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Abstract

We study the implications of using the indexing category of finite sets and injective maps in Goodwillie’s
calculus of homotopy functors. By careful analysis of the cross-effects of a reduced endofunctor of based
spaces, this point of view leads to a monoidal model for the derivatives. Such structure induces operad and
module structures for derivatives of monads and their modules, leading to a chain rule for higher derivatives.
We also define a category through which n-excisive finitary functors to spectra factor, up to homotopy, and

give a classification of such functors as modules over a certain spectral monoid.
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Chapter 1

Introduction

In an effort to understand homotopy types, Goodwillie developed a theory of calculus for homotopy invariant
functors from pointed topological spaces T to the categories of spaces T or spectra Sp in a series of landmark
papers [Goo90, Goo92, Goo03]. He described a way to canonically assign to a functor F' a sequence of
“polynomial” (called n-ezxcisive) functors P, F' approximating F', which fit into a tower of fibrations analogous
to a Taylor series expanded at the zero object.

Goodwillie’s theory has been extended to more abstract homotopy theoretical settings [BR14, Kuh07,
Per13], and the methods involved in Goodwillie’s calculus have provided new insights in various areas of
topology, including chromatic homotopy theory [AM99, Beh12, Kuh07], algebraic K-theory [DGM13], and
geometric topology [BCKS14, Mall5, Wei99]. For example, analysis of the Taylor tower of the identity functor
of spaces (a surprisingly interesting nonlinear functor) has led to calculations of the periodic homotopy of
odd dimensional spheres [AM99]. Another triumph of Goodwillie calculus is the identification of the trace
map from algebraic K-theory to topological cyclic homology as an isomorphism on differentials, showing
that the difference between the computationally difficult K and the more tractable T'C is locally constant
[DGM13].

Goodwillie defines the n-excisive approximation P, F of a homotopy invariant functor F': C — D as the

homotopy colimit of an infinite iteration of intermediate functors T, F":

(tn (T F))(X) (tnT2F)(X)

P(x) —5 (1, p) (x) T2F(X)

Goodwillie shows that P, F' is an n-excisive homotopy functor and there is a natural map p, F': F - P, F.

These functors fit into a tower of fibrations, called the Taylor tower.
F(X)—— o —— P F(X) —— Py F(X) ——  —— PIF(X) —— By F(X) ~ F(*)

As in function calculus, one wishes to study the functor F' by studying its Taylor tower, and this is a

good approximation when F' is analytic, which implies F/(X) ~ holim,, P, F(X) for sufficiently connected X.



Many functors are analytic; for example, the identity functor of spaces is analytic. Our work will mainly
focus on analytic functors because of their nice stability properties.

The n-excisive approximations of F are difficult to compute in general, so attention shifts to the homotopy
fibers D, F = fiber(P,F — P,_1F), or layers, of the Taylor tower, with the hopes that the polynomial parts
can be reconstructed once the layers are known. Goodwillie showed in [Goo03] that the layers of the Taylor

tower for a finitary functor take the form of infinite loop spaces.

DnF(X) ~ Q°°(37,F AN XAn)hEn

The X,-spectrum 9, F is called the nth derivative of F. The symmetric group ¥, acts on the smash
product by permuting the factors and (-)px, denotes the homotopy orbits. Taken together, the derivatives
form a symmetric sequence in the category of spectra, which is just a sliver of the interesting structure
they have been shown to possess [Joh95, AM99, Chi05]. Utilizing operadic duality, Arone and Ching have a
significant body of work [AC11, AC15, AC] developing which properties permit the derivatives to reconstruct
the Taylor tower of a functor.

This thesis explores the implications of using the indexing category I of finite sets and injective maps
in functor calculus. The use of the category I has already found great success in the areas of algebraic
K-theory [SS13] and representation stability [CEF15], and we’ve found that some unresolved questions in
Goodwillie’s theory have straightforward answers by amending definitions to include the inherent symmetry.
By indexing homotopy colimits over I, we prove our main result in theorem 4.2.3, giving a monoidal model
for the derivatives of reduced endofunctors of spaces, and thus a positive answer to a conjecture posed
by Arone and Ching which streamlines the work in [AC11]. The strategy of including more maps in the
homotopy colimit, inspired by Békstedt’s definition of topological Hochschild homology, has also led us to a
classification of n-excisive functors from simplicial model categories with a cofibrant generator to spectra, a
reformulation of the results of [JM03a, JMO03b] in the topological setting.

This thesis is organized as follows. In Chapter 2, we review our conventions and the definitions of
Goodwillie calculus. In Chapter 3, we define a category P,,C through which finitary n-excisive functors
from certain simplicial model categories C to spectra factor, up to homotopy. We prove that such functors
correspond precisely, in the sense of an equivalence of homotopy categories, to modules over the spectrum
of endomorphisms of n + 1 points in the category P,C. This differs from the classification of [AC15] by
considering the polynomial approximations themselves, instead of reconstructing them from the homogeneous

layers of the Taylor tower.



In Chapter 4, we give a monoidal model for the derivatives of analytic, reduced endofunctors of spaces.
Such structure sidesteps the technical aspects of Arone and Ching’s work and automatically produces a
natural operad structure on the derivatives of the identity functor of spaces, a result which required a foray
into operadic Koszul duality in [Chi05]. The derivatives of a functor also necessarily inherit the structure of
a module over the derivatives of the identity, a hard-earned theorem in [AC11]. We also prove a chain rule
in this setting and indicate ways in which to extend this to functors of other categories.

In appendix A, we give some background on the category I, proving that Goodwillie’s T}, F”’s fit into an I
diagram, and giving a proof of Bokstedt’s approximation lemma which gives conditions for when homotopy
colimits over I agree with homotopy colimits over N. In appendix B, we give results analogous to those in
Chapter 3 for functors to spaces and indicate why they do not assemble to form a classification. Finally, in
the last appendix, we give the technical details of the associativity of the monoidal derivative map defined

in section 4.2.



Chapter 2

Background and conventions

We will start with basic definitions necessary for Goodwillie’s calculus of functors and the use of the category

I of finite sets and injective maps.

2.1 Simplicial objects

Let T denote the category of based topological spaces and let 8p be a good category of spectra, for example,

symmetric spectra.

Definition 2.1.1. We write A for the category whose objects are the totally ordered sets n ={0,1,...,n}
for n > 0 and whose morphisms are the order-preserving functions. A simplicial object in a category C is a
functor X, : A°? — C. More explicitly, a simplicial object in C consists of a sequence of objects X} € C for
k >0, along with face maps, d; : X - X,_1 for 0 <i <k, and degeneracy maps, s; : Xy = Xpyq for 0<i <k,

satisfying the simplicial identities.

Definition 2.1.2. If C is the category of sets, spaces, or spectra, then a simplicial object X, has a homotopy

invariant geometric realization, denoted | X,|. This is defined by X, ®a,, . A®, and is sometimes called the

ing

fat realization of X,, because the coend is taken over only the injective maps of A.

Definition 2.1.3. A forward contracting homotopy for an augmented simplicial set X, — X_; is a collection
of maps s_1 : X,, > X,,;41 for n > -1 such that for each x € X,,, one has s_1s;x = s;5_1x for 0<i <n and
sid;x if 0<i<n

diS_ll‘ =
T ifi=n

For homotopy limits and colimits, we will use the definitions of Bousfield and Kan in [BK72].
Definition 2.1.4. The homotopy limit of a diagram X : J — T, holim s X, is given by the totalization of

the cosimplicial replacement crep X', which has nth term (crep X), = [I  X(Jjn).

Jo=jn



Dually, the homotopy colimit of a diagram X : J — T, hocolim s X, is given by the realization of the

simplicial replacement srep &, which has nth term (srep X), = VX (jo)-

Jo=> " >Jn

2.2 Calculus

Now we will review relevant definitions of the homotopy calculus of functors. In [Goo03], Goodwillie con-
structs the Taylor tower of a functor from topological spaces to spaces or spectra, and Kuhn shows that

Goodwillie’s work extends to functors between model categories [Kuh07].

Definition 2.2.1. Let F':C — D be a functor where C and D are each either 8p or Top. Then we say

F is reduced if F(x*) =~ *.

F is continuous if the natural map C(X,Y) - D(F(X), F(Y)) is a continuous homomorphism.

e [ is a homotopy functor if it preserves weak equivalences.

F is finitary if it preserves filtered homotopy colimits, i.e., for any filtered category Z and diagram
X :Z - C, hocolims F(X,) —— F(hocolimz X, ) . We will also say that such functors satisfy the

colimit axiom.

If the objects of C are equivalent to homotopy colimits of filtered diagrams of finite subobjects, then the
colimit axiom allows us to evaluate a finitary functor on an object of C by restricting to the subcategory of
finite objects. For example, in the category of spaces, every object is weakly equivalent to a CW complex,

which is equivalent to a colimit of its finite dimensional subcomplexes.

Lemma 2.2.2. If F' is a continuous functor, then F has assembly, a binatural tranformation
ap: ZANF(X)— F(ZArX).
Proof. The assembly map is given by pushing the identity through the following

Hom(Z A X, Z A X) 2Hom(Z,Hom(X,Z A X))
L Hom(Z, Hom(F(X), F(Z A X)))

cHom(Z A F(X),F(Z A X))



Definition 2.2.3. A cubical diagram is a functor X : P(S) - C, where S is a finite set and P(S) is the
poset of all subsets of S. An n-cube will be a functor X where the cardinality of S is n, so 0-cubes are

objects of C, 1-cubes are morphisms of C, 2-cubes are commutative squares, etc.

Definition 2.2.4. Let Py(n) denote the poset of all nonempty subsets of n = {0,1,...,n}. An n-cube is
called homotopy cartesian if the map a(X) : X (@) —» 171)(31(1;1)1)( is a weak equivalence (note that a(X) factors
through limp, gy X). An n-cube is (homotopy) k-cartesian if a(X’) is k-connected. An n-cube X is called
strongly homotopy (co-)cartesian if each face of dimension > 2 is (co-)cartesian. If every two-dimensional

face of X is (co-)cartesian, then X is strongly (co-)cartesian.

We will often omit the word “homotopy” from our pushouts, pullbacks, and (co)cartesian cubes, but it

is always intended, unless noted otherwise.

Definition 2.2.5. A homotopy functor F : C — D is n-ezcisive if for every strongly cocartesian (n+1)-cubical

diagram X : P(S) — C, the diagram F(X):P(S) - D is cartesian.

Definition 2.2.6. Let X be an object in a symmetric monoidal category C and let U be a finite set, so

XxU=1"x. The join of X and U is given by X % U = hocolim (X <« X xU - U).

If X is cofibrant, then this model for the join produces a cofibrant object. This defines an associative join
which agrees with the usual join when C is the category of topological spaces. That is, (X*U)*V = Xx(U*V)
for X €C and U,V € P(n).

Goodwillie defines the n-excisive approximation P, F of a homotopy functor F' as the homotopy colimit
of an infinite iteration of intermediate functors T}, F. These functors are defined as follows.

Any object X € C defines an (n + 1)-cubical diagram in C by U » X * U, for U c n. We may then apply
F to this diagram to get an (n + 1)-cube in D. Define a homotopy functor T,F : C > D by T,F(X) =
U}l%lj(mn) F(X »U). There is a natural transformation t,, : F' - T,,F because there is a map from the initial

corner F(X x @) = F(X) to the homotopy limit of the rest of the cube. The process may be iterated to

produce TFF(X) =~ holimyy, e (ny<r F(X * %X U;), where %%, U; denotes the join of the sets Uy, ..., Uy.
Definition 2.2.7. The functor P, F(X) is defined to be the homotopy colimit of the diagram

n n(Tn WT2F)(X
F(X) tn F(X) (T F)(X) (tn (T F))(X) T,%F(X)(t )(X)



Example 2.2.8. When n =1, P(1) forms the pushout square

@ — {0}

|

{1} —{0,1}
Then U — F(X % U) gives the square
F(X @) —— F(X % {0}) F(X)—— F(CX)
F(X *{1}) —— F(X % {0,1}) F(CX)—— F(EX)

where CX is the cone on X and XX is the suspension of X. So T3 F(X) is given by the homotopy limit
of the diagram resulting from removing the initial corner (where @ sits in the indexing category). If F'is a

reduced functor, then F(*) ~ * and

*
T,F(X) = holim l ~ QF(TX)

« > F(IX)

Repeating the process, we see that TP F(X) ~ Q?F(22X) and so P;F(X) = hocolim, Q"F(X"X) =
Q@ F (X~ X).
When n = 2, P(2) is a 3-dimensional cube; identifying T, F' and P, F is much harder to do in practice

when n > 1.

In Theorem 1.8 of [Goo03], Goodwillie shows that P, F' is an n-excisive homotopy functor and the natural

map p,F : F - P, F is the universal map from F' to an n-excisive functor, up to homotopy.

Definition 2.2.9. The layers of the Taylor tower of F': C - D are the functors D, F :C - D for n > 1 given
by
D, F =hofib(P,F - P,_1 F)

The functor D, F is n-homogeneous, that is, both n-excisive and n-reduced (P,,-1(Dp,F') ~ *.)

Definition 2.2.10. Let F': C — D be a homotopy functor. F'is stably n-excisive or satisfies stable nth order
excision, if the following condition holds for some numbers ¢ and &:

E,(c,k): If X : P(S) - C is any strongly co-cartesian (n + 1)-cube such that for all s € S, the map



X (@) - X({s}) is ks-connected and ks > k, then the diagram F(X) is (—c + Xk;)-Cartesian.

Definition 2.2.11. The functor F' is p-analytic if there is some number ¢ such that F' satisfies E,, (np—q, p+1)

for all n > 1. (Note that it is the same ¢ for all n.)

Example 2.2.12 ([Goo92] 4.3, 4.5). An analytic functor is one whose deviation from being n-excisive is
bounded in a certain way for all n. The identity functor of spaces is 1-analytic by the higher Blakers-Massey

theorem. The functor Hom (K, -) is k-analytic, where k = dim(K).

Theorem 2.2.13 ([Goo03] 1.13). If F' is p-analytic and X is (at least) p-connected, then the connectivity
of the map F(X) — P,F(X) tends to infinity with n, so that F(X) is equivalent to the homotopy limit

P F(X) of the tower. Thus, the number p gives a sort of radius of convergence for the Taylor tower.
The following definition will be useful in Lemma 2.3.4. The notation O stands for ‘osculating.’

Definition 2.2.14. A map «: F' - G between two functors from C to D satisfies O, (¢, k) if, for every k > &,
for every object X of C such that X — = is k-connected, the map ax : F(X) - G(X) is (—c¢+ (n+ 1)k)-

connected.

2.3 I and symmetric sequences

We will exploit the properties of a particular indexing category used by Bokstedt to define topological

Hochschild homology. He attributes the idea to Illusie. More facts about I are given in the appendix.

Definition 2.3.1. Let I denote the (skeleton of the) category of finite sets and injective maps. Let N denote
the category of finite sets with only the standard inclusions (those induced by subset inclusion). Let ¥

denote the category of finite sets with only bijections.

Bokstedt showed that under certain conditions on a functor G : I — T, hocolimy G — hocolimy G is an

equivalence. Essentially, the condition is that maps further in the diagram become more and more connected.

Lemma 2.3.2. ([Bok85]) Let G :1 - T be a functor, x € ob I, and let x | T be the full subcategory of I of
objects supporting maps from x. If G sends maps in x | I to n-connected maps and njy — oo as [x| - oo,

then hocolimy G — hocolimy G is an equivalence.

