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ABSTRACT 

BUOYANT SURFACE JETS DISCHARGED INTO A STRONG CROSSFLOW 

A n a l y t i c a l  and e x p e r i m e n t a l  i n v e s t i g a t i o n s  were c a r r i e d  o u t  
f o r  three-dimensional  buoyant s u r f a c e  j e t s  w i t h  s t r o n g  ambient f low 
b u t  w i t h o u t  boundary a t t achment .  A n u m e r i c a l  model i n  c u r v i l i n e a r  
c o o r d i n a t e s  was developed from an i n t e g r a l  j e t  a n a l y s i s  modif ied f o r  
buoyancy e f f e c t s  and i n c l u d e d  asymmetry o f  t h e  j e t .  

D e t a i l e d  t empera tu re  d i s t r i b u t i o n s  were measured i n  t h e  
l a b o r a t o r y  w i t h  d e n s i m e t r i c  Froude numbers (F ) o f  5 ,  10 and 15 and 

0 
v e l o c i t y  r a t i o s  (R) from 2 t o  13. Exper imental  r e s u l t s  showed t h a t  
ambient c r o s s f  lows can cause s i g n i f i c a n t  d i s t o r t i o n  o f  t h e  j e t ,  even 
f o r  R = 13. Near t h e  e x i t ,  t h e  lower p o r t i o n  o f  t h e  j e t  i s  swept 
toward t h e  l e e  s i d e  o f  t h e  j e t .  The r e s u l t i n g  L-shaped c r o s s  s e c t i o n  
and t h e  a s s o c i a t e d  d e n s i t y  i n s t a b i l i t y  may enhance s p r e a d i n g  on t h e  
l e e  s i d e  and may c o n t r i b u t e  t o  t h e  subsequen t  fo rmat ion  o f  bimodal 
t empera tu re  d i s t r i b u t i o n s .  The j e t  bending i n c r e a s e s  a s  R d e c r e a s e s  
and a s  F i n c r e a s e s .  D i l u t i o n  i n c r e a s e s  w i t h  i n c r e a s i n g  F and 
d e c r e a s i g g  R. o 

The model was c a l i b r a t e d  a g a i n s t  t h e  e n r i r e  s e t  of measured 
t empera tu res  f o r  each  run and i s  capable  of p r e d i c t i n g  t empera tu re  

0 
d i s t r i b u t i o n s  t o  an accuracy of 0.63C . The agreement cou ld  p robab ly  
b e  improved by u s i n g  s i m i l a r i t y  p r o f i l e s  b e t t e r  s u i t e d  t o  t h e  a c t u a l  
j e t  c r o s s  s e c t i o n a l  shape which was n o t  known a t  t h e  beg inn ing  of t h e  
r e s e a r c h .  
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FOREWORD 

T h i s  r e p o r t  i s  t h e  f i n a l  r e p o r t  f o r  a n  O f f i c e  o f  Water Research and 

Technology Matching Grant p r o j e c t  e n t i t l e d  "Mechanics of Heated S u r f a c e  

Discharges  t o  R i v e r s . "  T h i s  p r o j e c t  was begun i n  J u l y  1974, and r e p r e s e n t e d  

p a r t  of t h e  p r i n c i p a l  i n v e s t i g a t o r s '  c o n t i n u i n g  r e s e a r c h  on t h e  f l u i d  

mechanics and t r a n s p o r t  of v a r i o u s  t y p e s  of e f f l u e n t s ,  i n c l u d i n g  the rmal  

d i s c h a r g e s .  T h i s  r e p o r t  i s  e s s e n t i a l l y  t h e  same a s  C .  Y .  L i n ' s  d o c t o r a l  

t h e s i s  r e l a t i n g  t o  h e a t e d  s u r f a c e  j e t s .  Two of t h e  appendices  were n o t  

reproduced f o r  t h i s  p r i n t i n g .  An a d d i t i o n a l  a s p e c t  of t h e  r e s e a r c h  i s  pre -  

s e n t e d  i n  Appendix 111. 

E. R. Hol ley  was on l e a v e  d u r i n g  t h e  f i r s t  y e a r  of t h i s  p r o j e c t ,  s o  

most of t h e  i n i t i a l  f o r m u l a t i o n  of t h e  r e s e a r c h  was done under  t h e  s o l e  

s u p e r v i s i o n  of W.H.C Maxwell. 

S p e c i a l  a p p r e c i a t i o n  i s  expressed  t o  P r o f e s s o r  V. J. McDonald of t h e  

Department of C i v i l  Engineer ing f o r  h i s  d e s i g n i n g  t h e  au tomat ic  d a t a  c o l l e c t i o n  

system d i s c u s s e d  i n  S e c t i o n  4 . 2 . 6  of t h i s  r e p o r t .  
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1. INTRODUCTION 

1.1 D e f i n i t i o n  of t he  Problem 

Demand f o r  e l e c t r i c  power i n  t he  United S t a t e s  has been approxi- 

mately doubling every t e n  yea r s  i n  t he  p a s t  s e v e r a l  decades. This r a t e  of 

i n c r e a s e  i s  expected t o  cont inue i n  t h e  f u t u r e .  The consequence of t h i s  

s i t u a t i o n  has  been t o  i nc rease  energy product ion  and exp lo re  t he  p o t e n t i a l  

f o r  energy development from many p o s s i b l e  sources .  I n  ca lendar  yea r  1974, 
' 

approximately 84 pe rcen t  of t h e  e l e c t r i c  power produced i n  t h i s  country was 

generated by steam e l e c t r i c  p l a n t s ,  which u t i l i z e d  e i t h e r  nuc l ea r  o r  f o s s i l  . 

f u e l  [ ~ e d e r a l  Power Commission, 19751. S ince  a d d i t i o n a l  s u i t a b l e  si tes f o r  

h y d r o e l e c t r i c  development a r e  r a t h e r  l i .mited,  and s i n c e  on-going research  

t o  develop acceptab le  and economical a l t e r n a t i v e  means of l a rge - sca l e  

energy conversion i s  n o t  l i k e l y  t o  succeed i n  t he  n e a r  f u t u r e ,  a l l  ind ica-  

t i o n s  a r e  t h a t  i nc reases  i n  power requirements w i l l  be  m e t  i n  t he  n e a r  

f u t u r e  p r imar i l y  by steam e l e c t r i c  p l a n t s .  

A s  one of t h e  consequences of t h e  second law of thermodynamics, 

conversion of energy from one form t o  another  is always accompanied by some 

l o s s e s .  Modem f o s s i l - f u e l e d  e l e c t r i c  power p l a n t s  can reach a thermal 

e f f i c i e n c y  of approximately 38 pe rcen t  by use of very h igh  steam tempera- 

t u r e s  and h igh  i n l e t  p r e s su re s  [ ~ e t e r s o n  e t  a l . ,  19731. P re sen t  nuc l ea r  

p l a n t s  ope ra t e  a t  an even lower thermal e f f i c i e n c y  of  about 32 pe rcen t  

because of s a f e t y  r e s t r i c t i o n s  on maximum steam temperatures  [ ~ e t e r s o n  

e t  a l . ,  19731. This  means t h a t  about 62 pe rcen t  of t h e  h e a t  genera ted  from 

f o s s i l - f u e l e d  power p l a n t s  must be  wasted. I n  t h e  case  of n u c l e a r  power 

p l a n t s ,  about 68 pe rcen t  of t he  t o t a l  h e a t  generated becomes waste  hea t .  



2 

This l a r g e  amount of hea t  p r e s e n t l y  must be c a r r i e d  away by cool ing water  

and u l t i m a t e l y  d i s s i p a t e d  t o  t he  atmosphere i n  most s i t u a t i o n s .  

Because of t he  r ap id  r i s e  i n  t h e  product ion of e l e c t r i c i t y  and 

t h e  inc reas ing  number of l e s s - e f f i c i e n t  nuc lea r  power p l a n t s ,  d i s p o s a l  of 

waste hea t  from thermal power p l a n t s  has  become a major concern i n  water  

resources.  The Water Resources Council [I9681 es t imated  t h a t  cool ing  water  

requirements w i l l  be increased  from 50 t r i l l i o n  ga l lons  p e r  y e a r  i n  1968 t o  

100 t r i l l i o n  ga l lons  p e r  yea r  by 1980. This w i l l  comprise about one- f i f th  

of t o t a l  f r e s h  water  runoff i n  t h e  c o n t i n e n t a l  United S t a t e s .  More 

r e c e n t l y ,  Young and Thompson [1973] f o r e c a s t  t h a t  by 1980, t h e  n a t i o n a l  

f reshwater  withdrawls f o r  genera t ion  of e l e c t r i c i t y  w i l l  range from 3.2 

b i l l i o n  ga l lons  p e r  day f o r  low economic growth r a t e  t o  177 b i l l i o n  ga l lons  

pe r  day f o r  high economic growth r a t e .  

The cool ing systems c u r r e n t l y  employed by e l e c t r i c  power indus- 

t r i e s  can be d i s t i ngu i shed  a s  "closed cyc lef '  o r  "open cyc lev  depending 

on whether t h e  cool ing water  i s  recycled.  I n  a  c losed c y c l e  cool ing system, 

t h e  waste  h e a t  i s  t r a n s f e r r e d  t o  t he  atmosphere by r a d i a t i o n ,  evapora t ion ,  

and/or conduction through the  use of cool ing  l akes  and ponds, cool ing  

towers, and/or  spray  modules. I n  "open cycle1' o r  "once-through" cool ing ,  

t h e  cool ing water  i s  taken from a water  body and r e tu rned  t o  t h e  source  

wi th  h ighe r  temperature.  A t  s i t e s  where adequate s u p p l i e s  of water  a r e  

a v a i l a b l e ,  once-through cool ing systems have u s u a l l y  been adopted by 

e l e c t r i c  power i n d u s t r i e s  f o r  d i spos ing  waste h e a t  s i n c e  t h i s  method has 

economical advantages over  the  closed cyc le  systems. Recent ly,  however, 

new EPA gu ide l ines  [ ~ e d e r a l  Reg i s t e r ,  19741 p r a c t i c a l l y  p r o h i b i t  

once-through cool ing.  The gu ide l ines  make except ion  only i n  cases  where i t  

can be c l e a r l y  demonstrated t h a t  t h e r e  w i l l  be no adverse environmental and 
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eco log ica l  e f f e c t s  due t o  thermal d ischarges  i n  t h e  r ece iv ing  body of water ,  

i . e . ,  t he  body i n t o  which the  cool ing water  i s  discharged.  

One of the  c r u c i a l  aspec ts  of understanding the  e f f e c t s  of waste 

h e a t  on the  environment is  the  accu ra t e  p r e d i c t i o n  of how much water  w i l l  

be af f ec t ed  by t h e  waste h e a t  and what t he  r e s u l t i n g  temperature d i s t r i b u -  

t i o n  w i l l  be. This p red ic t ion ,  i n  t u rn ,  depends on an understanding of 

t he  mechanisms which in f luence  the  temperature d i s t r i b u t i o n  and on having a 

p r e d i c t i v e  t o o l  o r  model which r ep re sen t s  t h e s e  mechanisms. Some aspec t s  

of the  models a r e  d i f f e r e n t  depending on whether t h e  d ischarge  i s  made 

below the  water  s u r f a c e  o r  a t  the  su r f ace .  This s tudy  is  concerned wi th  . 

s u r f a c e  d ischarge  i n t o  flowing water.  There a r e  s e v e r a l  d i f f e r e n t  types of 

models c u r r e n t l y  being used f o r  p r e d i c t i n g  temperature d i s t r i b u t i o n s  

r e s u l t i n g  from s u r f a c e  d ischarges .  Three of t hese  types of models w i l l  b e  

discussed b r i e f l y  i n  Sec t ion  1.3.  A l l  c u r r e n t l y  a v a i l a b l e  models r e q u i r e  

empi r i ca l ly  determined c o e f f i c i e n t s  i n  making p red ic t ions .  However, be fo re  

summarizing these  t h r e e  types of models, t h e  gene ra l  behavior  of buoyant 

s u r f a c e  j e t s  w i l l  be  discussed i n  Sec t ion  1.2.  

1 .2 Phys i ca l  Processes  of Buoyant Surface J e t s  

When hea ted  water  i s  discharged a t  t he  s u r f a c e  of a body of 

r ece iv ing  water ,  v e l o c i t y  and temperature d i s p a r i t i e s  normally e x i s t  be- 

tween t h e  e f f l u e n t  and the  ambient water .  Thus, t he  e f f l u e n t  w i l l  be  

considered as  a t u rbu len t  buoyant s u r f a c e  j e t .  

A buoyant s u r f a c e  j e t ,  a s  i t s  name imp l i e s ,  possesses  buoyancy 

and a f r e e  s u r f a c e ,  both of which do n o t  e x i s t  i n  a submerged nonbuoyant 

j e t .  Although the  r e l a t i v e  dens i ty  d i f f e r e n c e s  between t h e  e f f l u e n t  and 

the  ambient flow a r e  normally very small  (on t h e  o r d e r  of 0.004 gm/cc 
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o r  l e s s ) ,  t he  dens i ty  d i f f e r e n c e s  s t i l l  can have a  s i g n i f i c a n t  e f f e c t  on 

the  behavior  of buoyant s u r f a c e  j e t s  a s  compared t o  nonbuoyant j e t s .  The 

parameter used t o  a s se s s  t he  importance of t he  buoyancy e f f e c t  on the  j e t  

is  t h e  dens imet r ic  Froude number (F ) ,  which i s  r e p r e s e n t a t i v e  of t h e  r a t i o  
r 

of i n e r t i a l  t o  buoyancy fo rces .  The mathematical d e f i n i t i o n  w i l l  be  given 

i n  Sec t ion  2.1.2 (Eqs. 2.2-2.3). Another parameter which is  f r equen t ly  

used is  t h e  Richardson number which is  def ined  i n  Eq. 2.2. 

When Fr + a j e t  is  c a l l e d  nonbuoyant because buoyancy f o r c e s  

a r e  n e g l i g i b l e  compared wi th  i n e r t i a l  fo rces .  Another l i m i t i n g  case  is  

Fr -+ 1. This  case occurs  when buoyancy f o r c e s  have t h e  same o r d e r  of 

magnitude a s  i n e r t i a l  fo rces .  Then i n e r t i a l  e f f e c t s  of t he  j e t  behavior  a r e  

almost unnot iceable  and the  e f f l u e n t  has p r imar i ly  t h e  c h a r a c t e r i s t i c s  of 

a  d e n s i t y  cu r r en t  o r  a  buoyancy d r iven  flow. Unless otherwise s p e c i f i e d ,  

t he  terms "buoyant j e t "  o r  " j e t "  w i l l  b e  used t o  r e f e r  t o  a  j e t  wi th  

moderate dens imet r ic  Froude number, i . e . ,  1 < F << a. It should be noted 
r 

t h a t  i t  i s  n o t  p o s s i b l e  f o r  a  d i scharge  from a r ec t angu la r  channel t o  have 

a  dens imet r ic  Froude number l e s s  than 1. I f  a  ca l cu la t ed  F l e s s  than 1 
r 

is  obta ined ,  t h i s  i s  an i n d i c a t i o n  t h a t  cold water  i n t r u d e s  i n t o  t h e  out- 

l e t  cana l  o r  o u t l e t  s t r u c t u r e  and the  warm water  flow w i l l  a d j u s t  i t s e l f  t o  

t he  c r i t i c a l  condi t ion  of F = 1 [ ~ a r l e m a n ,  19611. 
r 

Three p r i n c i p a l  flow reg ions  can be  d i s t i ngu i shed  i n  a  buoyant 

s u r f a c e  j e t .  F igure  1.1 d e p i c t s  t he  gene ra l  con f igu ra t ion  of a  buoy an^ 

s u r f a c e  j e t  i n  a  crossf low,  wi th  the  var ious  reg ions  of t he  j e t  and the  

a s soc i a t ed  phys i ca l  processes  being ind ica t ed  i n  t h e  f i g u r e .  The va r ious  

a spec t s  of t h e  j e t  a r e  d iscussed  i n  t he  nex t  t h r e e  subsec t ions  which d e a l  

w i th  t h e  t h r e e  p r i n c i p a l  flow regions.  I n  t he  a n a l y t i c a l  p a r t s  of t h i s  
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s tudy ,  i t  is  assumed t h a t  t he  j e t  does no t  impinge on any of t h e  flow 

boundaries .  

1 .2.1 Zone of Flow Establishment 

A t  t he  channel e x i t  turbulence usua l ly  e x i s t s  i n  t h e  j e t  flow. 

The v e l o c i t y  d i s t r i b u t i o n  i n  t he  j e t  i s  usua l ly  assumed t o  be  uniform. A s  

the  j e t  e n t e r s  i n t o  the  ambient f l u i d ,  a d i s c o n t i n u i t y  of f l u i d  v e l o c i t y  is 

crea ted .  The v e l o c i t y  d i f f e r e n c e  between the  j e t  and the  ambient f l u i d  

c r e a t e s  s h e a r  which i n  t u rn  genera tes  turbulence  [Dunn e t  a l . ,  19751. The 

turbulence i s  respons ib le  f o r  the  t r a n s p o r t  of j e t  momentum and thermal 

energy and f o r  t he  inco rpora t ion  o r  "entrainment" of ambient f l u i d  i n t o  t h e  

j e t .  I n  t he  immediate v i c i n i t y  of t he  d ischarge  o u t l e t ,  un less  t h e  o u t l e t  

dens imet r ic  Froude number i s  nea r  un i ty ,  t h e  j e t  t u r b u l e n t  processes  a r e  

considered t o  be dominated by entrainment  [Dunn e t  a l .  , 19751. 

Due t o  t h e  s h e a r  and t h e  a s soc i a t ed  turbulence ,  a mixing zone i s  

c rea t ed  around t h e  j e t  per iphery.  Between the  mixing zone and the  s u r f a c e  

t h e r e  i s  an undisturbed "core" region. The mixing zone grows both  inward 

and outward wi th  d i s t a n c e  from the  o u t l e t  and t h e  s i z e  of t h e  core 

decreases .  A t  some d i s t ance  from the  o u t f a l l ,  t h e  core ends and t h e  j e t  

c e n t e r l i n e  v e l o c i t y  begins  t o  decay. Downstream of t h e  co re ,  t he  v e l o c i t y  

p r o f i l e s  a r e  o f t e n  assumed t o  be  s i m i l a r .  The reg ion  between t h e  o u t f a l l  

and the  po in t  where t h e  j e t  c e n t e r l i n e  v e l o c i t y  s t a r t s  t o  decay i s  c a l l e d  

the  zone of flow es tab l i shment  (ZFE). 

S ince  a s u r f a c e  buoyant j e t  i s  warmer than t h e  r ece iv ing  wa te r ,  

one may a l s o  d e f i n e  a ZFE based on the  cons idera t ion  of temperature 

d i s t r i b u t i o n .  Thus t h e  end of ZFE could be considered a s  t h e  po in t  where 

c e n t e r l i n e  temperature s t a r t s  t o  decay. The tu rbu len t  d i f f u s i o n  c o e f f i c i e n t  
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f o r  h e a t  is l a r g e r  than eddy v i s c o s i t y  i n  buoyant jets [ ~ o l i c a s t r o  and 

Tokar, 19721 . A s  a  consequence, t h e  l e n g t h  of  t h e  ZFE is s h o r t e r  i f  t h e  

d e f i n i t i o n  is based on t h e  temperature d i s t r i b u t i o n  r a t h e r  than t h e  v e l o c i t y  

d i s t r i b u t i o n .  However, f o r  convenience i t  i s  u s u a l l y  assumed t h a t  bo th  

v e l o c i t y  and temperature s t a r t  t o  decay a t  t he  same p o i n t .  

For t h e  case of d i scharge  i n t o  a  c ross f low,  t h e  e f f l u e n t  w i l l  b e  

d e f l e c t e d  i n  t h e  downstream d i r e c t i o n  of t h e  ambient flow both  due t o  

en t ra inment  of momentum from t h e  c ross f low and due t o  t he  n e t  p r e s su re  

f o r c e  on t h e  e f f l u e n t  jet.  The jet  t r a j e c t o r y  depends p r imar i l y  on t h e  

v e l o c i t y  r a t i o  R which i s  t h e  r a t i o  of i n i t i a l  jet  v e l o c i t y  t o  t h e  average . 

ambient v e l o c i t y .  For low v e l o c i t y  r a t i o s  t h e  bending of t h e  jet i n  t h e  

ZFE can be  s i g n i f i c a n t .  

I n  add i t i on  t o  causing t h e  bending of t h e  jet t r a j e c t o r y ,  t he  

c ross f low is a l s o  r e spons ib l e  f o r  t h e  c r e a t i o n  of  a  s t a g n a t i o n  zone on t h e  

upstream s i d e  of t h e  jet  and a  wake on t h e  lee s i d e  a s  shown i n  Fig.  1.1. 

Both t h e  s t a g n a t i o n  zone and the  wake may extend beyond t h e  ZFE and i n t o  

t he  nex t  region.  

1 .2 .2  Near F i e l d  Region 

The nex t  reg ion  beyond . t h e  end of t h e  ZFE i s  c a l l e d  t h e  nea r  

f i e l d  reg ion  (NFR). Here t h e  e f f l u e n t  i s  in f luenced  s i g n i f i c a n t l y  by both  

t he  i n e r t i a l  f o r c e s  and buoyancy fo rces .  The v e l o c i t y  p r o f i l e s  and 

temperature  p r o f i l e s  a r e  o f t e n  each assumed t o  be  s e l f - s i m i l a r .  I n  t h e  

i n i t i a l  p o r t i o n  of t h e  NFR, bo th  v e l o c i t y  and temperature  excesses  a r e  

s t i l l  r e l a t i v e l y  l a r g e  f o r  moderate o r  l a r g e  i n i t i a l  Froude numbers, bu t  

t he  je t  i s  g radua l ly  d i s s i p a t e d  p r imar i l y  due t o  t he  entrainment  of t h e  

ambient f l u i d .  The end of t he  NFR and the  beginning of t h e  f a r  f i e l d  
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region (Sec t ion  1.2.3) i s  def ined  a s  t he  p o i n t  where t h e  j e t  v e l o c i t y  

excess  ( i . e .  , t he  d i f f e r e n c e  between the  maximum j e t  v e l o c i t y  (urn) and t h e  

component of the  ambient v e l o c i t y  p a r a l l e l  t o  the  j e t  a x i s  (u cos 0 ,  where 
a  

u  is  the  ambient v e l o c i t y  and 0 is  the  angle between u  and the  j e t  
a  a  

t r a j e c t o r y ) )  i s  p r a c t i c a l l y  d i s s i p a t e d  s o  t h a t  the  j e t - l i k e  behavior  

ceases ;  however, the  dens i ty  g rad ien t s  may s t i l l  be s i g n i f i c a n t  and t h e  

e f f l u e n t  may n o t  have a l igned  wi th  the  ambient flow (Sec t ion  1.2.3).  

Buoyancy p lays  an important  r o l e  i n  the NFR. On t h e  one hand i t  

causes an unbalanced h y d r o s t a t i c  p re s su re  d i s t r i b u t i o n  around the  j e t  

boundary and t h i s  i n  turn  causes l a t e r a l  buoyant spreading;  on t h e  o t h e r  

hand i t  genera tes  s t a b l e  v e r t i c a l  d e n s i t y  g rad ien t s  which suppress  

turbulence and i n h i b i t  v e r t i c a l  entrainment .  

The i n t e r a c t i o n  of j e t  and crossf low is  one of t h e  most compli- 

ca ted  and l e a s t  understood problems i n  the  dynamics of j e t s .  Besides 

causing the  bending of j e t  t r a j e c t o r y  and the  formation of a  wake and a  

s t a g n a t i o n  zone (Sec t ion  1 .2 .1) ,  t h e  crossf low may s i g n i f i c a n t l y  d i s t o r t  

t he  j e t  c ros s  s e c t i o n  (Figs.  5  .l-5.4) and the common assumption of 

s i m i l a r i t y  f o r  v e l o c i t y  and temperature d i s t r i b u t i o n s  may not  be v a l i d .  

1 .2.3 Far  F i e l d  Region 

This research  r e l a t e s  t o  the ZFE and the  NFR. However, f o r  t he  

sake of completeness,  a  b r i e f  d i scuss ion  is  given he re  of the  f a r  f i e l d  

region (FFR) which is  downstream of the  NFR. Depending on the  character-  

i s t i c s  of both the  j e t  a t  the o u t f a l l  and the  ambient flow, a  maximum of 

f o u r  types  of e f f l u e n t  condi t ions  can e x i s t  a t  the  beginning of t he  FFR. 

Since t h e  end of t he  NFR is  def ined  on t h e  b a s i s  of t h e  d i s s i p a t i o n  of the  

(magnitude o f )  excess  v e l o c i t y  ( i .  e .  , u  " u  cos 0) , t h e  fou r  p o s s i b l e  m a  
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condi t ions  a t  the  beginning of the  FFR a r e  (1) dens i ty  g rad ien t s  a r e  sma l l  

and the  e f f l u e n t  has a l ready  bent  over and a l igned  wi th  the  ambient flow, 

(2) dens i ty  g rad ien t s  a r e  smal l  b u t  the  e f f l u e n t  has  not  y e t  a l igned  wi th  

the  ambient flow, (3) dens i ty  g rad ien t s  a r e  s t i l l  s i g n i f i c a n t  bu t  the  

e f f l u e n t  has a l ready  a l igned  wi th  the  ambient flow, and ( 4 )  dens i ty  

g r a d i e n t s  a r e  s t i l l  s i g n i f i c a n t  and the  e f f l u e n t  has  n o t  a l igned  wi th  t h e  

ambient flow. It is  n o t  c l e a r  whether a l l  of t hese  f o u r  condi t ions  a r e  

phys i ca l ly  poss ib l e .  

The f i r s t  type of condi t ion  ( i . e . ,  small  dens i ty  g rad ien t s  and 

the  e f f l u e n t  a l igned  wi th  the  ambient flow) usua l ly  occurs  when j e t s  a r e  

discharged wi th  high F  and l a r g e  R. The ambient v e l o c i t y  f i e l d  i n  t h e  
0 

FFR is  p r a c t i c a l l y  undisturbed by the  presence of the  e f f l u e n t .  Ambient 

t u rbu len t  d i f f u s i o n ,  ambient advect ion and s u r f a c e  h e a t  l o s s  a r e  then the  

th ree  primary mechanisms respons ib le  f o r  the  t r a n s p o r t  of t he  excess  h e a t  

of t he  e f f l u e n t   dams e t  a l . ,  19751. Most of the  models f o r  the  f a r  f i e l d  

reg ion  a r e  concerned wi th  t h i s  s i t u a t i o n  [ ~ o l i c a s t r o  and Paddock, 19721 . 
(See Sec t ion  1.3.2 .) 

For t h e  second and f o u r t h  types  of e f f l u e n t  condi t ions  a t  the  

beginning of t h e  FFR, the  v e l o c i t y  excesses  a r e  d i s s i p a t e d  (u  " u  cos 0) m a  

be fo re  t h e  e f f l u e n t  becomes a l igned  wi th  the  ambient flow ( i . e . ,  be fo re  0 

becomes zero) .  Then the  e f f l u e n t  may a c t u a l l y  be acce l e ra t ed  i n  t h e  i n i t i a l  

p o r t i o n  of t h e  FFR because the  maximum e f f l u e n t  v e l o c i t y  (u  ) must approach m 

t he  ambient v e l o c i t y  (u,) when the e f f l u e n t  i s  a l igned  wi th  the  ambient 

flow. This  phenomenon is  mathematically p o s s i b l e  and i s  observed i n  t h e  

numerical  model, b u t  i t  i s  n o t  c l e a r  whether i t  i s  phys i ca l ly  poss ib l e .  It 

i s  a l s o  n o t  c l e a r  whether t h e  t h i r d  type of condi t ion  can a c t u a l l y  occur.  
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1 . 3  Mathematical Models 

The con t inu i ty  equat ion ,  momentum equat ions ,  thermal energy con- 

s e r v a t i o n  equat ion  and equat ion of s t a t e  c o n s t i t u t e  the  b a s i s  of a 

mathematical model f o r  thermal discharges.  Due t o  t he  complexi t ies  of 

t u rbu len t  flow, those equat ions  a r e  impossible  t o  s o l v e  i n  t h e i r  exac t ,  

ins tan taneous  forms. Some assumptions must be made i n  o rde r  t o  o b t a i n  a 

s e t  of s i m p l i f i e d  governing equat ions which can be solved.  

Numerous mathematical models f o r  buoyant s u r f  ace  j e t s  have been 

developed dur ing  t h e  p a s t  t en  years  (1967-1977). Many of t he  models have 

been summarized by P o l i c a s t r o  and Tokar [1972], Dunn e t  al .  [1975], J i r k a  

' e t  a l .  [1975]. Some models were developed f o r  a s p e c i f i c  reg ion  by 

cons ider ing  only t h e  predominant f a c t o r s  a f f e c t i n g  the  t r a n s p o r t  of h e a t  

and momentum i n  t h a t  region.  Others  were der ived  i n  an at tempt  t o  p r e d i c t  

the  v e l o c i t y  and temperature d i s t r i b u t i o n s  throughout t h e  e n t i r e  flow 

f i e l d .  

There a r e  t h r e e  p r i n c i p a l  types of mathematical models f o r  

s u r f a c e  buoyant j e t s ,  namely, i n t e g r a l  j e t  models, ambient d i f f u s i o n  models 

and three-dimensional numerical models. Only a b r i e f  d i scuss ion  of each 

type of model w i l l  be  presented  here .  More complete d i scuss ions  of 

mathematical models can be  found i n  reviews by P o l i c a s t r o  and Tokar 119721, 

Dunn e t  al .  [1975] and J i r k a  e t  al. [1975]. 

1 .3 .1  I n t e g r a l  J e t  Models 

Some concepts and techniques used i n  i n t e g r a l  a n a l y s i s  of a 

buoyant s u r f a c e  j e t  a r e  adapted d i r e c t l y  from the  nonbuoyant j e t  theory.  

The governing equat ions  f o r  t he  buoyant s u r f a c e  j e t s  a r e  f i r s t  s i m p l i f i e d  
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based on some assumptions such a s  h y d r o s t a t i c  pressure  d i s t r i b u t i o n ,  

Boussinesq approximation f o r  small  dens i ty  d i f f e rences  , f u l l y  tu rbu len t  j e t  

flow, e t c .  (See Sect ion 3.1.1.) S i m i l a r i t y  funct ions  f o r  v e l o c i t y  and 

temperature d i s t r i b u t i o n s  a re  then introduced i n t o  the  s impl i f i ed  governing 

equat ions which subsequently a r e  i n t e g r a t e d  over the c ross  s e c t i o n  normal 

t o  the j e t  a x i s  t o  y i e l d  a  s e t  of ordinary d i f f e r e n t i a l  equat ions.  I n  t h e  

model development, e i t h e r  entrainment o r  j e t  spreading concepts must be  

used t o  ensure a  c losure  r e l a t i o n  of governing equat ions  ( J i r k a  e t  a l . ,  

1975). The buoyancy e f f e c t s  may be incorpora ted  i n t o  the  model through t h e  

pressure-gradient  terms i n  the momentum equat ions  and through t h e  considera- 

t i o n s  of buoyant spreading and the reduct ion  of v e r t i c a l  entrainment ( o r  

spreading)  due t o  dens i ty  d i f f e rences .  

Solu t ions  can be obtained f o r  i n t e g r a l  j e t  models wi th  r e l a t i v e l y  

much l e s s  time and expense than t h a t  requi red  f o r  o the r  types of models. 

Some l i m i t a t i o n s  of t he  i n t e g r a l  j e t  models a r e  (1) t h a t  they a r e  gene ra l ly  

v a l i d  only i n  t h e  near  f i e l d  region,  although some at tempts  wi th  varying 

degrees of success have been made t o  inc lude  buoyant spreading i n  i n t e g r a l  

j e t  models, (2) t h a t  only a gross j e t  behavior can be  obtained and (3) t h a t  

i t  i s  d i f f i c u l t  wi th  the  present  models t o  handle boundary condi t ions  such 

a s  unsteady ambient flow condit ions and j e t  attachment t o  a  s o l i d  boundary. 

Such l i m i t a t i o n s  come mainly from the  f a c t  t h a t  i n  an i n t e g r a l  approach, 

many phys ica l  phenomena a re  n o t  a c t u a l l y  s imula ted ,  bu t  r a t h e r  a r e  e i t h e r  

lumped i n t o  t h e  entrainment ,  j e t  spreading o r  drag concepts o r  a r e  marked 

by the  use of s i m i l a r i t y  funct ions  and by i n t e g r a t i o n  over  the c ross  

sec t ion .  Because of these  inherent  s i m p l i f i c a t i o n s ,  i n t e g r a l  models w i l l  

apparent ly  always have d e f i n i t e  l i m i t a t i o n s ,  but  on the  o t h e r  hand, 



12 

i n t e g r a l  models a r e  r e l a t i v e l y  inexpensive t o  use and can provide use fu l  

information i f  t h e  model l i m i t a t i o n s  a r e  recognized. 

1.3.2 Ambient Di f fus ion  Models 

I f  t he  i n i t i a l  momentum and buoyancy of t h e  e f f l u e n t  a r e  e i t h e r  

n e g l i g i b l e  o r  have been d i s s i p a t e d ,  t he  h e a t  can be  t r e a t e d  a s  a  pas s ive  

t r a c e r .  Then ambient tu rbulence ,  ambient advect ion and s u r f  ace h e a t  

t r a n s f e r  a r e  t he  primary f a c t o r s  i n f luenc ing  the  t r a n s p o r t  of h e a t  

(Sec t ion  1 .2 .3) .  Models t o  r ep re sen t  t h e s e  f a c t o r s  a r e  c a l l e d  ambient 

d i f f u s i o n  models [ ~ e n s h u  and Wada, 1965; Edinger and Polk ,  1969; Koh and 

Fan, 19701 and a r e  based on the  thermal energy conserva t ion  equat ion which 

i s  uncoupled from t h e  hydrodynamic equat ions  and so lved  by us ing  a  

measured o r  assumed ambient v e l o c i t y  d i s t r i b u t i o n .  

Ambient d i f f u s i o n  models assume t h a t  t r a n s p o r t  of h e a t  due t o  

t u rbu len t  v e l o c i t y  f l u c t u a t i o n s  can be represented  by eddy d i f f u s i o n  terms. 

Successfu l  modeling h inges  on t h e  accu ra t e  s p e c i f i c a t i o n  of eddy d i f f u s i o n  

c o e f f i c i e n t s  which a r e  func t ions  of flow condi t ions .  Thus t h e  s e l e c t i o n  of 

those c o e f f i c i e n t s  can r ep re sen t  a  cons iderable  problem f o r  ambient 

d i f f u s i o n  models. 

Another s i g n i f i c a n t  problem wi th  the  ambient d i f f u s i o n  models 

l i e s  i n  t h e  d i f f i c u l t y  of spec i fy ing  the  upstream thermal  boundary condi- 

t i o n s .  One way t o  overcome t h i s  d i f f i c u l t y  i s  t o  subdiv ide  the  model i n t o  

two p a r t s  us ing  an ambient d i f f u s i o n  model i n  the  downstream p a r t  and an 

i n t e g r a l  j e t  model i n  t h e  upstream p a r t .  The c a l c u l a t i o n s  from t h e  

i n t e g r a l  model then g ive  the  upstream boundary cond i t i on  f o r  t h e  ambient 

d i f f u s i o n  models. This ,  of course ,  is  an approximation, b u t  has  been 
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found t o  be  a u se fu l  approximation f o r  some problems when jud ic ious ly  

appl ied  [ ~ i r k a  e t  a l .  , 19751 . 

1.3.3 Three-dimensional Numerical Models 

Some models have been developed t o  so lve  numerical ly  t h e  

governing three-dimensional p a r t i a l  d i f f e r e n t i a l  equat ions  f o r  t h e  e n t i r e  

flow f i e l d .  Usual s imp l i fy ing  assumptions u t i l i z e d  i n  t h e  development of 

a three-dimensional numerical model i nc lude  the  h y d r o s t a t i c  assumption, 

r i g i d  l i d  approximation f o r  t h e  f r e e  water  s u r f a c e  [ ~ u n n  e t  a l . ,  1975; 

J i r k a  e t  a l . ,  19751 and t h e  use of eddy v i s c o s i t y  and eddy d i f f u s i v i t y  

concepts.  The s i m p l i f i e d  p a r t i a l  d i f f e r e n t i a l  equat ions  a r e  transformed 

i n t o  f i n i t e  d i f f e r e n c e  forms and solved numerical ly .  Some of t h e  p r e s e n t l y  

a v a i l a b l e  three-dimensional numerical models a r e  t h e  ones developed by 

Waldrop and Farmer [1974], Paul  and Lick [1974] and Rastogi  and Rodi [1975], 

among o thers .  

The p o s s i b i l i t y  t h a t  three-dimensional numerical models can 

inc lude  and s imu la t e  complexi t ies  of t he  phys i ca l  f l u i d  flow phenomena is 

an advantage over  o t h e r  types of models. For example, i n  three-dimensional 

numerical models, unsteady ambient flow condi t ions  and complicated boundary 

geometries can be handled. Also, t he  zone of flow es tab l i shment  and t h e  

nea r  f i e l d  and f a r  f i e l d  regions can be  a l l  included i n  one model, and 

d e t a i l e d  hydrothermal p r e d i c t i o n  is poss ib l e .  However, t h e  use of  t hese  

models i s  o f t e n  hampered by disadvantages such a s  t h e  d i f f i c u l t y  involved 

i n  t h e  s p e c i f i c a t i o n  of boundary condi t ions  f o r  v e l o c i t y  and p re s su re ,  

unce r t a in ty  a s  t o  t h e  choice of eddy d i f f u s i o n  c o e f f i c i e n t s  f o r  bo th  

energy and momentum, t h e  need f o r  s e v e r a l  empi r i ca l  r e l a t i o n s h i p s  f o r  

var ious  a spec t s  of t h e  flow s t r u c t u r e ,  and enormous computational e f f o r t .  
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I n  f a c t ,  J i r k a  e t  a l .  [1975] concluded from t h e i r  assessment of techniques 

f o r  hydrothermal p r e d i c t i o n  t h a t  a t  t h e  s t a g e  of development a t  t h a t  t i m e ,  

three-dimensional numerical  models appeared h igh ly  u n s a t i s f a c t o r y .  Hence 

they  recommended t h a t  on ly  i n t e g r a l  jet  models be used f o r  t he  p r e d i c t i o n  

of temperature  d i s t r i b u t i o n s  i n  t he  n e a r  f i e l d  reg ion .  Probably, improved 

speed and e f f i c i e n c y  of computers w i l l  make three-dimensional numerical 

models more p r a c t i c a l  i n  t h e  f u t u r e .  

