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ABSTRACT 

SPATIALLY VARIED OPEN-CHANNEL FLOW EQUATIONS 

Recent development and improvement i n  numerical  t echn iques  and computer 
c a p a b i l i t y  enab les  more a c c u r a t e  numerical  s o l u t i o n s  of s p a t i a l l y  v a r i e d  
f low problems such a s  v a r i o u s  phases  of urban storm r u n o f f s .  Consequently,  
i t  i s  d e s i r a b l e  t o  re-examine fundamental ly  t h e  c o m p e t i b i l i t y  of t h e  f low 
equa t i ons  used i n  so lv ing  unsteady s p a t i a l l y  v a r i e d  f low problems. To 
ach ieve  t h i s  g o a l ,  t h e  c o n t i n u i t y ,  momentum, and energy equa t i ons  f o r  un- 
s t e ady  nonuniform f low of an  incompress ib le  v i s c o u s  nonhorr~ogeneous f l u i d  
w i th  l a t e r a l  f low i n t o  o r  l e a v i n g  a  channel  of a r b i t r a r y  geometry i n  c r o s s  
s e c t i o n  and a l ignment  a r e  formulated i n  i n t e g r a l  form f o r  a  c r o s s  s e c t i o n  
by us ing  t h e  L e i b n i t z  r u l e .  The r e s u l t e d  equa t i ons  a r e  then  t ransformed 
i n t o  one-dimensional form by i n t roduc ing  t h e  nece s sa ry  c o r r e c t i o n  f a c t o r s  
and t h e s e  equa t i ons  can be regarded a s  t h e  u n i f i e d  open-channel f low equa- 
t i o n s  f o r  incompressib1.e f l u i d s .  The f low r ep re sen t ed  by t h e s e  equa t i ons  . 

can b e  t u r b u l e n t  o r  l aminar ,  r o t a t i o n a l  o r  i r r o t a t i o n a l ,  s t e ady  o r  uns teady ,  
uniform o r  nonuniform, g r a d u a l l y  o r  r a p i d l y  v a r i e d ,  s u b c r i t i c a l  o r  super- 
c r i t i c a l ,  w i t h  o r  wi thout  s p a t i a l l y  and tempora l ly  v a r i a b l e  l a t e r a l  d i s cha rge .  
Flow equa t i ons  f o r  c e r t a i n  s p e c i a l  c a se s  a r e  deduced from t h e  der ived  g e n e r a l  
equa t i ons  f o r  t h e  convenience of p o s s i b l e  p r a c t i c a l  u se s .  Convent ional ly  
used va r i ous  equa t i ons  f o r  open-channel f lows  a r e  shown t o  be  s i m p l i f i c a -  
t i o n s  and approximat ions  of s p e c i a l  c a se s  of t h e  g e n e r a l  equa t i ons .  The 
i n h e r e n t  d i f f e r e n c e  between t h e  f low equa t i ons  der ived  based on t h e  energy 
and momentum concepts  i s  d i scussed .  P a r t i c u l a r  emphasis i s  g iven  t o  t h e  
d i f f e r e n c e s  among t h e  energy d i s s i p a t i o n  c o e f f i c i e n t ,  t h e  f r i c t i o n a l  resist- 
ance c o e f f i c i e n t ,  and t h e  to ta l -head  l o s s  c o e f f i c i e n t .  Common h y d r a u l i c  
p r a c t i c e  of u s ing  t h e  Chezy, Manning, o r  Weisbach formulas  t o  e v a l u a t e  t h e  
d i s s i p a t e d  energy g r a d i e n t  o r  t h e  f r i c t i o n  s l o p e  i s  on ly  an  approximat ion.  
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NOT AT I O N  

A = a r e a  o f  channel  c r o s s  s e c t i o n ;  

B = f r e e  s u r f a c e  wid th  o f  channel  c r o s s  s e c t i o n ;  

D = Hydrau l ic  dep th ;  

F = body f o r c e  p e r  u n i t  mass; 

IF = V /m, Froude number o f  channel  f low;  
1 

f  = Weisbach r e s i s t a n c e  c o e f f i c i e n t  g iven  i n  Moody Diagram; 

f  = energy d i s s i p a t i o n  c o e f f i c i e n t  (Eq. 1 1 2 ) ;  
e  

f = t o t a l - h e a d  l o s s  c o e f f i c i e n t  (Eq. 1 1 3 ) ;  
H 

f  = f r i c t i o n a l  r e s i s t a n c e  c o e f f i c i e n t  (Eq. 1 1 1 ) ;  
f  

= g r a v i t a t i o n a l  a c c e l e r a t i o n ;  

H = approximate  t o t a l  head a s  d e f i n e d  i n  Eq. 101; 

HB = t r u e  c r o s s  s e c t i o n a l  t o t a l  head o f  f low measured i n  terms of 
Ya  (Eq. 4 8 )  ; 

H = a r e f e r e n c e  head as d e f i n e d  i n  Eq. 50 ; 
C 

2  
1% = (11 /2g) + (P y ) ,  p i e z o m e t r i c  head ,  w i t h  r e s p e c t  t o  h o r i z o n t a l  

r e f e r e n c e  dakum, of l a t e r a l  f low when j o i n i n g  channel  f low;  

H = c r o s s - s e c t i o n a l  average  p i e z o m e t r i c  head;  
P 

h  = dep th  o f  f low,  measured a l o n g  y - d i r e c t i o n ;  

i, j = o r t h o g o n a l  c o o r d i n a t e  d i r e c t i o n s ,  i ,  j = 1, 2 ,  3 ;  

K = p i e z o m e t r i c  p r e s s u r e  c o r r e c t i o n  f a c t o r  o r  l o c a l  p o t e n t i a l  
energy f l u x  c o r r e c t i o n  f a c t o r  (Eq. 2 5 ) ;  

K' = ambient p i e z o m e t r i c  p r e s s u r e  c o r r e c t i o n  f a c t o r  (Eqs.26 and 3 3 ) ;  

k = d i r e c t i o n  o f  t h e  normal o f  A;  

N = d i r e c t i o n a l  normal of a  s u r f a c e ,  p o s i t i v e  outward; 

P  = l o c a l  p i e z o m e t r i c  p r e s s u r e  w i t h  r e s p e c t  t o  channel  bot tom (Eq. 23) ;  
a l s o ,  w e t t e d  p e r i m e t e r ;  



PL = pL + [ y ( y  C O S ~  + z ) I  , p i e z o m e t r i c  p r e s s u r e  w i t h  r e s p e c t  t o  
h o r i z o n t a l  referenbce Ldatum of  l a t e r a l  f low when j o i n i n g  

channe l  f low; 

P = P  + yz l o c a l  p i e z o m e t r i c  p r e s s u r e  w i t h  r e s p e c t  t o  h o r i z o n t a l  
0 b  ' 

r e f e r e n c e  datum; 

- 
p  = l o c a l  t empora l  mean p r e s s u r e  i n t e n s i t y ;  

pL = p r e s s u r e  i n t e n s i t y  of la tera l  f low when j o i n i n g  channe l  f low;  

q  = r a t e  of l a t e r a l  f low p e r  u n i t  l e n g t h  o f  a ;  

R = h y d r a u l i c  r a d i u s  ; 

1R = pV R / U ,  Reynolds number of channel  f low;  1 

r = normal displacement  of a w i t h  r e s p e c t  t o  s p a c e  o r  t i m e  p r o j e c t e d  
on a p l a n e  p a r a l l e l  t o  A .  p o s i t i v e  outward; 

S  = d i s s i p a t e d  energy g r a d i e n t  (Eq. 54) ;  
e 

Sf = f r i c t i o n  s l o p e  (Eq. 2 7 ) ;  

S = t o t a l  head g r a d i e n t  (Eq. 1 0 2 ) ;  
H 

S = -az / ax ,  channe l  bot tom s l o p e ;  
0 b  

Tij 
= f o r c e  due t o  i n t e r n a l  s t r e s s e s  T a c t i n g  on A (Eqs. 29 and 34) ;  

i j  

t = t ime ;  

U = v e l o c i t y  of l a t e r a l  f low when j o i n i n g  channel  f low;  

- 

i 
= l o c a l  temporal  mean v e l o c i t y  component a l o n g  x  - d i r e c t i o n ;  

i 

u i  = t u r b u l e n t  f l u c t u a t i o n  of t h e  i - t h  component of l o c a l  v e l o c i t y  

w i t h  r e s p e c t  t o  u ' 
i ' 

- 
V = l o c a l  temporal  mean v e l o c i t y  v e c t o r ;  

i 
= i - t h  component of channel  f low v e l o c i t y  averaged o v e r  c r o s s  

s e c t i o n ;  (Eq. 8) ;  

W = a  symbol r e f e r r e d  t o  c o n s e r v a t i v e  work done by i n t e r n a l  and s u r f a c e  
s t r e s s e s  as d e f i n e d  i n  Eq. 51; 

x = l o n g i t u d i n a l  c o o r d i n a t e  a l o n g  channel  bot tom d i r e c t i o n ;  

x = c o o r d i n a t e  a l o n g  i - t h  d i r e c t i o n ;  
i 

y = c o o r d i n a t e  p e r p e n d i c u l a r  t o  x  on v e r t i c a l  p l a n e ;  



z  = e l e v a t i o n  of channel  bottom wi th  r e s p e c t  t o  a  h o r i z o n t a l  
b  

r e f e r e n c e  datum; 

a = c o n v e c t i v e  k i n e t i c  energy f l u x  c o r r e c t i o n  f a c t o r  (Eqs,  44 and 5 2 ) ;  

6 = momentum f l u x  c o r r e c t i o n  f a c t o r  (Eqs. 24 and 32) ;  

6 '  = l o c a l  k i n e t i c  energy f l u x  c o r r e c t i o n  f a c t o r  (Eq. 4 3 ) ;  

y  = s p e c i f i c  weight  of f l u i d ;  

- Ya - Pa% 

5 = unsteady p r e s s u r e  c o r r e c t i o n  f a c t o r  (Eq. 4 6 ) ;  

q = convec t ive  p o t e n t i a l  energy f l u x  c o r r e c t i o n  f a c t o r  (Eqs. 45 and 5 3 ) ;  

9 = a n g l e  between channel  bot tom and h o r i z o n t a l  p l a n e ;  

X = d e n s i t y  c o r r e c t i o n  f a c t o r  (Eqs. 9 and 31) ;  

p = dynamic v i s c o s i t y  o f  f l u i d ;  

p = mass d e n s i t y  of f l u i d ;  

P a  
= c r o s s - s e c t i o n a l  average  mass d e n s i t y  ( ~ q .  6 ) ;  

a = p e r i m e t e r  bounding c r o s s  s e c t i o n a l  a r e a  A ;  and 

T = s h e a r  s t r e s s e s  f o r  i # j ,  normal s t r e s s e s  f o r  i = j ,  (Eq. 1 5 ) .  
i j 





S p a t i a l l y  v a r i e d  open-channel f low can b e  d e f i n e d  as f r e e  s u r f a c e  

f low i n  a  channel  w i t h  i t s  d i s c h a r g e  v a r y i n g  a l o n g  t h e  flow d i r e c t i o n .  I n  

urban s t o r m  d r a i n a g e  sys tems ,  problems of s h e e t  f low under  r a i n f a l l  o r  w i t h  

i n f i l t r a t i o n ,  f low i n t o  road o r  roof  g u t t e r s ,  and r e g u l a t o r  overf low from 

sewers  have been s o l v e d  by u s i n g  s i m p l i f i e d  approximate  forms of  one- 

d imens iona l  e q u a t i o n s  f o r  s p a t i a l l y  v a r i e d  f low.  Other  examples a r e  r o u t i n g  

o f  f l o o d s  w i t h  l a t e r a l  f lows and s i d e  channel  s p i l l w a y s  o r  w e i r s .  By making 

c e r t a i n  assumptions  t h e  s i m p l i f i e d  one-dimensional s p a t i a l l y  v a r i e d  f low 

* 
e q u a t i o n s  can t h e n  b e  s o l v e d  by s t e p w i s e  i n t e g r a t i o n  f o r  s t e a d y  f low (6 )  

and by t h e  method of  c h a r a c t e r i s t i c s  o r  f i n i t e - d i f f e r e n c e  schemes f o r  un- 

s t e a d y  f low.  Discuss ions  and r e f e r e n c e s  on e x c e l l e n t  p r e v i o u s  s t u d i e s  on 

s o l v i n g  t h e  q u a s i - l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  un- 

s t e a d y  s p a t i a l l y  v a r i e d  flow can  b e  found e l sewhere  ( 1 ,  4 ,  1 3 ,  1 9 ,  25, 27) .  

FIowever, wi th  t h e  r e c e n t  r a p i d  p r o g r e s s  i n  computer c a p a b i l i t y  and 

numer ica l  t e c h n i q u e s ,  t h e  p o s s i b i l i t y  of s o l v i n g  more a c c u r a t e l y  open-channel 

f low problems i s  i n c r e a s i n g l y  promising.  Consequent ly ,  t h e r e  is  a renewed 

i n t e r e s t  i n  c r i t i c a l l y  examining t h e  approximat ions  invo lved  due t o  t h e  

assumptions  s o  t h a t  t h e  accuracy  of t h e  numer ica l  s o l u t i o n s  would b e  compat- 

i b l e  w i t h  t h e  approximat ions  invo lved  i n  t h e  e q u a t i o n s .  For example, con- 

v e n t i o n a l l y  used s i m p l i f i e d  s p a t i a l l y  v a r i e d  and o t h e r  t y p e s  of open-channel. 

f low e q u a t i o n s  are a c t u a l l y  f o r  homogeneous f l u i d s  i n  two d imens iona l  o r  

p r i s m a t i c  channe l s .  For  p o l l u t e d  sewer f low,  s t r a t i f i e d  f low i n  c h a n n e l s ,  o r  

f o r  f low i n  e s t u a r i e s ,  such c o n d i t i o n s  o f t e n  cannot b e  s a t i s f i e d  and t h e  

approximat ion invo lved  may n o t  b e  n e g l i g i b l e  f o r  a c c u r a t e  numer ica l  s o l u t i o n s .  

>k 
Numerals i n  p a r e n t h e s e s  r e f e r  t o  cor responding  i t ems  i n  Refe rences .  



Moreover, f o r  h i g h l y  nonuniform o r  unsteady f lows ,  t h e  assumptions  on 

h y d r o s t a t i c  p r e s s u r e  and v e l o c i t y  d i s t r i b u t i o n s  and r e s i s t a n c e  c o e f f i c i e n t  

a r e  o f t e n  ques t i onab l e .  Hence, f u r t h e r  fundamental  c o n s i d e r a t i o n s  on 

s p a t i a l l y  v a r i e d  open-channel f low equa t i ons  appear  t o  be  a p p r o p r i a t e  and 

t ime ly ,  e s p e c i a l l y  i n  view of t oday ' s  i n c r e a s i n g  s o p h i s t i c a t i o n  i n  engi-  

n e e r i n g  de s igns  and s t r i n g e n c y  i n  a v a i l a b l e  money t o  suppo r t  such p r o j e c t s .  

The p r e s e n t  s t udy  is  an  a t t emp t  t o  f o rmu la t e  t h e  c o n t i n u i t y ,  

momentum, and energy equa t i ons  f o r  a n  unsteady s p a t i a l l y  v a r i e d  f r e e  s u r f a c e  

f low of  a n  incompress ib le  v i s cous  nonhomogeneous f l u i d  i n  a channel  o f  a r b i -  

t r a r y  c r o s s - s e c t i o n a l  and a l ignment  geometry by i n t e g r a t i n g  t h e  Reynolds 

equa t i on  of motion o v e r  a  c r o s s - s e c t i o n a l  a r e a  of t h e  channel .  The r e s u l t e d  

equa t i ons  a r e  then  r ep re sen t ed  i n  one-dimensional form and can b e  cons idered  

a s  u n i f i e d  open-channel f low equa t i ons  f o r  incompress ib le  f l u i d s .  Flow equa- 

t i o n s  f o r  s p e c i a l  c a se s  can b e  deduced from t h e  de r i ved  equa t i ons .  By 

c a r e f u l  examination of t h e  r e s u l t e d  equa t i ons ,  t h e  r e s t r i c t i o n s  involved i n  

t h e  conven t i ona l l y  used flow equa t i ons ,  t h e  p h y s i c a l  s i g n i f i c a n c e  of c e r t a i n  - 
terms u s u a l l y  neg l ec t ed ,  and t h e  d i f f e r e n c e  between momentum and energy 

approaches can b e  r evea l ed .  The e x i s t e n c e  of va r i ous  " r e s i s t a n c e "  coef- 

f i c i e n t s  is  a l s o  d i s cus sed .  Hopeful ly ,  through t h e  fo rmu la t i on  and d i s c u s s i o n  

of  t h e  flow equa t i ons  t h e  p r e s e n t  s t udy  w i l l  p rov ide  some new in format ion  on 

t h e  fundamentals o f  one-dimensional open-channel f low equa t i ons .  A s  t h e  

p r e s e n t  s t udy  i s  emphasized on t h e  fo rmula t ion  of t h e  equa t i ons  and examina- 

t i o n  of t h e  p h y s i c a l  c h a r a c t e r i s t i c s  of t h e  terms invo lved ,  no a t t empt  is  

made t o  i n v e s t i g a t e  t h e  numerical  methods t o  o b t a i n  s o l u t i o n s  o f  t h e  de r i ved  

equa t i ons  w i th  any s p e c i f i e d  i n i t i a l  and boundary c o n d i t i o n s .  