A published proof can be found in [DGM13] (Lemma 2.2.2.2), and we provide a version in the appendix.
We also show in the appendix that Goodwillie’s T,’f ’s fit into an I diagram, so we can make the following

definition.



Definition 2.3.3. Let P, F = hocolimye TFF.
Lemma 2.3.4. When F is stably n-excisive, P,F - P, F s an equivalence.

Proof. We will show that the functor © : I - Fun(7,T) defined by O(k) = T F satisfies the hypotheses of
Bokstedt’s lemma (2.3.2) when F satisfies E, (¢, k). By Proposition 1.4 of [Goo03], if F' satisfies E, (¢, k),
then T, F satisfies E,(c-1,5-1) and t,F : F —» T, F satisfies O,,(c,x). By induction on i, T F satisfies
E,(c—i,k—1), and T! F — T F satisfies O,,(c —i,x —i). By the definition of O,,, all the maps T} F(X) —
T F(X) are (i—c+(n+1)f)-connected for £ > k, where £ is the connectivity of X — . Since (i—c+(n+1)¢)

increases as i increases, © satisfies the condition of Bokstedt’s lemma. O

Definition 2.3.5. Let C be a category. A symmetric sequence in C is a functor A : ¥ — C. This is a
sequence {A(n)} of objects of C with a ¥,-action on A(n) for each n > 1. A morphism of symmetric
sequences f : A - B is a natural tranformation of functors or, explicitly, a sequence of X,-equivariant

morphisms f(n): A(n) - B(n).

Definition 2.3.6. If C is a cocomplete closed symmetric monoidal category with monoidal product denoted
A and if A, B are symmetric sequences in C, then the composition product or o-product of A and B is the

symmetric sequence A o B defined by

(Ao B)(n) = \V A(k) A B(ny) A+ A B(ng).
unordered partitions of {1,...,n}
The X, action on (Ao B)(n) is not immediately obvious. We give a quick description using the definition
of symmetric sequences on the category of all finite sets and isomorphisms. For a finite set T', (Ao B)(T) =
Vr-i1,., 7 A(I) A (nier B(T;)) for nonempty subsets T;. A bijection o : T — T’ induces a bijection on

partitions [;e; 73 = e 77 and there are induced maps o, : I - I' so T; — Té*(i). Following this through

for the finite sets T' = {1,2} and T" = {a, b} with the map o(1) = b, s(2) = a shows that there are two types

of action maps.
A{i}) A B({1,2}) V A({j, k}) A B({1}) A B({2})
A{i'}) A B({a,b}) VA{J", K'}) A B({a}) A B({b})
Essentially, the map on the first summand is id A X5 and the map on the second summand is 54 block
permute. So we need to account for both of these types of actions when we consider equivariance of maps

of symmetric sequences.



The composition product defines a monoidal product on the category of symmetric sequences in C. If

the unit of C is S, the unit object of [3,(] is given by

S ifn=1
I(n) =

* else

Definition 2.3.7. An operad in C is a monoid under the composition product; that is, an operad is a
symmetric sequence O with a composition map v : O o O - O and a unit map n : 1 - O satisfying

associativity and unitality diagrams.

Definition 2.3.8. Let O be an operad in C. A right O-module is a symmetric sequence M with an action
map M o O - M satisfying associativity and unitality diagrams. A left O-module is a symmetric sequence

M with map O o M - M again satisfying associativity and unit.

Definition 2.3.9. A functor F': C - D between monoidal categories (C, ®¢, 1¢) and (D, ®p, 1p) is monoidal
if there is a morphism € : 1p - F(1¢) and a natural tranformation pxy : F(X) ®p F(Y) - F(X ®cY)

satifying associativity and unitality diagrams.

10



Chapter 3

A classification of n-excisive functors
to spectra

In [JM04], Brenda Johnson and Randy McCarthy developed an algebraic version of calculus for functors
to chain complexes that produces “n-additive” approximations, and in [JMO03a, JMO03b], they defined a
category P,C classifying degree n functors. In this chapter, we mimic these results in the topological setting
by constructing a category C’ through which n-excisive functors F' factor and use this to classify n-excisive

functors:

CI
N
N
N
N

c—F ——sp

To define P,C, Johnson and McCarthy consider the composition rule for morphisms in C:
Home (X,Y) x Home (Y, Z) » Home (X, Z)
Applying their algebraic intermediate functors to Hom(X, -) and taking colimits yields a map
P,Hom¢(X,Y) x P,Home(Y, Z) - P, P, Hom¢ (X, Z)

In their algebraic setting, there is a map P, P, Hom¢(X,Z) - P, Hom¢ (X, Z), so defining the morphism
set P,C(X,Y) as P, Hom(X,-)(Y) gives the category P,C an associative composition.
If we try to mimic this with Goodwillie’s definitions in the topological setting, we get a map

hocolim 7% Hom(X, -)(Y") x hocolim T Hom(Y, -)(Z) - hocolim T*T* Hom (X, -)(Z)
keN £eN (k,£)eNxN

and we would be forced to find a map N x N — N that induces a map TT’fof — T giving an associative
composition rule. This is not possible. One could choose a path as in Adams’ handicrafted smash product,
but this will not be associative on the nose.

Our solution changes the indexing category of the homotopy colimit to I, the category of finite sets

11



with injective maps. This technique was used by Bokstedt to define topological Hochschild homology before
spectra were known to have a strictly associative smash product, because it fixes this problem of combining
homotopy colimits in an associative way. The map hocolimp.; — hocolimy is induced by the disjoint union
of sets (U,V) ~» UIIV. This is essentially the reason that symmetric spectra have an associative smash
product; the extra symmetry provides more room. In some sense, indexing over I is choosing all paths at
once, instead of picking one.

Let C be a simplicial model category with a cofibrant generator ¢ such that all objects of C are equivalent
to the realization of the simplicial object built from a resolution by the cotriple Hom(¢, —) ® ¢. For example,
C could be the category of based spaces with generator S° or a category of spectra with generator S. In
section 3.1, we define a category P,C through which n-excisive functors F' : C — Sp factor up to homotopy
and define an evaluation map P,C(X,Y) AP, F(X) - P,F(Y). We show in section 3.2 that n-excisive
functors to spectra are determined by their value on n + 1 points or the n-fold coproduct of the generator
of C. In section 3.3, we prove that the derived evaluation map is an equivalence, thus giving the desired
factorization of n-excisive functors through P,C. Finally, in section 3.4, we show that n-excisive functors
to spectra which preserve filtered homotopy colimits correspond precisely, in the sense of an equivalence of

homotopy categories to modules over the spectrum of endomorphisms of n + 1 points in the category P,C.

3.1 The category

In this section, we define a category, P,,C, through which n-excisive functors with domain C will be shown

to factor up to homotopy and define other maps which will allow for the classification.
Proposition 3.1.1. For a simplicial category C, there is a well-defined category, P,C, whose objects are the
objects of C and whose morphisms are given by

P,C(X,Y) =P, X% Homc (X, -)(Y) = hocolimye 7)Y £°° Home (X, -)(Y)
for objects X and Y in C. That is, the morphisms are given by applying the construction from Definition
2.8.8 to the simplicial Hom functor.

Because C is simplicial, Home (X, -) : C — T is functor to spaces thus P, X Home (X, -);C — 8p lands
in the category of spectra, so P,C is enriched in 8p. There is a natural functor p,, : C - P,,C, given by the
identity on objects and by the natural transformations F' — X* o F' - P,,(X* o F') on morphisms.

This construction is analogous to Theorem 4.8 of [JMO03b].

12



Proof. The categorical composition is a map P,C(X,Y) ® P,C(Y,Z) —» P,C(X,Z) given by the following

composition:

PnC(X,Y) ® PnC(Y, Z) =hocolim TYS® Hom(X,Y) ® hocolim TV ¥ Hom(Y, Z)
€ €

SO hogolim hogolim 7 £ Hom(X, ) @ 7,/ £ Hom(Y, 2)
€ €

(holim X)®Y —holim(X®Y')

k ¢
hocolimhocolim holim  holim X% Hom(X,Y * % U;) ® ¥ Hom(Y, Z * % V})
Uel Vel U,-EPU(n)"" Vje’Po(n)Z

fubini for ho(co)lims k L
MM ocolim  holim £ Hom(X,Y * % U;) ® S= Hom(Y, Z * % V)
(U,V)elxI (U;,V;)ePo (n)k+t

-, k ¢
> 2% hocolim holim Y¥[Hom(X,Y * % U;) @ Hom(Y, Z » % V})]
(U,V)elxI (U;,V;)ePo (n)k+t

id®( % U;) . . - k k 1 k
————hocolim holim ¥ [Hom(X,Y * % U;) @ Hom(Y * % U;, Z » % V; * % U;)]
(U,V)elxI (U;,V;)ePo (n)k+t

composition in C L k
“omposTHon ™ %, hocolim holim ¥ [Hom(X,Z * % V; * % U;)]
(U,V)elxI (U;,V;)ePo (n)k+t

et o T, pocolim TV 1Y £ Hom(X, Z)
(U,V)elxI

2t B hocolim 71V £ Hom(X, 2)

=P,C(X,Z)

This composition is strictly associative by the associativity of the disjoint union of sets. The identity
of this composition is the image of the identity under the composite natural transformation F — X*F —

P, X F, which can be verified using naturality. O

The spectrum of endomorphisms of any object in the category P,,C has a strict monoidal structure

induced by composition. That is, if Y is an object of C, the endomorphisms of Y in P,,C form a monoid,
P,C(Y,Y) =P, X% Hom(Y,-)(Y).

The other hom spectra inherit module structures over these monoids using the composition of P,,C. For
example, the map

P.C(Y,Y) ®P,C(Y,Z) ~ B,C(Y, 2)

exhibits a left action of P,C(Y,Y) on P,C(Y, Z).
We will now show that the n-excisive approximation of an analytic functor is a module over one of

these monoids. For functors landing in a simplicial category of spectra, 8p, there is a continuous map

Hom(X,Y) - Hom(F(X),F(Y)) whose adjoint, F(X) A Hom(X,Y) - F(Y), we call evaluation. This

13



evaluation structure descends to the category P,,C, producing natural maps
P.C(X,Y)®P,F(X)->P,F(Y) and P,F(X)®P,C(X,Y)->P,F(Y)

which exhibit P, F(X) as both a left and a right module over P,C(X, X).
Note that given a space X and a spectrum A, the monoidal product of spectra, (XX )®s, A4, is equivalent
to the smash product X A A, which is the levelwise smashing of X with A, (X A A),, = X A A,,. This can be

seen using adjunctions and the Yoneda lemma:
Hom((X*X)AA, B) x Hom(X% X, Homg, (4, B)) = Hom(X, Q% Hom(A4, B)) = Hom(X,Hom(A4, B)) = Hom(XAA, B)

Due to the difficulty in showing that P, F' defines a functor P,,C - 8p, we will describe the evaluation map
explicitly. The left module evaluation map is given by the following composition, and the right module map
is defined similarly. We refer to the composition map P,C(X,Y)®P,C(Y, Z) - P,,C(X, Z) from Proposition

3.1.1 as ©, and the isomorphism Hom((X*°X) A A, B) 2 Hom(X A A, B) as equation ¢.

P.C(X,-)®P,F(X) = hocolim TY%* Hom(X, -) ®sp hogolim TV F(X)
€ €

in k 4
221 hocolimhocolim holim  holim X% Hom(X, - % U;) ®sp F'(X * % V)
Uel Vel  U;ePo(n)* ViePo(n)t

ho(co)lims k £
Dol 1 oeolim holim 2% Hom(X, -+ % Uy) ®sp F(X * % V))
(U,V)E]IXH (Uj,Vj)G'P()(n)k*Z
by eqn ¢ . . k 1
———— hocolim holim Hom(X,-* % U;) @ F(X » % V)
(U,V)elxI (U;,V;)ePo(n)k+t
as in © £ k £ £
——— hocolim holim Hom(X * % Vj, -+ % U; » % V;) @ F(X » ¥ V)
(U,V)elxI (U;,V;)ePo(n)k+¢
v ion k ¢
cvaluation, hocolim holim F(=% % U+ V)
(U.V)elIXI (U; Vi )ePo (n) o+
Aot o T, hocolim TV HY F(-)
(U,V)elxI
Mho‘%ﬂﬂimTX/F(—)

=P,F(-).
In section 3.3, we will show that if F': C — 8p is n-excisive, then F factors through P,,C up to homotopy.
c—- —sp

N

P.C
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In the situation above, the homotopy left Kan extension of F' along p,, is the realization of the simplicial

object defined by

[m] ~ ]_[ (P, X% Hom(¢pm, =) x C(¢m-1,¢m) x - x C(co,c1)) ® F(cp)-

€0,C15--+,Cm €C

Later, in our classification, we will restrict our attention to a subcategory of P,,C and consider the left
Kan extension of P, F along the inclusion of this subcategory. Since we have not shown that P, F' is a functor
on IP,,C, we need to use the module maps described above to make sense of this construction. This will be

described further in section 3.3.

3.2 An n-excisive functor is determined by its value on points

In this section, we classify n-excisive functors which satisfy the colimit axiom as functors determined by
their value on n + 1 points. This is in direct analogy with the fact that real-valued degree n polynomial
functions are determined by their value on n + 1 points.

Let C be a simplicial model category. We will assume that C has a cofibrant generator ¢, and that
all objects of C are equivalent to the realization of the simplicial object built from a resolution by the
cotriple Hom(c,~) ® c. For C = T, the generator is S° and a space X is equivalent to the realization of the
singularization of X, |Sing.X|, where Sing,X = Hom(S%, X) as a simplicial set. These ideas are spelled

out in more detail in section 2 of [JM03a] and section 6 of [McC].

Definition 3.2.1. We say that c is a generator if every object X € C is equivalent to the homotopy colimit
of a filtration X,

X =~ hocolim (XO g X1 g X2 g )
such that the cofibers X,,/X,,_1 are equivalent to []S™ ® c.
Note that for pointed spaces, ¢ = S°, for unpointed spaces, ¢ = %, and for spectra, ¢ = S.

Definition 3.2.2. Let @ denote the initial object of C and * the final object; when C is based, these agree

and we use * for the initial object. If C is based, define n. =[] ¢, with 0. = @. That is,

. *
n, = cohm( C/CQQP . )

n+1

If C is unbased, define n. = [] ¢
Z]
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For pointed spaces, n, = V" S°, the space of n + 1 points, for unpointed spaces, n. = [["*! *, the space
of n+ 1 points, and for spectra, n. = V" S, the wedge sum of n sphere spectra (which levelwise is the n-fold
wedge sum of k-spheres.)

The main result of this section is the following theorem, which we will prove for C = T first, then indicate

the generalization to simplicial model categories with cofibrant generator ¢ at the end of this section.

Theorem 3.2.3. Let F,G : C — 8p be two finitary, n-excisive functors; that is, F and G preserve filtered
homotopy colimits and take strongly cocartesian n + 1-cubes in C to cartesian cubes of spectra. If a natural

transformation n: F — G is an equivalence on n., then it is an equivalence on all objects of C.

Example 3.2.4. Here is an example demonstrating that this theorem does not hold for functors to spaces,
although a modified version of this theorem holds (see appendix B). Let F = QQ®(HZ A -) and G =
OO (HZ[2 A =). There is a natural transformation n : F - G. Both F and G are linear, reduced,
finitary functors, and 7 is an equivalence on all discrete sets, but F(S') ¢ G(S*') since moF(S') = Z and
oG (S?) = Z)2.