1 . 4  Objec t ives  of t h i s  Study 

The o b j e c t i v e s  of t h i s  s t udy  a r e  a s  fo l lows:  

1. t o  develop a three-dimensional i n t e g r a l  je t  model f o r  t h e  

p r e d i c t i o n  of temperature  d i s t r i b u t i o n s  i n  t h e  n e a r  f i e l d  

reg ion  f o r  hea ted  e f f l u e n t s  d i scharged  h o r i z o n t a l l y  a t  t h e  

s u r f a c e  of  channel flows where s p a t i a l l y  dependent v e l o c i t y  

and temperature  f i e l d s  may e x i s t  and where t h e  v e l o c i t y  

r a t i o s  a r e  i n  the  range of approximately 2 t o  15  s o  t h a t  

ambient v e l o c i t y  is n o t  n e g l i g i b l e .  

2 .  t o  conduct l a b o r a t o r y  experiments t o  i n v e s t i g a t e  t h e  a b i l i t y  

of t h e  model t o  p r e d i c t  temperature  d i s t r i b u t i o n s .  

3 .  t o  use t h e  l a b o r a t o r y  d'ata t o  c a l c u l a t e  one drag and two 

sp read ing  c o e f f i c i e n t s  i n  t h e  model. 



2. REVIEW OF PREVIOUS STUDIES 

Cons iderab le  work on t h e  mechanisms and modeling of h e a t e d  d i s -  

charges  w a s  reviewed by Krenkel and P a r k e r  [1969],  Si lberman and S t e f a n  

[1970],  P o l i c a s t r o  and Paddock [1972] , and Bened ic t  e t  a l .  [1974]. S e v e r a l  

mathemat ica l  models f o r  p r e d i c t i n g  t h e  b e h a v i o r  of buoyant  s u r f a c e  j e t s  

have a l s o  been c r i t i c a l l y  reviewed by P o l i c a s t r o  and Tokar [1972] ,  Dunn e t  

a l .  [1975] and J i r k a  e t  a l .  [1975].  I n  view of t h e s e  p r e v i o u s  reviews and 

an almost p r o h i b i t i v e l y  l a r g e  amount of l i t e r a t u r e  on t h e  s u b j e c t  of hea ted  

d i s c h a r g e s ,  no a t t e m p t  is made h e r e  t o  cover  a l l  of  t h e  r e l a t e d  r e f e r e n c e s .  

R a t h e r ,  o n l y  t h o s e  which c o n t a i n  m a t e r i a l  p a r t i c u l a r l y  r e l e v a n t  t o  t h i s  

s t u d y  w i l l  be  d i s c u s s e d  i n  o r d e r  t o  e s t a b l i s h  some background f o r  t h e  

p r e s e n t  i n v e s t i g a t i o n .  It i s  assumed t h a t  t h e  r e a d e r  is f a m i l i a r  w i t h  t h e  

b a s i c  concep t s  o f  t u r b u l e n t  j e t s  a s  d i s c u s s e d ,  f o r  example, by A l b e r t s o n  

e t  a l .  [1950] and Abramovich [1963] ,  and w i t h  t h e  i n t e g r a l  method of  

a n a l y z i n g  je t  f lows as d i s c u s s e d ,  f o r  example, by Abraham [1965] and Fan 

[19671. 

2 . 1  Entra inment  

2 . 1 . 1  En t ra inment  Concept 

Abraham [1972] h a s  demonstra ted f o r  j e t  d i f f u s i o n  t h e o r y  t h a t  

t h e  number o f  a v a i l a b l e  e q u a t i o n s  based  on c o n s e r v a t i o n  r e l a t i o n s h i p s  i s  

always exceeded by t h e  number of unknown q u a n t i t i e s  f o r  t u r b u l e n t  f low. 

T h i s  is t h e  major  o b s t a c l e  i n  t h e  a n a l y s i s  o f  j e t  problems. To o b t a i n  a 

c l o s e d  system of e q u a t i o n s ,  t h e  r a t e  o f  e n t r a i n m e n t  may be s p e c i f i e d .  

Morton e t  a l .  [1956] a p p l i e d  t h e  en t ra inment  concept and i n t e g r a l  t echn ique  



t o  analyze the  spreading  and d i l u t i o n  of a  s imple plume i n  a  s t r a t i f i e d  

environment. They proposed t h a t  t he  r a t e  of entrainment  was p ropor t iona l  

t o  a  c h a r a c t e r i s t i c  v e l o c i t y  i n  t he  plume. This c l a s s i c  concept of 

entrainment  can be expressed equ iva l en t ly  a s  

where v is t h e  entrainment  v e l o c i t y  on t h e  edge of t h e  plume, E is t h e  
e  S 

entrainment  c o e f f i c i e n t  and u i s  t h e  plume c e n t e r l i n e  v e l o c i t y .  
m 

The entrainment  concept has  been adapted and extended t o  more 

complicated submerged j e t  cases  by many i n v e s t i g a t o r s   an, 1967; P l a t t e n  

and Kef fe r ,  1968; Hoult  e t  a l . ,  1969; Fox, 1970; H i r s t ,  1971, 1972al.  A 

d e t a i l e d  review on t h e  entrainment  mechanisms of submerged j e t s  was given 

by Chan and Kennedy [1972]. 

It has been shown f o r  two-dimensional pure plumes [ ~ i r k a  e t  a l . ,  

19751 and f o r  three-dimensional nonbuoyant j e t s  w i th  no curva ture  

[ ~ t o l z e n b a c h  and Harleman, 19711 t h a t  t h e r e  e x i s t s  a  l i n e a r  r e l a t i o n s h i p  

between t h e  entrainment  c o e f f i c i e n t  and spreading  c o e f f i c i e n t  (Sec t ion  

3.8.2.1) . Thus entrainment  and spreading  concepts a r e  i n  f a c t  f u n c t i o n a l l y  

equ iva l en t .  To achieve the  c losu re  of t h e  governing equat ions  (Sect ion 

3.8) e i t h e r  one of t h e  concepts may be used. 

2.1.2 L a t e r a l  and V e r t i c a l  Entrainment 

The entrainment  concept has  a l s o  been used ex tens ive ly  with some 

modi f ica t ion  f o r  buoyant s u r f  ace  j e t s  . One s i n g l e  en t ra inment  func t ion  

(which may have one o r  more than one entrainment  c o e f f i c i e n t s )  is u s u a l l y  

employed t o  c h a r a c t e r i z e  t h e  entrainment  process  of submerged j e t s .  How- 

e v e r ,  f o r  heated s u r f a c e  d ischarges ,  i t  is necessary  t o  d i v i d e  t h e  

entrainment  process  i n t o  two p a r t s ,  namely, l a t e r a l  entrainment  and 



v e r t i c a l  en t ra inment .  E l l i s o n  and Turner  [1959] conducted a series of  l ab-  

o r a t o r y  exper iments  on t h e  v e r t i c a l  e n t r a i n m e n t  o f  two-dimensional buoyant 

s u r f a c e  j e t s .  They found t h a t  a s  t h e  b u l k  Richardson number i n c r e a s e d  from 

approximately  z e r o  t o  more than about  0 .8 ,  e n t r a i n m e n t  decreased  r a p i d l y  

from t h e  v a l u e  observed i n  homogeneous f l u i d s  t o  a lmos t  ze ro .  Here t h e  

b u l k  Richardson number i s  d e f i n e d  a s  

where R .  = b u l k  Richardson number, 
1 

u = average l o c a l  jet  v e l o c i t y ,  - 

'a 
= ambient f l u i d  d e n s i t y ,  

Ap - = average l o c a l  d e n s i t y  d i f f e r e n c e  between jet and ambient 

f l u i d ,  

h = l o c a l  j e t  t h i c k n e s s .  

The b u l k  Richardson number R.  i s  r e l a t e d  t o  t h e  d e n s i m e t r i c  Froude number 
1 

Thus a s i g n i f i c a n t  f e a t u r e  of v e r t i c a l  e n t r a i n m e n t  i s  t h a t  i t  i s  suppressed  

by t h e  p r e s e n c e  of a s t a b l e  d e n s i t y  d i f f e r e n c e .  

Work on t h e  problem of buoyant s u r f a c e  j e t s  d i s c h a r g e d  i n t o  a 

f lowing  ambient  s t r e a m  has  been done by Hoopes e t  a l .  [1968] ,  Motz and 

Bened ic t  [1970] ,  S to lzenbach  and Harleman [1971], Prych [1972] ,  S h i r a z i  and 

Davis [1974] and Adams e t  a l .  [1975],  among o t h e r s .  The e n t r a i n m e n t  con- 

c e p t  was used by a l l  of t h o s e  i n v e s t i g a t o r s  i n  one form o r  t h e  o t h e r .  

Hoopes e t  al .  [1968] n e g l e c t e d  v e r t i c a l  e n t r a i n m e n t  and assumed t h a t  



en t ra inment  came o n l y  from t h e  two s i d e s  o f  t h e  j e t .  They r e l a t e d  e n t r a i n -  

ment s o l e l y  t o  t h e  j e t  c e n t e r l i n e  v e l o c i t y .  Th i s  approach i s  a p p l i c a b l e  

when R. is  l a r g e  enough t h a t  t h e  v e r t i c a l  e n t r a i n m e n t  i s  suppressed  and 
1 

when t h e r e  i s  no  ambient f low o r  when t h e  c e n t e r l i n e  v e l o c i t y  a t  any c r o s s  

s e c t i o n  i n  t h e  jet  is  an o r d e r  of magnitude g r e a t e r  t h a n  t h e  ambient 

v e l o c i t y  [ ~ o l i c a s t r o  and Tokar,  19721. Motz and Bened ic t  [1970] a l s o  con- 

s i d e r e d  o n l y  la tera l  e n t r a i n m e n t  and assumed t h a t  t h e  e n t r a i n m e n t  v e l o c i t y  

was p r o p o r t i o n a l  t o  t h e  s c a l a r  d i f f e r e n c e  between t h e  jet c e n t e r l i n e  

v e l o c i t y  and t h e  component of c r o s s f l o w  v e l o c i t y  p a r a l l e l  t o  t h e  jet 

t r a j e c t o r y .  The models developed by Hoopes e t  a l .  [I9681 and Motz and 

, 
Benedic t  [1970] are c a l l e d  two-dimensional models i n  t h a t  t h e  j e t  t h i c k n e s s  

is  assumed c o n s t a n t  and t h e  jet can grow o n l y  i n  two l a t e r a l  d i r e c t i o n s ,  as 

c o n t r a s t e d  w i t h  th ree -d imens iona l  models i n  which t h e  jet i s  al lowed t o  

s p r e a d  i n  a l l  t h r e e  d i r e c t i o n s .  

S to lzenbach  and Harleman [1971] were among t h e  f i r s t  t o  t a k e  

v e r t i c a l  e n t r a i n m e n t  i n t o  account .  Most of t h e  models developed subse-  

q u e n t l y  by o t h e r  i n v e s t i g a t o r s ,  f o r  example,  Prych [:1.972] and Adams e t  a l .  

[:1.975], among o t h e r s ,  have a l s o  c o n s i d e r e d  v e r t i c a l  e n t r a i n m e n t .  S ince  t h e  

v e r t i c a l  e n t r a i n m e n t  f u n c t i o n  used by t h e s e  th ree -d imens iona l  j e t  models 

were a l l  d e r i v e d  from t h e  same s o u r c e  of d a t a ,  o n l y  S to lzenbach  and 

Harleman's [1971] model w i l l  b e  d i s c u s s e d .  

S to lzenbach  and Harleman [1971] c o n s i d e r e d  b o t h  t h e  l a t e r a l  and 

v e r t i c a l  s p r e a d i n g  o f  t h e  h e a t e d  s u r f a c e  j e t s  d i s c h a r g e d  i n t o  a c ross -  

c u r r e n t .  F i r s t ,  u s i n g  a s i m i l a r i t y  p r o f i l e  f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  

and u s i n g  t h e  e x p e r i m e n t a l  nonbuoyant jet  s p r e a d i n g  fo rmula  from 

Abramovich [1963] ,  t h e y  s o l v e d  t h e  nonbuoyant jet  c a s e  w i t h  no c ross f low.  

T h i s  a l lowed t h e  c a l c u l a t i o n  of la tera l  e n t r a i n m e n t  c o e f f i c i e n t s ,  which 
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were then appl ied  i n  the buoyant j e t  case based on t h e  assumption t h a t  t he  

buoyant j e t  l a t e r a l  entrainment was n o t  a f f e c t e d  by buoyancy fo rces .  To 

account f o r  t h e  reduct ion  of v e r t i c a l  entrainment  due t o  dens i ty  

d i f f e r ences  , they used 

where EB = v e r t i c a l  entrainment c o e f f i c i e n t  of buoyant j e t s ,  

E = l a t e r a l  o r  v e r t i c a l  entrainment  c o e f f i c i e n t  of nonbuoyant 
NB 

j e t s .  

Equation 2.4 was derived from t h e  experimental  d a t a  of E l l i s o n  and Turner 

[I9591 f o r  two-dimensional buoyant j e t s .  With the  l a t e r a l  and v e r t i c a l  

entrainment  c o e f f i c i e n t s  a v a i l a b l e ,  Stolzenbach and Harleman [1971] 

defined the  entrainment  v e l o c i t y  a s  being equal  t o  the  entrainment  

c o e f f i c i e n t  times the  j e t  c e n t e r l i n e  v e l o c i t y .  A s  mentioned be fo re ,  t h i s  

d e f i n i t i o n  i s  considered v a l i d  only f o r  low ambient v e l o c i t y .  

2.1.3 Evaluat ion of Entrainment Coe f f i c i en t  

Using the entrainment  concept t o  lump complex tu rbu len t  pro- 

cesses  i n t o  a  gross  entrainment  func t ion  has made the  s o l u t i o n  of many 

buoyant j e t  problems e a s i e r .  However, a  primary ques t ion  a r i s e s  a s  t o  the  

choice of t h e  appropr ia te  va lue  of entrainment  c d e f f i c i e n t s .  These 

c o e f f i c i e n t s  a r e  commonly determined by f i t t i n g  a  model t o  l abo ra to ry  and/ 

o r  f i e l d  d a t a ,  hoping t h a t  the  va lues  of the  c o e f f i c i e n t s  obtained i n  t h i s  

way a r e  un ive r sa l .  Unfortunately no u n i v e r s a l  entrainment  c o e f f i c i e n t  f o r  

su r f ace  d ischarges  i n t o  a  crossflow has y e t  been found. 
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Often a  model may con t a in  some o t h e r  e m p i r i c a l  c o e f f i c i e n t s  such 

as d r ag  c o e f f i c i e n t  (Sec t i on  2 . 4 ) ,  buoyant sp r ead ing  c o e f f i c i e n t  (Sec t i on  

3 .8 .2 .2) ,  s h e a r  s t r e s s  c o e f f i c i e n t ,  e t c . ,  i n  a d d i t i o n  t o  en t ra inment  

c o e f f i c i e n t .  I f  t h i s  i s  t h e  c a s e ,  one would expec t  t h a t  a l l  o f  t h e  

c o e f f i c i e n t s  are i n t e r r e l a t e d  and t h a t  they should  be determined 

s imul taneous ly .  However, no buoyant s u r f a c e  jet model w a s  found which had 

e v e r  had t h e  c o e f f i c i e n t s  determined i n  t h i s  way. I n s t e a d ,  e v a l u a t i o n  of 

t h e  c o e f f i c i e n t s  was u s u a l l y  performed by f i t t i n g  t h e  model t o  determine 

one c o e f f i c i e n t  a t  a  t ime wh i l e  ho ld ing  o t h e r s  a t  f i x e d  c o n s t a n t  va lue s .  

Th i s  procedure  may be  i n c o r r e c t ,  because t h e  e m p i r i c a l  c o e f f i c i e n t s  

normal ly  used may n o t  be independent  of each  o t h e r .  

2.2 Buoyant Spreading 

2 .2 .1  D i f f i c u l t i e s  Tn Modeling Buoyant Spreading 

There a r e  b a s i c  d i f f i c u l t i e s  i n  r e p r e s e n t i n g  buoyant sp r ead ing  i n  

an i n t e g r a l  j e t  model. These problems s tem from t h e  f a c t  t h a t  an i n t e g r a l  

model i s  based on t h e  conserva t ion  of  t h e  t o t a l  volume, momentum, and h e a t  

f l u x e s  a t  each  c r o s s  s e c t i o n  and t h a t  t h i s  t ype  of model was o r i g i n a l l y  

conceived and developed f o r  t u r b u l e n t  j e t s .  A 1 1  a t  tempts ( i n c l u d i n g  t h e  

p r e s e n t  one) t o  i n c l u d e  buoyant e f f e c t s  i n  i n t e g r a l  j e t  models have taken 

t h e  approach o f  modifying t h e  e s t a b l i s h e d  type  of i n t e g r a l  a n a l y s i s .  This  

type  of m o d i f i c a t i o n  may be  v a l i d  when t h e  buoyancy produces  minor changes 

i n  t h e  t u r b u l e n t  mixing and sp r ead ing  p a t t e r n s .  However, i t  would appear  

t h a t  t h e  p r e s e n t l y  used types  of  buoyancy-modified i n t e g r a l  models have 

l i t t l e  hope of  p rov id ing  a  h igh  degree  of accuracy i n  r eg ions  where t h e  

buoyant f o r c e s  p l a y  a  dominant r o l e  i n  t h e  flow. When t h i s  cond i t i on  i s  
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reached ,  t h e  e f f l u e n t  is  i n  f a c t  no. l onge r  a  je t  and t h e r e  is  r e a l l y  no 

reason  t o  expec t  a modif ied j e t  model t o  be a p p l i c a b l e .  Thus, i t  should  

b e  expec ted  t h a t  an i n t e g r a l  a n a l y s i s  a p p l i e d  t o  a  buoyant s u r f a c e  j e t  w i l l  

p robab ly  be  u s e f u l  on ly  i n  t h e  r eg ion  between t h e  o u t l e t  and t h e  s e c t i o n  a t  

which d e n s i t y  f o r c e s  s t a r t  t o  p l a y  a  dominant r o l e .  Downstream of t h i s  

s e c t i o n ,  an a n a l y s i s  based p r i m a r i l y  on d e n s i t y  c u r r e n t s  r a t h e r  than  

p r i m a r i l y  on t u r b u l e n t  jet  behav ior  would probably be  more reasonable .  

2.2.2 T o t a l  L a t e r a l  Spreading 

The normal approach f o r  t h e  i n c l u s i o n  of buoyant sp r ead ing  i n  t h e  

t o t a l  sp r ead ing  i s  t o  l e t  t h e  l a t e r a l  sp r ead ing  b e  s e p a r a t e d  i n t o  buoyant 

( s u b s c r i p t  B) and nonbuoyant ( s u b s c r i p t  NB) components a s  shown by t h e  

fo l lowing  equa t i on  [ ~ t o l z e n b a c h  and Harleman, 1971; S t e f a n  e t  a l . ,  1971; 

Prych,  1972; S h i r a z i  and Davis ,  1974; Adams e t  a l . ,  19751: 

where = c h a r a c t e r i s t i c  wid th  of t h e  jet (from j e t  a x i s ) ,  

s = d i s t a n c e  a long  t h e  j e t  t r a j e c t o r y ,  
- 

and db/ds  = t h e  r a t e  o f  i n c r e a s e  of jet width.  

Here t h e  t o t a l  jet l a t e r a l  sp r ead ing  is  assumed t o  be  due t o  two independ- 

e n t  components. Th is  assumption i gno re s  t h e  f a c t  t h a t  t h e  i n t e r a c t i o n  

between en t ra inment  and buoyancy i s  i n  f a c t  n o n l i n e a r  [ ~ u n n  e t  a l .  , 19751. 

Dunn e t  a l .  [1975] po in t ed  o u t  t h a t  Eq.  2.5 w a s  probably v a l i d  on ly  when 

one component was much l a r g e r  than t h e  o t h e r .  Desp i te  those  d i s c r e p a n c i e s ,  

E q .  2.5 appears  t o  b e  t he  pr imary formula  which h a s  been used f o r  

r e p r e s e n t i n g  t h e  combined e f f e c t s  of buoyant and nonbuoyant sp r ead ing .  An 



express ion  s i m i l a r  t o  E q .  2.5 i s  a l s o  normally used f o r  spreading  i n  t h e  

v e r t i c a l  d i r e c t i o n .  Any at tempt  t o  improve E q .  2.5 must be based on a 

more complete understanding than i s  p r e s e n t l y  a v a i l a b l e  f o r  t h e  complex 

phys i ca l  processes  respons ib le  f o r  j e t  spreading.  
- 

The nonbuoyant component d6/dslNB i n  E q .  2.5 may be t r e a t e d  

e i t h e r  from the  entrainment  concept o r  t he  spreading  concept (Sect ion 

2.1.1) .  Examples of formulat ions of dg/ds ( from p a s t  work a r e  presented 
B 

i n  t h e  nex t  s e c t i o n .  

2.2.3 Buoyant Spreading Formulations 

Severa l  buoyant spreading  formulat ions have been proposed. Three 

examples of those formulat ions a r e  t h e  ones used by S t e f a n  e t  a l .  [1971] : 

by Prych [1972] : 

and by S h i r a z i  and Davis [1974] : 

where C 
1' C2' 

C3 = cons t an t s ,  

F = l o c a l  dens imet r ic  Froude number, 
r 
- 
fi = c h a r a c t e r i s t i c  j e t  thickness .  
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.Equations 2.6,  2.7 and 2.8 were a l l  der ived from assuming t h a t  the  buoyant 

spreading could be analyzed a s  t h e  unsteady motion of a  dens i ty  wedge. 

S t e fan  e t  a l .  [1971] and Prych [1972] assumed t h a t  i n  a  dens i ty  wedge t h e  

p re s su re  fo rces  induced by dens i ty  d i f f e r e n c e s  were balanced by hydro- 

dynamic drag due t o  both shea r  and added mass e f f e c t s   o oh and Fan, 1970; 

Adams e t  a l .  , 1975 ; Dunn e t  a l .  , 19751. Based on t h i s  assumption, t he  

the  con t inu i ty  equat ion and momentum equat ion  could be solved t o  y i e l d  the  

f r o n t  v e l o c i t y  (v  ) of a  dens i ty  wedge 
f  

where g = g r a v i t a t i o n a l  a c c e l e r a t i o n ,  

h  = depth of a  dens i ty  wedge, 

'a 
= ambient dens i ty ,  

Ap = dens i ty  d i s p a r i t y  between the  dens i ty  wedge and ambient 

f l u i d ,  

and C = constant .  
4  

Using Eq. 2.9 and f u r t h e r  assuming t h a t  i n  a  j e t  the  buoyant spreading 

occurred i n  t h e  d i r e c t i o n  normal t o  t he  j e t  a x i s ,  S t e fan  e t  a l .  [1971] 

der ived  Eq. 2.6. Prych [1972] a l s o  used Eq. 2.9 t o  o b t a i n  Eq. 2 .7,  but  

un l ike  S te fan  e t  a l .  [1971] , he assumed t h a t  the  j e t  buoyant spreading 

occurred i n  t he  d i r e c t i o n  normal t o  the  j e t  boundary [ ~ i r k a  e t  a l .  , 19751. 

Equation 2.7 shows t h a t  db/ds 1 + a s  F + 1. This behavior  i s  
r 

respons ib le  f o r  the p r e d i c t i o n  of excess ive  j e t  widths a s  F approaches r 

u n i t y .  In  view of t h i s  shortcoming, S h i r a z i  and Davis [1974] modified 

Eq. 2.7 by t h e  use of t he  fol lowing spreading v e l o c i t y  of a  dens i ty  wedge; 



where C, = cons tan t  and h = average th ickness  of t h e  j e t .  S h i r a z i  and 
-I 

112 
Davis [1974] reasoned t h a t  t he  i n t r o d u c t i o n  of the  f a c t o r  (;I$) f o r  t he  

f r o n t  v e l o c i t y  of a  d e n s i t y  wedge was t o  account f o r  t he  e f f e c t s  of i n t e r -  

f a c i a l  r e s i s t a n c e  t o  the  l a t e r a l  buoyant spreading.  This r e s i s t a n c e  i s  

important  f a r  away from t h e  source   o oh and Fan, 19701. This modi f ica t ion  

y i e lded  Eq. 2.9 which gave improved p r e d i c t i o n s  i n  most cases  [ ~ u n n  e t  a l . ,  
112 

19751. However, the  choice of (El;) was based pure ly  on phys i ca l  

reasoning. Since i t  lacked t h e o r e t i c a l  b a s i s ,  i t  must t he re fo re  be con- 

s i d e r e d  somewhat a r b i t r a r y  [Dunn e t  a l . ,  1975; J i r k a  e t  a l . ,  19751. This 

p o i n t  is considered f u r t h e r  i n  Sec t ion  3.8.2.2. 

2.3 S i m i l a r i t y  P r o f i l e s  

2.3.1 V a l i d i t y  of S i m i l a r i t y  P r o f i l e s  

The use of s i m i l a r i t y  func t ions  t o  r e p r e s e n t  d i s t r i b u t i o n s  of 

v e l o c i t y  excess  and temperature d i s p a r i t y  i n  the  c ros s  s e c t i o n s  of t h e  j e t s  

provides cons iderable  s i m p l i f i c a t i o n  f o r  t he  s o l u t i o n  of j e t  problems when 

the  i n t e g r a l  approach is used. For submerged buoyant [ ~ o u s e  e t  a l . ,  19521 

o r  nonbuoyant [ ~ l b e r t s o n  e t  a l .  , 19501 j e t s  w i th  no c rossf low,  i t  has  been 

shown exper imenta l ly  t h a t  t he  v e l o c i t y  p r o f i l e s  and temperature p r o f i l e s  

a r e  s e l f - s i m i l a r  and a r e  approximately Gaussian i n  form. However, f o r  

buoyant s u r f a c e  j e t s  discharged i n t o  a  c ross f low,  s e v e r a l  f a c t o r s  (e.g.  the  

presence of a  f ree-sur face  boundary, t he  nonuniform p res su re  f i e l d ,  and the  

unequal r a t e s  of entrainment  around the  per iphery  of t h e  j e t  c ros s  s e c t i o n )  

may cause the  usua l  assumption of s i m i l a r i t y  f o r  v e l o c i t y  and temperature 

n o t  t o  be v a l i d ,  p a r t i c u l a r l y  when the  crossf low v e l o c i t y  i s  of t he  same 

o rde r  of magnitude a s  t h e  j e t  v e l o c i t y .  C a r t e r  [1969] performed l abo ra to ry  
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exper iments  on hea t ed ,  v e r t i c a l  s l o t  j e t s  d i scharged  pe rpend i cu l a r  t o  a  

c ross f low.  He observed t h a t  t h e  v e l o c i t y  and tempera ture  p r o f i l e s  were n o t  

symmetr ical  about t h e  j e t  a x i s  ( i . e .  about t h e  t r a j e c t o r y  of maximum 

tempera ture ) .  On t h e  downstream s i d e  t h e r e  was a  r e c i r c u l a t i n g  eddy. The 

tempera ture  i n  t h e  eddy was approximately  c o n s t a n t  and was h i g h e r  than  t h e  

ambient temperature .  On t h e  upstream s i d e ,  t h e  v e l o c i t y  and tempera ture  

p r o f i l e s  approximated h a l f  of  bel l -shaped o r  Gaussian d i s t r i b u t i o n s .  The 

asymmetr ical  v e l o c i t y  and tempera ture  p r o f i l e s  and t h e  r e c i r c u l a t i o n  

phenomenon have a l s o  been observed by C a r t e r  e t  a l .  [1973] i n  t h e  exper i -  

ments of three-dimensional  buoyant s u r f a c e  jets d i s cha rged  i n t o  a  

c r o s s  flow. 

Except  f o r  t h e  model developed by Adams e t  a l .  [1975] ,  none of 

t h e  e x i s t i n g  buoyant s u r f a c e  jet models cons idered  t h e  asymmetry of  t h e  

v e l o c i t y  and temperature  p r o f i l e s .  Adams e t  a l .  [1975] cons idered  t h e  j e t  

t o  be  asymmetr ical  only  f o r  t h a t  p o r t i o n  of t h e  j e t  where bottom boundary 

a t t achment  occur red .  

2.3.2 Examples of S i m i l a r i t y  P r o f i l e s  

The most popula r  s i m i l a r i t y  p r o f i l e  is appa ren t l y  t h e  Gaussian 

d i s t r i b u t i o n  [ ~ o o ~ e s  e t  a l . ,  1968; Motz and Benedic t ,  1970; S t e f a n  e t  a l . ,  

1971; Prych,  1972; S h i r a z i  and Davis ,  19741. A " tophat"  p r o f i l e  h a s  a l s o  

been used by s e v e r a l  i n v e s t i g a t o r s  [ c a r t e r ,  1969; S i l l ,  1973; Adams e t  a l . ,  

19751. Stolzenbach and Harleman [1.971] used t h e  fo l lowing  s i m i l a r i t y  

f u n c t i o n  f o r  v e l o c i t y :  

where @ i s  the ,  nondimensional l a t e r a l  o r  v e r t i c a l  d i s t a n c e  from t h e  

boundary of core  reg ion  o r  from t h e  j e t  a x i s  i n  t h e  case  t h e  c r o s s  s e c t i o n  



is  n o t  i n  t h e  ZF'E. The f u n c t i o n  f ,  which is due t o  S c h l i c h t i n g  [1968], 

has  been used e x t e n s i v e l y  by Abramovich [1963] f o r  submerged nonbuoyant 

jets and has  t h e  advantage t h a t  i t  g i v e s  a d e f i n i t e  jet boundary a t  + = 1 

as c o n t r a s t e d  w i t h  a Gaussian d i s t r i b u t i o n  which approaches  ze ro  

a sympto t i c a l l y .  

To d e s c r i b e  t h e  o f f - ax i s  decay of t empera ture  i n  t h e  t u r b u l e n t  

s h e a r  r e g i o n ,  Stolzenbach and Harleman [1971] chose t h e  fo l l owing  s i m i l a r i t y  

f u n c t i o n  

I m p l i c i t  i n  t h e  u se  o f  Eqs. 2 .11  and 2.12 is t h e  assumption t h a t  t u r b u l e n t  

P r a n d t l  number (P ) i s  e q u a l  t o  112. According t o  Re i cha rd t  [1942],  t h e  r 
t 

t u r b u l e n t  P r a n d t l  number (P ) f o r  a  hea t ed  two-dimensional j e t  i s  equa l  t o  r 
t 

112 and i s  g r e a t e r  than  112 f o r  three-dimensional  jets [ ~ o r r s i n  and Uberoi ,  

19501. Thus t h e  use.  of t h e  above two f u n c t i o n s  i s  j u s t i f i e d  f o r  t h e  

p o r t i o n  of t h e  je t  where t h e  wid th  of  t h e  jet  is much l a r g e r  t han  t h e  

dep th .  However, f o r  t h e  p o r t i o n  of t h e  jet where t h e  wid th  and dep th  of 

t h e  je t  are of t h e  same o r d e r  of magnitude,  t h e  s i m i l a r i t y  f u n c t i o n s  used 

by S to lzenbach  and H a r l e m a n  [1971] may b e  i n a p p r o p r i a t e .  

2.4 P r e s s u r e  Drag Force 

2 .4 .1  Primary Approaches 

A je t  d i scharged  i n t o  a c ross f low w i l l  be  d e f l e c t e d  i n  t h e  

d i r e c t i o n  of t h e  c r o s s c u r r e n t  bo th  due t o  t h e  en t r a inmen t  o f  ambient long i -  

t u d i n a l  momentum and due t o  t h e  p r e s s u r e  d r ag  f o r c e   an , 19671 . The 

c l a s s i c a l  approach [ ~ b r a m o v i c h ,  1963; V i z e l  and M o s t i n s k i i ,  1965;  Epsh t e in ,  

1965 and Shandorov, 1966, among o t h e r s ]  f o r  ana lyz ing  jet  d e f l e c t i o n  i s  t o  



regard t h e  j e t  a s  an obs t ruc t ion  i n  t he  flow and t o  examine the  fo rces  

exe r t ed  on the  j e t  by the  stream. I n  t h e  s t u d i e s  c i t e d  above, t he  def lec-  

t i o n  of submerged, nonbuoyant j e t s  was considered t o  be due s o l e l y  t o  t he  

p re s su re  drag f o r c e  a c t i n g  on the  j e t .  The con t r ibu t ion  due t o  entrainment  

of c ross f  low momentum was n o t  included.  A refinement of t h i s  approach was 

made by Fan [1967] who included entrainment a s  w e l l  a s  t h e  p re s su re  drag 

f o r c e  i n  t h e  momentum equat ion  i n  h i s  s tudy  on the  submerged axisymmetrical 

buoyant j e t s  discharged i n t o  flowing ambient f l u i d s .  

2 . 4 . 2  Various Def in i t i ons  of Drag Force 

For s u r f a c e  d ischarges ,  t he  j e t  may be regarded a s  an obs t ruc t ion  

i n  the  ambient flow as  i n  t he  submerged case. Severa l  r ep re sen ta t ions  of 

t h e  p re s su re  drag  fo rce  have been proposed f o r  buoyant s u r f a c e  j e t s .  

Ca r t e r  [1969] assumed the  drag fo rce  t o  be given by 

where 
'a 

= ambient dens i ty ,  

u  = ambient v e l o c i t y ,  
a  

h  = j e t  t h i ckness ,  

and CD = drag c o e f f i c i e n t .  

He es t imated  the drag c o e f f i c i e n t  CD from Rouse's [1957] p re s su re  d i s t r i b u -  

t i o n  on the  boundary of an a i r  j e t .  The r e s u l t s  showed t h a t  CD could be 

expressed a s  a  func t ion  of v e l o c i t y  r a t i o  R where R = u /u . Motz and 
O a  

Benedict [1970], on the  o t h e r  hand, def ined t h e  p re s su re  drag f o r c e  on the 

j e t  a s  

where 8 i s  t h e  angle between the  j e t  c e n t e r l i n e  and ambient cu r r en t .  They 
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a l s o  considered C a s  a func t ion  of R only. The va lues  of C were 
D D 

determined from t h e i r  experimental  da t a .  

Prych 119721 assumed t h a t  the  p re s su re  drag could be  represented  

by the  formula f o r  form drag on a s o l i d  body  a ail^ and Harleman, 19661 : 

1 2 
F = - C p (u s i n  8)  h 

d 2 D a  a (2.15) 

where u s i n  8 is  the  component of ambient v e l o c i t y  normal t o  the j e t  ax i s .  
a 

The d i v e r s i t y  i n  the d e f i n i t i o n s  of drag fo rce  is caused by the  

f a c t  t h a t  d i f f e r e n t  i n v e s t i g a t o r s  use d i f f e r e n t  forms of c h a r a c t e r i s t i c  

v e l o c i t y .  Prych [1972] def ined  the c h a r a c t e r i s t i c  v e l o c i t y  a s  u s i n  8 
a 

whereas Motz and Benedict [1970] assumed it t o  be u m. For these  two 
a 

forms the  drag fo rce  approaches zero  when the j e t  t r a j e c t o r y  i s  p a r a l l e l  t o  

the  ambient cu r r en t .  Ca r t e r  [1969] chose u a s  t he  c h a r a c t e r i s t i c  v e l o c i t y  
a 

i n  o rde r  t o  ob ta in  a behavior  observed i n  h i s  experiments.  With v e r t i c a l  

s l o t  j e t s  discharged perpendicular  t o  a crossf low,  he observed t h a t  t he  j e t  

curved back toward the  nea r  shore.  The use of u a s  t h e  c h a r a c t e r i s t i c  
a 

v e l o c i t y  provided a mathematical mechanism t o  r e t u r n  the  j e t  t r a j e c t o r y  t o  

t he  n e a r  shore.  The a c t u a l  mechanism i s  a t rapped vo r t ex  i n  t he  wake of 

t he  j e t  [sawyer, 1960; Stoy e t  a l . ,  19731. 

The case  of sma l l  c ross  flow v e l o c i t y  considered by S tolzenbach 

and Harleman [1971] and by Adams e t  a l .  [1975] imp l i e s  t h a t  t he re  i s  no 

s i g n i f i c a n t  p re s su re  fo rce  on the  j e t  (except f o r  t he  case  considered by 

Adams e t  a l .  [1975] of a j e t  a t t ached  t o  a boundary). Thus only en t r a in -  

ment i s  r e spons ib l e  f o r  d e f l e c t i n g  the  j e t .  This condi t ion  w i l l  no longer  

e x i s t  i f  t he  ambient v e l o c i t y  i s  s u f f i c i e n t l y  l a r g e .  
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3.  ANALYTICAL DEVELOPMENT 

The a n a l y t i c a l  development cons ide r s  a three-dimensional  hea t ed  

wa t e r  j e t  d i scharged  from a r e c t a n g u l a r  open channel  a t  t h e  s u r f a c e  of a 

f lowing ambient stream. The ambient f low may have a s p a t i a l l y  dependent 

v e l o c i t y  and temperature  f i e l d  b u t  i s  assumed t o  have a uniform d e n s i t y .  