11. RELATED PREVIOUS STUDIES 

A l l  b u t  two of t h e  e a r l y  i n v e s t i g a t i o n s  r e l a t e d  t o  t h e  p r e s e n t  

s u b j e c t  on f low e q u a t i o n s  fo rmula ted  were f o r  i n c o m p r e s s i b l e  homogeneous 

f l u i d  i n  two-dimensional o r  p r i s m a t i c  channe l s  and can b e  grouped i n t o  

two c a t a g o r i e s :  ( a )  d e r i v a t i o n  o f  one-dimensional e q u a t i o n s  f o r  open- 

channe l  f low wi thou t  l a t e r a l  d i s c h a r g e  by i n t e g r a t i o n  o f  e q u a t i o n s  of 

motion; and (b)  one-dimensional f o r m u l a t i o n  f o r  s p a t i a l l y  v a r i e d  f low.  

To t h e  knowledge of t h e  w r i t e r  no d e r i v a t i o n  o f  one-dimensional e q u a t i o n s  

f o r  nonhomogeneous f l u i d s  h a s  been p u b l i s h e d .  

I n  t h e  f i r s t  ca tegory  of open-channel f low w i t h o u t  l a t e r a l  d i s -  

c h a r g e ,  much has  been done on f o r m u l a t i o n  of t h e  f low e q u a t i o n s  f o r  incom- 

p r e s s i b l e  homogeneous f l u i d s .  European h y d r a u l i c i a n s ,  by u s i n g  one- 

d imensional  approach,  d e r i v e d  v a r i o u s  forms of open-channel f low e q u a t i o n s  

b e f o r e  t h e  t u r n  of t h e  cen tury  ( 6 ) .  Keulegan (16) was probably  t h e  f i r s t  

one t o  f o r m a l l y  r e p o r t  a  fundamental  d e r i v a t i o n  o f  one-dimensional f low 

e q u a t i o n s  by i n t e g r a t i n g  t h e  e q u a t i o n s  o f  hydrodynamics o v e r  a  c o n t r o l  

volume f o r  a  s t e a d y  f low.  H e  a l s o  showed t h a t  t h e  one-dimensional dynamic 

e q u a t i o n s  can be  d e r i v e d  by u s i n g  e i t h e r  t h e  momentum o r  t h e  energy ap- 

p roaches .  Rouse and McNown (22) v i v i d l y  exp la ined  t h e  d i f f e r e n c e  between 

t h e s e  two approaches .  F a r e l l  (10) f u r t h e r  extended t h e  f o r m u l a t i o n  t o  an  

unsteady c a s e .  

I n  t h e  second ca tegory  of f o r m u l a t i o n  of s p a t i a l l y  v a r i e d  flow 

e q u a t i o n s  by u s i n g  t h e  one-dimensional approach,  Hinds (14) i n v e s t i g a t e d  t h e  

s t e a d y  flow of  w a t e r  from s ide-channel  s p i l l w a y s  by n e g l e c t i n g  f r i c t i o n a l  

r e s i s t a n c e .  Yavre (11) and Camp ( 3 )  each i n c l u d e d  f r i c t i o n a l  r e s i s t a n c e  

i n  t h e i r  s t u d i e s .  l3eij (2) i n v e s t i g a t e d  t h e  c a s e  of f low i n  roof  g u t t e r s .  



Keulegan (17) extended t h e  problem t o  i nc lude  c e r t a i n  uns t ead ine s s  e f f e c t s  

i n  two-dimensional f low. L i  (18) analyzed t h e  c a s e  of s t e a d y  flow i n  a  

t r a p e z o i d a l  channel  w i th  uniform l a t e r a l  in f low,  f i r s t  n e g l e c t i n g  t h e  

f r i c t i o n  r e s i s t a n c e  then  i nc lud ing  i t  by u s ing  Chezy's formula w i th  cons t an t  

r e s i s t a n c e  c o e f f i c i e n t .  T r a d i t i o n a l l y ,  a s  i n  a l l  t h e  p r ev ious ly  mentioned 

s t u d i e s  on l a t e r a l  in f low t h e  momentum approach i s  adopted;  vrhereas f o r  t h e  

case  of  l a t e r a l  ou t f low t h e  energy approach is  used.  Forchheimer (12) and 

De Marchi (8) a r e  be l i eved  t o  be  among t h e  f i r s t  t o  adopt  t h e  energy 

approach t o  d e r i v e  one-dimensional flow equa t i ons  w i th  a r b i t r a r y  assurnp- 

t i o n s  on t h e  t o t a l  head o r  i t s  g r ad i en t  f o r  t h e  ca se  ~f  s t e a d y  f low wi th  

dec r ea s ing  d i s cha rge .  Other e a r l y  s t u d i e s  have been c i t e d  by Chow ( 6 ) .  

L a t e r  Iwagaki (15) adopted a  pseudo-one-dimensional approach by 

exp re s s ing  v e l o c i t i e s  i n  i n t e g r a l s  over  t h e  depth t o  fo rmula te  t h e  unsteady 

two-dimensional f low c o n t i n u i t y  and momentum equa t i ons .  He then  assumed 

t h e  f low t o  b e  l aminar  and neg l ec t ed  t h e  e f f e c t  on momentum f l u x  due t o  

l a t e r a l  in f low t o  s o l v e  f o r  t h e  wate r  s u r f a c e  p r o f i l e .  S toker  (23) f o l -  

lowing s t r i c t l y  t h e  one-dimensional approach, de r ived  a  more e l a b o r a t e  momen- 

tum equa t i on  f o r  unsteady s p a t i a l l y  v a r i e d  flow, a l lowing  v a r i a t i o n  of 

channel  c r o s s  s e c t i o n s ,  and c a r e f u l l y  avoided d i s c u s s i o n  on i t s  app l i c a -  

t i o n  t o  l a t e r a l  in f low o r  ou t f low ca se s .  Chow (7) f u r t h e r  inc luded  

energy approach t o  d e r i v e  one-dimensional unsteady s p a t i a l l y  v a r i e d  f low 

equa t i ons .  Yen and Wenzel (28)  accounted f o r  t h e  v a r i a t i o n s  of p r e s s u r e  

and v e l o c i t y  over  a  c r o s s  s e c t i o n  t o  d e r i v e ,  by cons ide r i ng  t h e  momentum 

a s  w e l l  a s  energy of a  c o n t r o l  volume bounded by two c r o s s  s e c t i o n s ,  one- 

dimensional  momentum and energy equa t ions  f o r  s t e ady  s p a t i a l l y  v a r i e d  

f low.  They n o t  on ly  po in ted  o u t  c e r t a i n  terms i n  t h e  dynamic equa t i ons  

which were p r ev ious ly  neg l ec t ed ,  bu t  a l s o  showed c l e a r l y  t h e  d i f f e r e n c e  



between the and energy approaches .  They f u r t h e r  p o i n t e d  o u t  t h a t  t h e  

t r a d i t i o n a l  r e s t r i c t i o n  o f  u s i n g  momentum approach f o r  l a t e r a l  i n f l o w  and 

energy approach f o r  l a t e r a l  o u t f l o w  i s  unnecessary .  

Another s c h o o l  of r e s e a r c h e r s  i n v e s t i g a t e d  t h e  problem of 

s p a t i a l l y  v a r i e d  f low from t h e  view p o i n t  o f  r a i n f a l l - r u n o f f  r e l a t i o n -  

s h i p s  [ s e e  e . g . ,  Chen and Chow ( 4 ) ] .  I n  t h i s  c a s e  t h e  problem i s  f u r t h e r  

complicated by t h e  d i s c r e t e  n a t u r e  of t h e  l a t e r a l  i n p u t .  However, most 

of t h e s e  s t u d i e s  cons idered  t h e  unsteady f low c a s e .  

Only r e c e n t l y  t h a t  t h e  dynamic e q u a t i o n s  f o r  unsteady s p a t i a l l y  

v a r i e d  f low of incompress ib le  homogeneous f l u i d s  have been fo rmula ted  from 

a  more fundamental  v iewpoin t .  Chen and Chow (4,  5 )  i n t e g r a t e d  Navier-Stokes 

e q u a t i o n  o v e r  t h e  dep th  o f  f low t o  o b t a i n  a  one-dimensional momentum e q u a t i o n .  

However, because  of c e r t a i n  assumptions  invo lved  i n  s h e a r  s t r e s s e s  and 

boundary c o n d i t i o n s  r e l a t e d  t o  t h e  l a t e r a l  f low,  t h e i r  r e s u l t  i s  n o t  s u f f i -  

c i e n t l y  g e n e r a l .  S t r e l k o f f  (24) ,  on t h e  o t h e r  hand, gave an  admirab le  

d e r i v a t i o n  by i n t e g r a t i n g  t h e  e q u a t i o n  of motion and t h e  cor responding  

energy and c o n t i n u i t y  e q u a t i o n s  over  a  c o n t r o l  volume bounded by two c r o s s  

s e c t i o n s .  However, i n s t e a d  of e x p r e s s i n g  each of t h e  terms invo lved  ex- 

p l i c i t l y  h e  lumped c e r t a i n  terms i n t o  a  t u r b u l e n t  c o r r e c t i o n  c o e f f i c i e n t  

and a  p r e s s u r e  c o r r e c t i o n  c o e f f i c i e n t  i n  h i s  r e s u l t e d  one-dimensional 

e q u a t i o n s .  He t h e n  proceeded t o  d i s c u s s  t h e  r e l a t i v e  magnitude of t h e s e  

c o e f f i c i e n t s  and demonstra ted t h e  d i f f e r e n c e s  between momentum and energy 

approaches  f o r  c e r t a i n  s p e c i a l  c a s e s .  He, l i k e  Yen and Wenzel ( 2 8 ) ,  

p o i n t e d  o u t  t h e  r e s t r i c t i o n  of u s i n g  momentum approach f o r  l a t e r a l  i n f l o w  

and energy approach f o r  l a t e r a l  ou t f low is  unnecessary .  However, by u s i n g  

t h e  t u r b u l e n c e  and p r e s s u r e  c o e f f i c i e n t s  i n s t e a d  of e x p r e s s i n g  e x p l i c i t l y  



t he  terms i n  t he  flow equa t ions ,  no t  only c e r t a i n  phys i ca l  i n s i g h t  on 

t h e  e f f e c t s  of uns tead iness  and nonuniformity t o  t h e  flow i s  l o s t , b u t  

a l s o  t h a t  t h e  r e s u l t e d  equat ions cannot r e a d i l y  be  reduced t o  s p e c i a l  

cases  f o r  a p p l i c a t i o n  without  complicated mathematical manipulations. 

Thus i t  i s  c l e a r  t h a t  a l l  t h e  r e l a t e d  previous s t u d i e s  on 

formula t ion  of open-channel flow equa t ions ,  wi th  t h e  except ion  of S t r e l k o f f ' s ,  

a r e  e i t h e r  f o r  s p e c i a l  cases  o r  wi th  c e r t a i n  l i m i t a t i o n s  o r  assumptions.  

The l i m i t a t i o n s  o r  assumptions a r e  u sua l ly  on t h e  geometry of t h e  channel,  

t h e  p re s su re  and v e l o c i t y  d i s t r i b u t i o n s  and t h e  s h e a r  s t r e s s e s  and turbu- 

l ence  of  t h e  flow; i n  o t h e r  words, t h e  e f f e c t s  of nonuniformity and un- 

s t e a d i n e s s  and t h e  s e l e c t i o n  of r e s i s t a n c e  c o e f f i c i e n t .  Fu r the r  l i m i t a t i o n s  

a r e  a l s o  imposed on the  c h a r a c t e r i s t i c s  of t h e  l a t e r a l  flow and t h e  homo- 

gene i ty  of t h e  f l u i d .  Consequently,none of t h e  prev ious ly  formulated 

equa t ions  can be  considered a s  a  genera l  u n i f i e d  open-channel flow equa t ion  

f o r  an incompressible  f l u i d .  



111. CONTINUITY EQUATIONS 

The channel  under c o n s i d e r a t i o n  as shown s c h e m a t i c a l l y  i n  F i g .  1 

h a s  no l i m i t a t i o n  on geometry of c r o s s  s e c t i o n  o r  a l ignment .  The l i q u i d  

f lowing  i n  t h e  channel  i s  i n c o m p r e s s i b l e ,  v i s c o u s ,  and nonhomogeneous; i . e . ,  

bo th  t h e  d e n s i t y  p and dynamic v i s c o s i t y  p of  t h e  f l u i d  may v a r y  from p o i n t  

t o  p o i n t ,  and as a r e s u l t  of convec t ion  of t h e  f low,  from i n s t a n t  t o  i n s t a n t  

a t  any p o i n t ,  b u t  t h e  d e n s i t y  and v i s c o s i t y  of a n  i n f i n i t e s i m a l  i n c o m p r e s s i b l e  

element remain c o n s t a n t  w i t h  t i m e .  The l a t e r a l  f low through t h e  f r e e  s u r f a c e  

such as r a i n f a l l  o r  e v a p o r a t i o n  and through t h e  permeable boundary such as 

i n f i l t r a t i o n  o r  seepage i n f l o w  can v a r y  w i t h  bo th  s p a c e  and t ime  and t h e i r  

f l u i d  p r o p e r t i e s  can a l s o  b e  nonhomogeneous b u t  n e c e s s a r i l y  incompress ib le .  

v o r  a p o i n t  (more p r e c i s e l y ,  an  i n f i n i t e s i m a l  u n i t  volume) i n  a 

t u r b u l e n t  unsteady flow t h e  c o n t i n u i t y  e q u a t i o n  i s  

o r ,  s i n c e  t h e  f l u i d  i s  incompress ib le  (20) - n o t  n e c e s s a r i l y  homogeneous, 

i n  which t is  t ime;  u  is  t h e  l o c a l  v e l o c i t y  component o f  t h e  f l u i d  a long  
i 

t h e  x d i r e c t i o n ;  and t h e  b a r  r e p r e s e n t s  temporal  averag ing  o v e r  t u r b u l e n t  
i 

f l u c t u a t i o n .  R e p i t i t i o n  of t h e  s u b s c r i p t  i i n  a  term i m p l i e s  summation over  

t h e  t h r e e  p o s s i b l e  o r thogona l  c o o r d i n a t e  d i r e c t i o n s ,  i = 1, 2, 3 .  

For  a channel  c r o s s  s e c t i o n  w i t h  an  a r e a  A ( F i g .  2) , t h e  boundary 

c o n d i t i o n  is  - 





i n  which o  is  t h e  p e r i m e t e r  bounding A;  G r e p r e s e n t s  any con t inuous  s c a l a r  

q u a n t i t y  under c o n s i d e r a t i o n  a t  o ,  e . g . ,  G = p f o r  mass c o n s e r v a t i o n ;  and q  

i s  t h e  r a t e  of l a t e r a l  f low i n t o  t h e  channel  p e r  u n i t  l e n g t h  of a ,  hav ing  

a dimension of l e n g t h  p e r  u n i t  t i m e  and b e i n g  p o s i t i v e  f o r  i n f l o w .  I:ote 

t h a t  a l though  q  has  a dimension of v e l o c i t y  i t  is  n o t  n e c e s s a r i l y  e q u a l  t o  

any component of t h e  v e l o c i t y  of t h e  l a t e r a l  f low which may b e  of d i s c r e t e  

n a t u r e  such as r a i n d r o p s .  It s h o u l d  a l s o  b e  no ted  h e r e  t h a t  t h e  o r i e n t a t i o n  

of t h e  c o o r d i n a t e  sys tem x can b e  a r b i t r a r i l y  chosen and i n  g e n e r a l  A i s  a  
i 

f u n c t i o n  of x as w e l l  as of t .  However, i n  p r a c t i c e  a s  a  m a t t e r  of con- 
i 

ven ience ,  i t  i s  u s u a l l y  so  chosen t h a t  t h e  d i r e c t i o n  normal of A c o i n c i d e s  

w i t h  one of t h e  x 's. 
i 

The c o n t i n u i t y  e q u a t i o n  f o r  a channel c r o s s  s e c t i o n  can b e  o b t a i n e d  

by i n t e g r a t i n g  t h e  p o i n t  c o n t i n u i t y  e q u a t i o n  o v e r  A .  By a p p l y i n g  t h e  L e i b n i t z  

r u l e ,  i n t e g r a t i o n  of Eq. 1 y i e l d s  

O r ,  r ~ i t h  t h e  boundary c o n d i t i o n ,  Eq. 3 w i t h  G = p ,  

which i s  t h e  c o n t i n u i t y  e q u a t i o n  i n  i n t e g r a l  form f o r  a channel  c r o s s  s e c t i o n .  



