion (19)  i s  s o l v e d  t o  f i n d  t h e  r e g i o n a l  f low f i e l d .  
2. For each g r a d i e n t  check p o i n t  ( o r  t h e  s u b s e t  I* of b i n d i n g  check 

p o i n t s )  (22)  i s  s o l v e d  f o r  t h e  a d j o i n t  s t a t e  {$* l i .  
3. Equat ion (20)  i s  e v a l u a t e d  w i t h  {B$) g i v e n  by (21 ) and { h )  a s  t h e  

r e g i o n a l  f low f i e l d .  T h i s  y i e l d s  sTeg. 
4. For each p o s s i b l e  well l o c a t i o n ,  (2$!f i s  s o l v e d  f o r  a { h ) / a Q j .  R i j  i s  

e v a l u a t e d  a s  d e s c r i b e d  above by t a k i n g  t h e  d i f f e r e n c e  between 
a p p r o p r i a t e  e l ements  of a { h l / a Q j .  

5.  Equat ion (23)  i s  e v a l u a t e d  t o  f i n d  S i j .  

A s  d i s c u s s e d  by Sykes e t  a l . ,  t h e  computat ional  burden of t h e  a d j o i n t  
s e n s i t i v i t y  a n a l y s i s  performed i n  s t e p s  1-5 above i s  no t  e x c e s s i v e .  We u s e  a  
d i r e c t  m a t r i x  s o l v e r  f o r  t h e  f i n i t e  e lement  sys tem s o l v e d  i n  s t e p  t and t h u s  
t h e  same m a t r i x  decompos i t ion  i s  used i n  s t e p s  2  and 4. The m a t r i c e s  a[A]/aTk 
i n  (21, )  and ( 2 4 )  a r e  ve ry  s p a r s e  and a r e  e a s i l y  e v a l u a t e d  d u r i n g  t h e  element 
assembly p r o c e s s  used t o  g e n e r a t e  t h e  g l o b a l  s t i f f n e s s  m a t r i x  [A]. 

A ~ ~ l i c a t i o n  t o  a  H v ~ o t h e t i c a l  Problem 

I n  t h i s  s t u d y  we have based o u r  implementa t ion of  t h e  MST upon a  l i n e a r  
t r i a n g u l a r  f i n i t e  e lement  model of groundwater f low. The t r a n s m i s s i v i t y  is 
c o n s t a n t  w i t h i n  a  f i n i t e  element but  v a r i e s  among d i f f e r e n t  e l ements ;  t h a t  i s ,  



t h e  t o t a l  number of d i s c r e t e  t r a n s m i s s i v i t y  zones  ( t h e  d imens ion  o f  {TI i n  
eqn .  1 9 )  e q u a l s  t h e  number of  e l e m e n t s .  A d i r e c t  banded m a t r i x  s o l v e r  is u s e d  
i n  ( I g ) ,  ( 2 2 ) ,  a n d  ( 2 5 ) .  The l i n e a r  programming problem i s  s o l v e d  u s i n g  t h e  
o p t i m i  z a t i o n  package  XMP (Depar tment  o f  Management I n f o r m a t i o n  S y s t e m s ,  
U n i v e r s i t y  o f  A r i z o n a ,  Tucson ,  ~ r i z o n a ) .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  u t i l i t y  o f  o u r  method,  we c o n s i d e r  t h e  s i m p l e  
c a s e  of un i fo rm r e g i o n a l  f l o w  t h r o u g h  a homogeneous a q u i f e r .  F i g u r e  1  shows 
t h e  l o c a t i o n  o f  t h e  c o n t a m i n a n t  p lume,  t h e  g r a d i e n t  check  p a i r s ,  a n d  t h e  
w e l l s .  A un i fo rm f i n i t e  e l e m e n t  mesh is u s e d ,  as a l s o  shown i n  F i g .  1 .  The 
r e g i o n a l  h y d r a u l i c  g r a d i e n t  i s  0.01 , a n d  t h e  t r a n s m i s s i v i  t y  f i e l d  i s  assumed 
homogeneous w i t h  a  v a l u e  o f  100  m2/day. 

We f i r s t  a p p l y  t h e  t r a d i t i o n a l  management model ( 3 )  - ( 5 )  t o  t h i s  
problem.  I n  a l l  of  t h e  r e s u l t s  r e p o r t e d  h e r e ,  Ahtargeti  i n  ( 8 )  i s  e q u a l  t o  
z e r o  ( a  f l a t  t a r g e t  g r a d i e n t  a t  t h e  check  p a i r  l o c a t i o n s )  a n d  Qmax i n  ( 5 )  i s  
e q u a l  t o  a  v e r y  l a r g e  number s o  t h a t  t h e r e  is e s s e n t i a l l y  no u p p e r  bound o n  
t h e  pumping r a t e s .  The g r a d i e n t  r e s p o n s e  c o e f f i c i e n t s  R i j  i n  ( 4 )  a r e  o b t a i n e d  
u s i n g  t h e  a d j o i n t  s t a t e  method d e s c r i b e d  p r e v i o u s l y  and  t h e  l i n e a r  programming 
problem was s o l v e d  u s i n g  XMP. A s  e x p e c t e d ,  t h e  o p t i m a l  s o l u t i o n  t o  t h i s  
problem i n v o l v e s  e x t r a c t i o n  a t  a  r a t e  o f  820 m3/day from well 1  ( t h e  c e n t r a l  
w e l l  w i t h i n  t h e  p lume)  w i t h  a l l  o t h e r  w e l l s  i n a c t i v e .  A l s o  as e x p e c t e d ,  t h e  
h y d r a u l i c  g r a d i e n t  a t  check  p a i r  1  i s  t h e  b i n d i n g  c o n s t r a i n t  ( s e e  T a b l e  1  ) . 

The o p t i m a l  s t r a t e g y  n o t e d  a b o v e  w i l l  f a i l  i f  t h e  t r a n s m i s s i v i t y  i n  
c e r t a i n  l o c a t i o n s  d i f f e r s  f rom i ts  assumed v a l u e  o f  100  m2/day. The a d j o i n t  
s t a t e  t e c h n i q u e  can  be u sed  t o  c a l c u l a t e  t h e  e f f e c t  of  c h a n g e s  i n  t h e  assumed 
t r a n s m i s s i v i t y  v a l u e s  upon t h e  g r a d i e n t  a t  check  p a i r  1 .  That  i s ,  e q n .  ( 2 0 )  
c a n  be u t i l i z e d  t o  c a l c u l a t e  s l k  = aPl/aTk f o r  each  k .  The r e s u l t s  f o r  l s lkl  
a r e  i l l u s t r a t e d  i n  F i g u r e  2. It s h o u l d  be n o t e d  t h a t  s.lk = sTfg  ( s e e  e q n .  1 6 )  
f o r  e l e m e n t s  l o c a t e d  f a r  f rom w e l l  1. L i k e w i s e ,  t h e  v a l u e  o f  s i k  f o r  an  
e l e m e n t  f a r  from a l l  p o t e n t i a l  w e l l  l o c a t i o n s  is dominated  by t h e  r e g i o n a l  
f l o w  c o n t r i b u t i o n  ( syEg)  a n d  hence  i t  i s  i m p o s s i b l e  f o r  any  pumping s t r a t e g y  
t o  d e c r e a s e  t h a t  v a l u e  o f  Isik) u n l e s s  new p o t e n t i a l  w e l l  l o c a t i o n s  a r e  
i n t r o d u c e d .  

The r e s u l t s  i n  F i g .  2  show t h a t  e l e m e n t s  90 a n d  91 ( s e e  F i g .  1  f o r  
e l e m e n t  l o c a t i o n s )  p o s s e s s  t h e  l a r g e s t  v a l u e s  of  Isik 1 .  The r e g i o n  o c c u p i e d  
by t h e s e  e l e m e n t s  can  be t h o u g h t  of  a s  a h i g h  s e n s i t i v i t y  o r  l l c r i t i c a l l l  zone.  
Hence ,  a p a r t  f rom t h e  o p t i m i z a t i o n  model deve loped  i n  t h i s  p a p e r ,  t h e  a d j o i n t  
s t a t e  method i t s e l f  is  a v a l u a b l e  a i d  i n  i d e n t i f y i n g  r e g i o n s  where a d d i t i o n a l  
p a r a m e t e r  measu remen t s  a r e  mos t  needed .  For t h e  s a k e  o f  i l l u s t r a t i o n ,  we 
c o n s i d e r  t h a t  t h e  o n l y  u n c e r t a i n  v a l u e s  of t r a n s m i s s i v i t y  a r e  t h o s e  of  
e l e m e n t s  90 a n d  91 ; a l l  o t h e r  e l e m e n t s  have t h e i r  t r a n s m i s s i v i t y  f i x e d  a t  t h e  
assumed v a l u e  o f  100 m2/day. I n  t h i s  s i t u a t i o n ,  a t r a d e o f f  between c o s t  and  
r o b u s t n e s s  can  be de t e rmined  by s o l v i n g  t h e  o p t i m i z a t i o n  model ( 1 2 )  t h r o u g h  
( 1 5 )  f o r  v a r i o u s  v a l u e s  of  t h e  p a r a m e t e r  smaX. I n  ( 1 4 ) ,  I* c o n t a i n s  a l l  t h r e e  
g r a d i e n t  check  p a i r s ,  a n d  K* c o n t a i n s  e l e m e n t s  90 a n d  91 ; h e n c e ,  t h e r e  a r e  s i x  
s e n s i t i v i t y  c o n s t r a i n t s .  Op t ima l  pumping s t r a t e g i e s  f o r  s e l e c t e d  v a l u e s  of  
smax a r e  l i s t e d  i n  T a b l e  1.  P o s i t i v e  v a l u e s  i n  T a b l e  1  s i g n i f y  e x t r a c t i o n  and  
n e g a t i v e  v a l u e s ,  i n j e c t i o n .  The l a s t  column is t h e  sum of  t h e  e x t r a c t i o n  and  
i n j e c t i o n  r a t e s  and  t h u s  r e p r e s e n t s  t h e  o v e r a l l  c o s t  o f  a  p a r t i c u l a r  o p t i m a l  
s t r a t e g y .  F i g u r e  3  is a  p l o t  showing  t h e  t r a d e o f f  between c o s t  ( a s  measured  
by t h e  t o t a l  pumping) a n d  r o b u s t n e s s  ( a s  measu red  by s m a x ) .  A l s o  shown i n  
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T a b l e  1 are  t h e  b i n d i n g  g r a d i e n t  check  p a i r  ( 1 3 )  a n d  s e n s i t i v i t y  ( 1 4 )  
c o n s t r a i n t s ;  f o r  example  when smax = 1  . 5  x  l o m 4  a l l  t h r e e  g r a d i e n t  check  p a i r  
c o n s t r a i n t s  are b i n d i n g  as a r e  t h e  s e n s i t i v i t y  c o n s t r a i n t s  f o r  check  p a i r  1  
and  e l e m e n t s  90 a n d  91. 