The a n a l y s i s  is developed from t h e  b a s i c  equa t i ons  of  h e a t ,  mas-s and 

momentum conserva t ion  t o  a  se t  of i n t e g r a t e d  equa t ions  which a r e  so lved  

numer ica l ly  . 
The procedure  i n  s i m p l i f y i n g  t he  governing equa t i ons  and t h e  

assumption of j e t  s i m i l a r i t y  p r o f i l e s  g e n e r a l l y  f o l l ow  t h e  framework 

e s t a b l i s h e d  by Stolzenbach and Harleman [1971]. Based on t h e  assumption 

of h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n ,  t h e  e f f e c t s  of buoyancy are in -  

co rpo ra t ed  through the  p r e s su re -g r ad i en t  terms i n  t h e  l o n g i t u d i n a l  and 

l a t e r a l  momentum equa t i ons .  F u r t h e r  i n c o r p o r a t i o n  of buoyancy e f f e c t s  

i n  t h e  l a t e r a l  d i r e c t i o n  i s  ach ieved  through t h e  c o n s i d e r a t i o n  of buoyant 

sp r ead ing .  The p rog re s s ion  from the  nonbuoyant jet  t o  t h e  buoyant case  

is cons idered  i n  t h e  s i m p l i f i c a t i o n  of t h e  governing equa t i ons  by an 

o r d e r  of  magnitude a n a l y s i s .  The j e t  c ro s s  s e c t i o n  is assumed t o  h e  

r e c t a n g u l a r  and i s  d iv ided  i n t o  s e v e r a l  r eg ions  i n  o r d e r  t o  f a c i l i t a t e  

t he  d i r e c t  i n c l u s i o n  of the  ZFE i n  t h e  a n a l y t i c a l  modeling. 

I n  a d d i t i o n  t o  t h e  above procedures  t h a t  fo l low t h e  work by 

S to lzenbach  and Harleman [1971], i n  t h e  p r e s e n t  s t u d y  t h e  model i s  

formula ted  i n  c u r v i l i n e a r  coo rd ina t e s  and t he  s i m p l i f i c a t i o n  of t h e  

governing equa t i ons  i nc ludes  t h e  c o n s i d e r a t i o n  of t h e  p rog re s s ion  from 

the  no  cu rva tu r e  (no c ross f law)  case  t o  t h e  case  of s i g n i f i c a n t  curva- 

t u r e  of t he  jet  a x i s  ( o r  t he  s i g n i f i c a n t l y  b e n t  c a s e ) .  To o b t a i n  a 



c losed  system of equat ions ,  the  j e t  spreading  concept is employed. The 

inco rpora t ion  of buoyancy e f f e c t s  i n  t he  v e r t i c a l  d i r e c t i o n  is  accom- 

p l i s h e d  through the  use of the spreading  concept r a t h e r  than the en t r a in -  

men t concept.  The consequences of s t r o n g  ambient c u r r e n t s ,  inc luding  t h e  

s i g n i f i c a n t  j e t  curva ture ,  t h e  p re s su re  drag fo rces  a c t i n g  on the  j e t ,  t he  

unequal l a t e r a l  spreading  on the  two s i d e s  of t h e  j e t  and t h e  asymmetry of 

v e l o c i t y  and temperature p r o f i l e s  i n  t h e  j e t  a r e  a l s o  incorpora ted  i n t o  

the  model. Assumptions of boundary condi t ions  between regions a r e  n o t  

necessary i n  the  p re sen t  s tudy s i n c e  a l l  v a r i a b l e s  a r e  continuous and t h e  

i n t e g r a t i o n  of governing equat ions may b e  performed d i r e c t l y  over  t h e  

e n t i r e  j e t  c ross  s e c t i o n  i n s t e a d  of reg ion  by reg ion  a s  done by Stolzenbach 

and Harleman [19 711. 

3 .1 Governing Equations 

3.1.1 Bas ic  Assumptions 

The b a s i c  assumptions of t h e  a n a l y s i s  a r e :  

1. The flow is  s t eady .  

2 .  The f l u i d s  a r e  incompressible .  

3.  S p e c i f i c  h e a t  is  cons tan t .  

4. The j e t  i s  f u l l y  t u r b u l e n t  a f t e r  t he  zone of flow e s t a b l i s h -  

ment. This assumption impl ies  t h a t  the  j e t  Reynolds number 

is  l a r g e .  Thus, viscous terms and molecular d i f f u s i o n  terms 

a r e  n e g l i g i b l e .  

5. The Boussinesq assump t i o n  of s m a l l  dens i ty  d i f f e r ences  

a p p l i e s .  Thus, v a r i a t i o n s  i n  dens i ty  a r e  neglec ted  i n  in-  

e r t i a l  terms b u t  included i n  g r a v i t y  terms. This  assumption 
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a l s o  i m p l i e s  t h a t  dens5 t y  changes a r e  l i n e a r l y  p r o p o r t i o n a l  

t o  t empera tu re  changes. 

6. The j e t  h a s  p o s i t i v e  buoyancy. 

3.1.2 Governing Equat ions  i n  Orthogonal  C u r v i l i n e a r  Coordinates  

With t h e  above assumptions ,  t h e  b a s i c  e q u a t i o n s  o f  m a s s ,  momentum 

and thermal  energy c o n s e r v a t i o n  i n  g e n e r a l  o r t h o g o n a l  c u r v i l i n e a r  coordi-  

n a t e s  a r e  [Rouse, 19651: 

c o n t i n u i t y  e q u a t i o n  

momentum e q u a t i o n  i n  a - d i r e c t i o n  

u  au . v au w au uv ahl m ahl v 
2 ah2 

- - + - - + - - + - -  +----- 
hl aa h 2  as h 3  a~ hlh2 as hlh3 a~ hlh2 act 

momentum e q u a t i o n  i n  6 - d i r e c t i o n  

momentum e q u a t i o n  i n  y - d i r e c t i o n  



equat ion of thermal energy conservat ion 

where a,B,y = orthogonal  c u r v i l i n e a r  coordinates ,  

U , V , W  = v e l o c i t y  components i n  t he  a ,  f3 and y d i r e c t i o n s ,  

p = dens i ty  of the f l u i d ,  

P = pressure ,  

g  = g r a v i t a t i o n a l  a c c e l ~ ? r a t i o n ,  

T = temperature, 

62 = g r a v i t a t i o n a l  p o t e n t i a i ,  

h  h  h  = m e t r i c  c o e f f i c i e n t s  i n  c u r v i l i n e a r  coord ina tes .  
1' 2' 3  

For a  p a r t i c u l a r  system of coord ina tes  t h e r e  e x i s t  d e f i n i t e  func- 

t i o n a l  r e l a t i o n s h i p s  between the  m e t r i c  c o e f f i c i e n t s  and the  coord ina tes .  

Equations 3.1-3.5 can be transformed i n t o  c y l i n d r i c a l ,  s p h e r i c a l ,  o r  any 

o t h e r  or thogonal  c u r v i l i n e a r  coordinate  system once the  system is def ined  

and once these  m e t r i c  c o e f f i c i e n t s  f o r  t h a t  p a r t i c u l a r  system a r e  known. 

The mathematical d e f i n i t i o n s  of h  h  ' and h  a r e  given i n  s t anda rd  r e fe r -  1' 2  3  

ences [e .g . ,  Rouse, 1965; Chao, 19691 and a r e  used i n  t h e  next  s e c t i o n .  

3.2 Transformation of Equations 

3.2.1 Natura l  Coordinate Sys tem 

A s u i t a b l e  coordinate  sys  tem f o r  bent-over j e t  problems i s  the  

n a t u r a l  coord ina te  system s ,  n  and z as  shown i n  Fig. 3.1. The n a t u r a l  

coord ina te  sys  tem i s  a  p a r t i c u l a r  or thogonal  c u r v i l i n e a r  coord ina te  s y s  tern 

i n  which s is h o r i z o n t a l  and i s  a long  the  a x i s  of the j e t ,  n  i s  normal t o  



W 

I-' 

Y 
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s i n  a h o r i z o n t a l  p l a n e  and z is v e r t i c a l  w i t h  p o s i t i v e  be ing  upward. The 

n a t u r a l  coo rd ina t e  sys tem is a l o c a l  system which co inc ide s  a t  t h e  o r i g i n  

w i t h  a C a r t e s i a n  coo rd ina t e  s y s  t e m  (X,Y , Z )  i f  t h e  e f f l u e n t  i s  pe rpend i cu l a r  

t o  t h e  ambient f low. .  The o r i g i n  i s  l o c a t e d  a t  t h e  i n t e r s e c t i o n  of t h e  n e a r  

s h o r e l i n e ,  t h e  ambient f r e e  s u r f a c e  and t h e  d i s cha rge  channel  c e n t e r l i n e .  

I n  t he  C a r t e s i a n  coo rd ina t e  system, X i s  a long  t h e  s h o r e l i n e  w i t h  p o s i t i v e  

i n  t h e  ambient f low d i r e c t i o n ,  Y i s  on t h e  wa t e r  s u r f a c e  and i s  normal t o  

X, and Z i s  p o s i t i v e  upward. 

Re fe r r i ng  t o  Fig .  3 .1 ,  P i s  a p o i n t  ( s  , n ,  z )  i n  three-dimensional  

s p a c e  and Q i s  a n o t h e r  p o i n t  (s+ds,  n+dn, z+dz) l o c a t e d  an i n f i n i t e s i m a l  

d i s t a n c e  from P.  The i nc r emen ta l  v e c t o r  from P t o  Q is 

The mathemat ica l  d e f i n i t i o n s  of h  h 2  and h  [ ~ h a o ,  19691 are 
1 ' 3 

-f + where I I denotes  magnitude.  Le t  ? and i be  u n i t  v e c t o r s  t angen t  
2  3  

t o  t h e  c o o r d i n a t e s  s ,  n  and z, r e s p e c t i v e l y ,  a t  p o i n t  P.  Hence 



From Eqs. 3.7 and 3.8 one ob t a in s  

S u b s t i t u t i o n  of  Eq. 3.9 i n t o  Eq. 3.6 y i e l d s  

(39 8) 
Cont. 

+ 
which impl ies  t h a t  h  d s ,  h2dn and h  dz a r e  t he  p r o j e c t i o n  of d r  on t h e  t h r e e  

1 3  

coord ina te  axes  s ,  n  and z ,  r e s p e c t i v e l y  [ ~ h a o ,  19691. 

It is  assumed t h a t  both 0 which is  t h e  angle  between the  ambient 

flow d i r e c t i o n  X and t h e  coord ina te  s ,  and K ,  which is  t h e  curva ture  of t h e  

s u r f a c e  n = 0 a r e  func t ions  of  s only.  From t h e  geometry of Pig.  3.1, t h e  

d i f f e r e n t i a l  a r c  length  i n  t h e  d i r e c t i o n  of i n c r e a s i n g  s b u t  o f f  t h e  s a x i s  

is  ds + Ads, whi le  t he  l eng ths  i n  t h e  d i r e c t i o n s  of i nc reas ing  n  and z  a r e  

dn and dz r ega rd l e s s  of the va lues  of s ,  n ,  and z .  Hence 



hl = ( l + n ~ )  

h 2  = 1 

h3 = 1 

where K = - d0/ds .  S u b s t i t u t i n g  h  = 1 +  nK, h  = 1, h = 1, s = a ,  n  = B 1 2 3 

and z = y i n t o  Eqs, 3.1-3.5, t h e  governing e q u a t i o n s  i n  t h e  n a t u r a l  coordi-  

n a t e  sys tem a r e  ob ta ined :  

c o n t i n u i t y  e q u a t i o n  

s-momentum e q u a t i o n  

auL - anuw ~ U V  ~ U W  + anuv + - + -  a P .+ Kuv = - -(-) 
as an a z an a z as P 

n-momentum e q u a t i o n  

z-momen tum e q u a t i o n  

e q u a t i o n  of t h e r m a l  energy  c o n s e r v a t i o n  

I n  Eq. 3.16,  AT = T-Ta, t empera tu re  e x c e s s  above an a r b i t r a r y  b u t  c o n s t a n t  

r e f e r e n c e  ambient  t empera tu re  (T ) .  Eq. 3.16 can b e  o b t a i n e d  from Eq. 3 .5  a 

u s i n g  t h e  f a c t  t h a t  a l l  o f  t h e  d e r i v a t i v e s  o f  T a r e  ze ro .  a 



3.2.2 Mean Values 

The dependent v a r i a b l e s  u, v ,  w ,  p ,  P and AT can be decomposed 

i n t o  a  t i m e  average i n d i c a t e d  by an ove r  b a r  and a  f l u c t u a t i n g  component 

i n d i c a t e d  by a -: 

S u b s t i t u t i n g  Eqs. 3.17 i n  Eqs. 3.12-3.16 and then t ak ing  t h e  t i m e  average 

 a ail^ and Harleman, 19661 o f  each term y i e l d s  t h e  fo l lowing  set of 

equa t i ons  : 

c o n t i n u i t y  equa t ion  

s-momentum equa t ion  

n-momentum equa t ion  



z-momentum equat ion  

equat ion  of thermal  energy conserva t ion  

I n  l a t e r  equat ions ,  except  f o r  f l u c t u a t i n g  terms, t h e  mean va lues  w i l l  b e  

w r i t  t en  without  an overbar  f o r  convenience. 

3 . 2 . 3  Hydros t a t i c  P re s su re  

The mean p re s su re  P can b e  considered a s  t h e  sum of dynamic 

p re s su re  P and h y d r o s t a t i c  p re s su re  P 
d h : 

P = P  + P h  
d 

The h y d r o s t a t i c  p re s su re  P is def ined  as  
h 

i n  which q is the  e l e v a t i o n  of t h e  water  su r f ace .  I n  gene ra l ,  t h e  water  

s u r f a c e  i n  t h e  j e t  is n o t  h o r i z o n t a l  because of t h e  dens i ty  d i f f e r e n c e s  

w i th in  t h e  j e t  [ ~ n g e l u n d  and Pedersen, 19731.  The d e n s i t y  p can be 

expressed a s  

P = P a  - A P  



where p  = ambient d e n s i t y  and Ap = d i f f e r e n c e  between t h e  d e n s i t y  a t  t h e  
a 

p o i n t  of i n t e r e s t  and t h e  ambient  d e n s i t y .  S u b s t i t u t i o n  of Eq. 3.25 i n t o  

Eq. 3.24 g i v e s  

0 A t y p i c a l  t empera tu re  rise i n  c o o l i n g  w a t e r  i s  about  1 0  t o  25 F above t h e  

ambient temperature .  Over such  a range o f  t empera tu re ,  t h e  d e n s i t y  of t h e  

f l u i d  may b e  assumed t o  b e  a l i n e a r  f u n c t i o n  o f  t e m p e r a t u r e ,  and t h e  

v a r i a t i o n s  of d e n s i t y  th roughout  t h e  f low f i e l d  are s m a l l  r e l a t i v e  t o  t h e  

ambient d e n s i t y ,  as p r e v i o u s l y  assumed. Thus, one may w r i t e  

Ap = A(T-Ta) = APT (3.27) 

and 

where A = t h e r m a l  expansion c o e f f i c i e n t .  I n  Eq. 3.27 Ap is t h e  d e n s i t y  

d i f f e r e n c e  below ambient (Eq. 3.25) w h i l e  AT is t h e  t empera tu re  d i f f e r e n c e  

above ambient.  Using Eqs. 3.23, 3.26, and 3.28,  t h e  p r e s s u r e  terms i n  t h e  

momentum e q u a t i o n s  can now b e  expressed  a s  [ ~ t o l z e n b a c h  and Harleman, 19711 

and 
1 ap - - -  1 aPd 
P az 

= - g - - -  
'a 

a z 

a f t e r  i n t e r c h a n g i n g  t h e  o r d e r  of i n t e g r a t i o n  and d i f f e r e n t i a t i o n  i n  



a n  
Eqs. 3.29 and 3.30 and a f t e r  assuming t h a t  A p / p  I - a l  

a  z=rl as and A P / P , I  z=rl 

a r e  n e g l i g i b l e .  

As z  -+ -m the  inf luence  of t he  j e t  becomes n e g l i g i b l e .  Thus Eqs. 

3.29 and 3.30 become 

and 

i f  any p res su re  g rad ien t s  assoc ia ted  wi th  t h e  ambient flow a r e  neglected.  

Using Eqs. 3.32 and 3.33, rl i n  Eqs. 3.29 and 3.30 can be  e l iminated  

[S tolzenbach and Harleman , 19711 . The r e s u l t s  a r e  

Af t e r  s u b s t i t u t i o n  of Eqs. 3.31, 3.34 and 3.35, the  foregoing momentum 

equat ions  y i e l d  

s-momentum equat ion  

2  -m 

a~ ~ U V  ~ U W  anuv anuw - + - + -  + K -  +Kaz + Kuv = 
as an a z an z as 



n-momentum equat ion  

- - (3.37) - 2 - 2 - - 
- - - - - - - -  an? anu j  (l+Kn) aPd aiic au a u j  , + Kii 

2  

'a 
an as an az an az 

z-momentum equat ion  

- 2. - 2 a= aG - -  - -  an* a n ~  - K - - K -  
an a z an az 

I n  Eqs. 3.36 and 3.37 the  dens i ty  d i f f e r e n c e  has been rep laced  by the  

temperature d i f f e r e n c e  by using Eq. 3.27. The con t inu i ty  equat ions  f o r  

volume and h e a t  a r e  given i n  Eqs. 3.18 and 3.22. 

3.3 Order of Magnitude Analysis  

A s  a  buoyant s u r f a c e  j e t  discli'arges i n t o  a  r i v e r ,  t h e  curva ture  

of t h e  j e t  t r a j e c t o r y  i s  i n i t i a l l y  zero bu t  t he  curva ture  may r a p i d l y  

become s i g n i f i c a n t  nea r  the e x i t  due t o  s t rong  r i v e r  flow. The curva ture  

then gradual ly  becomes sma l l e r  f u r t h e r  downstream. For hea ted  j e t s  

discharged a t  sma l l ,  non-zero Richardson number, t h e  buoyancy is  i n i t i a l l y  

n e g l i g i b l e  r e l a t i v e  t o  i n e r t i a l  e f f e c t s  and the  gene ra l  behavior  i n  t h e  ZFE 

is no t  t oo  d i f f e r e n t  from t h a t  i n  t he  nonbuoyant case [ ~ i l b e r m a n  and 

S te fan ,  19701. A s  t he  v e l o c i t y  of t he  j e t  decreases  wi th  d i s t ance ,  t he  

Richardson number i nc reases  and t h e  e f f e c t s  of buoyancy fo rces  w i l l  

g radual ly  become s i g n i f i c a n t  wi th  r e spec t  t o  the  i n e r t i a l  f o r c e s  [ ~ u n n  e t  

a l . ,  19751. These f a c t s  sugges t  t h a t  an a n a l y t i c a l  model f o r  buoyant 



s u r f a c e  d ischarges  i n t o  r i v e r s  should al low f o r  t he  progress ion  of a j e t  

from t h e  non-buoyant case t o  the  buoyant case  wi th  l a r g e  Richardson number 

a s  w e l l  a s  from t h e  no curva ture  (no crossf low) case  t o  t h e  s i g n i f i c a n t l y  

curved ( o r  ben t )  case.  Thus i n  ca r ry ing  out  an o r d e r  of magnitude 

a n a l y s i s  t h e  fol lowing four  cases  a r e  considered:  

1. Nonbuoyant j e t s  (zero  Richardson number) wi th  no curva ture .  

2. Nonbuoyant j e t s  wi th  s i g n i f i c a n t  curva ture .  

3. Buoyant j e t s  ( l a r g e  Richardson number) wi th  no curva ture .  

4. Buoyant j e t s  wi th  s i g n i f i c a n t  curvature.  

The r e s u l t s  of the  o rde r  of magnitude a n a l y s i s  f o r  t hese  four  cases  w i l l  be  

used t o  ob ta in  governing equat ions  which a r e  s i m p l i f i e d  b u t  which s t i l l  

con ta in  a l l  of t he  s i g n i f i c a n t  terms f o r  any of  t he  four  cases .  Thus, t he  

r e s u l t i n g  governing equat ions w i l l  b e  app l i cab le  t o  a l l  f o u r  cases .  (See 

Sec t ion  3.3.4.) 

For t h e  purpose of e s t ima t ing  the  r e l a t i v e  magnitude of each term 

i n  t h e  governing equa t ions ,  the  fol lowing c h a r a c t e r i s t i c  s c a l e s  a r e  i n t r o -  

duced : 

L L L = l ength  s c a l e  i n  t h e  s ,  n ,  z d i r e c t i o n s  
S' N'  Z 

U U U = s c a l e  of mean v e l o c i t y  components u ,  v ,  w 
S' N '  Z 

U = s c a l e  of the  v e l o c i t y  f l u c t u a t i o n s  i3, +, ti 
F 

APD = s c a l e  of dynamic p re s su re  changes 

ATM = s c a l e  of mean temperature changes 

ATF = s c a l e  of temperature f l u c t u a t i o n s  
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3.3.1 Continui ty Equations 

F i r s t ,  cons ider  the equat ion of con t inu i ty ,  which from Eq. 3.18 

can be w r i t t e n  as 

The magnitude of each term is  w r i t t e n  d i r e c t l y  under i t .  

For the no crossf low case ,  the  curva ture  of j e t  t r a j e c t o r y  i s  

zero. Therefore the  l a s t  two terms i n  Eq. 3.39 a r e  dropped. The magnitude 

of the  v e l o c i t y  s c a l e  i n  one d i r e c t i o n  i s  not  independent of t h e  v e l o c i t y  

s c a l e s  of t h e  o the r  two d i r e c t i o n s ;  t h a t  i s ,  changes i n  t h e  v e l o c i t i e s  i n  

var ious  d i r e c t i o n s  a r e  r e l a t e d  a s  ind ica t ed  by t h e  con t inu i ty  equat ion 

[ ~ i n z e ,  19591. Thus t h e  order  of magnitude of t h e  f i r s t  t h ree  terms of Eq. 

3.39 must be  the same. Hence 

where-. denotes t h e  equivalence of the  o rde r  of magnitude between two terms. 

For s i g n i f i c a n t l y  ben t  j e t s ,  t h e  curva ture  K i s  assumed t o  have 

such an order  of magnitude t h a t  i t  g ives  t h e  l a s t  two terms i n  Eq. 3.39 the  

same o rde r  of magnitude a s  the  o the r  t h r e e  terms. With t h i s  assumption, 

one ob ta ins  the  following r e l a t i o n s  from Eq. 3.39 

and 
1 

K +  G 



Only two of t he  f o u r  poss ib l e  cases  need t o  be considered f o r  t h e  

con t inu i ty  equat ion  s i n c e  the  dens i ty  d i f f e r e n c e  does n o t  appear i n  Eq. 

3.3.2 Momentum ~ q u a t i o n s  

- - - 
2 -2  I n  t h e  f r e e  s h e a r  f lows,  t he  i n t e n s i t i e s  ii , v and ir2 a r e  of t he  

same o r d e r  of magnitude [ ~ i n z e  , 19591. For c i r c u l a r  [ ~ h a s h i d h a r a  and 

Bourodimos, 19751 and two-dimensional [Mih and Hoopes, 19721 nonbuoyant 
- - - 
-2 -2 2  j e t s ,  u  , v and ir were found t o  be an o r d e r  of magnitude l e s s  than the  

square  of t he  mean v e l o c i t y .  Dornhelm e t  a l .  [1972] conducted v e l o c i t y  
- 

2 
f l u c t u a t i o n  measurements on buoyant s u r f a c e  j e t s  and found t h a t  ii was an 

o r d e r  of magnitude l e s s  than  t h e  square of t h e  mean v e l o c i t y ,  a s  i n  t h e  

nonbuoyant case. There i s  a  l a c k  of information regard ing  t h e  turbulence 

c h a r a c t e r i s t i c s  of buoyant s u r f a c e  j e t s  i n  v e r t i c a l  and l a t e r a l  d i r e c t i o n s .  

Although t h e r e  e x i s t s  a  s t a b i l i z i n g  dens i ty  g rad ien t  i n  buoyant s u r f a c e  
- - 

2 
j e t s ,  i t  is  assumed t h a t  both O and ir2 a r e  an o rde r  of magnitude l e s s  than 

t h e  square  of t h e  mean v e l o c i t y  a s  i n  t h e  nonbuoyant case.  Hence t h e  same - - 
2 2  -2 

s c a l e  of v e l o c i t y  f l u c t u a t i o n  U i s  in t roduced  f o r  ii , v and ir2 and t h a t  
F  

U:/U~ - 6 ,  where 6  is  a  quan t i t y  an o r d e r  of magnitude l e s s  than  un i ty .  For 
- 
9 

cases  wi th  s i g n i f i c a n t  buoyancy, i t  might be reasonable t o  assume t h a t  OL 

is  of a  sma l l e r  o rde r  of magnitude, b u t  t h i s  p o s s i b i l i t y  was n o t  pursued 

because of t he  apparent  l ack  of suppor t ing  da t a .  

The assumption made i n  Sec t ion  3.1.1 t h a t  t h e  j e t s  a r e  f u l l y  tur -  

bu len t  impl ies  t h a t  each of t he  equat ions  of h e a t  and momentum conservat ion 

should r e t a i n  a t  l e a s t  one turbulence term. This  requirement w i l l  be used 

f r equen t ly  i n  t he  fol lowing o rde r  of magnitude ana lys i s .  



Table 3.1 S impl i f i ca t ion  of Momentum and Thermal Energy Conservation 
Equations 

Nonbuopant Jets  v i t h  Uo Curvature 

e-nomentum equation 

- 
2 2 - 

1 6 s & aw +av+a!L - - - - - - - - - -  Stage - ae an az pa an as an az 

z-momentum equation 

- - 2 
av2 1 apd a;; a% aij auv + aw + -  - -- - - - -- - Stage - as an az paaz  as an az 



Table 3.1 (cont ' d) Simplification of Momentum and Thermal Energy 
Conservation Equations 

Nonbwyant Jets with Significant Curvature 

s-momentum equation 

- 

n-momentum equation 

- 2 - 2 - - 
2 2 ap -- - -- -- 2 2 1 aP anv am +av+aw + , -  Stage - as an a~ an + K T F  anw - K u = - - d - K " d - ~ - K - ~ - K & - K ~ + K ~  

paan paan  as an az an az 

USUN u; 
'Nu, % % u ~ u ~  1 - - - - --- 

Ls 4 Lz 4 Lz 
u 2 u AP, 

11 2 - - - - 
4 4 L~ 4 4 4 'PN 'aLil L~ 4 L~ h L~ 4 

9 1 9 1 1 9 



Table 3.1 (cont'd) Simplification of Momentum and Thermal Energy Conservation Equations 

z-mouentum equation 

Buoyant J e t s  with No Curvature 

s-momentum equation n-momentum equation 

- - - 
2 ap -2 T - 2 ap 

2 - 
Stage aU+aUV +aW = &  Xdz - L A - a U - a - a E  1- a s  

auv + a v + =  = &  cdZ-i d a;; &-& Stage - 
as an 'a z pa a s  a s  an az as an az j- an 'a z 

pa an a s  an az 

u; USUN UsUz igAT&z ULpS5 USUN u; UNUZ igAT&z u; u; u; 
1 - 1 5 - - -  

L~ % L~ Pa L~ p a L ~  L~ % L~ L~ % L~ 'a h a L~ % L~ 

u,' u,' u; XPAT&~ 5 u; u; u; 2 2 2 
- - - -  UN 5 u: ~ B A T & ~  

I1 - - 5 - - 0:. Up 
L~ L~ L~ 'a L~ p a L ~  L~ - % - L~ " G 4 G ' a %  'a% L~ - % - L~ 



Table 3.1 (cont 'd)  S impl i f i ca t ion  of Momentum and Thermal Energy 
Conservation Equations 

z-momentum equation equation of thermal energy conservation 

Buoyant Jets with Significant Curvature 

s-nvmentum equation 



Table 3.1 (cont'd) Simplification of Momentum and Thermal Energy 
Conservation Equations 

n-momentum equation 
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The s t a g e  by s t a g e  d e r i v a t i o n s  o f  t h e  o r d e r  o f  magnitude a n a l y s i s  

of t h e  momentum e q u a t i o n s  are shown i n  Tab le  3.1. I n  each e q u a t i o n  t h e  

r e l a t i v e  o r d e r  o f  magnitude of each  term is  e x p r e s s e d  i n  terms of t h e  

s c a l e s  and is  w r i t t e n  d i r e c t l y  below t h e  cor responding  term. The a n a l y s i s  

b e g i n s  w i t h  f i r s t  dropping buoyancy terms f o r  t h e  nonbuoyant c a s e  and 

c u r v a t u r e  terms f o r  no c r o s s f l o w  case .  The d e d u c t i o n  from s t a g e  I t o  

s t a g e  I11 c o n s i s t s  of f i r s t  t h e  use  o f  Eqs. 3.40 and 3.41 f o r  t h e  no c ross -  

f low c a s e  and t h e  s i g n i f i c a n t l y  b e n t  c a s e ,  r e s p e c t i v e l y ,  and t h e n  t h e  

2  
m u l t i p l i c a t i o n  of each  term by L /U f o r  a l l  cases .  The r e a s o n i n g  which 

S S 

l e a d s  from s t a g e  I11 t o  s t a g e  I V  i s  d i s c u s s e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  

3.3.2.1 Nonbuoyant J e t s  w i t h  No Curva tu re  

The s-momentum e q u a t i o n  i n d i c a t e s  t h a t  

i n  o r d e r  t h a t  a t  least  one t u r b u l e n c e  term h a s  t h e  same o r d e r  o f  magnitude 

as t h e  c o n v e c t i v e  terms. The n-momentum e q u a t i o n  and t h e  z-momentum 

e q u a t i o n  i n d i c a t e  t h a t  any one of t h r e e  combinat ions  o f  LS/% and L /L S z' 
namely, LS /LN .-. 116 and LS/LZ - 1 1 6 ,  LS 1% - 1 and LS/LZ - 1 1 6 ,  o r  

2  ~ ~ 1 %  " 116 and LS/LZ 1, g i v e s  APD/(p U ) S and s a t i s f i e s  t h e  b a l a n c i n g  
a S 

o f  t h e  e q u a t i o n s .  However, t h e  f r e e  t u r b u l e n c e  mot ions  c o n s i d e r e d  i n  t h i s  

c a s e  have an impor tan t  p r o p e r t y  i n  common w i t h  t h e  boundary- layer  mot ions ,  

namely t h a t  t h e  t u r b u l e n c e  r e g i o n  i s  narrow i n  t h e  la tera l  and v e r t i c a l  

d i r e c t i o n s  I n  comparison w i t h  t h e  l o n g i t u d i n a l  d i r e c t i o n  [ ~ i n z e ,  19591. 



Hence i t  must be t r u e  t h a t  

Discussion on t h e  r e s u l t s  f o r  t h i s  case  and t h e  o t h e r  t h r e e  cases  t o  fol low 

is  given i n  Sec t ion  3.3.2.5 a f t e r  a l l  f o u r  cases  have been considered.  

3.3.2.2 Nonbuoyant J e t s  w i th  S i g n i f i c a n t  Curvature 

The s-momentum equat ion  i n d i c a t e s  t h a t  LS/$ and/or  L /L must be  
S z 

of o rde r  116, o therwise  a l l  t h e  turbulence terms i n  t h e  s-momentum equat ion  

would be smal l  compared wi th  t h e  convect ive terms. I f  bo th  LS/$ and 

L /L a r e  of o rde r  118, i t  fol lows from t h e  n-momentum equat ion  t h a t  
S z 

2 
APD/(paUS) c 1. This w i l l  l e ad  t o  t he  r e s u l t  t h a t  t h e r e  i s  no term i n  

2-momentum equat ion  which can ba lance  .the p re s su re  term. Therefore ,  t h e  

only poss ib l e  s o l u t i o n  is 

and 



5 3  

3 . 3 . 2 . 3  Buoyant J e t s  w i t h  No Curva tu re  

When t h e  j e t  Richardson number i s  l a r g e ,  buoyancy f o r c e s  become 

i m p o r t a n t .  S i n c e  t h e  Richardson number r e p r e s e n t s  t h e  r a t i o  of buoyancy 

2  f o r c e s  t o  i n e r t i a l  f o r c e s ,  one can w r i t e  h g ~ ~ & ~ / ( p  U ) - I  o r  h i g h e r ,  f o r  
a  S 

L t h i s  case .  The s i t u a t i o n  t h a t  A g ~ l T & ~ / ( p  U ) .-- 1 is c o n s i d e r e d  f i r s t .  For 
a  S  

some t u r b u l e n c e  terms i n  t h e  s-momentum e q u a t i o n  t o  b e  of t h e  same o r d e r  of 

magnitude a s  t h e  c o n v e c t i v e  terms,  t h e  r e l a t i o n s  shown i n  Eq. 3 . 4 2  and /or  

i n  Eq. 3 . 4 3  must b e  t r u e .  However, t h e  n-momentum e q u a t i o n  shows t h a t  i f  

b o t h  LS/l&- 1/13 and LS/LZ ,- 116 a r e  t r u e ,  t h e n  t h e r e  would b e  no terms o f  

s u f f i c i e n t  magnitude t o  b a l a n c e  t h e  buoyancy t e rm which would b e  of o r d e r  

116. T h i s  l e a d s  t o  t h e  c o n c l u s i o n  t h a t  LS/$ ,- 1 and LS/LZ " 116. The 

2  z-momentum e q u a t i o n  i n d i c a t e s  t h a t  ApD/(p U ) *  6. 
a S 

2  I f  i t  is  assumed t h a t  h g A ~ & ~ / ( p  U ) h a s  o r d e r  o f  magnitude 
a S 

h i g h e r  than  u n i t y ,  t h e n  a l l  t h e  c o n v e c t i v e  terms i n  a l l  t h e  t h r e e  momentum 

e q u a t i o n s  would be  s m a l l  compared w i t h  t h e  buoyancy terms.  Th is  i s  an 

i n d i c a t i o n  t h a t  t h e  c h a r a c t e r i s t i c s  of a j e t  would no l o n g e r  e x i s t  and t h e  

t y p e  of a n a l y s i s  b e i n g  c o n s i d e r e d  i n  t h i s  r e s e a r c h  would n o t  b e  a p p l i c a b l e .  

2  
As a consequence,  t h e  c a s e  of h g ~ l T & ~ / ( p  U ) of o r d e r  g r e a t e r  than  u n i t y  is  

a S 

n o t  cons idered  f u r t h e r .  

3 . 3 . 2 . 4  Buoyant J e t s  w i t h  S i g n i f i c a n t  Curva tu re  

Fol lowing t h e  same argument as i n  S e c t i o n  3 . 3 . 2 . 3 ,  i t  can b e  

shown t h a t  f o r  t h e  assumption of j e t - l i k e  b e h a v i o r  t o  b e  v a l i d ,  t h e  h i g h e s t  

L 
p o s s i b l e  o r d e r  o f  magnitude f o r  h g ~ l T & ~ / ( p  U ) is  u n i t y .  

a S 

For some t u r b u l e n c e  terms i n  t h e  s-momentum e q u a t i o n  t o  b e  of t h e  

same o r d e r  as some of  t h e  convec t ive  terms,  i t  is  a g a i n  t r u e  t h a t  Eq. 3 . 4 2  



5 4  

and/or Eq. 3 . 4 3  must be  hold. However, i f  both LS/4yu 116 and LS/$& 116, 

then a l l  turbulence  terms on t h e  r i g h t  hand s i d e  of  t h e  n-momentum equat ion 

would be smal l  compared wi th  both t h e  buoyancy terms and the  convect ive 

2  
term Ku , a l l  of which would be of o rde r  116. Hence t h e  s o l u t i o n  is  

L~ l L ~  - 1  and LS/$^' 116. I t  fol lows from t h e  z-momentum equat ion  t h a t  

3 . 3 . 2 . 5  Discussion of Resu l t s  of Order of Magnitude Analysis  f o r  t h e  
Moment um Equations 

The r e s u l t s  of t he  o r d e r  of magnitude a n a l y s i s  of momentum equa- 

t i o n s  a r e  a s  fol lows:  

1. nonbuoyant j e t s  wi th  no curva ture  

2.  nonbuoyant jets wi th  s i g n i f i c a n t  cu rva tu re  



3. buoyant j e t s  wi th  no curva ture  

4. buoyant j e t s  wi th  s i g n i f i c a n t  curva ture  

The length  s c a l e  r a t i o s  L  /L and L /L can be  i n t e r p r e t e d  a s  t he  
S  N S  Z 

i nve r se  of the  r a t e s  of j e t  spreading i n  l a t e r a l  and v e r t i c a l  d i r e c t i o n s ,  

r e spec t ive ly .  I n  a l l  four  cases  L  /L . - ' l /6 ,  which i n d i c a t e s  t h a t  t he  j e t  
S  z 

occupies a  s l e n d e r  region i n  t h e  z o r  v e r t i c a l  d i r e c t i o n .  I n  case  1, both  

L  /L and L /L a r e  of o rde r  of 116. This i s  an i n d i c a t i o n  t h a t  the j e t  
S  N S Z 

i s  s l e n d e r  i n  both  l a t e r a l  and v e r t i c a l  d i r e c t i o n s .  This  agrees  wi th  what 

i s  expected f o r  a  nonbuoyant j e t  wi th  no c rossf low [ ~ i n z e ,  19591. I n  

cases  2,  3  and 4, t he  r a t e  of l a t e r a l  spreading  i s  r e l a t i v e l y  h igh ,  a s  

suggested by LS/LN - 1. For case  3,  t h i s  high r a t e  of spreading i s  

apparent ly  due t o  t he  buoyancy fo rces  which a r e  assumed t o  be  important  i n  

t h a t  case.  
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The s i g n i f i c a n t  r a t e  of l a t e r a l  spreading i n d i c a t e d  by t h e  solu-  

t i o n  of case  2 is  c l e a r l y  not  due t o  t h e  e f f e c t  of buoyancy f o r c e s  s i n c e  

they do no t  e x i s t  i n  ca se  2 .  The assumption of s i g n i f i c a n t  jet curva ture  

apparent ly  l eads  t o  t h e  r e s u l t  t h a t  L / s 5-  The r e l a t i o n  of l a r g e  

curva ture  K t o  s i g n i f i c a n t  l a t e r a l  spreading  has  n o t  been i n v e s t i g a t e d  i n  

d e t a i l  b u t  may be  a s soc i a t ed  wi th  c e n t r i f u g a l  fo rces .  It should be noted 

however, t h a t  t h e  p o r t i o n  of t h e  j e t  i n  which case  2 (nonbuoyant j e t s  wi th  

s i g n i f i c a n t  curva ture)  a p p l i e s  and i n  which LS/$ -'.' 1 is  r e l a t i v e l y  smal l  

compared wi th  t h e  e n t i r e  j e t  region. Downstream of t h e  smal l  r eg ion  of 

s i g n i f i c a n t  cu rva tu re  t he  j e t -  a x i s  w i l l  b e  almost a l i gned  wi th  t h e  ambient 

flow and LS/$-1 w i l l  no longer  apply. Therefore t h e  condi t ion  t h a t  

L~ l L N  
1 i n  case  2 and L /L 1 /6  i n  case  1 f o r  nonbuoyant j e t s  w i th  no 

S N 

curva ture  i s  by no means an i n d i c a t i o n  t h a t  a  nonbuoyant j e t  discharged 

i n t o  a  s t r o n g  crossf low w i l l  have a  s i g n i f i c a n t l y  g r e a t e r  j e t  width than  a 

nonbuoyant j e t  wi th  no crossf low.  The r e s u l t  t h a t  LS/LN " 1 i n  case  4 

apparent ly  i s  due t o  t h e  combined e f f e c t s  of s i g n i f i c a n t  j e t  curva ture  and 

buoyancy fo rces .  