I f  t h e  c ross - . sec t iona l  mean f l u i d  dens i ty  p i s  defined as 
a  

then  Eq. 5 can be w r i t t e n  i n  one-dimensional form as 

i n  which t h e  mean v e l o c i t y  component of t h e  c ros s  s e c t i o n ,  Vi,  i s  defined as  

and t h e  dens i ty  c o r r e c t i o n  f a c t o r  A i s  defined as 

where k r ep re sen t s  t h e  d i r e c t i o n  of t h e  normal of A which does not  neces- I 
J 

s a r i l y  co inc ide  wi th  one of t h e  coordinates  ( i  = 1, 2 ,  3 ) .  Note t h a t  t h e  

s u b s c r i p t s  of A and o t h e r  s i m i l a r  c o r r e c t i o n  f a c t o r s  t o  be defined l a t e r  

a r e  f o r  t h e  purpose of i n d i c a t i n g  t h e i r  d i r e c t i o n a l  na tu re  and r e p e t i t i o n  
I 

of t hese  s v b s c r i p t s  does not  imply summation. For homogeneous f l u i d s  
1 

' k i  
= 1. 1 

1 

Likewise, i n t e g r a t i o n  of Eq, 2 y i e l d s  
1 

I 
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I V  . T'IO14ENTU31 EQUATIONS 

IV-1. Momentum Equat ion i n  I n t e g r a l  Form 

For t h e  channel  and f low c o n d i t i o n ?  d e s c r i b e d  i n  t h e  f i r s t  paragraph 

o f  t h e  p r e c e d i n g  c h a p t e r ,  t h e  momentum e q u a t i o n  f o r  a c r o s s  s e c t i o n  can  b e  

o b t a i n e d  by i n t e g r a t i n g  t h e  Reynolds e q u a t i o n  o v e r  t h e  c r o s s  s e c t i o n a l  a r e a  

A. For a  p o i n t  i n  a  t u r b u l e n t  f low t h e  Reynolds e q u a t i o n  o f  m ~ t i o n  i s  

i n  which F  is  t h e  component of t h e  body f o r c e  p e r  u n i t  mass a l o n g  t h e  x 
i i 

d i r e c t i o n ;  p i s  t h e  l o c a l  p r e s s u r e  i n t e n s i t y ;  and 

i n  which u '  i s  t h e  t u r b u l e n t  f l u c t u a t i o n  of u  w i t h  r e s p e c t  t o  ';;. 
With t h e  a i d  of Eq. 3 and t h e  L e i b n i t z  r u l e ,  i n t e g r a t i o n  of t h e  

l e f t  s i d e  of Eq. 1 4  over  A y i e l d s  



i n  which U = t h e  component o f  v e l o c i t y  of t h e  l a t e r a l  f low a l o n g  x 
i i 

d i r e c t i o n  a t  t h e  i n s t a n t  of j o i n i n g  t h e  channel  f low.  

Likewise ,  

i n  which r i s  t h e  displacement  of t h e  boundary of A w i t h  r e s p e c t  t o  s p a c e  

o r  t ime  a l o n g  t h e  d i r e c t i o n  of t h e  normal N of a  p r o j e c t e d  on a  p l a n e  

p a r a l l e l  t o  A and Ni i s  t h e  i - t h  d i r e c t i o n a l  c o s i n e  of t h e  normal N o f  a ,  

r.7 b e i n g  p o s i t i v e  outward (F ig .  2 ) .  

Fur thermore,  i n t e g r a t i o n  of t h e  las t  t e r m  i n  Eq. 1 4  y i e l d s  

T h e r e f o r e ,  by i n t e g r a t i n g  Eq. 1 4  over  A and w i t h  t h e  a i d  o f  Eqs. 1 6 ,  1 7 ,  

and 1 8 ,  t h e  momentum e q u a t i o n  f o r  a channel  c r o s s  s e c t i o n  i s  

a 
do + -- r dA + [r. . ]  N. do a x  

j  A 
i j 

a  a  1 J  a  J 

I n  a  g r a v i t a t i o n a l  f i e l d  t h e  body f o r c e  can b e  c o n s i d e r e d  d e r i v a b l e  

from a p o t e n t i a l  such t h a t  



i n  which g  i s  t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n ;  zb i s  t h e  e l e v a t i o n  of channel 

bed, i . e . ,  t h e  lowest po in t  i n  t h e  c ross  s ec t ioqmeasu red  from a  r e f e rence  

datumalong the g r a v i t a t i o n a l  d i r e c t i o n ;  y  is  the  d i s t a n c e  normal t o  t h e  

channel bed on a  v e r t i c a l  p lane  measured from t h e  lowest po in t  i n  t he  c ross  

s e c t i o n ;  O i s  t h e  ang le  between t h e  channel bed and a  h o r i z o n t a l  p lane  

(Fig. 1 ) ;  and Soi = - azb/azi i s  t h e  s lope  of channel bed along xi d i r e c t i o n .  

Hence, 

a 
pgy cose dA - a r 

pFidA = gSoi p d A - -  
pgy cQse 7 d a 

axi A 

S u b s t i t u t i o n  of Eq. 2 1  i n t o  Eq. 19 y i e l d s  t h e  fol lowing mQmantum 

equat ion f o r  a  c ros s  s e c t i o n  i n  a  channel of a r b i t r a r y  geometry having an 

unsteady nonuniform f r e e  s u r f a c e  flow of an incompressible nonh~mogeneous 

v iscous  f l u i d  i n  i t  and wi th  s p a t i a l l y  and temporally v a r i a b l e  l a t e r a l  d i scharge .  

i n  which t h e  l o c a l  piezometr ic  p re s su re  P i n  re ference  t o  t h e  channel bottom i s  

P = p 4- pgy cose 



The p h y s i c a l  meaning of t h e  terms i n  Eq. 22 i s  a s  f o l l o w s :  

Tor t h e  d i s c h a r g e  through A and by r e f e r r i n g  t o  t h e  i - t h  component, t h e  

f i r s t  t e rm r e p r e s e n t s  t h e  t ime  r a t e  of change of momentum f l u x ;  t h e  

second te rm i s  t h e  r a t e  of s p a t i a l  change of c o n v e c t i v e  momentum f l u x  of 

t h e  channel  f low;  t h e  t h i r d  t e rm is  due t o  t h e  momentum i n f l u x  o f  t h e  

l a t e r a l  f low;  t h e  f i r s t  term a t  t h e  r i g h t  of t h e  q u a l i t y  s i g n  s imply 

r e p r e s e n t s  t h e  component of t h e  g r a v i t a t i o n a l  f o r c e ;  t h e  second term is  

t h e  r a t e  o f  s p a t i a l  change of p i e z o m e t r i c  p r e s s u r e  a c t i n g  on A ,  t h e  t h i r d  

term r e p r e s e n t s  t h e  component of t h e  f o r c e  due t o a m b i e n t  p i e z o m e t r i c  

p r e s s u r e  a c t i n g  on t h e  boundary s u r f a c e ;  t h e  f o u r t h  t e rm is  due t o  t h e  

change of de format ion  s t r e s s e s  of t h e  f low w i t h  s p a c e ;  t h e  f i f t h  term is 

t h e  component of t h e  e x t e r n a l  s u r f a c e  s t r e s s e s  (such a s  t h o s e  due t o  wind 

o r  l a t e r a l  f low) a c t i n g  on t h e  boundary; and f i n a l l y ,  t h e  s i x t h  t e rm i s  

due t o  t h e  v a r i a t i o n  of d e n s i t y  w i t h  space .  

IV-2. Momentum Equat ion i n  One-Llimensional Form 

I n  o r d e r  t o  t r a n s f o r m  t h e  momentum e q u a t i o n ,  R q .  22 ,  i n t o  one- 

d imens iona l  form, i t  is  necessa ry  t o  d e f i n e  t h e  f o l l o w i n g  c o r r e c t i o n  co- 

e f f i c i e n t s .  The momentum f l u x  c o r r e c t i o n  f a c t o r ,  o r  t h e  Boussinesq 

c o e f f i c i e n t ,  ' k i j  ' f o r  t h e  c r o s s  s e c t i o n  A can be  d e f i n e d  a s  

The p i e z o m e t r i c  p r e s s u r e  c o r r e c t i o n  f a c t o r  K t o  account  f o r  n o n h y d r o s t a t i c  

p r e s s u r e  d i s t r i b u t i o n  i s  d e f i n e d  a s  



i n  which h  is  t h e  dep th  of f low measured above t h e  lowes t  p o i n t  i n  t h e  

c r o s s  s e c t i o n  a long  y  d i r e c t i o n  normal t o  t h e  channel  bed.  I f  t h e  d e n s i t y  

p does n o t  v a r y  w i t h i n  A and t h e  p r e s s u r e  d i s t r i b u t i o n  i s  h y d r o s t a t i c ,  t h e n  

K = 1. By r e f e r r i n g  t o  Eqs. 1 7  and 21, t h e  ambient p i e z o m e t r i c  p r e s s u r e  

c o r r e c t i o n  f a c t o r  qi can b e  d e f i n e d  as 

Again, i f  t h e  ambient p i e z o m e t r i c  p r e s s u r e  a c t i n g  on t h e  boundary o i s  

h y d r o s t a t i c a l l y  d i s t r i b u t e d ,  qi = 1. 

The f r i c t i o n  s l o p e  is  d e f i n e d  as 

Hence, w i t h  t h e  a i d  o f  Eqs. 6 t o  9 and 24 t o  27, Eq. 22 y i e l d s  t h e  f o l l o w i n g  

one-dimensional momentum e q u a t i o n  

- - a 1 a~ gSoi - gSfi - g - (Kh COSO) + (5'- K)gh case - 
axi A axi 



i n  which t h e  f o r c e  due t o  i n t e r n a l  s t r e s s e s  T i s  i j 

I f  t h e  c r o s s  s e c t i o n  i s  t aken  such  t h a t  k  = i = 1 and xl = x 

t h e  g e n e r a l  channel  f low d i r e c t i o n ,  t h e n  t h e  d e r i v a t i v e  of any c r o s s -  

s e c t i o n a l  mean q u a n t i t y  w i t h  r e s p e c t  t o  x  o r  x  is  e q u a l  t o  z e r o .  2 3 

Eq. 28 can b e  s i m p l i f  i e d  a s  
\ 

/ I ,  
1 

\ / I  \ i ' '1 / \ 

avl a V 
A -  

1 aA a (p A V  ) + ( K -  K1)gh cos0 a t  + v (BV,) + (B  - A 1 - - paA ax a 1 

a A a x  1 + g c o s ~  
(- - V A -) - Kgh C O S ~  -- - 'I a t  1 ax ax  

'a 

i n  which 

and S = S = s i n 0 .  
0 0 X 



Equat ion 30 can b e  regarded  a s  t h e  g e n e r a l  one-dimensional 

momentum e q u a t i o n  f o r  open-channel f low of an  i n c o m p r e s s i b l e  f l u i d .  The 

f i r s t  term i n  Eq. 30 i s  due t o  l o c a l  a c c e l e r a t i o n  of t h e  f low.  The second 

and t h i r d  terms r e p r e s e n t  t h e  e f f e c t  of c o n v e c t i v e  a c c e l e r a t i o n ,  due p a r t l y  
r >  > 

t o  t h e  v a r i a t i o n  of channel  geometry and p a r t l y  t o  t h e  s p a t i a l  v a r i a t i o n  
, -  > 

of t h e  d e n s i t y  of t h e  f l u i d .  The f o u r t h  and f i f t h  terms a r e  due t o  a c t i o n  

of t h e  p i e z o m e t r i c  p r e s s u r e .  The f i r s t  t e r m  a t  t h e  r i g h t  of t h e  e q u a l i t y  

s i g n  i s  t h e  e f f e c t  of g r a v i t y .  The second term r e p r e s e n t s  t h e  f r i c t i o n a l  

f o r c e  a c t i n g  on t h e  boundary, i n c l u d i n g  n o t  o n l y  t h a t  p a r t  on t h e  s o l i d  

boundary b u t  a l s o  t h e  stresses a c t i n g  on t h e  f r e e  s u r f a c e  such as t h o s e  

due t o  wind o r  r a i n f a l l .  The t h i r d  term is  t h e  s p a t i a l  change of t h e  

l o n g i t u d i n a l  component of t h e  t o t a l  i n t e r n a l  stresses a c t i n g  on t h e  c r o s s  

s e c t i o n ,  exc lud ing  t h e  p r e s s u r e ,  b u t  i n c l u d i n g  t h e  e f f e c t  of change of 

v i s c o s i t y  of t h e  nonhomogeneous f l u i d ,  and t h i s  t e r m  is  c o n v e n t i o n a l l y  

n e g l e c t e d .  The f o u r t h  term a t  t h e  r i g h t  r e p r e s e n t s  t h e  e f f e c t  of t h e  

l a t e r a l  f low and t h e  las t  t h r e e  terms a r e  due t o  nonhomogeneous d e n s i t y  

of t h e  f l u i d .  Conven t iona l ly  used v a r i o u s  forms of open-channel f low 

e q u a t i o n s  d e r i v e d  based on t h e  momentum concept  are s i m p l i f i c a t i o n s  and 

approximat ions  of Eq. 30. F u r t h e r  d i s c u s s i o n  on s p e c i a l  c a s e s  of Eq. 30 

w i l l  b e  g iven  l a t e r .  



V.  ENERGY EQUATIONS 

V - 1 .  Energy Equat ion i n  I n t e g r a l  Form 

The energy e q u a t i o n  o f  mean motion f o r  a p o i n t  i n  a  t u r b u l e n t  

f low f i e l d  of an  incompress ib le  nonhomogeneous v i s c o u s  f l u i d  i s  

i n  which 

and o t h e r  symbols have been d e f i n e d  p r e v i o u s l y .  

With t h e  a i d  o f  t h e  boundary c o n d i t i o n ,  Eq. 3, w i t h  

G = pvL/2 and t h e  L e i b n i t z  r u l e ,  i n t e g r a t i o n  of t h e  two t e r n s  a t  t h e  l e f t  

of  Eq. 35 y i e l d s  

i n  which U i s  t h e  v e l o c i t y  o f  t h e  l a t e r a l  f low when j o i n i n g  t h e  channel  

f low.  Likewise ,  f o r  t h e  - p r e s s u r e  t e rm i n  Eq. 35, w i t h  t h e  a i d  of t h e  



c o n t i n u i t y  e q u a t i o n  and t h e  L e i b n i t z  r u l e ,  

i n  which p  i s  t h e  p r e s s u r e  i n t e n s i t y  o f  t h e  l a t e r a l  f l ~ w  when j o i n i n g  
L  

t h e  channel  f low and t h e  l a s t  term i s  due t o  u n s t e a d i n e s s  o f  t h e  f low.  

For t h e  l a s t  t e r m  i n  Eq. 35, 

From Eqs. 35, 37, 38, and 39 She energy e q u a t i o n  f o r  a channel  

c r o s s  s e c t i o n  w i t h  area A i s  



I n  a g r a v i t a t i o n a l  f i e l d ,  w i t h  t h e  s p e c i f i c  weight  of t h e  

f l u i d  y = pg, from Eq. 20 and by u s i n g  t h e  L e i b n i t z  r u l e  and E4s 1 and 3 ,  

one o b t a i n s  

s i n c e  a ( z  + y  c o s e ) / a t  = 0.  Hence, from Eqs. 40 and 41, t h e  energy 
b  

e q u a t i o n  i n  i n t e g r a l  form over  a  c r o s s  s e c t i o n  f o r  a nonuniform unsteady 

f r e e  s u r f a c e  f low of an  incompress ib le  nonhomogeneous v i s c o u s  f l u i d  i n  a  

channe l  o f  a r b i t r a r y  geometry and w i t h  s p a t i a l l y  and t empora l ly  v a r i a b l e  

l a t e r a l  d i s c h a r g e  is  

- 
i n  which P = p  + y(y  cose  + zb)  = P + yz i s  t h e  l o c a l  p i e z o m e t r i c  

0 b  

p r e s s u r e ,  and P = pL + [ y ( y  cose  -I- z b ) l L  is  t h e  p i e z o m e t r i c  p r e s s u r e  of 
L 

t h e  l a t e r a l  f low when j o i n i n g  t o  t h e  channel  f low, b o t h  r e f e r r e d  t o  t h e  

h o r i z o n t a l  r e f e r e n c e  datum z  = 0.  

