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ABSTRACT 

TRANSPORT PROCESSES OF PARTICLES IN DILUTE SUSPENSIONS 
IN TURBULENT WATER FLOW-PHASE I11 

Understanding the basic mechanisms and predicting the behavior of particles 

suspended in turbulent fluid flow are essential to environmental conservation and 

to multiphase system design. Air and water pollution, sedimentation and erosion 

of river beds and coastal shorelines, and atmospheric fallout are some of the 

areas in which particle suspensions are of kky importance. Detailed experimental 

measurements of dilute particle suspensions have been performed which examined the 

effects of particle size, shape and relative density on the statistical response 

of such particles in a turbulent fluid. Shape was found to be of minor importance 

for spheres, cubes and tetrahedrons. However, size was found to be important when 

the particle dimension was as large or larger than the fluid turbulence structure. 

Relative density influenced both free fall and inertial effects. An analytical 

model was developed which included these latter effects. It agrees well with ob- 

served particle dispersion measurements. 
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NOMENCLATURE 

Am = normalization constant for modified uniform theory 

a = particle radius 

a09al,a2 = time macroscale fit constants 

a = fit coefficients for carriage calibration i j 

a' = coefficient, Eq. (3.3-25) 

c = coefficient, Eq. (3.3-24) 

C~ = drag coefficient 

d = particle diameter 

f = frequency 

f = particle free fall velocity i 

f Q = quiescent free fall velocity 

f~ 

= turbulent free fall velocity 

F(f) = normalized energy spectrum 

h = functional, Eq. (3.3-23) 

j = pertaining to an individual run 

k = wave number 

N = number of annular elements 

p (v) = radial position probability density function 

pA(rl) = probability of an acceptable run 

pm(rl) = modified uniform distribution probability density function 

pu (rl) = uniform distribution probability density function 

Q ( ~ 1  = response function 

r = radial position 

R = pipe inside radius 

Ri j = zero lag time velocity correlation matrix 



Re = Reynolds number 

R (TI = autocorrelation function 

t = time 

t 
j 

= time of run in jth element 

T = voltage difference 

T* = time of run 

T = particle time constant 
P 
u = fluctuating velocity 

U voltage difference 

U~ 
= fluid velocity at pipe centerline 

'm = local mean fluid velocity 

v = instantaneous velocity 

V = voltage differerence 

x = cartesian position 

x2 (t) = dispersion function, Eq. (4.1-3) 

z = axial position or separation 

Greek Symbols 

a = particle size parameter: a = 33/a 2 

6 = particle density parameter: f3 = 3p/(2pp+p) 

5 = particle free fall parameter 

rl = dimensionless radial coordinate 
- 
'' r = dimensionless mean radius for an individual run 

"max = maximum dimensionless radius for acceptable runs 

8 = angle 

X = spatial microscale 

A = spatial macroscale 

1-I = dynamic viscosity 



= kinematic viscosity 

= particle inertial parameter; time variable 

= density 

= standard deviation or error 

= dimensionless rms position for an individual run 

= lag time; temporal microscale 

= Eulerian time macroscale 

= convected frame fluid time macroscale 

= circular frequency (radians/second) 

= circular frequency for zero free fall velocity particles 

Subscripts and Superscripts 

E = Eulerian frame of reference 

f = fluid 

i, j = cartesian tensor index notation, numerical index 

L = Lagrangian frame 

m = mean; modified uniform 

max = maximum 

o = zero reference condition 

P = particle 

Q = quiescent 

r = radial direction, run 

rms = soot mean square 

T* = particle residence time in all elements 

u = uniform distribution 

z = axial direction 

1,2,3 = numerical index 

primes = rms quantities 





1. INTRODUCTION 

Predicting particle transport is a relatively complicated engineering problem 

which has increased significance in environmental applications and in multiphase 

system design. In the areas of water and air pollution, river bed erosion and 

sedimentation as well as atmospheric fallout the behavior of suspended particulates 

in turbulent fluid flows is a key importance. The studies reported here provide 

results which enhance scientific understanding of the basic particle transport 

phenomena and engineering models which provide means for predicting such transport. 

1.1 Objectives and Background 

Investigations completed by this project conclude a three phase study of the 

detailed behavior of particle transport processes in dilute suspensions in 

turbulent water flow. Each phase examined specific aspects of the research and 

represents an extension of the initial work developed by Jones (1966) and 

Shirazi (1967). In this portion of the report, the overall direction of these 

studies will be outlined. Indication of the accomplishment of the project goals 

will also be given. However, the detailed presentation of these accomplishments 

will be either given in later sections of this report or explicitly referred to in 

previous articles on this research. 

The primary objective initiating this research was to measure directly the 

behavior of a suspended particle in a well documented turbulent field. From these 

detailed measurements of the statistical response of the particle, the associated 

transport processes can be evaluated. These results can be employed to develop and 

test analytical models of suspended particle behavior. 

At the beginning of these studies only simplified models had been proposed 

other than the linearized, but otherwise complete, model of Chao (1964). Jones 

(1966) attempted to verify Chaots model, but was plagued with poor signal-to- 



noise in the particle monitoring system. However, the feasibility of the re- 

search was demonstrated. Shirazi (1967) by careful use of signal filtering and 

controlling closely the relative density was able to obtain improved experimental 

results for neutrally bouyant particles and to extend the analysis to separate 

the "essential" and "statistical" non-linearities in the analytical formulation of 

the particle behavior. However, in both these studies light emitting particles 

were used which resulted in significant extraneous light noise and unstable 

light emission from the particles. Part of Phase I of this study (Jones et al., 

1971) was designed to modify the particle monitoring system to remove these 

deficiencies. 

In Phase I (Project A-019-ILL) the experimental system was improved by 

replacing the fluorescent light emitting material with very stable Co-60 radio- 

active chips as the means of particle tagging. Sodium-iodide crystals were 

installed as integral parts of the photomultiplier monitoring system. This 

system provided the necessary stability and improvement in signal-to-noise for 

accurate determination of particle position. In addition, commercial differential 

amplifiers with sharp low pass filters were added to the data procurement which 

further improved the signal-to-noise level. To insure proper lock-in of the 

particle monitoring system a signal feedback system was incorporated which 

improved the percentage of successful data runs. Jones, et al. (1971) and Meek 

(1972) have discussed these improvements and their results in detail. 

To enable the detailed fluid turbulence structure to be experimentally deter- 

mined in the test section, a replacement section which provided anemometer probe 

access parts along its length was added. Additional inlet flow section modifica- 

tions were installed to improve the rate of reaching fully developed flow in the 

test section. These modifications enabled complete examination of the fluid 



turbulence field in which the particle trajectory was measured. The data show 

that the stationary, fully developed condition was obtained throughout the test 

section. Details of these observations are given by Meek (1972) and Howard (1974). 

The analytical development carried out in Phase I of the research was 

primarily to examine the nature of the drag law to be used over a wide range of 

particle parameterization. This resulted in a linearized drag law which was 

shown to be applicable for ranges of particle Reynolds Number up to about 400 which 

includes the large variety of engineering applications. This work is reported 

in detail by Jones, Ostensen and Meek (1973). 

Phase I1 (Project B-042-ILL) made direct use of these improved facilities 

to obtain particle trajectory data. The primary objective was to study free fall 

effects for a variety of constant size spherical particles. These data were 

reported by Meek (1972) and Jones, et al. (1972). In addition a comparison of 

the effect of varying particle shapes (cubes, tetrahedrons and spheres) was 

conducted, showing no significant influence between particles with similar 

volumetric displacements and free fall velocities. This result is of prime sig- 

nificance as it allows a complete study of the problem with ideal spherical par- 

ticles for which analytical relations can readily be formulated. Detailed pre- 

sentation of results for this study are given by Jones, et al. (1972). 

In addition, a significant goal of the Phase I1 project was to carefully 

examine and document the Eulerian fluid field turbulent structure in the test 

section. Meek (1972) presented detailed measurements of the axial fluid velocity 

component through mean velocity, intensity, skewness and flatness profiles across 

the pipe radius. He further analyzed the autocorrelations and spectrum at several 

radial and axial locations, showing the fully developed and stationary nature 

to the test section flow. Radial separation spatial scales were also determined. 

Burchill's (1970) data were used to provide intensities and scales for each of the 



radial, azimuthal and axial components of the Eulerian velocity components. These I 
1 

fluid measurements were presented in the Phase I1 report by Jones, et al. (1972) 

and form the basis for input to analytical prediction models for particle transport. 

The other major goal of the B-042-ILL project was to develop an engineering 

model to describe particle dispersion and related behavior. Meek (1972) developed 
i 

both a complete theory and a simplified theory model for this behavior. In the 1 
1 

former, all linearized terms were included in the governing relations. This led 

to a rather cumbersome engineering model. However, he was able to show that the 

predicted results agreed closely with the measured particle behavior, verifying 

i 
I 

the correctness of the model. The simplified theory, for a wide range of particle 1 

parameterization, gave identical results and provided a readily useable engineering 

model for predicting such particle behavior. Details of this model have been 
1 

presented by Meek and Jones (1973) as well as Meek (1972) and Jones, et a1 (1972). 1 1 
Extensions of this theory to include nonhomogeneous and anisotropic flow field I 
structure were left to the third phase of the study, which has just been completed 

and is the principle material presented in later chapters. 

The final part of the research project, Phase I11 (B-067-ILL), has just 

concluded and the results are presented by Howard (1974) and in this report. 

The research encompassed both experimental and analytical aspects and had 

the following goals: 

Experimental 

1. To examine particles of similar size with both negative and 
positive buoyancy at the same free fall Reynolds number; 

2. To vary particle size and determine its relation with turbulence scales 
in affecting particle response; 

3. To simulate sand like particles to study particle inertial effects 
on particle response; 

4. To determine two-point lateral and longitudinal fluid velocity 
correlations from which the convected frame structure of the turbulent 
field is evaluated; 



and Analytical 

5. To improve the theory to more correctly include effects of both 
particle size and relative ,density; 

6. To examine the interrelationships of the Eulerian-Lagrangian reference 
frames through comparison of observed particle-fluid turbulence with 
analytical results suggested in the literature. 

All of these objectives have been accomplished in this study with the exception 

of 6. This objective requires somewhat more accurate data than was experimentally 

procured. Although it is of high scientific interest, its direct importance to 

the engineering models developed in this study is of minor significance. 

1.2 Review of Previous Analytical Work 

The initial development of the theory of particle behavior in a quiescent 

fluid is generally attributed to Basset (1961), Boussinesque (1903), and Oseen 

(1927) in their formulation of the governing equations for suspended spherical 

particles. Tchen (1947) succeeded in extending the governing equation to the 

case of an unsteady velocity field. Subsequent contributions to the explicit 

nature of some of the terms in the equation by Lumley (1957) and Corrsin and 

Lumley (1956) have brought the problem to its present theoretical description. 

The solution of the complete equations of motion has not yet been achieved. 

Lumley (1957) described the nature of the nonlinearities and the difficulty of 

solution of the complete equations of motion. Several authors have found solutions 

to simplified versions of the equation. Soo (1956) obtained a relation for the 

particle autocorrelation functlon in the Lagrangian frame for a highly restrictive 

case of the governing equation where only Stokes drag and gravity were assumed to 

be the important forces on the particle. Friedlander (1957) solved a similar but 

still incomplete version of the equation by including pressure gradient effects. 

He found a relation for the rms relative velocity between the particle and the 

fluid. The most complete solutions to the problem to date have been presented by 



Hinze (1959) and by Chao (1964). They solved linearized forms of the governing 

equation with transform techniques and included effects of particle acceleration, 

apparent mass, and pressure gradients in the fluid. Shirazi (1967) used a con- 

ditional averaging technique to c.alculate relationships between statistical 

properties of the particle and the fluid under the assumption that the particle 

velocity and fluid velocity are uncorrelated. Peskin (1971) has solved the 

simplified version of the governing equation like Soo and Friedlander, but his 

solution does not require the restrictive side condition that the particle follow 

the fluid element as stipulated in the solutions by Hinze and by Chao. Meek 

(1972) retained the influence of finite free fall due to an external field, such 

as gravity. He was able to accommodate the resulting crossing trajectories 

effects within the restriction that the response time of the particle is short 

compared to the characteristic Lagrangian time scale of the fluid turbulence. 

His solutions provide the general analytical consistency and interrelation between 

the various competing phenomena. Ahmadi and Goldschmidt (1970) used three dif- 

ferent numerical techniques to solve the governing equations of motion for the 

turbulent transport coefficient of a spherical particle moving in a turbulent field. 