2 
I n  a l l  f ou r  cases  A P ~ / ( ~ , U ~ )  - 6 .  This  impl ies  t h a t  t h e  p re s su re  

terms i n  s d i r e c t i o n  i s  n e g l i g i b l e ,  b u t  i t  may be important  i n  t h e  o t h e r  

two d i r e c t i o n s ,  a s  shown i n  Table 3.1. 

3.3.3 Equation of Thermal Energy Conservation 

Table 3.1 a l s o  shows t h e  d e t a i l e d  d e r i v a t i o n  of t h e  o r d e r  of 

magnitude a n a l y s i s  of t he  thermal energy conserva t ion  equat ion  f o r  buoyant 

jet cases .  For nonbuoyant j e t  cases  t h e  equat ion  of thermal  energy 

conserva t ion  i s  n o t  r equ i r ed  s i n c e  p and T a r e  cons t an t s .  



The procedures  from s t a g e  I t o  s t a g e  I11 a r e  t h e  same a s  f o r  t h e  

momentum e q u a t i o n s ,  e x c e p t  t h a t  t h e  m u l t i p l i c a t i o n  of each  t e rm i s  done by 

2  
u s i n g  LS/(U AT ) i n s t e a d  of LS/US. I n  S e c t i o n  3 .3 .2 ,  t h e  o r d e r  of 

S  M 

magnitude of L /L was found t o  have t h e  h i g h e s t  p o s s i b l e  o r d e r  o f  116 i n  
S .  Z 

a l l  f o u r  c a s e s .  Hence t h e  h i g h e s t  o r d e r  o f  magnitude o f  t h e  t u r b u l e n t  h e a t  

f l u x  terms on t h e  r i g h t  hand s i d e  o f  t h e  e q u a t i o n  of the rmal  energy 

1 P a  c o n s e r v a t i o n  is  - - - For  t h e  t u r b u l e n t  h e a t  f l u x  t e rms  o f  h i g h e s t  
US AT L ' 

M Z 
o r d e r  of magnitude t o  b a l a n c e  t h e  mean f low c o n v e c t i v e  t e rms ,  i t  must b e  

t h a t  [ ~ a n d e  and Raj  ara tnam,  September,  19751 

Using Eq. 3.46 and t h e  cor responding  s c a l e s  of L /L and LS/LZ e s t a b l i s h e d  
S N 

i n  S e c t i o n  3 .3 .2 ,  t h e  deduc t ion  from s t a g e  I11 t o  s t a g e  IV can b e  performed 

as shown i n  t h e  t a b l e .  

3.3.4 The S i m p l i f i e d  Governing Equa t ions  

From t h e  o r d e r  of magnitude a n a l y s i s ,  i t  would b e  p o s s i b l e  t o  

o b t a i n  f o u r  sets of d i f f e r e n t i a l  e q u a t i o n s  w i t h  one set a p p l y i n g  f o r  each 

o f  t h e  p r e v i o u s l y  c o n s i d e r e d  c a s e s .  However, f o r  a buoyant  s u r f a c e  j e t  

d i s c h a r g e d  i n t o  a s t r o n g  c r o s s f l o w ,  t h e  jet  could  e n c o u n t e r  a l l  of t h e  f o u r  

cases c o n s i d e r e d  p r e v i o u s l y  as it p r o g r e s s e s  from t h e  nonbuoyant jet t o  t h e  

buoyant c a s e  as w e l l  as from t h e  s i g n i f i c a n t l y  b e n t  c a s e  t o  t h e  no 

c r o s s f l o w  c a s e  as was d i s c u s s e d  i n  t h e  beg inn ing  of S e c t i o n  3 . 3 .  T h e r e f o r e ,  

no s i n g l e  set of d i f f e r e n t i a l  e q u a t i o n s  o b t a i n e d  f o r  one c a s e  cou ld  



adequately desc r ibe  the  problem of a buoyant j e t  discharged i n t o  a s t rong  

crossflow. Thus, t he  f i n a l  s i m p l i f i e d ,  governing equat ions f o r  buoyant 

su r face  j e t s  were obtained by r e t a i n i n g  a l l  t h e  terms of o rde r  un i ty  i n  any 

one of a l l  f o u r  cases.  These r e s u l t i n g  equat ions a r e  

con t inu i ty  equat ion 

au av aw anv - + - + - + K -  + K - -  anw - 0 
as an az an a z 

s-momentum equat ion 

2 - - 
a u - ~ U V  ~ U W  anuv anuw + - + -  + K -  + K -  + Kuv = 

aiis aiiG d z - - - - -  
as an a z an a z an az 

n-momentum equat ion 

z-momentum equat ion 

equat ion  of thermal energy conservat ion 

3.-4 Assumption of S i m i l a r i t y  P r o f i l e s  

I n  order  t o  i n t e g r a t e  Eqs. 3.47-3.51, i t  i s  necessary t o  assume 

s i m i l a r i t y  p r o f i l e s  f o r  t he  v e l o c i t y  and temperature d i s t r i b u t i o n s  
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perpendicu la r  t o  t he  jet  a x i s ,  b u t  be fo re  doing t h a t ,  some gene ra l  

c h a r a c t e r i s t i c s  of t he  v e l o c i t y  and temperature  d i s t r i b u t i o n s  need t o  be  

considered.  Experiments have shown t h a t  the  t r a j e c t o r i e s  of maximum 

temperature and maximum v e l o c i t y  do not  co inc ide  [ ~ a m o t a n i  and Greber, 

19721. S ince  t he  temperature d i s t r i b u t i o n  i s  of primary i n t e r e s t  of t h i s  

s t udy ,  t h e  jet a x i s  i s  def ined  a s  t h e  l ocus  of maximum temperature ,  and the  

jet  dimensions and boundaries  a r e  a l l  def ined  according t o  the  temperature 

d i s t r i b u t i o n .  

F igure  3.2 shows t h e  coord ina te  d e f i n i t i o n s  f o r  a  d e f l e c t e d  su r -  

f a c e  j e t .  The j e t  a x i s  (n=O) d iv ides  t h e  jet c r o s s  s e c t i o n  i n t o  two p a r t s  

which w i l l  be c a l l e d  t h e  i n n e r  p a r t  and the  o u t e r  p a r t .  Parameters f o r  t h e  

i n n e r  p a r t  of t he  jet  a r e  des igna ted  w i t h  a  prime. It is  assumed t h a t  t h e  

width of t he  core  i s  t h e  same i n  bo th  p a r t s  s o  t h a t  a '  = a.  Each p a r t  of 

t h e  j e t  i s  f u r t h e r  d iv ided  i n t o  the  fol lowing f o u r  p o s s i b l e  reg ions  a s  

shown i n  Fig.  3.3: 

Region 1 - the  unsheared core reg ion  where v e l o c i t y  and tempera- 

t u r e  a r e  uniform. 

Region 2  - the  v e r t i c a l l y  sheared  reg ion  where v e l o c i t y  and 

temperature p r o f i l e s  a r e  func t ions  of z  only.  

Region 3  - t h e  h o r i z o n t a l l y  sheared  reg ion  where v e l o c i t y  and 

temperature p r o f i l e s  a r e  func t ions  of n  only.  

Region 4 - t he  v e r t i c a l l y  and h o r i z o n t a l l y  sheared  reg ion  where 

v e l o c i t y  and temperature p r o f i l e s  a r e  func t ions  of 

bo th  n  and z. 

I n  t h e  zone of  flow es tab l i shment  ( Z F E )  the  j e t  has  e i g h t  r eg ions ,  whi le  i n  

the  n e a r  f i e l d  reg ion  (NFR), t h e  j e t  has  on ly  two r eg ions ,  i . e . ,  reg ions  4 
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and 4 ' .  During t h e  t r a n s i t i o n  of t he  j e t  from ZFE t o  NFR, t he  j e t  may have 

reg ions  3 ,  4, 3' and 4' i f  a  = 0 ,  c  # 0 o r  reg ions  2 ,  4 ,  2'  and 4 ' ,  i f  

a #  0 ,  c =  0. 

The magnitude of t h e  f r e e  s u r f a c e  e l e v a t i o n  q can b e  shown t o  be  

n e g l i g i b l e  [ ~ t o l z e n b a c h  and Harleman, 19711 . Thus, i n  spec i fy ing  t h e  range 

of cons ide ra t i on  i n  t he  v e r t i c a l  d i r e c t i o n ,  i t  can be  assumed t h a t  n = 0.  

F igure  3.4 shows t h e  assumed s i m i l a r i t y  p r o f i l e s  of l o n g i t u d i n a l  

v e l o c i t y  and temperature.  The jet  l o n g i t u d i n a l  v e l o c i t y  and temperature  

d i s t r i b u t i o n s  f o r  each reg ion  a r e  formulated a s  fo l lows  and account f o r  t h e  

f a c t  t h a t  t h e  ambient v e l o c i t y  and temperature  d i s t r i b u t i o n s  may no t  be 

unif  o m :  

o u t e r  p a r t  of the  jet 

reg ion  1: 0 < n < a ,  - c < z < 0 

u = u  . 
m 

reg ion  2: 0  < n < a ,  - (c+h) < z < - c 

reg ion  3: a  < n < (a+b), - c < z < 0 

u = u s + ( ~ ~ - u ~ ) f ( $ ~ )  

AT = AT + (AT,-AT.) '(4,) 
s 

reg ion  4: a  < n < (a+b), - (c+h) < z < - c 
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i n n e r  p a r t  of the  j e t  

r e g i o n l ' :  - a < n < O ,  - c < z < O  

u = u  
m 

AT = AT , 

m 

region 2 ' :  - a < n  < 0 ,  - (c+h) < z < - c 

reg ion  3 ' :  - (a+b') < n  < - a ,  - c < z < 0 

u = u' + (um-u;)f(I$;) 
s 

AT = AT' + (U -AT') t(I$A) 
s m s 

region  4 ' :  - (a+bl)  < n < - a ,  - (c+h) < z < - c 

u = u' d  + (U  c -U;)£(I$') n  + ( U ' - U & ) £ ( $ ~ )  + (u~+u~-u:-u;)~(I$;)~ ( I $ ~ )  
S 

AT = AT: + (ATc-AT:) t (I$') + (AT'-AT:) t (I$ ) + (AT~+AT:-AT;-AT;)~ 
n s z 

t (I$;) t(I$z) 

I n  Eqs. 3.52 and 3.53, 

u  = j e t  l ong i tud ina l  v e l o c i t y ,  

AT = j e t  temperature r i s e  above reference  ambient temperature, 

u  = v e l o c i t y  on j e t  a x i s ,  
rn 

AT = temperature r i s e  on j e t  a x i s  r e l a t i v e  t o  re ference  ambient m 

temperature, 

a ,b ,b ' , c ,h  = j e t  dimensions, assuming a '  = a ,  

' n 
= -  ("-a' f o r  n > a ,  

b  



f o r  

The general  form of the  s i m i l a r i t y  func t ions  f and t has been 

presented i n  ~ e k t i o n  2.3.2. The exponents nv and n t ,  a r e  assumed t o  be 

funct ions  of only the  j e t  aspect  r a t i o .  Reichardt [1.942] performed experi-  

ments on a hea ted  two-dimensional j e t .  The temperature d i f f e rences  were 

smal l  enough t h a t  t he  j e t  was e s s e n t i a l l y  non-buoyant. H i s  measurements of 

v e l o c i t y  and temperature d i s t r i b u t i o n s  ind ica t ed  t h a t  n t / n v  ( o r  t u rbu len t  

P r a n d t l  number P ) equal led  112. This  suppor ts  t he  conclusion of Taylor 
r t 

[1932] based on t h e  concept of v o r t i c i t y  t r a n s p o r t  f o r  two-dimensional j e t s .  

For c i r c u l a r  t u rbu len t  j e t s ,  the  value of n t / n v  is  about 0.727 [ ~ o r r s i n  

and Uberoi, 19501. Two-dimensional and axisymmetrical j e t s  may be 

considered a s  two extremes of three-dimensional j e t s .  Thus, t he  value of 

n t / n v  f o r  three-dimensional j e t s  should be between 0.5 and 0.727. I n  t h e  

p resen t  s tudy,  the  value of n t / n v  was chosen t o  be  0.6 and nv = 2 was used 

fol lowing Abramovich [1963] and Stolzenbach and Harleman [1971]. The above 

s e l e c t i o n  on t h e  values of n t / n v  and nv g ives  n t  = 1.2.  

The l o n g i t u d i n a l  v e l o c i t i e s  and the  temperatures a t  t he  j e t  

boundaries a r e  represented by u 
s ' ud9 uC, u;, u i ,  ATs, ATd, ATc, AT' s and 

AT: (Fig. 3.4). These q u a n t i t i e s  a r e  considered a s  known and a r e  defined 

a s  fol lows except  t h a t  u' and AT' r equ i re  f u r t h e r  d i scuss ion  and they w i l l  
s S 

be  defzned l a t e r :  

= (ua)a+b cos 8, where (u ) i s  the  average over  the  depth of 
s a a+b 

the  j e t  ( - ( c + h ) < z < ~ )  of the ambient v e l o c i t y  a t  the  upstream 

edge of t he  j e t  (n=a+b) and the  m u l t i p l i c a t i o n  by cos 8 

g ives  t h e  component p a r a l l e l  t o  the  j e t  ax i s .  



= (Ua)-(c+h) cos 0, where (u  a ) -(c+h) is t h e  average over t h e  
C 

width of t h e  j e t  (-(a+b1)<n<(a+b)) of t h e  ambient v e l o c i t y  

a t  t h e  bottom boundary of t h e  j e t  (z=-(c+h)) and t h e  

m u l t i p l i c a t i o n  by cos 0 g ives  t h e  component p a r a l l e l  t o  t h e  

j e t  ax i s .  

AT = t h e  average over  t he  depth of t h e  j e t  (-(c+h)<z<O) of t h e  
S 

ambient temperature r i s e  a t  t h e  upstream edge of  t h e  j e t  

(n=a+b) . 
AT = t he  average over  t h e  width of t h e  j e t  (-(a+bt)<n<(a+b)) of 

C 

t h e  ambient temperature r i s e  a t  t h e  bottom boundary of t h e  

j e t  (z=-(c+h)). 

u = u o r  u whichever i s  sma l l e r  ( i n  Fig. 3.4, uC<uS). 
d s c ' 

u'  = u' o r  u , whichever i s  sma l l e r  ( i n  Fig. 3.4, u '<u ). 
d s c s c 

ATd = AT or.AT whichever i s  sma l l e r  ( i n .  Fig. 3.4, ATc<AT ) .  
S c ' s 

AT: = AT' o r  AT;, whichever i s  sma l l e r  ( i n  Fig.  3 .4,  AT <AT'). 
S C s 

Using u , u' AT and AT' a t  t h e  lower c o m e r s  of t h e  j e t  boundary i n s u r e s  
d d'  d d 

a smooth t r a n s i t i o n  f o r  ambient v e l o c i t y  ( o r  ambient temperature r i s e )  from 

t h e  s i d e  boundaries  t o  t h e  bottom boundary of t h e  j e t .  

Since t h e  j e t  provides a s h e l t e r i n g  e f f e c t  on t h e  downstream s i d e  

of t h e  j e t ,  t h e  ambient v e l o c i t y  i n  t h a t  p ro t ec t ed  reg ion  is sma l l e r  than 

t h a t  on t h e  upstream s i d e  [ ~ o l i c a s t r o  and Tokar, 19721. Thus, u' t h e  s ' 
average over t h e  depth of t he  j e t  (-(c-t-h)<z<O) of t h e  ambient v e l o c i t y  a t  

t he  downstream edge of t h e  j e t  (n=a+b1) is sma l l e r  than  u and is somewhat 
S 

a r b i t r a r i l y  assumed t o  be 

Eq. 3.54 g ives  u' = 0 a t  the  e x i t  r ega rd l e s s  of t h e  o r i e n t a t i o n  of t h e  
S 



d i scha rge ,  and u' = u when t h e  je t  is a l igned  wi th  t h e  ambient flow. 
s s 

Because of t h e  l a c k  of d a t a  t o  suppor t  any o t h e r  va lue ,  it was assumed t h a t  

m = 1. 

I C a r t e r  [1969 1 conducted experiments on two-dimensional v e r t i c a l  

I s l o t  jets discharged i n t o  a crossf low.  H e  observed t h a t  a r e c i r c u l a t i n g  
I 

eddy was c r e a t e d  on t h e  lee s i d e  of t h e  jet.  I n  t h a t  eddy t h e  temperature  
I 

i 
I was h i g h e r  than t h e  ambient temperature (Sec t ion  2.3).  For t h e  

two-dimensional case  ambient f l u i d s  a r e  blocked from e n t e r i n g  i n t o  t h e  
t 
i 

1 downstream eddy reg ion .  However, f o r  three-dimensional jets i n  r ec t angu la r  

channels  a s  considered i n  t h i s  s t udy ,  ambient f l u i d s  can pass  underneath 

t h e  jet  t o  m e e t  s u b s t a n t i a l l y  a l l  t h e  entrainment  demand on t h e  downstream 

s i d e  of t h e  jet. Therefore  t he  temperature  rise on t h e  downstream s i d e  of 

t h e  je t  i s  no t  s i g n i f i c a n t ,  a s  evidenced by t h e  experimental  d a t a  of t h i s  

s t udy  (Sec t ion  5.1). Thus, AT' is assumed t o  be  a known q u a n t i t y  and i s  
s 

I d e f ined  a s  t h e  average over  t he  depth  of  t h e  je t  (-(c+h) <z<O) of  t h e  
i 
I 

ambient temperature  rise a t  t he  downstream edge of t h e  j e t  (n=-(a+-b')). 

3.5 Boundary Condit ions 

t 
I 
I The t u rbu len t  t r a n s p o r t  of h e a t  and momentum a s  w e l l  a s  t h e  

1 l a t e r a l  and v e r t i c a l  v e l o c i t i e s  on t h e  jet  boundaries  have t o  be s p e c i f i e d  
I 

I t o  permi t  t he  i n t e g r a t i o n  of t h e  governing equa t ions  over  t h e  jet  c r o s s  

I 
1 s e c t i o n .  
i 

1 

i 3.5.1 Boundary Conditions on the  Free Sur face  

i 

It is assumed t h a t  no t r a n s f e r  of momentum occurs  ac ros s  t h e  f r e e  

i 
P s u r f  ace.  Hence, 



Surface hea t  t r a n s f e r  t o  the atmosphere is  assumed t o  be n e g l i g i b l e  i n  the  

NFR [ c a r t e r ,  19691: 

7 

SAT = 0 a t  z = 0 (3.56) 

3.5.2 Boundary Conditions on t h e  J e t  Boundary 

3.5.2.1 Turbulent Transfer  on t h e  J e t  Boundary 

- - - 
The tu rbu len t  t r a n s p o r t  terms fig, GG and S A ~  a r e  f i n i t e  a t  t he  

j e t  boundary and approach the  ambient l e v e l s  a t  s u f f i c i e n t  d i s t ance  away 

from the  j e t .  When the  momentum equat ions  a r e  i n t e g r a t e d  over  the  j e t  

c ross  s e c t i o n ,  t hese  tu rbu len t  t r anspor t  terms g ive  r i s e  t o  Reynolds s t r e s s  

terms which should be eva lua ted  on t h e  j e t  boundary mo dams e t  a l . ,  19751. 

However,. an accura t e  eva lua t ion  of these  terms i s  d i f f i c u l t ,  e s p e c i a l l y  

because of t he  evolu t ion  of t he  j e t  along i t s  t r a j e c t o r y   d dams e t  a l . ,  

19751. Stolzenbach and Harleman [:1.971] assumed t h a t  t h e r e  was no tu rbu len t  

t r a n s f e r  of h e a t  and momentum across  t h e  j e t  boundary. This assumption 

impl ies  t h a t  the  a c t u a l  t u r b u l e n t  t r a n s p o r t  of h e a t  and momentum a t  t he  

boundaries can be a r t i f i c a l l y  t r e a t e d  through t h e  use of entrainment 

c o e f f i c i e n t  [ ~ u n n  e t  a l .  , 19751 . The .equivalent concept f o r  t h i s  s tudy 

i s  t h a t  t h e  tu rbu len t  t r a n s f e r  across  t h e  j e t  boundaries i s  assumed t o  be 

taken i n t o  account i n  t h e  drag and spreading c o e f f i c i e n t s ,  and the  same 

assumption w i l l  be made i n  t h i s  s tudy:  

- - -2 - - v = f i ~ = s = + ~ f = o  a t  n = a+b and n = - (a+b') 
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3 . 5 . 2 . 2  L a t e r a l  and V e r t i c a l  Veloc i ty  on t h e  Jet Boundary 

The entrainment  v e l o c i t y  is assumed t o  be normal t o  t he  jet  

t r a j e c t o r y .  F igure  3 . 5  shows t h e  assumed entrainment  v e l o c i t y  d i s t r i b u t i o n  

on the  j e t  boundary. The c h a r a c t e r i s t i c  v e r t i c a l  en t ra inment  v e l o c i t y  is 

w whereas v  and v'  a r e  t he  c h a r a c t e r i s t i c  l a t e r a l  en t ra inment  v e l o c i t i e s  
e ' e  e 

on t h e  upstream s i d e  and the  downstream s i d e  of t h e  j e t ,  r e spec t ive ly .  The 

parameters  w v  and v '  a r e  each considered t o  be func t ions  of s on ly ,  
e '  e '  e 

b u t  t h e  en t ra inment  is a l s o  a  func t ion  of n  and z as  shown i n  Fig.  3 . 5 .  

For a  t u r b u l e n t  jet discharged i n t o  a  c ross f low,  t h e  kinematic  . 

boundary cond i t i on  on the  jet  boundary must account f o r  t he  f a c t  t h a t  t h e  

f l u i d  p a r t i c l e s  on t h e  jet  boundary possess  l o n g i t u d i n a l  v e l o c i t i e s  due t o  

c ros scu r r en t .  The l a t e r a l  o r  v e r t i c a l  v e l o c i t y  on t h e  boundary of a  

two-dimensional j e t  w i l l  be considered f i r s t .  The r e s u l t s  ob ta ined  from 

two-dimensional cases  w i l l  then be  extended f o r  three-dimensional cases .  

A two-dimensional v e r t i c a l  s l o t  jet  discharged i n t o  a coflowing 

ambient stream of v e l o c i t y  u  is shown i n  Fig. 3 . 6 .  The jet  i s  syrmnetrical; 
a  

t h e r e f o r e ,  t h e  primed parameters  are equa l  t o  t h e i r  non-primed counter- 

p a r t s .  The c o n t i n u i t y  equa t ion  f o r  t h i s  two-dimensional case  i s  

I n t e g r a t i o n  of Eq. 3 .58  over  t he  upper p a r t  of t h e  j e t  (Oln<a+b) - y i e l d s  

d  
a+b 

udn + u 
d  (a+b) 

s d s  

where v  = l a t e r a l  v e l o c i t y  on t h e  j e t  boundary, 
bd 

u  = ambient v e l o c i t y  component p a r a l l e l  t o  t h e  j e t  t r a j e c t o r y .  For 
S 

t he  two-dimensional j e t  considered h e r e  u  = u . s a  
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The f i r s t  term on t h e  r i g h t  hand s i d e  of Eq. 3.59 i s ,  by d e f i n i t i o n ,  t h e  

entrainment  v e l o c i t y  v  . Hence Eq. 3.59 may be w r i t t e n  a s  
e  

I f  Eq. 3.58 i s  i n t e g r a t e d  over the  lower p a r t  of t he  j e t  (Om>-a-b') one - - 
ob ta ins  

where v' = l a t e r a l  v e l o c i t y  on t h e  j e t  boundary n  = - a  - b ' .  S i m i l a r i l y ,  
b  d  

f o r  a  h o r i z o n t a l  two-dimensional s l o t  j e t  discharged i n t o  a  coflowing 

ambient s t ream a s  shown i n  Fig. 3 .7,  t he  v e r t i c a l  v e l o c i t y  on t h e  j e t  

boundary can be  derived by i n t e g r a t i n g  t h e  c o n t i n u i t y  equat ion  over  t h e  

depth. The r e s u l t  can be  w r i t t e n  a s  

where w = v e r t i c a l  . v e l o c i t y  on t h e  j e t  bottom boundary z = - (c+h), 
b  d  

u  = ambient v e l o c i t y  component p a r a l l e l  t o  t h e  j e t  t r a j e c t o r y .  For 
C 

t he  case  shown i n  Fig. 3.7, u  = u . 
c a  

Equations 3.60-3.62 i n d i c a t e  t h a t  t h e  l a t e r a l  o r  v e r t i c a l  

v e l o c i t y  on t h e  j e t  boundary is equal  t o  t h e  d i f f e r e n c e  between the  

entrainment  v e l o c i t y  and t h e  spreading  v e l o c i t y  of t h e  j e t  boundary which 

i s  def ined  a s  t h e  product  of t h e  s lope  of  t he  j e t  boundary and t h e  ambient 

v e l o c i t y  component p a r a l l e l  t o  the  j e t  t r a j e c t o r y .  Extension of t h i s  

d e f i n i t i o n  t o  the  three-dimensional case  l eads  t o  t h e  fol lowing express ions  

f o r  t h e  l a t e r a l  and v e r t i c a l  v e l o c i t y  on t h e  boundary of a  three-dimensional 

j e t  wi th  crossf low: 
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a t  z = - (c+h) : 

w = w  - u  
e 

d(c+h) f o r  0  < n < a  
c  d s  

d(c+h) f o r a < n <  (a+b) = - [ud+(uc-ud)f 1 ,, (3.63) 

w = w  - u  
e  

d(c+h) f o r - a < n < O  
c  ds  

w = we£($;) - [u1+(u -u;)f($;)l 
d  c  

f o r  - (a+bt)  < n < - a  d  s 

d(*bt ) 
v = v ~ f ( $ ~ )  - [ut+(ut-u;)f ($,I I ds 

f o r  - (c+h) < z < - c  
d  s 

3.6 L a t e r a l  Veloc i ty  D i s t r i b u t i o n  Over t he  J e t  Cross Sec t ion  

To al low t h e  i n t e g r a t i o n  of t he  momentum equat ions  over  t h e  j e t  

c ros s  s e c t i o n ,  t h e  l a t e r a l  v e l o c i t y  d i s t r i b u t i o n  w i t h i n  t h e  c r o s s  s e c t i o n  

must be  s p e c i f i e d .  It is  assumed t h a t  t h e  l a t e r a l  v e l o c i t y  v  is  equal  t o  

v  = vNB + vB (3.66) 

where v  = l a t e r a l  v e l o c i t y  i n  nonbuoyant j e t ,  
NB 

v  = l a t e r a l  v e l o c i t y  induced by buoyancy fo rces .  
B 

Eq. 3.66 is tantamount t o  Eq. 2.5. Therefore,  t h e  d i scuss ion  i n  Sec t ion  

2.2.2 regarding the  reason f o r  t h e  assumption of Eq. 2.5 and t h e  l imi t a -  

t i o n s  of i t  a r e  a l l  equa l ly  app l i cab le  t o  Eq. 3.66. Only two terms i n  t h e  

momentum equat ions  r e q u i r e  t he  s p e c i f i c a t i o n  of l a t e r a l  v e l o c i t y  
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d i s t r i b u t i o n  over  the  j e t  c ros s  s e c t i o n  dur ing  t h e  i n t e g r a t i o n ,  namely, Kuv 

i n  t h e  s-momentum equat ion and auv/as i n  t h e  n-momentum equat ion.  Experi- 

ence has shown t h a t  t he  various assumptions which a r e  made i n  formulat ing 

expressions for ,  v  and v  do n o t  have a  s i g n i f i c a n t  e f f e c t  on t h e  o v e r a l l  
NB B 

r e s u l t s  from the  momentum equat ions.  

3.6.1 L a t e r a l  Veloci ty of Nonbuoyant J e t s  

It is  n o t  poss ib l e  t o  formulate  the  l a t e r a l  v e l o c i t y  d i s t r i b u t i o n  

f o r  a  three-dimensional j e t  without  t h e  p r i o r  knowledge of t h e  long i tud ina l  

and v e r t i c a l  v e l o c i t y  d i s t r i b u t i o n s .  For two-dimensional and 

axisymmetrical j e t s  without  crossf low, t h e  formulat ion of t h e  l a t e r a l  

v e l o c i t y  d i s t r i b u t i o n  is poss ib l e  s i n c e  the  long i tud ina l  v e l o c i t y  d i s t r i -  

bu t ions  a r e  w e l l  e s t ab l i shed  experimental ly.  I f  one cons iders  t h a t  

two-dimensional and axisymmetrical j e t s  a r e  two extremes of three-  

dimensional j e t s ,  an approximate formulat ion of t he  l a t e r a l  v e l o c i t y  d i s -  

t r i b u t i o n  f o r  a  three-dimensional nonbuoyant j e t  may be obtained from those 

two extreme cases.  

The maximum v e l o c i t y  on t h e  a x i s  of a  two-dimensional j e t  

downstream of t h e  ZFE is  inve r se ly  propor t ional  t o  the  square roo t  of t h e  

d i s t ance  [~bramovich ,  19631. Frbm t h i s  f a c t  and t h e  assumption t h a t  t h e  

l o n g i t u d i n a l  v e l o c i t y  d i s t r i b u t i o n s  a r e  s i m i l a r ,  Abramovich [1963] showed 

t h a t  t h e  l a t e r a l  ve loc i ty  d i s t r i b u t i o n  f o r  a  two-dimensional j e t  wi th  no 

cross  f  low was 

where v  = l a t e r a l  ve loc i ty  d i s t r i b u t i o n  of nonbuoyant j e t s ,  
NB 

u  = l ong i tud ina l  ve loc i ty  on t h e  j e t  a x i s ,  
m 



C6 = cons tan t  , 

f((,) = v e l o c i t y  s i m i l a r i t y  funct i ,on,  

Assuming t h a t  f  (( ) = (1-(n312)2, Eq. 3.67 y i e l d s  
n 

A t  t he  j e t  boundary ( = 1 and v i s  equal  t o  - - 
n NB 10 "mc6* This  i s  the  

l a t e r a l  v e l o c i t y  on t h e  j e t  boundary and w i l l  be  c a l l e d  v 
bd' 

To extend t h e  

use  of Eq. 3.68 f o r  two-dimensional j e t s  i n  a c rossf low,  i t  i s  assumed t h a t  

t he  l a t e r a l  v e l o c i t y  d i s t r i b u t i o n s  a r e  s i m i l a r  wi th  r e s p e c t  t o  vbd regard- 

l e s s  of the  ambient v e l o c i t y .  Thus a  genera l  l a t e r a l  v e l o c i t y  

d i s t r i b u t i o n  f o r  a  two-dimensional nonbuoyant j e t  may be obta ined  by sub- 

s t i t u t i n g  u C = - ( F ) v b d  i n t o  Eq. 3.68 t o  give 
m 6 

The a x i a l  v e l o c i t y  downstream of t h e  ZFE f o r  a  round nonbuoyant 

j e t  wi th  no ambient flow i s  inve r se ly  p ropor t iona l  t o  l o n g i t u d i n a l  d i s -  

tance [~b ramov ich ,  19631. Applying the  same cons ide ra t ions  a s  i n  t h e  

formulat ion of Eq. 3.67 f o r  two-dimensional j e t s ,  Abramovich [I19631 showed 

t h a t  vNB f o r  a  round nonbuoyant j e t  w i th  no crossf low could be  expressed a s  

Following t h e  same procedure a s  f o r  t he  two-dimensional case  one ob ta ins  

t h e  gene ra l  l a t e r a l  v e l o c i t y  d i s t r i b u t i o n  f o r  round nonbuoyant j e t  a s  
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The l a t e r a l  v e l o c i t y  d i s t r i b u t i o n  of a  three-dimensional nonbuoyant j e t  

w i th  crossf low is assumed t o  be  equal  t o  t h e  average of Eqs. 3.69 and 3.71 

s o  t h a t  

vNB = ~ ~ ~ ' ( 9 ~ )  (3.72) 

where F(mn) = - 3 " + 9 mn 512 4 - 5 9n (3.73) 

Constant c o e f f i c i e n t s  i n  F($ ) have been rounded o f f  t o  i n t e g e r s .  
n  

Equation 3.73 i s  assumed t o  be v a l i d  f o r  a  < n < (a+b) ( reg ions  3 and 4 ) ,  

and f o r  - (ai-b') < n < - a ( reg ions  3' and 4 ' )  with 9 replaced by 9 ' .  The 
n n 

value of v is taken t o  be zero i n  - a < n < a ( reg ions  1, 2 ,  1' and 2 ' )  . 
NB 

3.6.2 L a t e r a l  Veloci ty Induced by Buoyancy Forces 

To complete Eq. 3.66, v  the  l a t e r a l  v e l o c i t y  induced by 
B ' 

buoyancy fo rces ,  i s  approximated i n  t h i s  s e c t i o n .  It i s  assumed t h a t  v  i s  
B 

zero  a t  the  j e t  a x i s  and v a r i e s  l i n e a r l y  up t o  i t s  maximum a t  t he  edge of 

t he  j e t  a t  which i t  equals  u 
db 

db the  buoyant spreading -1 w i l l  be rn d B ;  ds B 

formulated l a t e r  (Sect ion 3.8.2.2).  The assumptions r e l a t i v e  t o  v l e a d  
B 

The express ion  f o r  v i n  terms of j e t  flow c h a r a c t e r i s t i c s  w i l l  be  given 
B 

a f t e r  db/ds lB has been obtained.  (See Sec t ion  3.8.2.2.) 

3.7 Comments on t h e  I n t e g r a t i o n  of Governing Equations over  J e t  Cross 

Sec t ion  

On t h e  b a s i s  of t he  previous d e f i n i t i o n s ,  assumptions, and 

derivations;the con t inu i ty  equat ion ,  t h e  s and z momentum equat ions  and 
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t h e  equat ion  of thermal  energy conserva t ion  may be  i n t e g r a t e d  over  t h e  j e t  

c r o s s  s ec t ion .  The i n t e g r a t e d  z  momentum equat ion  i s  t r i v i a l  because of 

t h e  assumption of h y d r o s t a t i c  p re s su re  d i s t r i b u t i o n .  I n t e g r a t i o n  of t h e  n  

momentum equat ion  over  t he  j e t  c ros s  s e c t i o n  r e q u i r e s  a d d i t i o n a l  considera- 

t i o n s  because t h e  entrainment  v e l o c i t y  d i s t r i b u t i o n s  assumed i n  Sec t ion  

3.5.2.2 do n o t  r ep re sen t  t h e  a c t u a l  v e l o c i t i e s  of t he  ambient f l u i d s  a s  

they a r e  drawn i n t o  t h e  j e t  s t ream,  and hence should no t  be  used t o  

desc r ibe  t h e  momentum f l u x  i n  t h e  n  d i r e c t i o n .  

I n  t h e  p re sen t  s tudy ,  t h e  n  momentum equat ion  i s  i n t e g r a t e d  over  

t h e  j e t  c ros s  s e c t i o n  fol lowing t h e  method used by Stolzenbach and 

Harleman [1971]. It is  assumed t h a t  t h e  flow ou t s ide  t h e  j e t  is i r r o t a -  

t i o n a l .  I n t e g r a t i n g  Eq. 3.49 over  t h e  j e t  c ros s  s e c t i o n  and then applying 

Stoke ' s  theorem and t h e  Bernou l l i  equa t ion ,  one o b t a i n s  

-03 

11 "- dndz - 1 ~ u ~ d n d z  - 11 -1 Xdz'dndz= 
A c A 'a 

an 
Z 

where ] jA and j denote s u r f a c e  and l i n e  i n t e g r a l s ,  r e spec t ive ly .  The 
C 

terms on t h e  l e f t  hand s i d e  of Eq. 3.75 may be  i n t e g r a t e d  over  t h e  j e t  

c ros s  s e c t i o n  us ing  t h e  boundary cond i t i ons  s p e c i f i e d  i n  Sec t ion  3.5, s i n c e  

these  i n t e g r a t i o n s  do n o t  r equ i r e  t h e  use of boundary cond i t i ons  s p e c i f i e d  

by Eqs. 3.63-3.65. The r i g h t  hand s i d e  of Eq. 3.75 can be  eva lua ted  

s e p a r a t e l y  by apply ing  B l a s i u s ' s  theorem  allen en tine, 19671 f o r  

two-dimensional flow p a s t  a  porous c y l i n d e r  of any c r o s s  s e c t i o n  wi th  a  

s i n k  i n s i d e .  The r e s u l t  is [ ~ t o l z e n b a c h  and Harleman, 19711 



) d z  + w d n l  = - q u s i n  0 
e a 

where q i s  t h e  volume f l u x  pe r  u n i t  l e n g t h  i n t o  t h e  cy l inde r .  A nega t ive  
e 

s i g n  on t h e  r i g h t  hand s i d e  of Eq. 3.76 i s  in t roduced  because i n  t he  

p r e s e n t  s t udy  u s i n  8  is i n  t h e  nega t ive  n d i r e c t i o n .  The assumed cy l inde r  
a 

has  no cu rva tu re ;  t h e r e f o r e  K on t h e  r i g h t  hand s i d e  of Eq. 3.75 is s e t  

equa l  t o  zero. The f i n a l  i n t e g r a t e d  n momentum equa t ion  i s  obta ined  by 

s u b s t i t u t i n g  Eq. 3.76 i n t o  Eq. 3.75 and by adding a p r e s s u r e  drag term i n t o  

Eq. 3.75 t o  account f o r  t he  f a c t  t h a t  K i s  no t  a c t u a l l y  zero  and t h a t  t h e  

f low o u t s i d e  t h e  jet i s  n o t  t r u l y  i r r o t a t i o n a l .  I n t e g r a t i o n  of t h e  

p re s su re  drag term w i l l  g ive  rise t o  a drag  c o e f f i c i e n t  C which w i l l  b e  
D 

eva lua t ed  from experimental  da t a .  