TABLE 1  . Opt imal  S o l u t i o n s  f o r  H y p o t h e t i c a l  Problem 

* A l l  pumping rates  a r e  m3/day; p o s i t i v e  v a l u e s  s i g n i f y  e x t r a c t i o n  and  
n e g a t i v e  v a l u e s  s i g n i f y  i n j e c t i o n  

t The t o p  l i n e  shows t h e  b i n d i n g  g r a d i e n t  check  p a i r  c o n s t r a i n t ;  t h e  
bo t tom l i n e  shows t h e  b i n d i n g  s e n s i t i v i t y  c o n s t r a i n t s .  

The r e s u l t s  shown i n  T a b l e  1  a n d  F i g u r e  3  d e m o n s t r a t e  t h a t  i t  i s  p o s s i b l e  
t o  u s e  s e l e c t i v e  w i t h d r a w a l  and  i n j e c t i o n  t o  m a n i p u l a t e  t h e  g roundwa te r  s y s t e m  
i n t o  s t a t e s  of low s e n s i t i v i t y  t o  p a r a m e t e r  changes .  Given  t h e  assumed 
c o n f i g u r a t i o n  of w e l l  l o c a t i o n s ,  i t  i s  g e n e r a l l y  p o s s i b l e  t o  i d e n t i f y  l eas t  
c o s t  pumping s t r a t e g i e s  t h a t  meet  t h e  d u a l  g o a l s  of plume c o n t a i n m e n t  and  
s e n s i t i v i t y  d imin i shmen t .  D e t a i l  e x a m i n a t i o n  of t h e  s o l u t i o n  o n  t h e  boundary  
of t h e  f e a s i b l e  s p a c e  ( s m a x = 6 . 8 x 1 0 ~ 5 )  r e v e a l s  t h a t  t h e  s e n s i t i v i t y  c o n s t r a i n t s  
f o r  check  p a i r s  2 and 3  a r e  a l m o s t  b i n d i n g .  Due t o  t h e  s i g n s  of t h e  v a r i o u s  
sf 'fg a n d  SF v a l u e s ,  a n y  a d d i t i o n a l  change . i n  t h e  pumping r a t e s  t h a t  w i l l  
e f f e c t  a  d e c r e a s e  i n  t h e  check  p a i r  1  s e n s i t i v i t y  w i l l  c a u s e  a n  i n c r e a s e  i n  
t h e  check  p a i r  2-3 s e n s i t i v i t y .  New w e l l s  would n e e d  t o  be i n t r o d u c e d  t o  
expand  t h e  f e a s i b l e  s p a c e .  

s max 

I n  o r d e r  t o  t e s t  t h e  s o l u t i o n s  l i s t e d  i n  T a b l e  1 ,  we have pe r fo rmed  
g roundwa te r  f l o w  s i m u l a t i o n s  where  t h e  t r a n s m i s s i v i  t i e s  f o r  e l e m e n t s  90  and 91 

Op t ima l  Pumping   at e s  * 
Q 1  Q2 Q 3  Q 4  

~ i n d i  n g t  
C o n s t r a i n t s  

GP 1  

GP 1  
S s 

1 , 9 0  1 , 9 l  

GP 1  
s 

1 , 9 0  '1,91 

GP1 
s 

1 , 9 0  '1,91 

GP 1 , 2 , 3  
S 

1 , 9 0  '1,91 

Tot a1 
Pumping 

82 0  

8 3  5  

893 

1030 

2560 

no  u n c e r  t a i  n t  y  

1.2 

lo-3 

-4 
1 .5  x  10  
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a r e  changed f rom t h e i r  assumed v a l u e  o f  100 m2/day. We would e x p e c t  t h a t  
pumping schemes c o r r e s p o n d i n g  t o  h i g h  smax v a l u e s  would f a i l  t o  c o n t a i n  t h e  
plume whereas  schemes  c o r r e s p o n d i n g  t o  low smax v a l u e s  would s t i l l  s u c c e s s -  
f u l l y  a c h i e v e  plume c o n t r o l .  S i n c e  t h e  h y d r a u l i c  g r a d i e n t  a t  check  p a i r  1 i s  
most  s e n s i t i v e  t o  t r a n s m i s s i v i t y  c h a n g e s ,  t h e  v a l u e  o f  P1 ( s e e  eqn.  1 0 )  
i n d i c a t e s  t h e  s t a t u s  of  plume c o n t a i n m e n t  -- p o s i t i v e  v a l u e s  ( i n w a r d  d i r e c t e d  
g r a d i e n t )  i n d i c a t e  s u c c e s s  and  n e g a t i v e  v a l u e s ,  f a i l u r e .  T a b l e  2  shows t h e  
r e s u l t s  of  t h e s e  s i m u l a t i o n s  f o r  s e v e r a l  d i f f e r e n t  pumping schemes and 
pa rame te r  v a l u e  changes .  I t  can  be s e e n  t h a t  t h e  most  r o b u s t  ( l o w e s t  smax)  
scheme s u c c e s s f u l l y  c o n t a i n s  t h e  plume e v e n  f o r  a  50% change  i n  t h e  e l emen t  
t r a n s m i s s i v i  t y  v a l u e s .  I t  i s  i n t e r e s t i n g  t h a t  t h e  t r a d i t i o n a l  app roach  
( w i t h o u t  u n c e r t a i n t y  ) . y i e l d s  a n  o p t i m a l  pumping scheme t h a t  f a i l s  when t h e  
c r i t i c a l  e l emen t  t r a n s m i s s i v i  t y  v a l u e s  change by o n l y  10%.  The r e s u l t s  l i s t e d  
i n  T a b l e  2  g e n e r a l l y  v e r i f y  t h e  v a l i d i t y  of  o u r  f o r m u l a t i o n .  G iven  t h e  
a s s u m p t i o n s  and d e f i n i t i o n s  b u i l t  i n t o  ou r  model ,  s o l u t i o n s  i d e n t i f i e d  a s  
b e i n g  more l l robus t l l  d o  i n d e e d  s u c c e s s f u l l y  c o n t r o l  t h e  plume e v e n  when 
t r a n s m i s s i v i t i e s  d i f f e r  from t h e i r  assumed v a l u e s .  

TABLE 2. E f f e c t  o f  T r a n s m i s s i v i t y  Changes Upon Plume 
Conta inment  f o r  S e l e c t i n g  Pumping Schemes 

* t r a n s m i s s i v i t y  (m2/day) i n  e l e m e n t s  90 a n d  91 
t v a l u e  of h y d r a u l i c  g r a d i e n t  a t  check  p a i r  1  

O u r  method can  i n  p r i n c i p l e  be u t i l i z e d  i f  more e l e m e n t s  a r e  c o n s i d e r e d  
t o  have u n c e r t a i n  t r a n s m i s s i v i t y  v a l u e s  ( i  .e. ,  i n c r e a s i n g  t h e  s i z e  of  t h e  se t  
K* i n  eqn .  1 4 ) .  However, i n  t h i s  case t h e  f e a s i b l e  r e g i o n  w i l l  be g r e a t l y  
r e d u c e d  g i v e n  t h e  problem d e f i n i t i o n  i n  F i g u r e  1. For example ,  when e v e r y  
e l emen t  i n  t h e  domain i s  i n c l u d e d  i n  K * ,  t h e  check  p a i r  1 - e l e m e n t s  1 0  a n d  1 1  
( s l , 1 0  a n d  s 1 , l l )  s e n s i t i v i t  c o n s t r a i n t  becomes b i n d i n g  f o r  smax v a l u e s  3 s l i g h t l y  less t h a n  1 .2  x  10' . A s  men t ioned  p r e v i o u s l y ,  s e n s i t i v i t y  
c o e f f i c i e n t s  f o r  e l e m e n t s  1 0  and 1 1  are dominated by t h e  r e g i o n a l  f l ow 
c o n t r i b u t i o n  and hence  i t  is  n o t  g e n e r a l l y  p o s s i b l e  f o r  any  pumping scheme t o  

s 1 , 1 0  a n d  S 1 , 1 1  s i g n i f i c a n t l y .  Due t o  t h e  s i g n s  of  t h e  v a r i o u s  syEg 
a n d  s c o e f f i c i e n t s ,  t h e r e  i s  a c o n f l i c t  between d e c r e a s i n g  t h e  s e n s i t i v i t y  
f o r  e l e m e n t s  90-91 and e l e m e n t s  10-11. Hence ,  t h e  o p t i m i z a t i o n  problem h a s  no 
f e a s i b l e  s o l u t i o n  f o r  smax v a l u e s  below a p p r o x i m a t e l y  1.0 x  10-3 a n d  no  
r e a s o n a b l y  r o b u s t  pumping s t r a t e g y  can  be d e t e r m i n e d .  

Pumping Scheme 
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PARAMETER CONFIGURATION TECHNIQUE 

The d e s i g n  of  a  pumping s y s t e m  t o  c o n t a i n  a n d  remove a  plume of  con tami -  
n a n t  r e q u i r e s  t h a t  some b a s i c  i n f o r m a t i o n  a b o u t  t h e  a q u i f e r  be known, s u c h  as 
a q u i f e r  t h i c k n e s s ,  h y d r a u l i c  c o n d u c t i v i t y ,  s t o r a t i v i t y ,  p e r m e a b i l i t y  o f  
o v e r l y i n g  and u n d e r l y i n g  s t r a t a ,  t h e  h y d r a u l i c  h e a d ,  e f f e c t s  of  e v a p o t r a n s -  
p i r a t i o n  a n d  i n f i l t r a t i o n ,  a n d  p e r h a p s  p o r o s i t y .  Q u i t e  o f t e n  t h e s e  p a r a m e t e r s  
are n o t  a d e q u a t e l y  known t h r o u g h o u t  t h e  r e g i o n  of  i n t e r e s t  t o  p r e d i c t  t h e  
a q u i f e r  r e s p o n s e  t o  pumping w i t h  a s u f f i c i e n t  d e g r e e  o f  a c c u r a c y .  Due t o  t h e  
h e t e r o g e n e o u s  n a t u r e  o f  most  a q u i f e r s  , t h e  u n c e r t a i n t i e s  i n v o l v e d  i n  p r e d i c -  
t i o n s  o f  a q u i f e r  b e h a v i o r  and  s o l u t e  t r a n s p o r t  can  be c o n s i d e r a b l e .  