They concluded that the particle diffusivity increases with increasing particle 

size up to the size microscale of the turbulence from whence, for larger particles, 

the diffusivity decreases. A relative density increase of the particle reduced the 

diffusivity for all but very small particles. 

The theory of suspended particle dispersion is intimately involved with the 

dispersion and diffusion.mechanisms of the underlying turbulent fluid field. 

Taylor's (1921) original paper considered the diffusion of fluid particles in 

homogeneous flow as being made up of many continuous random movements. The 

movements were related to each other in time by a correlation coefficient between 



the Lagrangian frame velocities at different times. Only Batchelor (1957) has 

extended the theory into the realm of free turbulent shear flows where turbulent 

scales are spatially variable. The confined turbulent flow in a pipe is a situation 

where spatial variation of turbulent scales is also encountered. The effect of 

the radial nonhomogeneity of pipe flow on particle dispersion is developed in 

detail by Howard (1974) and is presented in detail in Chapter 3. 

1.3 Review of Previous Experimental Investigations 

Experimental investigations of single particle motion under a wide variety 

of flow conditions is extensively reported by Torobin and Gauvin (1959-61). 

Most of the experimental work before 1940 deals with the flow field around the 

sphere and the variation of the drag coefficient at different Reynolds numbers. 

Later experiments by Batchelor, Binnie and Phillips (1955) and Binnie and Phillips 

(1958) were performed with discrete spheres in a two inch diameter horizontal pipe 

to determine their mean velocity by a transit time technique. Kada and Hanratty 

(1960) measured the effect of solid particle loadings on turbulent diffusion in 

a pipe and found that the effect of solid particle loadings depended upon the 

concentration and free fall velocity of the solid particles. Concentrations above 

a threshold level increased the fluid's diffusion coefficient as did an increase 

in particle free fall velocity, presumably through the generation of increased 

turbulent energy in the fluid. Recent experiments on dilute suspensions have 

been done by Kennedy (1965), Snyder (1969), Meek (1972) and Howard (1974). 

Kennedy used light sensing photomultiplier tubes to detect light reflected from 

particles as they traversed fixed planes at selected axial locations in his 

vertical square duct using windtunnel grid generated turbulence. Timing tech- 

niques were used to infer particle velocities. Snyder in a similar windtunnel 

study used photographic techniques and graphical analysis to determine particle 



p o s i t i o n s  and from which p a r t i c l e  d i spe r s ion  was i n f e r r e d .  Meek used a modified 

vers ion  of  Jones f  (1966) system t o  ob ta in  a continuous analog t r a c k  of t h e  

p a r t i c l e  p o s i t i o n  a s  it moved i n  a v e r t i c a l  p ipe  flow. The system used by Howard 

was v i r t u a l l y  i d e n t i c a l  t o  t h e  one used by Meek. Howard extended t h e  range of 

p a r t i c l e  parameter iza t ion  t o  inc lude  d e t a i l e d  examination of  f r e e  f a l l  e f f e c t s ,  

p a r t i c l e  s i z e  e f f e c t s  and i n e r t i a l  e f f e c t s .  These a r e  d iscussed  i n  Chapters 2 

and 4 and i n  Appendix B. 

1 .4 Out l ine  o f  Report Coverage 

This  r e p o r t  inc ludes  an o v e r a l l  review o f  t h e  t h r e e  phase research  s tudy 

of t h e  t i t l e  problem. In  Chapter 2 a comprehensive d i scuss ion  i s  given of suspended 

p a r t i c l e  behavior a s  it i s  understood from previous experimental s t u d i e s  and from 

work completed i n  t h i s  study. The d e t a i l e d  s e t s  of  d a t a  from t h i s  s tudy a r e  

presented  i n  Appendix B t o  provide ready access  t o  t h e  reader .  Complete a n a l y t i c a l  

model development, inc luding  a b r i e f  review of  t h e  i s o t r o p i c  and homogeneous 

model t heo ry , i s  presented i n  Chapter 3. Also included a r e  t h e  ex tens ions  i n t o  

nonhomogeneous f l u i d  f i e l d s  a s  well  a s  t h e  e f f e c t s  of  an iso t ropy i n  t h e  f l u i d  

f i e l d .  Chapter 4 provides a comparison between a n a l y t i c a l  p r e d i c t i o n s  and 

experimental observa t ions .*  In  Chapter 5 research  conclusions a r e  presented 

with suggested a r e a s  i n  which f u t u r e  work would be use fu l .  The t h r e e  Appendices 

(A, B and C) p resen t :  p e r t i n e n t  f l u i d  turbulence  da ta ;  p a r t i c l e  t r a j e c t o r y  da ta ;  

and d a t a  process ing  techniques,  r e spec t ive ly .  These a r e  included t o  provide 

easy access  of  t h e  d a t a  t o  t h e  reader .  Many d e t a i l e d  accounts of  t h e  experiments 

and t h e  ana lyses  a r e  s p e c i f i c a l l y  r e f e r r e d  t o  i n  t h e  l i t e r a t u r e  and a r e  omit ted 

when they  a r e  considered non-essent ia l  t o  t h e  p resen ta t ion .  

* 
This d i scuss ion  i n d i c a t e s  t h e  a p p l i c a b i l i t y  of  t h e  model f o r  s eve ra l  engineering 
problem a reas .  



2. GENERAL DISCUSSION OF PARTICLE MOTION BEHAVIOR 

2.1 Parameters Which Effect Particle Motion 

In the development of theoretical models to predict particle motion, it 

is essential that the phenomena be sufficiently understood to insure that the 

model development incorporates these features. Although the analyses and experi- 

ments were performed simultaneously, they are presented separately so as to enable 

a complete picture of each aspect to be developed. The experimental observations 

are discussed in this chapter to enable the assumptions and justifications 

employed in the analytical model development of chapter three to be more readily 

accepted. In this chapter only selected experimental results are presented. 

Additional data tabulation is included in several Appendices and in the referenced 

literature. 

Those parameters effecting the motion of particles in a turbulent fluid 

flow can generally be classified in two groups: (1) physical parameters of the 

particle itself and (2) characteristics of the flow field. Physical properties 

of the particle include its size, shape, density and roughness and its related 

acceleration and spin. For simplification of analytical treatment, we and 

other investigators have assumed a smooth, non-spinning spherical particle. How- 

ever, we (Jones et al. 1972) have investigated experimentally the effects of 

particle shape. Torobin and Gauvin (1959-61) discuss the effects of surface 

roughness as well as other physical particle characteristics. The primary 

characteristics of the flow field effecting particle motion are its Reynolds 

number and the intensities and scales of the turbulence. The variation of the 

flow field--whether its turbulence is homogeneous or isotropic--will also affect 

particle motion. Both groups of parameters act together to govern particle 

motion. By examining each of the parameters separately, we sought to discover its 



individual importance and determine a rational explanation for the mechanism 

of its effect. 

2.2 Particle Size 

Qualitatively we expect that very large particles would not respond to the 

constantly occurring random velocity fluctuations characteristic of fluid turbu- 

lence. Conversely, we would expect very small particles to follow closely each 

change in its neighborhood fluid velocity. 

 ere we have implicitly made a comparison between the particle size and the 
eddy size of the fluid velocity turbulent fluctuations. The physical size of these 

fluid velocity fluctuations is known as its turbulent scale. This can be determined 

as either a measure of the fluid turbulence physical domain (spatial scale) or 

a measure of how persistent this structure is (temporal scale). To evaluate the 

effect of particle size on its motion in a turbulent field we would expect the 

fluid spatial scale to be the important factor. If the particle is large with 

respect to the fluid spatial scale, then the fluid velocity fluctuations (or 

"eddies") merely tickle the surface of the particle. Thus, the perturbing 

effect of these eddies is averaged over the large particle surface and particle . 1 

motion is unaffected. For an extremely small particle we would expect the I 
1 

particle to be completely dominated by each surrounding individual fluctuating 

fluid element and for a neutrally buoyant small particle to behave similarly to 

a fluid element. 
1 
i 

2.3 Particle Density 

Acting in conjunction with the effect of particle size is the effect of 1 
particle density. A very dense particle has a relatively large inertial mass 

and a very light particle has a relatively small enertial mass. Since the inertial I 
mass associated with a suspended particle is composed of not only its own mass 1 



but t h a t  of  an add i t iona l  mass o f  a  f r a c t i o n a l  amount of t h e  displaced f l u i d ,  

t h e  low dens i ty  p a r t i c l e  does not  have i ts  i n e r t i a l  mass reduced t o  an ins ig -  

n i f i c a n t  l eve l .  In Chapter t h r e e  t h i s  associa ted  surrounding f l u i d  mass w i l l  

be shown t o  l i m i t  t h e  p a r t i c l e  i n e r t i a l  e f f e c t  t o  non-zero values.  I t  i s  ex- 

pected, however, t h a t  r e l a t i v e l y  high dens i ty  p a r t i c l e s  w i l l  behave more s luggishly  

than r e l a t i v e l y  low dens i ty  p a r t i c l e s  of t h e  same s i z e .  

For p a r t i c l e s  with d e n s i t i e s  d i f f e r e n t  than t h e  surrounding f l u i d  the  e f f e c t  

of g r a v i t a t i o n a l  and external  body forces  can be important. Only when t h e  

p a r t i c l e ' s  motion r e l a t i v e  t o  t h e  surrounding f l u i d  is  small ,  providing an 

associa ted  Reynolds Number i n  t h e  non-separated, Stokesf  flow regime, can t h e  

g r a v i t a t i o n a l  influence on t h e  p a r t i c l e f s  tu rbu len t  motion be ignored. This i s  

most r e a d i l y  examined through t h e  p a r t i c l e ' s  f r e e  f a l l  ve loc i ty .  A p a r t i c l e  

with e i t h e r  a  r e l a t i v e l y  high o r  low dens i ty  has a  l a rge  f r e e  f a l l  ve loc i ty  

(unless it i s  extremely small) .  Such a  p a r t i c l e  moves rap id ly  through t h e  

f l u i d  turbulence p a t t e r n  which appears frozen t o  t h e  p a r t i c l e  a s  it passes 

through eddy a f t e r  eddy. The r e l a t i v e l y  high dens i ty  p a r t i c l e s  a r e  e s s e n t i a l l y  

unaffected by t h e  f l u i d  ve loc i ty .  A n e u t r a l l y  buoyant p a r t i c l e  with zero f r e e  f a l l  

ve loc i ty ,  on t h e  o the r  hand, tends t o  become trapped i n  a  s i n g l e  eddy ( i f  t h e  p a r t i c l e  

i s  small enough) and i s  s t rongly  a f fec ted  by t h e  f l u i d  turbulence.  

One can immediately see  t h a t  s i z e  and dens i ty  influence p a r t i c l e  motion 

simultaneously and t h a t  a t  extremes e i t h e r  may become dominant o r  neg l ig ib le .  

Another important parameter which a c t s  a t  t h e  same time a s  p a r t i c l e  dens i ty  and 

s i z e  is  t h e  s t a t e  of t h e  f l u i d  flow f i e l d .  

2.4 Fluid Flow Fie ld  

The c h a r a c t e r i s t i c s  of  t h e  f l u i d  flow f i e l d  s t rong ly  influence p a r t i c l e  

motion. I f  t h e  flow is  stagnant ,  then t h e  f l u i d  fo rces  from v e l o c i t y  f luc tua t ions  

and mean v e l o c i t y  (bulk motion) a r e  zero. The p a r t i c l e  i s  s o l e l y  under t h e  inf luence  

of  ex te rna l  fo rces  and i t s  f r i c t i o n a l  drag with t h e  f l u i d .  The p a r t i c l e  t r a j e c t o r y  



is  e s s e n t i a l l y  l i n e a r  when governed by an  e x t e r n a l  f o r c e  such as gravi ty .  

P a r t i c l e  s i z e  and d e n s i t y  a r e  important as they  con t r ibu te  t o  t h e  f r i c t i o n a l  

drag f o r c e  exer ted  on t h e  p a r t i c l e  by t h e  viscous f l u i d .  I f  t h e  flow i s  

laminar then we again  expect t h e  p a r t i c l e  t r a j e c t o r y  t o  be l inear ,governed by 

t h e  f l u i d  ve loc i ty ,  ex te rna l  fo rces  and f r i c t i o n .  I f  we move i n  a frame where 

t h e  f l u i d  v e l o c i t y  i s  zero, then  t h e  laminar flow case  reduces t o  t h e  s tagnant  

case.  This  r e fe rence  frame i s  c a l l e d  t h e  Lagrangian frame of motion. Now if we 

consider  a  flow f i e l d  i n  which f u l l y  developed turbulence e x i s t s ,  then t h e  

p a r t i c l e  t r a j e c t o r y  is  a random path.  The mean motion i s  s t i l l  governed by 

t h e  ex te rna l  fo rce ,  bulk f l u i d  motion and f r i c t i o n  between t h e  p a r t i c l e  and 

i t s  surrounding f l u i d .  However, i n  add i t ion  t o  t h i s  mean motion t h e r e  i s  

superimposed a  p a r t i c l e  motion as a  r e s u l t  of p a r t i c l e ' s  response t o  t h e  

random f l u i d  v e l o c i t y  f l u c t u a t i o n s .  The t r a j e c t o r y  of  t h e  p a r t i c l e  i s  no 

longer  l i n e a r  but  an i r r e g u l a r  random path  dev ia t ing  i n  a  d i spe r s ive  sense from 

t h e  mean f l u i d  motion. 