We will prove Theorem 3.2.3 through a series of lemmas. The first says that the value of a finitary,

n-excisive functor on discrete sets is determined by its value on the space n, = /" S°.

Lemma 3.2.5. Let F,G : T — 8p be two finitary, n-excisive functors such that the natural transformation

n:F — G is an equivalence on the space n.. Then n is an equivalence on all discrete sets.

Proof. Since the functors are finitary and uncountable sets are filtered colimits of their finite subsets, we

need only check that F' ~ G on finite sets. For all n >0, n— 1, is a retract of n., because the maps

n-1 n n-1

VSO( vSO vSO

compose to the identity. The first map is inclusion into the first n — 1 summands while the second map is
the identity on the first n — 1 summands and folds the nth summand with the n — 1st.

Then we can apply F' and G to this sequence to get:

POV %) —— PV SY) —— p(V %)

lnnqc :lnnc lﬁn—u

n-1 n n-1
G(V 8% ——G(VS) ——G(V S
Now -1, is a retract of 7y, because both horizontal composites are the identity (F(id) = id = G(id)).
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Since weak equivalences are preserved under retracts and 7y, is an equivalence, 7n-1, is also a weak equiva-
lence.

So inductively 7 is an equivalence on the space k. where 0 < k <n. To show that 7 is an equivalence on
k. for k > n, we will use the excisiveness of F' and G.

Let n = 1. Consider the cocartesian diagram

PN

|

S0 — 80y 80

Since F' and G are l-excisive, the front and back squares of the following cube of spectra are cartesian
and thus also cocartesian:

F(*) ———— F(S%)

l \;G(*) i

G(S°)
1
F(SO) NJ/‘) F(SO\/SO) l
~ ~
G(S%) —————— G(S°v 89

The three labelled diagonal maps are equivalences by the above argument, and so the map 72, on the

final corners is also an equivalence by the homotopy invariance of homotopy colimits.
U

Similarly for higher dimensions, we can form the strongly cocartesian (n + 1)-cube U ~ V S°. Applying
F and G yield cartesian (and thus cocartesian) cubes which are equivalent on all U except the final corner,
but these are also equivalent by homotopy invariance of the homotopy colimit. Thus 7 is an equivalence on

k. for all finite k. The colimit axiom assures us that F' and G agree on all collections of points (infinite or

finite). O

The generalization of Lemma 3.2.5 to a simplicial category C with cofibrant generator is straightforward,

but we’d like to point out that for C unbased, we can recover the initial object @ (the empty coproduct of

¢’s) as the homotopy limit of the cosimplicial object I_IgJr1 c. Since 7 is an equivalence on every object of the

diagram, F(2) ~ G(2).

Definition 3.2.6. If X, is a simplicial object in C, we say that F' commutes with realization if
[ F(X) | = F(>IXe])-
As long as the category sC of simplicial objects in C has a decent notion of realization, we can extend a
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functor F : C — Sp by applying it levelwise to an object in sC. This yields an object in s8p which can be
realized in Sp. We could also apply F' to the realization of the object of sC, and compare the results. That

is, a functor F' : C — Sp commutes with realization if the following diagram commutes

C4F>8p

i

sC —— s8p

Lemma 3.2.7. If two functors F,G : T — Sp commute with realization, then a natural transformation

n: F — G which is an equivalence on discrete sets is an equivalence on all spaces.

Proof. By the singularization/realization adjunction of spaces and simplicial sets, there is a weak equivalence
|Sing(X)e| = X, which the homotopy functor F preserves. For all k, Sing(X )y is a simplicial (discrete)

space, and since F' commutes with realization, for all spaces X,
|F(Sing(X)a)| = F(|Sing(X).]) = F(X).

We have assumed that F' > G is an equivalence on discrete sets, so 7, : F(Sing(X)s) = G(Sing(X)x) for
all k. By Segal’s realization lemma ([Seg74] Lemma A.1.ii), simplicial spaces which are levelwise equivalent
by a natural transformation have equivalent realization; Proposition X.1.2 of [EKMM97] gives the analogous

result for simplicial spectra. Thus, for all X, n is an equivalence.

|F(Sing(X)e)| —— F(X)

S

|G(Sing(X)e)| — G(X)
O

McCarthy’s argument in Corollary 6.5 of [McC] for endofunctors of spectra generalizes to functors F': C —
Sp from a simplicial model category C with cofibrant generator ¢ by building the c-cellular replacement of
an object X € C. To prove lemma 3.2.7 for such categories, one needs to note that objects of C are equivalent
to the realization of a simplicial object of C, and levelwise, these are sets tensored with the generator ¢, so
are discrete c-elements, k. for some k.

The next lemma shows that n-excisive functors to spectra commute with realization. Together with the

previous two lemmas, this completes the proof of Theorem 3.2.3 for functors F': T — Sp.
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Lemma 3.2.8. An n-excisive functor to spectra commutes with realization.

This is proven as Corollary 6.4 of [McC] for functors with domain spectra and as Corollary 5.11 of [MO02]

for domain spaces. We offer a proof similar to McCarthy’s.

Proof. The proof is by cases and induction. Let F': T — 8p be an n-excisive functor.
Case 0: Suppose F' is 0-excisive, so F' is constant. Clearly constant functors commute with realization.

Case 1: F' is n-homogeneous, so F ~ D, F. By Goodwillie’s classification in [Goo03], D, F(X) ~ (0, F(*) A
X" )px, . The realization is a homotopy colimit construction, so commutes with homotopy orbits, smashing

with a fixed spectrum, and smash products. Thus D,, F' commutes with realization.

Case 2: Suppose F' is n-excisive, but not necessarily n-reduced, so F' ~ P, F. The fiber sequence D, F —
P,F - P, F is also a cofiber sequence in spectra, and applying realization (a homotopy colimit) pre-
serves this, so |D,F(X.)| = |PoF(Xe)| = |Pu-1F(X.)| is a fibration. By induction |P,_1F(X.)| =
P,_1F(| X.|), and by case 1, | D, F(X,)| =~ D F(|X.]|), so the result follows.

For functors with simplicial domain C, one can use the results of [Kuh07] to write D,, F' as composition of

constructions which commute with homotopy colimits for Case 1, and Case 2 goes through as written. O

3.3 Evaluation is an equivalence

In this section, we will show that the natural evaluation map (defined in section 3.1) is an equivalence when
F is n-excisive:

evaluation

PoF(n.) 8, ¢(n. .y PnC(ne, -) P, F(-).

We use the superscript L to denote that this is a derived tensor product, given by the bar construction.

That is,

Definition 3.3.1. Let

LnF =P, F(n.) ® c(n. n.) PnC(nc,-)
m times

=|[m]~ P,F(n.) ® (P,C(n.,n;) x - xP,C(n.,n.) xP, X% Hom(n,, -))| .

where the P,,C hom sets are defined as in section 3.1:

P,C(n¢,n.) = hocolimy T,]fZ“’ Hom(n.,-)(n.).
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We will show that the natural evaluation L, F — P, F' is an equivalence on all objects of C. We’ll focus
on functors F': C — 8p with C a simplicial model category with cofibrant generator c¢. In particular, C can
be the category of pointed topological spaces with generator S°.

We will start by showing that each level of the simplicial functor L, F' is n-excisive, then that levelwise
n-excisive functors realize to n-excisive functors. By applying Theorem 3.2.3, we will obtain the desired
equivalence L, F 5 P, F.

We first show that (L, F),, =P, F(n.) ® P,C(n.,n.)®" ® P,C(n,,-) is n-excisive for m > 0.
Lemma 3.3.2. P,,X*° Hom(X,-): 7 — 8p is n-excisive when X is cofibrant and finite dimensional.

Proof. If C is the category of based spaces, then Goodwillie shows (in Example 4.5 of [Goo92]) that
¥ Hom(X, -) is p-analytic when X is finite of dimension p. Thus the I-functor [k] = T**1%* Hom(X, -)
satisfies the conditions of Bokstedt’s lemma (2.3.2)), because the connectivity increases as k increases. Then

there is an equivalence

P,C(X,-) = hocolimy T¥%* Hom(X, -) = hocolim; T¥%* Hom(X, -) = P,C(X, -).

Since P,C(X,-) is n-excisive, so is P, X% Hom(X, -). O
Note that n. is cofibrant when c is a cofibrant generator of C.
Lemma 3.3.3. If G is an n-excisive functor to spectra, then for any spectrum Y, Y AG (=) is also n-excisive.

Proof. Let G : C — 8p be an n-excisive functor. For any strongly cocartesian (n+1)-cube X, the cube G(X)
of spectra is cartesian, thus also cocartesian. When C has functorial cofibrant replacement, smashing means
applying the derived tensor, so Y A — is a homotopy left adjoint and Y A G(X) is also cocartesian, thus

cartesian, and so Y A G(-) is n-excisive for any spectrum Y. O

Levelwise, L, F is the product of an n-excisive functor with finitely many spectra, so we have shown that

L, F is levelwise n-excisive.

Remark 3.3.4. Note that these lemmas are exactly why we have chosen to enrich P,C in spectra. If we
had used the simplicial enrichment of C as the enrichment of P,,C, we would need a map Sp®7T — Sp that

preserves n-excision, but the following example shows that this does not always exist.

Example 3.3.5. The functor 2°X* : T — T is linear, but upon tensoring with the spectrum S, one gets
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the functor X*°Q°° X, which is not linear by the Snaith splitting

E2QCEC(X) = \V E°(XY )y,
j21
Given a simplicial functor [k] — F} to spectra such that each F}, is an n-excisive functor, the next lemma
shows that the realization ||F,|| is n-excisive. That is, given a strongly cocartesian (n + 1)-cube X, the map

||Fe(Xz)|| = holim ||F,(Xy)]|| is an equivalence.
UEPQ(D)

Lemma 3.3.6. ([M002] 5.4) The realization of a levelwise n-excisive functor to spectra is n-excisive.

Proof. If [k] = Fy is a simplicial functor to spectra such that F} is n-excisive for all k, then Fj ~ P, F}, for
all k > 0. Let X be a strongly cocartesian (n + 1)-cube, then P, Fi(X) is cartesian for all k. In the category
of spectra, this is also cocartesian. Since fat realization commutes with homotopy colimits, | P, Fi(X)]| is

also cocartesian and thus cartesian. Then | P, Fy| is n-excisive. O

Thus, L, F is an n-excisive functor, because it is levelwise n-excisive.

Finally, we can show that the evaulation map is an equivalence when F' is n-excisive and finitary.

evaluation
>

Corollary 3.3.7. The natural map P,F(n.) ®]ﬁ;n Hom(n.,n,) In Hom(n,, -) P.F(-) defined in

section 3.1 is an equivalence when F is n-excisive and finitary.

Proof. We have shown in the previous section that L, F is n-excisive. When F' is n-excisive, P, F' ~ P, F ~ F,
where the first equivalence is by Bokstedt’s lemma ([Bok85]) and the second is due to Goodwillie ([Goo03],
Prop 1.5). Then P, F is also n-excisive and satisfies the colimit axiom. We see that L, F satisfies the colimit
axiom, since realization, finite monoidal products, and Hom(X, —) commute with filtered colimits when X
is compact.

To apply Theorem 3.2.3, we must show that the natural transformation L, F — P, F' is an equivalence
on n., i.e,, on n+ 1 points. At n., there is a map s : P, F(n.) - P, F(n.) ® P, Hom(n.,n.) defined by
x + (z,[id]), where [id] is the image of id e Hom(n., n.) in P,3* Hom(n,,n.). Clearly, evos=1p pn.)-

The other composition s o ev is simplicially homotopic to the identity. That is, the map s allows us to
build a contracting simplicial homotopy (Definition 2.1.3) by defining an extra degeneracy map at each stage
which inserts the identity [i¢d] in the last spot.

Explicitly, let P, F(n.) be denoted by A. Note that the map dp: A P - A : (a,p) = a-p coequalizes
dp,d1: A®P®P > A®P,so A ®%nc(nc,nc) P,C(n., -)(n.) is augmented by A. We will consider A as the

-1 object of the simplicial object L, F. There is a map s-1: A > A® P:a — (a,id).
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We'll denote the simplicial complex A ®%W,C(nc,nc) P.C(n.,n.) by X,, so

X,=A9P,C(n.,n.)® - P,C(n.n.)

n+1

with s; including an identity in the ith spot and

(a'POapl,--an) ifi1=0
di(aap()a s apn) =

(a;po, .- Pi-1"Pis--.,pn) if 1<i<n
Let s_1 : X, > X,q1 be defined by (a,po,-..,pn) = (a,p0,-..,Pn,id), and note that s_; satisfies the
identities of a contracting homotopy (definition 2.1.3). Thus |X| — A is a homotopy equivalence, and

L,F —P,F is an equivalence on all spaces. O

3.4 Classification

Let F':C — 8p be a functor where C is a simplicial model category with cofibrant generator c. In a series of
papers in the 90’s, Kuhn classifies degree n functors of vector spaces by modules over matrix rings, which
he calls generic representations. For reasons explained in remark 3.4.3, we adopt Kuhn’s terminology from

[Kuh00].

Definition 3.4.1. A rank n generic representation, A, is a spectrum equipped with a continuous monoid

map of spectra P,,C(n.,n.) -~ Hom(A4, A).

By adjunction, this is the data of a right module over P,,C(n.,n.), i.e., an object A € 8p with a unital,
associative, and continuous action map: A ® P,,C(n.,n.) - A, and so a morphism of rank n generic repre-
sentations f : A - B is a map respecting this module structure, i.e., a morphism of spectra such that the
following commutes:

A9P,C(n.,n.)—— A

b |

BeP,C(n.,,n.)—— B

Two rank n generic representations, A and B, are called equivalent if there is a map of representations
A — B which is an equivalence of spectra.

Recall that two functors F,G : C — 8p are equivalent if there is a natural transformation n : F' — G that is
an equivalence on each object of C. We have shown that n-excisive functors which satisfy the colimit axiom

(i.e., finitary functors) are equivalent if 1 is an equivalence on n..
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Theorem 3.4.2. The homotopy category of rank n generic representations is equivalent to the homotopy

category of finitary n-excisive functors F:C — 8p.
Proof. Consider the functors

“®%, c(nene)PrC(ne,*)
Funn—eacc(ca Sp) MOd_PnC(nCa I‘lc)
P, —(n.)

Let F be a finitary, n-excisive functor and let A be a rank n generic representaiton. The bottom functor
takes F' to P, F(n.), and the top functor sends A to the realization of the simplicial functor A ®Hl;n6(nc,nc)
P,C(n.,-) : C — 8p, which is levelwise n-excisive. We have shown in section 3.1 that P, F(n.) is a right
P,C(n.,n.)-module, so the bottom functor is well-defined; by lemma 3.3.6, the top functor produces an
n-excisive functor so is also well-defined.

We will show that the functors preserve weak equivalences. Given two equivalent n-excisive functors
n:F > @G, we have

F——aG
-
P, F——P,G
Thus P, F(n.) ~ P,,G(n,.) so the functor P, — (n.) is a homotopy functor.

Given two equivalent rank n generic representations A 5 B, it is clear (using the homotopy invariant

tensor product) that the functors agree objectwise
A®P,C(n.n,)® - ®P,C(n.,-) — BeP,C(n.,n.)® & P,C(n,,-).

By homotopy invariance of the homotopy colimit, the functors are equivalent. Thus the top map also
preserves weak equivalences.
Finally, we will show that the two compositions are equivalent to the identity.

Starting on the left with n-excisive functor F', the composition yields
- ®%nc(nc,nc) P,C(n., *) o P, - (n.)(F) = P, F(n.) ®%HC(nc,nc) P.C(n.,~) = L, F.