The p h y s i c a l  meaning of t h e  terms i n  Eq. 42 i s  a s  f o l l o w s :  For 

t h e  d i s c h a r g e  through A,  t h e  f i r s t  term is  t h e  t i m e  r a t e  of change of 

k i n e t i c  and p o t e n t i a l  energy; t h e  second and t h e  t h i r d  terms a r e  t h e  r a t e  

of s p a t i a l  change of c o n v e c t i v e  k i n e t i c  and p o t e n t i a l  energy f l u x e s ,  



r e s p e c t i v e l y ,  by t h e  channel  f low;  and t h e  f o u r t h  t e r m  i s  t h e  energy 

i n f l u x  due t o  t h e  l a t e r a l  f low.  The terms on t h e  r i g h t  of Eq. 42 a r e  

a s  f o l l o w s :  The f i r s t  i s  t h e  r a t e  a t  which work is  done due t o  change 

of i n t e r n a l  p r e s s u r e  i n t e n s i t y  o v e r  A ;  t h e  second i s  t h e  r a t e  of s p a t i a l  

change o f  work which is  done by deformat ion s t r e s s e s ;  t h e  t h i r d  is  due 

t o  t h e  work done by e x t e r n a l  s t r e s s e s  on t h e  boundary; and t h e  f o u r t h  

and l a s t  t e rm i s  t h e  r a t e  a t  which work is  done by deformat ion  s t r e s s e s  

t o  overcome t h e  v e l o c i t y  g r a d i e n t s ,  i . e . ,  t h e  r a t e  o f  energy d i s s i p a t i o n .  

T t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  nonhomogeneous n a t u r e  of t h e  f l u i d  is  

n o t  expressed  e x p l i c i t l y  i n  t h e  energy e q u a t i o n .  

V-2. Energy Equat ion i n  One-Dimensional Form 

To t r a n s f e r  Eq. 40 i n t o  one-dimensional form, i n  a d d i t i o n  t o  

t h e  c o r r e c t i o n  f a c t o r s  d e f i n e d  p r e v i o u s l y ,  t h e  l o c a l  k i n e t i c  energy f l u x  

c o r r e c t i o n  f a c t o r  B 1  is def ined  a s  

The c o n v e c t i v e  k i n e t i c  energy f l u x  c o r r e c t i o n  f a c t o r ,  o r  t h e  C o r i o l i s  

c o e f f i c i e n t ,  a can b e  d e f i n e d  a s  
k j  ' 

The l o c a l  p o t e n t i a l  energy f l u x  c o r r e c t i o n  f a c t o r  Q' i s  e q u a l  t o  t h e  

p i e z o m e t r i c  p r e s s u r e  c o r r e c t i o n  f a c t o r  K d e f i n e d  i n  Eq, 25. The convec- 

t i v e  p o t e n t i a l  energy f l u x  c c r r e c t i o n  f a c t o r  Q is  d e f i n e d  a s  
k  i 



i n  which y = p g  i s  t h e  c ross  s e c t i o n a l  average s p e c i f i c  weight of t he  
a  a  

f l u i d .  For homogeneous f l u i d  wi th  h y d r o s t a t i c  p re s su re  d i s t r i b u t i o n ,  

' Iki = 1. F i n a l l y ,  t he  unsteady pressure  co r rec t ion  f a c t o r  5 i s  defined a s  

Subs t i tu t ion  of Eqs. 4 3  through 46 and 25 i n t o  Eq. 4 2  and 

d iv id ing  t h e  r e s u l t  by p Ag y i e l d s  the  one-dimensional energy equation 
a  

per  u n i t  mass of t h e  incompressible f l u i d  

[uiTijIo N do - 1 , -  j A i j  ax. 

i n  which t h e  t o t a l  head of t h e  flow H measured i n  terms of t he  c ross  B 

s e c t i o n a l  averaged s p e c i f i c  weight y i s  
a  

ViVi 
HB = 6 '  - 

2  g 
+ Kh cos 0 + zb 



For a f low c r o s s  s e c t i o n  w i th  i t s  normal a l ong  one of t h e  co- 

o r d i n a t e  d i r e c t i o n  x = x ,  Eq. 47 can b e  s i m p l i f i e d  as 
1 

i n  which 

A = A (Eq. 3 1 ) ,  and t h e  d i s s i p a t e d  energy g r a d i e n t  is  
11 

Equation 49 may b e  cons idered  a s  t h e  gene ra l  one-dimensional 

energy equa t i on  p e r  u n i t  mass f o r  open-channel f low of  a n  incompress ib le  

f l u i d .  L ike  t h e  o r i g i n a l  equa t i on  (Eq. 4 2 )  from which it i s  der ived ,  

t h e  f i r s t  two terms i n  Eq. 49 r e p r e s e n t  t h e  t ime r a t e  of change of  t o t a l  

energy;  t h e  nex t  two terms account  f o r  t h e  convec t ive  energy exchange; and 



t h e  f i f t h  t e rm is  t h e  energy i n f l u x  from t h e  l a t e r a l  f low.  To t h e  r i g h t  

o f  t h e  e q u a l i t y  s i g n  i n  Eq. 49, t h e  f i r s t  t e rm r e p r e s e n t s  t h e  work which 

is done by t h e  change of i n t e r n a l  p r e s s u r e  w i t h  r e s p e c t  t o  t ime r e f l e c t e d  

a s  change of depth  w i t h  t ime;  t h e  second term accounts  f o r  energy d i s s i p a -  

t i o n ;  and t h e  l a s t  term i n c l u d e s  t h e  r a t e  o f  s p a t i a l  change of work which 

i s  done by i n t e r n a l  deformat ion s t r e s s e s  and t h e  work done by e x t e r n a l  

s t r e s s e s  on t h e  boundary,  r e s p e c t i v e l y .  

V-3. One-Dimensional Dynamic Equat ion from Energy Approach 

I n  h y d r a u l i c s ,  a one-dimensional dynamic e q u a t i o n  somewhat s i m i l a r  

t o  t h e  momentum equation.  i s  o f t e n  d e r i v e d  based on t h e  energy approach.  LTn- 

f o r t u n a t e l y ,  because  of t h e  s i m i l a r i t i e s  i n  t h e i r  s i m p l i f i e d  forms, t h e  

e q u a t i o n s  d e r i v e d  r e s p e c t i v e l y  based on t h e  energy and momentum approaches  

a r e  o f t e n  misunders tood and misused i n  s o l v i n g  problems. To f a c i l i t a t e  

l a t e r  d i s c u s s i o n  on t h i s  s u b j e c t ,  t h e  one-dimensional dynamic e q u a t i o n  f o r  

i n c o m p r e s s i b l e  f l u i d s  i s  d e r i v e d  i n  t h i s  S e c t i o n .  

For a channel  c r o s s  s e c t i o n  w i t h  i t s  normal a l o n g  one of t h e  co- 

o r d i n a t e  d i r e c t i o n x  = x  and w i t h  a non-erodible  bed s o  t h a t  b o t h  0 and z 
1 b 

a r e  independent  o f  t ime  and azb/ax = -Soy Eq. 49, a f t e r  d i v i d i n g  by V1 and 

s u b s t i t u t i o n  o f  Eq. 1 2  and r e a r r a n g i n g , c a n  b e  s i m p l i f i e d  a s  



i n  which 2 
I$+ = (U /2g) + (P /y ) is t h e  l o c a l  p iezomet r ic  head, wi th  L L 

r e spec t  t o  t h e  h o r i z o n t a l  datum z = 0 ,  f o r  t h e  l a t e r a l  flow when jo in ing  

o r  l e av ing  t h e  main channel flow, Equation 55 i s ,  n o t  s u r p r i s i n g l y ,  con- 

s i d e r a b l y  more complicated than  any of t h e  convent iona l ly  used corresponding 

equa t ions  (6,  7 ,  28) as a t  t h i s  s t a g e  no r e s t r i c t i s n s  a r e  made on Eq. 55 

provided t h e  f l u i d  is incompressible .  



V I .  SPECIAL CASES FOR NONHOMOGENEOUS FLUIDS 

The c o n t i n u i t y ,  momentum, and energy e q u a t i o n s  d e r i v e d  i n  t h e  

p r e c e d i n g  t h r e e  c h a p t e r s ,  b o t h  i n  i n t e g r a l  and i n  one-dimensional forms,  

a r e  g e n e r a l  e q u a t i o n s  f o r  open-channel f lows  f o r  incompress ib le  f l u i d s .  

The f low can be  t u r b u l e n t  o r  l a m i n a r ,  r o t a t i o n a l  o r  i r r o t a t i o n a l ,  s t e a d y  

o r  uns teady ,  uniform o r  nonuniform, g r a d u a l l y  o r  r a p i d l y  v a r i e d ,  sub- 

c r i t i c a l  o r  s u p e r c r i t i c a l ,  w i t h  o r  w i t h o u t  s p a t i a l l y  and t empora l ly  

v a r i a b l e  l a t e r a l  f lows .  The f l u i d  can b e  nonhomogeneous, such as problems 

i n v o l v i n g  s t r a t i f i e d  f l o w s ,  w a t e r  and thermo p o l l u t i o n s ,  e s t u a r y  s a l i n i t i e s ,  

and l a t e r a l  f low of d i f f e r e n t  f l u i d  p r o p e r t i e s .  The channe l  can b e  of 

a r b i t r a r y  shape and l o n g i t u d i n a l  and l a t e r a l  a l ignment .  I n  f a c t ,  t h e  

channe l  bed can b e  e r o d i b l e  ( i n  t h i s  c a s e  t h e  terms ( K ~ / v ~ )  ( a c o s ~ / a t )  and 

(l /Vl) (8 z / a t )  shou ld  be  added t o  t h e  l e f t  s i d e  of Eq . 5 5 ) .  
b 

However, complete as they  appear ,  t h e s e  d i f f e r e n t i a l  equa- 

t i o n s  cannot  r e a d i l y  b e  used i n  s o l v i n g  e n g i n e e r i n g  problems because  

of t h e i r  h i g h l y  n o n l i n e a r  n a t u r e  and t h e  p r e s e n t  knowledge i n  numerical  

s o l u t i o n  t echn iques  and computer c a p a b i l i t y .  N e v e r t h e l e s s ,  i t  i s  

extremely r a r e  t h a t  such complete e q u a t i o n s  a r e  n e c e s s a r y  i n  e n g i n e e r i n g  

p r a c t i c e ,  a l though  i t  i s  worthwhi le  t o  know what terms can b e  n e g l e c t e d  f o r  

v a r i o u s  c a s e s .  I n  t h i s  c h a p t e r  one-dimensional f low e q u a t i o n s  f o r  c e r t a i n  

s p e c i a l  c a s e s  of incompress ib le  nonhomogeneous f l u i d s  a r e  deduced f o r  t h e  

f low c r o s s  s e c t i o n  w i t h  i t s  d i r e c t i o n a l  normal a long  x d i r e c t i o n .  The 
1 

cor responding  e q u a t i o n s  f o r  incompress ib le  homogeneous f l u i d s  a r e  g iven  i n  

t h e  f o l l o w i n g  c h a p t e r .  These e q u a t i o n s  a r e  deduced f o r  t h e  purposes  of 

p o s s i b l e  easy  a d a p t a t i o n  t o  s o l v e  problems b u t  a l s o  t o  r e v e a l  t h e  assump- 

t i o n s  and l i m i t a t i o n s  invo lved  i n  c o n v e n t i o n a l l y  used e q u a t i o n s .  



V I - 1 .  S teady S p a t i a l l y  Var ied Flow ~f  Nonhomogeneous F l u i d  

For s t e a d y  f low of nonh~mogeneous l i q u i d  w i t h  l a t e r a l  f low,  t h e  

c o n t i n u i t y  e q u a t i o n  can be  ob ta ined '  from Eq.  1 2  as 

O r ,  from Eq. 1 3  

The momentum e q u a t i o n  is  o b t a i n e d  from Eq. 30 w i t h  t h e  a i d  of Eq. 56 t o  

y i e l d  

From Eqs .  49 and 56,  t h e  energy e q u a t i o n  p e r  u n i t  mass i s  



VI-2. Unsteady Nonuniform Flow of Nonhomogeneous F l u i d  

For unsteady f low,  w i t h o u t  l a t e r a l  d i s c h a r g e ,  of nonhomogeneous 

i n c o m p r e s s i b l e  f l u i d ,  t h e  f low e q u a t i o n s  can be  o b t a i n e d  from Eqs. 12 ,  30 

and 49 by dropping t h e  terms i n v o l v i n g  q  and U .  The c o n t i n u i t y  e q u a t i o n  i s  

O r ,  from Eq. 13 ,  

The dynamic e q u a t i o n  based  on momentum approach i s  

A a 2 '1 a I 
-- + -- (SV,) + (S - A ) -- 1 a A  

(paAV1) + (K - K ) h cos0 -- 
g a t  g a ~  yaA ax A ax 

a 1 aTll '1 a h  + - (Kh ~ 0 ~ 0 )  = So - Sfx + -- - - a A (- - V A -) 
ax y  A ax 

a  g  a t  
1 ax 

From Eqs. 49 and 60,  t h e  energy e q u a t i o n  p e r  u n i t  mass i s  



Vx-3.  S teady Nonuniform Flow of Nonhomogeneous F l u i d  

One-dimensional e q u a t i o n s  f o r  s t e a d y  nonuniform f l o w  of non- 

homogeneous l i q u i d  w i t h o u t  l a t e r a l  d i s c h a r g e  can b e  o b t a i n e d  from Eqs. 56 

through 59 by dropping terms i n v o l v i n g  l a t e r a l  f low o r  from Eqs. 60 through 

63 by e l i m i n a t i n g  t h e  uns teady  t e rms .  The c o n t i n u i t y  e q u a t i o n  i s  

d  - (Ap AV1) = 0 
dx a  

Consequent ly ,  

The dynamic e q u a t i o n  based on momentum approach i s  

The cor responding  energy e q u a t i o n  p e r  u n i t  mass i s  



VI-4. Steady Uniform Flow of Nonhomogeneous F l u i d  

For s t e a d y  u n i f o r p  f low of nonhomogeneous f l u i d  w i t h  p a r a l l e l  

s t r e a m  l i n e s  and w i t h o u t  l a t e r a l  f low,  i f  8  i s  a  f u n c t i o n  of x ,  t h e  f low 

e q u a t i o n s  a r e  e s s e n t i a l l y  t h e  same as t h o s e  f o r  t h e  p reced ing  c a s e ,  Eqs. 64 

t o  68. However, i f  8 ,  i . e , ,  t h e  channe l  s l o p e ,  i s  a c o n s t a n t  independent  

of x ,  t h e  c o n t i n u i t y  e q u a t i o n  can b e  expressed  a s  

E s s e n t i a l l y  t h i s  i m p l i e s  t h a t  t h e  f low i s  i n  a  p r i s m a t i c  channe l  and t h e  

dep th  i s  c o n s t a n t .  From Eqs. 67,  69,  23, and 25, t h e  cor responding  dynamic 

e q u a t i o n  bgsed on momentum approach i s  

O r ,  perhaps  more a p p r o p r i a t e l y ,  s i n c e  3; /ax=O, E q .  70 can be w r i t t e n  a s  
1 

2  
Likewise ,  from Eqs. 68, 69,  50,  51,  52,  and 53,  and by n o t i n g  t h a t  V . V  = V1, 

1 i 

one o b t a i n s  t h e  dynamic e q u a t i o n  based on energy approach as 



- - 
Since  u  = ul and aui/ax = 0 ,  Eq. 72 may a l s o  be  w r i t t e n  as i 

Equat ions  70 t o  73 a r e  obv ious ly  d i f f e r e n t  from t h e  cor responding  

e q u a t i o n s  f o r  homogeneous f l u i d s .  Even f o r  a f low w i t h  on ly  l a t e r a l  d e n s i t y  

v a r i a t i o n s ,  i . e . ,  A #  1 b u t  ap/ax=O, o n l y  t h e  f r i c t i o n  s l o p e  i s  e q u a l  t o  t h e  

channel  s l o p e  ( S  = Sfx)  and S  = S / A .  For s t e a d y  uniform f low of a  o  o  e  

homogeneous f l u i d  i n  a p r i s m a t i c  channe l  of c o n s t a n t  s l o p e ,  S = S = S 
o  f  x  e 

and A - 1 .  The d i f f e r e n c e  is due t o  t h e  s p a t i a l  v a r i a t i o n  of t h e  f l u i d  

d e n s i t y  f o r  t h e  nonhomogeneous f l u i d  c a s e .  



V I I .  SPECIAL CASES FOR HOMOGENEOUS FLUIDS 

For  a n  i n c o m p r e s s i b l e  homogeneous f l u i d ,  n e i t h e r  t h e  d e n s i t y  n o r  

t h e  v i s c o s i t y  changes w i t h  e i t h e r  t i m e  o r  space .  Hence, p  = pa and t h e  

d e n s i t y  c o r r e c t i o n  f a c t o r  A ,  a s  d e f i n e d  i n  Eq. 9 ,  is e q u a l  t o  u n i t y .  Con- 

s e q u e n t l y ,  t h e  c o n t i n u i t y  e q u a t i o n  i n  one-dimensional form, Eq. 7  becomes 

It shou ld  b e  no ted  h e r e  t h a t  Eq. 74 i s  i d e n t i c a l  w i t h  Eq. 11 which h a s  been 

d e r i v e d  f o r  nonhomogeneous f l u i d s .  