In t h e  quiescent  and laminar flow s i t u a t i o n s  t h e  f l u i d  v e l o c i t y  f i e l d  i s  well  

known. I t  i s  unchanging i n  time. For t h e  case  of t u rbu len t  flow, t h e  instantaneous 

v e l o c i t y  f l u c t u a t e s  about some mean q u a n t i t y  which i s  assumed t o  be unchanging 

i n  time. This  type  of  t u rbu len t  flow i s  c a l l e d  s t a t i o n a r y .  If a t  a l l  s p a t i a l  

po in t s  wi th in  t h e  flow f i e l d  t h e  mean v e l o c i t y  and t h e  s t r u c t u r e  of t h e  v e l o c i t y  

f l u c t u a t i o n s  a r e  t h e  same, then t h e  flow i s  s a i d  t o  be homogeneous. I f  t h e  s c a l e s  

and i n t e n s i t y  of  t h e  turbulence  a r e  t h e  same along d i f f e r e n t  orthogonal coordinate  

axes, then  t h e  flow i s  c a l l e d  i s o t r o p i c .  Due t o  t h e  random na tu re  of t h e  t u r b u l e n t  

flow f i e l d ,  it i s  b e s t  descr ibed  by using s t a t i s t i c a l  q u a n t i t i e s .  A q u a n t i t a t i v e  

development o f  s t a t i s t i c a l  p a r t i c l e  motion i n  a  homogeneous, i s o t r o p i c  and s t a t i o n a r y  

tu rbu len t  flow f i e l d  i s  developed l a t e r  i n  Chapter t h r e e .  



2.5 Discussion of P r inc ipa l  Experimental Resul t s  

We have q u a l i t a t i v e l y  presented  above a  d iscuss ion  o f  t hose  parameters 

e f f e c t i n g  p a r t i c l e  motion. Throughout t h i s  d iscuss ion  it has become apparent 

t h a t  t h e  var ious  parameters inf luencing  p a r t i c l e  motion a c t  i n  conjunct ion 

t o  govern p a r t i c l e  motion. I t  has  a l s o  been noted t h a t  t h e r e  a r e  extremes 

where t h e  e f f e c t  of one parameter dominates a l l  o t h e r s .  

The phenomena of p a r t i c l e  motion i n  a  quiescent  o r  laminar flow f i e l d  i s  

e s s e n t i a l l y  a  one-dimensional problem. However, due t o  t h e  f a c t  t h a t  f l u i d  

turbulence  i s  a  three-dimensional phenomena, we observe,  f o r  suspended 

p a r t i c l e s ,  motion i n  a l l  t h r e e  coordina te  d i r e c t i o n s .  I f  we couple t h e s e  

t h r e e  dimensional turbulence e f f e c t s  with t h e  e f f e c t s  due t o  v a r i a t i o n s  of  

p a r t i c l e  parameters ,  we ob ta in  a  complex p a r t i c l e - f l u i d  motion problem. 

I t  i s  observed t h a t  some p a r t i c l e  parameters dominate t h e  motion i n  t h e  

a x i a l  d i r e c t i o n  and o t h e r  p a r t i c l e  parameters dominate motion i n  t h e  l a t e r a l  

d i r e c t i o n s .  To i l l u s t r a t e  t h i s  po in t  we consider  two s e t s  of  experimental 

r e s u l t s :  (1) An experiment performed with p a r t i c l e  s i z e  being he ld  constant  

( a t  5mm diameter) while  parameterizing on p a r t i c l e - f l u i d  r e l a t i v e  dens i ty  

and (2) An experiment u t i l i z i n g  r e l a t i v e l y  constant  d e n s i t y  p a r t i c l e s  of 

d i f f e r e n t  s i z e s  (2mm through 6.5mm diameters ) .  A 1 1  p a r t i c l e s  were t e s t e d  

i n  t h e  same t u r b u l e n t  flow f i e l d .  This  t u rbu len t  f i e l d  was t h e  s t a t i o n a r y  

and both moderately homogeneous and i s o t r o p i c  "core" reg ion  o f  a  v e r t i c a l l y  

o r i e n t e d  p ipe  flow. Cy l ind r i ca l  coordinates  were used t o  cha rac te r i ze  t h e  

f l u i d  motion and t h e  p a r t i c l e  t r a j e c t o r i e s :  a x i a l  ( z ) ,  r a d i a l  ( r )  and 

azimuthal (8) .  The q u a n t i t y  by which p a r t i c l e  motion between t h e  two 

experiments i s  compared i s  t h e  p a r t i c l e  v e l o c i t y  au tocor re l a t ion  func t ion .  

This  i s  a  s t a t i s t i c a l  quan t i ty  c h a r a c t e r i s t i c  of  turbulence  s t r u c t u r e  which 

measures t h e  degree t o  which t h e  p a r t i c l e  v e l o c i t y  a t  t h e  p resen t  time i s  



s i m i l a r  t o  t h e  p a r t i c l e  v e l o c i t y  a t  previous t imes.  The p a r t i c l e  au tocor re l a t ion  

funct ion i s  mathematically defined f o r  t h e  a x i a l  (z)  d i r e c t i o n  a s  

where t h e  overbar  i s  a  long time s t o c h a s t i c  average and T = delay  time. 

The quan t i ty  U ( t )  i s  a  t ime s e r i e s  of t h e  p a r t i c l e  a x i a l  v e l o c i t y  component 
P  3 z  

viewed from a  r e fe rence  frame i n  which t h e  mean p a r t i c l e  v e l o c i t y  i s  zero .  

(This r e fe rence  frame i s  s i m i l a r  t o  t h e  Lagrangian frame of t h e  f l u i d  but  

d i f f e r s  s l i g h t l y  s i n c e  t h e  mean p a r t i c l e  v e l o c i t y  and mean f l u i d  v e l o c i t y  a r e  

unequal unless  t h e  p a r t i c l e  i s  small  and n e u t r a l l y  buoyant, t hus  behaving 

a s  a  small f l u i d  element.) We s h a l l  employ t h i s  p a r t i c l e  v e l o c i t y  au tocor re l a t ion  

funct ion  a s  a  s t a t i s t i c a l  measure of  t h e  behavior .  

Figure 2.5-1 shows t h e  a x i a l  p a r t i c l e  au tocor re l a t ion  funct ion  f o r  t h e  

varying p a r t i c l e  d e n s i t y  experiments (FFP-Series) descr ibed  e a r l i e r .  We 

no te  a s  t h e  p a r t i c l e  dens i ty  tends toward t h e  f l u i d  dens i ty ,  t h a t  t h e  auto-  

c o r r e l a t i o n  funct ion  tends toward t h a t  o f  t h e  f l u i d .  S ince ,  t h e  s i z e  of t h e  

p a r t i c l e s  i s  cons tan t ,  t h e  e f f e c t  of  t h a t  parameter i s  suppressed. The f l u i d  

f i e l d  is  t h e  same f o r  a l l  p a r t i c l e s  so  e f f e c t s  from v a r i a t i o n s  i n  f l u i d  

turbulence  a r e  a l s o  removed. 

Figure 2.5-2 shows t h e  r a d i a l  p a r t i c l e  au tocor re l a t ion  funct ion  f o r  t h e  

FFP experiments.  No e f f e c t s  of  t h e  varying p a r t i c l e  dens i ty  a r e  observed. 

However, t h e  s p a t i a l  s c a l e  f o r  l a t e r a l  t u rbu len t  v e l o c i t y  f l u c t u a t i o n s  i s  

much l e s s  than t h e  corresponding a x i a l  space s c a l e  es t imates  by Howard (1974) 

and measurements by Sabot ,  F.enault, and Compte-Bellot (1973) i n d i c a t e  t h a t  

t h e  l a t e r a l  s p a t i a l  microscale  of t h e  f l u i d  turbulence may be  2  t o  5 t imes 

smal le r  than t h e  a x i a l  s p a t i a l  microscale  o f  t h e  turbulence .  Thus, even 
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though t h e  p a r t i c l e s  have d i f f e r e n t  d e n s i t i e s ,  t h e i r  r e l a t i v e l y  l a r g e  s i z e  

with r e spec t  t o  t h e  s i z e  of t h e  l a t e r a l  t u rbu len t  s c a l e  dominates t h e i r  

motion. The conclusion is t h a t  i n  t h e  l a t e r a l  d i r e c t i o n  t h e  response o f  

t h e  p a r t i c l e  i s  l imi t ed  by i t s  s i z e .  

To be a b l e  t o  v i s u a l i z e  t h e  e f f e c t  o f  p a r t i c l e  s i z e  we examine t h e  r e s u l t s  

of t h e  second experimental s e r i e s  (SP-Series) where d i f f e r e n t  s i z e  p a r t i c l e s  

were t e s t e d  i n  t h e  tu rbu len t  flow system. Figure 2.5-3 shows t h e  a x i a l  

a u t o c o r r e l a t i o n  funct ion  f o r  various s i z e  p a r t i c l e s  with r e l a t i v e l y  s i m i l a r  

d e n s i t i e s .  Here we observe f o r  p a r t i c l e s  o f  s i m i l a r  d e n s i t y  t h a t  t h e  a x i a l  

response i s  t h e  same rega rd le s s  of  p a r t i c l e  s i z e s  used i n  t h i s  experiment. 

These p a r t i c l e s  a r e  a l l  smal le r  t han  t h e  a x i a l  t u r b u l e n t  s p a t i a l  microscale  

which i s  es t imated  by Howard (1974) t o  be about 1 .7  cm. Thus, t h e r e  should 

be  n e g l i g i b l e  e f f e c t  o f  s i z e  because t h e  p a r t i c l e s  a r e  a l l  small enough t o  

respond well  t o  t h e  a x i a l  component o f  t h e  turbulence  s t r u c t u r e .  We conclude 

f o r  p a r t i c l e s  of  s u f f i c i e n t l y  small s i z e ,  t h a t  d e n s i t y  w i l l  govern t h e i r  

response t o  t h e  a x i a l  turbulence s t r u c t u r e .  

For t h e  l a t e r a l  turbulence  s t r u c t u r e  we observe some change i n  p a r t i c l e  

response f o r  smal le r  p a r t i c l e s  as  t h e  p a r t i c l e  s i z e  approaches t h e  s p a t i a l  

microscale  of  t h e  l a t e r a l  component of  t h e  f l u i d  turbulence .  Indeed, t h i s  

i s  v e r i f i e d  by Fig.  2.5-4. As t h e  p a r t i c l e  s i z e  i s  reduced, t h e  p a r t i c l e  

a u t o c o r r e l a t i o n  f a l l s  o f f  much f a s t e r  i n d i c a t i n g  (by i t s  r a p i d  drop of f  and, 

smal le r  a r e a  underneath t h e  curve) t h a t  t h e  p a r t i c l e  i s  a b l e  t o  respond t o  t h e  

h igher  frequency f l u c t u a t i o n s  i n  t h e  l a t e r a l  turbulence  s t r u c t u r e .  I n  

add i t ion  t h e  r a t i o s  of t h e  rms f l u c t u a t i n g  v e l o c i t i e s  i n  t h e  r a d i a l - t o - a x i a l  

and azimuthal- to-axial  both increased a s  t h e  p a r t i c l e  s i z e  decreased from 

6.5 cm. diameter  t o  3 cm. and 2  cm. diameter with approximately cons tant  f r e e  

f a l l  Reynolds number f o r  a l l  p a r t i c l e s .  







From t h e  experiments conducted i t  was shown t h a t  p a r t i c l e  motion i s  

e f f e c t e d  by p a r t i c l e  s i z e  and dens i ty .  Furthermore, t h e s e  two e f f e c t s  occur  

s imultaneously and one o r  t h e  o t h e r  may become dominant depending upon t h e  

s i z e  of  t h e  tu rbu len t  s c a l e  t o  which t h e  p a r t i c l e  responds. 