S e v e r a l  k i n d s  of  u n c e r t a i n t y  a r e  p r e s e n t  i n  p r e d i c t i n g  t h e  b e h a v i o r  of  
a q u i f e r s .  These  i n c l u d e :  ( a  ) i n t r i n s i c  u n c e r t a i n t y ,  which  d e f i n e s  a  n a t u r a l  
v a r i a b i l i t y  of  a q u i f e r  p r o p e r t i e s  s u c h  as t r a n s m i s s i v i t y  ; (b  ) i n f o r m a t i o n  
u n c e r t a i n t y ,  which i n c l u d e s  measurement  e r r o r  o r  i n f o r m a t i o n  i n s u f f i c i e n t  t o  
d e f i n e  a n  a q u i f e r  p a r a m e t e r  a d e q u a t e l y ,  a n d  which  can  be  r e d u c e d  t h r o u g h  
a d d i t i o n a l  measurements ;  and  ( c )  c o n c e p t u a l  u n c e r t a i n t y ,  whe re  t h e  g e n e r a l  
f ramework f o r  t h e  mode l ing  p r o c e s s  is a n  i n a p p r o p r i a t e  d e s c r i p t o r  of t h e  t r u e  
sysbem. T h i s  r e p o r t  w i l l  f o c u s  on  t h e  e f f e c t s  o f  t h e  f i r s t  two c a t e g o r i e s ,  
v i z  . p a r a m e t e r  u n c e r t a i n t y  a n d  i n f o r m a t i o n  u n c e r t a i n t y ;  c o n c e p t u a l  u n c e r t a i n t y  
i s  assumed n o t  t o  e x i s t .  

The p r e s e n c e  o f  v a r i a b i l i t y ,  c o u p l e d  w i t h  i n c o m p l e t e  i n f o r m a t i o n  f o r  i ts  
s p e c i f i c a t i o n  , h a s  r e c e n t 1  y  l e d  many r e s e a r c h e r s  t o  d e s c r i b e  a q u i f e r  b e h a v i o r  
i n  p r o b a b i l i s t i c  t e r m s  where p r e d i c t i o n  u n c e r t a i n t y  i s  a consequence  o f  
pa rame te r  u n c e r t a i n t y  . D e t t i n g e r  and  Wilson  ( 1  981 ) used  f i r s t  and  s e c o n d  
o r d e r  a n a l y s e s  of n u m e r i c a l  models  t o  s t u d y  p r e d i c t i o n  u n c e r t a i n t y .  T h i s  
a p p r o a c h  presumes  t h a t  t h e  f i r s t  two moments of  t h e  random v a r i a b l e  i n  
q u e s t i o n  a r e  s u f f i c i e n t  t o  c h a r a c t e r i z e  i ts  d i s t r i b u t i o n .  Work by F r e e z e  
(1 9 7 5 )  i n d i c a t e d  t h a t  s u c h  a method is  a p p r o p r i a t e  when a p p l i e d  t o  s y s t e m s  
w i t h  p a r a m e t e r s  h a v i n g  r e l a t i v e l y  small v a r i a n c e  and  where  t h e  boundary  
c o n d i t i o n s  are w e l l  known. T h i s  i m p l i e s  t h a t  t h e  s y s t e m  must  b e  f a i r l y  w e l l  
d e f i n e d  t o  b e g i n  w i t h ,  a c o n d i t i o n  t h a t  d o e s  n o t  of  t e n  o c c u r  i n  a q u i f e r  
mode l ing .  

been 
(1 98 

Monte Car 
e x p l o r e d  
4) a n d  Smi 

l o  s i m u l a t i o n  a s  a t o o l  f o r  a n a l y z i n g  p a r a m e t e r  u n c e r t a i n t y  h a s  
by F r e e z e  ( 1  9751,  S m i t h  and  F r e e z e  ( 1  9 7 9 ) ,  P e t t y j o h n  e t  a l .  
t h  & S c h w a r t z  ( 1 9 8 0 ) .  I n  t h i s  app roach  numerous s o l u t e  

t r a n s p o r t  s i m u l a t i o n s  a r e  pe r fo rmed  w i t h  t h e  u n c e r t a i n  p a r a m e t e r  i n p u t s  of 
each  s i m u l a t i o n  b e i n g  g e n e r a t e d  a t  random f rom g i v e n  p r o b a b i l i t y  d i  stri  bu- 
t i o n s .  The  r e s u l t s  o f  t h e s e  s i m u l a t i o n s  a r e  combined t o  e s t a b l i s h  some 
p r o b a b i l i t y  r e l a t i o n s h i p  f o r  s o l u t e  movement. T h i s  method can  e a s i l y  be 
a p p l i e d  t o  a q u i f e r  s y s t e m s  of  h igh  v a r i a b i l i t y  wh ich  may be d i f f i c u l t  t o  
examine  i n  terms of  a n a l y t i c a l  f o r m u l a e .  U n f o r t u n a t e l y ,  t h i s  b r u t e  f o r c e  
a p p r o a c h  y i e l d s  r e s u l t s  which can  b e  i n t e r p r e t e d  o n l y  i n  terms o f  t h e  s p e c i f i c  
s y s t e m  b e i n g  modeled .  Al though i t  i s  g e n e r a l l y  more e x p e n s i v e  t h a n  o t h e r  
m a l y s i s  t e c h n i q u e s ,  i t  is n o t  l i m i t e d  by r e s t r i c t i o n s  s u c h  as t h e  small 
v a r i a n c e  a s s u m p t i o n  o f  f i r s t  o r d e r  a n a l y s i s  d i s c u s s e d  a b o v e .  

Work by S m i t h  and  S c h w a r t z  (1 981 ) e x e m p l i f i e s  q u a s i - s t o c h a s t i c  mode l ing  
t o  a c c o u n t  f o r  s p a t i a l  u n c e r t a i n t y .  I n  t h e i r  s t u d y  a n  a q u i f e r  p a r a m e t e r ,  
h y d r a u l i c  c o n d u c t i v i t y ,  i s  t r e a t e d  a s  a random v a r i a b l e  h a v i n g  a log-normal  



p r o b a b i l i t y  d i s t r i b u t i o n ,  b u t  t h e  v a l u e s  o f  h y d r a u l i c  c o n d u c t i v i t y  f o r  each  
p o i n t  a r e  s t a t i s t i c a l l y  c o r r e l a t e d  w i t h  t h e  v a l u e s  a t  n e i g h b o r i n g  p o i n t s .  

Wang a n d  Williams (1984)  d i s c u s s  t h e  r i s k  a s s o c i a t e d  w i t h  a s s u m p t i o n s  on  
t r a n s m i s s i v i t  y  v a l u e s  u sed  i n  d e s i g n i n g  h y d r a u l i c  b a r r i e r  methods .  They make 
an a s s e s s m e n t  o f  t h e s e  r isks by d e t e r m i n i n g  b e s t  and  w o r s t  c a s e  c o n d i t i o n s  
f r o m  limits set  o n  t h e  v a l u e s  of  p e r m e a b i l i t y  (K) and s t o r a t i v i t y  ( S )  i n  a 
homogeneous a q u i f e r .  The b e s t  c o n d i t i o n  o c c u r s  f o r  a h i g h  K and  low S ,  w h i l e  
t h e  w o r s t  c o n d i t i o n  o c c u r s  f o r  l o w  K and h i g h  S. T h i s  a p p r o a c h  c o u l d  be u s e d  
t o  d e s i g n  p u r g e  s y s t e m s  f o r  a homogeneous a q u i f e r ,  b u t  c a n n o t  be u s e d  f o r  a n  
a q u i f e r  known t o  e x h i b i t  s p a t i a l  h e t e r o g e n e i t y .  A s y s t e m  d e s i g n e d  i n  a r o b u s t  
f a s h i o n  unde r  t h i s  method c o u l d  e a s i l y  f a i l  i f  t h e  a q u i f e r  w e r e  i n  f a c t  
h e t e r o g e n e o u s  . 

Uber et a l .  (19851 ,  Sykes  e t  a l .  ( 1 9 8 5 1 ,  a n d  t h e  work r e p o r t e d  a b o v e  i n  
t h i s  document a d d r e s s e s  u n c e r t a i n t y  i n  water q u a l i t y  management p l a n n i n g  by 
c o n s i d e r i n g  t h e  change  i n  a pe r fo rmance  measu re  ( i . e . ,  i ts  s e n s i t i v i t y )  d u e  t o  
small d e v i a t i o n s  i n  t h e  u n c e r t a i n  p a r a m e t e r  f rom i ts  e x p e c t e d  v a l u e .  The  
s e n s i t i v i t y  c a n  be u sed  as  an i n v e r s e  measu re  o f  t h e  r o b u s t n e s s  of  a manage- 
ment p l a n .  The p a r a m e t e r  c o n f i g u r a t i o n  t e c h n i q u e  c o n t r a s t s  w i t h  t h e s e  
m a r g i n a l  S e n s i t i v i t y  a p p r o a c h e s  by c o n s i d e r i n g  t h e  i n f l u e n c e  o f  l a r g e  p e r t u r -  
b a t i o n s  of  t h e  u n c e r t a i n  p a r a m e t e r s  o n  t h e  management p l a n .  

The a f o r e m e n t i o n e d  works  q u a n t i f y  p a r a m e t e r  u n c e r t a i n t y  i n  o r d e r  t o  
d e s c r i b e  a q u i f e r  b e h a v i o r  i n  p r o b a b i l i s t i c  t e r m s .  The  methods  t h e y  p r e s e n t  
c o u l d  be v a l u a b l e  i n  e x p l o r i n g  t h e  p o s s i b l e  outcomes  o f  a g i v e n  r e m e d i a l  
a c t i o n  p l a n .  None of  t h e s e  t e c h n i q u e s ,  however ,  a d d r e s s e s  t h e  problem o f  
d e t e r m i n i n g  a r o b u s t  d e s i g n  f o r  a h e t e r o g e n e o u s  a q u i f e r  whose p a r a m e t e r s  a r e  
n o t  known a c c u r a t e l y .  The P a r a m e t e r  C o n f i g u r a t i o n  T e c h n i q u e  s e l e c t s  t h e  
v a l u e s  o f  a s p a t i a l l y  v a r y i n g  p a r a m e t e r  whose p a t t e r n  o f  v a r i a t i o n ,  r a t h e r  
t h a n  whose a b s o l u t e  m a g n i t u d e ,  is c h o s e n  t o  r e p r e s e n t  a p e s s i m i s t i c  ( b u t  
r e a l i s t i c )  s e t  o f  d e s i g n  c o n d i t i o n s .  