From Eq. 28, t h e  cor responding  momentum e q u a t i o n  i s  

a aT - 1 a A  1 i j  - gSoi - gSfi - R - (Kh C O S ~ )  + (K;' - K) gh C O S ~  - - + -  
axi A ax i  PA ax 

j 

Likewise ,  from Eq. 47, t h e  energy e q u a t i o n  p e r  u n i t  mass is  

Equat ions  74 t o  76 a r e  p r e s e n t e d  w i t h o u t  s p e c i f i c  r e s t r i c t i o n  

on t h e  o r i e n t a t i o n  o f  t h e  c r o s s  s e c t i o n  a s  they  may b e  u s e f u l  f o r  c u r v i l i n e a r  



flows such as flow in meandering channels. For a flow cross section with 

its directional normal along the direction x = x, the one-dimensional flow 1 

equations can be simplified from Eqs. 74 to 76. Such equations are given 

for the following special cases. 

VIT-1 Unsteady Spatially Varied Flow of Homogeneous Fluid 

For the case of unsteady spatially varied flow of incompressible 

homogeneous fluid in open channels, such as channel flow with rainfall or 

infiltration, the flow equations can be obtained from Eqs. 74 to 76, or 

from Eqs. 12, 30, and 49 by setting X = 1 and p = 
'a 

= constant. The 

continuity equation is 

which is the same as Eq. 13 for nonhomogeneous fluids. 

The momentum equation is 

a aT 
1. 11 

4- g ;j-;; ( ~ h  COS~) = gso - gSfx 4- (78) 

The energy equation per unit mass is 



The c o r r e c t i o n  f a c t o r s  and H and H have been d e f i n e d  i n  Eqs. 32,  48, 
B C 

50, 52, and 5 3  w i t h  p a  = p and X = 1 f o r  homogeneous f l u i d .  Var ious  

s i m p l i f i e d  forms of Eq. 78 have been used t o g e t h e r  w i t h  t h e  corresponding 

c o n t i n u i t y  e q u a t i o n  t o  s o l v e  problems n u m e r i c a l l y .  For example, t h e  con-, 

v e n t i o n a l l y  used unsteady s p a t i a l l y  v a r i e d  flow e q u a t i o n  i n  S t .  Venant 

e q u a t i o n  form ( 1 ,  4 ,  1 3 ,  1 9 ,  25, 27)  i s  

I n  o r d e r  t o  reduce Eq. 78 t o  Eq. 80,  t h e  f o l l o w i n g  assumptions  a r e  n e c e s s a r y :  

( a )  The v e l o c i t y  i s  uniformly d i s t r i b u t e d  over  t h e  c r o s s  s e c t i o n a l  

a r e a  A s o  t h a t  B = 1. 

(b)  The p r e s s u r e  d i s t r i b u t i o n  i s  h y d r o s t a t i c  s o  t h a t  K = K'  = 1. 

( c )  The channel  s l o p e  S and hence 0 ,  i s  c o n s t a n t  independent  of x. 
0 ' 

(d)  The v a r i a t i o n  w i t h  r e s p e c t  t o  t h e  f low d i r e c t i o n  x  of t h e  i n t e r n a l  

normal s t r e s s e s  a c t i n g  on t h e  c r o s s  s e c t i o n ,  aT / a x ,  i s  r e l a t i v e l y  
11 

n e g l i g i b l e .  

These assumptions  e s s e n t i a l l y  r e q u i r e  t h a t  t h e r e  i s  no r a p i d  

changes i n  f low c r o s s  s e c t i o n s .  P a r t i c u l a r l y ,  t h e r e  shou ld  be  no f low sepa- 

r a t i o n  and t h e  f low shou ld  n o t  be  h i g h l y  c u r v i l i n e a r .  I n  o t h e r  words,  Eq. 80 

shou ld  on ly  b e  used f o r  s p a t i a l l y  and t empora l ly  g r a d u a l l y  v a r i e d  f l o w s ,  and 

i t  i s  i n a c c u r a t e  around t h e  r e g i o n  where t h e  Froude number o f  t h e  f low i s  

c l o s e  t o  u n i t y .  For t h e  c a s e s  which t h e  f o u r  r e q u i r e d  assumptions  f o r  Eq. 80 

cannot  b e  approximately  s a t i s f i e d ,  i t  i s  o f t e n  d e s i r a b l e  t o  e v a l u a t e  t h e  

problem from a three-dimensional  view p o i n t  i n s t e a d  of a t t e m p t i n g  t o  e s t i -  

mate t h e  v a r i a t i o n s  of T  and t h e  c o r r e c t i o n  f a c t o r s .  
11 



/ 

The s i m p l i f i e d  c o n t i n u i t y  e q u a t i o n  o f t e n  used t o g e t h e r  w i t h  

Eq. 80 i n  s o l v i n g  problems i s  

The n e c e s s a r y  assumptions  invo lved  t o  reduce  Eq. 77 t o  Eq. 8 1  are as 

f o l l o w s  : 

( a )  The c r o s s  s e c t i o n a l  area A = BD, i n  which B i s  t h e  f r e e  s u r f a c e  

wid th  as d e f i n e d  p r e v i o u s l y  and D i s  t h e  h y d r a u l i c  dep th .  

(b) The channel  i s  s u f f i c i e n t l y  wide s o  t h a t  D w h ;  o r ,  t h e  s i d e  w a l l s  

of t h e  channe l  a r e  s u f f i c i e n t l y  s t e e p ,  s o  t h a t  a ~ / a t  M a h / a t  and 

aD/ax = ah lax .  

( c )  There  i s  no r a p i d  changes o r  d i s c o n t i n u i t y  of t h e  f r e e  s u r f a c e  

w i d t h  w i t h  r e s p e c t  t o  s p a c e  and t ime ,  i . e . ,  bo th  a B / a t  and aB/ax 

terms a r e  r e l a t i v e l y  n e g l i g i b l e .  

Thus, i t  i s  i n t e r e s t i n g  t o  know t h a t  t h e  n e c e s s a r y  assumptions  

f o r  Eqs. 80 and 8 1  a r e  complete ly  d i f f e r e n t  d e s p i t e  t h e  f a c t  t h a t  they  a r e  

o f t e n  used t o g e t h e r  i n  s o l v i n g  problems. Needless  t o  s a y ,  a s o l u t i o n  

o b t a i n e d  by us ing  t h e s e  two e q u a t i o n s  shou ld  have a l l  t h e  assumptions  

invo lved  i n  b o t h  e q u a t i o n s  s a t i s f i e d .  U n f o r t u n a t e l y ,  t h e s e  two e q u a t i o n s  have 

o f t e n  been used i g n o r a n t l y  w i t h o u t  f u l l y  r e a l i z i n g  t h e  assumptions  and l i m i t a -  

t i o n s  imposed. 

The f r i c t i o n  s l o p e  S appear ing  i n  t h e  momentum e q u a t i o n  (Eq. 7 8 ) ,  f x  

and consequen t ly  i n  Eq. 80 i s  o f t e n  mis taken  as t h e  d i s s i p a t e d  energy g r a d i -  

e n t  S  . There  i s  no s i m p l e  way w i t h o u t  making s e r i o u s  assumptions  t o  reduce 
e  

t h e  energy  e q u a t i o n  (Eq. 79) i n t o  t h e  S t .  Venant e q u a t i o n  form. F u r t h e r  

d i s c u s s i o n  on t h i s  s u b j e c t  w i l l  b e  g i v e n  l a t e r  i n  Chapter V I I I .  



VII-2. Steady S p a t i a l l y  Var ied Flow of  Hclmogeneous F l u i d  

For s t e a d y  s p a t i a l l y  v a r i e d  f low of homogeneous f l u i d  hav ing  

c o n s t a n t  d e n s i t y  and v i s c o s i t y ,  t h e  cor responding  f low e q u a t i o n s  can b e  

o b t a i n e d  by dropping t h e  u n s t e a d i n e s s  terms i n  Eqs. 77, 78, and 79 f o r  

t h e  unsteady c a s e  o r  by s e t t i n g  X = 1 and p = p = c o n s t a n t  i n  Eqs. 5 6 ,  
a  

58, and 59 f o r  t h e  s t e a d y  nonhomogeneous c a s e .  The c o n t i n u i t y  e q u a t i o n  

is  

The momentum e q u a t i o n  is  

The energy e q u a t i o n  p e r  u n i t  mass is  

A s  d i s c u s s e d  i n  Chapter 11, many p r e v i o u s  d e r i v a t i o n s  have been 

made by d i f f e r e n t  i n v e s t i g a t o r s  t o  f o r m u l a t e  t h e  f low e q u a t i o n s  f o r  s t e a d y  

s p a t i a l l y  v a r i e d  flow of an  incompress ib le  homogeneous f l u i d .  So f a r  t h e  

most complete e q u a t i o n s  f o r  such f low a r e  t h o s e  d e r i v e d  by Yen and Wenzel ( 2 8 ) .  

To reduce  Eq. 83 t o  t h e  dynamic e q u a t i o n  der ived  from t h e  momentum cons idera -  

t i o n  by Yen and Wenzel (Eq. 12  i n  Ref. 28, w i t h  a p p r o p r i a t e  ad jus tments  f o r  

t h e  d i f f e r e n c e s  i n  d e f i n i t i o n  f o r  q  and t h e  c o r r e c t i o n  f a c t o r s ) ,  t h e  fo l lowing  



assumptions a r e  i m p l i c i t l y  made : 

(a )  The channel  i s  s t r a i g h t  and ve ry  wide,  o r  a l t e r n a t i v e l y ,  be ing  

p r i s m a t i c  w i t h  s u f f i c i e n t l y  s t e e p  s i d e  w a l l s  and no r a p i d  

change of f r e e  s u r f a c e  s o  t h a t  dh/dx " dD/dx >> (D/B)dB/dx, 

and hence 

dA A d h  - W - -  
dx D dx 

(b) The v a r i a t i o n  w i th  r e s p e c t  t o  x  of  t h e  i n t e r n a l  normal s t r e s s  

a c t i n g  on A ,  dT /dx,  is  r e l a t i v e l y  n e g l i g i b l e .  
11 

The most commonly used form of dynamic equa t i ons  f o r  g r a d u a l l y  v a r i e d  f low 

w i t h  l a t e r a l  i n f l ow  i s  (6) 

To reduce  Eq. 83 t o  Eq. 86, i n  a d d i t i o n  t o  t h e  two assumptions  j u s t  

mentioned, t h e  fo l lowing  assumptions a r e  necessa ry :  

( c )  The p r e s s u r e  d i s t r i b u t i o n  is  h y d r o s t a t i c  s o  t h a t  K = K '  = 1. 

(d) The v e l o c i t y  i s  uniformly d i s t r i b u t e d  over  A s o  t h a t  B = 1. 

(e )  The channel  s l o p e  S and hence 8,  is cons t an t  and small, i . e . ,  
0 ' 

C O S ~  "1. 

( f )  There  i s  no x  component of t h e  v e l o c i t y  of  t h e  l a t e r a l  f low,  

Likewise ,  t o  reduce  Eq, 84 t o  t h e  dynamic equa t i on  de r i ved  from 

the ene rgy  approach by Yen and Wenzel (Eq. 33 i n  Ref.  28)  t h e  fo l lowing  



assumptions  a r e  invo lved :  

( a )  The channel  f low has  o n l y  l o n g i t u d i n a l  v e l o c i t y  component, 

(b)  The assumption on channel  geometry invo lved  i n  Eq. 85 is  v a l i d .  

( c )  The r a t e  of change w i t h  r e s p e c t  t o  x of t h e  work which i s  done 

by t h e  i n t e r n a l  s t r e s s e s  o v e r  A i s  n e g l i g i b l e ,  i . e . ,  

(d) The r a t e  of work which is  done by t h e  e x t e r n a l  s t r e s s e s  on t h e  

boundary o  i s  n e g l i g i b l e ,  i. e . ,  

T h i s  assumption u s u a l l y  does n o t  impose much r e s t r i c t i o n .  On 

t h e  f r e e  s u r f a c e  t h e  s h e a r  s t r e s s  i s  u s u a l l y  n e g l i g i b l e  u n l e s s  

t h e r e  i s  s t r o n g  wind o r  l a r g e  t a n g e n t i a l  component of t h e  

l a t e r a l  f low.  For  t h e  s o l i d  boundary p a r t  of o ,  t h e  i n f i l t r a -  

t i o n  o r  seepage v e l o c i t y  u i s  u s u a l l y  s m a l l .  
i 

To f u r t h e r  reduce t h e  energy e q u a t i o n  t o  t h e  commonly used dynamic 

e q u a t i o n  f o r  s t e a d y  flow w i t h  l a t e r a l  ou t f low f o r  homogeneous f l u i d  based 

on t h e  energy approach ( 6 )  



i n  a d d i t i o n  t o  t h e  f o u r  assumptions  j u s t  mentioned, t h e  f o l l o w i n g  

assumptions  a r e  n e c e s s a r y :  

( e )  The p r e s s u r e  d i s t r i b u t i o n  is  h y d r o s t a t i c  s o  t h a t  n = 1. 

( f )  The change w i t h  r e s p e c t  t o  t h e  l o n g i t u d i n a l  d i r e c t i o n  o f  t h e  

v e l o c i t y  d i s t r i b u t i o n  on A i s  s m a l l  s o  t h a t  t h e  d a l d x  term 

i s  r e l a t i v e l y  n e g l i g i b l e .  

(g)  The channe l  s l o p e  is  c o n s t a n t  and small, and hence cos0 - 1 ,  

(h )  The p i e z o m e t r i c  head of t h e  l a t e r a l  f low,  P l y ,  i s  e q u a l  t o  
L 

h  cos0 + z and t h e  v e l o c i t y  o f  t h e  l a t e r a l  f low,  U, is  
b  ; 

n u m e r i c a l l y  e q u a l  t o  & V 1 ' 

S t r e l k o f f  (24) h a s  g iven  a n  e l a b o r a t e d  e x p l a n a t i o n  on why Eq. 86 

can b e  used as a n  a c c e p t a b l e  approximat ion f o r  t h e  l a t e r a l  i n f l o w  c a s e  and 

Eq. 89 f o r  t h e  l a t e r a l  ou t f low case .  

VII-3. Unsteady Nonuniform Flow of Homogeneous F l u i d  

For an  unsteady nonuniform f low of a homogeneous f l u i d  w i t h  

c o n s t a n t  p and u and w i t h o u t  l a t e r a l  f low, t h e  f low e q u a t i o n s  can b e  

o b t a i n e d  from Eqs. 77, 78,  and 79 by d ropp ing  t h e  terms i n v o l v i n g  q  and 

U o r  from Eqs. 60,  62, and 63 by s e t t i n g  A = 1 and p = p = c o n s t a n t .  a 

The c o n t i n u i t y  e q u a t i o n  is  t h e  same a s  Eq. 61  f o r  t h e  cor responding  non- 

homogeneous f l u i d  case: 



The momentum e q u a t i o n  i s  

1 2 1 a A  
T+V2.%+ (26 - l)vl,+ [ ( B  - l)V1 + ( K -  K1)gh ~ 0 ~ 0 1  -- 
a t  1 ax A ax 

The energy e q u a t i o n  p e r  u n i t  mass i s  

The S t .  Venant e q u a t i o n s  (6 ,  1 0 ,  16 ,  23, 24) 

a r e  a p p a r e n t l y  approximat ions  of Eqs. 90 and 91,  r e s p e c t i v e l y .  S i n c e  

Eq. 9 3  can b e  o b t a i n e d  from Eq. 8 1  and Eq. 94 from Eq. 80 by dropping 

t h e  la tera l  flow terms, t h e  assumptions  invo lved  t o  o b t a i n  Eqs. 93  and 

94 a r e  e x a c t l y  t h e  same a s  t h o s e  f o r  Eqs. 8 1  and 80, r e s p e c t i v e l y .  

It may be  a p p r o p r i a t e  t o  mention h e r e  t h a t  Eq. 9 1  ( o r  Eq. 78 

i f  p r e c i p i t a t i o n  i s  c o n s i d e r e d ) ,  a f t e r  n e g l e c t i n g  t h e  aT /ax  term and 
11 

adding t h e  C o r i o l i s  f o r c e  term, becomes t h e  one-dimensional e q u a t i o n  of 

motion f o r  h u r r i c a n e  and s to rm s u r g e s  i n  c o a s t a l  r e g i o n s  and e s t u a r i e s  

( 2 6 ) .  However, i n  p r a c t i c e  f u r t h e r  assumptions  such a s  n e g l e c t i n g  t h e  

bed f r i c t i o n  o r  t h e  convec t ive  a c c e l e r a t i o n  a r e  made s o  t h a t  numerical  

computation i s  p o s s i b l e .  