For d e t a i l e d  r e s u l t s  from t h e  experimental program t h e  r eade r  i s  r e f e r r e d  

t o  t h e  t h e s e s  of  Meek (1972) and Howard (1974) i n  which t a b u l a r  and graphica l  

p re sen ta t ions  of  t h e  d a t a  a r e  presented.  For convenience, however, s eve ra l  

of t h e s e  d a t a  a r e  presented  i n  Appendices: A - "Fluid Measurements1' and 

B - l l P a r t i c l e  Measurements1'. In  add i t ion  t h e  Appendix C - "Data Processing 

Techniques" inc ludes  d e t a i l e d  d iscuss ion  of  t he  numerical procedures employed 

t o  e x t r a c t  t h e s e  d a t a .  



3. ANALYTICAL MODEL DEVELOPMENT FOR PARTICLE MOTION 

3.1 Introduction 

As explained in chapter one a basic goal of these extended, in depth studies 

of individual particle motion in a turbulent fluid flow has been to develop a 

mathematical model of such motion. Particular emphasis has been placed upon the 

development of a model that is detailed enough to well represent the underlying 

physics inherent in the process while at the same time being capable of providing 

straightforward engineering calculations. To this end initial analytical effort 

was directed toward an understanding of non-Stokesian effects (Jones, et al. 1971) 

of importance in typical two phase flows which confront engineers in the field. . 

Use of expansion technique coupled with Chaols (1964) earlier work furnished a 

basis from which non-Stokesian behavior could be predicted and accounted for. 

The next topic pursued (Jones, et al. 1972) was that of particle dispersion in 

a homogeneous, isotropic turbulent fluid. Extending the ideas of Wardell E Koefod- 

Hansen (1962) to include particle motion and combining the results with the earlier 

non-Stokesian work readily calculable expressions detailing the dispersion of 

non-Stokesian particles was developed. Predictions of this homogeneous theory 

compared favorably with experiments performed both in air and in water. The most 

recent analytical effort has been directed toward an understanding of inhomogeneous 

and anisotropic effects. Such effects are specific to the two-phase system under 

consideration-pipe flow in the present case. However, the present effort will emphasize 

development of a generalized phenomenalogical formalism applicable to typical 

engineering situations. Rapid prediction of engineering accuracy will be the guiding 

feature in its derivation. Consistent agreement with experimentally observed 

results, summarized in chapter two, has been applied throughout these developments. 

Indeed, the direction of analytical development and experimental program was designed 

to provide maximum understanding of the physical phenomena. 



3.2 Homogeneous Flow 

In t h e  e a r l i e r  s tudy done on non-Stokesian p a r t i c l e  motion i n  homogeneous 

turbulence  (Jones, e t  a l .  1972) it was found t h a t  t h e  b a s i c  physics  desc r ib ing  

t h e  phenomena could b e s t  be understood i f  cons idera t ion  was i n i t i a l l y  d i r e c t e d  

toward t h e  spatial-wavenumber domain r a t h e r  than t h e  more n a t u r a l  time-frequency 

realm. Since a  somewhat s i m i l a r  d e s c r i p t i o n  w i l l  be employed i n  analyzing i n -  

homogeneous behavior a  b r i e f  review of  t h e  previous work w i l l  prove use fu l .  

A s  i nd ica t ed  t h e  homogeneous theory  i s  based p r imar i ly  on a Koefod-Hansen 

(1957) extension of Taylor ' s  (1921) pioneering work on d i f f u s i o n  by continuous 

movements. I t  cons iders  only indiv idual  p a r t i c l e  motion viewed from a Lagrangian 

r e fe rence  frame i n  which t h e  average f l u i d  v e l o c i t y  i s  zero.  No p a r t i c l e -  

p a r t i c l e  o r  p a r t i c l e - w a l l  i n t e r a c t i o n s  a r e  d e a l t  with but  r a t h e r  t h e  p a r t i c l e - f l u i d  

i n t e r a c t i o n  i s  assumed t o  dominate. Non-Stokesian behavior i s  taken i n t o  account 

through t h e  a p p l i c a t i o n  o f  t h e  theory  presented  by Jones,  e t  a l .  (1971) and Jones ,  

Ostensen and Meek (1973). 

The dynamical equat ion o f  motion desc r ib ing  p a r t i c l e  behavior i n  a  tu rbu len t  

f l u i d  flow was f irst  derived by Tchen (1947). Modif icat ions o f  Tchen's o r i g i n a l  ' 

equat ion t o  more c o r r e c t l y  include p res su re  e f f e c t s  was made by Corrs in  and Lumley 

(1956). Lumley (1957) showed t h a t  t h e  r e s u l t i n g  equat ion,  when viewed i n  i t s  most 

genera l  sense,  had incorporated within it on " e s s e n t i a l  non- l inea r i ty t f  due t o  t h e  

n e c e s s i t y  o f  eva lua t ing  t h e  f l u i d ' s  v e l o c i t y  f i e l d  a t  t h e  p a r t i c l e ' s  unknown 

p o s i t i o n .  A s  such, t h e o r e t i c a l  a t tempts  a t  so lv ing  t h e  equat ion have centered  

about p a r t i c l e s  cons t ra ined  t o  remain throughout t h e i r  h i s t o r y  wi th in  a given region 

of s t r o n g l y  c o r r e l a t e d  f l u i d  ( i . e . ,  an eddy). By such means t h e  equat ion o f  motion 

reduces t o  one o f  t ime dependence only and t h e  " e s s e n t i a l  non- l inear i ty"  i s  circum- 

vented. 



At first sight, solutions of such a'simplified equation of motion appear to 

be of somewhat lintited value. Many of the particles of practical interest may 

not remain within a given region of correlated fluid, but rather migrate, due to 

their free fall, from one region to another. However, in a statistical sense it 

is of little note whether the particle is constrained to remain within an eddy by 

arbitrarily setting its free-fall velocity to zero or whether it is allowed to 

move from one eddy to another. In the one case the particle experiences the 

distribution of turbulence states by remaining within an eddy which undergoes 

the distribution during its history; while in the other case the particle experiences 

the turbulence distribution by moving from one region of strongly correlated fluid 

to another. Assuming, in the latter case, that the particle's response time is 

small compared to its transit time, the average space scales of correlation are the 

same in both cases, being determined by the particle's inertial characteristics 

and the underlying fluid turbulence. The time scales of correlation are not 

the same in the two cases, however, due to differing convection velocities. Thus, 

solutions of the simplified equation of motion may, if properly interpreted, be 

used in the calculation of the sought-for particle velocity autocorrelation. 

From the general theory of Wiener-Kinchine, it may be shown that the particle's 

velocity autocorrelation can be expressed in terms of a normalized particle energy 

spectrum, $,c(w) : 
00 
f 

where w is the circular frequency. The early work of Soo (1956), Friedlander 

(1957) and Chao (1964) suggests that the particle's energy spectrum can be ex- 

pressed as a function of the fluid's Lagrangian energy spectrum through a so-called 

particle response function. This response function is derived from the particle's 

simplified equation of motion [see Soo (1967) for a description of the derivation] 



and is, therefore, strictly applicable to zero velocity free-fall particles 

constrained to move within a single correlated region of fluid. Thus, use of an 

energy spectrum determined with a response function derived for zero free-fall 

velocity particles requires some adjustment of Eq. (3.2-1) to account for non-zero 

free fall and the subsequent movement of the particle from one correlated region 

to another. 

Motion of the particle will greatly affect its observed behavior in the time- 

frequency domain. To remove this dependence it is necessary to move into the 

wavenumber realm: 

/ 

where k is the wavenumber, w the corresponding frequency, and is the particle's 
;P 

convection velocity in the coordinate direction considered. Due to the equality 

of space scales in the two cases, normalization conditions on the particle energy 

spectra imply similarity of the spectra regardless of whether the particle is 

arbitrarily confined to a region of strongly correlated turbulence or whether it 

is allowed to roam about. Consequently, non-zero free-fall effects may be properly 

incorporated by transforming from a given state in the wavenumber domain, GBL( k),  
into the frequency realm. 

For the frame of reference considered in this work the instantaneous particle 

velocity in a given coordinate direction may be expressed as 

where 6 is the ith component of the particle's free-fall (or any deterministic) 
velocity. For a particle arbitrarily constrained to remain within a given eddy 

this free-fall velocity is set to zero. As a consequence such a particle has, 

k 



when viewed from a reference  frame moving with t h e  mean motion of  t h e  f l u i d ,  an 

observed frequency i n  t h e  ith coordinate d i r e c t i o n  of 

where k i s  t h e  space-related wavenumber. I f  t h e  same p a r t i c l e  i s  allowed t o  

move about from eddy t o  eddy it has an observed frequency of  

i n  t h e  ith coordinate d i r e c t i o n .  1 

With t h i s  equivalence i n  mind Eqs. (3.2-4) and (3.2-5) may be combined, 

r e s u l t i n g  i n  
k 

/ 
which can be seen t o  reduce t o  a s  (+o and t o  W = k c  Ar )} $;- 

00 

Normalization condit ions on t h e  p a r t i c l e ' s  energy spectrum requ i re  t h a t  t h e  nonzero 

f r e e - f a l l  v e l o c i t y  spectrum be r e l a t e d  t o  t h a t  of t h e  zero f r e e - f a l l  v e l o c i t y  

spectrum by 

F ((4 = P1 
Ident i fy ing 

[ I  + (I./u;J]~ 

'1n t h i s  development it i s  t o  be understood t h a t  w i s  s p e c i f i c  t o  a se lec ted  
coordinate  d i r e c t i o n  ( i  = 1, 2, o r  3 ) .  



t h e  expression f o r  t h e  p a r t i c l e ' s  v e l o c i t y  au tocor re l a t ion  becomes: 

Determination of  t h i s  au tocor re l a t ion  thus  reduces t o  a determinat ion of a 

proper  zero  f r e e - f a l l  energy spectrum which i s  determined i n  p a r t  from t h e  

p a r t i c l e ' s  equat ion of motion. Extensive cons idera t ion  of  t h i s  funct ion  has 

been made by Jones e t  a1 (1971, 1972) and by Meek (1972) and w i l l  no t  be repeated 

here .  

Subsequent a n a l y s i s  us ing  a derived expression f o r  F (w ) shows t h a t  
p , i  0 

p a r t i c l e  motion i n  an homogeneous turbulence  can be cha rac te r i zed  by t h r e e  

parameters ,  two involv ing  i n e r t i a l  e f f e c t s  due t o  p a r t i c l e  s i z e  and dens i ty  

and t h e  o t h e r  parameter r e f l e c t i n g  f r e e  f a l l  e f f e c t s .  O f  t h e  two i n e r t i a l  

parameters one, designated €3, involves t h e  r a t i o  of  a f l u i d  sphere t o  t h a t  of 

t h e  same s i z e  s o l i d  sphere .  The o the r  parameter,  designated 5 ,  i s  a r a t i o  of 

t h e  response time of  t h e  p a r t i c l e  (as  determined by i t s  i n e r t i a l  c h a r a c t e r i s t i c s )  . 

t o  t h e  f l u i d ' s  c h a r a c t e r i s t i c  time of  c o r r e l a t i o n  i n  t h e  Lagrangian frame. The 

t h i r d  parameter,  designated T descr ibes  t h e  l o s s  o f  c o r r e l a t i o n  a p a r t i c l e  i ' 

experiences a s  it moves from one region of  s t rong ly  c o r r e l a t e d  f l u i d  t o  another .  

3 . 3  Inhomogeneous Flow 

As noted e a r l i e r  e f f e c t i v e  incorpora t ion  o f  inhomogeneous flow f e a t u r e s  i n t o  

t h e  general  framework of  t h e  homogeneous theory  r e q u i r e s  a r a t h e r  d e t a i l e d  spec i -  

f i c a t i o n  of t h e  flow system and i t s  inhomogenities.  Consequent1.y t h e  p resen t  

work w i l l  concent ra te  on p ipe  flow i n  which t h e  f l u i d  turbulence  i s  s t a t i o n a r y  

and homogeneous in  t h e  long i tud ina l  o r  flow d i r e c t i o n .  Despi te  t h e s e  somewhat 

a r b i t r a r y  c o n s t r a i n t s  it i s  f e l t  t h a t  t h e  method presented  can be  extended t o  

o t h e r ,  equal ly  a r b i t r a r y  systems. 