By Corollary 3.3.7, L,F ~ P, F and P, F ~ F by n-excision. Thus the composition is equivalent to the

identity.
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Starting on the right with generic representation A, the composition yields

Py~ (1) © (= ® ¢ (n,.n.) PnC (10, %)) (A)
=P (485, c(n, m,) PrC(0e, ) (ne)

~ A ®%nC(nc,nc) ]P)nC(Ilc, —)(Ilc)

where the last equivalence is by n-excision. Now A ®%;nc(nc n.) PrC(nc,nc) = A by a (forward) contracting
simplicial homotopy (as in corollary 3.3.7). So the composition is equivalent to the identity.

Thus we have an equivalence of homotopy categories. O

Remark 3.4.3. When C = 8p, n-excisive functors are equivalent to modules over the monoid P,, Sp(n., n.) ~
P, 2>°Q*°M,(S), where M, (R) is the matrix ring spectrum on R, defined by M, (R) = Hom(n,,n, A R)
with n, = {0,1,...,n} ([Bok85, Sch07]). This is why we have chosen the terminology of Kuhn to describe
n-excisive functors as generic representations. This is a reformulation of the case of endofunctors of spectra

which was considered in [McC].
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Chapter 4

Monoidal Derivatives

The n-excisive approximations of a functor are hard to compute, and so we turn to the n-homogeneous layers
of the Taylor tower
D, F =hofib(P,F - P,_1 F)

One can consider the fiber as a difference of the nth polynomial approximation from the n — 1st. Indeed,
this analogy is justified by Goodwillie’s classification of the layers, which look like the n-homogeneous pieces

M) (4).p™
of the Taylor series, %

Theorem 4.0.4 ([Goo03]).
DpF(X) 2 Q% (9 F A X ) s,

where O, F' is a spectrum with X, -action called the n-th derivative of F'.

Thus the layers of the Taylor tower correspond to X,-spectra associated to F', and Goodwillie went

further to identify the homotopy type of these derivatives.

Theorem 4.0.5 ([Goo03]). The n-th derivative of F is equivalent to the multilinearization of the nth cross

effect.
(Q*)OCF ~ khocolim QFrQFner, F(2F160, . xkn 50)

15000 kn—00

The X,,-action is induced by permuting the variables of ¢r, F'; in the multilinearization, this also permutes
the loops. The nth cross effect is a functor of n variables which can be thought of as a measurement of the
failure of F' to be degree n—1 (in an additive sense). For example, ¢r1 F/(X) = hofib(F(X) — F(x)), so if I’
is degree 0 (or constant), cri F' is trivial.

If we consider all the derivatives of a functor together, we see a symmetric sequence in spectra. Thus we

may think of the derivatives as a functor

Oy : [Top.,Tops] = [%,8p]
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This point of view leads to a question posed by Arone and Ching in the introduction of [AC11].
Question 1. Is 0, (lax) monoidal?

Specifically, this asks for a natural transformation 0, F o 0,G — 0,(F o G) and a map S — 9;1d, where
the first o is the composition product of symmetric sequences and the second is composition of functors.

It is easy to construct a composition map which is associative and unital up to homotopy, but strict
associativity requires a different model for the derivatives.

If 0, is monoidal, some immediate consequences would be that if F'is a monad and G is a module over
F, then 0, F is naturally an operad and 9,G is a 0, F-module. For the monad F = Id, these consequences
have been proven. The first is due to work of Johnson [Joh95], Arone-Mahowald [AM99], and Ching [Chi05],
and the second is work of Arone-Ching [AC11]. Arone and Ching went on to show that the derivatives have

an even nicer property, a chain rule.

Theorem 4.0.6 ([AC11]). For reduced, finitary functors F oG :C - D — &, where C,D,& are either T or

Sp,
0+ F 0y, 14p, 0.G ~ 0, (F o G).

Taking the composition product over 0, Id is a derived product, i.e., the left hand side is a two-sided bar
construction. The equivalence is given as a zigzag of equivalences, and there is no direct map for the chain
rule.

In this chapter, we give a monoidal model for the derivatives of a reduced endofunctor of spaces, using
the indexing category I of finite sets and injective maps. In the first section, we define our models for the
cross effects of a functor and show that they form something like a functor operad. In section 4.2, we define
the new model for the derivatives and show that it is monoidal. Finally, in section 4.3, we prove a chain rule

in this setting.

4.1 Key properties of cross effects

We will start with the definition of the cross effects of an endofunctor F' of spaces. It is important to choose

our model for the homotopy fiber carefully so that the desired maps exist.

Definition 4.1.1. ([May99] 8.6) The homotopy fiber of a map f: X — Y is given by the strict limit

X
hofib f = lim !
ev

Yyl — Y
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where Y7 is the pointed path space of Y. This diagram is a fibrant replacement for the diagram with the

terminal object * in the place of Y/, so the homotopy limit agrees with the strict limit.
Definition 4.1.2. Let [, : C" — C be defined by | |,(X1,...,X,)=X1 Vv Vv X,.

Definition 4.1.3. The Ist cross effect of F' on the space X is given by
cr1F(X) = hofib[ F(X) — F(*)]
The nth cross effect of F' on the spaces Xy, ..., X, is given by
rnF (X1, X)) = eri™eer (Fo L) (X1, Xy)

where crii)G denotes the first cross effect applied to the ith variable of the multifunctor G.

Traditionally, cr,F' is defined as the total fiber of a cube constructed from coproducts of the inputs
[Goo03], but we will now demonstrate that the given model is equivalent to the usual cubical model, cr&.

The second cross effect is given by

F(XVY)——=F(Y)
er§ F(X,Y) = tothofib l l

F(X) —— F(%)

It is well known that the total homotopy fiber of a cube is equivalent to any of the iterated homotopy

fibers (see [BJM15] for detailed definitions) so we can start with taking horizontal fibers to get

er{D(F o) (X,Y) hofib [F(X vY) > F(xvY)]

| l

Crgl)(FOUZ)()Q *) hofib [F(XV >(-) — F(* Vi *)]

Then the vertical fiber hoﬁb[cr%l)(F ol )(X,Y) —~ crgl)(F o) (X, *)] is equivalent to criQ)cril)(F o
Llo)(X,Y), so our model of iterated first cross effects is equivalent to the standard cubical model, cr§ F(X,Y) ~
croF(X,Y). The generalization to higher cubes is straightforward.

Note that if F' is reduced, criF is also reduced, and the choice of model for the homotopy fiber yields
isomorphisms

crgl)crf)(F o )(X,Y) = cr%g)cril)(F o J,)(X,Y).
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Lemma 4.1.4. cr, F' has assembly maps in each variable.

Proof. Since cr, F' is continuous and reduced in each variable, the assembly map is given by following the

identity through the maps

Hom(Z A X, Z A X) = Hom(Z, Hom(X, Z A X))
2PN, Hom(Z, Hom(era F(X,Y), craF(Z A X, Y)))

*Hom(Z AceraF(X,Y), craF(Z A X,Y))

Lemma 4.1.5. If F is stably n-excisive, then crpF is stably n-excisive in each variable.

Proof. If F is stably n-excisive, then F' satisfies E,(c,x) for some ¢ and . That is, for any strongly
cocartesian (n + 1)-cube X such that X (@) - X ({s}) is ks-connected with ks > &, the diagram F(X) is
(Xks — ¢)-cartesian.

We will show that CTEF is stably n-excisive in each variable by showing that cr,?F (-,Ys,...,Y;) is. Let
X be a strongly cocartesian (n + 1)-cube such that X (@) - X({s}) is ks-connected with ks > x. Then
cr$F(X,Ya,...,Y},) is given by the homotopy fiber of cubes (so is of the form to apply Proposition 1.18 of
[Goo92])

Ve tﬁb(Fo|_|k)(X(V)7Y2, LY ) =hofib| F(X(V)VvYyv--vY) — U};Dol(iinl)F(X(V)‘sU v\ Yj)
€Folk= jeU

0 ifleU
where 0y = , l.e. X(V) is in the last sum if 1 ¢ U. This last term can be viewed as an

1 14U
(n+1)-cube of homotopy limits of punctured k-cubes. By Proposition 1.22 of [Go092], this cube is ¢-cartesian

where £ = min{l - |U|+{y}, and ¢y is the cartesianness of the (n+1)-cube at U. If 1 ¢ U, this cube is given
by (Folly) (X, Ve Yj)7 which gives {yy = Xks —c. If 1 € U, the (n+ 1)-cube is constant, so cartesian. Then
the largest that U can be (where the cube at U is not cartesian) is k—1,s0 £=Xks —c—k + 2.

The (n+1)-cube (Fol |)(X,Ya,...,Y}:) is (Xks—c)-cartesian, so by Proposition 1.6 (and 1.18) of [Go092],
the cube of fibers cr,?F(X, Ya,...,Yy) is (ks —c—k+1)-cartesian. Thus cr,?F satisfies E, (c+k-1,k), and

is stably n-excisive. By equivalence, cri F' is also stably n-excisive in each variable. O

The following proposition shows that the cross effects form a sort of functor operad. We prove it by

induction after a series of lemmas.
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Proposition 4.1.6. Let F,G:T — T be functors. For natural numbers k, j1,. .., and spaces {X; ¢ EE’;,

there are natural associative maps
’)/CT* : CTkF(CT'le(XLl, ey X17j1 ), ey erkG(Xk‘,ly ey Xk,jk)) - er1+"'+jk (F o G)(Xl,l, ey Xka)'

Lemma 4.1.7. There is a map F o criG —» cri(FoG).

Proof. FocriG(X) fits into the following commuting diagram

FoceriG(X) —— FG(X)

| |

F(G(%)") — FG(%)

There is a map from F o ¢ryG(X) to the strict limit of the rest of the diagram. A map from this limit

to cr1(F o @) is induced by the map of diagrams

evt)

F(G()) —2 PG l
~ ~

FG(+) — 5 FG(#)
where ay is the natural transformation given by the adjoint of the composite

assembly F(evaluation)
Ema— _

Z AN F(Hom(Z,G(*))) F(Z AHom(Z,G(*))) FG(*)

with the evaluation map Z AHom(Z, G(*)) - G(*) given by the adjoint of the identity Hom(Z,G(*)) —
Hom(Z,G(*)).
The map of diagrams commutes by viewing the evaluation at 1 map as Hom(I,Y) - Hom(S%,Y) 2 Y,

and using naturality. That is, we use the commutativity of

F(Hom(I, G(+))) — F(Hom(S°,G(+)))

L

Hom(I, FG(%)) ——— Hom(S°, FG(%))

Thus, there is a map F ocriG — cri(F o G). O
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Lemma 4.1.8. The composite cr1F o criG — F o criG — cri(F o G) is associative.

Proof. Consider the diagram

criFocriGoeriH ——criFoGocriH——criFocri(GoH)

J | |

FoeriGocriH—— FoGoeriH———5 Focri(GoH)

J |

cri(FoG)ocriH——FoGocriH———— cr(FoGoH)

The top two squares commute by naturality of the map c¢ri F' — F', and the bottom two commute by

naturality of 8, which is given by the composite

G(X) FG(X) FG(X)
F|lim J, — lim J( — lim J
G(Y)? —— G(Y) F(G(Y)?) —— FG(Y) FG(Y)? ——= FG(Y)

Letting (Y, Z) = (,I) or (X, S°) shows that the vertical maps of the bottom row are instances of 3. [J
Now we will use induction to show the existence of the maps of proposition 4.1.6.

Proof of proposition 4.1.6. To keep notation at bay, we’ll prove the case k = 2 and note that the general case

follows easily; that is, we will show existence of natural maps
CT'QF(C'I"]'IG(Xl, cen ,Xj1)7C7"j2G(Y17 .. ijg)) - C’I"j1+j2(F o G)(Xl, cee 7Xj17Y1? .. )/;2)

The map is given by the following composition.

CTQF(CleG(le cee 7Xj1)7CTJ2G(}/1a . }/Jz))

< CT2F(CT§1)"'CT§j1)(GO |_|j] )(Xa,..., X)), er;,G(Yh,...Y),))

= CTQF(CT‘§1)"'CT§J.171)—,C’/‘sz(K, . Y) ocr%jl)(Goujl)(Xl,...,le)
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217 cr§j1)crgF(crgl)~~~c7“§jl_1)(G ol L (X1, Xj), 01, G(Ya, ... Y,))

XJ&)’CszG(YL B sz))

ey F((Go Ll ) (X,

4.1.7-
-cry

—>cr§j1)-

erienaF((Goll, ) (Xn, o X)) erf et (G o LU, ) (0, Y,))

an1)’(GOL|j2)(Y1a"'}/}2))

4.1.7--

BAT 5. g 1990 00 Doy (G o L, ),

le)V(GoujZ)(Yla"'}/jz))

wniv cr§j2+j1)u T§1+j1)c’r§jl)"'Cril)F((GO|—|j1)(X17

uniy cr§j2+j1)~~cri“jl)cryl)---crf)(FoGo|_|(jl+j2))(X1, X500, 0,..Y,)

defn
= C’/‘j1+j2(FOG)(X1,...,Xj175/1,...}/j2)
O

4.2 Main theorem

Definition 4.2.1. Let
O F = gocolim QUYicr, p(xY1 80 .. . xUn80).

17'~~UnE]I
The ¥,-action is induced by permuting the n inputs of c¢r,F, which also permutes the loops in the

multilinearization. For example, the Yo-action on 0o F' is the conjugate action which block swaps the sphere

coordinates of the loops and variables, given by sending f € QUQV ero F(SY,SV) to the composite
v,.oov I U qvy cr2F () vV QU

SYASY = ergF(SY,8") ——S eraF(S7,S5Y)

-1
Xu,v

SV ASY =5,

Lemma 4.2.2. If F is stably 1-excisive, then the natural map S F — 0, F is an equivalence.

Proof. By lemma 4.1.5, if F satisfies Fi(c, k), then cr, F satisfies Ex(c+n - 1,k) in each variable. By

Proposition 1.4 of [Goo03], T1 F satisfies Ey(c - 1,5 1) and TV F - T/*'F satisfies Oy (¢ - j,  — j). Thus
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the natural transformation le crp B — le +lcrnF satisfies O1(c+n—j,x—J) in each variable, so evaluated on
SY in one variable the map is (j — ¢ —n + 1)-connected. Thinking of the cross-effect as a functor in variable

i, for each (Uy,...,U,), the maps
QUewi Vel ep, P(SYY, L =, SU)(S0) —» QUesi Ueiher (ST L =, SU)(S0)

are (j — Xp+i|Us| — ¢ = n + 1)-connected. As j goes to infinity, so does the connectivity of this map. Thus for

each (Uy,...,U,), the map of homotopy colimits induced by the inclusion N < T is an equivalence.
hol?o}\ilm QUUeer F(SYr,. .. 8Y) = ho((]:olﬂim QUUeer F(SYr, ... 8Un) (v)
i€ i€

We proceed by (reverse) induction on the indexing set. For the base case, let ¢ = n in (©), and
note that the equivalence is preserved by taking the homotopy colimit over Uj,...,U,-; € N. Let H =

QUUeer F(SYs ..., 8Y") and assume that

hocolim hocolim H =~ hocolim hocolim H.
Ui,...;,Ui+1€NUjya,...,Unel Ui,...,U;eNUiy1,...,Unel

Then

hocolim hocolim hocolim H
1,--,Ui-1€N  U;eN  Ujya,...,Une

=~ | hocolims commute

hocolim hocolim hocolim H
Ui,...,U;i—1eNU;41,...,Upel  U;eN

~ | by ©

hocolim hocolim hocolim H
Ui,...,U;i—1eNU;41,...,Upel  U;el

=~ | hocolims commute

hocolim hocolim hocolim H
1,-,Ui-1€N  Uzel  Ujpa,...,Une

Note that analytic functors are, in particular, stably 1-excisive, so this lemma holds for all analytic
functors. 0

Theorem 4.2.3. The model for O, : [T, T |rea = [X,T] given in Definition 4.2.1 is monoidal.