4 2  

VII-4. Steady Nonuniform Flow of  Homogeneous F l u i d  

For  s t e a d y  f low of homogeneous l l q u i d  w i t h o u t  la tera l  f low,  t h e  

c o n t i n u i t y  e q u a t i o n  i s  

The momentum e q u a t i o n  is 

The energy e q u a t i o n  p e r  u n i t  mass i s  

d H ~  W - = - I T S  + -  
V1 dx 1 e y~ (97) ' 

. 
By assuming Vi = V1, from E q s .  97 and 95,  t h e  dynamic e q u a t i o n  based on . 

t h e  energy approach i s  

The conven t iona l  nonuniform flow e q u a t i o n  f o r  backwater  

computat ion (6 ,  23) 



is  obv ious ly  a n  approximat ion o f  e i t h e r  Eq. 96 o r  Eq. 98. I n  Eq. 99 S  i s  

" t h e  s l o p e  o f  t h e  f low." [n f a c t ,  i t  i s  probably  t h i s  e q u a t i o n  w i t h o u t  

s p e c i f i c a l l y  d e f i n i n g  S  t h a t  causes  many confus ions  i n  nonuniform f low compu- 

2 t a t i o n .  Both a and B have been m u l t i p l i e d  t o  t h e  t e rm v ~ / ~ D  by d i f f e r e n t  

i n v e s t i g a t o r s  and S  h a s  been regarded  as t h e  f r i c t i o n  s l o p e ,  t h e  energy 

s l o p e ,  as w e l l  as t h e  w a t e r  s u r f a c e  s l o p e .  C l e a r l y ,  i f  Eq. 99 is  deduced 

from Eq. 96,  S  = Sfx is  t h e  f r i c t i o n  s l o p e  and t h e  f o l l o w i n g  assumptions  

a r e  invo lved  : 

( a )  The p r e s s u r e  d i s t r i b u t i o n  i s  h y d r o s t a t i c  s o  t h a t  K = K '  = 1. 

(b) The channel  h a s  c o n s t a n t  s l o p e  and approximately  cos9 = 1. 

( c )  The assumption on channe l  geometry invo lved  i n  Eq. 85 i s  v a l i d .  

(d) The c r o s s  s e c t i o n a l  v e l o c i t y  d i s t r i b u t i o n  is uniform s o  t h a t  B = 1. 

L 
O r ,  a l t e r n a t i v e l y ,  i f  t h e  denominator i s  1 - (BV 1 I g ~ )  i n s t e a d  of 

2 
1 - (V / g ~ ) ,  t h e  v a r i a t i o n  of t h e  v e l o c i t y  d i s t r i b u t i o n  over  A  

1 

w i t h  r e s p e c t  t o  x  i s  s m a l l  s o  t h a t  t h e  dB/dx term i s  r e l a t i v e l y  

n e g l i g i b l e .  

( e )  The v a r i a t i o n  w i t h  r e s p e c t  t o  x  of t h e  i n t e r n a l  normal s t r e s s  

a c t i n g  on t h e  c r o s s  s e c t i o n ,  d ~ ~ ~ / d x ,  i s  r e l a t i v e l y  n e g l i g i b l e .  

Likewise ,  i f  Eq, 99 i s  deduced from Eq. 98, S = S i s  t h e  d i s -  
e  

s i p a t e d  energy g r a d i e n t  and t h e  f o l l o w i n g  assumptions  a r e  invo lved :  

( a ) ,  ( b ) ,  and ( c ) :  same a s  Assumptions ( a ) ,  ( b ) ,  and ( c )  from Eq. 96 

t o  Eq. 99,  and q = 1. 

(d) The c r o s s  s e c t i o n a l  v e l o c i t y  d i s t r i b u t i o n  i s  uniform s o  t h a t  

2 a  = 1. O r ,  a l t e r n a t i v e l y ,  i f  t h e  denominator i s  1 - (aV /gD) 
1 

2 
i n s t e a d  of 1 - ( v ~ / ~ D ) ,  t h e  v a r i a t i o n  w i t h  r e s p e c t  t o  x  of t h e  
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V I I I .  COMPARISON BETWEEN MOMENTUM AND ENERGY 

APPROACHES AND VARIOUS FLOW GRADIENTS 

Desp i te  t h e  s i m i l a r i t i e s  i n  appearance between t h e i r  s i m p l i f i e d  

one-dimensional forms such  a s  Eqs, 96 and 98, t h e  f low equa t i ons  

de r i ved  based on t h e  momentum approach is  b a s i c a l l y  d i f f e r e n t  from t h o s e  

based on t h e  energy approach (10, 16,  22, 24, 28 ) .  The d i f f e r e n c e s  a r e  

c l e a r l y  shown i n  t h e  o r i g i n a l  momentum and energy equa t i ons  i n  i n t e g r a l  

form, Eqs. 22 and 42. Although b a s i c a l l y  bo th  a r e  de r i ved  from Newton's 

second law, t h e  momentum equa t i on  is  a  v e c t o r  r e l a t i o n s h i p  i n  which a l l  

t h e  f o r c e s  a c t i n g  on t h e  c r o s s  s e c t i o n  should be  cons idered ,  i n c l u d i n g  

t h e  e x t e r n a l  f o r c e s  a c t i n g  on t h e  boundary s u r f a c e  which may perform no 

work. The energy equa t ion ,  c o n t r a r i l y ,  is  a  s c a l a r  r e l a t i o n s h i p  t a k i n g  

i n t o  account  no t  on ly  t h e  convec t ive  energy t r a n s f e r  and work done by 

e x t e r n a l  f o r c e s  b u t  a l s o  t h e  work which is  done by t h e  i n t e r n a l  f o r c e s .  

I n  t h e i r  r e s p e c t i v e  one-dimensional forms, Eqs. 30 and 49 o r  5 5 , t h i s  in- 

h e r e n t  d i f f e r e n c e  between t h e  momentum and energy approaches  are r e f l e c t e d  

i n  t h e  c o r r e c t i o n  f a c t o r s  a s  w e l l  a s  i n  c e r t a i n  terms.  

F i r s t ,  i n  t h e  momentum approach, Eq. 30, only t h e  component of 

t h e  v e l o c i t y  a l ong  t h e  d i r e c t i o n  cons idered ,  V1, a f f e c t s  t h e  momentum 

ba l ance ,  whereas i n  t h e  energy approach, Eq. 55,  a l l  t h e  t h r e e  components 

of t h e  f low v e l o c i t y  V i = 1, 2, 3, a r e  invo lved .  Secondly,  i n  Eq. 30, 
i' 

t h e r e  i s  o n l y o n e  momentum.flux c o r r e c t i o n  f a c t o r ,  B y  which is  a  second 

o r d e r  t e n s o r ,  whereas i n  Eq. 55 two energy' f l u x  c o r r e c t i o n  f a c t o r s ,  a and 

B ' ,  t h e  former be ing  a  v e c t o r  and t h e  l a t t e r  be ing  a  s c a l a r ,  a r e  invo lved .  
I - - - - 

Only f o r  t h e  s p e c i a l  case  ui = ul, u  = u3 = 0 t h a t  B '  , which i nvo lve s  
2  

summation over  i = 1, 2, 3 ,  is  numer ica l ly  equa l  t o  B b u t . t h e i r  p h y s i c a l  

meanings a r e  - d i f f e r e n t .  I n  gene ra l ,  a # 6 '  # B ,  which i n d i c a t e s  t h e  



d i f f e r e n t  e f f e c t s  of v e l o c i t y  d i s t r i b u t i o n  on momentum and energy. 

Th i rd ly ,  i n  Eq. 30, t h e r e  i s  only one pressure  c o r r e c t i o n  f a c t o r  K which 

i s  a  s c a l a r  quan t i ty ,  whereas i n  Eq. 55, both K and t h e  convective poten- 

t i a l  energy f l u x  c o r r e c t i o n  f a c t o r  n ,  which i s  a  v e c t o r ,  appear. This 

i n d i c a t e s  the  d i f f e rence  i n  e f f e c t  of piezometr ic  p re s su re  d i s t r i b u t i o n  

on momentum and energy. Fourthly,  f o r  a  given mean v e l o c i t y  V t h e  
1 

e f f e c t  of unsteadiness  a s  r e f l e c t e d  by t h e  l o c a l  a c c e l e r a t i o n ,  is a  

funct ion  of h f o r  t h e  momentum case  while  f o r  t h e  energy case  i t  i s  a  

funct ion  of B '  and K bu t  not  of A .  F i f t h l y ,  f o r  nonhomogeneous l i q u i d  

t h e  c ross  s e c t i o n a l  change of dens i ty  wi th  r e spec t  t o  t ime, a s  i nd ica t ed  

by a h / a t  i n  Eq. 30, a f f e c t s  the  momentum balance but  i t  has no d i r e c t  

e f f e c t  on t h e  energy balance. S ix th ly ,  i n  the  momentum equat ion,  only the  appro- 

p r i a t e  component of t he  v e l o c i t y  of t he  l a t e r a l  flow i s  considered,  while  i n  

t h e  energy approach, t h e  t o t a l  magnitude of t he  l a t e r a l  flow v e l o c i t y  

vec to r  i s  of i n t e r e s t .  Seventhly, a s  i nd ica t ed  by t h e  5 ah /a t  term i n  

Eq. 55, f o r  a  s t a t i o n a r y  boundary t h e  ambient p re s su re  does no work and 

hence i t  vanishes i n  t h e  energy equat ion,  while  a s  shown by K' i n  Eq. 30, 

t h e  e f f e c t  of the  ambient p re s su re  appears i n  t h e  momentum equat ion a s  

long a s  t h e r e  i s  a  s p a t i a l  change i n  flow cross  s e c t i o n ,  i . e . ,  nonuniform 

flow. Eighthly,  Eq. 30 is  r e a d i l y  app l i cab le  t o  loose  boundary wi th  e ros ion  

o r  depos i t ion ,  whereas terms t o  account f o r  t h e  energy requi red  f o r  t h e  

change of t he  boundary, (hh/V1) (a cose /a t )  and (l/V1) ( a z b / a t ) ,  should 

be added t o  t h e  l e f t  s i d e  of Eq. 55. Ninthly, except f o r  t h e  s lopes  of 

t h e  channel bottom S and the  f r e e  s u r f a c e  ah/ax, no o the r  g rad ien t s  a r e  
0 

common t o  both Eqs. 30 and 55. 

In  f a c t ,  t h e  d i f f e rence  between t h e  f r i c t i o n  s lope  S  and t h e  
f  x  

d i s s i p a t e d  energy gradient  S i l l u s t r a t e s  c h a r a c t e r i s t i c a l l y  t h e  d i f f e r e n c e  e  



between t h e  momentum and t h e  energy concep t s .  The f r i c t i o n  s l o p e  accounts  

f o r  t h e  r e s i s t a n c e  due t o  e x t e r n a l  boundary s t r e s s e s  a s  d e f i n e d  by Eq. 27 

whereas t h e  d i s s i p a t e d  energy g r a d i e n t  accounts  f o r  t h e  r a t e  of energy 

d i s s i p a t i o n  due t o  i n t e r n a l  stresses working over  a v e l o c i t y  g r a d i e n t  

f i e l d  as d e f i n e d  i n  Eq. 54.  The r e l a t i o n s h i p  between S and Se can b e  
f x  

o b t a i n e d  from Eqs. 30 and 55, 

I n  h y d r a u l i c s ,  a t o t a l  head H is  o f t e n  used i n  one-dimensional 

a n a l y s i s .  The t o t a l  head o f  t h e  f low at  a c r o s s  s e c t i o n  i s  d e f i n e d  as 

i n  which H i s  t h e  c r o s s  s e c t i o n a l  average  p i e z o m e t r i c  head of t h e  channel  P  

f low w i t h  r e s p e c t  t o  t h e  channel  bottom, i . e . ,  t o  t h e  lowes t  p o i n t  of t h e  



channel c ros s  s e c t i o n .  Hence, t he  t o t a l  head g r a d i e n t  SH i s  

Consequently, from Eqs. 30 and 102, 

From Eqs . 55 and 102, 

S imi l a r  express ions ,  of course,  can be  obtained f o r  t h e  g r a d i e n t s  of 

H and HC. However, they a r e  omit ted he re  because of t h e i r  i n f r equen t  use i n  
B 

p r a c t i c e .  Never the less ,  i t  should be  mentioned he re  t h a t  t h e  t r u e  c ros s  sec- 

t i o n a l  averaged t o t a l  head measured i n  terms of t h e  c ros s  s e c t i o n a l  averaged 

s p e c i f i c  weight ,  ya, i s  HB a s  def ined  i n  Eq. 48.  However, because of i t s  



f r e q u e n t  appearance i n  s t e a d y  f low e q u a t i o n s ,  H a s  d e f i n e d  i n  Eq. 50 i s  
C 

o f t e n  mis taken a s  t h e  t o t a l  head of t h e  f low.  Worse s t i l l ,  i n  p r a c t i c e ,  

pe rhaps  a s  a  m a t t e r  o f  convenience,  t h e  approximate  t o t a l  head H a s  d e f i n e d  

i n  Eq. 1 0 1  is u s u a l l y  used.  For f low of homogeneous l i q u i d  w i t h  approx- 

i m a t e l y  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n ,  H d i f f e r s  from H on ly  by t h e  
C 

f a c t o r  a i n  t h e  v e l o c i t y  head term. But i n  g e n e r a l ,  HB,  HC,  and H ,  and 

consequen t ly  t h e i r  corresponding g r a d i e n t s  w i t h  r e s p e c t  t o  x ,  a r e  d i f f e r e n t .  

From Eqs. 100 and 1 0 3  o r  104 i t  can be  shown t h a t  i n  g e n e r a l  f o r  

open-channel f low S 
f x  ' Se, and SH a r e  n o t  e q u a l  and none is e q u a l  t o  t h e  

channe l  s l o p e  S o r  t h e  f r e e  s u r f a c e  s l o p e  w i t h  r e s p e c t  t o  a  h o r i z o n t a l  
0 

datum, ( a h l a x )  - S . Apparen t ly ,  t h e  d i f f e r e n c e s  a r e  due t o  t h e  unstead- 
0 

i n e s s  and nonuniformity  of t h e  f low and nonhomogeneous p r o p e r t i e s  of t h e  

f l u i d .  Even f o r  s t e a d y  f low of homogeneous l i q u i d  w i t h  V = V1 and V = 
i 2 

V3 = 0 ,  by n o t i n g  t h a t  i n  t h i s  c a s e  h = 1, 8 ' = 8 ,  H = Kh cose ( ~ q .  25) , 
P 

and w i t h  t h e  a i d  of Eq. 82,  Eqs. 100 ,  103 ,  and 104 can on ly  b e  s i m p l i f i e d  

r e s p e c t i v e l y  t o  t h e  fo l lowing :  



and 

I n  a d d i t i o n  t o  t h e  j u s t  mentioned f i v e  s l o p e s  (S fx ,  Se9 SH, So, and 

a h l a x ) ,  t h e r e  are t h r e e  o t h e r  g r a d i e n t s  which a r e  of i n t e r e s t  from h y d r a u l i c s  

v iewpoint :  One is  t h e  g r a d i e n t  o f  t h e  s o - c a l l e d  a c c e l e r a t i o n  head ,  (aVl/a t )  / g  ; 

t h e  second is  t h e  g r a d i e n t  o f  t h e  c r o s s  s e c t i o n a l  a v e r a g e  p i e z o m e t r i c  head 

w i t h  r e s p e c t  t o  t h e  channe l  bottom, a H  /ax; and t h e  t h i r d  is  t h e  h y d r a u l i c  
P  

g r a d i e n t ,  (aHp/ax) - So, which i s  s imply  t h e  s l o p e  of t h e  h y d r a u l i c  g rade  

l i n e  o r  t h e  g r a d i e n t  o f  H r e f e r r e d  t o  a h o r i z o n t a l  r e f e r e n c e  i n s t e a d  of t h e  
P  

channel  bottom. Only f o r  s t e a d y  uniform flow of homogeneous f l u i d  w i t h  q  = 0 

are S  o Y  'fx' 'e' 
SH, and t h e  h y d r a u l i c  g r a d i e n t  e q u a l  t o  one o t h e r  and a h / a x  = 

a H  / a x  = a V  / a t  = 0. I n  g e n e r a l ,  none of t h e s e  e i g h t  g r a d i e n t s  i s  e q u a l  t o  
P  1 

any one o f  t h e  o t h e r  g r a d i e n t s  and,  f o r  example, f o r  c e r t a i n  s p a t i a l l y  v a r i e d  

f lows such  as s h e e t  f low under  r a i n f a l l  t h e  v a l u e s  of S  can b e  of o r d e r  o f  
e 

magnitude l a r g e r  t h a n  S  
H' S fx '  

o r  S  (29) .  U n f o r t u n a t e l y ,  i n  h y d r a u l i c  
0 

computat ions  c a r e  i s  u s u a l l y  n o t  b e i n g  t a k e n  i n  d i s t i n g u i s h i n g  and s e l e c t i n g  

t h e  a p p r o p r i a t e  g r a d i e n t s  t o  b e  used i n  t h e  cor responding  approximate f low 

e q u a t i o n s .  Of ten  t h e  "s lope"  i n  t h e s e  e q u a t i o n s  i s  approximated by u s i n g  t h e  

Chezy o r  Manning fo rmulas ,  o r  s imply by S  o r  t h e  f r e e  s u r f a c e  s l o p e .  
0 

I n  t h e i r  complete one-dimensional form, t h e  momentum and energy 

e q u a t i o n s ,  Eqs. 30 and 49 ,  can  b e  a p p l i e d  t o  open-channel f lows of incompres- 

s i b l e  f l u i d  w i t h o u t  r e s t r i c t i o n .  I n  p r a c t i c e ,  however, i t  i s  n e c e s s a r y  t o  

n e g l e c t  t h e  r e l a t i v e l y  s m a l l  terms i n  t h e s e  e q u a t i o n s  s o  t h a t  s o l u t i o n s  a r e  



p o s s i b l e .  For  example, f o r  a h y d r a u l i c  jump of a homogeneous l i q u i d ,  t h e  

energy d i s s i p a t i o n ,  and hence S  is  l a r g e  and u s u a l l y  n o t  r e a d i l y  known, 
e ' 

consequen t ly  t h e  energy r e l a t i o n s h i p ,  Eq. 98,  i s  n o t  s u i t a b l e  t o  b e  used.  