Consider t h e  p ipe  flow system i n  ques t ion  d iv ided  i n t o  N equal ly  spaced 

imaginary annular  elements. I f  N i s  l a r g e ,  it may b e  argued with some v a l i d i t y  

t h a t  t h e  turbulence  contained wi th in  each ind iv idua l  element i s  approximately 

homogeneous. As such t h e  theory  developed i n  t h e  previous s e c t i o n  may be  appl ied  

i n  a  piece-wise manner t o  each element s o  t h a t  an a x i a l  au tocor re l a t ion  may be  

w r i t t e n  f o r  each. 

Here Q (w ) i s  t h e  p a r t i c l e ' s  response funct ion  der ived  from t h e  p a r t i c l e  z 0 

equat ion of  motion (see  Jones e t  a 1  1971 and 1972). Notice t h a t  i n s o f a r  a s  t h e  

p a r t i c l e  i s  concerned t h e  inhomogenity of t h e  underlying f l u i d  flow i s  f e l t  

p r imar i ly  through t h e  f l u i d  energy spectrum c h a r a c t e r i s t i c  of each element,  

Ff ,= (wo,i) .  Some s l i g h t  i n f luence  i s  a l s o  f e l t  through . The average c o r r e l a -  4 
t i o n  experienced by t h e  p a r t i c l e  w i l l  t hus  be a  funct ion  of  t h e  -amount o f  t ime 

spent i n  each annular  element 

3 where T, 
V * 

r e p r e s e n t s  t h e  f r a c t i o n  of  t h e  t o t a l  t ime,  T, t h e  p a r t i c l e  

t h e  ith element. N o n a l i z a t  ion  c o n s t r a i n t s  r e q u i r e  : 

spends 

&=I  

In  a  p ipe  where r a d i a l  symmetry i s  app l i cab le  we allow t h e  summation i n  

Eq. (3.3-2) t o  go t o  an i n t e g r a l  over  t h e  r a d i a l  coordina te  a s  t h e  number of 



in te rva l s  goes t o  i n f i n i t y ,  The amount of time the  p a r t i c l e  spends i n  each 

region i s  replaced by t he  dimensionless rad ia l  posi t ion probabi l i ty  density 

function. 

P rob ( r ,  r + d r )  = Pir) d7 

where 

and R i s  the  ins ide  radius of t he  pipe. 

Using the  above def ini t ions  Eq .  (3.2-1) can be wri t ten  as 

Here Rp,{cl) i s  the  homogeneous ax ia l  p a r t i c l e  autocorrelat ion function 

determined f o r  a  given value of . The e a r l i e r  theory f o r  pa r t i c l e s  i n  the 7 
range 0.1 < B < 3.0 p red ic t s  t ha t  f o r  homogeneous turbulence - - 

where T i s  the p a r t i c l e  time constant given by 
p*3 



and J i s  t h e  a x i a l  f l u i d  convected t ime s c a l e  and[ i s  t h e  f r e e  f a l l  
A 2. 

parameter  def ined  e a r l i e r .  

For t h e  nonhomogeneous case  cons ide ra t ion  must be  made of  t h e  r a d i a l  

v a r i a t i o n  o f  and 6. Inherent  i n  t h e  parameter 4 i s  t h e  p a r t i c l e  a x i a l  
f ~ 3  1 

/ 8 

rms v e l o c i t y  U . L i t t l e  i s  known about t h e  r a d i a l  v a r i a t i o n  of U i n  
P9 / P$ 

a  p ipe .  From e a r l i e r  (WRC-58) d a t a  and thus  t a r e  cons tan t  t o  a  f i r s t  fit 
orde r  approximation. A s  such no 7 dependence o f  dwill be assumed. E f fec t s  

of  U' v a r i a t i o n  can be  i n v e s t i g a t e d  l a t e r  i f  found t o  be of  importance. 
P8 

Furthermore, J i s  expected t o  be  a  func t ion  o f  t h e  r a d i a l  coord ina te ,  , 9 7 
t h u s  g iv ing  t h e  r e l a t i o n  f o r  a  nonhomogeneous flow 

Est imates  o f  c/ from t h e  t r e n d  o f  d a t a  f o r  t h e  Eu le r i an  t ime macro- 
A t  

s c a l e  suggest  ( see  F ig .  3.3-1) t h a t  t h e  r a d i a l  v a r i a t i o n  o f  t h e  Lagrangian time 

macroscale may be  adequately represented  by a l i n e a r  f i t  of  t h e  form 

o r  a  second o rde r  f i t  o f t h e  form 

where 4, a, , and a r e  f i t  cons t an t s  t o  be  determined exper imenta l ly  and 
2 

J$ (0) i s  t h e  va lue  of t h e  convected t ime s c a l e  a t  = 0  ( t h e  p i p e  c e n t e r l i n e ) .  
'3 

using Eq. (3.3-10),Eq. (3.3-8) may be w r i t t e n  a s :  
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where E q .  (3.3-6) becomes 

and E q .  (3.3-5) can thus  be r e w r i t t e n  a s  

I t  remains now t o  d i sce rn  an appropr i a t e  form f o r  ) The d a t a  from 

experiments a r e  i n s u f f i c i e n t  t o  desc r ibe  a  p r e c i s e  form f o r  

approximate form w i l l  b e  u t i l i z e d  f o r  

A determinat ion o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  p a r t i c l e  r a d i a l  p o s i t i o n  

can be made by appeal ing t o  t h e  phys i ca l  phenomenon under i n v e s t i g a t i o n .  Kada 

and Hanrat ty  (1960) noted a  uniform d i s t r i b u t i o n  o f  s o l i d  p a r t i c l e s  i n  t h e i r  

experiments.  Indeed, f u l l y  suspended d i l u t e  two phase flows a r e  q u i t e  o f t en  

homogeneously d i s t r i b u t e d .  Assuming a  uniform d i s t r i b u t i o n  o f  p a r t i c l e s  p e r  

u n i t  c ros s  s e c t i o n a l  a r ea  of t h e  p ipe ,  t h e  p r o b a b i l i t y  o f  f i n d i n g  a  p a r t i c l e  

i n  a  r a d i a l  increment d r  about i s  p ropor t iona l  t o  t h e  annular  a r ea  a t  P 
seen i n  Fig.  3.3-2. 

Thus t h e  normalized form f o r  t h e  uniform d i s t r i b u t i o n  p r o b a b i l i t y  func t ion ,  





To accu ra t e ly  p r e d i c t  t h e  a c t u a l  experimental  r e s u l t s  from t h e  p re sen t  system 

account must be  taken of t h e  experimental r e j e c t i o n  o f  p a r t i c l e  runs i n  which 

t h e  p a r t i c l e  t r a j e c t o r y  swerves out of t h e  c a l i b r a t e d  "core" reg ion  o f  t h e  p ipe .  

Runs with a  mean r a d i u s  near  zax, t h e  r a d i a l  l i m i t  o f  t h e  c a l i b r a t e d  core  

r eg ion ,  have a  l a rge  p r o b a b i l i t y  of being ins tan taneous ly  ou t s ide  Y(max and t h u s  

being r e j e c t e d  dur ing  a n a l y s i s .  The l a r g e s t  o f  t h e  mean r a d i i ,  , appearing r. 
i n  t h e  experimental d a t a  a r e  somewhat l e s s  than  t h e  maximum allowed r a d i u s ,  

Tmax. I f  f o r  each run a Gaussian d i s t r i b u t i o n  of  ins tan taneous  r a d i a l  p o s i t i o n s  
- 

about t h e  mean r r i s  assumed, t hen  t h e  maximum mean r ad ius  seen i n  a  his togram 
n 
1; 

p l o t  w i l l  he  about gax -dp, where er i s  t h e  var iance  of  t h e  va lues  about 
- - 

. That i s ,  about 33 percent  of  t h e  runs with 
7 

Z Tp= gx -dr w i l l  be  r e j e c t e d  

a s  being beyond t h e  "core" boundary a s  shown i n  F ig .  3 . 3 - 3 .  

A s  t h e  mean r a d i a l  p o s i t i o n  moves c l o s e r  t o  7. rmax, t h e  p a r t i c l e  run has  

an inc reas ing  p r o b a b i l i t y  of r e j e c t i o n .  The p r o b a b i l i t y  of  r e j e c t i o n  i s  two 
- 

t imes t h e  a r e a  o f  t h e  Gaussian def ined  by(rr,a;), t h a t  i s  o u t s i d e  

i s  p i c t u r e d  i n  Fig.  3 . 3 - 4 .  

Thus, 

g(7)= p r o b a b i l i t y  of  acceptab le  run = (1  - prob.  o f  r e j  .) 

= 1 - 2(a rea  of Gaussian ou t s ide  ymax) 

- 
o r  we can l e t  be  redef ined  a s  . P 7 

e(?) i s  shown i n  F ig .  3 . 3 - 5 .  
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and 

By evalua t ing  t h e  i n t e g r a l  i n  E q .  (3.3-21) it i s  found a f t e r  some ca lcula-  

t i o n  

where 

and 

/ 

The above equations a r e  v a l i d  only f o r  r# O o r  a # 0.  The i n t e g r a l  i n  

E q .  (3.3-21) must be evaluated i n  a  d i f f e r e n t  manner f o r  t h e  case r= 0. For 

r= 0 i n  E q .  (3.3-21) : 





~ u t  t h i s  i n t e g r a l  i s  simply defined by ~ q s  . (3.3-19) and (3.3-20) . 
Thus, ( ~ + ( O P  = 1 as  it should be f o r  an au tocor re l a t ion ,  

A comparison between t h e o r e t i c a l  p red ic t ions  f o r  t h e  a x i a l  p a r t i c l e  auto- 

c o r r e l a t i o n  funct ion ,  R (T), is shown i n  Fig.  3.3-7. The curves shown 
Psj 

a r e  based on ca l cu la t ions  from Eq. (3.3-6) f o r  t h e  homogeneous theory ,  and 

Eq. (3.3-22) f o r  t h e  modified uniform theory .  Typica l ly  observed experimental 
C 

values  were used f o r  t h e  input  parameters [,d, 7,  c$ and Fax. The 

modified uniform theory  p r e d i c t s  a  smal le r  t ime macroscale than  t h e  homogeneous 

theory .  This  i s  an important r e s u l t  e s p e c i a l l y  f o r  p a r t i c l e s  with low f r e e  . 

f a l l  v e l o c i t y  and w i l l  be discussed f u r t h e r .  

3 .4 Anisotropic Flow 

In t h e  case  of  an i so t rop ic  flow systems p red ic t ion  of p a r t i c l e  behavior  

i s  complicated by t h e  r a t h e r  s p e c i f i c  r e l a t i o n s h i p  of  t h e  an iso t ropy t o  t h e  

flow system involved. An approximate engineering model w i l l  t h e r e f o r e  be 

proposed t o  incorpora te  an i so t rop ic  e f f e c t s .  Emphasis w i l l  be placed on 

formalism r a t h e r  than app l i ca t ion  t o  a  s p e c i f i c  case .  

From t h e  general  theory  of l i n e a r  regress ion  it i s  known t h a t  determinat ion 

of c o r r e l a t i o n  between two q u a n t i t i e s  allows a  s t a t i s t i c a l  inference  of one 

from a  knowledge o f  t h e  o the r .  Jn t h e  p resen t  context  t h i s  involves Lagrangian 

p a r t i c l e  motion: 

This  expression must be regarded a s  pure ly  a  s t a t i s t i c a l  one and cannot be  

expected t o  provide information beyond t h a t  i m p l i c i t  i n  l i n e a r  r eg res s ion .  I f  

v e l o c i t i e s  a r e  normalized t o  t h e i r  RMS values Eq. (3.4-1) becomes: 



where t h e  prime denotes normalizat ion and R i j  i s  t h e  zero l ag  time v e l o c i t y  

c o r r e l a t i o n  matr ix.  From t h e  form of Eq. (3.4-2) it i s  evident  t h a t  t h e  v e l o c i t y  

c o r r e l a t i o n  matr ix serves  ( in  a  formal sense) t o  provide a  l i n e a r  transforma- 

t i o n  from one set of  v e l o c i t y  components, r e f e r r e d  t o  a  given s e t  o f  b a s i s  

vec to r s ,  i n t o  another  s e t  of  components r e f e r r e d  t o  t h e  same b a s i s .  Indeed 

the  t ransformation involved i s  an orthogonal one preserv ing  t h e  length of 

t h e  o r i g i n a l  vec to r .  Using s tandard  techniques of matr ix mechanics it i s  

poss ib l e  t o  perform a  p r i n c i p a l  a x i s  t ransformation t o  d iagonal ize  t h e  

v e l o c i t y  c o r r e l a t i o n  matr ix.  Re-normalization of  t h e  r e s u l t a n t  matr ix produces 

a  matr ix which i s  formally s i m i l a r  t o  t h a t  f o r  i s o t r o p i c  flow. 