Proof. Recall from Definition 2.3.9 that we must define a morphism € : 1 - 9, Id and a natural tranformation
UrG : 0+F 0 0,G - 0,(F o G). First, we define the morphism e. Since the unit of T% is the symmetric

sequence with S in level 1 and the trivial space elsewhere, € is determined by the map S° — 9,1d, given by

32



the inclusion of the first object in the homotopy colimit S° - hocolimye QFer Id(S*).

The natural transformation 0,F o 0,G — 0,(F o G) is a map of symmetric sequences, so a levelwise
equivariant map. On level j, this is

OF NDj,GA--NOj,G— 0;(FoQ)

partitions of {1,...,5}

which boils down to defining maps
WF AN ,GANDj,G—> 0j(FoG) forall j=ji+-+jp.

We start by defining the map for the first level 91 F A1 G — 01 (F oG). Recall that the homotopy colimit

and loops functors are both continuous, so by lemma 2.2.2 have assembly maps which we denote with a.

hocolim QY cr; F(SY) A hocolim QY eri G(SVY)
Uel Vel

Ghocolim; XQ

hogolﬂim hoc‘z/o]llim QUQYer  F(SY) AeriG(SY)

Qerq

hocolim hocolim QY QY ery F(criG(SY A SY))
Uel Vel

417

hocolim QVUVery (F o G)(SYHY)

(U,V)elxI

LI)('

hocolim WWer (FoG)(S™)

Remark 4.2.4. The last step is the key reason for using I; if the homotopy colimit is defined over N, the
map can be defined, but it will not be strictly associative on homotopy colimits. This is similar to the reason

naive spectra do not have a good smash product, but symmetric spectra have enough extra structure to

encode the smash product in an associative way.

To define the composition map in general, we will first define a map

QUEF(SY) - QUi V(S V) (4.1)

given by the diagonal inclusion. For example, 258 — Q252 sends f to the perpendicular suspension of f on
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the diagonal copy of S* in S2. This is equivariant with respect to the action which permutes the coordinates
of S%2. We denote this map with U [I; U even though it does not arise from a set map. If a set map
is desired, one could consider the indexing category of finite dimensional inner product spaces with linear
isometric inclusions and take the actual diagonal map in that setting. The derivatives can be defined in this
more general context and perhaps some equivariant information can be gained from this point of view, but

we do not require it now.

Remark 4.2.5. The map U ~ []; U is associative. If U = V < W are inclusions, then write V' = U] %
and W = U[JV'[IW', where V' and W’ represent the orthogonal complements of U and U [] V' inside
of V and W, respectively. The map QUSY — QVSY is given by f ~ idy: A f and so the composition
QUSY - QV SV - QW SW is given by f  idws Adidys A f =idw v A f and thus is associative.

To define the appropriate map for the crosseffects, we must follow the map above with an assembly

map. That is, f in QU F(SY) maps to the composite below, which is associative by the associativity of the

assembly maps.

U Usijl\f U U\ @F U U
SUASY ——= S/ AF(SY) — F(S5] ASY).

We will introduce new notation to save some ink in the definition of the general pur . If U, Vi,...,V;
are finite sets, let S¥ denote the k-tuple of spheres (S"1,...,S8) and let SYUY = (ULV:  QULVk)

Then we may define the map
k k
hocolim QH Y ¢ry. F(SY) A hocolim QUVE o G(SZ]) A+ A hocolim QU ¢ G(SY)
U U 1 1 J1 Ik
1,...Ugel Vi Vel Vlk,“.Vj’;e]I

l« Qhocolim

1 1 k k
hocolim hocolim -+ hocolim QUYicr, F(SL) A QUYi er; G(SY ) A A QUYery G(SY)
U17...UkEHV11,H.,\/jlle]I Vlk,...Vj’Ze]I ! g

|l ag

1 k 1 k
’ ll}oc‘;)llimvk EHQU ViUV QUVE e F(SY) A erj, G(SY ) A Aery, G(SY)
1o Ui, Vil V3

VU~ [0

Ji

) 1 K 1 k
hocolim QUL UV UV epy p(SHin U SHin Uy Aery, G(SY ) A ner, G(SY)
Ui, Vi Vel

»L Qery F
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) 1 k 1 k
hocolim QUL ViUV LUV P(SWin Vv A ey G(SY ), ..., SHin Uk Aerj, G(SY))
Ui Vit VE €l

) Qer;. G

U}%/c{colié% HQU(UlUVil)...QU(Uk,HVik)CTkF(CTjIG(SU1UK1)7”.’erkG(SUkUKk))
iy Vi seees jke

J/ ’YC’I'

hocolimHQUWicrj(F o G)(SM, ..., 89))

1,-.,Wje

Note that the assembly maps are equivariant and associative, as is the map described in (4.1), the
crosseffect map from proposition 4.1.6 is also equivariant with respect to permuting the variables, so the

map defined is equivariant and associative. O

The rest of this section is dedicated to defining a spectrum level description of the derivatives which

agrees with Goodwillie’s definition and maintains monoidicity.

Definition 4.2.6. Let d,,F be the spectrum defined in level ¢ by
@, F)¢ = hocolim QUVixfer, F(2V18° .. 2Un80),
U1,...Un€]1

Lemma 4.2.7. If F is analytic, Q% I F ~ O F .

Proof. Since Q%3 F = hocolimy Q° hocolimp. QUi Vixfer, F(SY), and F is analytic, we may consider the
homotopy colimits over N, so we can interchange loops and directed homotopy colimits. Thus we want to

show that the following map is an equivalence

hotlz\%lim Q¥vier, F(SY) - hol\(lzkollim Q¥ ter, F(SY)

Suppose F' is analytic and satisfies Ey_1(c, ). The k-cube X' : U + V j4y S*7 is strongly cocartesian with
vs-connected maps X (@) - X ({s}), so F(X) is X;v; — c-cartesian, and the total homotopy fiber of F(X) is
3;v; — ¢ — 1-connected, that is, crp F(S',...,S) is X;v; — ¢ — 1-connected.

By the Blakers-Massey theorem, the map cr, F(SYV) — Qery, F(SY) is 2(2;v; — ¢ — 1) — 1-connected, so
the map cr, F(SV) - Q'Sfer, F(SY) is also 2(Z;v; — ¢ — 1) — 1-connected.

Thus the map Q% Vier, F(SV) = Q% Qf%ler, F(SY) is Ziv; +2(-c—1) - 1-connected, so as v; — oo, the

map on homotopy colimits becomes an equivalence. O

Lemma 4.2.8. If F' is analytic, GEF ~JpF.
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Proof. Recall from [Goo03] that Goodwillie defines the (th level of 9F'F to be
(0FF), = Q% er, F(SE, ..., 8" = Q*Dler (S, ..., 8%

where Vj, is the reduced standard representation of ¥, so has dimension k — 1. The equivalent associated
Q-spectrum is given in level ¢ by

hocol\llim QuO-DE ) oy PGl gl hocoﬁl?im QIO ep PS5, S5
ue ue

Reindexing by ¢ = £ + v and using the Blakers-Massey argument of Lemma 4.2.7, this is equivalent to
hocol\;im ot ster F(SY, ..., 8%)
te

Finally, the diagonal map and lemma 4.2.2 show that this is equivalent to (@, F ). O
Theorem 4.2.9. The model ford, : [T,T] - [Z,8p] given in Definition 4.2.6 is monoidal.
Proof. This is an easy modification of the proof of Theorem 4.2.3. O

We take a moment now to reiterate some consequences of this theorem, compare it with existing work
in the area, and discuss its limits. The derivatives of a monad, for example the identity functor, have the
structure of an operad and derivatives of other functors (or modules over monads) inherit a module structure
over the derivatives of the identity (respectively, the monad). In particular, there is an operad structure on
the derivatives of the monad associated to any operad. The operad structure is explicit; this differs from
the proof that ¢ Idr forms an operad in the literature ([Joh95, AM99, Chi05]), which utilizes a cooperad
structure on dual spectra.

We hope to generalize theorem 4.2.9 to functors between other categories to get natural operad and
module structures in new settings. For example, the derivatives of the identity functor in the category of
algebras over an operad are conjectured to be equivalent to the operad itself, but this has not been shown
explicitly (see [Perl3] for the proof of equivalence as symmetric sequences). It is interesting that we have
found a simple solution for endofunctors of spaces, while the easier case in [AC11] was endofunctors of
spectra, and the results for spaces were acheived using adjunctions. Because of our heavy use of assembly
maps, we do not expect this theorem to transfer as is to endofunctors of spectra; the only spectral functors
with assembly are linear. We will also use adjunctions to extend to other settings (see the comments at the

end of section 4.3).
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4.3 Chain rule

In this section, we will prove a chain rule for reduced, finitary, analytic endofunctors of spaces. This has
advantages to the chain rule of [AC11], in that the monoid map 0.F 0 0,G — 0.(F o G) defines a spectrum
level map on the derived composition product 0. F o, 14 0:G — 0.(F o G) instead of having a map only in
the homotopy category.

We will need the following technical lemma in the proof of the chain rule.
Lemma 4.3.1. §; preserves fiber sequences of analytic functors.

Proof. Let F - G — H be a fiber sequence of analytic endofunctors of spaces. Then F(S™) - G(S") —
H(S™) is a fiber sequence for all S”, and if V = (v1,...,v;) € N¥ and SV = (8%,...,8%), then (F o
L) (SY) = (GolUp)(SY) = (H oL, )(SY) is again a fiber sequence. Since cry, is a total fiber (and a right
adjoint), cri, F(SV) - crpG(SY) — crpyH(SY) is still a fiber sequence. It remains a fiber sequence after
looping as many times as desired and taking a filtered colimit; that is, the following is a fiber sequence for

any V' e NF

hocolim Q>¥ crkF(SV’) - hocolim Q¥ crkG(SV’) - hocolim Q¥ crkH(SV/)
VeNk VeNk VeNk

Consider the assembly map for the kth cross effect in the first variable Xer, F(SY) - erpF(SV),
where v] = v +j and v = v; for 1 < ¢ < k. We will show that this map induces a weak equivalence in

the homotopy colimit. The assembly map in the first variable, aq, is part of a factorization of the map

criF(SV) = Qier, F(SY'). That is,

V¥er, F(SY)
crpF(SY) . Qier,F(SV)
t](cri F)

If F is analytic satisfying Ej_;(c, ), then c¢rpF(SY) is (X;v; — ¢ — 1)-connected and as above, the unit
map is (2(Z;v; — ¢ - 1) = 1)-connected by Blakers-Massey theorem. By applying criF(-,S"2,...,8%) to
the cocartesian diagram * < S* — x and using that cripF satisfies E,(c+ k - 1,k) for all n, we get that
t1(cre F)(SY) is 201 — (c+k—1)-connected. The iterations increase in connectivity, so the map #J (er, F)(SV)
is also 2v; — (¢ + k — 1)-connected. Thus €’ (o) is min(2%;v; — 2¢ - 3,2v1 — ¢ — k + 1)-connected, or 2v; — C-
connected.

Then Q%ViQ) (o) is vy - (vo+---+vy ) ~C-connected, and the homotopy colimit over V; — oo gives an equiv-
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alence. Since the homotopy colimit is a homotopy functor, hocolimy Q=i X4 cr, F(SY) - hocolimy Q% icr, F(SY")
is an equivalence.

Since F, G, and H are analytic, the filtered colimit is equivalent to the homotopy colimit over I, so we have
shown in the following diagram that the top row is a fiber sequence and the vertical maps are equivalences,

so the bottom row is also a fiber sequence (where here v] = vy + £).

hocolim 2% ¢r, F(SY") ——— hocolim Q%+ cry G(SY") ——— hocolim Q® " er, H(SV")
VeNF VeN

] ﬁ f

ho%o]llim QFvister, F(SV) —— hog/olﬂim QFivinter,G(SY) —— hos/olﬂim QFivister, H(SV)

| 1 1

OrF)e @rG)e OrH),

O

Note that if @ preserves fiber sequences of functors, then it also preserves finite products of endofunctors
of spaces, using the fiber sequence F' - F xG - G.
For the rest of this chapter, we drop the @ notation, and let 9,F denote the new definition of the

derivatives presented here, and we denote Goodwillie’s definition by ¢ F.

Theorem 4.3.2. Let F,G :T — T be reduced, analytic, finitary functors. The natural map 0,F oy, 140.G —

0+(F o Q) is an equivalence.

Proof. First, consider the case when X is a finite CW complex and F' = Hom (X, -). We may filter X by its
skeleta X € X7 €€ X, = X, and Hom(X, -) = Hom(X,,,-).

The skeletal filtration of X gives cofiber sequences X; - X;,1 — V S, and these yield fiber sequences

Hom(\/ S"**,-) - Hom(X41, -) - Hom(X;,-).

Since 0, preserves fiber sequences (by lemma 4.3.1), we have fiber sequences in spectra:

O Hom(\/ S™*',-) - 0 Hom(X 41, -) — 0 Hom(X;, -)

Taken together (for all k), the derivatives form a fiber sequence of symmetric sequences in spectra.
Since the derivatives land in spectra, each level is also a cofiber sequence, so together they also form a

cofiber sequence of symmetric sequences in spectra. The bar construction B(-,d.1d,0.G) preserves cofiber
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sequences, and thus the following is a fiber sequence of symmetric sequences in spectra:

9 Hom(\/ S™!,-) 0g, 14 0+G —> 9, Hom(X;,1,-) 0p, 14 0+ G —> 0, Hom(X;, -) 0p, 14 0+ G

Similarly, since Hom(V S, -) o G - Hom(X;,1,-) o G - Hom(X;,-) o G is a fiber sequence, we get
another fiber sequence of symmetric sequences in spectra and the maps pr described in Theorem 4.2.3

yield a map of fiber sequences:

0 Hom(V S, =) 0g, 1q 0.G — 0, Hom(X41,-) 0, 14 0+G — 0. Hom(X;, -) 0g, 14 0.G

J{/‘/Hom(\/s'Hl,),G lunomx“l,-),c J/)U'Hom(X,i,),G

Oy (Hom(V 8™, =) 0 G) ———— 0, (Hom(X;41,-) 0 G) ——— 0. (Hom(X;,-) 0 G)

First, we will show that the left vertical map is an equivalence. Recall that Vg St % - Vg Sl s a

cofiber sequence of spaces, so again we get a map of fiber sequences

0. Hom(V S™, ) 0p, 14 0+G — 0, Hom(*,~) 0, 14 0»G — 0, Hom(V S, ) 0g, 14 0.G

l | |

0. (Hom(V St -) 0 G) ———— 0, (Hom(*,-) 0 G) ———— 0, (V Hom(S?,-) o G)

The middle terms are trivial, so the middle map is an equivalence.
We will show that the right map is an equivalence in the base case, ¢ = 0. When ¢ = 0 and 3 = 1,
Hom(S°,-) = Id, and we can build a contracting simplicial homotopy 9, G 5 0.1d 0y, 14 0xG. For B> 1,

Hom(Vz S, -) 2 [1s Id, so we want to show an equivalence

9.(J]1d) 00,14 0.G - 0.([[Id o G) = 0.(]] G).