On t h e  o t h e r  hand, t h e  magnitude of S  - 
Sf x  

as w e l l  as t h o s e  f o r  (K - K') ,  
0 

d v d x ,  and d ~ ~ ~ / d x  terms i n  t h e  momentum r e l a t i o n s h i p  is  r e l a t i v e l y  small, 

and hence t h e y  can b e  n e g l e c t e d ,  Consequent ly ,  Eq. 96 is  reduced t o  

2 
d  dA 

V dV1 
1 

- (Kh cos8)  = B - - =  - B -- 
dx gA dx g  d x  

I f  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i s  assumed, K = 1. For  a two- 

d imens iona l  f low,  t h e  a r e a  p e r  u n i t  wid th  is  A = h  and t h e  d i s c h a r g e ,  V h ,  i s  
1 

c o n s t a n t  independent  o f  x .  Fur thermore,  i f  9 = c o n s t a n t  and dB/dx n e g l i -  

g i b l e ,  Eq. 108  y i e l d s  

I n t e g r a t i o n  of Eq. 109 from a s e c t i o n  immediately b e f o r e  t h e  jump w i t h  depth  

h  t o  t h e  s e c t i o n  a f t e r  t h e  jump w i t h  a dep th  h  t h e  s e q u e n t  dep th  r e l a t i o n -  
1 2 ' 

s h i p  f o r  t h e  h y d r a u l i c  jump i s  o b t a i n e d  

i n  which IF 
1 

= vl/jgh1/B case i s  t h e  approaching f low Froude number. S i m i l a r  

t e c h n i q u e s  can b e  adopted t o  app ly  Eq. 96 t o  a b r u p t  expansion of t h e  channe l .  

However, i t  i s  beyond t h e  scope  o f  t h i s  r e p o r t  t o  c i t e  t h e  numerous p o s s i b l e  

a p p l i c a t i o n s  of t h e  f low e q u a t i o n s  d e r i v e d .  



A s  mentioned i n  Chapter 11, S t r e l k o f f ,  i n  h i s  exce l l en t  paper (24) ,  

a l s o  poin ted  out  t h e  fundamental d i f f e r e n c e  between t h e  momentum and energy 

approaches. He i n t e g r a t e d  t h e  po in t  form c o n t i n u i t y ,  momentum, and energy 

equat ions f o r  homogeneous l i q u i d  over a  c o n t r o l  volume and by using t h e  

Gauss t ransformat ion  t o  o b t a i n  theequa t ions  i n  d i f f e r e n t i a l - i n t e g r a l  form. 

When tak ing  t h e  l i m i t  of t h e  l eng th  of t h e  con t ro l  volume approaching zero ,  

S t r e l k o f f ' s  flow equat ions would be transformed t o  Eqs. 5 ,  22, and 42 with 

p = cons tan t .  He then proceeded t o  de f ine  a  turbulence  co r r ec t ion  f a c t o r  

and a  nonuniformity and unsteadiness  co r r ec t ion  f a c t o r  t o  one dimensionalize 

t h e  momentum and energy equat ions and d iscussed  t h e  n a t u r e  of these two 

f a c t o r s  f o r  var ious  s p e c i a l  cases .  Consequently,his r e s u l t e d  equat ions appear  

considerably d i f f e r e n t  from t h e i r  counterpar t s  i n  t h i s  s t u d y ,  Eqs. 78 and 79.  

The two co r rec t ion - fac to r s  a s  def ined  by S t r e lko f f  may be  convenient i n  

u t i l i z i n g  d e t a i l  l abora tory  turbulence  and v e l o c i t y  measurements t o  d e t e c t  

t h e  n a t u r e  of t h e i r  v a r i a t i o n s .  The p re sen t  s tudy ,  on t h e  o t h e r  hand, der ived 

t h e  equat ions by i n t e g r a t i o n  over t h e  c ross  s e c t i o n  wi th  t h e  a i d  of t h e  Le ibn i t z  

r u l e  and t h e  r e s u l t e d  one-dimensionalized equat ions a r e  der ived having cor- 

r e c t i o n  f a c t o r s  def ined  with the  i n t e n t i o n  t o  preserve  the  phys i ca l  n a t u r e  

and easy adoption f o r  p r a c t i c a l  uses .  



I X .  RESISTANCE TO OPEPI-CHANNEL FLOW 

One of t h e  d i f f i c u l t i e s  invo lved  i n  e n g i n e e r i n g  computat ion and 

d e s i g n  of open-channel f low problems i s  t h e  d e t e r m i n a t i o n  o f  t h e  f low 

r e s i s t a n c e .  Rouse ( 2 1 )  gave a  v i v i d  d i s c u s s i o n  on t h e  s u b j e c t .  He sub- 

d i v i d e d  open-channel f low r e s i s t a n c e  i n t o  s u r f a c e  r e s i s t a n c e ,  form r e s i s t a n c e ,  

wave r e s i s t a n c e ,  and r e s i s t a n c e  due t o  u n s t e a d i n e s s  ( l o c a l  a c c e l e r a t i o n ) .  

He f u r t h e r  c l e v e r l y  demonstra ted t h e  e f f e c t s  of nonuniformity  and un- 

s t e a d i n e s s  on f low r e s i s t a n c e  and t h e  d i f f i c u l t i e s  invo lved  i n  de te rmin ing  

i t .  The f low r e s i s t a n c e  h e  r e f e r r e d  t o  i s  ".,. t h a t  p a r t  of t h e  s l o p e  

corresponding t o  t h e  l o c a l  d i s s i p a t i o n  r a t e  i n  unsteady flow" ( 2 1 ) ,  which 

i s  obv ious ly  t h e  d i s s i p a t e d  energy g r a d i e n t ,  
'e' 

d e f i n e d  by E q .  54 i n  t h i s  

s t u d y .  The f r i c t i o n  s l o p e ,  S fx ,  named a s  t r a d i t i o n a l l y  used ,  a s  d e f i n e d  

i n  Eq. 27 r e f e r r i n g  t o  t h e  r e s i s t a n c e  f o r c e  due t o  boundary s h e a r  s t r e s s e s ,  

i s  a p p a r e n t l y  corresponding t o  t h e  s u r f a c e  r e s i s t a n c e  d i s c u s s e d  by Rouse. 

A s  d i s c u s s e d  i n  t h e  p reced ing  c h a p t e r ,  i n  a d d i t i o n  t o  S  and 
e  

S f x '  
t h e  t o t a l  head g r a d i e n t  i s  a l s o  o f t e n  used a s  an  i n d i c a t i o n  of t h e  

f low r e s i s t a n c e .  I n  p r a c t i c e  t h e  g r a d i e n t  corresponding t o  t h e  f low 

r e s i s t a n c e  i s  u s u a l l y  expressed  a l t e r n a t i v e l y  i n  some form of r e s i s t a n c e  

f a c t o r  f o r  more g e n e r a l  u s e .  Among t h e  v a r i o u s  proposed r e s i s t a n c e  f a c t o r s ,  

Weisbach's  f ,  Elanning's n ,  and Chezy's C a r e  t h e  most popula r  ones used i n  

open-channel f lows .  T h e i r  v a l u e s  a s  w e l l  a s  t h e  r e l a t i o n s h i p  among them 

have been w e l l  e s t a b l i s h e d  f o r  s t e a d y  uniform f low of homogeneous f l u i d s .  

P a r t i c u l a r l y ,  t h e  Weisbach f  can be  found from t h e  Moody diagram a s  a  

f u n c t i o n  of t h e  Reynolds number of t h e  f l o w  and t h e  r e l a t i v e  boundary 

roughness .  However, t h e  v a l i d i t y  of u s i n g  t h e  Moody diagram v a l u e s  f o r  c a s e s  

o t h e r  t h a n  s t e a d y  uniform f low h a s  always been s u b j e c t  t o  q u e s t i o n .  



According t o  Weisbach's  p i p e  f low r e s i s t a n c e  concep t ,  a f r i c t i o n a l  

r e s i s t a n c e  c o e f f i c i e n t  f  corresponding t o  S can b e  d e f i n e d  based on t h e  f  f  x 

momentum concept  

r 

i n  which P i s  t h e  w e t t e d  p e r i m e t e r  of t h e  c r o s s  s e c t i o n  and R = A / P  i s  t h e  

h y d r a u l i c  r a d i u s  of t h e  s e c t i o n .  The energy d i s s i p a t i o n  c o e f f i c i e n t  f  can e  

b e  d e f i n e d  a s  

and t h e  t o t a l  head l o s s  c o e f f i c i e n t  f H  a s  

Only f o r  s t e a d y  uniform f low of homogeneous f l u i d  w i t h o u t  l a t e r a l  d i s c h a r g e  

i s  f  = f  = f  and t h e  v a l u e  i s  e q u a l  t o  t h e  corresponding Weisbach f  g i v e n  i n  
f  e  H 

t h e  Moody diagram. I n  g e n e r a l  t h e  v a l u e s  of f  
f '  

f e ,  and f H ,  j u s t  a s  S f x ,  
'e' 

and SH, a r e  n o t  e q u a l  and a r e  d i f f e r e n t  from t h a t  g i v e n  by t h e  Moody diagram 

f o r  t h e  same Reynolds number and r e l a t i v e  roughness .  The amount of devia-  

t i o n s  of f  f  ' f e ,  and f H  from t h e  Moody diagram v a l u e  due t o  u n s t e a d i n e s s ,  

nonuniformity  of f low,  nonhomogeneous f l u i d ,  and l a t e r a l  d i s c h a r g e  have y e t  

t o  b e  determined i n d i v i d u a l l y  a s  w e l l  a s  c o l l e c t i v e l y .  Limited i n f o r m a t i o n  

on t h e  e f f e c t  of u n s t e a d i n e s s  on flow r e s i s t a n c e  can be  found i n  Ref.  ( 2 1 ) .  

C e r t a i n  c a s e s  of n e g l i g i b l e  t u r b u l e n c e  o r  nonuniformity  e f f e c t s  were d i s c u s s e d  

by Keulegan (16) and S t r e l k o f  f  (24) .  



Recent ly ,  Yen and Wenzel (29)  found t h a t  f o r  a  two-dimensional  

s t e a d y  Stokes  f low of an  incompress ib le  v i s cous  homogeneous l i q u i d  under 

c reep ing  motion on a  uniformly s loped  p l ane  w i th  l a t e r a l  f low,  

i n  whichJR = p V  R / p  i s  t h e  Reynolds number of t h e  f low,  t h e  s u b s c r i p t s  z 
1 b 

and h i n d i c a t e  t h a t  t h e  terms i n s i d e  t h e  b r a c k e t  a r e  t o  b e  eva lua t ed  a t  bo th  

t h e  bottom and t h e  f r e e  s u r f a c e ,  and 

They a l s o  showed some exper imental  r e s u l t s  of s t e ady  s h e e t  f low of wate r  

under r a i n f a l l  which i s  reproduced h e r e  as F ig .  3. 

Although a t  t h e  p r e s e n t  only l i m i t e d  q u a n t i t a t i v e  i n fo rma t ion  is  

a v a i l a b l e  on t h e  f low r e s i s t a n c e  o t h e r  than t h e  s t e ady  uniform c a s e ,  none- 

t h e l e s s  u s e f u l  q u a l i t a t i v e  in format ion  can be  ob ta ined  from c a r e f u l  examina- 

t i o n  of Eqs. 30,  55,  100, and 102 t o  107. For example, from Eq. 100 i t  i s  

obvious t h a t  t h e  l a t e r a l  f low can p l a y  an impor tan t  r o l e  i n  t h e  d i f f e r e n c e  

between S and Sfx,  and hence f  and f  From E q s .  100 and 104,  s i n c e  t h e  
e  - e f '  



Reynolds Number, R 

Fig. 3. Resistance Coefficients for Steady Sheet Flow under Rainfall (29) 



2  2  
magnitude of l i  - H i s  u s u a l l y  of t h e  o r d e r  of U /2g - V1 /2g,  f o r  t h e  

B 

c a s e  of l a r g e  l a t e r a l  i n f l o w  v e l o c i t y ,  i. e . ,  f o r  I u I >> V f  can be much 
1' e 

g r e a t e r  t h a n  e i t h e r  f  o r  f  Such i s  t h e  c a s e  of s h e e t  f low under  r a i n -  
f  H ' 

f a l l  a s  shown i n  Fig .  3 ,  f o r  which t h e  major  p a r t  of t h e  r a i n d r o p  energy 

brought  i n t o  t h e  channel  f low i s  s imply d i s s i p a t e d  through t h e  d i s t u r b a n c e  

t h e  d rops  genera ted .  Thus, w i t h  t h e  e x c e p t i o n  of r a r e  c a s e s ,  u s u a l l y  f o r  

channe l  f low w i t h  l a t e r a l  in f low,  f > f H  > f f .  Likewise  f o r  channe l  f low 
e  

w i t h  l a t e r a l  ou t f low,  u s u a l l y  f  < f H  < f f ,  which can a l s o  be  observed from 
e 

Eqs. 114 t o  116. 

On t h e  o t h e r  hand, t h e  e f f e c t  of nonhomogeneous f l u i d  on t h e  

d i f f e r e n c e s  between f  and f  and f  depends mainly  on t h e  magnitude of X 
e  H f  

and t h e  s i g n  of a p  /ax.  The e f f e c t  o f  nonhomogeneous d e n s i t y  on t h e  flow 
a  

r e s i s t a n c e  is  due p r i m a r i l y  t o  t h e  m o d i f i c a t i o n  of p r e s s u r e  d i s t r i b u t i o n  

and on ly  i n d i r e c t l y  t o  t h e  v e l o c i t y  d i s t r i b u t i o n .  For  s t e a d y  uniform 

s t r a t i f i e d  flow w i t h  q  = 0,  f  i s  g r e a t e r  t h a n  f  s i n c e  from Eqs. 71 and e  f  

73,Se = ASf. I n  open channe l s ,  t h e  change of d e n s i t y ,  i f  any,  i s  o f t e n  

s m a l l  i n  comparison t o  t h e  l i q u i d  d e n s i t y .  Consequent ly ,  t h e  v a l u e  of X 

i s  u s u a l l y  s m a l l e r  t h a n  t h a t  f o r  @ and mos t ly  i s  between 1 . 0  and 1.1, and 

a p  / ax  and aX/ax a r e  a l s o  s m a l l .  C o n t r a r i l y ,  t h e  e f f e c t  of nonhomogeneous 
a  

v i s c o s i t y  on t h e  f low r e s i s t a n c e  i s  through t h e  m o d i f i c a t i o n s  of s t r e s s e s  

(Eq. 15)  and energy d i s s i p a t i o n  p r o c e s s  through v i s c o s i t y ,  and t h i s  e f f e c t  

i s  n o t  r e f l e c t e d  e x p l i c i t l y  i n  t h e  f low e q u a t i o n s .  

It may be  a p p r o p r i a t e  t o  n o t e  h e r e  t h a t ,  i n  view of t h e  u s u a l l y  

r e l a t i v e l y  s m a l l  v a r i a t i o n  of d e n s i t y  i n  t h e  f low and low v e l o c i t y  n e a r  t h e  

channe l  bottom, a  2 6' 2 @ 2 A .  I n  f a c t ,  one advantage of u s i n g  t h e  one- 

d imens iona l ized  f low e q u a t i o n s  i s  t h a t  t h e  v a l u e s  of a ,  @',  and @ u s u a l l y  

do n o t  v a r y  r a p i d l y  w i t h  r e s p e c t  t o  space  and t h e i r  v a l u e s  can o f t e n  be  

roughly e s t i m a t e d .  Consequently,  s u f f i c i e n t  computat ional  accuracy  can 



o f t e n  b e  met by i n c l u d i n g  t h e  e s t i m a t e d  va1ur:s of a ,  B ' ,  and B w i t h o u t  

c o n s i d e r i n g  t h e i r  s p a t i a l  v a r i a t i o n s .  Moreover, f o r  a wide channel  o r  a  

r e c t a n g u l a r  c r o s s  s e c t i o n  w i t h  c o n s t a n t  d e n s i t y  over  A ( b u t  p can v a r y  w i t h  

x ) ,  i f  t h e  p i e z o m e t r i c  p r e s s u r e  P i n c r e a s e s  w i t h  i n c r e a s i n g  dep th ,  t h e n  

q > K > 1; whereas i f  P d e c r e a s e s  w i t h  i n c r e a s i n g  dep th ,  q < K < 1. 