A l l  s p a t i a l 1  y  v a r y i n g  p a r a m e t e r s  g o v e r n i n g  mass t r a n s p o r t  a r e  assumed 
known e x c e p t  o n e ,  e  . g . ,  t r a n s m i s s i v i t y  , p o r o s i t y ,  o r  s t o r a t i v i t y .  The  t a sk  of  
f i n d i n g  t h e  l lwors t l l  se t  o f  p a r a m e t e r  v a l u e s  i s  c a s t  as a c o n s t r a i n e d  o p t i m i z a -  
t i o n  problem t h a t  is s o l v e d  by a packaged  m a t h e m a t i c a l  a l g o r i t h m .  The  
s t a t i s t i c a l  i n f o r m a t i o n  a b o u t  t h e  u n c e r t a i n  p a r a m e t e r s  i s  e x p r e s s e d  as a set  
of  c o n s t r a i n t s  r e p r e s e n t i n g  s t a t i s t i c a l  limits o n  t h e i r  i n d i v i d u a l  and  
r e l a t i v e  v a l u e s .  The o b j e c t i v e  f u n c t i o n  i s  chosen  s u c h  t h a t ,  when o p t i m i z e d ,  
a  w o r s t - c a s e  s p a t i a l  d i s t r i b u t i o n  of  t h e  u n c e r t a i n  p a r a m e t e r  w i l l  r e s u l t  which 
w i l l  p r o v i d e  t h e  mos t  s e v e r e  t e s t  of  t h e  r e m e d i a l  a c t i o n  d e s i g n .  

F o r m u l a t i n g  a n  o b j e c t i v e  f u n c t i o n  t o  r e p r e s e n t  t h e  w o r s t - c a s e  d i s t r i -  
b u t i o n  i s  n o t  a lways  a s t r a i g h t f o r w a r d  matter. For example ,  i t  i s  n o t  c l e a r  
what c o n d i t i o n s  w i l l  maximize  t h e  t r a n s f e r  of c o n t a m i n a n t  mass f rom a plume t o  
r e g i o n s  beyond t h e  i n f l u e n c e  o f  a r e m e d i a l  a c t i o n  d e s i g n .  The n a t u r e  o f  t h e  
wors t - ca se  c o n d i t i o n  c r e a t e d  by t h e  o p t i m i z a t i o n  program depends  t o  a l a r g e  
e x t e n t  on  how t h e  u s e r  f o r m u l a t e s  t h e  o b j e c t i v e  f u n c t i o n .  The u l t i m a t e  
o b j e c t i v e  is t o  s e l e c t  t h e  v a l u e s  of  t r a n s m i s s i v i t y  t h r o u g h o u t  t h e  a q u i f e r  i n  
a manner which c o u l d  c a u s e  a p roposed  pumping scheme t o  f a i l  most  s e v e r e l y .  



F e a s i b i l i t y  c o n s t r a i n t s ,  d e f i n e d  by s t a t i s t i c a l  i n f o r m a t i o n ,  r e s t r i c t  t h e  
o p t i m a l  c h o i c e  of pa rame te r  d i s t r i b u t i o n  t o  t h o s e  c o m b i n a t i o n s  t h a t  are 
s t a t i s t i c a l l y  c o n s i s t e n t  w i t h  o t h e r  o b s e r v a t i o n s  of  t h e  p a r a m e t e r  under  
similar c o n d i t i o n s .  I n  t h i s  s t u d y ,  t h e s e  c o n s t r a i n t s  e x p r e s s  limits o n  t h e  
va r iog ram of t h e  t r a n s m i s s i v i  t y  . I n  a d d i t i o n ,  t h e  mean t r a n s m i s s i v i  t y  i s  
presumed t o  be known w i t h i n  s t a t i s t i c a l  limits. 

Once an " o p t i m a l n  t r a n s m i s s i v i t y  f i e l d  h a s  been g e n e r a t e d ,  i t  can  subse -  
q u e n t l y  be u sed  as  i n p u t  d a t a  t o  e i t h e r  a d e s i g n  o p t i m i z a t i o n  model ( s u c h  as 
t h e  m a r g i n a l  s e n s i t i v i t y  t e c h n i q u e  ) o r  a s i m u l a t i o n  model w h e r e i n  pumping 
d e c i s i o n s  a r e  e n t e r e d  as  i n p u t .  I t  might  be used  i t e r a t i v e l y  w i t h  t h e  fo rmer  
t o  produce  a r o b u s t  d e s i g n  o r  t o  a s s e s s  t h e  t r a d e o f f  between c o s t  and  r o b u s t -  
n e s s .  

H y p o t h e t i c a l  E x a m ~ l e  Problem 

A h y p o t h e t i c a l  example  problem i s  c o n s t r u c t e d  t o  i l l u s t r a t e  t h e  u s e  o f  
t h e  PCT. Two pumpout schemes a r e  d e s i g n e d  t o  c o n t a i n  and  remove a c o n t a m i n a n t  
plume,  u s i n g  s t a n d a r d  a n a l y t i c a l  d e s i g n  t e c h n i q u e s  and  a s s u m i n g  u n i f o r m  
t r a n s m i s s i v i t y .  One scheme is based  o n  one  e x t r a c t i o n  w e l l ,  t h e  o t h e r  o n  o n e  
e x t r a c t i o n  a n d . o n e  i n j e c t i o n  well .  The l e a s t - c o s t  d e s i g n  (pumping scheme)  o f  
e a c h  is s u b j e c t e d  t o  a PCT-generated t r a n s m i  ssi v i t y  f i e l d  t h a t  assumes c e r t a i n  
limits on  t h e  va r iog ram and  mean t r a n s m i s s i v i t y ,  t h e  same v a l u e  f o r  t h e  mean 
as t h e  t r a n s m i s s i v i t y  v a l u e  f o r  t h e  un i fo rm t r a n s m i s s i v i t y  f i e l d ,  and  a set of 
o b j e c t i v e  f u n c t i o n  w e i g h t s  chosen  t o  maximize t h e  t r a n s m i s s i v i t y  i n  a band 
c u t t i n g  t h r o u g h  t h e  p o l l u t e d  r e g i o n  and  min imize  i t  i n  t h e  v i c i n i t y  of  t h e  
w e l l  (s 1. 

It i s  assumed t h a t  a  c o n f i n e d  a q u i f e r  h a s  been c o n t a m i n a t e d  by a plume o f  
h a z a r d o u s  s u b s t a n c e .  The plume l o c a t i o n  h a s  been e s t i m a t e d  f rom s e v e r a l  
m o n i t o r i n g  wells,  a n d  well l o c a t i o n s  and  pumping r a t e s  mus t  be s e l e c t e d  t o  
c o n t a i n  t h e  plume and p u r g e  t h e  con taminan t  b e f o r e  i t  moves downgrad ien t  i n t o  
r e g i o n s  where t h e  a q u i f e r  s e r v e s  as a  w a t e r  s u p p l y  s o u r c e .  The s y s t e m  s h o u l d  
be b o t h  c o s t - e f f i c i e n t  and  e f f e c t i v e ,  b u t  t h e  t r a n s m i s s i v i t y  f i e l d  is n o t  
well-known. 

An e x p e n s i v e  t e s t i n g  s t u d y  c o u l d  be c o n d u c t e d  t o  d e f i n e  t h e  t r a n s m i s -  
s i v i t y  t h r o u g h o u t  t h e  a q u i f e r  more a c c u r a t e l y ,  b u t  i t  is d e c i d e d  f i r s t  t o  
a n a l y z e  a b a s i c  pumping s y s t e m  d e s i g n  f o r  a  p a t t e r n  o f  t r a n s m i s s i v i t i e s  t h a t  
w i l l  s e v e r e l y  test  t h e  pe r fo rmance  of  t h e  pumping s y s t e m ,  i n  e f f e c t ,  m e a s u r i n g  
t h e  s e n s i t i v i t y  o f  t h e  d e s i g n  t o  s p a t i a l  v a r i a b i l i t y .  A d i ag ram r e p r e s e n t i n g  
t h e  c o n t a m i n a t e d  r e g i o n  and p roposed  w e l l  s i t e s  is p r e s e n t e d  i n  F i g u r e  4. 

Da ta  a v a i l a b l e  o n  t h e  a q u i f e r  f o r  t h e  s t u d y  r e g i o n  are  l i m i t e d .  S e v e r a l  
c o r e  s a m p l e s  have  been  t a k e n  i n  t h e  s t u d y  r e g i o n  t o  e s t a b l i s h  t h e  a q u i f e r  
media  c o m p o s i t i o n ,  t h i c k n e s s ,  a n d  p o r o s i t y .  These  s a m p l e s  s u g g e s t  a  seam of  
h i g h  t r a n s m i s s i v i t y  material r o u g h l y  c o r r e s p o n d i n g  t o  t h e  zone  i n d i c a t e d  i n  
F i g u r e  4, b u t  t h e  t r a n s m i s s i v i t y  i n  t h i s  r e g i o n  i s  unknown. The PCT is set up 
t o  maximize  t r a n s m i s s i v i t y  i n  t h i s  r e g i o n  and  t o  min imize  i t  a r o u n d  o n e  of  t h e  
w e l l s .  F i g u r e  5 shows t h e  o b j e c t i v e  f u n c t i o n  w e i g h t s  u sed  f o r  a 1 0  x  10  a r r a y  
of  t r a n s m i  s s i v i  t y  v a l u e s .  







These w e i g h t s  a r e  chosen t o  maximize t h e  t r a n s m i s s i v i t y  i n  a  "channel"  
s l i c i n g  t h r o u g h  t h e  con tamina t ion  zone and d i r e c t e d  away from t h e  w e l l s ,  and 
t o  minimize i t  around t h e  e x t r a c t i o n  w e l l .  Such a  c o n f i g u r a t i o n  was thought  
most l i k e l y  t o  c a u s e  t h e  remedia l  a c t i o n  pumping scheme t o  f a i l  t o  c o n t a i n  t h e  
e n t i r e  plume. An a l t e r n a t i v e  cho ice  of  W j l  s might be a  weighted sum of t h e  
o p t i m a l  s ik 's  from t h e  marg ina l  s e n s i t i v i t y  t e c h n i q u e .  ( T h i s  was not  used i n  
t h i s  r e s e a r c h  because  t h e  r e s u l t s  of t h e  marg ina l  s e n s i t i v i t y  t e c h n i q u e  were 
not  a v a i l a b l e  a t  t h e  t i m e . )  

Point  t r a n s m i s s i v i  t y  measures a r e  assumed t o  have been t a k e n  a t  t h e  two 
p o t e n t i a l  w e l l  l o c a t i o n s  u s i n g  s l u g  t e s t  p rocedures ;  t h e  t r a n s m i s s i  v i t y  v a l u e s  
f o r  t h e s e  p o i n t s  a r e  i n c l u d e d  i n  t h e  PCT f o r m u l a t i o n  a s  v e r y  narrow bounds on 
t h e  t r ansmi  ssi vi  t y  a t  t h e s e  p o i n t s .  