To fu rn i sh  an engineering approximation t o  incorpora te  an iso t ropy it 

is  suggested t h a t  t h e  var ious  components of  p a r t i c l e  c o r r e l a t i o n  derived 

previous ly  f o r  i s o t r o p i c  flow be s u b s t i t u t e d  i n t o  t h i s  matr ix and an invers ion  

o f  t h e  above process be applied.  Such a  s t e p  i m p l i c i t l y  assumes t h e  i d e n t i t y  

of t h e  p r i n c i p a l  a x i s  matr ix t o  be t h a t  of  i s o t r o p i c  flow. I t  f u r t h e r  r equ i re s  

t h e  t ransformat ion  mat r ix  used i n  t h e  invers ion  process  t o  be a  constant  a s  a  

funct ion of l ag  t ime.  Both of  t hese  assumptions i n  a l l  l i ke l ihood  a r e  

approximate and c e r t a i n l y  cannot be  r igo rous ly  j u s t i f i e d .  However, used 

a s  rough p r e d i c t i v e  devices they  should prove. u se fu l .  A f u r t h e r  approximation 

t h a t  should a l s o  be o f  use i s  t h a t  of i n f e r r i n g  t h e  t ransformat ion  matr ix 

from knowledge o f  t h e  more r e a d i l y  obta inable  f l u i d  v e l o c i t y  c o r r e l a t i o n  mat r ix .  

Although not  a s  accura te  such a  procedure should provide an acceptable measure 



4 1 
I 

$ 

I 

o f  t h e  a c t u a l  t ransformat ion  mat r ix .  
J 
i 
1 An unavoidable shortcoming o f  t h i s  approach, r e l a t e d  d i r e c t l y  t o  i t s  
\ 

empiricism, i s  t h e  i n a b i l i t y  o f  such a  model t o  inc lude  e f f e c t s  due t o  
I 

I 
p a r t i c l e  s i z e .  Once t h e  t ransformat ion  mat r ix  i s  known t h e  i s o t r o p i c  mat r ix  

i can e a s i l y  be  inve r t ed  t o  allow p r e d i c t i o n  of t h e  a n i s o t r o p i c  s i t u a t i o n .  

However, s i n c e  t h i s  t ransformat ion  i s  dependent s o l e l y  upon t h e  s t r u c t u r e  

1 of t h e  a n i s o t r o p i c  flow no f u r t h e r  e f f e c t s  due t o  p a r t i c l e  s i z e  beyond those  
! 

included i n  t h e  i s o t r o p i c  express ions  can be  incorpora ted .  Recent experimental 

1 evidence presented  i n  Chapter Two sugges ts  s i z e  t o  be  a  d e f i n i t e  f a c t o r  a t  

l e a s t  i n s o f a r  a s  l a t e r a l  v e l o c i t y  c o r r e l a t i o n  i s  concerned. The i n a b i l i t y  

of t h e  p re sen t  approach t o  inc lude  such behavior  must be regarded a s  an 

i i n d i c a t o r  of  i t s  l i m i t a t i o n s .  



4. MODEL VERIFICATION AND APPLICATIONS 

4.1 Prediction of Particle Free Fall and Inertial Effects 

In examining the nature of the combined influence of free fall velocity and 

inertial effects, we have developed a model which incorporates these through 

the parameter's T B and 5 introduced in Section 3.2. The FFP series provides 
P>' 

experimental information against which the model is compared. In addition, other 

experimental data in the open literature enables a wider range of parameterization 

verification of the model. 

For the case in which a uniform axial drift velocity, f; an isotropic, 

homogeneous fluid turbulence fluid field, ufii; a particle response function, Q(wo); 

and a range on the particle density parameter of 0.1 - < B - < 3.0, the theory developed 

by Meek (1972) and presented in Section 3.2 is valid. Equation (3.2-9) can then be 

approximated directly as 

where 

and is given by Eq. (3.2-8). For the full range of the density parameter 

(0.0 - < - < 3.0) the simplified result of Eq. (4.1-1) does not hold for B < 0.1 

and the more detailed results of Meek (1972) should be consulted. 

By following Taylor (1921) the dispersion for the various i-directions can 

be obtained using R (T) in the expression 
pi f i r  

x2it) f i ~  = 2 up.i / / / R  iadrdT. (4.1-3) 
0 0 P ~ L  

Substituting R (T) from Eq. (4.1-1) gives the axial particle dispersion as 
pti 



Assuming the turbulence to be isotropic the corresponding lateral dispersion 

is given by 

where 

Meek and Jones (1973) have presented the parallel development for small, 

heavy particles where 8+0 but f is finite. The corresponding correlation and i 

dispersion relations in the axial and lateral directions are: 

J and --- 

where 



A direct comparison of these predictions with lateral correlation and dis- 

persion measurements presented by Snyder and Lumley (1971) shows good agreement. 

Figure 4.1-1 shows the lateral correlations for sets of their experimental data 

in comparison to predictions by Eq. (4.1-8). Although perfect agreement is lacking 

the trends and functional behavior of the predictions are correct. The corres- 

ponding dispersions predicted by Eq. (4.1-10) for two of their sets of data are 

compared in Fig. 4.1-2 and excellent agreement is observed. Thus, employing such 

a predictive scheme with reasonable estimates of the fluid turbulence structure 

(uf:z and J+) and of the particle characteristics (a, 8, f Z) should provide ac- 

ceptable dispersion predictions for many practical applications. Since 

isotropic turbulence has been assumed, the lateral Lagrangian integral time scale 

for the fluid turbulence structure, is half the corresponding axial value, 
9' Jzz 

To demonstrate the effects of crossing trajectories brought in by finite 

free fall velocities, examinations of the ratio of particle-to-fluid integral 

time scales employed is useful. Defining the integral time scale for the particle 

the ratio of scales for the axial direction is given by 

This relation shows that as fz increases the 'particle integral time scale rapidly 

decreases. The inertial effects, through 5, tend to increase T and even 
'l 'l RZ 

L 
dominate the relation when fzL < u . Figure 4.1-3 shows the predicted ratios 

P9 
for the three cases of Snyder and Lumley considered earlier and demonstrates the 

need to consider the inertial effects in these low B cases. 
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Fig. 4.1-3 Comparison of Analytical Predictions of In tegra l  Time Scales with Measurements 

of Snyder and Lumley (1971): Solid Line, with I n e r t i a l  Effects ;  Dashed Une, 
Neglecting I n e r t i a l  Effects .  



For the range of B near unity, where the free fall parameterization can 

readily be varied with particles of a few millimeters diameter, both the FFP 

and SP series data can be used to check the proposed models for particle correla- 

tion, dispersion and integral time scale. The data obtained by Howard (1974) 

is presented in Appendix B in which the FFP and SP series R (T) for axial, 
qi 

radial and azimuthal direction are compared for each series. The corresponding 

computer presentation of other statistical quantities is also included. 

To illustrate the agreement of Meek's theory with experimental results 

the axial particle autocorrelation is compared with data for FFPl including a 

comparison with an additional evaluation with the radial distribution of particles 

included (Modified Uniform theory) which has been discussed in Chapter 3. (See 

Fig. 4.1-4). Due to the relatively large size of the particle to the lateral 

turbulence scale the use of isotropy in the theoretical prediction of the lateral 

particle correlations is in significant disagreement with observations. Figure 

4.1-5 compares predicted and observed axial dispersion for FFPl and shows excellent 

agreement. This was generally found to hold for axial dispersion for positive 

free fall particles but not for large negative free fall cases. The specific 

reason for this lack of agreement is not resolved. 

Results with P = 0.75 and B - 1.1 and with 3 mm and 5 mm diameter particles 
have been attempted in this apparatus, but difficulties with either very rapid 

transit times or very long transit times for the two B-values, respectively, have 

prevented procurement of reliable data with adequate resolution. Some preliminary 

data for a 5 mrn particle with B=0.73 are included with the F F P series data in 

Appendix B. But inadequate resolution prevents establishment of specific trends 

from being affirmed for the extension of the B parameter. 







5 1 

4.2 Prediction of Particle Size Effects 

The theory developed in Chapter 3 basically deals with the prediction of 

particle motion in the axial direction. We have seen in Chapter 2 that 

turbulence is a three dimensional phenomena with three dimensional structure. 

For the lateral directions it was more difficult experimentally to fulfill the 

theoretical requirement that the particle must be small compared with the micro- 

scale of the turbulence than was the case for the axial direction. If the 

particle size does not fulfill this requirement, what method can be used to help 

predict particle motion? It is believed that as the particle size becomes smaller 

and smaller, its response becomes more like a fluid particle. For the axial 

direction and for particles of finite size but smaller than the turbulent micro- 

scale, the size variation of particle motion enters in the parameter a. For 

the case of particles somewhat larger than the fluid spatial microscale (as 

occurred for lateral directions where scales are smaller) we make recourse to 

experiments to yield empirical data. 

Data from the SP-Experiments are plotted in Fig. 4.2-1. Table 4.2-1 provides 

background time scales. We can see that our expectations are verified. As the 

particle size becomes smaller (a gets larger) the particle time scale ratio 
f,z 

T,z/G,r tends toward the limit expected for fluid particles. The data of Sabot, 

Renault C, Compte-Bellot (1973) suggests for turbulence in a pipe with pipe Reynolds 

5 number of 1.35 x 10 that the fluid time scale ratio is 

as shown in Fig. 4.2-1. An empiricle fit to these data yields 

Thus for a given size, a, and fluid rnacro~cale,~~,~, we may calculate the 

ratio T /T If we estimate T from the theory as developed in Chapter 3, 
P,Z p,r' P9Z 
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Figure 4.2-1 Ratio of Axial-to-Lateral Integral Time Scales 
for Fluid and for Particles. 

Table 4.2-1 Axial-to-Lateral Particle Integral Time Scales 

Particle a 

SP5 (2mm) 2.61 

FFP (5m) .42 

* 
= 1.66 seconds for Re 

pipe = 501000 



we may also estimate a parameter important in predicting the lateral 
p,r) 

dispersion of the particle. Thus, we are able to empirically predict the effect 

of particle size on lateral particle dispersion. This is significant in 

engineering applications particularly to environmental problems in which the 

spread of plumes in the atmosphere and in lakes and rivers is a primary concern 

in meeting dissipation and dilution standards. 

4.3 Applications to Related Problems 

In the controlled experiments detailed observations of fluid and particle 

turbulence were obtained. This will be the exception in engineering applications 

where much of the existing fluid turbulence field is not measured. However, in 

the development of the model, only a few key parameters of the turbulent field are 

required. In general, good estimates can readily be made in boundary layer flows, 

in open channel flows and in plumes for turbulence intensity and integral scales. 

The types of particles with their size distribution are also usually known. These 

are the only ingredients which are needed to predict dispersions when the form 

I 
I of the particle autocorrelation functional is taken to be a single parameter 
i 

exponential. The size and shape parameterizations presented above give good 

1 indication of the range of particle sizes for which the model can be applied with 
1 

accuracy. 

! 
4.4 Procedure For Predicting Dispersion 

1 

1 From the definition of dispersion given by Taylor (1921) and its modification 

by ~amp6 de ~6riet (1939) we observe that particle dispersion is directly related 

to its autocorrelation function 



For very short times compared to the particle time macroscale, t << T we 
p,i 

'L 
note that R (T) = 1 and thus, 

P 

For times very long compared with the particle time macroscale we have 

t > > T  thus 
qi 

P 
t 

For axial dispersion (in the flow direction) the theory of Meek (1972) 

enables T .to be estimated from 
P ,L 

where 

2 This enables us to calculate X (t) for both long and short times compared to 
SZ 

the particle macroscale. For intermediate times we use Meek's relation 
1 

2 to calculate X (t). An example of such dispersion is shown in Fig. 4.1-5. 
I 

pi! 
For dispersion in the lateral direction, the theory of Meek does not apply 1 

directly. However, we can estimate the value of the radial time macroscale, T 
p,r , 1 

from measurements of the spatial structure of our turbulent flow field. We note that d 



where spatial integral scale ratio, Arr/Azz, is determined by analogy with 

measurements in a turbulent flow similar to the flow being considered. The 
-- 

ratio u2 /u2 is likewise estimated or measured, and T is estimated by 
%r 4 2  P,z 

Meek's theory from the Lagrangian fluid time macroscale. 