3.8 Closure Re la t i ons  

A system of equa t ions  does n o t  have a unique s o l u t i o n  un l e s s  t h e  

number of independent equa t ions  equa l s  t henumber  of unknowns. The 

c l o s u r e  problem of t h e  equa t ions  is examined i n  t h i s  s e c t i o n .  

The unknowns are: 

1. geometric parameters  

a , b , b 1 , c , h , X , Y , 8  

2.  v e l o c i t i e s  

3. temperature  

1 
t o t a l  1 3  
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The governing equat ions  a r e  : 

1. i n t e g r a t e d  con t inu i ty  equat ion  1 

2. i n t e g r a t e d  s-momentum equat ion  1 

3. i n t e g r a t e d  n-momentum equat ion  1 

4. i n t e g r a t e d  thermal energy conserva t ion  equat ion  1 

5. geometric r e l a t i o n s  

dX - = COS e 
d  s 

- =  dY s i n e  
d s  

2 
t o t a l  6 

Thus, seven a d d i t i o n a l  r e l a t i o n s  a r e  needed i n  o rde r  t o  o b t a i n  a  c losed  

system of equat ions.  Two of t hese  r e l a t i o n s  can be e s t a b l i s h e d  among t h e  

t h r e e  entrainment  v e l o c i t i e s ;  t h e  remaining f i v e  necessary  r e l a t i o n s  can be 

obta ined  from t h e  express ions  f o r  j e t  spreading.  The i r  d e r i v a t i o n s  a r e  

presented  i n  t h e  fol lowing subsec t ions .  

3.8.1 Entrainment V e l o c i t i e s  

The entrainment  v e l o c i t i e s  i n  both  t h e  v e r t i c a l  d i r e c t i o n  and t h e  

l a t e r a l  d i r e c t i o n  a r e  assumed t o  be p ropor t iona l  t o  t h e  s c a l a r  d i f f e r e n c e  

between t h e  l o c a l  j e t  c e n t e r l i n e  v e l o c i t y  (u  ) and t h e  components of  t h e  
m 

crossf low v e l o c i t y  p a r a l l e l  t o  t h e  j e t  t r a j e c t o r y  ( u  ,u '  and u  ) as was 
s s C 

done by Motz and Benedict [1970]. It is  f u r t h e r  assumed t h a t  t he  l a t e r a l  

entrainment  i s  no t  a f f e c t e d  by the  buoyancy fo rces  whi le  t h e  reduct ion  of 

t h e  v e r t i c a l  entrainment  due t o  dens i ty  g r a d i e n t  e f f e c t s  can be expressed 

by Eq. 2.4. Based on these  assumptions, t h e  fol lowing express ions  can be  

w r i t t e n  

v  = E  ( u - u )  
e  N B m s  



V' = E (u -u') 
e  N B m s  

2 
w = E (u  -u ) = E (u -u ) E X P ( - ~ / F ~ )  

e  B m c  NB m c 

where E = entrainment  c o e f f i c i e n t  f o r  nonbuoyant j e t s  
NB 

EB = entrainment c o e f f i c i e n t  f o r  buoyant j e t s  

Eq. 3.79 i s  based on Eq. 2.4. From Eqs. 3.77-3.79 the  fol lowing express ions  

f o r  v '  and w i n  terms of v  a r e  obtained - 
e e e  

Thus v' and w may be  e l imina ted  from the  governing equat ions  by using Eqs. 
e  e  

3.80 and 3.81. The number of unknowns i s  then reduced t o  11. 

3.8.2 Spreading i n  t h e  Near F i e ld  Region 

The growth of a hea ted  j'et i s  assumed t o  b e  due t o  t h e  fol lowing 

two independent f a c t o r s :  

1. t h e  v e l o c i t y  d i f f e r e n c e  between the  jet and t h e  ambient 

f l u i d .  

2. t h e  buoyancy fo rces  due t o  t he  dens i ty  d i f f e r e n c e  between the  

j e t  and the  ambient f l u i d .  

The v e l o c i t y  d i f f e r e n c e  between t h e  j e t  and t h e  ambient f l u i d  genera tes  

shea r  which i n  t u r n  causes entrainment and tu rbu len t  d i f f u s i o n .  Density 

d i f f e r e n c e s  w i l l  cause buoyant spreading which i n c r e a s e s  t he  j e t  l a t e r a l  

spreading  whi le  decreas ing  the  j e t  th ickness .  Buoyant spreading i s  
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assumed t o  cause only a  change of t h e  j e t  con f igu ra t ion  bu t  no t  t h e  mass 

f l u x  of t h e  j e t .  J e t  spreading due t o . e a c h  f a c t o r  w i l l  be  der ived 

s e p a r a t e l y  and t h e  o v e r a l l  spreading w i l l  then be  assumed t o  be  a  l i n e a r  

combination of t hese  e f f e c t s .  

3 .8 .2 .1  J e t  Spreading due t o  Veloci ty Dif fe rence  

Based on t h e  mixing l eng th  theory ,  Abramovich [1963] has shown 

t h a t  f o r  a  t u r b u l e n t  j e t  i n  a coflowing e x t e r n a l  s t ream,  t h e  spreading  r a t e  

f o r  a  non-buoyant j e t  has  t he  fol lowing form: 

where u  = v e l o c i t y  of t h e  coflowing s tream, 
a  

C = c o e f f i c i e n t  of j e t  spreading  due t o  t h e  v e l o c i t y  d i f f e r e n c e  v 
between the  j e t  and the  ambient flow, 

s = streamwise coord ina te ,  

b  = j e t  width (from the  a x i s )  , 

u = v e l o c i t y  on the  j e t  a x i s .  
m 

.The  s u b s c r i p t  V i n  Eq.  3.84 i s  used t o  denote terms r e l a t e d  t o  t h e  behavior  

of the  j e t  due t o  t he  v e l o c i t y  d i f f e r e n c e  between the  j e t  and t h e  ambient 

flow. Bowley and Sucec [1969] extended t h e  use of Eq. 3.82 t o  t he  

spreading  of a t u r b u l e n t  j e t  i n  t h e  presence of a  crossflow. They reasoned 

t h a t  a t  any s e c t i o n  along t h e  j e t  t r a j e c t o r y ,  t h e  j e t  may be  t r e a t e d  a s  i f  

it were coflowing wi th  an e x t e r n a l  p a r a l l e l  s t ream whose v e l o c i t y  i s  

u  cos 8, which i s  t h e  component of t h e  crossf low v e l o c i t y  p a r a l l e l  t o  t h e  
a  

j e t  t r a j e c t o r y .  Using t h i s  concept ,  t he  l a t e r a l  spreading  of t h e  j e t  

o u t e r  p a r t  due t o  v e l o c i t y  d i f f e r e n c e  may be expressed a s  



and f o r  t h e  spreading  of the  j e t  i n n e r  p a r t ,  

db' 
u  -u' 

m s -1 = - 
ds  V 'V u +ul 

m s 

where b  = the  width of j e t  o u t e r  p a r t ,  

b '  = the  width of jet i n n e r  p a r t ,  

u  S = ( u ~ ) ~ + ~ c o s  0 ,  

.rr 0 ul = u cos [-(-->I. 
S S 2 0 

0 

Equat ions 3.83 and 3.84 a r e  assumed t o  be v a l i d  f o r  bo th  buoyant and non- 

buoyant j e t s .  

A s  mentioned prev ious ly ,  the  r a t e  of i n c r e a s e  of t he  j e t  

th ickness  w i l l  be reduced because o f  the  d e n s i t y  c u r r e n t s  which r e s u l t  from 

the  presence of the d e n s i t y  d i f f e r e n c e .  However, independent of and i n  

a d d i t i o n  t o  the  dens i  ty-current  e f f e c t  , t he  d e n s i t y  d i f f e r e n c e s  a l s o  

suppress  t h e  tu rbulence  and thereby cause a  reduc t ion  i n  t he  v e r t i c a l  en- 

t ra inment  and v e r t i c a l  spreading.  This  is the e f f e c t  which t h e  exponent ia l  

term i n  Eq. 3.79 r ep re sen t s .  S ince  t h e r e  e x i s t s  a  l i n e a r  r e l a t i o n s h i p  

be tween t h e  entrainment  c o e f f i c i e n t  and the spreading  c o e f f i c i e n t  

[ ~ t o l z e n b a c h  and Harleman, 1971; J i r k a  e t  a l .  , 19751, t h e  spreading  of t he  

jet  due t o  v e l o c i t y  d i f f e r e n c e  i n  t he  v e r t i c a l  d i r e c t i o n  can be shown from 

Eq. 3.79 t o  be  
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where u = 
( Ua) - ( c+h) 

cos 8. The va lue  of C based on t h e  temperature 
C v 

boundaries of j e t s  w i th  s t rong  crossf low a r e  n o t  a v a i l a b l e  i n  t h e  

l i t e r a t u r e .  They w i l l  be  eva lua ted  empi r i ca l ly  i n  Sec t ion  5.3.2. 

3.8.2.2 Jet spreading  due t o  Buoyancy Forces 

The order  of magnitude a n a l y s i s  of t he  n momentum equat ion f o r  

bo th  buoyant j e t  cases  shown i n  Table 3.1 shows ' t h a t  

I n  Eq.  3.86, i t  is assumed t h a t  

b db - = -1 r a t e  of l a t e r a l  spreading  due t o  buoyancy f o r c e s ,  
Is d s  B'  

Ag AT 
M -- = -  

2 Richardson number, - R i  2' 

'a's Fr 

T = component of i n t e r f a c i a l  shea r  s t r e s s  normal t o  jet a x i s .  
i 

The i n t e r f a c e  i s  assumed t o  co inc ide  wi th  t h e  j e t  bottom boundary. 

Figure 3.8 shows schemat ica l ly  t h e  components of j e t  ve loc i ty .  

The i n t e r f a c i a l  shea r  T f o r  t h e  o u t e r  p a r t  of t h e  j e t  can be  expressed a s  
i 

where u = r e l a t i v e  v e l o c i t y  between t h e  j e t  and the  ambient flow, 
r e  1 

Ci = i n t e r f a c i a l  s h e a r  s t r e s s  c o e f f i c i e n t ,  





v = average l a t e r a l  v e l o c i t y  over  t he  j e t  o u t e r  p a r t ,  - 

u = average l o n g i t u d i n a l  j e t  v e l o c i t y  over  t he  o u t e r  p a r t .  - 
The r e l a t i v e  v e l o c i t y  u  is given by 

. r e 1  

where 8 = t h e  angle between Y( and t h e  X-axis. Equations 3.86-3.88 may be 
r 

combined t o  y i e l d  the  l a t e r a l  spreading  of t he  o u t e r  p a r t  of t h e  j e t  due t o  

buoyancy fo rces .  The r e s u l t  is  

Note t h a t  a  buoyant spreading  c o e f f i c i e n t  C i s  introduced i n  Eq. 3.89 s o  B 

t h a t  an e q u a l i t y  may, r ep l ace  t h e  p r o p o r t i o n a l i t y  i n  Eq. 3.86. Following 

t h e  same procedure, t h e  corresponding equat ion  f o r  t h e  i n n e r  p a r t  of t he  

j e t  can be  obtained:  

db' 1 'i 2  
v  ' 2 -  b '*2  -1 = {-- - --[ (u '  +v12)1/2 - cos e ; ~  - - 

a  u i  h  
(3.90) 

ds B B T2 aU 2 -  - 
r m 

The buoyant spreading  c o e f f i c i e n t  C w i l l  b e  obta ined  empi r i ca l ly  i n  
B 

Sec t ion  5.3.3.3. The i n t e r f a c i a l  shea r  s t r e s s  c o e f f i c i e n t  C .  w i l l  be  
1 

evalua ted  from t h e  fol lowing equat ions  der ived  by Sherenkov e t  a l .  [1971] 

from the  d a t a  of s e v e r a l  i n v e s t i g a t o r s  

2  -0.54 
C .  = 1.28(R F  ) 

2 
1 e  r 

f o r  ReFr > 500 

2 -0.9 
= 38.72 (ReFr) 

2  
'i 

f o r  ReFr < 150 



8 7 

2 where R i s  t h e  j e t  Reynolds number. A t  150 < R F < 500 a non-single- 
e  e  r 

2 
valued r e l a t i o n  between C and R F was observed [ ~ h e r e n k o v  e t  a l . ,  19711. 

i e r 
2 

The va lue  of C.  f o r  150 < ReFr < 500 i s  then taken t o  be t h e  average va lue  
1 

obta ined  from Eqs. 3.91 and 3.92. There i s  cons iderable  l a c k  of agreement 

among t h e  r e s u l t s  of var ious  i n v e s t i g a t o r s  concerning t h e  r e l a t i o n  of C t o  
i 

R and Fr. For tuna te ly ,  f o r  t he  NFR, t he  c a l c u l a t e d  behavior  of t h e  j e t  i s  
e 

n o t  s t r o n g l y  inf luenced  by C . 
i 

The t o t a l  r a t e s  of l a t e r a l  spreading  db/ds and db ' /ds  a r e  

obtained by adding db/ds 1 (Eq. 3.83) t o  d b ~ d s  1 (Eq. 3.89) , and by adding 

db' / d s lv  (Eq. 3.84) t o  db l /d s lB  (Eq. 3.90). Thus t h e  number of a v a i l a b l e  

equat ions  inc reases  t o  8. 

With the  j e t  l a t e r a l  spreading  der ived ,  t h e  changes of t h e  j e t  

th ickness  due t o  buoyant spreading  (dh/dsl ) can be  obtained from t h e  B 

cons idera t ion  of mass conserva t ion .  The d e r i v a t i o n  of dh/ds 1 w i l l  b e  done 
B 

i n  Sec t ion  3.8.3.3 t o  obta in  a  genera l  form v a l i d  f o r  bo th  t h e  ZFE and t h e  

NFR. 

I n  t h e  NFR (downstream of t h e  ZFE) both  a  and c  a r e  zero.  The 

number of unknowns thus  reduces t o  9 and t h e  r a t e  of v e r t i c a l  spreading  i s  

t h e  only remaining r e l a t i o n  requi red  f o r  t h e  c lo su re  of t h e  governing 

equat ions  i n  t h e  NFR. The r a t e  of v e r t i c a l  spreading  i s  considered i n  

Sec t ion  3.8.3.3. 

3.8.2.3 L a t e r a l  Veloci ty due t o  Buoyancy 

With db/ds l B  a v a i l a b l e ,  t h e  fo rnu la t ion  of v  t h e  l a t e r a l  
B ' 

v e l o c i t y  induced by buoyancy f o r c e s  i n  Sec t ion  3.6.2, may be completed by 

s u b s t i t u t i n g  Eq. 3.89 i n t o  Eq. 3.74. However, i n  view of t h e  inhe ren t  

unce r t a in ty  involved i n  t he  assumptions of Eq. 3.66 and Eq. 3.74 i t s e l f ,  



t h e  compl/ications in t roduced  by i n c l u s i o n  of t h e  e f f e c t s  of s h e a r  s t r e s s e s  
/ 

i n  t h e  d e r i v a t i o n  of v  seem u n j u s t i f i e d .  Thus, w i th  t h e  e f f e c t s  due t o  
B 

shea2  s t r e s s e s  neg lec t ed ,  v  can be shown t o  be 
B 

3.8.3 Spreading i n  t he  Zone of Flow Establ ishment  

I n  t h e  zone of flow es tab l i shment  (ZFE) , t h e  j e t  v e l o c i t y  and 

temperature d i s t r i b u t i o n s  undergo a  t r a n s i t i o n  from t h e i r  i n i t i a l  d i s t r i -  

bu t ions  a t  t h e  o u t f a l l  t o  s i m i l a r i t y  p r o f i l e s .  Some experimental  work has  

been done concerning t h e  l eng th  and shape of t h e  ZFE f o r  round nonbuoyant 

j e t s  [ ~ l b e r t s o n  e t  a l . ,  1950; S a d  e t  a l . ,  19671 and more r e c e n t l y  by 

S t e f a n  e t  a l .  [1975] f o r  buoyant s u r f a c e  j e t s .  F igure  3.9 shows t h e  

i d e a l i z e d  v e l o c i t y  and temperature d i s t r i b u t i o n s  w i t h i n  t h e  ZFE. S ince  

h e a t  is d i f f u s e d  l a t e r a l l y  f a s t e r  than momentum [ ~ u n n  e t  a l . ,  19751, , the 
I 

temperature p r o f i l e  has  a  s h o r t e r  core  and g r e a t e r  half-width than  t h e  

v e l o c i t y  p r o f i l e .  / 

Theore t i ca l  a n a l y s i s  of t h e  ZFE is d i f f i c u l t  because n e i t h e r  t h e  , , '  

. v e l o c i t y  no r  t h e  temperature p r o f i l e s  w i th in  t h i s  zone fo l low s i m i l a r i t y  

r e l a t i o n s .  Some i n v e s t i g a t o r s  [ ~ o o ~ e s  e t  a l .  , 1968; S t e f a n  e t  a l .  , 19711 

have simply neglec ted  t h i s  zone. Then, s i m i l a r i t y  p r o f i l e s  which assume 

t h e  flow t o  be  f u l l y  developed have been app l i ed  beginning a t  t h e  e x i t .  

Others  [ ~ o t z  and Benedict ,  1970; Prych,  19721 e s t a b l i s h e d  a  semiempir ical  

r e l a t i o n  between t h e  length  of t h e  ZFE and t h e  angle between t h e  j e t  and 

t h e  crossf low a t  t h e  end of t he  ZFE. The dimensions of t he  j e t  a t  t h e  end 

of ZFE were e s t ima ted  from t h e  con t inu i ty  and momentum equat ions.  This  





es t imated  information a t  t he  end of t h e  ZFE w a s  then  used a s  t h e  i n i t i a l  

i n p u t  d a t a  t o  s t a r t  the  s o l u t i o n  of t he  i n t e g r a t e d  equat ions .  

An a t tempt  t o  p r e d i c t  t he  phys i ca l  p r o p e r t i e s  w i th in  t h e  ZFE by 

a n a l y t i c a l  modeling has been done by H i r s t  [1972b] f o r  round tu rbu len t  j e t s .  

The model developed by Stolzenbach and Harleman [1971] is be l i eved  t o  be 

t h e  f i r s t  one among hea ted  s u r f a c e  j e t  models which d i r e c t l y  i nc ludes  the  

ZFE i n  the  a n a l y t i c a l  modeling. 

I n  t h e  p re sen t  s tudy ,  t h e  v e l o c i t y  and temperature p r o f i l e s  i n  

the  shea r  l a y e r  w i t h i n  the  ZFE a r e  assumed t o  be  s i m i l a r  (Sec t ion  3 . 4 ) .  

The spreading  of t h e  j e t  i n  t h e  ZFE i s  a l s o  assumed t o  be due t o  both t h e  , 

v e l o c i t y  d i f f e r e n c e  and the  buoyancy f o r c e s ,  a s  i n  t h e  NFR. Thus one may 

w r i t e  

db' db' --=-I db' 
ds ds V + d s l B  

The s u b s c r i p t s  B and V a r e  used t o  denote terms r e l a t e d  t o  t h e  behavior  of 

t he  j e t  due t o  buoyancy fo rces  and the  v e l o c i t y  d i f f e r e n c e  between t h e  j e t  

and t h e  ambient flow, r e spec t ive ly .  To achieve t h e  c losu re  of t h e  

governing equat ions  i n  t he  ZFE, i t  i s  necessary  t o  formulate  t he  r a t e s  of 

j e t  spreading  da lds ,  db lds ,  db ' l d s ,  dc lds  and dhlds.  
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3.8.3.1 Spreading i n  L a t e r a l  Direc t ion  

I n  t h e  ZFE, the  t o t a l  l a t e r a l  spreading of the  o u t e r  p a r t  of t h e  

j e t  due t o  buoyancy forces  c o n s i s t s  of dalds 1 and db/ds I B .  From Eq. 3.89, 
B 

da  -1 + -1 db = LBS 
ds B ds B 

1 i 2 (c+h)]1/2 where LBS = C {- - ?[ (u2+$) 'I2 - u cos 8 ] - - 
F2 8u 

a r u (a+b) 
r m 

R 

LBS and s i m i l a r  terms below r e f e r  t o  s i n g l e  q u a n t i t i e s  as defined.  

I n  o rde r  t o  r e l a t e  da/dslB and db/dslB sepa ra t e ly  t o  LBS, i t  i s  assumed 

da db a  t h a t  -1 /--I 
= G. This assumption l eads  t o  the  fol lowing r e l a t i o n s  

ds  B ds  B 

db -1 =--- LBS 
d s B  (a+b) 

Following the  same approach, one ob ta ins  

db' - - b '  LBS' 
FIB (a+bf)  

1 'i 2 
v' 2 - (c+h) )1/2 where LBS' = C {- - -[(u' + V f 2 ) l I 2  - U COS B:] - 

F2 8u 2 - a u' (a+bf)  
r m 

R 

The r a t e s  of j e t  spreading db/ds 1 and db' jds  ( have been formulated pre- v v 
v ious ly  (Eqs. 3.83 and 3.84) . The formulat ions of db/ds and db ' Ids  a r e  

thus completed. 

3.8.3.2 Veloci ty and Temperature Di s t r ibu t ions  i n  t h e  Core 

It has  been assumed i m p l i c i t l y  i n  Sec t ion  3.4 t h a t  (1) the  

boundaries of t he  temperature and v e l o c i t y  p r o f i l e s  concide wi th  each o t h e r  
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and (2) hea t  is d i f fused  l a t e r a l l y  f a s t e r  than momentum ( i n  t h a t  nv > n t ) .  

One may i n t u i t i v e l y  s e t  dAT Ids = 0 and dum/ds = 0 f o r  the  ZFE t o  
m 

genera te  two i m p l i c i t  formulas f o r  t he  spreading of t h e  core  da/ds and 

dc/ds.  However, t h i s  i s  an i n c o n s i s t e n t  approach i f  b i s  assumed t o  be  the  

same f o r  AT and u a s  i n  Eqs. 3.52 and 3.53 s i n c e  t h i s  would imply a viola-  

t i o n  of the  conservat ion p r i n c i p l e  unless  t h e  same s i m i l a r i t y  p r o f i l e  is  

used f o r  both v e l o c i t y  and temperature. To overcome t h i s  problem, i t  was 

decided t o  r e l a x  t h e  condi t ion  t h a t  dAT Ids  = 0 i n  t h e  core  and put  only 
m 

- -  - 0 (ZFE only) (3.103) 
d s 

The r e s u l t  i s  t h a t  AT decreases i n  the  core,  bu t  t h i s  is somewhat cons is t -  m 

e n t  with the  concept t h a t  h e a t  d i f f u s e s  f a s t e r  than momentum i n  t h e  j e t .  

3.8.3.3 Spreading i n  V e r t i c a l  Direc t ion  

The volume f l u x  of t h e  j e t  o u t e r  p a r t  may be  shown t o  be 

where Q = volume f l u x  of the  j e t  o u t e r  p a r t .  Taking t h e  d e r i v a t i v e  of Eq. 
I 

3.104 wi th  r e spec t  t o  s and then applying Eqs. 3.94-3.98, one ob ta ins  

2 dud da db dc  dh + bh(1-11) + BSA +. BSB + BSC + -1 BSH] d s  V 

da db dc  dh + [-I BSA + ,IB BSB + -1 BSC + BSH] 
ds B ds  B 



where q  = volume f l u x  p e r  u n i t  l eng th  i n t o  the  o u t e r  p a r t  of t he  j e t ,  
1 

BSA = u ( c + h ~ ~ )  + hu (1-Ill ,  
m C 

2 
BSB = u ( c + ~ I  ) I  + hu (1-1 ) I  + u ( ~ - I ~ ) ( c + ~ I  ) + h ~ ~ ( 1 - 1 ~ )  , 

m 1 1  c 1 1  s 1 

BSC = u (a+bIl) + bu (1-Ill ,  
m S 

2 
BSH = u (a+bI ) I  + uc(l-I,) (a+bI ) + bu (1-1 ) I  + bud(l-11) . 

m 1 1  1 s 1 1  

Since buoyant spreading  does n o t  con t r ibu te  t o  t h e  change of volume f l u x ,  

the  buoyant terms i n  Eq. 3.105 must cance l  each o t h e r  s o  t h a t  

d  a  db dh -1 BSA + ,IB BSB + BSC + -1 BSH = 0 
ds B ds  B ds B 

This  equat ion  can be solved f o r  dh/dslB and combined wi th  t h e  r e s u l t s  from 

Eq. 3.107. (The terms i n  the  f i r s t  p a i r  of square b racke t s  on t h e  r i g h t  

hand s i d e  of Eq. 3.105 must be equal  t o  q  .) I n  a  completely analogous 1 

fash ion ,  t h e  fol lowing equat ion  is  obta ined  f o r  t he  i n n e r  p a r t  of t he  j e t :  

da db' d  c  dh -1 BSA + -1 BSB' + BSC' + -1 BSH' = 0 
ds B ds  B ds B 

(3.107) 

2 
where BSB' = u (c+hI ) I  + huc(l-11)11 + u ~ ( l - I , ) ( c + h I  ) + hu:(l-Ill 

m 1 1  1 

BSC' = u (a+bl 11) + b 'u '  (1-11) 
m S 

S imi l a r  t o  Eq. 3.106, Eq. 3.107 can be solved f o r  dh/dslB f o r  t he  i n n e r  

p a r t .  Then the  change of depth due t o  buoyant spreading (dh/dslB) i s  taken 

t o  be t h e  average va lue  of dh/ds l B  from Eqs. 3.106 and 3.107. The r e s u l t  

i s  

dh db db' -1 = BSB + -1 BSB' + 2 BSA + 
ds  B ds B d s  B d s  B 

(BSC + BsC1)]/(BSH + BSH') 
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The value of dc/ds 1 i s  obtained from the  assumption t h a t  the  

buoyant spreading  does n o t  change t h e  volume f l u x  wi th in  t h e  core. Hence 

2u ca is  no t  a l t e r e d  by buoyancy and 
0 

The r a t e  of v e r t i c a l  spreading due t o  v e l o c i t y  d i f f e r e n c e  dh/ds)  and t h e  v 
t o t a l  r a t e  of v e r t i c a l  spreading i n  t h e  core dc/ds can be obtained from Eqs. 

3.85 and 3.103. Thus t h e  formulat ions of dh/ds and dc/ds a r e  completed. 

3.8.3.4 Width of Core 

The l a s t  r e l a t i o n  needed t o  achieve a  c losu re  of t h e  governing 

equat ions  i s  obtained from t h e  work by S te fan  e t  a l .  [I-9751. From a  

measurement of d e t a i l e d  temperature p r o f i l e s  i n  t h e  ZFE, they obtained 

By d i f f e r e n t i a t i n g  Eq. 3.111, one ob ta ins  

A t  t he  end of t h e  core ,  a  and c  may n o t  become ze ro  simultaneous- 

l y .  To t r e a t  such cases ,  i t  i s  assumed t h a t  t he  va lue  of da/ds 

(o r  dc/ds)  a t  the  end of t h e  core remains the  same u n t i l  a  ( o r  c )  goes t o  

zero. 

Figure 3.10 i l l u s t r a t e s  t h e  n a t u r e  of t h e  v e l o c i t y  and tempera- 

t u r e  d i s t r i b u t i o n s  when Eqs. 3.103 and 3.111 a r e  used wi th in  the  ZFE. The 

temperature on t h e  j e t  a x i s  s t a r t s  t o  decay a t  t he  e x i t  and the  v e l o c i t y  



Temperature 

U 
0 
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AT 
o log-log s c a l e  

L 

Fig.  3.10 Assumed v e l o c i t y  and temperature  d i s t r i b u t i o n s  i n  t h e  
ZFE 
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and temperature d i s t r i b u t i o n s  have t h e  same dimension i n  both  t h e  s h e a r  

l a y e r  and t h e  core.  This  discrepancy i s  considered t o  have l i t t l e  e f f e c t  

on t h e  o v e r a l l  j e t  p red ic t ion .  

3 . 9  Summary and So lu t ion  Procedure 

A mathematical j e t  model has  been developed from t h e  three-  

dimensional,  time-averaged equat ions  of mass, momentum and energy conserva- 

t i o n .  The f l u i d s  were considered as incompressible  and t h e  v iscous  terms 

and molecular  terms were assumed t o  be n e g l i g i b l e .  An o r d e r  of magnitude 

a n a l y s i s  was performed i n  order  t o  drop i n s i g n i f i c a n t  terms from t h e  

equat ions .  I n t e g r a t i o n  of t h e  r e s u l t i n g  governing equat ions  over  t h e  j e t  

c r o s s  s e c t i o n  using s i m i l a r i t y  r e l a t i o n s  f o r  v e l o c i t y  and temperature 

y i e l d s  f o u r  non l inea r  ord inary  d i f f e r e n t i a l  equat ions  a s  shown i n  Appendix 

I. The c losu re  r e l a t i o n s  of t h e  governing equat ions  were examined and t h e  

a d d i t i o n a l  needed r e l a t i o n s  were obta ined .  The c losed  system of equat ions  

i s  as fol lows:  

1. 4 non l inea r  ord inary  d i f f e r e n t  equat ions  der ived  from the  

conserva t ion  of mass, momentum and thermal  energy and 

rearranged i n  t h e  fol lowing forms s u i t a b l e  f o r  i n t e g r a t i o n  



where G G t ,  G and G a r e  func t ions  of u 
u ' 8 e ,, ATm, 8, Ve, 

a ,  b ,  .. ., e t c .  

2. 5 j e t  spreading express ions  

db (u  -us) - -  - m +- LBS 
ds 'V (U  +U ) (a+b) 

m s 

db' 
(u  -u l )  

- -  - m s 
ds 

b '  LBS' 
'V (u + u l )  + (a+bf)  

m s 

where dh/ds I B  is  given by Eq. 3.108. Equation 3.119 does n o t  

have an e x p l i c i t  form. The va lue  of dc/ds i s  obta ined  from 

t h e  s o l u t i o n  of t h e  non l inea r  equat ion  G = 0 f o r  t h e  core.  
u 

3. 2 geometric r e l a t i o n s  

= cos 8 
d s 

dY - -  - s i n  8 
ds 

(3.122) 

Equations 3.112-3.122 have no closed fonn s o l u t i o n  and numerical i n t e g r a t i o n  

i s  requi red .  . F i r s t  each v a r i a b l e  i s  normalized wi th  i n i t i a l  va lues  us ing  



u Jb and AT r e s p e c t i v e l y  as c h a r a c t e r i s t i c  v e l o c i t y ,  l e n g t h  and 
0' 0 0 0 

t empera tu re .  The d imens ion less  e q u a t i o n s  are s o l v e d  s i m u l t a n e o u s l y  by 

u s i n g  f o u r t h  o r d e r  Runge-Kutta formulas  [IBM, 19701 t o  c a r r y  o u t  s t e p  by 

s t e p  i n t e g r a t i o n .  The i n i t i a l  c o n d i t i o n s  a t  = s l f i  = 0 are 
0 0 
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where * is  used t o  denote t he  nondimensional v a r i a b l e s .  The r e s u l t s  of t h e  

numerical  i n t e g r a t i o n  of these  equat ions  a r e  compared wi th  the  d a t a  i n  

Sec t ion  5.4. 



4. EXPERIMENTAL PROGRAM 

4.1 Object ives of Experiments 

The main ob jec t ives  of t h e  experiments were t o  t e s t  t he  a b i l i t y  

of t he  proposed model (Chapter 3) t o  p r e d i c t  the  temperature d i s t r i b u t i o n s  

i n  the  near  f i e l d  region and t o  ob ta in  d a t a  f o r  c a l c u l a t i n g  t h e  drag 

c o e f f i c i e n t  C t he  spreading c o e f f i c i e n t  due t o  v e l o c i t y  d i f f e rence  C and 
D ' V 

the  buoyant spreading c o e f f i c i e n t  C 
B 

4.2 Experimental Apparatus 

The arrangement of the  experimental  apparatus i s  shown i n  Fig. 

4.1. Experiments were performed i n  a  r ec t angu la r  flume 140 f e e t  long,  6 

f e e t  wide and 4  f e e t  deep. The flume has p l e x i g l a s s  s idewal ls  and a 

pain ted  s t e e l  bed. Observations and measurements were taken from a  probe 

c a r r i a g e  (Sec t ion  4.2.5) and from a  personnel  c a r r i a g e ,  both of which were 

mounted on the  r a i l s  along t h e  top of the  flume wa l l s .  

4.2.1 Ambient Water Supply System 

Ambient flow was suppl ied  from a  cons tant  head tank and d i s t r i -  

buted evenly across  t h e  flume by a  4-in. diameter  d i f f u s e r  r e s t i n g  on the  

flume bed. The ambient water depth w a s  con t ro l l ed  by an ad jus t ab le  weir  a t  

the  downstream end of t he  flume. 

A f i l t e r  made of l a y e r s  of rubberized h a i r  was f i t t e d  i n t o  the  

flume about 1 8  f e e t  downstream from the  d i f f u s e r  i n  order  t o  minimize 

d is turbance  of the  flow. To check the uniformity of t h e  ambient flow, 

v e l o c i t y  measurements a t  s e v e r a l  c ros s  s e c t i o n s  i n  the  experimental  

measurement a r e a  without  j e t  flow were done using a  Kent Mini f lo  type 265 



and Amplif iers  

Rubberized 

Mixing Valves 
From Head Tank 

r i c  Hea te rs  

Fig. 4.1 Plan view of experimental  s e t u p  
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minia ture  p r o p e l l e r  meter. By t r ia l  and e r r o r ,  t h e  th ickness  of t h e  rubber- 

i zed  h a i r  f i l t e r  was ad jus ted  u n t i l  a l a t e r a l l y  uniform v e l o c i t y  d i s t r i b u -  

t i o n  (except f o r  s idewa l l  e f f e c t s )  was obtained i n  the  experimental  area.  

The v e l o c i t y  d i s t r i b u t i o n s  i n  the v e r t i c a l  d i r e c t i o n  ind ica t ed  t h a t  t he  

boundary l a y e r  was f u l l y  developed. 

4.2.2 Heated Water Supply System 

Heated water  was suppl ied  from two A. 0 .  Smith Corp. 40.5 KW, 480 

v o l t  e l e c t r i c  h e a t e r s  capable of d e l i v e r i n g  up t o  0.0624 c f s  a t  a tempera- 

0 
t u r e  of 1 1 C  above ambient. A 1-112 HP Gorman-Rupp self-priming c e n t r i f u g a l  

pump w a s  placed i n  the supply l i n e  from the  head tank t o  provide a d d i t i o n a l  

head t o  he lp  overcome head l o s s e s  i n  the  hea t ing  system. The heated water  

and a cold water  supply were introduced i n t o  two ITT Lawler PX-9700 

the rmos ta t i c  mixing va lves .  The mixing va lves  were found t o  be  capable of 

0 
c o n t r o l l i n g  the o u t l e t  temperature t o  5 0.5C of the  s e t t i n g .  The 

discharge of t he  f u l l y  mixed warm water  was measured wi th  e i t h e r  one of two . 

d i f f e r e n t  s i z e s  of  o r i f i c e  meters i n s t a l l e d  i n  the  branched p i p e l i n e s  

(Fig.  4.1) . For low discharge ,  the  o r i f i c e  meter having the  sma l l e r  

diameter was used,  and v i c e  versa.  

4.2.3 Warm Water I n j e c t i o n  System 

Warm water  was discharged i n t o  t h e  flume from an i n j e c t i o n  system 

loca ted  about 75 f e e t  from the  d i f f u s e r  a t  the upstream end of  t h e  flume. 

This  l eng th  was provided t o  assure  boundary l a y e r  development upstream of 

the e f f l u e n t  po in t .  Figure 4.2 is  a photograph of t h e  warm water  

i n j e c t i o n  system. Two 314-in. t h i c k  plywood s h e e t s  w i th  concent r ic  

c i r c u l a r  openings of 11-112 i n .  and 14  i n .  diameters  were glued together  
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t o  r ep l ace  one of t he  p l e x i g l a s s  s idewa l l  panels .  The openings i n  t h e  

plywood were used t o  hold  d i s c  1 (Fig.  4.3) which was made of p l e x i g l a s s  

and which had an e c c e n t r i c  opening t o  accommodate t h e  p o r t  d i s c ,  which was 

a l s o  made of p l e x i g l a s s  (Fig.  4 .4) .  Metal r i n g s  were used t o  f a s t e n  d i s c  1 

t o  t h e  plywood p l a t e  and t o  f a s t e n  t h e  p o r t  d i s c  t o  d i s c  1. Grooves cu t  on 

the  su r f aces  of bo th  d i s c  1 and t h e  p o r t  d i s c  were f i t t e d  wi th  o-rings t o  

prevent  leaking.  

A head box which provided a smooth t r a n s i t i o n  from p res su r i zed  

p ipe  £low t o  open channel flow f o r  t h e  warm water  was bo l t ed  t o  t he  p o r t  

d i s c  a s  shown i n  Fig.  4.2. An e s s e n t i a l l y  uniform temperature d i s t r i b u t i o n  

a t  t he  e x i t  was achieved by covering the  head box and the  i n j e c t i o n  channel 

w i th  foam rubber  t o  i n s u l a t e  i t .  