For t h e  10x10 g r i d  o f  t r a n s m i s s i v i t i e s  used i n  t h i s  s t u d y ,  t h e  parameter 
c o n f i g u r a t i o n  approach  is t h u s  f o r m u l a t e d  a s  t h e  f o l l o w i n g  c o n s t r a i n e d  
o p t i m i z a t i o n  problem: 

Maximi ze: C W .  T  
j 

J j 

S u b j e c t  t o :  LBVk 5 1 (Tj  - T ~ - ~ ) ~  UBVk , k = 1 , 2, 3 
j ~ j  k 

LBM - < C T j  < UBM - 

LBT < T . < UBT - J -  

where T j  i s  t h e  t r a n s m i s s i v i t y  a t  p o i n t  j , W j  i s  t h e  o b j e c t i v e  f u n c t i o n  weight  
a s s i g n e d  t o T  t h e  U B ' s ,  and L B ' s  r e p r e s e n t  upper and lower bounds on t h e  

j eas t -wes t  va r iogram,  t h e  nor th - sou th  var iogram,  t h e  mean t r a n s m i s s i v i t y  , and 
each i n d i v i d u a l  t r a n s m i s s i v i t y  f o r  t h e  f o u r  c o n s t r a i n t s ,  r e s p e c t i v e l y .  (For  
t h e  1 0  x  1 0  g r i d ,  t h e  p o i n t s  a r e  numbered 1 th rough  1 0  f o r  t h e  f i r s t  eas t -wes t  
row, 1 1  th rough  20 f o r  t h e  s e c o n d ,  e t c . ,  s o  t h a t  t h e  nor th - sou th  var iogram i s  
c a l c u l a t e d  a s  t h e  sum of s q u a r e s  of d i f f e r e n c e s  of t r a n s m i s s i v i t i e s  whose 
i n d i c e s  d i f f e r  by a n  i n t e g e r  m u l t i p l e  o f  10 . )  These bounds may i n  g e n e r a l  be 
based o n  s t a t i s t i c a l  c o n f i d e n c e  i n t e r v a l s  f o r  t h e s e  parameters  o r  t h e  
d e s i g n e r ' s  judgment of t h e i r  l i k e l y  r a n g e .  

I n  p r a c t i c e  i t  is d i f f i c u l t  t o  e s t a b l i s h  such  s t a t i s t i c a l  conf idence  
i n t e r v a l s  f o r  t h e  variogram c o n s t r a i n t s .  A g r i d  of  r e a d i n g s  of t h e  
r e g i o n a l i z e d  v a r i a b l e  is o f t e n  used t o  c a l c u l a t e  t h e  va r iogram,  and t h e s e  
o b s e r v a t i o n s  a r e  s p a t i a l l y  c o r r e l a t e d .  I n  t h i s  r e s e a r c h  i t  i s  assumed t h a t  a  
number of i n d e p e n d e n t ,  s p a t i a l l y  u n c o r r e l a t e d  , s e t s  of t r a n s m i s s i v i t y  r e a d i n g s  
exogenous t o  t h e  contaminated a q u i f e r  but  w i t h i n  t h e  same g e o l o g i c a l  sys tem 
have been used t o  e s t a b l i s h  c o n f i d e n c e  i n t e r v a l s  f o r  t h e  mean and var iogram of 
t h e  t r a n s m i s s i v i t y  of  t h e  f o r m a t i o n ,  I n  accordance w i t h  t h e  o b s e r v a t i o n s  of 
many o t h e r  i n v e s t i g a t o r s ,  t r a n s m i s s i v i  t y  is assumed l o g n o r m a l l y  d i s t r i b u t e d  . 
The d i f f e r e n c e  o f  a d j a c e n t  t r a n s m i s s i v i  t i e s ,  s i n c e  i t  i s  expec ted  t o  be 
symmetric abou t  z e r o ,  is assumed normal ly  d i s t r i b u t e d ,  a l l o w i n g  t h e  var iogram 



c o n f i d e n c e  i n t e r v a l  t o  be b a s e d  o n  t h e  s t a n d a r d  c h i - s q u a r e  s t a t i s t i c .  The 
mean and v a r i o g r a m  f o r  t h e  c o n t a m i n a t e d  a q u i f e r  a r e  t h e n  assumed bounded by 
t h e  c o n f i d e n c e  i n t e r v a l s  f o r  t h e  mean and  v a r i o g r a m  f o r  t h e  f o r m a t i o n .  An 
a r b i t r a r y  c h o i c e  of  5 0  d e g r e e s  o f  f r e e d o m ,  i m p l y i n g  51 exogenous  i n d e p e n d e n t  
o b s e r v a t i o n s ,  i s  assumed.  The g e o l o g i c a l  s t r a t a  a t  a l l  51 s e p a r a t e  l o c a t i o n s  
a r e  assumed t o  have unde rgone  t h e  same g e o p h y s i c a l  p r o c e s s e s  t h a t  l e d  t o  t h e  
f o r m a t  i o n  o f  t h e  h i  g h - c o n d u c t i v i  t y  seam. The 90 p e r c e n t  c o n f i d e n c e  i n t e r v a l s  
f o r  t h e  mean v a l u e  of  t r a n s m i s s i v i t y  and  f o r  t h e  v a r i o g r a m  v a l u e s  a r e  l i s t e d  
i n  T a b l e  3. The v a r i o g r a m  c o n s t r a i n t s  are d e v e l o p e d  more  t h o r o u g h l y  i n  t h e  
Appendix. 

TABLE 3. N i n e t y  P e r c e n t  C o n f i d e n c e  I n t e r v a l s  

T r  ansmi ssi v i  t y  
Pa r  m e t e r  

Lower Upper 
Bound U n i t s  

Mean : 

Variogram:  

Y(lOO1)=Lag 1  

Y(2001)=Lag 2 

Al though  t h e  o b j e c t i v e  f u n c t i o n  i s  l i n e a r ,  t h e  g e o s t a t i s  ti c a l  c o n s t r a i n t s  
are q u a d r a t i c  a n d  t h u s  a n o n l i n e a r  s o l u t i o n  a l g o r i t h m  I s  r e q u i r e d .  The 
g e n e r a l i z e d  r e d u c e d  g r a d i e n t  ( G R G )  a l g o r i t h m  deve loped  by Lasdon e t  a l .  ( 1 9 7 6 )  
is used  i n  t h i s  s t u d y .  

S i n c e  t h e  c o n s t r a i n t  s e t  i n c l u d e s  q u a d r a t i c  upper  and  l o w e r  bounds ,  i t  i s  
g e n e r a l l y  non-convex. T h i s  was conf i rmed  by d i f f i c u l t i e s  e n c o u n t e r e d  i n  t h i s  
s t u d y  i n  o b t a i n i n g  i d e n t i c a l  o p t i m a l  s o l u t i o n s  f rom d i f f e r e n t  s t a r t i n g  
c o n d i t i o n s .  F u r t h e r m o r e ,  t h e  problem as f o r m u l a t e d  i n  t h i s  s t u d y  may have  a 
l a r g e  number o f  a l t e r n a t i v e  o p t i m a .  I t  i s  c l e a r ,  f o r  example ,  t h a t  i f  w e i g h t s  
of u n i t y  ( 1 . 0 )  a r e  a s s i g n e d  c e r t a i n  t r a n s m i s s i v i t i e s  i n  t h e  o b j e c t i v e  f u n c t i o n  
t h e n  t h e  o b j e c t i v e  f u n c t i o n  c o n t o u r s  w i l l  p a r a l l e l  t h e  mean c o n s t r a i n t s .  

A l though  t h e  g l o b a l  maximum i s  n o t  e a s i l y  o b t a i n e d  u s i n g  r e d u c e d  g r a d i e n t  
t e c h n i q u e s ,  i t  is  b e l i e v e d  t h a t  t h i s  a l g o r i t h m  is  a d e q u a t e  t o  g e n e r a t e  
s o l u t i o n s  which  a r e  u s e f u l .  R e s u l t s  i n d i c a t e  t h a t  a l t h o u g h  s o l u t i o n s  o b t a i n e d  
u s i n g  d i f f e r e n t  s t a r t i n g  p o i n t s  are d i f f e r e n t  f rom o n e  a n o t h e r ,  t h e y  a r e  n o t  
r a d i c a l l y  d i f f e r e n t  i n  e i t h e r  o b j e c t i v e  o r  d e c i s i o n  s p a c e .  

A t r a n s m i s s i v i  t y  f i e l d  was g e n e r a t e d  u s i n g  t h e  p a r a m e t e r  c o n f i g u r a t i o n  
t e c h n i q u e  w i t h  t h e  o b j e c t i v e  f u n c t i o n  w e i g h t s  i n d i c a t e d  i n  F i g u r e  5. The  
upper  and  l o w e r  bounds f o r  t h e  t r a n s m i s s i v i  t ies  were  s e t  a t  300 a n d  . 5  m 2 / h r ,  
r e s p e c t i v e l y ,  e x c e p t  a t  t h e  two nodes  where  t h e y  were  assumed known. The 



nodes  t o  be maximized were  i n i t i a l i z e d  a t  a  v a l u e  o f  275 m2/h r ,  a n d  t h e  o t h e r  
nodes  were i n i t i a l i z e d  a t  25 m2/hr. The t r a n s m i s s i v i t y  r e s u l t s  a r e  i n d i c a t e d  
o n  F i g u r e  6 .  

A q u i f e r  R e s t o r a t i o n  Des igns :  

Two pumping schemes d e s i g n e d  under  t h e  a s s u m p t i o n  o f  t r a n s m i s s i v i t y  
homogenei ty  a r e  c o n s i d e r e d .  The f i r s t  c o n s i s t s  of a  s i n g l e  e x t r a c t i o n  w e l l  a t  
t h e  downstream edge o f  t h e  'p lume pumping a t  a  r a t e  s u f f i c i e n t  t o  c r e a t e  a  
no-flow boundary ( s t a g n a t i o n  l i n e . )  a r o u n d  t h e  plume a r e a .  The a n a l y t i c a l  
r e l a t i o n s h i p  between t h e  pumping r a t e  and  t h e  d i s t a n c e  y - i n d i c a t e d  i n  F i g u r e  7 
is g i v e n  by (Vennard  and  S t r e e t ,  1 9 8 2 ) :  

where q  i s  t h e  pumping r a t e  pe r  u n i t  a q u i f e r  t h i c k n e s s  and v i s  t h e  r e g i o n a l  
f l o w  v e l o c i t y .  A s  shown i n  t h e  f i g u r e  t h e  s t a g n a t i o n  l i n e  "Aw c i r c u m s c r i b e s  
t h e  plume a n d ' t h e o r e t i c a l l y  s h o u l d  a l l o w  f o r  no c o n v e c t i v e  t r a n s p o r t  a c r o s s  
t h i s  boundary  i n  a  homogeneous a q u i f e r .  I t  is c l e a r ,  t h a t  s h o u l d  some h e t e r o -  
g e n e i  t y  e x i s t ,  e  .g . ,  i n  t h e  r e g i o n  o f  t h e  upper  r i g h t  hand c o r n e r  of t h e  
plume,  t h e n  i t  would be q u i t e  p o s s i b l e  t h a t  pumping r a t e  'lAU w i l l  be 
i n a d e q u a t e  t o  c o n t a i n  a l l  of t h e  plume. 