The identity functor is analytic, as are products of the identity, so 9% (TIgId) ~ 0.(T1gId). The cross-
effect functors and 2 commute with products, and filtered homotopy colimits commute with finite limits,
SO OS(HB Id) ~ Tlg 0%(Id). Similarly, when G is analytic, [[G is also analytic, so 0, ([1G) ~ 0([1G) =~
Mo7G=T10,G.

We now show that the bar construction of symmetric sequences in spectra commutes with finite products

([18-1d) 06,14 9.G = [](8:1d 0,14 0:G).
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Since the product of symmetric sequences is defined levelwise, we can consider the product in spectra,

so we have the cartesian cocartesian square

O Idx 0,1d —— 0,1d

L

Ould —— »

Since the square is cocartesian, it remains cocartesian after applying the bar construction so we have the
cartesian square
(8*Id X &Id) 09, Id 0,.G —— 0.1d 09, Id 0.G

|

0xldop, 14 0.G *

Thus (0x1d x 0,1d) 05,14 0+G =~ (0+Id 0y, 14 0+G) x (0. Id 0g, 14 0.G).
Finally, we use the equivalence 0,Idog, 14 0.G 5 9.G given by contracting homotopy on each factor. We

have shown

&(H Id) 09, Id 0.G =~ (H 8*Id) 09, Id 0.G = H(&Jd 09, Id 3*G) = H(G*G) = EL(H G)

Thus the base case i = 0 for the right vertical map is an equivalence. A map of fiber sequences in spectra
in which two maps are equivalences yields an equivalence on the third map. Thus induction shows that
HHom(vsi,—),¢ is an equivalence for all 4.

In the original map of fiber sequences, we have that the left map is an equivalence and by induction the
right map is an equivalence (the base case is taken care of by the base case for spheres) and so induction

yields the chain rule for representable functors

9, Hom(Xi11,-) 0a, 14 0.G — 0, (Hom(X;11,-) o G).

Arone and Ching show in [AC15] that a cofibrant model for the derivatives of representable functors can
be extended to a model for all functors.

By Proposition 4.23 of [Kel05], any cofibrant functor is equivalent to its left Kan extension along the
identity functor, so we may rewrite F'(-) ~ Hom(X, -) Axerop F'(X).

Then

0+F 09,14 0+G =~ (0. Hom(X, -) 05,14 0+G) Axerop F(X) = 0. Hom(X, G(-)) Axerop F(X) = 0.(F o G).
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Thus the chain rule extends to all (analytic, finitary) functors built out of representable functors. O

We have recovered the results of [AC11], but just for endofunctors of spaces. To extend to functors F':
C — D between the categories of spaces and spectra, we can use the adjunction X°°: T : Sp : Q. The
derivatives of a functor as defined by Goodwillie are equivalent as a symmetric sequence to the derivatives of
the associated endofunctor of spaces. For G : 8p — T, for example, G ~d,(GX™) as symmetric sequences.
Similarly, for functors G : T — 8p, the derivatives 0¢G ~ 3, (2°G) are equivalent as symmetric sequences.
For this model of the derivatives to work, we need a category of spectra with all objects fibrant (we could
use EKMM spectra), and a category of spaces with all objects cofibrant (we could use simplicial sets). Using
simplicial sets would require checking that all maps in chapter 4 are simplicial maps. Once this is done, any
simplicial category C with fibrant objects which has an adjunction with spaces cA—: T : C :Hom(c,-)

for ¢ € C will have a monoidal model for derivatives of its endofunctors and a chain rule for functors built

from representables.
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Appendix A

More on I

A.1 Some lemmas about I

In these appendices, we will give conditions on an endofunctor that ensure that its iterates receive a functor
from the category I. We will also show that Goodwillie’s string of T},’s actually fits into an I diagram.
Finally in the last section, we give a proof of Bokstedt’s lemma 2.3.2.

Let I be the category with objects given by finite ordered sets n = {0,1,...,n} and with morphisms
given by injective maps. Let N be the (“wide”) subcategory with the same objects but only the standard
inclusions i,-1 :n -1 < n. Let ¥ denote the wide subcategory of I consisting of all the isomorphisms. (¥ is
the groupoid [1%,,.)

We like to visualize the category I as follows, where the category N is the subcategory with only the

horizontal arrows:

P 33 P
Since I has all inclusions, there are two maps 0 — 1 given by iy : 0 = 0 and the map 0 — 1, but this infor-
mation is encoded by the ¥y action 7 on 1 = {0,1}, because the map 0 — 1 is a composition 7ig: 0+~ 0~ 1.

(This should give some intuition for why we need to include the empty set for BI to be contractible.)

Let F': C — C be an endofunctor on a category C. We will give conditions for when there is a well-defined

functor from the category I to the iterates of F', which we denote by F'*°.

e TNeY

Jd— s F— "y Fop " ypo3_ "2  pod ™

First, we would like to define a 3,-action on F°", or equivalently, give a functor ¥ : ¥ — F* which
sends n to the functor F°® = F°(»*1) and sends each morphism s € Yn to a natural transformation

U(s): F™* —» "+ The following lemma shows that by functoriality, such a functor is generated by a well
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chosen ¥((12)), where (12) is the nontrivial element of 35. This choice, o, can be used to define images of
the other transpositions in ¥,,, for example, o : F3 - F2 swaps the first two copies of F. Thus o will also
need to satisfy the braiding condition, which essentially says that the images of the two ways of writing (13)

as a product of transpositions are equal.

Lemma A.1.1. Let F:C — C be an endofunctor on C. Let 0 : F o F — F o F be a natural transformation
such that o oo =id and F(o)oopoF(oc)=0poF(0o)oop (the braiding condition is satisfied). Then there

is a well-defined functor ¥ :% — F'*

Proof. Recall that the transpositions 7, = (k, k + 1) generate X, for 0 < k <n -1, with relations

(7'1‘)2 =1id
TiTj =TjTi ifj#ixl

TiTi+1Ts = Ti+1TiTi+1

We will define ¥(7g) : F°* — F°" by using only a Ys-action. Let ¢ : Fo F - F o F be a natural
transformation such that o o o = id, so o defines an action of X5 on F o F. We can define symmetric
group actions on F o Fo F by F(o) and op where op(X) : Fo F(F(X)) » Fo F(F(X)) is the natural
transformation o applied to F'(X). These are analogous to the transpositions (01) and (12) of 5.

For n > 1, define:

V()= Fn_k_2UFk for0<k<n-2

So when n =2, U(19) = 0. We will show that ¥ preserves the relations, so ¥ defines a functor. For the
rest of the proof, we’ll drop ¥ from the notation.

First, 02 = id so we can see that (7,_2)? = (0pn-—2)? = id for all n > 1. Since F is a functor, we have
(1:)2 = F" " 2(0p:i ) F" "2 (0p:) = F"72((0p:)?) = F"72(id) = id for 0 <i <n -2 and for all n > 2.

The proof of the second relation uses functoriality of F' and naturality of o. Let j >4+ 1. Then

o i i i i
77 =F"  0pi o F" 7 0p; = F"V T F o pi o ") 0y = FV T4 (F' 'opi o 0pi)

* —_— y—q —_ —_
=" Q(O'Fj o F' '0pi) = F"Y 2opi o F" 20 =TT
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The starred equality holds by naturality of o, displayed in the following diagram:

Fiv2 _TF pi2

Fj_iUFiJ/ le_i'UF,-

Fit2 _TF g2

Finally, we need to show the braiding condition, that is, 7;7;417; = Ti+17iTi+1-

TiTin1Ti = F 720500 o F7 30 i o FV 1 20 s = Fn_i_3(F0'Fi oogpimoFop:) = F”_i_3(F(U) oo OF(O‘))(Fi)

L3 (gpoF(0)oop)(FY) = F 73 (o pimoFopioopin) = F" 30 o F" 20 pio F" 30 pint = 14,1 TiTis1

The starred equality is the only thing we could not prove without assumption; that is, F(¢)oopo F(o) =
op o F(0)oop does not come for free. This amounts to saying that the two ways of swapping the first and

third functor are equal. O

Let A be the category of finite ordered sets with order-preserving maps. Let A be the (wide) subcat-
egory of finite ordered sets with order-preserving injections. Any morphism in this category can be uniquely

written as a composition d't---d™ such that i1 <9 < - < ij.

Lemma A.1.2. Letn:Id — F be a natural transformation. Then there is a well defined functor ® : A" —

F*.

Proof. Again, since A is generated by d’, we will define the image of ® on these generators and show that
the cosimplicial identity d'd’ = d’d*~* for i > j holds.
Define:

O(d') = F" inps : F* > F™! for 0<i<n

If ¢ > j, then

dldj _ F’n+17’i,’7Fi ° FTL*],,,]FJ — Fn+17i(77Fi OFifjflnFj)
; Fn+1—i(Fi—jnFj OnFi—l) _ Fn+1_j77Fj OFn_i+1'I7Fi _ djdi—l

We have the starred equality because the following commutes by naturality for ¢ > j:

44



i-j-1 .
Fi-1 B e Fi

Npi-1 Ngi

i
Fi E i+l

O

Suppose we have o and 7 as above (satisfying the hypotheses of lemmas 1 and 2), and they interact such

that the following diagram commutes:

F(n)
Fold——FoF

F la
\IdoFLFoF

That is, 0 o F'(n) = nr and so then also F(n) = 0 o np; we will call this condition . The next lemma

shows that this is enough to define a functor I to the iterations of the functor F'.

Lemma A.1.3. If there are natural transformations o : F? — F? and n: 1 — F such that

o the braid condition F(c)oopoF(o)=0poF(0o)oor holds
e the star condition o o F\(n) = np holds
then there is a well-defined functor © : 1 — F*.

Proof. Let a:n — m be a morphism of I, so « is an injection. Any set map can be factored as a surjection
onto its image followed by an inclusion of the image into the codomain, so there is a canonical factorization
of a into a bijection followed by an injection. Since « is injective, the surjection onto its image is also
injective, so we may think of the bijection a straightening out of a so that the injection into the codomain
is an order-preserving map, that is, a morphism of A”J. We may write a = i, o 5, uniquely, where s, is a
permutation and i, is an order-preserving injection.

If¢ S m 5 n are injections then we may factor each as a permutation followed by an ordered inclusion.
Then there is an injection 7 : im(s,) — im(sg) which factors as a permutation followed by an ordered

inclusion, as shown with the dotted arrows in the following diagram.
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NAN A

So there is a unique map ¢ — n which is the composition of a permutation sg, = s, o s, followed by an
order-preserving injection ig, = ig o i,. We will define a functor © : I - F'* which takes n to the functor
F™1. To an injection a =i, 0 5, : m — n, the functor © will assign the composition ©(a) = ® (i) 0 U(s4)
Fl gl

The functor © preserves the identity morphism because it is a composition of functors. To show that ©

preserves composition, by functoriality, we must only check the questionable equality below:

O(Ba) = P(iga) 0 ¥(ssa) = P(igiy) 0 ¥(sy5a) = P(ig) P(iy)V(5)¥(50)

227

= ®(ip)¥(s5)P(ia)¥(sa) = O(3)O()

We may write ¥(s,) as a composition of U(7;)’s and ®(i,) as a composition of ®(d")’s. In I, we have

the following relations for moving transpositions past ordered inclusions for 0<i<n, 0<j<n-2:

T;d’ if i>j+1
diTj: Tj.;.ldi if i<y

TjTj+1dj if i:j+1
We will show that these hold for ¥(7;)’s and ®(d")’s; that is, we can move the transpositions past the

ordered inclusions. Again, we will drop ¥ and ® from the notation.

If i > 7+ 1, then we are proving the commutativity of the following where 7; : ' ntl o s given by
F”_j_laFj .
7
F"—F"
-k

Fn+1 7i Fn+1

diTj = F" ' npi o F" 9 205 = " (g o F7 20 ;)
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s Fn—i(Fi—j—lo.Fj O77F’?) — Fn_j_ldpj an_inF’? _ Tjdi

The starred equality is given by commutativity of the following (because 7 is a natural transformation

and misses the transposition since i > j + 1.)

If i < j, then

di’rj _ Fn—inFi an—j—2O_Fj — Fn—j—2(Fj—7i+2,’7Fi OUFj)
z Fn_j_2(O'Fj+1 o F‘j_i+277Fi) = Fn_j_20'Fj+1 ) Fn_inpi = 7'j+1di
Where again the starred equality is by commutativity of the following (because ¢ is a natural transfor-

mation and misses 7 since i < j):

Fiv2 T pis2

j—i+2 j—i+2
F Ngi FJ Npi

Opj+1

Fj+3 AN Fj+3
Finally, by naturality of o, o o F2 = F?50 0, then the * condition implies that Fo o F2n = Fnp, so
A = Y g o F" 20 = F 072 (Fp o o) (FY)
ZF"I 3 (Fooopo F2n)(FI) = F" 7 op; o F" 7 20 0o F" Inp; = 1m0 d?

Thus ®(iy)W(sy) = d-d™* 7o, Tq,, = Tar*Tas ,di'1~~~di;c’ and the result must agree with U(sg)®(iy) by

the uniqueness of the decompositions. O

A2 T,and ]I

Now, we will show that the iterates of Goodwillie’s T},’s fit into an I diagram.
Proposition A.2.1. There is a well defined functor 1 - T, F.

Proof. Let the natural tranformation o : T,,T;, - T,, T}, be defined by the composite:
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T,T,F(X) = holim holim F((X *V)*U)
VEP()(I’]) UEPO(“)

%, holim_holim F(X (V+U))
VePo(n) UePy(n)
P

- holim F(X(V=+U))
(V,U)ePo(n)xPy(n)

Z holim F(X +(UxV))
(U,V)ePo(n)xPoy(n)

-1

—— holim holim F(X (U=*V))
UsPo(n) VePo(n)

-1

— holim holim F((X +U)*V)
Ue'Po(n) VePy(n)

=T, T,F(X)

where ¢ and v are the natural isomorphisms given by associativity of the join and consolidation of limits.
We will define the map @ for categories C and D for clarity, but we will need C = D = Py(n) to make sense
of the functor.

Recall that given a map on indexing categories D x C—" C x D& &, there is an induced map
hé)lilgnG SN hglxién Ga. If G is a bifunctor which is symmetric in its arguments, then there is a natural
transformation Ga - G, and thus a map hlc)){(ién Ga — hglxién G. We will define & to be the composition
hé)limG AN holim Ga - holim G. The join of two sets is symmetric, so if G(U,V) = U = V, there is a map
T: (Vgl)oe%ror%n)? F(X +G(V, U)) - w ‘1/15)171312 2 F(X »G(U,V)) as desired.

We may see what o is actually doing with a picture. It swaps the roles of the U and V variable positions.

As U changes, the color changes and as V' varies, the suit varies. Then the resulting map is

holim holim F((X % V) «*U) - holim holim F((X +U)*V)
UePo(1) VePo(1) UePo(1) VePy(1)

')
hl l hl
- ¢
hl I s hl
hi l = Al l hl l = Nl
¢ —
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Goodwillie has already defined 7 for us: the natural transformation ¢, : Id — T;,. This map exists by the
universal map from F(X » @) = F(X) to T,F(X) = Uh(;)li{n) F(X »U).
€Po(n
We will show that the star condition of lemma A.1.3 holds. There are two evident maps T,, — T}, T}, given

by T,,(t,,) and (¢,)7, and we will show that these differ by o; that is, the following triangle commutes:

w

1,1,

We can picture ¢, as mapping the empty set into the initial corner, depicted below by placing @ in the
initial position with weird arrows (because it should actually be mapping to the homotopy limit as a result

of mapping to everything in the diagram):

To verify the star condition, one can picture the maps into 7)2. The two natural transformations are shown
by including @ in the diagrams. Notice that including in the U variable gives one large empty set mapping
into the upper left which can be written as the homotopy limit of a diagram of empty sets. The two maps

clearly differ by o.