The i n j e c t i o n  system descr ibed  above o f f e r e d  a h igh  degree of 

v e r s a t i l i t y  i n  ad jus t ing  t h e  e l e v a t i o n  of t h e  e f f l u e n t  channel bed i n  a 

range from 0.35 f e e t  t o  0.69 f e e t  above t h e  flume bed by r o t a t i n g  d i s c  1 

and t h e  p o r t  d i s c .  

4.2.4 Thermistor Probes 

The temperature d i s t r i b u t i o n s  i n  t h e  j e t  were measured using YSI 

901 the rmis to r  probes having a time cons t an t  of 9 seconds and an accuracy 

and i n t e r c h a n g e a b i l i t y  of + 0 .15~ '  w i th in  a - 3 0 ' ~  t o  + 10oOc range. The 

t i p  of t h e  probe has  a nominal diameter  of 3/16 i n .  I n  these  experiments,  

t h e  probes were i n d i v i d u a l l y  c a l i b r a t e d .  Twelve the rmis to r  probes were 

used i n  t he  experiments.  One of t hese  was used t o  monitor t h e  temperature 

i n  t h e  ambient flow (probe 11) and another  one was used t o  monitor t h e  

temperature a t  the  j e t  e x i t  (probe 12 ) .  The remaining t e n  probes were 
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mounted on a  rake  t o  measure t h e  temperature  d i s t r i b u t i o n s  over  t h e  j e t  

c r o s s  s e c t i o n .  

4.2.5 Probe Car r iage  

The probe c a r r i a g e  was made of  aluminum angles  and was e s s e n t i a l l y  

a  box frame (Fig.  4.5) mounted on wheels a t  t he  top  of t h e  flume wa l l s .  

The rake  w i th  t h e  t en  t he rmis to r s  was supported by a  p o i n t  gage mounted on 

a  h o r i z o n t a l  arm across  t h e  bottom of t he  box frame. The arm was hinged a t  

one end s o  t h a t  the  arm was f r e e  t o  move h o r i z o n t a l l y .  By r o t a t i n g  t h e  

h o r i z o n t a l  arm, t h e  probes on the  rake could be  p laced  a t  an angle  from 0  

t o  90' r e l a t i v e  t o  t he  ambient flow. The r e s u l t  was a  probe c a r r i a g e  

cons t ruc t ed  i n  such a  way t o  enable  t h e  probes t o  be  pos i t i oned  

l o n g i t u d i n a l l y  by r o l l i n g  t he  c a r r i a g e  along t h e  flume, t o  b e  moved 

v e r t i c a l l y  by us ing  t h e  p o i n t  gage and t o  be  r o t a t e d  h o r i z o n t a l l y  by moving 

the  arm. Thus, t he  measurement c ros s  s e c t i o n  could be  set approximately 

normal t o  t he  jet  a x i s  a t  any p o s i t i o n  along t h e  t r a j e c t o r y .  

4.2.6 Data Acqu i s i t i on  System 

Figure  4.6 shows a  flow c h a r t  of t h e  d a t a  a c q u i s i t i o n  system. 

Each of t h e  twelve t he rmis to r  probes was a  p a r t  of a  Wheatstone b r idge  

c i r c u i t .  The output  of t h e  b r idge  went t o  an ~ n a l o g / ~ i g i t a l  (AID) con- 

v e r t e r ,  which provided t h e  i n p u t  read ings  f o r  two S p i r a s  65 computers which 

were l i n k e d  toge the r  t o  i nc rease  s t o r a g e  capac i ty .  A t e l e t y p e  a t  t h e  

flume was used f o r  c o n t r o l  of t h e  computers and f o r  r equ i r ed  d a t a  i npu t s .  







4.2.6.1 Bridge C i r c u i t  

The b r idge  c i r c u i t  i s  shown i n  Fig.  4.7. Switches A 
j 

( j=1 ,2 ,  ..., 12) and B were used t o  pu t  t h e  b r idge  c i r c u i t  i n  e i t h e r  t h e  

c a l i b r a t i o n  o r  t h e  sampling mode a s  d i s cus sed  below. 

The c a l i b r a t i o n  p a r t  of t h e  b r idge  (R Rd, Re, R f ,  R ) was de- 
c ' g 

s igned  t o  c a l i b r a t e  t h e  system (ampl i f i e r s  and A/D conve r t e r )  on t he  

assumption t h a t  t he  t o l e r ances  on t h e  t he rmis to r  i n t e r c h a n g e a b i l i t y  were 

s u f f i c i e n t l y  sma l l  f o r  t h e  t he rmis to r s  t o  be considered t o  be  i d e n t i c a l  s o  

t h a t  they would n o t  need c a l i b r a t i n g .  ( I t  was l a t e r  decided t o  c a l i b r a t e  

t he  probes i n d i v i d u a l l y  a s  d i s cus sed  i n  Sec t ion  4.2.6.2.) R was 2848 
d  

0 ohms t o  correspond t o  t he  nominal t he rmis to r  r e s i s t a n c e  a t  24.26 C and R 
C 

was 3619 ohms s o  t h a t  t h e  p a r a l l e l  r e s i s t a n c e  of R  and R wi th  swi tch  B 
c d  

c losed  corresponded t o  a  nominal 34.64'~. 

To c a l i b r a t e  t h e  system, SW A was placed i n  t h e  c a l i b r a t e  

p o s i t i o n  f o r  each probe s o  t h a t  t he  ou tpu t  of t h e  c a l i b r a t i o n  p a r t  of t h e  . 

br idge  was f ed  i n t o  each of t h e  12 d i f f e r e n t i a l  a m p l i f i e r s .  'With SW B 

open, t he  c a l i b r a t i o n  b r idge  was balanced.  The ze ro  s e t t i n g  of each of t h e  

. a m p l i f i e r s  was ad jus t ed  t o  g ive  an ou tput  v o l t a g e  (E ) nea r  zero. The 
1 

0 
computer read  t h i s  o u t p u t  vo l t age  t o  correspond t o  24.26 C. Then, SW B was 

c losed  and the  g a i n  of each a m p l i f i e r  was ad jus t ed  t o  g ive  an ou tput  

vo l t age  (E ) of about  8  v o l t s .  This  vo l t age  was s e l e c t e d  t o  a l low a t  
2  

l e a s t  1 v o l t  margin dur ing  t h e  experiments  t o  prevent  over-dr iving of t h e  

ampl i f i e r s .  The output  vo l t age  was read  by t h e  computer t o  correspond t o  

34.64'~. This  procedure provided a  system c a l i b r a t i o n  curve a s  shown i n  

Fig.  4.8. 

The system c a l i b r a t i o n  curve i n  Fig.  4.8 can be w r i t t e n  a s  



TTT 





where T = a p p a r e n t  t empera tu re  i n  sys tem c a l i b r a t i o n ,  
c a l  

E = o u t p u t  v o l t a g e .  

4.2.6.2 C a l i b r a t i o n  of Probes  

As mentioned above,  a f t e r  t h e  b r i d g e  c i r c u i t r y  w a s  b u i l t  i t  w a s  

dec ided  t o  c a l i b r a t e  each probe i n d i v i d u a l l y .  A c o n s t a n t  t empera tu re  b a t h  

w a s  used f o r  t h i s  purpose .  A l l  twelve probes  t o g e t h e r  w i t h  a mercury 

thermometer were p u t  i n t o  t h e  c o n s t a n t  t empera tu re  b a t h .  The w a t e r  was 

0 
t h e n  s u c c e s s i v e l y  h e a t e d  and cooled f i v e  o r  s i x  t i m e s  a t  roughly  2C 

i n t e r v a l s  from 2 5 ' ~  t o  35 '~ .  With SW B open and SW A th rough  A12 s e t  t o  
1 

11 measure", t h e  computer r e a d  t h e  1 2  t h e r m i s t o r s  a t  each  of t h e  c o n s t a n t  

t empera tu re  s e t t i n g s  assuming t h a t  t h e  p r e v i o u s l y  o b t a i n e d  c a l i b r a t i o n  

curves  were c o r r e c t .  The t empera tu re  r e a d i n g s  on t h e  mercury thermometer 

were a l s o  recorded  and used f o r  r e f e r e n c e .  The average  of t h e  1 2  

t h e r m i s t o r s  was used  as t h e  t r u e  t empera tu re  (T) .  

The t empera tu re  d e v i a t i o n s  (6T) were d e f i n e d  a s  

and were computed f o r  each of t h e  p robes  a t  each  t empera tu re  l e v e l .  I t  was 

found t h a t  f o r  each  probe t h e  p l o t s  o f  6T v e r s u s  T were p r a c t i c a l l y  

s t r a i g h t  l i n e s .  A l e a s t - s q u a r e  curve f i t t i n g  was used t o  o b t a i n  

6 T = b  + b 2 T  
1 (4.3) 

f o r  e a c h  probe where bl and b2 are c o n s t a n t s  f o r  each probe.  From Eqs. 

4.1-4.3 t h e  t r u e  c a l i b r a t i o n  curve  was o b t a i n e d  as 
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(24. 26-bl) 

where - - 
Tref  ( l+b2) 

I n  genera l ,  
Tref  

and T were d i f f e r e n t  f o r  each probe. 
6 

Tref i s  t h e  

temperature f o r  each probe corresponding t o  R i n  the  c a l i b r a t i o n  b r idge  
d 

and T i s  the  change i n  temperature f o r  each probe corresponding t o  the  
6 

change i n  c a l i b r a t i o n  r e s i s t a n c e  when SW B i s  closed.  Tref and T were 
6 

read i n t o  the  computer a f t e r  each c a l i b r a t i o n .  

4.2.6.3 Data Col lec t ion  Procedures 

When SW B was open and SW A through A were s e t  t o  "measure", 
1 12 

the  b r idge  c i r c u i t  was s a i d  t o  be a t  the sampling mode. Res i s to r s  R , 
a4 

J 

( j=1,2,  1 2 ) ,  R and Rd would then c o n s t i t u t e  a Wheatstone br idge  which 
j 

C ' 

was designed t o  be balanced a t  24.26'~. I n  o the r  words, Ra,/%; = Rc/Rd, 
J J  

with  % equal  t o  t h e  r e s i s t a n c e  s p e c i f i e d  by the  manufacturer f o r  probe j 

j 0 a t  24.26 C. Any temperature d i f f e r e n t  from 24.26 '~  a t  probe j would change . 

the probe r e s i s t a n c e  
%, 

and cause the br idge  c i r c u i t  t o  become unbalanced. 
J 

A vol tage  s i g n a l  would be produced accordingly.  This  vo l t age  was 

amplif ied by a d i f f e r e n t i a l  a m p l i f i e r , t o  the range s u i t a b l e  f o r  t he  A/D 

conver te r .  The temperature reading were sampled a t  0.01 second i n t e r v a l s  

and then averaged over  a s p e c i f i e d  time i n t e r v a l  of 90 seconds. A 

t e l e t y p e  was used t o  c o n t r o l  the  computers and t o  i n p u t  the sampling and 

averaging per iod ,  t he  c a l i b r a t i o n  c o e f f i c i e n t s  T and T6, and geometric 
re f  

information on t h e  ca r r i age ,  rake,  and h o r i z o n t a l  arm p o s i t i o n s .  The 

geometric i n p u t  d a t a  were used t o  compute the  X, Y and Z coordina tes  of 

probes 1-10. The r e s u l t i n g  temperature measurements and probe p o s i t i o n s  
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were then p r in t ed  ou t  by t h e  t e l e t y p e  f o r  immediate i n spec t ion  and were 

punched on paper  tapes  f o r  subsequent ana lys i s .  

4 . 3  Experiment Parameters 

For the  assumed s i m i l a r i t y  p r o f i l e s ,  t h e  dependent v a r i a b l e s  of a  

buoyant s u r f a c e  j e t  discharged i n t o  a  crossf low c o n s i s t  of t he  maximum 

v e l o c i t y  u t h e  maximum temperature excess  AT and the  geometric parameters 
m y  m 

of  t h e  j e t  a ,  b ,  b  ', c ,  h  and 0 .  These dependent v a r i a b l e s  depend on the  

c h a r a c t e r i s t i c s  of both the  j e t  and the  ambient flow and on the  d i s t a n c e  

from the  o u t l e t  ( s ) .  Assuming t h a t  the ambient v e l o c i t y  and temperature 

a r e  uniform over  t he  depth and t h a t  t h e  flow i s  s teady  and uniform, the  

ambient flow is cha rac t e r i zed  by the  average crossf low v e l o c i t y  u and the  
a  

ambient temperature T ( o r  ambient dens i ty  p ) .  Assuming t h a t  the  j e t  has 
a  a  

a  uniform v e l o c i t y  and temperature a t  the o u t l e t  which i s  a  r ec t angu la r ,  

t he  c h a r a c t e r i s t i c s  of the  j e t  can be represented  by the  j e t  width and 

depth a t  t h e  o u t l e t ,  bo and ho, the  d ischarge  angle 0 t he  i n i t i a l  j e t  
0 , 

v e l o c i t y  u the  o u t l e t  temperature T ( o r  t h e  i n i t i a l  j e t  dens i ty  p ) and 
0 ' 0 0 

the  kinematic  v i s c o s i t y  v of the  j e t  a t  t he  e x i t .  The d i s t ance  from t h e  
0 

o u t l e t  ( s )  t oge the r  wi th  the  parameters c h a r a c t e r i z i n g  the  ambient flow 

and the  jet a t  t h e  o u t l e t  as c i t e d  above, a r e  c a l l e d  t h e  independent 

v a r i a b l e s .  

The independent v a r i a b l e s  can be grouped i n t o  t h e  fol lowing 

dimensionless parameters:  

o u t l e t  densime t r i c  Froude number: 



o u t l e t  Reynolds number: 

v e l o c i t y  r a t i o  : 

and d i s t a n c e  from the  o u t l e t :  

The a spec t  r a t i o  A and the  discharge angle  0  a r e  n o t  included i n  t he  in-  
r o 

dependent dimensionless parameters because only one d ischarge  geometry was 

used throughout t h i s  s tudy.  

The dependent v a r i a b l e s  can a l s o  be reduced t o  dimensionless 

forms. Then, t h e  r e l a t i o n s h i p  among the  dimensionless v a r i a b l e s  can be 

expressed a s  
. 

u AT 
m m a b b ' c [ ; - - .  - .-.-.-. 0 1  
0 0 Ax-' 0 0 c' 0 0 A T 9  0 0 &-FT9 &T' 

0 0 0 0 

I = func t ions  [F , ,R~  ,R,  - 
0 Ax- 

0 0 

Table 4.1 g ives  a summary of t h e  run parameters f o r  each experi-  

ment. A discharge  angle ( 0  ) of go0, an i n i t i a l  j e t  dimension of 1 i n .  by 
0 

1 i n .  and an ambient flow depth of 0.77 f e e t  a t  t h e  experimental  measure- 

ment a r e a  were used f o r  a l l  of t he  experiments.  S e l e c t i o n  of run parameters 

such a s  i n i t i a l  j e t  v e l o c i t y  u and crossf low v e l o c i t y  u f o r  each run was 
o a - 

based on t h e  prel imary c a l c u l a t i o n s  of t h e  des i r ed  va lues  of t he  o u t l e t  



Table  4.1 Summary o f  Exper imenta l  Runs 

Run 
f t  - ft T o C AT CO - No. APo x 1 0  F 

-4 uo 
u - R x l O  y 

o s e c  .-a sec a o o e 
'a o - a 
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dens ime t r i c  Froude number F  and t h e  v e l o c i t y  r a t i o  R under  t h e  c o n s t r a i n t s  
0 

of t h e  c a p a c i t y  of t h e  exper imenta l  f a c i l i t i e s .  

A r e l a t i v e  d e n s i t y  d i f f e r e n c e  of 0.0028, corresponding t o  a  

0 
t empera ture  d i f f e r e n c e  of about  10C , w a s  s e l e c t e d  f o r  a l l  t h e  exper iments .  

Th is  cho i ce  of d e n s i t y  d i f f e r e n c e  w a s  i n t ended  t o  g i v e  o u t l e t  dens ime t r i c  

Froude numbers of  5 ,  10  and 1 5  when t h e  jet  e x i t  v e l o c i t i e s  were 0.433, 

0.867 and 1.30 f t l s e c ,  r e s p e c t i v e l y .  However, s i n c e  t h e  w a r m  w a t e r  w a s  

r e c i r c u l a t e d  and s i n c e  t h e r e  was h e a t  bu i l dup  due t o  t h e  pump, i t  was n o t  

p o s s i b l e  t o  keep t h e  d e n s i t y  d i f f e r e n c e  c o n s t a n t  dur ing  t h e  exper iment .  A s  

a consequence,  t h e  o u t l e t  d e n s i m e t r i c  Froude numbers were based  on t h e  

average d e n s i t y  d i f f e r e n c e s  du r ing  t h e  exper iments  and were o f f  a t  most 4  

p e r c e n t  from t h e  nominal va lue s .  

For u  = 0.30 f t l s e c ,  only  two exper iments  were performed. A 
a - 

t h i r d  exper iment  w a s  s t a r t e d  f o r  u  = 0.30 f t l s e c ,  uo = 0.433 f t l s e c  and 
a  - 

Fo R 5 ,  b u t  was n o t  completed because  i t  w a s  found t h a t  t h e  j e t  con t ac t ed  

t h e  n e a r  s i d e w a l l  almost immediately a f t e r  t h e  e x i t .  Th i s  s i t u a t i o n  was 

beyond t h e  scope of t h i s  i n v e s t i g a t i o n .  

, 4.4 Exper imenta l  Procedure  

Before  each exper iment ,  t h e  d e s i r e d  run  paramete rs  u  and u  were 
o a - 

s e l e c t e d .  The w e i r  a t  t h e  downstream end of  t h e  flume w a s  a d j u s t e d  t o  g i v e  

an ambient f low dep th  of 0.77 f e e t  i n  t h e  measurement a r e a  f o r  a d e s i r e d  

ambient d i s cha rge .  

There  w a s  always a  s p a t i a l  t empera ture  v a r i a t i o n  w i t h i n  t h e  sump 

water b e f o r e  t h e  experiment began. The re fo r e ,  b e f o r e  t empera ture  d a t a  were 

t aken  i t  was nece s sa ry  t o  run  t h e  pump f o r  a t  l e a s t  h a l f  an hou r  i n  o r d e r  

t o  mix t h e  sump and t o  reduce t h e  t empera ture  v a r i a t i o n s  i n  t h e  ambient 



water .  For the  establ ishment  of a s teady s t a t e  condi t ion  i n  t h e  j e t  flow, 

the  warm water  supply system was a l s o  turned on f o r  a t  l e a s t  h a l f  an hour 

be fo re  any d a t a  were taken. 

A computer program was read  i n t o  the  computers t o  c o n t r o l  t h e  

funct ioning  of t he  d a t a  a c q u i s i t i o n  system. The b r idge  c i r c u i t  was f i r s t  

placed a t  t he  c a l i b r a t i o n  mode t o  ob ta in  t h e  system c a l i b r a t i o n  curve. The 

d e s i r e d  sampling time of 90 seconds and the  c o e f f i c i e n t s  T and Tg of t h e  
r e f  

probe c a l i b r a t i o n  curves (Eq. 4.4) were read from t e l e t y p e  t o  t h e  computers. 

The b r idge  c i r c u i t  was then turned t o  the  sampling mode t o  check t h e  

temperature d i f f e rence  between the  ambient flow and the  j e t  flow a t  t he  

o u t l e t .  The mixing valves were ad jus ted  i f  necessary u n t i l  t h e  des i r ed  

temperature d i f f e rence  was obtained.  The probe c a l i b r a t i o n  curves were 

a l s o  checked a t  t h i s  s t a g e  t o  i n s u r e  t h a t  they were s t i l l  v a l i d .  This  was 

accomplished by moving the  probe rake away from the  j e t  region i n t o  the  

ambient flow and then tak ing  temperature measurements. I f  t h e r e  were 

~ P g n i f i c a n t  d i f f e rences  ( g r e a t e r  than 0 . 1 0 ~ ~ )  among t h e  probes i n  the  

ambient flow (probes 1-11), the  probes were re -ca l ibra ted .  

Before taking temperature measurements f o r  each c r o s s  s e c t i o n ,  

dye was i n j e c t e d  i n t o  the j e t  t o  he lp  v i s u a l l y  p o s i t i o n  t h e  rake approxi- 

mately normal t o  the  j e t  t r a j e c t o r y .  The t e l e t y p e  automat ica l ly  p r i n t e d  

o u t  t h e  temperature d a t a  a f t e r  each s e t  of samplings of the  12 probes. 

These temperature d a t a  were used t o  decide where t o  p l ace  the  probes next  

and t o  monitor the  ambient and o u t f a l l  temperatures.  The s u r f a c e  

temperatures were measured wi th  the  cen te r s  of t he  probes about 0.14 i n .  

below water  su r face .  
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Each run covered four  c ros s  s e c t i o n s  and cons i s t ed  of about 600 

t o  800 measurement po in t s .  (See Appendix 11.) An e n t i r e  experiment took 

about  8 hours.  
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5. PRESENTATION AND DISCUSSION OF RESULTS 

This  chap te r  g ives  (1)  a  p r e s e n t a t i o n  and d i scus s ion  of the  

measured temperature  d i s t r i b u t i o n s  f o r  a  t y p i c a l  run ,  (2)  t he  d a t a  reduc t ion  

techniques which were developed t o  g ive  a  sys t ema t i c  means of ob t a in ing  

necessary  in format ion  from the  experimental  d a t a ,  (3) t h e  method and t h e  

r e s u l t s  of eva lua t ion  of t h e  empi r i ca l  c o e f f i c i e n t s  C V, CD, and C which 
B 

a r e  used i n  t h e  mathematical model, and (4)  a  comparison of t h e  experimental  

r e s u l t s  wi th  c a l c u l a t i o n s  from t h e  numerical  model. 

5.1 Measured Temperature D i s t r i b u t i o n s  

The exper imenta l  d a t a  of a l l  runs a r e  presen ted  i n  Appendix 11. 

Figures  5.1-5.4 show the  measured temperature  d i s t r i b u t i o n s  f o r  t h e  fou r  

measurement c r o s s  s e c t i o n s  of a  t y p i c a l  experiment ,  namely, Run 1. (The 

c r o s s  s e c t i o n  numbers i n c r e a s e  i n  t h e  downstream d i r e c t i o n  along t h e  j e t  

t r a j e c t o r y .  See Figs .  5.22-5.31 f o r  t h e  l o c a t i o n s  of t h e  measurement c r o s s  

* 
s e c t i o n s  of each run.) A t  each c ros s  s e c t i o n ,  d  i n  Figs .  5.1-5.4 is t h e  

nondimensional l a t e r a l  d i s t a n c e  from the  fur thermost  measurement p o i n t  on 

t he  upstream s i d e  of t h e  j e t .  

S i g n i f i c a n t  asymmetry of t he  temperature  p r o f i l e s  due t o  cross-  

f low can be  seen  from these  f i g u r e s .  The temperature  p r o f i l e s  a r e  

asymmetrical a t  every l e v e l ;  a l s o  f o r  each c ros s  s e c t i o n  t h e  p o i n t  of 

maximum temperature  excess  moves toward t h e  lee s i d e  of t h e  jet wi th  in -  

c r ea s ing  depth. (See a l s o  F igs .  5.7-5.17 and t h e  accompanying d i scus s ion  

i n  Sec t ion  5.2.3.1.) 

I n  Fig.  5.4,  i t  is seen  t h a t  as  t he  d i s t a n c e  from t h e  o u t l e t  

i nc reased ,  t he  temperature  d i s t r i b u t i o n s  below t h e  water  s u r f a c e  became 
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bimodal. This  phenomenon could be observed as a n e a r l y  c l e a r  s t r e a k  along 

the  c e n t e r  of some j e t  flows i n t o  which dye was i n j e c t e d  f o r  v i s u a l i z a t i o n  

purposes.  The bimodal temperature d i s t r i b u t i o n s  could conceivably be a 

r e s u l t  of t he  h ighe r  buoyant fo rces  a s soc i a t ed  wi th  the  h igher  temperatures 

i n  t h e  middle i f  t h e  h igher  buoyant f o r c e s  caused a r i s i n g  tendency i n  

the  c e n t r a l  p a r t  of t he  j e t  and c rea t ed  a secondary c u r r e n t  which tended 

t o  s p l i t  t h e  j e t  i n t o  two p a r t s  a s  t he  j e t  spread out .  This type of 

behavior  was observed near  t h e  e x i t  i n  Prych 's  [:L970] experiments wi th  

coflowing buoyant d i scharges  over  t h e  f u l l  depth of open channel flows. 

However, t he  bimodal n a t u r e  of the  temperature d i s t r i b u t i o n s  disappeared 

r a t h e r  r a p i d l y  i n  h i s  experiments.  No bimodal d i s t r i b u t i o n s  were observed 

i n  t h e  experiments of Weil and Fischer  [:I-9741 with  coflowing buoyant 

d i scharges  o r  i n  t h e  experiments of Pande and Rajaratnam [ ~ e p t e m b e r ,  19751 

f o r  s u r f a c e  buoyant j e t s  w i th  no ambient flow. These r e s u l t s  would tend 

t o  i n d i c a t e  t h a t  secondary, density-induced cu r ren t s  were n o t  p re sen t  and 

the re fo re  may n o t  be the  cause of t he  bimodal behavior  observed i n  t h e  

p r e s e n t  experiments.  Another p o s s i b l e  mechanism f o r  t h i s  behavior  i s  

mentioned i n  Sec t ion  5.2.3.1. 

I n  Fig. 5.1, t h e  l a t e r a l  temperature g r a d i e n t s  nea r  t h e  edges of 

t h e  j e t  a t  c ros s  s e c t i o n  1 meares t  t he -  e x i t  were much sma l l e r  than expected 

based on j e t  spreading.  This  d i f f e r e n c e  was considered t o  be due t o  t h e  

temperature bui l t -up  i n  t he  wake of t h e  j e t  and i n  t h e  zone where t h e  

ambient flow s t agna ted  aga ins t  t h e  upstream s i d e  of t h e  j e t  nea r  t h e  out- 

l e t .  
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5.2 Optimal F i t t i n g  of Temperature D i s t r i b u t i o n s  t o  S i m i l a r i t y  Functions 

f o r  Each Cross Sec t ion  

A sys temat ic  method was developed t o  ob ta in  parameters such a s  

j e t  width,  l o c a t i o n  of maximum temperature,  e t c . ,  from t h e  experimental  

da t a .  This was done by the  opt imal  f i t t i n g  of t h e  assumed s i m i l a r i t y  

func t ion  f o r  t he  temperature d i s t r i b u t 5 o n  t o  the  d a t a  f o r  each l e v e l  ( i . e .  

each va lue  of z )  a t  each c ros s  s e c t i o n .  An in f luence  c o e f f i c i e n t  

a lgori thm [ ~ e c k e r  and Yeh, 19721 was used f o r  t h i s  f i t t i n g  and allowed the  

e x t r a c t i o n  of j e t  c h a r a c t e r i s t i c s  from the  experimental  da t a .  This  

a lgor i thm is  an e a s i l y  implemented procedure f o r  t he  i d e n t i f i c a t i o n  of 

parameters embedded i n  a  s e t  of governing equat ions  de f in ing  a  system. It 

was assumed t h a t  t he  temperature s i m i l a r i t y  func t ions  were v a l i d  over  t he  

measurement c ros s  s e c t i o n s  even though the  s e c t i o n s  were n o t  exac t ly  

normal t o  t h e  j e t  ax i s .  Thus t h e  temperature d i s t r i b u t i o n s  over  t he  

measurement c ros s  s e c t i o n  could be  represented  by 

(See Eqs. 3.52-3.53, Sec t ion  3.4.)  For a l l  of t he  d a t a ,  t h e  l a r g e s t  

dev ia t ion  of t he  measurement c ros s  s e c t i o n  from t h e  normal t o  the  a x i s  was 

0 0 
20 and t h e  average dev ia t ion  was 8 . Equation 5 . 1  can be  viewed a s  t h e  

combination of t he  fol lowing two equat ions  

and 

where AT = t h e  maximum temperature excess  a t  c e r t a i n  l e v e l .  Equations 
ma 

5.2 and 5 . 3  show t h a t  t h e  opt imal  f i t t i n g s  of temperature d i s t r i b u t i o n s  may 
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be sepa ra t ed  i n t o  two consecut ive s t e p s :  f i r s t  t h e  f i t t i n g  of t he  measured 

temperature p r o f i l e  a t  each l e v e l  t o  Eq. 5.2 and then  t h e  f i t t i n g s  of t h e  

maximum temperature excess  of each l e v e l  t o  Eq. 5 .3 which g ives  t h e  

v a r i a t i o n  of t he  maximum temperature w i th  depth. 

5.2.1 L a t e r a l  Temperature P r o f i l e s  a t  Each Level  

The parameters obtained by t h e  f i t t i n g  of t h e  temperature p r o f i l e  

f o r  each l e v e l  t o  t h e  s i m i l a r i t y  func t ion  were t h e  j e t  widths and l o c a t i o n  

* * * 
of t h e  maximum temperature,  i . e . ,  B,  B '  and dm. A s  i l l u s t r a t e d  i n  Fig.  5 .5,  

* * 
B and B' were the  nondimensional o u t e r  width and i n n e r  wid th ,  r e s p e c t i v e l y ,  

* 
along t h e  measurement s e c t i o n ,  and d w a s  t h e  nondimensional d i s t a n c e  from 

m 

t h e  fur thermost  measurement p o i n t  on the  upstream s i d e  of t h e  j e t  t o  t h e  

peak of t h e  s i m i l a r i t y  p r o f i l e .  A l l  l e n g t h  dimensions were non-dimensional- 

i z e d  by d iv id ing  by m, which was equa l  t o  1 i n .  f o r  a l l  experiments.  
0 0 

The maximum temperature excess  f o r  t h e  s i m i l a r i t y  p r o f i l e  was assumed t o  be 

known and was taken a s  t h e  maximum measured temperature excess .  This  

assumption g r e a t l y  reduced the  computational e f f o r t  and caused n e g l i g i b l e  

d i f f e r e n c e s  i n  t h e  r e s u l t s  f o r  t he  t y p i c a l  p r o f i l e s  which were f i t t e d  t o  

t he  s i m i l a r i t y  func t ion  both  by l e t t i n g  AT be a  parameter t o  be optimized 
mR 

and by assuming AT t o  be known. The equat ion  which desc r ibes  the  
mR 

asymmetrical s i m i l a r i t y  p r o f i l e  may be w r i t t e n  from Eq. 5.2 a s  

* * 
d -d 1 . 5  1 . 2  

m * * 
AT =  AT^^[^-(^) 1 f o r  d  - < dm 

B 

* * 
d-d 1 .5  1 . 2  * * 

= A T  I - )  ] 
mR f o r  d  > dm - 

B ' 
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The a lgor i thm o b j e c t i v e  i s  t o  minimize t h e  o b j e c t i v e  func t ion  

which i s  t h e  sum of t h e  squares  of t he  d i f f e r e n c e s  between t h e  computed 

temperature  excesses  from Eq. 5 . 4  and t h e  measured temperature  excesses  

from t h e  experiment.  The o b j e c t i v e  func t ion  may be  expressed  a s  

where F(AT) = o b j e c t i v e  func t ion  t o b e  minimized 

AT = measured temperature excess  
e 

AT = computed temperature excess  

j = 1 , 2  ,.. . . ,N ,  index  denot ing t h e  number of temperature  measure- 

men t 

* * 
The a lgor i thm s t a r t e d  wi th  t h e  i n i t i a l  e s t ima te s  of t h e  parameters  B ,  B' 

* 
and d . Equation 5.4 was then so lved  f o r  AT a t  t he  measurement p o i n t s  and 

m * * * 
t he  o b j e c t i v e  func t ion  was eva lua ted .  The parameters B ,  B '  and d were 

m 

opt imized by minimizing the  o b j e c t i v e  func t ion .  The procedure was 

i t e r a t e d  a s  necessary  u n t i l  an e r r o r  c r i t e r i o n  was s a t i s f i e d .  The e r r o r  

c r i t e r i o n  which was u sed  i n  t he se  c a l c u l a t i o n s  and i n  t h e  o t h e r  s i m i l a r  

c a l c u l a t i o n s  t o  be  d i scussed  l a t e r  was t h a t  t he  incrementa l  changes i n  a l l  

of t h e  parameters  should be less than  5%.  A d e t a i l e d  step-by-step 

computational procedure f o r  t h e  a lgor i thm has  been given by Becker and Yeh 

[1972]. F igure  5.5 shows the  r e s u l t s  of a t y p i c a l  f i t t i n g  of  l a t e r a l  

temperature  p r o f i l e .  

Occas iona l ly ,  when the  measured temperature  d i s t r i b u t i o n s  

dev ia t ed  t oo  much from t h e  assumed s i m i l a r i t y  p r o f i l e s  o r  when. t h e  

measured temperature  excess  va lues  were on the  o rde r  of  magnitude of t h e  

accuracy of  t he  measurement, t h e  computat ional  procedure d i d  no t  converge 

t o  an optimum. This  s i t u a t i o n  usua l ly  occur red  a t  t h e  temperature  p r o f i l e s  
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n e a r  t h e  bottom boundary of t h e  j e t  where the  magnitudes of t h e  temperature 

excesses  were small .  I f  convergence could n o t  be  obta ined  from t h e  

* * * 
opt imiza t ion ,  B ,  B '  and d were obta ined  by t h e  fol lowing method. A smooth 

m 

curve was f i r s t  f i t t e d  by eye through t h e  d a t a  p o i n t s  of temperature 

measurement. The peak of t h e  curve determined .the p o s i t i o n  and the  va lue  

* 
of t h e  maximum temperature excess.  The va lue  of B was taken a s  1.732 times 

* 
BlI2,  which is t h e  d i s t ance  from t h e  po in t  of maximum temperature excess  t o  

t h e  po in t  on t h e  upstream s i d e  of t he  j e t  where AT = 0.5  ATmk. This 

procedure i s  based on the  f a c t  t h a t  t h e  s i m i l a r i t y  p r o f i l e  descr ibed  by 

* * * 
Eq. 5 .4  gives  B = B11.732. B' could be obta ined  i n  a s i m i l a r  fash ion .  

112 

I f  t h e  temperature d i s t r i b u t i o n s  over  t he  c ros s  s e c t i o n  were 

bimodal, t h e  e n t i r e  c ros s  s e c t i o n  was no t  inc luded  i n  t h e  d a t a  a n a l y s i s  

because t h e  s i m i l a r i t y  func t ion  was no longer  v a l i d .  Also, some of t h e  

i n d i v i d u a l  temperature measurements (u sua l ly  i n  s e c t i o n s  1 and 2, s e e  

Appendix 11) were excluded from t h e  p r o f i l e - f i t t i n g  process  i f  i t  appeared 

t h a t  t h e  measured va lues  were t h e  r e s u l t  of temperature build-up i n  t h e  

wake o r  i n  t h e  s t a g n a t i o n  zone. The model could n o t  take  t h i s  build-up 

e f f e c t  i n t o  account. 

5.2.2 V e r t i c a l  Temperature P r o f i l e s  

The in f luence  c o e f f i c i e n t  a lgor i thm was a l s o  used f o r  optimal 

f i t t i n g  of Eq. 5 .3 t o  t h e  measured maximum temperature excess  f o r  each 

l e v e l .  Equation 5.3 may be r e w r i t t e n  a s  

* * 
f o r  h > -z 
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The parameters chosen f o r  eva lua t ion  were the  maximum temperature excess on 

* 
the  s u r f a c e ,  ATm, and the  nondimensional depth of t h e  j e t  h. The use of 

Eq. 5.6 i m p l i c i t l y  assumed t h a t  the  po in t s  of maximum temperature excess 

f o r  each l e v e l  were a l igned  v e r t i c a l l y .  

Equation 5.5 may a l s o  be used t o  represent  the  o b j e c t i v e  funct ion  

f o r  t he  optimal f i t t i n g  of v e r t i c a l  temperature p r o f i l e s ,  provided t h a t  AT 

and AT a r e  i n t e r p r e t e d  as t h e  computed (from Eq. 5.6) and measured maximum 
e 

temperature excesses a t  a  c e r t a i n  l e v e l  j .  Figure 5.6 shows the  r e s u l t s  of 

f i t t i n g  a  t y p i c a l  v e r t i c a l  temperature p r o f i l e .  There was c o n s i s t e n t l y  a  

s i g n i f i c a n t  discrepancy between the  measured and the  computed maximum 

s u r f a c e  temperature excess a s  shown i n  Fig. 5.6. It was found t h a t  t he  

0 measured AT ( a t  t h e  sur face)  was usual ly  about 0.5 t o  1 . O C  h igher  than m 

the  computed ATm. This  discrepancy,  as w i l l  be shown l a t e r  i n  t h i s  chapter ,  

i s  one of t h e  main th ings  t h a t  makes t h e  p red ic t ion  of t he  maximum 

temperature decay d i f f i c u l t .  

5.2.3 Resul t s  of Evaluat ion of J e t  C h a r a c t e r i s t i c s  from Experimental Data 

The r e s u l t s  from t h e  opt imal  f i t t i n g  of t h e  measured temperature 

d i s t r i b u t i o n s  t o  the  s i m i l a r i t y  funct ions  a r e  summarized i n  t h e  fol lowing 

s e c t i o n s  i n  terms of t h e  conf igura t ions  of j e t  temperature boundaries ,  t h e  

t r a j e c t o r i e s ,  t h e  depths and the  maximum temperature decay. 