Another  p r a c t i c a l  pumping scheme which h a s  been employed t o  e x t r a c t  and  
t r e a t  c o n t a m i n a t e d  g roundwa te r  i s  t h e  pumping and  r e c h a r g e  w e l l  p a i r ,  where  
t h e  e x t r a c t i o n  w e l l  is l o c a t e d  n e a r  t h e  downgrad ien t  edge o f  t h e  plume and  t h e  
i n j e c t i o n  w e l l  i s  l o c a t e d  n e a r  t h e  u p g r a d i e n t  e d g e  of  t h e  plume. Groundwater  
e x t r a c t e d  by t h e  downgrad ien t  w e l l  is t r e a t e d  p r i o r  t o  r e i n j e c t i o n  a t  t h e  
u p g r a d i e n t  w e l l .  Both  of  t h e  w e l l s  pump a t  t h e  same r a t e ,  c r e a t i n g  a  bounded 
r e g i o n  o f  t h e  a q u i f e r  whose w a t e r  i s  c o n t i n u o u s l y  b e i n g  t r e a t e d  a n d  r e c y c l e d  
u n t i l  a  s u f f i c i e n t  amount of c o n t a m i n a n t  h a s  been purged.  Fo r  a homogeneous 
a q u i f e r  w i t h  r e g i o n a l  f low t h e  bounded r e g i o n  i s  d e s c r i b e d  a n a l y t i c a l l y  by 
(Vennard  and  S t r e e t ,  1  982 ) :  

9  Y a r c t a n  -1 + - ( a r c t a n  - - 
2  .IT x  +a x- a  

whe re  v i s  t h e  r e g i o n a l  f l o w  v e l o c i t y ,  q  i s  t h e  pumping r a t e  p e r  u n i t  a q u i f e r  
t h i c k n e s s ,  a n d  y ,  x  a n d  a a r e  d e f i n e d  i n  F i g u r e  8 ,  which i l l u s t r a t e s  t h e  
no-flow b o u n d a r i e s  f o r  s e v e r a l  pumping r a t e s .  

A two-dimens ional  s o l u t e  t r a n s p o r t  model d e v e l o p e d  by P r i  c k e t  t e t  a1 . 
(1 9 8 1 )  was used  t o  s i m u l a t e  t h e  a q u i f e r  r e s p o n s e  t o  pumping and c o n t a m i n a n t  
movement. I t  i s  assumed t h a t  t h e  p o l l u t a n t  e v e n l y  d i s p e r s e d  i n  t h e  v e r t i c a l  
d i r e c t i o n ,  d i s p e r s i o n  h a s  been e x c l u d e d  a s  a t r a n s p o r t  p r o c e s s ,  and c o n s t a n t  
heads  a t  t h e  b o u n d a r i e s  c r e a t e  t h e  r e g i o n a l  g r a d i e n t .  The v a l u e s  f o r  s p e c i f i c  
p a r a m e t e r s  u s e d  i n  t h e  s i m u l a t i o n  model a r e  l i s t e d  i n  T a b l e  4 .  
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TABLE 4.  Va lues  of P a r a m e t e r s  i n  S i m u l a t i o n  Model 

A q u i f e r  T h i c k n e s s :  50  f e e t  
P o r o s i t y :  0 . 2  
G r i d  Ce l l  Dimens ions :  50 x  50  f e e t  
G r i d  D i s c r e t i z a t i o n :  20  x  20 
O v e r a l l  A q u i f e r  Dimens ions :  1000  x  1000  f e e t  
Number of  P a r t i c l e s  R e l e a s e d :  1 , 0 0 0  

Two sets  of s i m u l a t i o n s  a r e  per formed u s i n g  t h i s  t r a n s m i s s i v i t y  f i e l d .  
The f i r s t  se t  assumes  t h e  s i n g l e  ( d o w n g r a d i e n t )  w e l l  pumping s y s t e m  d e s c r i b e d  
above  u s i n g  t h e  v a l u e s  of  pumping r a t e s  shown i n  F i g u r e  7. The  r e s u l t i n g  
c a p t u r e  e f f i c i e n c y  f o r  each  pumping s y s t e m  i s  p r e s e n t e d  i n  T a b l e  5. From t h e  
t a b l e  i t  can  be s e e n  t h a t  pumping r a t e s  g r e a t e r  t h a n  400 m2/day a r e  p r e d i c t e d  
t o  c a p t u r e  a l l  of t h e  p a r t i c l e s .  Note  t h a t  t h e  pumping r a t e  t h a t  i s  a d e q u a t e  
t o  c a p t u r e  a l l  t h e  c o n t a m i n a n t  under  t h e  a s s u m p t i o n  o f  homogenei ty  (230 .5  
m2/day)  o n l y  c a p t u r e s  85.2% o f  i t  f o r  t h i s  p e s s i m i s t i c  c o n f i g u r a t i o n .  

TABLE 5 .  C a p t u r e  E f f i c i e n c y  f o r  S i n g l e  Wel l  Pumping Scheme 

Pumping R a t e  S t a g n a t i o n  Number o f  Par  ti c l e s  
( m 2 / d a y ) s  L i n e ,  F i g .  7 Cap tu red  % 

*wel l  d e l i v e r y  r a t e  (m3/day) d i v i d e d  by a q u i f e r  t h i c k n e s s .  

The  s e c o n d  s e r i e s  of  s i m u l a t i o n s  u s e s  t h e  same f i e l d  w i t h  t h e  two well 
( i n j e c t i o n / e x t r a c t i o n )  s y s t e m  d e p i c t e d  i n  F i g u r e  8 ,  u s i n g  t h e  pumping r a t e s  
i n d i c a t e d  o n  t h e  f i g u r e .  The  r e s u l t i n g  c a p t u r e  e f f i c i e n c y  f o r  e a c h  se t  of  
pumping r a t e s  i s  p r e s e n t e d  i n  T a b l e  6. I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  
s i n g l e  well scheme i s  more e f f e c t i v e  t h a n  t h e  two w e l l  d e s i g n  f o r  i n t e r m e d i a t e  
pumping r a t e s .  L o c a t e d  a t  t h e  e d g e  o f  t h e  plume,  t h e  i n j e c t i o n  w e l l  is 
e x p e c t e d  t o  move c o n t a m i n a n t  away f r o m  i t  i n  a  somewhat r a d i a l  d i r e c t i o n  f rom 
i t ,  b u t  t h e  s p r e a d i n g  i s  more pronounced  i n  t h e  r e g i o n  o f  h i g h  t r a n s m i s -  
s i v i t y .  The h i g h  t r a n s m i s s i v i t y  r e g i o n  e x a c e r b a t e s  t h e  s p r e a d i n g  of  t h e  
con taminan t  away f rom t h e  downgradi  ent, w e l l ,  r e s u l t i n g  i n  a  l o w e r  c a p t u r e  
e f f i c i e n c y  compared t o  t h e  s i n g l e  w e l l  scheme. For  o t h e r  t r a n s m i s s i  v i t y  
f i e l d s ,  t h e  two w e l l  scheme may o u t p e r f o r m  t h e  s i n g l e  w e l l  scheme.  
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TABLE 6 .  Cap tu re  E f f i c i e n c y  f o r  Two Well Pumping Scheme 

Pumping Ra te  S t a g n a t i o n  Number of  P a r t i c l e s  
(m2/day ) *  L i n e ,  F ig .  8 Captured % 

*we11 d e l i v e r y  r a t e  (m3/day) d i v i d e d  by a q u i f e r  t h i c k n e s s .  

CONCLUSIONS A N D  RECOMMENDATIONS 

T h i s  r e p o r t  h a s  p r e s e n t e d  t h e  r e s u l t s  of two new methods f o r  t h e  d e s i g n  
of a q u i f e r  r e s t o r a t i o n  s y s t e m s  i n  t h e  f a c e  of parameter  u n c e r t a i n t y .  The MST 
produces a  r e s t o r a t i o n  sys tem des ign  and t h e  PCT produces an ex t reme  s e t  o f  
t r a n s m i s s i v i  t i e s  t o  t e s t  t h a t  d e s i g n .  P r o j e c t  r e s o u r c e s  were i n a d e q u a t e  t o  
a l l o w  t h e  ve ry  obv ious  n e x t  s t e p  of c o u p l i n g  t h e  two t e c h n i q u e s .  For example,  
t h e  o p t i m a l  s e n s i t i v i t i e s  from one r u n  of  t h e  MST might be t a k e n  a s  we igh t s  i n  
t h e  n e x t  PCT r u n ,  which would produce a  t r a n s m i s s i v i t y  f i e l d  f o r  t h e  MST, 
which would,  i n  t u r n ,  produce a  new s e t  of we igh t s  f o r  t h e  PCT, e t c . ,  u n t i l  
t h e  d e s i g n e r  is s a t i s f i e d  w i t h  t h e  r e s u l t .  I t  would be a p p r o p r i a t e  t o  a l l o w  
i n t e r v e n t i o n  on t h e  d e s i g n e r ' s  p a r t ,  i n  o r d e r  t o  i n c o r p o r a t e  h i s  o r  he r  
i n t u i t i v e  judgement,  a t  each  p o i n t  i n  t h i s  p rocess .  For example,  a n  
" u n r e a l i s t i c f 1  t r a n s m i s s i v i  t y  s e t  might be a l t e r e d  o r  a  s e t  of w e l l  l o c a t i o n s  
and pumping r a t e s  t h a t  t h e  d e s i g n e r  f e l t  would be u e f f z c t i v e l l  might be 
i n c l u d e d  a s  t h e  s t a r t i n g  s o l u t i o n  f o r  t h e  MST. 

The MST is a  s i m p l e  method f o r  i n c o r p o r a t i n g  parameter  u n c e r t a i n t y  i n t o  
t h e  des ign  o f  h y d r a u l i c  g r a d i e n t  c o n t r o l  schemes. Although t h e  f o r m u l a t i o n  
developed h e r e  is r e s t r i c t e d  t o  two-dimensional h o r i  z o n t a l  f l o w ,  i n  p r i n c i p l e ,  
t h e  MST c o u l d  be ex tended  t o  more r e a l i s t i c  (and c o m p u t a t i o n a l l y  e x p e n s i v e )  
th ree -d imens iona l  problems. However, s i n c e  l i n e a r  programming is  u t i l i z e d ,  
t h e  MST is r e s t r i c t e d  t o  s i t u a t i o n s  where t h e  governing groundwater f low 
e q u a t i o n  i s  l i n e a r .  Another consequence of t h e  l i n e a r i t y  r e q u i r e m e n t  i s  t h a t  
t h e  s e n s i t i v i t y  c o e f f i c i e n t s  must  be d e f i n e d  f o r  s m a l l  changes i n  t r ansmis -  
s i v i t y .  