Thus, lateral dispersion is given by 

and 

for the intermediate times. The functional form for R (T) is not known at 
PF 

this time. However, one possible estimate would be 

The drawback to this estimate is that it has no negative correlation loop commonly 

observed in lateral correlations. Thus, dispersion should be overpredicted by 

this assumed form for R (T) . 
ptr 

It must be noted that in all cases it is assumed that the size of the 

particle is at least several times smaller than the microscale of the turbulence. 

If this condition of smallness is not met, then the lateral dispersion would increase 

because T would increase. Howard (1974) has verified this behavior by experi- 
Qr 

mental evaluation of dispersion for various size particles. 
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For nega t ive ly  buoyant p a r t i c l e s ,  where Meek's theory  seems t o  f a i l ,  a v a i l a b l e  

experimental r e s u l t s  i n d i c a t e  t h a t  d i spe r s ion  i s  approximately equal i n  both t h e  

l a t e r a l  and a x i a l  d i r e c t i o n s .  The time s c a l e  f o r  nega t ive ly  buoyant p a r t i c l e s  i s  

found t o  be l e s s  than  t h a t  of p o s i t i v e  f r e e  f a l l  p a r t i c l e s  of  t h e  same f r e e  f a l l  

Reynolds number by a  f a c t o r  of  0.6. Fur ther  research  i n t o  t h e  behavior of  t h e  

nega t ive ly  buoyant p a r t i c l e s  i s  necessa ry - to  uncover t h e  b a s i s  f o r  t h e i r  unique 

behavior and t o  determine appropr i a t e  procedures f o r  es t imat ing  t h e i r  d ispers ion .  



5. SUMMARY AND CONCLUSIONS 

The t h r e e  phases of t h i s  r e sea rch  s tudy have p r imar i ly  emphasized t h e  

behavior of  s i n g l e  p a r t i c l e s  suspended i n  a  tu rbu len t  f l u i d .  This  work r e l a t e s  

1 d i r e c t l y  t o  d i l u t e  suspensions of  small p a r t i c l e s  where p a r t i c l e - p a r t i c l e  i n t e r -  

1 a c t i o n  i s  n e g l i g i b l e  and where p a r t i c l e  loadings have n e g l i g i b l e  inf luence  on 
I 

t h e  f l u i d  turbulence  s t r u c t u r e .  The r e s u l t s  o f  t h e  s tudy,  t he re fo re ,  form a  

! base t o  which cases  with f i n i t e  p a r t i c l e  loadings can be compared. The e s t a b l i s h -  

ment of such a  base s tudy has been accomplished with t h i s  s tudy.  

! Inf luence  o f  p a r t i c l e  f r e e  f a l l  v e l o c i t y ,  i n e r t i a ,  s i z e  and shape have 

been s tud ied .  Except f o r  p a r t i c l e  shape, a n a l y t i c a l  models have been developed I 
, 

i n  which t h e  phys ica l  c h a r a c t e r i s t i c s  of  t h e  p a r t i c l e  and t h e  s t r u c t u r a l  cha rac te r -  

I 
I i s t i c s  of  t h e  f l u i d  turbulence f i e l d  a r e  incorporated.  These models have been 

t e s t e d  with experimental da t a  obtained i n  s t u d i e s  h e r e  i n  water and with experimental 

r e s u l t s  r epor t ed  i n  t h e  l i t e r a t u r e  f o r  o t h e r  f l u i d s .  Comparisons have been pre-  

sented  i n  Chapter 4 which showed general  confirniation o f  t h e  model. 

In  t h e  experimental s tudy t h e  e f f e c t  o f  p a r t i c l e  shape f o r  f i x e d  volumetr ic  

I 

1 displacement,  us ing  spheres a s  t h e  base, showed no d i sce rnab le  v a r i a t i o n  between 

spheres,  cubes and t e t r ahedrons .  For most small p a r t i c l e s  it i s  concluded t h a t  

1 basing t h e i r  phys ica l  parameters on t h e  d isp laced  volume and d e n s i t y  of  an equiva lent  

l sphere is  a  good approximation. I 
Stud ies  on t h e  e f f e c t s  o f  p a r t i c l e  s i z e  showed t h a t ,  f o r  reasonable agreement 

I 
1 between model p r e d i c t i o n  and observed behavior ,  t h e  p a r t i c l e  diameter  must be 

seve ra l  t imes smal le r  than  t h e  i n t e g r a l  length  s c a l e  of t h e  turbulence  f i e l d .  
1 

' However, i n  cases  where t h e  a x i a l  and l a t e r a l  s c a l e s  o f  turbulence  d i f f e r  s u b s t a n t i a l l y ,  

t h e  p r e d i c t i o n s  of  p a r t i c l e  behavior i n  t h e  d i r e c t i o n  which s a t i s f i e s  t h e  s i z e  - 

s c a l e  c r i t e r i o n  a r e  found t o  be i n  good agreement with observa t ions  where a s  i n  

! 
i t h e  d i r e c t i o n  which v i o l a t e s  t h i s  c r i t e r i o n  s u b s t a n t i a l  disagreement (under p red ic t ion )  

, I 

occurs .  
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Parametr ic  v a r i a t i o n  of  f r e e  f a l l  (heavier  than f l u i d )  p a r t i c l e s  t h e  

a n a l y t i c a l  model was capable of accommodating these  c ross ing  t r a j e c t o r y  e f f e c t s .  

However, c u r r e n t l y  a v a i l a b l e  experimental r e s u l t s  f o r  negat ive  f r e e  fa l l  ( l i g h t e r  

than  f l u i d )  p a r t i c l e s  revea l  s i g n i f i c a n t  discrepancy between observed and pre-  

d i c t e d  behavior.  No r a t i o n a l  explanat ion has been developed t o  expla in  t h i s  

observa t ion .  

P a r t i c l e s  with s u b s t a n t i a l l y  d i f f e r e n t  i n e r t i a l  l e v e l s  than  t h e  equiva lent  

f l u i d  p a r t i c l e  have been s tudied .  Only experimental cases  i n  which t h e  p a r t i c l e  

d e n s i t y  exceeded t h e  f l u i d  dens i ty  have been s tudied .  In  t h e s e  cases  good agree-  

ment was found between model p red ic t ions  and experimental observa t ions .  

For cases  i n  which t h e  p a r t i c l e  drag c o e f f i c i e n t  s u b s t a n t i a l l y  d i f f e r s  from 

t h e  Stokes1 (viscous dominated) case,  a  means of accounting f o r  t h e  dev ia t ion  

between them has been developed by Jones,  Ostensen and Meek (1973). 

The r e sea rch  has a l s o  provided a unique s e t  of experimental d a t a  of spec i f i ed  

accuracy with well  con t ro l l ed  and documented parameter iza t ion  of  p a r t i c l e  parameters 

and f l u i d  f i e l d  s t r u c t u r e .  Because of t h e  d e t a i l e d  s t a t i s t i c a l  s t r u c t u r e  i n -  

cluded i n  t h e  da ta ,  t h e i r  f u r t h e r  use i n  model development and t e s t i n g  i s  a n t i c i p a t e d .  

Prel iminary use has been made i n  extending t h e  ana lys i s  t o  account f o r  non-homogeneous 

f l u i d  turbulence  f i e l d  s t r u c t u r e .  I t  i s  a l s o  a n t i c i p a t e d  i n  f u t u r e  work on non- 

d i l u t e  suspensions t h a t  t h e  observa t ion  of dev ia t ions  of p a r t i c l e  s t a t i s t i c a l  be- 

havior  from t h e  s i n g l e  p a r t i c l e  case  w i l l  be important i n  niodel development f o r  

two-phase flow cases .  

To meet t h e  p r a c t i c a l  ob jec t ive  of t hese  s t u d i e s ,  an engineering model has 

been developed and t e s t e d  which p r e d i c t s  t h e  behavior of p a r t i c l e s  i n  d i l u t e  

suspension i n  f l u i d  turbulence.  Only t h e  prime f e a t u r e s  of t h e  f l u i d  turbulence 

( i n t e n s i t y ,  J u t ' a n d  convect ive i n t e g r a l  t ime s c a l e ,  T ), t h e  p a r t i c l e  phys ica l  
f& 

parameters (diameter ,  d  and r e l a t i v e  dens i ty  p /pf)  and p a r t i c l e  f r e e  f q l l  v e l o c i t y  
P ' ' P 



(fi) are necessary inputs to the model. It has been shown that for most practical 

applications these quantities can be readily estimated or measured. Thus, dispersion 

of particles emitted from stacks into the atmospheric boundary layer, of sand or 

other suspended particulate in streams and of water droplets from spray nozzles or 

from cooling towers can be predicted from this model. Such predictions are of 

prime importance in the areas of water pollution via sedimentation, particle 

transport and oxygenation as well as in atmospheric dispersion. The latter relates 

directly to methods prescribed by the Environmental Protection Agency for evaluating 

the behavior of atmospheric emissions. 



APPENDIX A: EXPERIMENTAL FLUID DATA 

Understanding underlying turbulent flow field in which the particles move 

is of major importance in predicting particle motion. For this reason we include 

some important measurements made in the turbulent pipe flow at a Reynolds number 

of about 50,000 which was used during all particle experiments. 

The mean axial fluid velocity profile is shown in Fig. A-1 compared with the 

results of Laufer (1954). Figure A-2 shows the axial fluid turbulent intensity 

profile in the pipe as well as radial and azimuthal intensity obtained by Burchill 

(1970) in fully developed pipe flow at Re = 50,000. The core flow used for 

particle measurements is the region from the pipe centerline to a radius of 7 cm 

or r/R = 0.76. The fluid convected frame time macroscale, JQ is shown in Fig. A-3. 
Radial variation of the axial fluid space macroscale A is shown in Fig. A-4. These z z ' 
measurements were made with two hot film anemometers separated axially in the pipe 

flow as described by Howard (1974). Corresponding measurements for radial separation 

of the two probes gave Azr for probe separations about r/R=O and r/R=0.276 of 

0.476 inches and 0.61 inches, respectively. The Eulerian time macroscale and micro- 

scale are presented in Fig. A-5 as taken by Meek (1972). 













APPENDIX B: EXPERIMENTAL PARTICLE DATA 

This Appendix presents particle data obtained by Howard (1974). The earlier 

data of Meek (1972) as well as the data for the shape studies have been presented 

earlier by Jones et al. (1972) and are not repeated here. Tables B-1, B-2, 

B-3 and B-4 present the physical properties, quiescent behavior, statistical 

behavior (including mean, variance, macroscale, microscale and model structure) 

of the particles in the FFP and SP series experiments. Figures B-1 through B-11 

include the ensembled autocorrelations and spectra for each of the series of 

particle experiments. A comparison of the R R and R for each series is 
PZ' Pr PO 

included in Figs. B-12 through B-17. For further details the reader is referred 

to the theses of Meek (1972) and Howard (1974). 



Table B-1: Physical Propert ies  and Quiescent Dynamic Behavior f o r  the  FFP and SP Ser ies  

Reynolds Quiescent Quiescent Approx. Size Density 
Se r i e s  Diameter Density Number Free F a l l  Vel. Drag Coeff. Weight Parzmeter Pa rmete r  

d ( m J  P ~ ( ~ / c c )  R ~ Q  fQ(cn/sec) 'D,Q (mg) ct ( sec-I) B 

FFPS 5 . 1.55 1498 26.1 0.54 101.5 0.42 0.7317 

S P ~ A  ,C ,D 6.5 1.0065 198 2.65 0.79 1W.o 0.25 0.9957 

SP3 4 1,0142 130 2.83 O a 9 3  33.6 0.65 0.9906 

SP4 3 1.0256 110 3.17 1.00 14.1 1.16 0.9832 



Table B-2: S t a t i s t i c a l  Quanti t ies  f o r  P a r t i c l e s  i n  %he FFP and SP Ekperlments 

Number Mean Posi t ion rms Posi t ion Mean Velocity ms Velocity 

Se r i e s  of Runs r 8 r ' 8 ' 

FF'P4 24 4.35 2.84 0.90 0.46 . O l  -.O4 0.45 73 .94 2.48 

mP5 26 3.56 3.00 0.81 0.48 .01 -.03 2.60 .69 .81 1.92 

FFPS 25 3.62 3.50 0.97 0.82 -11 -.09 23.2 2.50 2.28 5.19 
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Table B-4: T u r b a e n t  Dynamic Behavior f o r  the FFP and SP Series 

Series f,(c Jsec) "eT C~ ,T 9 f T*( sec) 
P 

FFPS 

- 
* J f , Z  

= 1.66 seconds = 





Fig. B-2. Part icle Autocorrelations and Spectra f o r  FFP2A Par t i c le .  









Fig.  B-6. P a r t i c l e  Autocorre la t ions  and Spect ra  f o r  FFP5 Particle. 