5.2.3.1 Configurat ions of J e t  Temperature Boundaries 

Figures 5.7-5.17 show the  conf igura t ions  of j e t  temperature 

* 
boundaries and the  l o c a t i o n  of AT f o r  a l l  runs. I n  the  f i g u r e s ,  R i s  the  

mR 

nondimensional l a t e r a l  d i s t ance  from the  j e t  a x i s ,  wi th  p o s i t i v e  being 

toward the  upstream s i d e  of t he  j e t .  The p a t t e r n s  a r e  a l l  a l i k e  except  f o r  
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Fig. 5.10 Configuration of jet temperature boundaries for Run 4 
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Fig. 5 .11 Configurat ion of  j e t  temperature  boundaries  f o r  Run 5 
(Fo = 9.91, uo/> = 5.191 
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Fig .  5.13 C o n f i g u r a t i o n  of jet t empera tu re  boundar ies  f o r  Run 7 
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Run 8 (F = 9.95, uo/ua = 3.72) 
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Fig. 5.16 Configuration of jet temperature boundaries for Run 10 
(Fo = 15.11, u /u = 4 . 3 3 )  
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Runs 4 and 9  which have s idewa l l  attachment.  A t  c ros s  s e c t i o n  1 of a l l  

runs except  Runs 4 and 9,  t he  lower po r t ion  of t h e  j e t  was swept toward t h e  

l e e  s i d e  of t h e  j e t  and t h e  j e t  became L-shaped. With t h e  formation of t h e  

L-shaped p r o f i l e ,  some of t he  j e t  f l u i d  would be  underneath t h e  ambient 

f l u i d  which has h igher  d e n s i t y  than  t h e  j e t .  This c r ea t ed  an uns t ab le  

s i t u a t i o n  and would tend t o  c r e a t e  a  d e n s i t y  c u r r e n t  w i th  p a r t  of t h e  j e t  

r i s i n g  toward t h e  su r f ace .  The secondary flow c r e a t e d  i n  t h i s  way could 

enhance t h e  spreading  i n  t h e  l e e  s i d e  of t h e  j e t  and could he lp  t o  exp la in  

the  dependence f o r  C on R a s  d i scussed  i n  Sec t ion  5.3.3.1. Also, such a  v 
secondary flow might he lp  t o  t r i g g e r  t h e  apparent tendency f o r  t h e  j e t  t o  

d iv ide  l o n g i t u d i n a l l y  i n t o  two p a r t s  a s  mentioned i n  Sec t ion  5.1. 

A t  c r o s s  s e c t i o n s  3  o r  4 f o r  a l l  runs t h e  j e t  became wider  a t  t h e  

s u r f a c e ,  apparent ly  due t o  t he  r e s u l t s  of buoyant spreading.  The observed 

spreading  of t h e  j e t  increased  wi th  decreas ing  F  and wi th  inc reas ing  
0 * 

v e l o c i t y  r a t i o  R. A t  t h e  c ros s  s e c t i o n s  c l o s e r  t o  t h e  e x i t ,  B '  was much 
\ 

* 
l a r g e r  than B. However, a t  c ros s  s e c t i o n s  f u r t h e r  'downstream from t h e  

* * 
e x i t ,  B and B '  w e r e  approximately equal  t o  each o the r .  

F igures  5.8 and 5.9 f o r  uo/ua = 13.0 and 8.67 i l l u s t r a t e  t h a t  t h e  
- 

asymmetry of j e t  conf igura t ion  due t o  c ross f low can be a s  s i g n i f i c a n t  f o r  

l a r g e  va lues  of u  / u  ( i . e . ,  f o r  sma l l  crossf lows)  a s  f o r  s t r o n g  crossf lows 
0 2  

(compare Fig. 5.17 f o r  uo/ua = 2.89). This demonstrates  t h a t  t h e  usua l  
- 

assumption of symmetrical temperature d i s t r i b u t i o n s  f o r  smal l  crossf low 

cases  may be i n v a l i d .  

5.2.3.2 Measured J e t  T r a j e c t o r i e s  

Figure 5.18(a) i l l u s t r a t e s  t he  e f f e c t s  of v e l o c i t y  r a t i o  and 

i n i t i a l  Froude number F  on the  bending of the j e t .  The amount of j e t  
0 



Fig.  5.18(a) Measured j e t  trajectories 
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bending i n  t h e  downstream d i r e c t i o n  inc reases  a s  the  v e l o c i t y  r a t i o  de- 

creases.  Bending is  a l so  g r e a t e r  f o r  j e t s  wi th  h igher  F because they 
0 ' 

spread more v e r t i c a l l y  (Sect ion 5.2.3.3),  c r ea t ing  a g r e a t e r  a r e a  on which 

pressure  drag fo rces  can a c t  [ ~ u n n  e t  a l . ,  19751. This  i s  shown, f o r  

example, by the  t r a j e c t o r i e s  of Runs 1 and 10. 

Figure 5.18(b) shows the measured t r a j e c t o r i e s  non-dimensional- 

ized  wi th  r e spec t  t o  the v e l o c i t y  r a t i o  R and the  square r o o t  of the i n i t i a l  

j e t  c ross  s e c t i o n a l  a rea .  Runs 4 and 9 were omit ted because of boundary 

attachment.  The s lopes  of the  normalized t r a j e c t o r i e s  a r e  e s s e n t i a l l y  the  

same f o r  a l l  runs. There may be some s l i g h t  v a r i a t i o n  of t he  i n t e r c e p t  of 

l i n e s  with F . This v a r i a t i o n  w a s  of the  same o rde r  of magnitude a s  
0 

expected experimental  s c a t t e r  and was n o t  i nves t iga t ed  i n  d e t a i l .  The l i n e  

Fig. 5.18(b) Measured j e t  t r a j e c t o r i e s  
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i n  Fig. 5.18(b) is a v i s u a l  b e s t  f i t  l i n e .  Although i t  i s  n o t  obvious t h a t  

t h e  s i t u a t i o n  i n v e s t i g a t e d  by Chan e t  a l .  [1976] i s  analogous t o  t h e  

p re sen t  problem, i t  may be observed t h a t  t h e  s l o p e  i n  Fig. 5.18(b) is 

approximately t h e  same as  t h a t  f o r  t he  f a r  f i e l d  a s  def ined  by Chan e t  a l .  

[1.976] f o r  submerged, nonbuoyant j e t s  i n  c ros s  flows. 

5.2.3.3 Measured J e t  Depths 

The measured depths of t h e  j e t s  along t h e  t r a j e c t o r i e s  a r e  shown 

* 
i n  Fig. 5.19. The nondimensional d i s t a n c e  along t h e  j e t  a x i s ,  s ,  was ob- 

t a ined  g raph ica l ly  from . the  t r a j e c t o r i e s  shown i n  Fig. 5.18(a).  For runs 1, . 

2, 3 and 5 ,  t h e  temperature d i s t r i b u t i o n s  a t  c ros s  s e c t i o n  4 were bimodal. 

and were no t  included i n  t h e  c a l c u l a t i o n  of t h e  C ' s  and were n o t  f i t t e d  t o  

* 
t he  numerical  model. Thus, i n  o rde r  t o  o b t a i n  t h e  va lues  of s a t  c ros s  

s e c t i o n  4 f o r  t hese  runs,  t he  j e t  t r a j e c t o r y  was ex t r apo la t ed  from s e c t i o n s  

1, 2 ,  and 3 t o  s e c t i o n  4. 

Figure 5.19 shows the  maximum th ickness  of t he  j e t  i s  apparent ly  

a func t ion  p r imar i ly  of F f o r  constant  8 and aspec t  r a t i o .  Figure 5.19 
0 0 * 

a l s o  shows t h a t  t h e  nondimensional maximum j e t  depth h i s  given 
max 

approximately by 

i n  t h e  range of F va lues  of t hese  experiments,  assuming t h a t  t h e  experi-  
0 

ments f o r  F = 10  and 15  d id  reach t h e  maximum depths.  Equation 5.7 i s  
0 

based only on j e t s  w i th  aspec t  r a t i o  equal  t o  un i ty  and 8 = 90'. 
0 





5.2.3.4 Measured Maximum Temperature Decay 

The measured maximum temperature  excess  of each c r o s s  s e c t i o n  was 

b p l o t t e d  Yn Fig. 5.20 t o  show the  maximum temperature  decay along t h e  jet  
I : 

a x i s .  $he average s l o p e  of t h e  maximum temperature  decay i s  about 0.9 
I 

s ugges t i ng  t h a t  i n  t h e  range of v a r i a b l e s  covered i n  t h e s e  experiments ,  t h e  
I 

jet  behaves very much l i k e  a  three-dimensional jet .  

F igure  5.20 shows t h a t  a t  a  given d i s t a n c e  downstream from t h e  

* * 
o u t f a l l  ( s ) ,  Run 10  (F  "115, uO/ua = 4.33) g ives  a  lower va lue  of AT than  

0 - m 

Run 1 (F  "15, u  /ua - - 4.33).  This  is  an example of t h e  gene ra l  t r e n d  t h a t  
0 0 -  

d i l u t i o n  i n c r e a s e s  wi th  i nc reas ing  F . Di lu t ion  i s  a l s o  g e n e r a l l y  g r e a t e r  
0 

f o r  ca se s  w i th  lower v e l o c i t y  r a t i o .  This  can be  seen  by comparing t h e  

d a t a  of  t h e  runs wi th  t h e  same nominal va lue  of F i n  F ig .  5.20. A t  t h e  
0 * 

same s t h e  run wi th  lower v e l o c i t y  r a t i o  gene ra l l y  g ives  a  lower va lue  of 

* 
AT than t h e  run wi th  h ighe r  v e l o c i t y  r a t i o ,  s i n c e  entrainment  is  enhanced 

m 

by ambient c r o s s  flow. 

5 .3  Ca lcu l a t i on  of Empir ical  C o e f f i c i e n t s  C CD and C 
V ' B 

I e  i s  common p r a c t i c e  t o  e v a l u a t e  t h e  empi r i ca l  c o e f f i c i e n t s  i n  a  

j e t  model by matching 'computed informat ion  from t h e  model t o  a  l i m i t e d  

amount of measured informat ion  such a s  measured jet  wid ths ,  dep ths ,  

t r a j e c t o r i e s  and temperature decay along t h e  jet a x i s .  The most appropri-  

a t e  type of matching of t h e  model and t h e  d a t a  depends t o  some degree on 

t h e  purpose f o r  which t h e  model was developed and t h e  use which i s  t o  be  

made of t h e  model. I n  t h i s  s t udy ,  i t  was decided t o  c a l c u l a t e  t h e  empi r i ca l  

c o e f f i c i e n t s  C C and C by matching t h e  computed temperature  excesses  t o  
V' D B 
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a l l  of t h e  measured temperature  excesses  (with t h e  except ion  of  a  r e l a t i v e l y  

sma l l  number of measurements excluded f o r  reasons given i n  Sec t ion  5.3.2).  

5 .3 .1  Optimal Objec t ive  Function 

The i n f l u e n c e  c o e f f i c i e n t  a lgor i thm was aga in  used i n  t h e  calcu- 

l a t i o n  of c o e f f i c i e n t s  C C and CB. The o b j e c t i v e  func t ion  which was 
V' D 

minimized i n  t h e  c a l c u l a t i o n  was t h e  sum of t h e  squares  of t h e  d i f f e r e n c e s  

between t h e  computed temperature  excesses  from t h e  numerical model and t h e  

measured temperature  excesses  from t h e  experiments.  Equat ion 5.5 may be  

used t o  r e p r e s e n t  t he  o b j e c t i v e  func t ion  of t h e  c a l c u l a t i o n ,  provided AT i s  

de f ined  a s  t h e  temperature  excess  computed from t h e  model f o r  each 

measurement p o i n t  and N is t h e  number of temperature  measurements used i n  

t he  c a l c u l a t i o n .  

5.3.2 ~ a l c u l ' a t i o n  Procedure 

I n  o r d e r  t o  reduce t h e  d i f f i c u l t y  of matching t h e  d i s t o r t e d  

temperature  d i s t r i b u t i o n s  wi th  t h e  s i m i l a r i t y  p r o f i l e s  assumed i n  t h e  model, 

t h e  temperature  p r o f i l e  a t  each l e v e l  below t h e  wa te r  s u r f a c e  was s h i f t e d  

h o r i z o n t a l l y  i n  t h e  measurement p lane  such t h a t  t he  p o i n t  of maximum 

temperature  excess  a t  each l e v e l  below t h e  water  s u r f a c e  f e l l  d i r e c t l y  

below t h e  maximum temperature  a t  t h e  f r e e  su r f ace .  Temperature measurements 

f o r  which any one of t he  fol lowing cond i t i ons  app l i ed  were n o t  inc luded  i n  

t he  c a l c u l a t i o n :  

1. The measured temperature  excesses  were apparen t ly  a f f e c t e d  by 

t h e  temperature bu i l t -up  i n  t h e  wake o r  i n  t h e  s t a g n a t i o n  

zone nea r  t he  d i scharge  po in t .  
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2. The t empera tu re  d i s t r i b u t i o n s  were bimodal.  I n  t h i s  c a s e ,  

t h e  t empera tu re  measurements a t  t h e  e n t i r e  c r o s s  s e c t i o n  were 

excluded from c a l c u l a t i o n .  

3. The c a l c u l a t e d  u  was less t h a n  t h e  c a l c u l a t e d  u  where u  
m s , S 

is t h e  component o f  t h e  ambient  v e l o c i t y  p a r a l l e l  t o  t h e  jet 

a x i s .  

Both t h e  i n d i v i d u a l  t empera tu re  measurements and t h e  e n t i r e  measurement 

c r o s s  s e c t i o n s  which were n o t  used i n  t h e  c a l c u l a t i o n  were  i d e n t i f i e d  i n  

Appendix 11. 

The c a l c u l a t i o n  p rocedure  was similar t o  t h a t  f o r  t h e  i d e n t i f i c a -  

* * * 
t i o n  o f  By B '  and d  as g i v e n  i n  S e c t i o n  5.2.1. However, t h e r e  was 

m 

s i g n i f i c a n t l y  more computa t iona l  e f f o r t  i n v o l v e d  i n  e v a l u a t i n g  C CD and v ' 
CB, because  i t  was n e c e s s a r y  t o  s o l v e  t h e  jet  model (Eqs. 3.112-3.122) 

i n s t e a d  o f  Eq. 5 .4  i n  o r d e r  t o  o b t a i n  AT. The computat ion was f u r t h e r  

complicated by t h e  f a c t  t h a t  t h e  j e t  model gave o n l y  t h e  c h a r a c t e r i s t i c s  o f  

t h e  jet  a t  each  computa t iona l  s t e p ,  and t h e  computed jet c r o s s  s e c t i o n s  d i d  + 

n o t  n e c e s s a r i l y  p a s s  through t h e  measurement p o i n t s .  Theref o r e ,  t h e  

c a l c u l a t e d  t empera tu re  cor responding  t o  each  measurement p o i n t  was o b t a i n e d  

by l i n e a r  i n t e r p o l a t i o n  between t h e  two c l o s e s t  c a l c u l a t i o n  c r o s s  s e c t i o n s .  

To i n s u r e  t h e  v a l i d i t y  o f  l i n e a r  i n t e r p o l a t i o n ,  t h e  maximum nondimensional  

s t e p  s i z e  i n  t h e  model computation was l i m i t e d  t o  2.0 and t h e  maximum 

nondimensional  t e m p e r a t u r e  drop was r e s t r i c t e d  t o  0.05. 

Exper ience  showed t h a t  t h e  i n i t i a l  e s t i m a t e s  o f  t h e  pa ramete rs  

are i m p o r t a n t  i n  convergence of t h e  c a l c u l a t i o n s .  I n i t i a l  v a l u e s  f o r  a l l  

pa ramete rs  which were  low b u t  s t i l l  w i t h i n  t h e  f e a s i b l e  range o f  v a l u e s  

g e n e r a l l y  had a b e t t e r  chance of convergence t h a n  h i g h  i n i t i a l  v a l u e s .  

High e s t i m a t e s  f o r  each  paramete r  t e n d s  t o  f o r c e  t h e  c a l c u l a t i o n s  toward 
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s t i l l  h igher  values of t h e  parameters.  This s i t u a t i o n  was observed by 

Becker and Yeh [1972]. 

Occasional ly,  convergence t o  a  minimum F(AT) was reached but  the  

va lue :?£  t h e  ob jec t ive  funct ion  appeared t o  be too l a r g e  t o  r ep resen t  a 

t r u e  opfim@. ,-:It was poss ib l e  t h a t  t h i s  occurred because a l o c a l  minimum 

of F(AT) had been reached. Therefore,  i n  eva lua t ing  C C and CB, i t  was 
V' D 

necessary t o  t r y  d i f f e r e n t  s e t s  of i n i t i a l  e s t ima tes  of t he  parameters f o r  

each run  t o  determine i f . t h e  various c a l c u l a t i o n s  converged t o  same values 

of CV, CD and Cg' The values of t he  parameters were taken t o  be  t h e  s e t  of 

parameters which gave the  sma l l e s t  value of F(AT). This type of ca lcula-  

t i o n  is  a s tandard  and accepted method of eva lua t ing  c o e f f i c i e n t s  bu t  i t  

does n o t  n e c e s s a r i l y  lead  t o  the t r u e  optimum values of C CD and C 
V ' B ' 

5.3.3 Resul t s  of Calcula t ion  

The values of C C and C obtained f o r  t h e  var ious  runs a r e  
V' D B 

shown i n  Table 5.1. Run 9 was no t  used i n  t h e  c a l c u l a t i o n  because i t  w a s  

found t h a t  the j e t  a t tached  t o  the s idewal l  a t  every measurement c ross  

sec t ion .  Figure 5.21 shows t h e  p l o t s  of t he  c a l c u l a t e d  values of CV, CD 

and C versus the  inve r se  of the v e l o c i t y  r a t i o  1 / R .  The d iscuss ion  of 
B 

Fig. 5.21 i s  presented  i n  t h e  fol lowing s e c t i o n s .  

5.3.3.1 Coef f i c i en t  of Spreading Due t o  Veloci ty Dif ference ,  CV 

Cv' the  c o e f f i c i e n t  of spreading due t o  v e l o c i t y  d i f f e r e n c e  , 

appears t o  be funct ion  of the  ve loc i ty  r a t i o  R only ,  a s  i t s  d e f i n i t i o n  

would imply. C i nc reases  a s  1/R inc reases .  Ext rapola t ion  of t he  d a t a  v 
t rend  t o  1 / R  = 0 g ives  CV = 0.20. This value is lower than t h e  spreading 

c o e f f i c i e n t  f o r  two-dimensional nonbuoyant j e t s  wi th  no crossf low, which is  



Table 5.1.  Empir ica l  Resu l t s  from F i t t i n g  of Numerical Model t o  t he  Data 

Run 1 
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about 0.236 [~ewman, 19671, b u t  is s l i g h t l y  h igher  than 0.193, t h e  spread- 

ing  c o e f f i c i e n t  f o r  nonbuoyant round j e t s  without  c ross f low [~ewman, 19671. 

A t  l e a s t  p a r t  of t h e  dependence of C on 1 / R  may be  explained by t h e  v 
development of t h e  L-shaped c ros s  s e c t i o n  a s  d iscussed  i n  Sec t ion  5.2.3.1. 

5.3.3.2 Drag Coef f i c i en t  C 
D 

Figure 5.21 shows t h a t  t h e  va lues  of C i n c r e a s e  a s  1/R inc reases  
D 

and a s  t h e  Froude number F inc reases .  The t r end  i s  t h e  same a s  t h a t  f o r  
0 

submerged j e t s  [ ~ e r  and Holley, 19741. I t  appears t h a t  t he  only a v a i l a b l e  

c a l i b r a t e d  C va lues  f o r  buoyant s u r f a c e  j e t s  i n  t h e  l i t e r a t u r e  a r e  those 
D 

ob ta ined  by Motz and Benedict [1970]. A d i r e c t  comparison of C va lues  
D 

from t h e  p re sen t  work wi th  those  of Motz and Benedict  i s  n o t  p o s s i b l e  s i n c e  

d i f f e r e n t  o b j e c t i v e  func t ions  and d i f f e r e n t  d e f i n i t i o n s  of t h e  drag 

c o e f f i c i e n t  were used. I 

The numerical  model computations showed t h a t  f o r  Runs 2 ,  6 ,  7 and 

1 0  wi th  Fo " 15 ,  t h e  l eng ths  of t h e  NFR were much longe r  than t h e  region . 

which t h e  experiments had covered. I n  o t h e r  words, f o r  t h e s e  runs a l l  f ou r  

measurement c ros s  s e c t i o n s  were r e l a t i v e l y  crowded i n t o  the  i n i t i a l  p o r t i o n  

of t h e  NFR. Thus t h e  t r u e  CD va lues  were d i f f i c u l t  t o  ob ta in  from t h e s e  

experimental  r e s u l t s .  This could be  t h e  reason t h a t  a r e l a t i v e l y  l a r g e  

s c a t t e r  of C va lues  was obta ined  f o r  runs wi th  F " 15. 
D 0 

5.3.3.3 Buoyant Spreading C o e f f i c i e n t  CB 

The buoyant spreading c o e f f i c i e n t  CB v a r i e d  from 0.06 t o  1.20 f o r  

t he  cases  s tud ied .  The va lue  of C increased  a s  t h e  i n i t i a l  dens imet r ic  B 

Froude number (F ) increased  and a s  t h e  i n v e r s e  of v e l o c i t y  r a t i o  ( l /R)  
0 

increased .  



There a r e  e s s e n t i a l l y  no o t h e r  C va lues  f o r  buoyant s u r f a c e  j e t s  B 

wi th  crossf low f o r  comparison wi th  t h e  C va lues  obtained i n  t h i s  s tudy .  
B 

However, t h e r e  a r e  values f o r  C (Eq. 2.9). The fol lowing d i scuss ion  
! 4 

shows t h e  mathematical r e l a t i o n s h i p  between C and C4. The e f f e c t  of 
B 

i n t e r f a c i a l  shea r  s t r e s s  on the  buoyant spreading was found t o  be  n e g l i g i b l e  

f o r  t h e  range of i n v e s t i g a t i o n  covered i n  t h i s  s tudy.  Thus Eq. 3.89 may be  

s i m p l i f i e d  t o  

I 

Eq. 3.74 shows t h a t  vB = ~ ~ $ 1 ~  a t  t h e  edge of t h e  j e t .  Therefore,  from 

, 
i 

Eq. 5.9 one o b t a i n s  

i By comparing Eq. 5.10 with Eq. 2.9 one s e e s  t h a t  v and C a r e  i n  f a c t  
I B B 

equal  t o  v and C r e spec t ive ly .  Based on some previous experiments wi th  
! f  4 
I 
1 d e n s i t y  c u r r e n t s ,  Weil and F i sche r  [:L974] suggested t h a t  t h e  va lue  of 

C " 1 be  used f o r  the  range of Ap usua l ly  encountered i n  t h e  powerplant I 4 

heated  d ischarges .  Fur ther  d i scuss ion  on t h e  d i f f e r e n c e s  i n  va lues  of C 
B 

i and C is given i n  Sec t ion  5.4.2.2. 
4 

Figure 5.21 shows t h a t  a s  1 / R  approached ze ro ,  t h e  va lues  of C 
B 

1 f o r  a l l  l e v e l s  of F became zero.  This i s  apparent ly  a ques t ionable  
0 

! conclusion s i n c e  buoyant spreading does occur  i n  a buoyant s u r f a c e  j e t  w i th  
I 
j 

no crossflow. For t h e  convenience of p r e s e n t a t i o n ,  f u r t h e r  d i scuss ion  of 

I t h i s  ma t t e r  is a l s o  presented  i n  Sec t ion  5.4.2.2. 
i 
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5 .4  Comparison of t h e  Theore t i ca l  and Experimental Resu l t s  

5.4.1- Temperature D i s t r i b u t i o n s  

The s tandard  dev ia t ion  (aT) between the  measured temperatures and 

t h e  c a l c u l a t i o n s  f o r  t h e  optimum c o e f f i c i e n t s  f o r  each run may be  eva lua ted  

from t h e  fol lowing equat ion  

where F(AT) = o b j e c t i v e  func t ion  def ined  by Eq. 5.5,  

N = number of temperature measurements used f o r  t h e  c a l c u l a t i o n .  

The average a f o r  a l l  runs w a s  found t o  be  about 0.63'~. The va lue  f o r  T 

each run is shown i n  Table 5.1. However, i t  should be r e c a l l e d  t h a t  t h i s  

accuracy was obta ined  by s h i f t i n g  of t h e  measured temperature d i s t r i b u t i o n s  

below the  wa te r  s u r f a c e  toward the  j e t  a x i s  (Sec t ion  5.3.2) .  

5.4.2 J e t  C h a r a c t e r i s t i c s  

The comparison of t h e  numerical  and experimental  r e s u l t s  on j e t  

t r a j e c t o r i e s ,  w id ths ,  depths and maximum temperature a r e  shown i n  F igs .  

5.22-5.31. I n  t h e s e  f i g u r e s  t h e  experimental  j e t  boundaries  a r e  shown a s  

t he  measured s u r f a c e  widths determined from t h e  s i m i l a r i t y  func t ions  a s  

descr ibed  i n  Sec t ion  5.2.1. It should be  r e c a l l e d  t h a t  t h e  o b j e c t i v e  of 

t h e  c a l c u l a t i o n s  t o  o b t a i n  the  c o e f f i c i e n t s  C C and C was t o  match t h e  
V' D B 

numerical  model t o  t he  e n t i r e  s e t  of measured temperature d i s t r i b u t i o n s ,  

n o t  j u s t  t o  t h e  j e t  c h a r a c t e r i s t i c s  (widths,  dep ths ,  e t c . )  which a r e  

compared i n  t h i s  s e c t i o n .  The model assumed a r e c t a n g u l a r  c ros s  s e c t i o n  

s i n c e  the  model was developed be fo re  t h e  experimental  r e s u l t s  were 
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a v a i l a b l e .  The C ' s  were obta ined  a s  t hose  va lues  which gave t h e  b e s t  f i t  

of t h e  c a l c u l a t e d  temperatures  t o  t h e  e n t i r e  set of measured temperatures  

f o r  each run. No doubt ,  d i f f e r e n t  va lues  of t h e  C ' s  would have been 

obta ined  and a  b . e t t e r  r e p r e s e n t a t i o n  of  t h e  measured wid ths ,  dep ths ,  e t c .  

I would have been obtained i f  t h e  assumed c ros s - sec t iona l  shape and s i m i -  

l a r i t y  func t ions  had been more r e p r e s e n t a t i v e  of  t h e  a c t u a l  s i t u a t i o n  o r  

I i f  t h e  model had been f i t t e d  t o  j u s t  t he  je t  width,  dep th ,  and maximum 

temperature .  

i 

5.4.2.1 Jet T r a j e c t o r i e s  
I 

I 

The o v e r a l l  agreement between t h e  p red i c t ed  and the  measured 

i j e t  t r a j e c t o r i e s  a r e  considered t o  be good except  f o r  Runs 4  and 11. The 

v e l o c i t y  r a t i o s  (R = u /u  ) f o r  Runs 4  and 11 were smal l .  Model computa- 
0 2  

I 
i t i o n s  f o r  t he se  'two cases  showed t h a t  t h e  jets b e n t  r a p i d l y  i n  t h e  down- 

I s t r eam d i r e c t i o n  due t o  s t r o n g  crossf low.  The condi t ion  t h a t  u  s u was 
m S 

reached upstream of t he  c ross -sec t ion  3 i n  t h e  c a l c u l a t i o n s .  Thus f o r  

I Runs 4  and 11 only  t he  f i r s t  two c r o s s  s e c t i o n s  were used i n  t h e  ca lcu la -  

t i o n  of t h e  c o e f f i c i e n t s .  The l a r g e  dev ia t i on  between the  computed and 

1 t h e  measured je t  t r a j e c t o r i e s  f o r  Runs 4  and 11 is apparen t ly  due t o  t h e  

i n s u f f i c i e n t  d a t a  used t o  ob t a in  khe C ' s .  
i 

5.4.2.2 Jet Widths 
I 

It  is d i f f i c u l t  t o  g ive  a  comparison between t h e  computed and 
1 
1 t h e  observed jet  widths  because t h e  observed je t  widths  vary s i g n i f i -  

c a n t l y  i n  t h e  v e r t i c a l  d i r e c t i o n  a t  each c ros s  s e c t i o n  (F igs .  5.7-5.17) . 
I 
1 

4 The o v e r a l l  agreements between the  computed and measured jet  widths  a r e  



considered t o  be s a t i s f a c t o r y ,  i f  t h e  observed s u r f a c e  widths a r e  taken 

t o  be the  r e p r e s e n t a t i v e  measured widths.  

Fu r the r  comparison of t he  j e t  widths can be  made by examining 

Fig. 5.32 which shows s e v e r a l  examples of t h e  computed j e t  boundaries  a t  

the  measurement c ross -sec t ions  and t h e  modified experimental  j e t  tempera- 

t u r e  boundaries  (obtained by s h i f t i n g  t h e  measured temperature p r o f i l e s  

h o r i z o n t a l l y  below t h e  s u r f a c e  t o  g ive  v e r t i c a l  alignment of t h e  maximum 
* 

temperatures ,  a s  d i scussed  i n  Sec t ion  5.3.2).  I n  t h e  f i g u r e ,  R k  is t h e  

nondimensional l a t e r a l  d i s t ance  from t h e  po in t  of maximum temperature of 

each l e v e l ,  wi th  p o s i t i v e  being toward t h e  upstream s i d e  of t h e  j e t .  Fig. 

5.32 (a)  and (b) show t y p i c a l  comparisons between t h e  computed j e t  bound- 

a r i e s  and t h e  modified experimental  j e t  boundaries at  c ross -sec t ions  nea r  

t h e  e x i t .  The i n n e r  width ( r i g h t  s i d e )  of t h e  j e t  i s  p red ic t ed  f a i r l y  

w e l l ,  from t h e  s tandp,oint  of t h e  c a l c u l a t i o n  o b j e c t i v e  of t h i s  s tudy.  

However, t h e  model p r e d i c t s  o u t e r  widths which a r e  too l a r g e .  A t  c ros s  

s e c t i o n s  nea r  t h e  e x i t ,  buoyant spreading  i s  n e g l i g i b l e  f o r  moderate and 

l a r g e  i n i t i a l  Froude numbers. The j e t  l a t e r a l  spreading  i s  represented  

i n  t h e  model by Eqs. 3.83 and 3.84. Eq. 3.83 ( o r  3.84) was o r i g i n a l l y  

used by Abramovich [:1.963] f o r  j e t  spreading  wi th  coflowing ambient f l u i d ,  

b u t  has  n o t  been t e s t e d  i n  t h e  cases  w i t h  t h e  presence of a  c ross f  low. 

The component of ambient v e l o c i t y  normal t o  t he  j e t  a x i s  and t h e  

( p a r t i a l )  s t a g n a t i o n  of t h e  ambient flow a g a i n s t  t h e  upstream s i d e  of 

t he  j e t  a r e  n o t  taken i n t o  account i n  Eqs. 3.83 and 3.84 and may s i g n i f i -  

c a n t l y  a f f e c t  t h e  l a t e r a l  spreading ,  e s p e c i a l l y  nea r  t h e  o u t l e t  where 

8 is n e a r  90°. The f a c t  t h a t  t he  model g ives  a  b e t t e r  p r e d i c t i o n  of 

t h e  i n n e r  widths n e a r  t h e  e x i t  i s  t o  b e  expected because t h e  component 
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of ambient v e l o c i t y  normal t o  the  j e t  a x i s  i s  p r a c t i c a l l y  zero  on t h e  

r i g h t  s i d e  of t h e  jet nea r  t h e  e x i t .  

The comparison between the  computed and the  modified experi-  

mental  jet temperature boundaries shown i n  Fig. 5.32 (c)  i s  t y p i c a l  f o r  

c ros s  s e c t i o n s  f u r t h e r  downstream from the  e x i t  i n  Runs 1, 2,  3,  5 ,  6 ,  7 

and 8. Due t o  buoyant spreading,  a t h i n  l a y e r  of warm water  i s  formed 

on each s i d e  of the  j e t  a s  shown i n  Fig. 5.32 ( c ) .  These t h i n  p a r t s  of 

t h e  j e t  have minor e f f e c t s  i n  the  c a l c u l a t i o n  of t h e  c o e f f i c i e n t s  because 

of t he  low temperature excess and smal l  a f f e c t e d  area .  The optimum 

f i t t i n g  the re fo re  gave cross  s e c t i o n s  which were much narrower than t h e  

maximum modified experimental  j e t  widths (which a r e  n o t  necessary on t h e  

s u r f a c e  a f t e r  modif ica t ion  of t he  measured d i s t r i b u t i o n s ) .  The t h i n  

p a r t s  of t h e  j e t  were thus s u b s t a n t i a l l y  d is regarded  i n  t h e  ca l cu la t ions .  

Therefore,  t he  ca l cu la t ed  C va lues  f o r  Runs 1, 2, 3 ,  5 ,  6 ,  7 and 8 a r e  
B 

considered t o  be lower than what they should be t o  r ep resen t  t h e  t o t a l  

width. 

On t h e  o t h e r  hand, t h e  computed j e t  widths agree much b e t t e r  

with t h e  maximum modified experimental  j e t  widths at  c ross  s e c t i o n s  

f u r t h e r  downstream from the  e x i t  i n  Runs 4 ,  10  and 11, which have t h e  

lowest  v e l o c i t y  r a t i o s  (u /u ) among t h e  runs wi th  t h e  same Fo. This  
o a  

behavior  can be explained as fol lows:  Strong crossf low g r e a t l y  r e s t r i c t s  

t he  l a t e r a l  buoyant spreading of the  j e t  i n  the  downstream p a r t  of t h e  

NFR, a s  can be  seen  by comparing t h e  observed jet widths of t h e  var ious  

runs with the  same F bu t  wi th  d i f f e r e n t  R va lues .  A s  a  consequence, 
0 

the  t h i n  p a r t s  of t h e  j e t  which cause t h e  inaccurac ie s  i n  t h e  p red ic t ion  

of t h e  widths f o r  t h e  cases discussed above were r e l a t i v e l y  s m a l l  f o r  

Runs 4 ,  10  and 11. Thus, t he  model s a t i s f a c t o r i l y  p red ic t ed  t h e  j e t  
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widths of Runs 4, 10  and 11 and t h e  c a l c u l a t e d  C va lues  f o r  t hese  runs were 
B 

I c l o s e  t o  un i ty ,  were i n  genera l  agreement w i th  t h e  approximate va lue  of C 
I 4 

quoted i n  Sec t ion  5.3.3.3, and were h igher  than t h e  values f o r  o t h e r  runs 

I 
a with  h ighe r  v e l o c i t y  r a t i o s .  Figure 5.32(d) shows an example of good 

I agreement between the  computed j e t  widths and the  maximum modified 
I 

experimental  j e t  widths.  

I A s  1 / R  approaches zero ,  t he  l a t e r a l  buoyant spreading  w i l l  no 
< !  

longer  be  subjec ted '  t o  t h e  r e s t r i c t i o n  imposed by the  ambient flow. Thus 
! 

t h i n  p a r t s  of t h e  j e t  a r e  formed t o  t h e  f u l l  e x t e n t ,  b u t  a r e  p r a c t i c a l l y  

ignored i n  t h e  c a l c u l a t i o n s  of t h e  C ' s .  This i s  probably why t h e  calcu- 
I 

I 
l a t e d  C va lues  i n d i c a t e  t h a t  C approaches zero f o r  no crossf low cases  

B B 

(Sec t ion  5.3.3.3). 

I n  Runs 1, 4-8 and 10-11, a t  t h e  l o c a t i o n s  where j e t  curva tures  

a r e  s i g n i f i c a n t  (u sua l ly  around c ros s  s e c t i o n s  1 and 2 ) ,  both t h e  

c a l c u l a t e d  and the  experimental  j e t  boundaries show a s i g n i f i c a n t  i n c r e a s e  

on t h e  r a t e  of spreading on the  l e e  s i d e  of t h e  j e t .  This  confirms t h e  

r e s u l t s  obtained i n  Sec t ion  3.3.2.5 t h a t  when j e t  curva ture  is l a r g e ,  

s i g n i f i c a n t  l a t e r a l  spreading  w i l l  occur.  

5.4.2.3 J e t  Depths 

The model s u c c e s s f u l l y  p r e d i c t s  t he  j e t  depths f o r  Runs 1, 2 ,  3 ,  

5 ,  6 and 7 .  However, t h e r e  a r e  l a r g e  d i f f e r e n c e s  between t h e  computed and 

t h e  measured j e t  depths f o r  Runs 4, 8, 10  and 11. The d i sc repanc ie s  

between t h e  computed and the  measured j e t  depths fol low a d e f i n i t e  t r end ;  

they i n c r e a s e  wi th  decreas ing  F and v e l o c i t y  r a t i o  R. The d i sc repanc ie s  
0 

could be due t o  t he  improper formulat ion of Eq. 3.85 f o r  dh/ds 1 which 

involves  t h e  l o c a l  Froude number and t h e  v e l o c i t y  r a t i o .  I n  Eq. 3.85, 



ED(-51~:) and (u  -u ) / ( u  +u ) were in t roduced  t o  account f o r  t he  reduct ion 
m c  m c  

i n  t h e  v e r t i c a l  spending due t o  dens i ty  d i f f e r e n c e s  and ambient flow, 

2 
r e spec t ive ly .  The exponent ia l  term (EXP (-5/Fr) ) was der ived  from the  

experimental  d a t a  f o r  two-dimensional s u r f a c e  buoyant j e t s  discharged i n t o  

non-flowing ambient f l u i d s  [ ~ l l i s o n  and Turner,  19591, whi le  ( ~ ~ - u ~ ) / ( u ~ + u ~ )  

was obta ined  f o r  coflowing cases  [~b ramov ich ,  19631. Apparently t he  

reduct ion  of t he  v e r t i c a l  spreading  due t o  t he  combined e f f e c t s  of dens i ty  

d i f f e r e n c e s  and crossf low was n o t  proper ly  represented  by the  use of t he  

product  of EXP(-51~:) and (u -uC) / (U  +uC). 
m m 

2 
The c h a r a c t e r i s t i c  v e l o c i t y  used i n  F i n  ED(-5/Fr) was um in-  

r 

s t e a d  of t he  maximum v e l o c i t y  excess  (u -us). When (u -u ) was used a s  m m s 

c h a r a c t e r i s t i c  v e l o c i t y  i n  F the  j e t  depth decreased r ap id ly  a f t e r  the  r ' 
j e t  had reached i t s  maximum depth. This  was no t  i n  agreement wi th  the  

measurements. The use of u  i n  F gave a  longer  p e r s i s t e n c e  of nea r ly  m r 

cons tan t  j e t  depth a f t e r  the  maximum depth was reached. It is  n o t  e n t i r e l y  

c l e a r  what t he  mechanisms a r e  t h a t  a r e  respons ib le  f o r  maintaining an 

e s s e n t i a l l y  cons t an t  j e t  depth i n  t h e  presence of buoyant spreading  of t he  

j e t  downstream of t h e  p o i n t  of maximum depth.  The ques t ionable  d e f i n i t i o n  

of F may have helped t o  compensate f o r  t he  inaccu rac i e s  i n  Eq. 3.85 o r  f o r  
r 

t he  e f f e c t s  of ambient turbulence.  Fu r the r  d i scuss ion  of ambient 

tu rbulence  i s  given i n  t he  nex t  s e c t i o n .  