@ g -
hi o~ l hi| | l
g - @ s > ¢ s >
hi | I %5 hi I
. g - & g -~ ¢
hi l = ki l | | l = hl| l
s > 0 - » > ¢ -

We will show that o2 = id so we can use the lemma to define transposition maps on the T},’s. If 72 = id,

0% = ¢TI TYedT T GYd = ¢TI T e = id
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We may see why &~ = id by considering the following diagram.

CxD
la Gaa
DxC—° £
[
CxD

So on homotopy limits, we get the following:

holim G —=* holim Ga —— holim G
CxD DxC DxC

N

holim Gavae — holim G«
CxD CxD

holim G
CxD

The maps along the top and right compose to be @2 and the maps along the diagonal compose to id.
The triangles and square commute by naturality. Then o2 = id.

We showed above that n and o satisfy the star condition of lemma A.1.3.

Finally we must verify the braiding condition, that is, that T, (¢ )or, T\, (¢) = o1, T (0)or, . This could be
confused in an enormous diagram, but it is easier to think of the essential quality of & that made everything
so far work. We knew that G(U, V) = U * V had a natural Ys-action because it is symmetric in its variables.
Similarly, G(U,V,W) = U # V * W has a natural X3-action, so there is only one map U *V + W - W+ V » U

so the two (0,2) shuffles must be the same map. This guarantees that the braid condition will hold. O

A.3 Bokstedt’s lemma

A published proof of Bokstedt’s approximation lemma may be found as lemma 2.2.2.2 of [DGM13].

Lemma A.3.1. Let G:1 - T be a functor, x € ob I, and let x | T be the full subcategory of 1 of objects
supporting maps from x. If G sends maps in x | I to niy-connected maps and njy — oo as |x| - oo, then

hocolimy G — hocolim; G is an equivalence.

Proof. Fix k. We will show that for some x, the diagonal maps in the following diagram are k-connected,

so the natural map hocolimy G — hocolimy G is k-connected. Letting k — oo recovers the desired result.
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hocolimy G
a0 |
\ .
hocolim; G
We can find an N such that [x| > N implies njy > k so let |x| > N for the rest of the proof. By cofinality,
hocolimyy G' = hocolimy G is an equivalence, so the top map is morally seen to be k-connected. Everything
in Glxy is at least k-connected (that is, isomorphisms on homotopy up to level k) for |x| > N, so the
standard inclusions G(y) - G(y + 1) are all k-connected for y > z. Thus the map G(x) — hocolimyy G is
k-connected. Similarly, it is morally evident that the map G(x) — hocolimy G is at least k-connected by
the same argument. The actual proof of these requires a form of Quillen’s theorem B which we discuss after
the rest of the proof. We have reduced to showing that the map 4. : hocolimy; G = hocolim; G induced by
the inclusion of the subcategory i:x | I — I is a weak equivalence.
Define px : I — T by ux(y) =x 1y, sending a set to its disjoint union with x so that ux factors through
the subcategory x | I of objects supporting maps from x. The inclusion y < x 1y defines a natural

transformation 7y from the identity to py, which induces a homotopy from the identity to the composite
. an . (Mx)* .
hocolim; G —— hocolimy Gy —— hocolimy G.

We will first show that i, is a split surjection in the homotopy category, i.e., that it has a right homotopy
inverse. The factorization of pyx as the composite 0 uy : I - x | I — I gives a factorization on homotopy

colimits to yield the diagram:

hocolim; G
(,ux),,oan
Gox hOCOlimXUI G
y \
hocolimy Gy hocolim; G

(#X)*

The dotted map in the diagram composed with ¢, is homotopic to the identity, and in the homotopy
category this is a right inverse.

Following through the same argument for the natural transformation 7y, restricted to x | I produces a

o1



homotopy commutative diagram:

hocolimy 1 G

Gy hocolimy 1 G

hocolimyj G pix

The following shows that the same map, (px )« oGy, , is also a left homotopy inverse of i,. (We’ve included

the diagram above as the lower triangle for clarity.)

idy

hocolimy 1 G

G hocolim; G

......__"(.Hx)*oan
Gﬂx
.
hocolimy1 G ux =) hocolimy 1 G
Hx )
% \,A
hocolimy G uix hocolim; G

This demonstrates that ¢, : hocolimy ;1 G — hocolim; G is a weak equivalence, thus proving the lemma
(modulo Quillen’s theorem B). Below is an explanation of how Quillen’s theorem applies. We record the

version given in the appendix of [DGM13].

Proposition A.3.2. Let I be a small category, let A be a natural number, and let G : I - S be such that for
any f:i— j el the induced map G(i) - G(j) is A-connected. Let hocolim; G — hocolim; * = BT be induced
by the natural transformation G(i) — *. Given any object i in I, the map from G(i) to the homotopy fiber

of hocolim; G — BI over the vertex i € Byl is A-connected.

The entire argument of the lemma above can be repeated for the constant functor * : I - 7, so there
is a weak equivalence B(x | I) 2 hocolimy * — hocolimy * 2 BI. The latter is contractible (I has an initial
object), so B(x | I) is also contractible, although it does not have an initial object (for x + @).

Because B(x | I) is contractible, the homotopy fiber of hocolimy ;G — B(x | I) is equivalent to
hocolimy; G. We also know that all the maps of G|xj1 are k-connected, so by the proposition, the map
G(x) — hocolimy G is k-connected. Similarly, B(x | N) is contractible, so G(x) — hocolimyn G is k-

connected. O
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Appendix B

Partial results for functors to spaces

Although the results in this appendix do not assemble to give a classification of n-excisive functors to spaces,
we offer proofs of results analogous to those that gave the classification for spectra in chapter 3 in the hopes

that my failure can be instructive or useful. Let [n] = \/"™ Sk*L.

Definition B.0.3. A space X is k-connected if 7;X =0 for 0< j<k. A map f:X - Y is k-connected if

m;f:m; X — m;Y is an isomorphism for 0 < j < k£ and a surjection for j = k.

Theorem B.0.4. Let F,G : T — T be two finitary, n-excisive functors which satisfy E,(pn —q) for all n
and o F (%) = 1oG(*) = 0. If a natural transformation n: F - G is an equivalence on [n] = /" S+, where

k =maz(p,—q), then n is an equivalence on all k-connected spaces.

That is, n-excisive functors are determined in their radius of convergence by their values on spheres.

Note that we are requiring a strong analyticity by asking F' to be stably n-excisive for all n > 0, not
just for n > 1 as in Goodwillie’s definition. This requires F' to take a-connected maps to (a — g)-connected
maps. This condition was used by Mauer-Oats in [MOO02], and thus to utilize his results, we make the same

assumptions. We will prove theorem B.0.4 through a series of lemmas.

Lemma B.0.5. The value of an n-excisive functor on wedges of k-spheres is determined by its value on the

space /™ S*.
Proof. Replace V S° with \/ S* in the proof of lemma 3.2.5. O

To prove the theorem, we apply the lemma for k£ + 1-spheres. The following lemma is an easy adaptation

of a result in section 6 of [MOO02].

Lemma B.0.6. Let F': T - T be a finitary functor such that F () is connected and F satisfies E,(pn—q)

for all n, then F' commutes with realizations of simplicial k-connected spaces, where k > max(p,—q).

Proof. Let X, be a simplicial k-connected space with k > max(p,—q). We will show that all layers in the
Taylor tower commute with the realization of X,, and then use induction to show that all P,F commute

with the realization also. We will use analyticity to conclude that it is also true of F.

53



Recall D, F(X) ~ Q% (0, FAX" )y, . If X, is k-connected, then smashing with X, increases connectivity
by k + 1, and smashing with X/™*! raises connectivity by (m+1)(k +1). Since dp,,1F has bottom nonzero
homotopy in dimension ¢ — pm (thm 6.1 [MOO02]), we see that Op1 F A X is k+ g+ (k- p)m +m + 1-
connected. Since k > max(p,—q), both k+¢ >0 and k—p > 0, so this is always connected. Taking homotopy
orbits does not lower connectivity, and Q2°° commutes with the realization of simplicial connective spectra
(thm 6.9 [MOO02]), thus Dy,+1 F' commutes with realization of X, for all m > 0.

Clearly, Py F' commutes with realizations, because it is constant. We have also assumed that PyF' ~ F'(*)
is connected. Assume for induction that P,_1F is connected and commutes with the realization of X,. Note
that P, F(X;) is connected for all 4, by analyzing the fiber sequence D, F - P,F — P,_1F. (The fiber is
O-connected if and only if the map is 1-connected, so mo P, F'(X;) - moPp-1F (X;) is an isomorphism.) Then
all P, F(X;) are connected and we may apply Waldhausen’s lemma to the above fiber sequence to get the

following map of fiber sequences

| DnF(X)| —— [PoF(Xo)| —— | Paa F(XL)]

S

DnF([Xe]) — PoF([Xe]) —— Poa F([ X )

By the 5-lemma, we get that m;|| P, F(X,)| - m P, F (|| X.|) is an isomorphism for all ¢ > 1. Since both
are connected, we also have an isomorphism when i = 0 and so P, F' commutes with the realization of X,.

Finally, the connectivity of the map F' — P,F grows as n gets larger as long as X is in the radius of
convergence of F', that is, when X is at least p-connected. We have assumed such, so F' also commutes with

the realization of X,. O

Lemma B.0.7. If X is a k-connected space, then X ~ ||Y,| for some simplicial levelwise k-connected space

which is levelwise a wedge of spheres.
This result can be found in section 2 of [St090].

Proof. Given a connected pointed CW complex X, define VX as the following pushout:

+1
V21 Vhetom(Dn+1,X) Shign — V21 Vhetom(pm+1, x) Dy

l l

Vi1 erHom(S",X) S;} VX

where the maps are induced by the inclusions S™ < D"*!. That is, VX is a wedge of spheres SJ’} indexed
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by all maps f : 8" — X with a disk DZ“ attached to S} for every null homotopy h : D" - X of
f- The construction V is functorial and forms a cotriple along with the natural maps € : VX - X and
B:VX - V2X, where € sends S} into X by the indexing map f and sends Dy*!into X by h, and J takes
S’ homeomorphically to the copy of S™ in V2X that is indexed by the inclusion S} — VX and similarly for
D+t

By standard methods, the cotriple V produces a cellular simplicial space Y, augmented by X such that
Y, = VP*LX for all p > 0 with face and degeneracy maps given by € and 3.

We will show that each space Y}, has the homotopy type of a wedge of spheres by showing that there are
contractible subcomplexes C), c Y}, p > 0 such that for all p > 0, the quotient Y,/C,, is a bouquet of spheres
of positive dimensions, s;c, € Cpiq for all degeneracy maps and all points ¢, € Cp, and for all 0 < j < p, the
induced maps 5; : Y,,/Cp = Yp41/Cps1 are inclusions of bouquets.

Let Cy be the subcomplex of VX that is obtained by choosing, for each sphere S}L whose index map f is
null homotopic, exactly one of the disks DZ” that are attached to S]C‘. The quotient VX /Cy is a bouquet
of two types of spheres: those of the form Dj*'/S}g, where D*! is not in Co, and those of the form S}
where f is not null homotopic. Since Y, is cellular, induction shows that we can choose C c Y7, etc. so that
the degeneracy conditions are satisfied.

When X is not connected (—1-connected), we can use the usual singular complex to show that X is
equivalent to the realization of a simplicial space which is levelwise a wedge of zero-spheres. Note that when
X is k-connected, all maps S™ — X are nullhomotopic for n < k, so the spheres S}L of the latter type in the
wedge VX /Cj have n > k + 1 and the spheres of type D! /S}Zl gn must also have dimension greater than k.

Then we can write X ~ |Y, |, where Y}, = V 5z V' S™. O
Even better, we can reduce the dimension of these spheres to k + 1.

Lemma B.0.8. A k-connected wedge of spheres is equivalent to the realization of a simplicial space which

is levelwise a wedge of k + 1-spheres.

Proof. Take, for example, the simplicial model A'/OA! for S! given levelwise by [k] = v¥S° which can be

seen as the (coproduct) bar construction applied to S°. Now similarly,
5?28 AS 2 S'ABYSY~BY(S'AS%) ~BYSt.

By induction, we see that S™ ~ B.VS" 1,
Using that the realization of a bisimplicial space is the realization of its diagonal [Qui73], we see that

any sphere S™ with n > k is equivalent to the realization of a simplicial space which is levelwise v.S**1. That
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is, S™ ~ (B.V)""F=16k+1 Thus the wedge of spheres Y, =~ V5 vi* S from lemma B.0.7 is equivalent to the

realization of a simplicial space Y, o) which is levelwise Y(;, 4y ~ vkl O

Example B.0.9.

§3 2 BYBYS' o | se==82==52 v 52 |

Stv st vigt r == Stv Sl == V*5"!

! !

Sty — Slee=——==3s5'v §!
ﬂ

~ H*<:51§V451 H

~ hocolim

f
el
l

S1 | | = hocolim diag

=

PR
R

Lemma B.0.10. If F,G commute with realizations of simplicial k-connected spaces, then a natural trans-

nSk+1

formation n: F — G which is an equivalence on [n] = v 18 an equivalence on all k-connected spaces.

Proof. Let X be a k-connected space. Using that the realization of a bisimplicial space is the realization of
its diagonal together with lemmas B.0.7 and B.0.8, we get that X = || Z,|| where Z,,, = Yy, m) = Vim Skl R

and G are homotopy functors so F(X) ~ F(||Z.||) and G(X) ~ G(| Z.|). Consider the diagram

|1F(Za)| —— F(| Z.]) — F(X)

L

1G(Za)| —— G(| Z.]) —— G(X)

By lemma 3.2.5, 7 is an equivalence on wedges vS**1, so 7, is a levelwise equivalence. Then |7,| is an

equivalence by the realization lemma, so F/(X) ~ G(X). O

This completes the proof of theorem B.0.4, thus we know that n-excisive analytic functors to spaces
are determined, in their radius of convergence, by n + 1 “points” or spheres, but this was only half of
the classification argument. We showed that L, F' was n-excisive and thus the map L,F — P,F was an
equivalence, so now we need L, F' to be n-excisive and analytic to feed into this theorem. We showed in 3.3.6
that a levelwise n-excisive functor to spectra realizes to an n-excisive functor, so we now give the analogous

results for functors to spaces, which are much harder.

Lemma B.0.11. Let [p] » F, be a simplicial functor such that each F, : T — T is n-excisive, finitary,
satisfies En(pn—q) for alln, and F,(*) is connected. Then the realization | F,|| is n-excisive on k-connected

spaces.
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Proof. Again we will use induction on n as in the proof of lemma B.0.6.

Case 0: Let n =0. Then F), is O-excisive and thus constant for each p. If F,(Y) = X, for all objects ¥ of

T, then for all Y, |F,(Y)| is also constant with value
[EW)l=|Xoe—=Xi=X> |

Case 1: Suppose each F, is n-homogeneous, that is, n-excisive and n-reduced. Then F, 5 P, F, < D, F,
for all p > 0. By Segal’s realization lemma ([Seg74]), |Fu|| = |DnFe|. So to show that |F,| is n-excisive, we
will show || D, F,| is n-excisive.