P h y s i c a l l y ,  t h e  e f f e c t s  of u n s t e a d i n e s s  and nonuni fo rmi ty  of t h e  

f low on r e s i s t a n c e  i s  through m o d i f i c a t i o n s  of t h e  p r e s s u r e  and v e l o c i t y  

d i s t r i b u t i o n s  of t h e  f low as r e f l e c t e d  by t h e  p r e s s u r e  and v e l o c i t y  cor rec -  

t i o n  f a c t o r s  appear ing  i n  t h e  a p p r o p r i a t e  f low e q u a t i o n s .  I t  is  p l a u s i b l e  

t h a t  any change i n  p r e s s u r e  would correspond t o  a c c e l e r a t i o n  and any change 

i n  v e l o c i t y  g r a d i e n t  would r e s u l t  i n  d i f f e r e n t  energy d i s s i p a t i o n  r a t e s  

and s h e a r  d i s t r i b u t i o n .  Again, l i k e  t h e  e f f e c t  of d e n s i t y ,  t h e  e f f e c t s  of 

u n s t e a d i n e s s  and nonuni fo rmi ty  of t h e  f low on t h e  d i f f e r e n c e s  between f 
e 

and f f  o r  f  depend on whether  t h e  f low i s  l o c a l l y  o r  c o n v e c t i v e l y  a c c e l e r a -  H 

t i n g  o r  d e c e l e r a t i n g .  Conceivably,  f o r  an  a c c e l e r a t i n g  f low,  f  i s  s m a l l e r  
e  

than  f f  o r  f  w h i l e  f o r  a  d e c e l e r a t i n g  f low f  may b e . c o n s i d e r a b l y  g r e a t e r  H e  

t h a n  f H  o r  f f .  

N e v e r t h e l e s s ,  c o n s i d e r a b l e  e f f o r t s  a r e  needed i n  t h e  f u t u r e  t o  

e s t a b l i s h  q u a n t i t a t i v e l y  more g e n e r a l  and u s e f u l  i n f o r m a t i o n  on r e s i s t a n c e  

t o  open-channel f lows .  As can b e  s e e n  from Eqs. 100 and 103  o r  104,  a c c u r a t e  

f low r e s i s t a n c e  c o e f f i c i e n t s  d e t e r m i n a t i o n  r e q u i r e s  d e t a i l  measurements of 

t h e  f low and i t  i s  by no means an  easy  t a s k .  



X . CONCLLTS IONS 

Con t inu i t y ,  momentum, and energy equa t i ons  i n  i n t e g r a l  form f o r  

a  c r o s s  s e c t i o n  of a  s p a t i a l l y  v a r i e d  f low of an incompress ib le  nonhomogeneous 

f l u i d  i n  open channels  can be de r i ved  by i n t e g r a t i n g  t h e  corresponding d i f f e r -  

e n t i a l  form c o n t i n u i t y  equa t i on ,  Reynolds equa t i on ,  and energy equa t i on  w i t h  

t h e  a i d  of t h e  L e i b n i t z  r u l e  and a p p r o p r i a t e  boundary cond i t i ons .  The re- 

s u l t i n g  equa t i ons ,  Eqs. 5 ,  19 and 40, g i v e  a  c l e a r  i n s i g h t  on t h e  mechanics 

of t h e  f low and c l e a r l y  show t h e  d i f f e r e n c e s  between momentum and energy 

concep ts .  However, eng ineer ing  a p p l i c a t i o n s  of t h e s e  i n t e g r a l  equa t i ons  

r e q u i r e  d e t a i l  in format ion  on v e l o c i t y ,  p r e s s u r e ,  s t r e s s ,  and d e n s i t y  d i s t r i b u -  

t i o n s  of t h e  f low which i s  o f t e n  unava i l ab l e .  By u s ing  c r o s s  s e c t i o n a l  mean 

va lue s  of t h e  f low,  one-dimensional c o n t i n u i t y ,  momentum, and energy equa t i ons  

can be ob ta ined  from t h e  corresponding equa t ions  i n  i n t e g r a l  form. The der ived  

one-dimensional f low equa t i ons  a r e  more s u i t a b l e  f o r  s i m p l i f i c a t i o n  w i th  

a p p r o p r i a t e  assumptions f o r  numerical  computation than t h e  o r i g i n a l  i n t e g r a l  

equa t i ons .  

The one-dimensional equa t i ons  der ived  i n  t h e  p r e s e n t  s t u d y ,  Eqs. 12 ,  

13 ,  30, and 49 can be regarded a s  u n i f i e d  g e n e r a l  open-channel f low equa- 

t i o n s  f o r  incompress ib le  f l u i d  w i th  t h e  terms due t o  v a r i o u s  e f f e c t s  such a s  

d e n s i t y  v a r i a t i u n ,  l a t e r a l  f low,  and l o c a l  a c c e l e r a t i o n  expressed  e x p l i c i t l y .  

Corresponding f low equa t i ons  f o r  s p e c i a l  c a se s  such a s  t h e  fo l lowing  can 

e a s i l y  b e  ob ta ined  from t h e  g e n e r a l  equa t i ons :  ( a )  unsteady s p a t i a l l y  v a r i e d  

f low of homogeneous f l u i d ;  (b) unsteady nonuniform f low of homogeneous f l u i d  

wi thout  l a t e r a l  d i s cha rge ;  ( c )  s t e ady  s p a t i a l l y  v a r i e d  f low of homogeneous 

f l u i d ;  (d)  s t e ady  nonuniform f low of homogeneous f l u i d  w i thou t  l a t e r a l  

d i s cha rge ;  (e )  s t e ady  uniform f low of homogeneous f l u i d ;  ( f )  unsteady non- 

uniform f low of nonhomogeneous f l u i d  wi thout  l a t e r a l  d i s c h a r g e ;  (g) s t e ady  



s p a t i a l l y  v a r i e d  f low of nonhomogeneous f l u i d ;  (h )  s t e a d y  nonuniform f low 

of nonhomogeneous f l u i d  w i t h o u t  l a t e r a l  d i s c h a r g e ;  and ( i )  s t e a d y  uniform 

f low of nonhomogeneous f l u i d  w i t h o u t  l a t e r a l  d i s c h a r g e .  Conven t iona l ly  used 

open-channel f low e q u a t i o n s  can b e  o b t a i n e d  by s i m p l i f i c a t i o n s  of t h e  h e r e i n  

d e r i v e d  f low e q u a t i o n s  based on c e r t a i n  assumptions .  

The one-dimensional dynamic e q u a t i o n  based on t h e  momentum concep t ,  

Eq. 30, i s  i n h e r e n t l y  d i f f e r e n t  from t h a t  based on t h e  energy concep t ,  Eq. 55. 

I n  p a r t i c u l a r ,  t h e  d i s s i p a t e d  energy g r a d i e n t  S  i s  d i f f e r e n t  from t h e  e  

f r i c t i o n  s l o p e  S  and b o t h  a r e  d i f f e r e n t  from t h e  to ta l -head  g r a d i e n t  
f x  ' 

- a ~ / a x ,  t h e  h y d r a u l i c  g r a d i e n t  ( a ~ ~ / a x )  - 
So ' and t h e  channe l  bottom s l o p e  

S  . R e l a t i o n s h i p  between any two of  t h e s e  g r a d i e n t s  can  b e  d e r i v e d  from t h e  
0 

g e n e r a l  f low e q u a t i o n s .  Only f o r  s t e a d y  uniform f low of homogeneous f l u i d  

w i t h o u t  l a t e r a l  f low t h a t  t h e s e  f i v e  g r a d i e n t s  a r e  e q u a l  t o  one a n o t h e r .  

Some q u a l i t a t i v e  n a t u r e  of t h e  d i s s i p a t e d  energy c o e f f i c i e n t  f  f r i c t i o n  
e  ' 

r e s i s t a n c e  c o e f f i c i e n t  f  and t o t a l  head l o s s  c o e f f i c i e n t  f  can b e  observed f  ' H 

from t h e  d e r i v e d  e q u a t i o n s .  However, f u r t h e r  s t u d y  i s  needed on t h e  quan- 

t i t a t i v e  v a r i a t i o n s  of f  f  and f  due t o  u n s t e a d i n e s s  and nonuniformity  of 
f '  e  H 

f low,  nonhomogeneous f l u i d ,  and l a t e r a l  f low.  



REFERENCES 

1. Amein, M . ,  and Fang, C .  S . ,  " I m p l i c i t  Flood Routing i n  N a t u r a l  Channels ,"  

J o u r n a l  of t h e  Hydrau l ics  D i v i s i o n ,  ASCE, Vol. 96, No. H Y 1 2 ,  P roc .  Paper 

7773, December 1970,  pp. 2481-2500. 

2.  B e i j ,  K .  I i . ,  "Flow i n  Roof G u t t e r s , "  J o u r n a l  of Research,  U.S. N a t i o n a l  

Bureau of S t a n d a r d s ,  Vol. 1 2 ,  No. 2 ,  February 1934,  pp. 193-213. 

Camp, T. F . ,  " L a t e r a l  Sp i l lway  Channels ,"  T r a n s a c t i o n s ,  ASCE, Vol. 105,  

1940, pp. 606-617. 

Chen, C .  L . ,  and Chow, V .  T . ,  "Hydrodynamics of Mathemat ical ly  Simulated 

S u r f a c e  Runoff,"  C i v i l  Engineer ing S t u d i e s ,  Hydrau l ic  Engineer ing S e r i e s  

No. 1 8 ,  Univ. of I l l i n o i s ,  Urbana, I l l . ,  August 1968, 132 p .  

Chen, C .  L . ,  and Chow, V .  T . ,  "Formulation of Mathemat ical  Watershed- 

Flow Model," J o u r n a l  of t h e  Engineer ing Mechanics D i v i s i o n ,  ASCE, Vol.  97,  

No. EM3, P r o c .  Paper  8199, June 1971, pp.  809-828. 

Chow, V .  T . ,  Open-Channel ~ ~ d r a u l i c s ,  NcGraw-Hill Book Co., New York, 

1959, pp. 217-353. 

Chow, V .  T . ,  " S p a t i a l l y  Var ied Flow Equa t ions , "  Water Resources  Research,  

Vol. 5 ,  No. 5 ,  October 1969,  pp. 1124-1128. 

De Marchi,  G.,IfSaggio d i  T e o r i a  s u l  Funzionamento d e g l i  S t ramazz i  L a t e r a l i , "  

L 'Energia  E l e c t r i c a ,  Vol. 11, No. 11, Milan,  November 1934, pp.  849-860. 

Eagleson,  P. S . ,  Dynamic Hydrology, McGraw-Hill Book Co., New York, 1970, 

pp.  326-330. 

F a r e l l ,  C . ,  d i s c u s s i o n  of " C r i t i c a l  Ana lys i s  of Open-Channel R e s i s t a n c e , "  

by H .  Rouse, J o u r n a l  of t h e  Hydrau l ics  D i v i s i o n ,  ASCE, Vol. 92 ,  No. HY2, 

Proc .  Paper 4387, March 1966, pp.  395-399. 

11. Favre ,  H . ,  "Cont r ibu t ion  3 l ' e t u d e  des  Courants  L i q u i d e s , "  Dunod, P a r i s ,  

1933, pp. 37-54. 



12 .  Forchheimer,  P. ,  Hydrau l ik ,  Teubner V e r l a g s g e s e l l s c h a f t ,  L e i p z i g  and 

B e r l i n ,  3 r d  e d . ,  1930, pp. 406-409, 

13 .  Gunaratnam, D.  J . ,  and P e r k i n s ,  F. E . ,  "Numerical S o l u t i o e  of Unsteady 

Flows i n  Open Channels ,"  Hydr~dynamics  Lab Rept.  No. 127,  MIT, Cambridge, 

Mass . ,  J u l y  1970, 260 p. 

14 .  Hinds ,  J . ,  "Side Channel Sp i l lways , "  T r a n s a c t i o n s ,  ASCE, Vol. 89,  1926, 

pp. 881-927. 

15 .  Iwagaki,  Y . ,  "Theory of Flow on Road S u r f a c e , "  Memoirs of t h e  T a c u l t y  of 

Engineer ing ,  Kyoto Univ. ,  Japgn, Vol. 1 3 ,  No. 3 ,  J u l y  1951, pp.  139-147. 

1 6 .  Keulegan, G .  H . ,  "Equation of Motion f o r  t h e  Steady Mean Flow of Water 

i n  Open Channels ,"  J o u r n a l  of Research,  U.S.  N a t i o n a l  Bureau of S t a n d a r d s ,  

Vol.  29, Research Paper  1488, J u l y  1942, pp. 97-111. 

17 .  Keulegan, G .  H . ,  " S p a t i a l l y  V a r i a b l e  Discharge Over a S lop ing  P lane , "  

T r a n s a c t i o n s ,  American Geophysical  Union, Vol. 2 5 ,  P t .  V I ,  1944, 

pp. 956-959. 

18 .  L i ,  W.-H., "Open Channels w i t h  Non-Uniform Discharge,"  T r a n s a c t i o n s ,  

ASCE, Vol. 120,  1955, pp. 255-274. 

19.  L i g g e t t ,  J .  A., "Mathematical  Flow Dete rmina t ion  i n  Open Channels,"  

J o u r n a l  of t h e  Engineer ing Mechanics D i v i s i o n ,  ASCE, Vol. 94,  No. EM4, 

Proc.  Paper 6078, August 1968, pp.  947-963, 

20. Rouse, H . ,  e d . ,  Advanced Mechanics of F l u i d s ,  John Wiley & Sons,  I n c . ,  

New York, 1959, pp. 36, 63-66, 271-274. 

21. Rouse, H . ,  " c r i t i c a l  Ana lys i s  of Open-Channel R e s i s t a n c e , "  J o u r n a l  of 

t h e  Hydrau l ics  D i v i s i o n ,  ASCE, Vol. 91,  No. HY4, Proc.  Paper  4387, 

J u l y  1965, pp. 1-25. 



22.  Rouse,  H . ,  and McNown, J .  S . ,  d i s c u s s i o n  of  " C o e f f i c i e n t s  f o r  V e l o c i t y  

D i s t r i b u t i o n  i n  Open-Channel Flow," by W. S.  E i s e n l o h r ,  J r . ,  Trans-  -- 

a c t i o n s ,  ASCE, Vol .  110,  1945,  pp .  651-657. 

23. S t o k e r ,  J .  J . ,  -~ Water Waves, I n t e r s c i e n c e  P u b l i s h e r s ,  I n c . ,  New York, 

1957 ,  pp.  451-481. 

24. S t r e l k o f f ,  T . ,  " O n e - ~ i m e n s i o n a l  Equa t ions  of  Open-Channel Flow," J o u r n a l  

of t h e  H y d r a u l i c s  D i v i s i o n ,  ASCE, Vol.  95 ,  No. HY3, P r o c .  Paper  6557,  

May 1969 ,  pp.  861-876. 

25. S t r e l k o f f ,  T . ,  "Numerical  S o l u t i o n  of Sain t -Venant  E q u a t i o n s , "  -- J o u r n a l  

of  t h e  H y d r a u l i c s  D i v i s i o n ,  ASCE, Vol. 96 ,  No. H Y 1 ,  P r o c .  Pape r  7043, 

J a n u a r y  1970,  pp .  223-252. 

26. Welander ,  P . ,  "Numerical  P r e d i c t i o n  of  Storm S u r g e s , "  Advances i n  

Geophys ic s ,  Vol.  8 ,  Academic P r e s s ,  New York,  1961,  pp .  316-379. 

27. Wyl ie ,  E. B . ,  "Unsteady Free -Sur face  Flow Computa t ions ,"  J o u r n a l  of  

t h e  H y d r a u l i c s  D i v i s i o n ,  ASCE, Vol.  96 ,  No. H Y 1 1 ,  P r o c .  Pape r  76839 

November 1970 ,  pp .  2241-2251. 

28. Yen, B .  C . ,  and Wenzel, H .  G . ,  J r . ,  "Dynamic E q u a t i o n s  f o r  S teady  

S p a t i a l l y  Var i ed  Flow," J o u r n a l  of t h e  H y d r a u l i c s  D i v i s i o n ,  ASCE, Vol .  96 ,  

No. HY3, P r o c .  P a p e r  7179, March 1970 ,  pp.  801-814. 

29. Yen, B.  C . ,  Wenzel, H .  G . ,  J r . ,  and Yoon, Y .  N . ,  "On R e s i s t a n c e  C o e f f i -  

c i e n t s  f o r  S teady  S p a t i a l l y  Var i ed  F l o t ~ , "  s u b m i t t e d  t o  J o u r n a l  of t h e  

H y d r a u l i c s  D i v i s i o n ,  ASCE,for p u b l i c a t i o n ,  1972.  