A major c o n c l u s i o n  o f  t h i s  work i s  t h a t  i t  is p o s s i b l e  t o  u s e  s e l e c t i v e  
i n j e c t i o n  and e x t r a c t i o n  t o  m a n i p u l a t e  t h e ,  groundwater sys tem i n t o  s t a t e s  of 
low s e n s i t i v i t y  t o  t r a n s m i s s i v i t y  changes .  Thus, i n  g e n e r a l ,  i t  i s  p o s s i b l e  
t o  i d e n t i f y  l e a s t - c o s t  pumping s t r a t e g i e s  t h a t  meet t h e  d u a l  g o a l s  of plume 
conta inment  and low s e n s i t i v i t y .  However, a s  demonstra ted  i n  t h e  mst example 
problem, no r e a s o n a b l y  r o b u s t  s t r a t e g y  can be found when t h e  number of 
u n c e r t a i n  t r a n s m i s s i v i t y  zones i s  l a r g e  r e l a t i v e  t o  t h e  number of w e l l s .  

The MST e s s e n t i a l l y  c o n s i s t s  of two components -- t h e  o p t i m i z a t i o n  
problem which i s  s o l v e d  by l i n e a r  programming and  t h e  r e s p o n s e  c o e f f i c i e n t  



c a l c u l a t i o n  which i s  a c c o m p l i s h e d  by t h e  a d j  o i n t  s t a t e  s e n s i t i v i t y  method.  
A p a r t  f rom t h e  o p t i m i z a t i o n  component ,  t h e  a d j o i n t  s t a t e  method p r o v i d e s  
v a l u a b l e  i n f o r m a t i o n  r e g a r d i n g  t h e  s e n s i t i v i t y  o f  a n y  p r o p o s e d  pumping scheme.  
I d e n t i f i c a t i o n  of  t h e  h i g h  s e n s i t i v i t y  zones  i n d i c a t e s  t h e  r e g i o n s  where 
a d d i t i o n a l  s o i l  b o r i n g s  and  pump tes ts  would be mos t  c o s t - e f f e c t i v e .  I t  i s  
a l s o  p o s s i b l e  t o  i d e n t i f y  r o b u s t  pumping s t r a t e g i e s  by i t e r a t i n g  be tween t h e  
t r a d i t i o n a l  o p t i m i z a t i o n  problem ( w i t h o u t  u n c e r t a i n t y )  a n d  t h e  a d j o i n t  s t a t e  
s e n s i t i v i t y  method. The a d j o i n t  s t a t e  method would be u sed  t o  i d e n t i f y  h i g h  
s e n s i t i v i t y  zones  f o r  a p a r t i c u l a r  o p t i m a l  pumping s o l u t i o n ;  t h e  a n a l y s t  
would t h e n  mod i fy  t h e  t r a n s m i s s i v i t y  i n  t h e  c r i t i c a l  zones  i n  a c c o r d  w i t h  
e n g i n e e r i n g  a n d  g e o l o g i c a l  judgment  . Then t h e  o p t i m i  z a t i o n  problem would be 
s o l v e d  f o r  t h e  new t r a n s m i s s i v i t y  f i e l d .  T h i s  a p p r o a c h  would be  much more 
e x p e n s i v e  c o m p u t a t i o n a l l y  t h a n  t h e  MST. 

S i n c e  t h e  a d j o i n t  s t a t e  method computes t h e  g r a d i e n t  r e s p o n s e  c o e f f i c i e n t  
( R i j  ) a n d  t h e  s e n s i t i v i t y  r e s p o n s e  c o e f f i c i e n t  ( s i j ) ,  t h i s  i n f o r m a t i o n  c o u l d  
be u t i l i z e d  t o  d e t e r m i n e  t h e  b e s t  l o c a t i o n s  f o r  a d d i t i o n a l  pumping wells. 
T h i s  p o i n t s  t o  t h e  e x c i t i n g  p o s s i b i l i t y  o f  d e v e l o p i n g  a s i m p l e  m a t h e m a t i c a l  
programming t e c h n i q u e  t o  assist manage r s  i n  t h e  s e l e c t i o n  of  well l o c a t i o n s .  
The development  of  s u c h  a t e c h n i q u e  i s  a p r o m i s i n g  t o p i c  o f  f u t u r e  r e s e a r c h .  

The pa rame te r  c o n f i g u r a t i o n  t e c h n i q u e  may be a u s e f u l  method f o r  
a s s e s s i n g  t h e  r o b u s t n e s s  of  s i m p l e  pumping s y s t e m s  d e s i g n e d  t o  c o n t a i n  and  
purge  c o n t a m i n a n t  plumes f rom a q u i f e r s .  The t r a n s m i s s i v i t y  f i e l d s  g e n e r a t e d  
u s i n g  t h i s  t e c h n i q u e  may n o t  r e p r e s e n t  ' t h e  un ique  w o r s t - c a s e  s o l u t i o n s .  T h i s  
is b e c a u s e  of 1  ) t h e  somewhat and  n e c e s s a r i l y  a r b i t r a r y  c h o i c e  o f  a n  o p t i m i z a -  
t i o n  c r i t e r i o n  t o  r e p r e s e n t  t h e  w o r s t  c a s e ,  a n d  2 )  t h e  p rob lems  of  c o n s t r a i n t  
se t  c o n c a v i t y  and  a l t e r n a t i v e  o p t i m a  f o r  t h e  f o r m u l a t i o n  used  i n  t h i s  
r e s e a r c h .  From a p r a c t i c a l  p e r s p e c t i v e ,  howeve r ,  t h e  non -un iqueness  o f  t h e  
s o 1 u t i o n . i ~  n o t  e x p e c t e d  t o  be a s e r i o u s  drawback as  l o n g  as t h e  o b j e c t i v e  
f u n c t i o n  i s  w e l l  chosen .  

Two i n t e r p r e t a t i o n s  of  t h e  PCT r e s u l t s  i s  t h a t  t h e y  p o i n t  t o  n e e d s  1 )  f o r  
b e t t e r  s t a t i s t i c a l  a n a l y t i c a l  t e c h n i q u e s  f o r  g e o l o g i c  f o r m a t i o n s  and 2 )  t o  
i n c o r p o r a t e  t h e  d e s i g n e r ' s  i n t u i t i v e  judgement  i n t o  t h e  s e l e c t i o n  o f  a d e s i g n  
s t r a t e g y  o r  a d e s i g n  p a r a m e t e r  s e t .  I n t u i t i v e  judgment  is o f  paramount  
i m p o r t a n c e  as t h e  d e s i g n e r  v i ews  t h e  r e s u l t s  o f  d i f f e r e n t  s t a r t i n g  p o i n t s  a n d  
o b j e c t i v e  f u n c t i o n s  t o  work t o w a r d  a p a r a m e t e r  s e t  t h a t  w i l l  l e a d  t o  an  
a c c e p t a b l e  r e s t o r a t i o n  s t r a t e g y .  He o r  s h e  mus t  d e c i d e  whe the r  o r  n o t  t h e  
e x t r e m e  f i e l d ,  e v e n  though  f e a s i b l e  a c c o r d i n g  t o  t h e  problem c o n s t r a i n t s ,  
a p p e a r s  t o  be r e a l i s t i c  a n d  s h o u l d  f e e l  a t  l i b e r t y  t o  change  t h e  p a r a m e t e r  
v a l u e s  i f  it d o e s  n o t .  Fo r  example ,  l a r g e  o r  o s c i l l a t o r y  f l u c t u a t i o n s  i n  
t r a n s m i s s i v i t y  o v e r  small d i s t a n c e s  may be r e a l i s t i c  f o r  a g l a c i a l  ou twash  
a q u i f e r  b u t  n o t  f o r  a s a n d s t o n e  a q u i f e r .  The va r iog ram c o n s t r a i n t s  would n o t  
p r e c l u d e  s u c h  f l u c t u a t i o n s  , a n d  t h e  i n c l u s i o n  o f  a d d i t i o n a l  c o n s t r a i n t s  t o  
c u r t a i l  them might  be a p p r o p r i a t e .  For  example ,  l l smoothness t l  c o n s t r a i n t s  t h a t  
r e s t r i c t  t h e  a b s o l u t e  d i f f e r e n c e  between a d j a c e n t  pa rame te r  v a l u e s  migh t  be 
a d d e d  f o r  a s a n d s t o n e  a q u i f e r .  O f  c o u r s e ,  t h e  i n c l u s i o n  o f  s u c h  c o n s t r a i n t s ,  
which i n v o l v e  f o u r t h - o r d e r  s t a t i s t i c s ,  m igh t  v e r y  w e l l  add  t o  t h e  d i f f i c u l t y  
of s o l u t i o n .  

The n o t i o n  o f  a d d i n g  more c o n s t r a i n t s  t o  t h e  PCT t o  make u s e  o f  a v a i l a b l e  
i n f o r m a t i o n  c o u l d  r e a d i l y  be e x t e n d e d  t o  t h e  i n c o r p o r a t i o n  of  d a t a  o n  t h e  
h e a d s  a t  many p o i n t s  i n  t h e  a q u i f e r ,  i f  t h e y  a re  known. T h i s  amounts  t o  



i n c l u d i n g  c o n s t r a i n t s  f o r  what  h a s  been c a l l e d  t h e  " i n v e r s e  problemu where  o n e  
t r i es  t o  s o l v e  f o r  v a l u e s  of  p a r a m e t e r s  g o v e r n i n g  f l o w ,  e .g . , t r a n s m i  s s i v i t y  , 
g i v e n  d a t a  o n  h y d r a u l i c  h e a d  t h r o u g h o u t  t h e  s y s t e m  ( s e e ,  e .g ., B e a r ,  1 9 7 9 ) .  
T h i s  a p p r o a c h  would r e q u i r e  t h e  i n c l u s i o n  o f  f l o w  b a l a n c e  c o n s t r a i n t s  f o r  e a c h  
node i n  a f i n i t e  e l e m e n t  f o r m u l a t i o n .  The s u c c e s s  of t h i s  method h a s  been 
l i m i t e d  t o  c a s e s  whe re  t h e  head  d i s t r i b u t i o n  e x h i b i t s  a s i g n i f i c a n t  amount of 
c o n t o u r i n g .  