Recall from [Goo03] that D,F : T — T factors through spectra as an n-homogeneous functor D) F

followed by the right adjoint 2°° back to spaces

T Dot Sp 2T

Let X be a strongly cocartesian (n + 1)-cube of k-connected spaces. Then D; F,(X) is a cartesian cube
of spectra by n-excision and thus also cocartesian. The fat realization is a homotopy colimit so preserves
cocartesian cubes, thus | D! F,(X)] is also homotopy cocartesian. As a cube of spectra, it is also cartesian.
As a homotopy right adjoint, Q°° preserves homotopy limits, so Q| D/, Fo(X)]| is cartesian.

By an induction argument on skeleta, Mauer-Oats ([MO02] Theorem 6.9) shows that the map |[Q*°A,.| —
0% A.]| is an equivalence for simplicial connective spectra A,. By chapter 6 of [MOO02], D, F, is connective
on k-connected spaces, so |DpFo(X)|| = [2° D, F.(X)| is homotopy cartesian when X is made up of k-

connected spaces. Thus if F), is n-homogeneous for all p, |F,| is n-excisive.

Case 2: If F, is n-excisive but not n-reduced, then F, > P, F,, and we will show that | P, F.| is n-excisive.
Consider the levelwise fibration

D,F, > P,F, > P,_1F,.

A lemma of Waldhausen ([Wal78] Lemma 5.2) states that if X, - Y, - Z, is a levelwise fibration up
to homotopy of simplicial spaces and each Z,, is connected, then |X,| — |Y.| — || Z.| is a fibration up to
homotopy. By chapter 6 of [MOO02], P, F}, is connected on k-connected spaces, thus the resulting diagram of

fat realizations | Dy Fo(X)| = |PoFe(X)|| = |Pr-1Fe(X)]| is a homotopy fibration, and by proposition 1.7
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of [Goo03], T, preserves fibrations, so there is a map of fiber sequences

| DnFe| ———= [PuF| ——— [Poa Fi|

l | l

TnHDnF-H *)TnHPnFOH — TnHPnleOH

The outside two vertical maps are homotopy equivalences (by the induction hypothesis and case 1,

respectively), and since both rows are fibrations, they induce long exact sequences in homotopy:

7T'1A 7T1B 7T10 7TOA WoB 71'00

T T

"'*)ﬂ'lA*)ﬂanB 7T1C 7TOA WoTnB*)ﬂ'oC

11

Since A and C are connected, we reduce to the map of exact sequences

m A mB ™ C 0 0 >0
o —— mA——m T, B mC 0 wol,B—0

By a diagram chase, we see that mgB = my1,B = 0. The five lemma gives the necessary isomorphisms
7B = 1T, B for k > 1, so T,,| Py Fe| ~ | PoFe| and thus | P, F,| is n-excisive on k-connected spaces. This

O

finishes the proof that |F,| is n-excisive.
To use theorem B.0.4 for a classification, we would also need the realization to be analytic.

Lemma B.0.12. If [p] —» F), is a simplicial functor and each F, : T — T is a strongly analytic functor
(satisfying E,(pn —q) for all n) and F,(*) is connected for all p, then || F,| is analytic on k + 1-connected

spaces, where k = maz(p,—q).

Proof. We will prove this by induction on n. First, recall that the fiber of a k-connected map is a k — 1-

connected space.

Suppose F), is levelwise analytic satisfying E, (np — ¢) and that F,(*) is connected for all p. For a
strongly cocartesian (n + 1)-cube X of (k + 1)-connected spaces with initial maps of connectivities kg, the
map F,(Xgy) — holimyep,(n) Fp(Xy) is (Xks — (pn — q))-connected. Realization preserves connectivity, so
if | holimyep,(ny Fp(Xu)| = holimyepy(n) [Fp(Xy)| is an equivalence, |F,(X)| will be (Xks - (pn - q))-

cartesian, so | F,| will be analytic.
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Let n =1, and let the following be a strongly cocartesian square of k-connected spaces.
X Y
w Z

Then consider the following levelwise cartesian square

—

—

holim, —— F,(Y)

L]

Ep(W) —— Fp(2)

Since each F), satisfies E, (pn—q) for all n, each satisfies Ey(—¢). This means that F, takes a-connected
maps to (« + g)-connected maps. Since Y is k-connected, the map Y — = is (k + 1)-connected, so the map
F,(Y) - F,(*) is (k+1+q)-connected. As long as the map is at least 1-connected and F),(*) is 0-connected
for all p, F,(Y") will be connected. Since k + ¢ > 0, we have the desired connectivity on the map. We have
assumed that F,(*) is connected for all p. Similarly, F},(Z) is connected, so by the Bousfield-Friedlander

theorem, the realization square below is cartesian.
[holimy, || —— | Fp(Y)]

[ E, (W) —— [ F,(2)]

Let n =2 and let X : P(2) - Top, be a 3-cube of (k + 1)-connected spaces, so all the maps are (k+ 1)-
connected. Suppose Fj,(*) is connected for all p, so moF,(Xy) =0 (for U =0,2,02,01,12,012 in particular).
Replace F,(Xy) with holimyep, 2y F,(Xy) and call this cartesian cube ),. Now since Xy — Xpo is (k +1)-
connected, F,(X32) = F,(Xo2) is (k+1+¢)-connected and since k+¢ > 0, the fiber of this map is 0-connected.

Similarly for Xi5 - Xgp12. Then we may consider the fiber of the cube ), that is, the square below

fib(holim - F(AXp)) holim ——— F'(Xp)
S~
l Jib(F(Xy) — F(Xp2)) F(X,) l F(Xo2)
Jib(F(Xy) - F(Xo1)) l F(Xl)+F(XO1) l
T S ~
fib(F(X12) = F(X012)) F(X12) F(Xo12)
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We have denoted connected spaces in blue and 1-connected maps in green.

Since the cube is cartesian, the fiber square is also cartesian, and since both (blue) fibers are connected,
this square satisfies the conditions of the Bousfield-Friedlander theorem, so the realization square is also
cartesian. By Waldhausen’s lemma, the realized fibers are equivalent to the fibers of the realizations, so
the realized cube || is also cartesian. That is, | holimyep,(2) Fo(Xy)| = holimyep,(2y |Fe(Xv)], so the
realization satisfies E,(c).

Let n =3 and let X : P(3) — Top, be a 4-cube of (k+1)-connected spaces. Again, let F},(*) be connected
for all p, so that F,(Xy) is connected. Again, morphisms are (k + 1)-connected, so the maps in ) are
1-connected. The fiber cube of Y will need to satisfy the conditions necessary of the n = 2 case, so we need

two maps of fibers to be 1-connected. This is equivalent to asking that the squares be 1-cartesian. Consider

fib(X - X") X—— X'
| ||
fib(Y = Y") Y —— Y

Note that the fiber of f is the total fiber of the square S. The map f is 1-connected if and only if the total
fiber is 0-connected. The total fiber is also the fiber of the map X — holim, so this is also 1-connected, and
S is 1-cartesian. Now, F, is analytic, satisfying E1(p — ¢), and the initial maps of S are (k + 1)-connected,
so F,,(S) is 2(k + 1) — p + g-cartesian, and this is > 2. (We only need > 1.)

This raises the question of what is necessary for a simplicial cartesian n-cube to still be cartesian upon
realization, i.e., is there a higher Bousfield Friedlander theorem? We have outlined why it would be sufficient
to have 2 l-cartesian (n — 2)-cubes, 6 1-cartesian (n — 3)-cubes, 12 1-cartesian (n — 4)-cubes, etc., in the
appropriate places.

That is, if every level of the simplicial cartesian n-cube has 2723 1-cartesian (n —i)-faces, for 2 <i < n,
and 27723 0-connected objects in the appropriate spots, then the realization is cartesian. An (n—1)-face is a
cube X which we can apply the E,_,_1 condition to. That is, F, satisfies E,_;_1(p(n—i-1)—¢) and since all
initial maps of the (n—i)-cube X are (k +1)-connected, F,(X) is ((n-i)(k+1) - p(n—i-1)+q)-cartesian.
Since k- p >0 and k + ¢ > 0, this quantity is > n —i. Perhaps one could generalize Rezk’s generalization of

the m.-Kan condition to give weaker conditions, but we leave this pursuit to the interested reader. O

Herein lies the problem with the classification. The analyticity of the realization requires k + 1-connected
spaces, but we are feeding in k-spheres, leaving us with the wrong analyticity for theorem B.0.4. We were

unable to rectify this, so we have not found a classification for functors to spaces.

60



References

[AC]
[AC11]

[AC15]

[AMO9]

[BCKS14]

[Beh12]

[BIM15]

[BK72]

[BokS5)
[BR14]

[CEF15]

[Chi05]

[DGM13]

[EKMM97]

[Go090]

Gregory Arone and Michael Ching, Cross-effects and the classification of taylor towers.

Greg Arone and Michael Ching, Operads and chain rules for the calculus of functors, Astérisque
(2011), no. 338, vi+158. MR 2840569 (2012i:55012)

Gregory Arone and Michael Ching, A classification of Taylor towers of functors of spaces and
spectra, Adv. Math. 272 (2015), 471-552. MR 3303239

Greg Arone and Mark Mahowald, The Goodwillie tower of the identity functor and the un-
stable periodic homotopy of spheres, Invent. Math. 135 (1999), no. 3, 743-783. MR 1669268
(2000e:55012)

R. Budney, J. Conant, R. Koytcheff, and D. Sinha, Embedding calculus knot invariants are of
finite type, ArXiv:1411.1832 (2014).

Mark Behrens, The Goodwillie tower and the EHP sequence, Mem. Amer. Math. Soc. 218 (2012),
no. 1026, xii+90. MR 2976788

Kristine Bauer, Brenda Johnson, and Randy McCarthy, Cross effects and calculus in an unbased
setting, Trans. Amer. Math. Soc. 367 (2015), no. 9, 6671-6718, With an appendix by Rosona
Eldred. MR 3356951

A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations, Lecture Notes
in Mathematics, Vol. 304, Springer-Verlag, Berlin-New York, 1972. MR 0365573 (51 #1825)

M. Bokstedt, Topological hochschild homology, Preprint, Bielefeld, 1985.

Georg Biedermann and Oliver Rondigs, Calculus of functors and model categories, II, Algebr.
Geom. Topol. 14 (2014), no. 5, 2853-2913. MR, 3276850

Thomas Church, Jordan S. Ellenberg, and Benson Farb, FI-modules and stability for represen-
tations of symmetric groups, Duke Math. J. 164 (2015), no. 9, 1833-1910. MR 3357185

Michael Ching, Bar constructions for topological operads and the Goodwillie derivatives of the
identity, Geom. Topol. 9 (2005), 833-933 (electronic). MR 2140994 (2006a:55012)

Bjgrn Ian Dundas, Thomas G. Goodwillie, and Randy McCarthy, The local structure of algebraic
K-theory, Algebra and Applications, vol. 18, Springer-Verlag London, Ltd., London, 2013. MR
3013261

A. D. Elmendorf, I. Kriz, M. A. Mandell, and J. P. May, Rings, modules, and algebras in sta-
ble homotopy theory, Mathematical Surveys and Monographs, vol. 47, American Mathematical
Society, Providence, RI, 1997, With an appendix by M. Cole. MR, 1417719 (97h:55006)

Thomas G. Goodwillie, Calculus. I. The first derivative of pseudoisotopy theory, K-Theory 4
(1990), no. 1, 1-27. MR 1076523 (92m:57027)

61



[Goo03]

[Go092]

[TMO03a]

[TMO3b)

[IMO4]

[Joh95]

[Kel05]

[Kuh00]

[Kuh07]

[Qui73]

[Sch07]

[SegT4]

[SS13]

[Sto90]

, Caleulus. III. Taylor series, Geom. Topol. 7 (2003), 645711 (electronic). MR 2026544
(2005€:55015)

, Caleulus. II. Analytic functors, K-Theory 5 (1991/92), no. 4, 295-332. MR 1162445
(93i:55015)

B. Johnson and R. McCarthy, A classification of degree n functors. I, Cah. Topol. Géom. Différ.
Catég. 44 (2003), no. 1, 2-38. MR 1961524 (2004b:18016)

, A classification of degree n functors. II, Cah. Topol. Géom. Différ. Catég. 44 (2003),
no. 3, 163-216. MR 2003579 (2004e:18015)

, Deriving calculus with cotriples, Trans. Amer. Math. Soc. 356 (2004), no. 2, 757-803
(electronic). MR 2022719 (2005m:18016)

Brenda Johnson, The derivatives of homotopy theory, Trans. Amer. Math. Soc. 347 (1995),
no. 4, 1295-1321. MR 1297532 (96b:55012)

G. M. Kelly, Basic concepts of enriched category theory, Repr. Theory Appl. Categ. (2005),
no. 10, vi+137, Reprint of the 1982 original [Cambridge Univ. Press, Cambridge; MR0651714].
MR 2177301

Nicholas J. Kuhn, The generic representation theory of finite fields: a survey of basic structure,
Infinite length modules (Bielefeld, 1998), Trends Math., Birkh&user, Basel, 2000, pp. 193-212.
MR 1789216 (2001m:20065)

, Goodwillie towers and chromatic homotopy: an overview, Proceedings of the Nishida
Fest (Kinosaki 2003), Geom. Topol. Monogr., vol. 10, Geom. Topol. Publ., Coventry, 2007,
pp. 245-279. MR 2402789 (2009h:55009)

Cary Malkiewich, A tower connecting gauge groups to string topology, J. Topol. 8 (2015), no. 2,
529-570. MR 3356770

J. P. May, A concise course in algebraic topology, Chicago Lectures in Mathematics, University
of Chicago Press, Chicago, IL, 1999. MR 1702278 (2000h:55002)

Randy McCarthy, On n-ezcisive functors of module categories, Preprint.

Andrew John Mauer-Oats, Goodwillie calculi, ProQuest LLC, Ann Arbor, MI, 2002, Thesis
(Ph.D.)-University of Illinois at Urbana-Champaign. MR 2704008

Luis Alexandre Meira Fernandes Alves Pereira, Goodwillie calculus and algebras over a spec-
tral operad, ProQuest LLC, Ann Arbor, MI, 2013, Thesis (Ph.D.)-Massachusetts Institute of
Technology. MR 3211456

Daniel Quillen, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-theories (Proc.
Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Springer, Berlin, 1973, pp. 85-147. Lecture
Notes in Math., Vol. 341. MR 0338129 (49 #2895)

Stefan Schwede, An untitled book project about symmetric spectra, 2007.

Graeme Segal, Categories and cohomology theories, Topology 13 (1974), 293-312. MR, 0353298
(50 #5782)

Steffen Sagave and Christian Schlichtkrull, Group completion and units in Z-spaces, Algebr.
Geom. Topol. 13 (2013), no. 2, 625-686. MR, 3044590

Christopher R. Stover, A van Kampen spectral sequence for higher homotopy groups, Topology
29 (1990), no. 1, 9-26. MR 1046622 (91h:55011)

62



[Wal78] Friedhelm Waldhausen, Algebraic K-theory of generalized free products. I, II, Ann. of Math. (2)
108 (1978), no. 1, 135-204. MR 0498807 (58 #16845a)

[Wei99] Michael Weiss, Embeddings from the point of view of immersion theory. I, Geom. Topol. 3 (1999),
67-101 (electronic). MR, 1694812 (2000c:57055a)

63