Fig. B-8.  ~ L t i c l e  Autocorre la t ions  and Spect ra  f o r  SP2A,C,D Particle. 
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Fig. B-10 Particle Autocorrelations and Spectra for SP4 Particle. 
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Fig. B-12 A x i a l  Pa r t i c le  Autocorrelations f o r  the F2T Series. 



Fig. B-13 Radial P a r t i c l e  Autocorrelations f o r  t h e  FFP Ser ies .  











APPENDIX C: DATA PROCESSING PROCEDURES AND TECHNIQUES 

C.l Fluid Measurement System and Data Processing 

Fluid turbulence measurements were obtained in a closed loop system 

shown schematically in Fig. C.l-1. Water is pumped from the storage tank to 

the header tank which provides pump isolation from the test section flow. A 

Borda mouth entrance with vanes, screens and a rake provides the necessary inlet 

conditioning for nearly fully developed and stationary turbulence throughout 

the 17 feet long test section. The exit elbow is treated with a honeycomb resis- 

tance to prevent flow asymmetry at the test section outlet. Steady flow and 

temperature control were provided to insure retention of calibration of the 

sensing anemometry and constant fluid properties. 

The test section used for fluid measurements is an aluminum tube of 7.25 inches 

inside diameter with several access ports along its length. The dual ports 

shown as A, B, C, D and E in Fig. C.l-2 are spaced on 3 feet center-to-centers 

with ports A2, A3, B2, B3, C2, and C3 spaced on one side only to provide 1 foot 

center-to-center axial positioning. 

Anemometer sensors were located in traversing mechanisms to provide radial 

separation (Meek, 1972) or axial separation (Howard, 1974). For radial separation 

ports 1, E, D, C, B, A and 0 can be employed with 1, A and 0 providing traverses 

across two orthogonal diameters to check for assymmetry. The ports on one foot 

axial separations provided adequate positioning flexibility to examine the convected 

field structure of the turbulence. Several probe support extensions shown in 

Fig. C.l-3 provided variation in axial separation for these measurements. 

Figure C.l-4 schematically shows the orientation of the probes in use with radial 

offset to eliminate upstream probe wake effects. 

The probe supports held standard quartz coated, six-mil diameter, hot-film 

anemometer sensors. Two parallel data channels were used to sense the axial 



Fig. C.1-1 Flu id  Flow Loop Used f o r  F lu id  and P a r t i c l e  Measurements. 
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velocity at each of the two locations. Fig. C.1-5 shows the electronic data 

procurement system employed to record the data. The recorded data was off-line 

processed through appropriate filters, correlation analyzer, rms voltmeter and 

digital voltmeter shown in Fig. C.1-6. Separate and/or superimposed plots of 

autocorrelation and cross correlation data were obtained directly from the cor- 

relation analyzer. Values of selected individual correlation points were 

determined via a digital voltmeter. 

Howard (1974) has explicitly presented procedures for obtaining and processing 

the two-point, space-time correlations in this system including examination 

and correction of upstream probe wake effects and interpretation of the space- 

time correlation data. The procedures are in common use in two-point space-time 

data processing and are not repeated here. Results from the fluid turbulence 

measurements are presented in Appendix A. 

C.2 Particle Measurement System and Data Processing 

The experimental facility used was the same as that used in fluid measure- 

ments (Fig. C.1-1) with the replacement of the 17 feet long aluminum test section 

with smooth transparent lucite section of identical dimensions. Details of the 

system for inserting and retrieving the radioactively labelled test particle have 

been given previously by Jones (1966), Meek (1972), Howard (1974) and Jones, et 

al. (1971, 1972). Descriptions of the position monitoring system and the particle 

manufacture have also been given in these reports. Only a brief presentation of 

the data procurement system will be included so that the discussion of processing 

will be more complete. 

A series of eight photomultiplier tubes with NaI crystals are placed on a 

carriage which traverses the length of the test section at the mean speed of the 

tagged particle as it passes downward through the test section. The geometric 
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location of these sensors provides outputs from pairs of tubes related to the lateral 

(X and Y) and to the axial (Z) location of the particle with respect to a 

calibrated region of the carriage. The carriage axial location is also monitored, 

thus providing a continuous set of signals of particle location in the test 

section. These signals are filtered, differenced and recorded for a series of 

runs with the same parti~le. Analyses are performed on each run and the resultant 

statistical structure values are ensembled to provide an improved statistical 

estimate of the particular particle behavior. Figure C.2-1 shows a schematic 

of this data processing. 

The actual particle position in the imaginary calibrated right circular 

cylindrical region within the test section (radius 6 cm and height 10 cm) is 

determined from the three differenced signals (T,U,V) through third order 

polynomial relations for each cartesian direction as 

= a;, + Q .  L 2 T+4. 63 T 2 + a .  6 4  ~ ~ + a  i5 U + q ,  TU + 

(C. 2-1) 

where I-= X f  -XL (C. 2-2) 

(C. 2-4) 





and aij (i = 1, 3 and j = 1, 20) are coefficients determined from least squares 

fitting calibration data. These calibration data were taken in a stationary test 

system in which the labelled particle was physically placed on radial increments 

of 1 cm from 0 to 6 cm, azimuthal increments of 22.5' from 0' to 337.5' and axial 

increments of 1.27 cm from -5.08 cm to +5.08 cm. From these 1232 positions the 

corresponding T, U and V voltage values were used to obtain the aij coefficients. 

Due to the stability of the monitoring system, and the long half-life of the Co- 

60 particle, calibrations were not required for each series of runs. 

To process the raw analog records of the particle motion, analog-to-digital 

conversion of the continuous signals was done at each milli-second in time. This 

digital information enabled the instantaneous particle position to be evaluated from 

which values of particle velocity were determined in all three coordinate directions. 

From these values the detailed statistical structure of the particle velocity 

was determined which included: mean position, rms position, mean velocity, rms 

velocity and particle turbulent Reynolds number and drag coefficient. In addition, 

the particle autocovariance and power spectral density in all three directions 

were evaluated and ensembled over the runs of the series. 

The particle results were then corrected for bias due to noise which is 

statistically uncorrelated to the true particle behavior. The noise was determined, 

with the particle stationary in the calibration facility, from a series of data 

records which were processed in the same manner as the particle data. Since the 

true particle behavior and the noise are statistically independent, the noise 

can be simply subtracted from the observed particle data results to improve the 

accuracy of the particle turbulent behavior results. Such results are reported 

in Appendix B. 



LIST OF REFERENCES 

Ahmadi, G. and V. Goldschmidt, llAnalytical Prediction of Turbulent Dispersion 
of Finite Size Particles," Technical Report FMTR-70-3, Purdue University 
(1970). 

Basset, A. B., "A Treatise on Hydrodynamics," Dover Publications, Inc., New York, 
2, Ch. 22, p. 285 (1961). - 

Batchelor, G. K., A. M. Binnie and 0. M. Phillips, "The Mean Velocity of 
Discrete Particles in Turbulent Flow in a Pipe," Proceedings of the Royal 
Physical Society-B, - 68, pp. 1095-1104 (1955). 

Binnie, A. M. and 0. M. Phillips, "The Mean Velocity of Slightly Buoyant and 
Heavy Particles in Turbulent Flow in a Pipe," Journal of Fluid Mechanics, 
4, pp. 87-96 (1958). - 

Boussinesque, J., "Theorie Analytique de la Chaleur,ll - 2, p. 224, Gauthier 
Villars, Paris (1903). 

Burchill, W. E., "Statistical Properties of Velocity and Temperature in Isothermal 
and Nonisothermal Turbulent Pipe Flow," PhD Thesis, University of Illinois 
(1970). 

Chao, B. T., "Turbulent Transport Behavior of Small Particles in Dilute 
Suspension," Osterreichisches Ingenieur-Archiv, - 18, pp. 7-21 (1964). 

Corrsin, S. and J. L. Lumley, "On the Equation of Motion for a Particle in 
Turbulent Fluid," Applied Scientific Research, Sec. A, - 6, pp. 114-119 
(1956). 

Friedlander, S. K., "Behavior of Suspended Particles in a Turbulent Fluid," 
American Institute of Chemical Engineering Journal, - 3, pp. 381-385 (1957). 

Hinze, J. O., Turbulence, McGraw-Hill Co., Inc., New York, p. 357 (1959). 

Howard, N. M., llExperimental Measurements of Particle Motion in a Turbulent 
Pipe Flow," PhD Thesis, University of Illinois (1974). 

Howard, N. M., B. G. Jones and C. C. Meek, "Experimental Measurement of Particle 
Dispersion in Turbulent Flow,ll 3rd Biennial Symposium on Turbulence in 
Liquids, Rolla, Missouri (1973). 

Jones, B. G., "An Experimental Study of the Motion of Small Particles in a 
Turbulent Fluid Field Using Digital Techniques For Statistical Data 
Processing," PhD Thesis, University of Illinois (1966). 

Jones, B. G., et al., "Transport Processes of Particles in Dilute Suspensions 
in Turbulent Water Flow-Phase I," University of Illinois Water Resources 
Center, Report No. 40 (1971). 

Jones, B. G., et al., "Transport Processes of Particles in Dilute Suspensions in 
Turbulent Water Flow-Phase 11, University of Illinois Water Resources Center, 
Report No. 58 (1972). 

Jones, B. G., R. J. Ostensen and C. C. Meek, "Linearized Non Stoksian Drag in 



Kada, H. and T. J. Hanratty, "Effects of Solids on Turbulence in a Fluid," 
A.1.Ch.E. Journal, - 6, No. 4, pp. 624-630 (1960). 

Kennedy, D. A., "Some Measurements of the Dispersion of Spheres in a Turbulent 
Flow," PhD Thesis, The Johns Hopkins University (1965). 

Laufer, J., "The Structure of Turbulence in Fully Developed Pipe Flow," 
NACA Report 1174, (1954). 

Lumley, J. L., "Some Problems Connected With the Motion of Small Particles 
in Turbulent Fluid," PhD Thesis, The Johns Hopkins University (1957). 

Meek, C. C., "Statistical Characterization of Dilute Particulate Suspensions 
in Turbulent Fluid Fields," PhD Thesis, University of Illinois (1972). 

Meek, C. C. and B. G. Jones, "Studies of the Behavior of Heavy Particles in a 
Turbulent Fluid Flow," J. of Atmos. Sci., Vol. 30, No. 2, pp. 239-244 
(1973). 

Oseen, C. S., Hydrodynamik, p. 132, Leipzig (1927). 

Peskin, R. L., "Stochastic Estimation Applications to Turbulent Diffusion," 
Stochastic Hydraulics, Proc. of the Int. Symp. on Stochastic Hydraulics, 
University of Pittsburgh Press, Pittsburgh, pp. 251-257 (1971). 

Sabot, J., J. Renault and G. Compte-Bellot, "Space-Time Correlations of the 
Transverse Velocity Fluctuation in Pipe Flow," Physics of Fluids, Vol. 16, 
No. 9, pp. 1403-1405 (1973). 

Shirazi, M. A., "On the Motion of Small Particles in a Turbulent Field," 
PhD Thesis, University of Illinois (1967). 

Snyder, W. H., "Some Measurements of Particle Velocity Autocorrelation 
Functions in a Turbulent Flow," PhD Thesis, The Pennsylvania State 
University (1969). 

Soo, S. L., "Statistical Properties of Momentum Transfer in Two Phase Flow," 
Chemical Engineering Science, - 5, p. 57 (1956). 

Soo, S. L., Fluid Dynamics of Multiphase Systems, Blaisdell Publishing Co., 
Waltham, Massachusetts, pp. 28-29 (1967). 

Taylor, G. I., "Diffusion by Continuous Movements," Proc. London Math 
Society, - 151, pp. 196-211 (1921). 

Tchen, C. M., "Mean Value and Correlation Problems Connected With the Motion 
of Small Particles Suspended in a Turbulent Fluid," Martinus Nijhoff, 
The Hague, Ch. 4, p. 72 (1947). 

Torobin, L. B. and W. H. Gauvin, "Fundamental Aspects of Solid-Gas Flow," 
Canadian Journal of Chemical Engineering, Part I, 37, pp. 129-141, 
Part 11, 37, pp. 167-176, Part 111, 37, pp. 224-23r(1959), Part IV, 
38, pp. 142-153, Part V, 38, pp. 189200 (1960), Part VI, 39, - - 
pp. 113-120 (1961). 

Wandel, C. F., and Kofoed-Hansen, O., "On the Eulerian-Lagrangian Transform in the 
Statistical Theory of Turbulence," J. of Geophy. Res., 67, p. 3089 (1962). 