The o b j e c t i v e  f u n c t i o n  o f  t h e  PCT, l i k e  t h a t  of  many o t h e r  sys t ems-  
o p t i m i z a t i o n  t e c h n i q u e s  , must  b e  somewhat a r b i t r a r i l y  chosen .  The  i l l u s t r a -  
t i v e  examples  above  used  a f a i r l y  s i m p l e  o b j e c t i v e  f u n c t i o n  t o  r e p r e s e n t  t h e  
"wors t - ca sev  c o n d i t i o n .  I n  g e n e r a l ,  t h e  c h o i c e  of  a m a t h e m a t i c a l  o b j e c t i v e  
f u n c t i o n  t o  r e p r e s e n t  s u c h  c o n d i t i o n s  depends  t o  a l a r g e  e x t e n t  on  t h e  
p e r s o n a l  judgment  of  t h e  u s e r ,  a s  w e l l  as p r i o r  q u a l i t a t i v e  i n f o r m a t i o n  a b o u t  
t h e  a q u i f e r .  R e c a l l  t h a t  p r i o r  knowledge o f  t h e  e x i s t e n c e  o f  t h e  high-  
t r a n s m i s s i v f  t y  r e g i o n  was drawn upon i n  s e t t i n g  t h e  o b j e c t i v e  f u n c t i o n  
w e i g h t s .  Another  p o s s i b l e  c h o i c e  f o r  t h e  w e i g h t s  migh t  be t h e  o p t i m a l  
s e n s i t i v i t i e s  f rom t h e  r o b u s t - d e s i g n  method d i s c u s s e d  above .  F o r  s u c h  a n  
o b j e c t i v e  f u n c t i o n ,  t h o s e  t r a n s m i s s i v i  t i e s  whose i n c r e a s e  would  mos t  a d v e r s e 1  y  
a f f e c t  t h e  p e r f  ormance f u n c t i o n  would be  t h e  o n e s  t h e  a l g o r i t h m  would a t t e m p t  
mos t  t o  maximi ze  . 

S e v e r a l  a s s u m p t i o n s  made i n  t h e  work r e p o r t e d  h e r e  c o u l d  g r e a t l y  
i n f l u e n c e  t h e  r e s u l t s  and  are  w o r t h y  of f u r t h e r  d i s c u s s i o n .  One ma jo r  
a s s u m p t i o n  i s  t h a t  t h e  v a r i o g r a m  f o r  t h e  s t u d y  r e g i o n  i s  known a p r i o r i .  
L i t t l e  r e s e a r c h  h a s  been done  w i t h  t r a n s m i  s s i v i t y  ( o r  p e r m e a b i l i t y  ) v a r i o g r a m s  
and s o  i t  r e m a i n s  f o r  f u t u r e  r e s e a r c h  t o  d e t e r m i n e  t h e  c o n d i t i o n s  under  which  
t h i s  a s s u m p t i o n  can  be  made. 

The l o w e r  and  uppe r  bounds on t h e  mean a n d  va r iog ram c o n s t r a i n t s  were 
based upon t h e  a s s u m p t i o n s  of 50 d e g r e e s  of  f r e e d o m ,  i .e., 51 i n d e p e n d e n t  
o b s e r v a t i o n s .  A s  e x p l a i n e d  a b o v e ,  t h e  a s s u m p t i o n  o f  i ndependence  ( i f  n o t  of  
51 o b s e r v a t i o n s )  is u n r e a l i s t i c .  No work h a s  been done  t o  d a t e  o n  d e r i v i n g  a 
v a r i o g r a m  c o n f i d e n c e  i n t e r v a l  f o r  pa rame te r  o b s e r v a t i o n s  a t  a s i n g l e  s i t e  i n  
l i g h t  of t h e  p a r t i c u l a r  dependence  of va r iog ram o b s e r v a t i o n s .  Such work would  
be o f  v a l u e  i n  f u r t h e r  deve lopment  of p a r a m e t e r  c o n f i g u r a t i o n  t e c h n i q u e s  . 

The r e s u l t s  of  t h i s  s t u d y  a l s o  p o i n t  t o  a n e e d  f o r  b e t t e r  c h a r a c t e r i -  
z a t i o n  of g e o l o g i c  p a r a m e t e r s .  One t y p e  of s t u d y  t h a t  would be h e l p f u l  would 
combine  d e t a i l e d  e m p i r i c a l  s c r u t i n y  o f  a q u i f e r  t r a n s m i s s i v i t y  ( t h r o u g h  
c l o s e 1  y-spaced pumping tes ts  ) w i t h  a  t h o r o u g h  a n a l y s i s  of s u c h  r e s u l t s  u s i n g  
advanced  s t a t i s t i c a l  t e c h n i q u e s .  A f o l l ow-up  s t u d y  might  a l s o  be c o n d u c t e d  t o  
a s s e s s  t h e  v a l i d i t y  of a p p l y i n g  s u c h  s t a t i s t i c a l  t e c h n i q u e s  t o  o t h e r  g e o l o g i c  
f o r m a t i o n s  o r  t h e  same f o r m a t i o n  i n  a  d i f f e r e n t  l o c a t i o n .  



APPENDIX 

DEVELOPMENT OF GEOSTATJSTICAL CONSTRAINTS 

The b a s i c  g e o s t a t i s t i c a l  c o n c e p t s  u t i l i z e d  i n  t h i s  paper  were developed 
l a r g e l y  th rough  work by Matheron ( 1  965) and  Delhomme ( 1  978) . Matheron 
forwarded t h e  i d e a  of t h e  r e g i o n a l i z e d  v a r i a b l e ,  i . e . ,  a  v a r i a b l e  whose v a l u e  
is somehow r e l a t e d  t o  i t s  p o s i t i o n .  Delhomme developed t h e  n o t i o n  o f  t h e  
" i n t r i n s i c  h y p o t h e s i s " ,  where t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  d i f f e r e n c e  
i n  t h e  va lue  o f  t h e  r e g i o n a l i z e d  v a r i a b l e  between two p o i n t s  i s  t h e  same a t  
a l l  p o i n t s  th roughout  t h e  s p a t i a l ,  domain and depends o n l y  upon t h e  d i s t a n c e  
between, and t h e  s p a t i a l  o r i e n t a t i o n  o f ,  t h e  two p o i n t s .  

An i m p o r t a n t  g e o s t a t i s t i c a l  concep t  is t h e  var iogram,  t h e  v a r i a n c e  of 
t h i s  d i s t r i b u t i o n .  T h i s  parameter  can be used t o  d e s c r i b e  t h e  s p a t i a l  
v a r i a b i l i t y  of a  r e g i o n a l i z e d  v a r i a b l e ,  e  .g . , t r a n s m i s s i v i t y  (T)  . For  
example,  i f  t h e  mean d i f f e r e n c e  i n  T  between a  p a i r  of p o i n t s  s e p a r a t e d  by a  
d i s t a n c e  h  i s  symbolized a s  T m ( h ) ,  where h  i s  t h e  magnitude o f  t h e  v e c t o r  
d e s c r i b i n g  t h e  d i s t a n c e  and d i r e c t i o n  between t h e  p o i n t  p a i r ,  t h e n  t h e  v a l u e  
of  T m ( h )  i s  

where X i  d e n o t e s  t h e  p o s i t i o n  of  one sample p o i n t  i n  t h e  p a i r  and xi+h t h e  
p o s i t i o n  of t h e  o t h e r ,  and n  t h e  number of p a i r s  of samples .  The e x p r e s s i o n  
f o r  t h e  v a r i a n c e  of  t h e  d i f f e r e n c e s  i n  T  is given by 

and i f  t h e  e x p e c t e d  va lue  of  t h e  d i f f e r e n c e  i n  T  does  n o t  change th roughout  
t h e  r e g i o n  of i n t e r e s t ,  i .e . , no r e g i o n a l  t r e n d ,  t h e n  t h i s  e x p r e s s i o n  becomes 

s i n c e  T m ( h )  i s  z e r o .  T h i s  e x p r e s s i o n  i s  r e f e r r e d  t o  i n  g e o s t a t i s t i c a l  
l i t e r a t u r e  a s  t h e  var iogram,  and has  t h e  u n i t s  t h a t  t h e  v a r i a n c e  of t h e  
v a r i a b l e  would have (e .g . ,  f o r  t r a n s m i s s i v i t y  t h e  u n i t s  a r e  l e n g t h 4 / t i m e 2 ) .  

An e m p i r i c a l l y  determined variogram may s e r v e  a s  t h e  b a s i s  f o r  i n f e r e n c e s  
about  t h e  (unknown) v a l u e s  of T throughout  t h e  r e s t  of t h e  a q u i f e r .  T h i s  i s  
u s u a l l y  done by f i t t i n g  t h e  observed variogram t o  a  variogram model. The 
i n t e n t  of t h i s  a c t i o n  i s  t o  e s t a b l i s h  a  smooth curve  from which e s t i m a t i o n  of 
~ ( h )  can be made f o r  unsampled l o c a t i o n s  i n  t h e  a q u i f e r .  Variogram models a r e  



a l s o  i m p o r t a n t  i n  k r i  g i n g  p r o c e d u r e s  where ready-made t a b l e s  a r e  a v a i l a b l e  f o r  
common models .  

Two commonly u s e d  mode l s  a r e  t h e  s p h e r i c a l  and e x p o n e n t i a l  models .  I n  
b o t h  models  t h e  v a l u e  of  t h e  va r iog ram,  ~ ( h ) ,  g r a d u a l l y  i n c r e a s e s  as h  
i n c r e a s e s ,  e v e n t u a l l y  l e v e l i n g  o f f  a t  a c o n s t a n t  v a l u e  ref e r r e d  t o  as t h e  
s i l l .  The v a l u e  f o r  h  where ~ ( h )  r e a c h e s  t h e  sill is ref e r r e d  t o  as t h e  
r a n g e .  A d i s c o n t i n u i t y  i n  t h e  va r iog ram a t  t h e  o r i g i n  i s  c a l l e d  t h e  nugge t  
effect  and is a t t r i b u t e d  t o  b o t h  measurement e r r o r  and m i c r ~ r e g i o n a l i z a t i o n  
o n  a scale  much smaller t h a n  t h e  s p a c i n g  of  t h e  p o i n t s .  

C o n f i d e n c e  limits were se t  o n  t h e s e  v a l u e s .  The 90 p e r c e n t  c o n f i d e n c e  
i n t e r v a l  f o r  t h e  mean v a l u e  o f  T was c a l c u l a t e d  u s i n g  t h e  method d e s c r i b e d  by 
Koch and Link  ( 1 9 7 0 )  f o r  a l o g n o r m a l l y  d i s t r i b u t e d  random v a r i a b l e .  The 90 
p e r c e n t  c o n f i d e n c e  i n t e r v a l  f o r  t h e  var iogram was d e t e r m i n e d  u s i n g - t h e  
ch i - squa red  d i s t r i b u t i o n  method ( J o u r n e l  & H u i j  b r e g t s ,  1 9 7 8 ) .  T h i s  r a n g e  is 
g iven  by : 

where X2 i s  t h e  c h i - s q u a r e  s t a t i s t i c ,  n  i s  t h e  number of  s a m p l e s ,  Y(h )  i s  t h e  
sample  v a r i o g r a m ,  and r ( h )  i s  t h e  p o p u l a t i o n  var iogram.  A p o p u l a t i o n  
va r iog ram i s  assumed f o r  each  o f  t h r e e  v a l u e s  of h ,  v i z . ,  100 ,  200, a n d  300 
f t .  
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