5.4.2.4 Maximum Temperature Decay 

The p r e d i c t i o n s  of maximum temperature decay a r e  b e s t  f o r  runs 

wi th  Fo k 15,  i . e . , Runs 2, 6, 7 and 10. The d i sc repanc ie s  i n  t h e  pre- 

d i c t i o n s  of j e t  widths and depths a r e  n a t u r a l l y  r e l a t e d  t o  t h e  p r e d i c t i o n s  

of maximum temperature decay. Furthermore, t he  assumed s i m i l a r i t y  p r o f i l e  
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i s  a s p e c i f i c  f a c t o r  which inva r i ab ly  caused devia t ions  between t h e  
\ 

measured and computed maximum temperatures.  I n  t h e  opt imal  f i t t i n g s  of 

v e r t i c a l  temperature p r o f i l e s  (Sect ion 5.2.2),  i t  was found t h a t  t he  

measured maximum su r face  temperature excess a t  each c ross  s e c t i o n  was 

gene ra l ly  about 0.5 t o  1 . 0 ~ '  h igher  than AT a t  t h e  s u r f a c e  computed from 
m 

Eq.  5.6. The p red ic t ions  of the  maximum temperature decay could probably 

be improved, by using a d i f f e r e n t  s i m i l a r i t y  funct ion  f o r  t h e  temperature 

p r o f i l e s .  

I n  t h e  model development, i t  was assumed t h a t  the  v e l o c i t y  

d i f f e r e n c e  between t h e  j e t  and the  ambient flow and the  a s soc ia t ed  en t r a in -  

ment and tu rbu len t  mixing were the  only mechanisms respons ib le  f o r  reducing 

maximum temperature. Theref o re ,  a s  u approached u the  v e l o c i t y  
m s 

d i f f e r e n c e  and t h e  a s soc ia t ed  mechanisms approached zero.  The r e s u l t  was 

t h e  f l a t t e n i n g  of the  computed maximum temperature decay as  i l l u s t r a t e d  i n  

Figs.  5.22-5.31, p a r t i c u l a r l y  f o r  runs wi th  low F and R. The log-log 
0 * * 

p l o t s  of t he  measured AT versus  s ,  however, show no s i g n  of f l a t t e n i n g  
m 

wi th in  t h e  range the  measurements. Experimental r e s u l t s  obtained by Weil 

and F i sche r  [1974] and S h i r a z i  e t  a l .  [1974] have shown t h a t  i nc reases  i n  

ambient turbulence can s i g n i f i c a n t l y  inc rease  t h e  r a t e  of decay of t he  

maximum temperature. Ambient turbulence d i f f u s i o n  i s  n o t  included i n  t h e  

p resen t  model and may be respons ib le  f o r  t he  r a t e  of temperature decay 

being h igher  than the  model p r e d i c t s .  A s  mentioned previous ly ,  the  ambient 

t u rbu len t  d i f f u s i o n  may a l s o  con t r ibu te  t o  the  j e t  remaining a t  nea r ly  
I 
I cons tant  depth downstream of the  poin t  of maximum depth. 

\ 



5.4.2.5 Core Region 

* 
Extrapola t ion  of t he  d a t a  on Fig. 5.20 t o  ATm = 1 shows t h a t  t he  

* 
end of the  core  i s  a t  approximately s = 3 t o  5. The model computations 

* 
showed t h a t  the  end of the  NFR t o  be a t  s as  smal l  a s  10 ,  wi th  the  l eng th  

of t h e  NFR inc reas ing  wi th  inc reas ing  R and F . Thus, i t  can be seen  t h a t  
0 

the  core may occupy a s i g n i f i c a n t  po r t ion  of the  NFR and should the re fo re  

be included i n  the  ana lys i s .  



179 

6. CONCLUSIONS AND WCOMMENDATIONS 

Ana ly t i ca l  and experimental  i n v e s t i g a t i o n s  of three-dimensional 

buoyant s u r f a c e  j e t s  discharged i n t o  s t r o n g  crossf low wi th  no boundary 

attachment have 'been c a r r i e d  out .  Deta i led  temperature d i s t r i b u t i o n s  were 

measured f o r  a  range of va lues  of F t h e  i n i t i a l  dens imet r ic  Froude 
0 , 

number, and R,  the  r a t i o  of t he  i n i t i a l  j e t  v e l o c i t y  t o  t h e  average ambient 

v e l o c i t y .  A l l  measurements were made f o r  a  square  ( 1  i n .  by 1 i n . )  j e t  

d i scharg ing  a t  90' t o  an ambient flow which w a s  0.77 f t  deep. The var ious  

cond i t i ons  i n v e s t i g a t e d  a r e  summarized i n  Table 4.1. For each run ,  

approximately 200 ind iv idua l  temperature measurements were made a t  each of 

fou r  c ros s  s e c t i o n s  approximately normal t o  t h e  j e t  t r a j e c t o r y .  A 

numerical  model was developed based on an i n t e g r a l  j e t  a n a l y s i s  modified 

f o r  buoyancy e f f e c t s .  The model is s i m i l a r  t o  previous models i n  some 

r e s p e c t s ;  however, because of t he  expected behavior  of j e t s  discharged i n t o  

r e l a t i v e l y  high-veloci ty  crossf lows i n  r i v e r s ,  t h e  p re sen t  model w a s  

developed i n  c u r v i l i n e a r  coord ina tes  t o  account f o r  r ap id  curva ture  of t h e  

j e t  t r a j e c t o r y  and t h e  model included asymmetry of t h e  v e l o c i t y  and 

temperature p r o f i l e s  i n  t he  j e t .  I n  a d d i t i o n ,  t h e  r e p r e s e n t a t i o n  of 

buoyant spreading has  been modified somewhat from previous s t u d i e s .  The 

model does n o t  cons ider  boundary attachment of t he  j e t .  

The r e s u l t s  ob ta ined  i n  var ious  phases of t h i s  s tudy  lead  t o  t h e  

fol lowing conclusions:  

1. Ambient crossflows cause s i g n i f i c a n t  d i s t o r t i o n  on t h e  j e t  

temperature d i s t r i b u t i o n s ,  even f o r  the  case  wi th  R = 13. Therefore ,  t h e  

usua l  assump t i o n  of symmetrical temperature d i s t r i b u t i o n s  f o r  smal l  

crossf low cases  may n o t  be v a l i d .  



2 .  The component of ambient v e l o c i t y  normal t o  the  j e t  ax i s  

g r e a t l y  r e s t r i c t s  t he  spreading of the  o u t e r  (upstream) p a r t  of t he  j e t .  

A t  c ross  s e c t i o n s  nea r  the  e x i t ,  i n n e r  (downstream) widths a r e  much l a r g e r  

than o u t e r  widths.  A t  c ross  s e c t i o n s  f u r t h e r  downstream from the  e x i t  

where t h e  component of ambient v e l o c i t y  normal t o  the  j e t  a x i s  is  smal l ,  

t he  d i f f e rences  between the  i n n e r  and ou te r  widths a r e  n o t  s i g n i f i c a n t .  

3. At c ross  s e c t i o n s  nea r  the  e x i t ,  the  lower po r t ion  of t he  j e t  

i s  swept toward the  l e e  s i d e  of t h e  j e t  and the  j e t  becomes L-shaped. The 

formation of the  L-shapred p r o f i l e  and t h e  a s soc ia t ed  dens i ty  i n s t a b i l i t y  

could c r e a t e  a  secondary cu r ren t .  This  cu r ren t  may i n  tu rn  enhance the  

spreading  on the  l e e  s i d e  of t h e  j e t  and may con t r ibu te  t o  the  apparent 

tendency f o r  the  j e t  t o  d iv ide  l o n g i t u d i n a l l y  i n t o  two p a r t s .  

4 .  The a n a l y t i c a l  work p r e d i c t s  and t h e  experiments v e r i f y  t h a t  

when t h e  j e t  curva ture  i s  l a r g e ,  s i g n i f i c a n t  l a t e r a l  spreading  occurs .  

5. T h e  maximum th ickness  o r  depth of t h e  j e t  is  a  funct ion  of 

F only.  The maximum j e t  depth i s  equal  t o  0.5 F f o r  t he  cases  i n v e s t i -  
0 0 

gated.  

6 .  The j e t  bending i n  t h e  downstream d i r e c t i o n  inc reases  a s  t h e  

v e l o c i t y  r a t i o  decreases.  Bending i s  a l s o  g r e a t e r  f o r  j e t s  wi th  h igher  F 
0 ' 

because t h e s e  j e t s  spread more v e r t i c a l l y ,  c r e a t i n g  a  g r e a t e r  a r e a  on 

which p res su re  drag fo rces  can a c t .  

7. D i lu t ion  inc reases  wi th  inc reas ing  F . Di lu t ion  is  a l s o  
0 

gene ra l ly  g r e a t e r  f o r  cases wi th  lower v e l o c i t y  r a t i o s  s i n c e  entrainment is  

enhanced by t h e  ambient c ross  f  low. 

8. Strong crossf low may produce a  s i t u a t i o n  i n  which t h e  magni- 

tude of j e t  v e l o c i t y  excess has been d i s s i p a t e d  b u t  t he  dens i ty  g rad ien t s  

a r e  s t i l l  s i g n i f i c a n t ,  and the  j e t  a x i s  has no t  y e t  a l igned  wi th  the  
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ambient flow. The j e t  is  then acce l e ra t ed  i n  t h e  downstream d i r e c t i o n  by 

the  crossf low as  the  j e t  cont inues t o  become a l igned  wi th  the  flow. 

9. By matching the  observed temperature d i s t r i b u t i o n s  t o  t he  

numerical  model, the  empi r i ca l  c o e f f i c i e n t s  C C and C were evaluated.  v' D B 

I n  determining the  c o e f f i c i e n t s ,  t h e  model was f i t t e d  t o  a l l  of t he  

temperature measurements, n o t  j u s t  t o  c h a r a c t e r i s t i c s  of t he  j e t  such a s  

t r a j e c t o r y ,  width,  and maximum temperature.  Using t h e  va lues  obta ined  f o r  

CV, CD and CB, the  model i s  capable of p r e d i c t i n g  temperature d i s t r i b u t i o n s  

t o  an accuracy (s tandard devia t ion)  of about 0 .63~ '  on t h e  average. 

10. The o v e r a l l  agreement between the  computed and the  measured 

j e t  t r a j e c t o r i e s ,  widths and depths a r e  considered t o  be good. There a r e  

l a r g e  d i f f e r ences  between the  computed and the  observed maximum tempera- 

t u r e  excesses ,  p r imar i ly  because t h e  model was f i t t e d  t o  a l l  of t h e  

temperature measurements and because the  assumed s i m i l a r i t y  p r o f i l e  is  no t  

t h e  b e s t  s u i t e d  func t ion  f o r  t he  a c t u a l  temperature d i s t r i b u t i o n s .  

11. Ambient t u rbu len t  d i f f u s i o n  apparent ly  becomes s i g n i f i c a n t  as  

t he  maximum j e t  v e l o c i t y  u approaches the  component of t h e  crossf low 
m 

v e l o c i t y  p a r a l l e l  t o  the  j e t  a x i s ,  u . 
S 

12. It i s  important t o  inc lude  t h e  ZFE i n  the  a n a l y s i s ,  pa r t i cu -  

l a r l y  f o r  t h e  cases  w i th  low i n i t i a l  dens imet r ic  Froude number and low 

v e l o c i t y  r a t i o .  

Based on t h e  r e s u l t s  and conclusions obta ined  i n  t h i s  s tudy t h e  

fol lowing i n v e s t i g a t i o n s  a r e  recommended: 

1. A more r ep resen ta t ive  j e t  c ros s  s e c t i o n ,  such a s  a b e l l -  

shaped c ros s  s e c t i o n ,  should be used i n  o r d e r  t o  g ive  b e t t e r  p r e d i c t i o n  of 

j e t  c h a r a c t e r i s  t i c s .  
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2. S i m i l a r i t y  func t ions  f o r  both v e r t i c a l  and h o r i z o n t a l  

temperature d i s t r i b u t i o n s  must be sought i n  o rde r  t o  improve t h e  pre- 

d i c t i o n s ,  p a r t i c u l a r l y  t he  p r e d i c t i o n  of t he  maximum temperature decay. 

3.  Deta i l ed  s tudy  on the  e f f e c t  of crossf low on t h e  j e t  l a t e r a l  

spreading and the  combined e f f e c t  of crossf low and dens i ty  d i f f e r e n c e s  on 

t h e  jet v e r t i c a l  spreading could provide b e t t e r  information f o r  t h e  

formulat ion of jet spreading func t ions .  

4. E f f e c t s  of a spec t  r a t i o  and i n i t i a l  d i scharge  angle on the  

behavior  of buoyant s u r f a c e  j e t  discharged i n t o  s t r o n g  crossf low should be 

s tud ied .  
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ABSTRACT 

A c losed  form s o l u t i o n  f o r  t he  geometry of t h e  i n t e r f a c e  between 
two moving f l u i d s  of d i f f e r e n t  d e n s i t y  and f i n i t e  depth is obtained.  
Emphasis i s  on the  a r r e s t e d  thermal wedge when the  i n t e r f a c e  is def ined  i n  
such a way t h a t  t h e  ver t ica l ly-averaged  v e l o c i t y  i n  t h e  upper l a y e r  is 
non-zero. There a r e  t h r e e  s o l u t i o n  forms depending on t h e  n a t u r e  of t h e  
r o o t s  of a cubic  equat ion.  The s o l u t i o n  i s  u s e f u l  i n  a v a r i e t y  of s i t u a t i o n s .  
For example, i n  the  a n a l y s i s  of a r r e s t e d  thermal wedges t h e  i n t e r f a c e  i s  
o f t e n  def ined  so  t h a t  t h e  n e t  d i scharge  i n  t h e  upper l a y e r  is zero.  It is  
d i f f i c u l t  t o  measure i n  t he  l abo ra to ry  t h e  low v e l o c i t i e s  t h a t  e x i s t  i n  t h e  
upper l a y e r  w i th  s u f f i c i e n t  accuracy t o  permit l o c a t i o n  of t h e  i n t e r f a c e  
according t o  t h i s  d e f i n i t i o n .  The wedge is usua l ly  def ined  us ing  a 
temperature ( o r  dens i ty )  p r o f i l e  and may t h e r e f o r e  have a non-zero n e t  d i s -  
charge. The s o l u t i o n  presented  permi ts  an assessment of t h e  e r r o r  
in t roduced  by assuming t h a t  t h i s  n e t  d i scharge  is n e g l i g i b l e .  It is shown 
t h a t  such a presumption may l e a d  t o  s e r i o u s  e r r o r .  

KEY WORDS: d e n s i t y  s t r a t i f i c a t i o n ,  f l u i d  flow, hydrodynamics, mathematics, 
mechanics, s t r a t i f i e d  flow, temperature,  thermal p o l l u t i o n ,  t he rmoe lec t r i c  
power genera t ion .  

NOTE: A summary of t h e  information contained i n  t h i s  Appendix is a v a i l a b l e  
i n  t he  fol lowing pub l i ca t ion :  

W. H a l l  C. Maxwell, " I n t e r f a c e  Geometry f o r  Two-Layered S t r a t i f i e d  
Flow," Proc. ASCE, J o u r n a l  of t h e  Hydraul ics  Div is ion ,  Vol. 103, No. HY2, 
Feb. 1977, pp. 183-189. 
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The fol lowing symbols a r e  used i n  t h i s  appendix: 

A = c o e f f i c i e n t  def ined  by E q .  7 .  

a  = c o e f f i c i e n t  def ined by E q .  22. 

B = c o e f f i c i e n t  def ined  by E q .  8. 

b  = c o e f f i c i e n t  def ined by E q .  23. 

C = c o e f f i c i e n t  def ined by E q .  9. 

c = q / q  Q 1 2  

c  = s u b s c r i p t  i n d i c a t i n g  c r i t i c a l  condi t ion .  

D = c o e f f i c i e n t  def ined  by E q .  10. 

E  = c o e f f i c i e n t  def ined by E q .  11. 

F = c o e f f i c i e n t  def ined by E q .  13. 

F  = ~ ~ / ( ~ h A p / p ) ~ / ~ ,  a  dens imet r ic  Froude no. 
0 

f  = Darcy-Weisbach f r i c t i o n  f a c t o r  f o r  bed. 

f i  
= Darcy-Weisbach f r i c t i o n  f a c t o r  f o r  i n t e r f a c e .  

G = c o e f f i c i e n t  def ined  by E q .  14. 

g  = a c c e l e r a t i o n  of g rav i ty .  

H = c o e f f i c i e n t  def ined  by E q .  15. 

h  = h +h cons t an t  flow depth. 
1 2'  

hl = depth of upper l aye r .  

h  = depth of  lower l aye r .  
2  

I = i n t e g r a l  def ined  by E q .  4. 

I1 = i n t e g r a l  def ined  by E q .  16. 

I2 = i n t e g r a l  def ined  by E q .  19. 

k = c o e f f i c i e n t  def ined  by E q .  18. 

L = c o e f f i c i e n t  def ined by E q .  21. 

M = c o e f f i c i e n t  def ined  by E q .  24. 



N = c o e f f i c i e n t  d e f i n e d  by E q .  25. 

1 
= d i s c h a r g e  p e r  u n i t  w i d t h  i n  u p p e r  l a y e r .  

I 

q 2  
= d i s c h a r g e  p e r  u n i t  w i d t h  i n  l o w e r  l a y e r .  

R = c o e f f i c i e n t  d e f i n e d  by E q .  33. 

S = c o e f f i c i e n t  d e f i n e d  by E q .  3 4 .  

u  = a v e r a g e  v e l o c i t y  o f  u n d i s t u r b e d  f l o w .  
0 

X = c o e f f i c i e n t  d e f i n e d  by E q .  29. 

x = d i s t a n c e  a l o n g  i n t e r f a c e  i n  downstream d i r e c t i o n .  

Y = c o e f f i c i e n t  d e f i n e d  by E q .  30. 

z = 1-q, d i m e n s i o n l e s s  d e p t h  o f  u p p e r  l a y e r .  

z = r o o t s  o f  E q .  20 w i t h  i = 1 , 6  
i 

Ap = d i f f e r e n c e  be tween  l a y e r  f l u i d  d e n s i t i e s .  

q  = h 2 / h ,  d i m e n s i o n l e s s  d e p t h  o f  l o w e r  l a y e r .  

" c  
= c r i t i c a l  v a l u e  'of q ,  s a t i s f y i n g  E q .  3. 

p = d e n s i t y  o f  u p p e r  f l u i d .  

I#I = a n g l e  d e f i n e d  by E q .  36. 
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INTRODUCTION 

There a r e  s e v e r a l  flow s i t u a t i o n s  involv ing  d e n s i t y  d i f f e r e n c e  

between two d i f f e r e n t  reg ions  of f l u i d  i n  which d e n s i t y  g r a d i e n t s  i n  t h e  

v e r t i c a l  d i r e c t i o n  a r e  f a r  i n  excess  of t hose  i n  t h e  h o r i z o n t a l  d i r e c t i o n .  

Examples i nc lude  a  l a y e r  of warm water  over ly ing  a  l a y e r  of cool  water  i n  

t h e  v i c i n i t y  of a  thermal power p l a n t  cool ing  wa te r  d i scharge  o u t l e t ;  a  

s a l t  wa te r  i n t r u s i o n  beneath a  l a y e r  of f r e s h  wa te r ;  o r  an o i l  s p i l l  on 

t he  s u r f a c e  of a  r i v e r  o r  stream. I n  developing a  mathematical represen ta -  

t i o n  of such flows a  common s i m p l i f i c a t i o n  is t o  schematize t he  flow a s  

two d i s t i n c t ,  homogeneous l a y e r s .  This  of course may be extended r e a d i l y  

t o  more than  two l a y e r s .  I n  such a  layered  schemat iza t ion  the  p o s i t i o n  of 

t h e  i n t e r f a c e  may be def ined  i n  a  v a r i e t y  of ways, p a r t i c u l a r l y  f o r  exper i -  

mental  convenience. These inc lude ,  f o r  example, t h e  p o s i t i o n  a t  which t h e  

d e n s i t y  i s  equa l  t o  t he  average va lue  f o r  t h e  two l a y e r s  ( 5 ) ,  t h e  p o s i t i o n  

a t  which the  d e n s i t y  g rad i en t  i s  a  maximum ( 6 ) ,  t h e  middle of t h e  d i f f u -  

s i o n  zone (I), o r  t h e  p o s i t i o n  which y i e l d s  zero average v e l o c i t y  i n  an 

a r r e s t e d  l a y e r  ( 8 ) . For example, i n  t h e  case  of  an a r r e s t e d  wedge of 

warm wa te r  over ly ing  coo le r  water  i n  t h e  v i c i n i t y  of a  power p l a n t  cool ing  

water  d i scharge  o u t l e t  t h e  i n t e r f a c e  i s  commonly def ined  such t h a t  t h e  

v e r t i c a l l y  averaged v e l o c i t y  i n  the  warm upper l a y e r  i s  ze ro ,  u n l e s s  re -  

c i r c u l a t i o n  i s  occu r r ing  between t h e  power p l a n t  cool ing  water  o u t l e t  and 

i n t a k e  v i a  t h e  upper l a y e r .  I n  t he  l a t t e r  case  t h e  d i s cha rges  i n  bo th  

l a y e r s  a r e  non-zero. There a r e  numerous o t h e r  s i t u a t i o n s  i n  which t h e  



discharges  i n  both  l a y e r s  are non-zero, f o r  example thermal ly  d r iven  

exchange flows ( 3 ) ,  exchange flows a s  a r e s u l t  of d i f f e r e n c e s  i n  sa l t  

concent ra t ion  ( 4 ) ,  and buoyancy dr iven  side-arm c i r c u l a t i o n s  ( 2 )  t o  

name a few. 

In  t he  p a r t i c u l a r  case  of  l abo ra to ry  measurements of a r r e s t e d  

thermal  wedges (having no r e c i r c u l a t i o n )  i t  i s  gene ra l ly  n o t  p o s s i b l e  t o  

measure t h e  very  low v e l o c i t i e s  i n  t h e  a r r e s t e d  l a y e r  wi th  s u f f i c i e n t  

accuracy t o  permit  l o c a t i o n  of t h e  i n t e r f a c e  according t o  the  d e f i n i t i o n  

t h a t  t h e  average v e l o c i t y  i n  t h e  a r r e s t e d  l a y e r  i s  zero.  Rather ,  because 

of t h e  r e l a t i v e  e a s e  with which accu ra t e  temperature t r a v e r s e s  may be 

made, one of t h e  a l t e r n a t i v e  d e f i n i t i o n s  involv ing  f l u i d  d e n s i t y  is  

adopted. A s  a consequence t h e  v e r t i c a l l y  averaged v e l o c i t y  of t h e  a r r e s t e d  

l a y e r  of t h e  l abo ra to ry  s tudy  may be  non-zero, a l though it  w i l l  g ene ra l ly  be 

q u i t e  s m a l l .  It is  common then t o  proceed t o  use t h e  d a t a  i n  conjunct ion 

wi th  an a n a l y t i c a l  model which assumes t h a t  t h e  d ischarge  is zero on t h e  

presumption t h a t  t h e  s o l u t i o n s  f o r  i n t e r f a c e  geometry w i l l  b e  q u i t e  in-  

s e n s i t i v e  t o  sma l l  v a r i a t i o n s  i n  t h e  d ischarge  c o e f f i c i e n t  based on t h e  

r a t i o  of t he  d ischarges  i n  t he  two l a y e r s .  It w i l l  b e  shown h e r e i n  t h a t  

such a presumption may l e a d  t o  s e r i o u s  e r r o r .  

An a d d i t i o n a l  circumstance i n  which t h e r e  may be an i n t e r e s t  i n  

s o l u t i o n s  f o r  which d ischarge  i n  t h e  a r r e s t e d  l a y e r  is  non-zero involves  

s i t u a t i o n s  where an at tempt  i s  made t o  take  i n t o  account  entrainment  by 

breaking  the  flow i n t o  a success ion  of s h o r t  l o n g i t u d i n a l  reaches wi th  

s m a l l  cons tan t  n e t  d i scharges  i n  t h e  a r r e s t e d  l a y e r ,  t he  d ischarge  

changing from reach t o  reach.  

I n  sununary then ,  t h e r e  a r e  a v a r i e t y  of s i t u a t i o n s  f o r  which 

t h e r e  may be an i n t e r e s t  i n  s o l u t i o n s  f o r  i n t e r f a c e  geometry when t h e  

a r r e s t e d  l a y e r  has  a sma l l  average v e l o c i t y .  Of p a r t i c u l a r  i n t e r e s t  t o  the 



l a b o r a t o r y  r e s e a r c h e r  i s  t h e  s e n s i t i v i t y  o f  such  s o l u t i o n s  t o  e r r o r s  i n  

t h e  d e t e r m i n a t i o n  o f  some of t h e  i n p u t  p a r a m e t e r s  i n  t h e  l a b o r a t o r y .  In 

t h e  f o l l o w i n g  t h e  s o l u t i o n  f o r  two-layered s t r a t i f i e d  f low developed by 

B a t a  ( 1 ) ,  u t i l i z i n g  t h e  a n a l y s i s  o f  S c h i j f  and ~ c h b ' n f e l d  ( 9 ) w i l l  b e  

u t i l i z e d  a s  an a i d  i n  a s s e s s i n g  such s e n s i t i v i t y .  

Adapt ing a  two-layer  s c h e m a t i z a t i o n  and u t i l i z i n g  t h e  a n a l y s i s  by 

S c h i j f  and Scht infe ld  ( 9 ) ,  Bata  (1)  showed t h a t  t h e  i n t e r f a c e  geometry f o r  a 

two-dimensional  f low s i t u a t i o n  was o b t a i n e d  from: 

i n  which h  = d e p t h  o f  upper  l a y e r ;  h 2  = d e p t h  o f  lower  l a y e r ,  h  = h  +h ' 
1 1 2 '  

q = h 2 / h ;  f i  = Darcy-Weisbach f r i c t i o n  f a c t o r  f o r  t h e  i n t e r f a c e ;  f  = Darcy- 

Weisbach f r i c t i o n  f a c t o r  f o r  t h e  b e d ;  a = f  . I f ;  q  = d i s c h a r g e  r a t e  p e r  
1 1 

u n i t  w i d t h  i n  t h e  upper  l a y e r ;  
2  

= d i s c h a r g e  r a t e  y e r  u n i t  w i d t h  i n  t h e  

l o w e r  l a y e r ;  CQ = q1/q2; u0 = a v e r a g e  v e l o c i t y  o f  t h e  u n d i s t u r b e d  f low 

u p s t r e a m  from t h e  end o f  t h e  a r r e s t e d  t h e r m a l  l a y e r ;  p  = d e n s i t y  o f  t h e  

112 
u p p e r  f l u i d ;  (p+Ap) = d e n s i t y  o f  t h e  l o w e r  f l u i d ;  F  = u  / ( g h ~ p / p )  , a  

0 0 

d e n s i m e t r i c  Froude number; and x i s  t h e  d i s t a n c e  measured f rom a  f i x e d  

p o i n t  t o  any v a r i a b l e  p o i n t  on t h e  i n t e r f a c e  i n  t h e  downstream d i r e c t i o n .  

I n  t h e  d e t e r m i n a t i o n  of t h e  i n t e r f a c e  form c r i t i c a l  d e p t h  i s  

d e f i n e d  t o  b e  t h a t  f o r  which t h e  t a n g e n t  t o  t h e  i n t e r f a c e  i s  normal  t o  

t h e  c h a n n e l  b o t t o m  s o  t h a t :  

Us ing  t h e  s u b s c r i p t  c  t o  d e n o t e  t h e  c r i t i c a l  c o n d i t i o n  Eq. 1 t h e n  y i e l d s  



I n  t h e  p h y s i c a l l y  r e a l  range O < q  d l ,  and f o r  C # 0 ,  t h e r e  a r e  two c r i t i c a l  c Q 

dep ths  f o r  a  g iven  d e n s i m e t r i c  Froude number. The i n t e r f a c e  ex tends  between 

t h e s e ,  t h e  upper  c r i t i c a l  depth  and t h e  lower c r i t i c a l  depth .  I n t e g r a t i o n  

of E q .  1 begins  a t  t h e  upper c r i t i c a l  dep th  and proceeds t o  some i n t e r -  

media te  v a l u e ,  u n t i l  t h e  l i m i t  of lower  c r i t i c a l  depth  i s  reached.  Al te rna-  

t i v e l y  t h e  s i g n  of x  may b e  changed and t h e  i n t e g r a t i o n  may then  proceed i n  

t h e  o p p o s i t e  d i r e c t i o n .  

Bata  ( l ) ,  assuming t h a t  t h e  r e s i s t a n c e  c o e f f i c i e n t s  d i d  n o t  vary  

w i t h  x ,  i n t e g r a t e d  E q .  (1) f o r  t h e  l i m i t i n g  cases  C = 0  and C = 1. The 
Q Q 

former  i s  t h e  a r r e s t e d  thermal  wedge w i t h  t h e  i n t e r f a c e  s e l e c t e d  t o  g ive  

z e r o  average  v e l o c i t y  i n  t h e  wedge. Bata  (1)  recommended t h a t  numer ica l  

i n t e g r a t i o n  of E q .  1 b e  used i n  t h e  r ange  O<C <1 because  of t h e  com- 
Q 

p l e x i t y  of t h e  g e n e r a l  s o l u t i o n .  However, a s  has  been noted  above t h e r e  

a r e  o f t e n  c i r cums tances  f o r  which t h e  g e n e r a l  s o l u t i o n  i s  of g r e a t e r  

i n t e r e s t  than t h e  l i m i t i n g  cases .  The purpose  of t h e  p r e s e n t  a r t i c l e  i s  

t o  p r e s e n t  t h e  g e n e r a l  s o l u t i o n  t o  E q .  1, b r i e f l y  o u t l i n i n g  t h e  method by 

which i t  is ob ta ined .  

DERIVATION 

Def in ing  I a s  

and making t h e  s u b s t i t u t i o n  



y i e l d s :  

i n  which 

Div id ing  t h e . n u m e r a t o r  of E q .  6 by t h e  denominator  r e s u l t s  i n :  

i n  which 



The f i r s t  f o u r  terms of Eq. 12 p r e s e n t  no d i f f i c u l t y  and may be  r e a d i l y  

i n t e g r a t e d .  The l a s t  term r e q u i r e s  some f u r t h e r  c o n s i d e r a t i o n .  Let  

i n  which 

and 

Consider  now t h e  r o o t s  of 

From Ref.  7, p. 318 t h e  n a t u r e  of t h e  r o o t s  depends on t h e  s i g n  of 

I n s p e c t i o n  of Eq. 2 1  i n d i c a t e s  t h a t  L changes s i g n  i n  t h e  i n t e r v a l  O<C <1. Q 
For L>O t h e r e  i s  one r e a l  r o o t  and two con juga te  complex r o o t s  (7) 

Let  a = D - c 2 j 3  



The r o o t s  of E q .  20,  z z and z are g i v e n  by 
1' 2 3 

an d 
z3 

= - (M+N)/2 - C/3 - i fi (M-N) 12 

I 
1 i n  which i = (-1) 112 

Then 

i n  which 

L e t  X = - (M+N)/2 - c / 3  

and Y = fi (M-N)/2 

ztk 
I 2  = 1 (z-z  ) (z-X-iY) ( z - x + ~ Y )  d z 

1 



(Xtk)zl - Xk - x2 - Y 
2 

a n d  S =  
k+zl 

For L = 0 E q .  24 and Eq. 25 show t h a t  M=N s o  t h a t  Y=O and t h e r e  a r e  t h r e e  I 
- z3 = X. Then r e a l  r o o t s  of Eq. 20 g iven  by Eqs. 26, 27 and 28 w i t h  z2 - 

I 

For L<O, E q .  20 w i l l  have t h r e e  unequal r e a l  r o o t s  (7)  

Le t  cos+ = 
- b / 2  

(-a3/i7l1I2 

Then t h e  t h r e e  r o o t s  of E q .  20 a r e  g iven  by .. 1 

z5 = 2 ( - a / 3 ) l I 2  cos ((++2n) 13)  - ~ 1 3  (38) 

'6 
= 2 ( - a / 3 ) l I 2  cos ((++4n) 13) - C/3 (39 

Thus, 



F i n a l l y ,  t h e n ,  i n t e g r a t i o n  o f  Eq. 1, on t h e  assumption t h a t  r e s i s t a n c e  

c o e f f i c i e n t s  and l a y e r  d i s c h a r g e s  a long  t h e  r each  a r e  c o n s t a n t  y i e l d s  

F  + - (3G2C)  I ~ }  + c o n s t a n t  
3 

(41)  

w i th  I g iven  by Eq. 32 when L>O, by Eq. 35 when L=O and by Eq. 40 when L<O. 
2  

Taking i n t o  accoun t  t h a t  t h e  s i g n  of x w i l l  depend on t h e  d i r e c t i o n  

of i n t e g r a t i o n  a l o n g  t h e  i n t e r f a c e  t h e  r e s u l t  shown above may, a f t e r  con- . 

s i d e r a b l e  man i cpu l a t i on ,  b e  shown t o  a g r e e  w i t h  t h e  two l i m i t i n g  c a s e s  C =O 
Q 

and C =1. The fo rmer  r e s u l t  i s  g iven  as Eq . 1 6  i n  Ref .  1 and as Eq. 1 i n  
Q 

Ref. 8.  The l a t t e r  r e s u l t  i s  g i v e n  a s  Eq. 17  i n  Ref. 1. 

The wo,rk o f  Polk e t  a 1  (8) i n d i c a t e s  t h a t  i n  p r a c t i c e  v a l u e s  o f  

a range from 0 .23  up t o  0.45,  w i t h  v a r i a t i o n s  of a n o t  hav ing  a s u b s t a n t i a l  

e f f e c t  on wedge l e n g t h .  F igu re  2  o f  Ref. 1 i n d i c a t e s  t h a t  i f  F  i s  l e s s  
0 

t han  0 .25  a  wedge w i l l  e x i s t  f o r  C = 1 .0 .  For purposes  of i l l u s t r a t i n g  Q 
t h e  s e n s i t i v i t y  of wedge geometry t o  v a r i a t i o n s  of C i n  t h e  range Q 
0  < C < 1.0 u s i n g  Eq. 41 an i n t e r m e d i a t e  v a l u e  o f  ci = 0 . 3  and a v a l u e  of - Q -  
F  = 0 .2  have  been s e l e c t e d .  F igu re  2  shows t h e  r e s u l t s  f o r  C = 0 ,  0 .2 ,  

0 Q 
0 .4 ,  0 . 6 ,  0 . 8  and 1 . 0 .  Ev iden t l y  t h e  s e n s i t i v i t y  i s  g r e a t e s t  f o r  t h e  lower  

range of C v a l u e s .  The lower range is  shown i n  more d e t a i l  i n  Fig .  3  w i t h  
Q 

C = 0 ,  0 .05,  0 .10 ,  0 .15 ,  0.20 and 0.25. F i n a l l y ,  F ig .  4 shows C = 0 ,  
Q Q 

0.01, 0 .02 ,  0 .03,  0.04 and 0.05.  I t  shou ld  b e  n o t e d  t h a t  t h e  curve  f o r  

C = 0  w a s  c a l c u l a t e d  u s ing  Eq. 1 6  i n  Ref.  1 and t h e  curve  f o r  C = 1 .0  w a s  
Q Q 

c a l c u l a t e d  u s i n g  Eq. 1 7  i n  Ref. 1. The curves  f o r  i n t e r m e d i a t e  v a l u e s  were  

c a l c u l a t e d  u s i n g  Eq. 41. 



Next, t h e  s e n s i t i v i t y  o f  wedge geometry t o  v a r i a t i o n s  of  a i n  

t h e  range 0.20 t o  0 .45 f o r  F = 0 . 2  and t h r e e  d i f f e r e n t  va lue s  of C 0 ,  
0 Q ' 

0.1  and 0.2 w a s  examined as i l l u s t r a t e d  i n  F ig s .  5 ,  6 and 7. The s e n s i t i v i t y  

i s  s een  t o  d e c l i n e  as C i n c r e a s e s .  However, i t  i s  worth n o t i n g  t h a t  t h e  
Q 

geometry does appear  more s e n s i t i v e  t o  v a r i a t i o n s  of a f o r  low v a l u e s  of C 
Q 

than t he  semi- logar i thmic  p l o t t i n g  i n  F ig s .  11 and 12 of Ref. 8  might l e a d  

one t o  presume. 

For completeness ,  t h e  s e n s i t i v i t y  of t h e  wedge geometry t o  v a r i a -  

t i o n s  of F i s  dep i c t ed  i n  F igs .  8 ,  9 and 10 f o r  t h r e e  d i f f e r e n t  v a l u e s  of 
0 

C w i th  a f i x e d  a t  0.3.  
Q 

It should  be  no ted  t h a t  t h e  f x / ( 8 ~ )  s c a l e s  on F ig s .  5 ,  6 and 7 

a r e  more compressed than  f o r  t h e  o t h e r  f i g u r e s .  Taking t h i s  i n t o  account  

i t  i s  c l e a r ,  however, from a comparison of F ig s .  4 and 5 t h a t  t h e  wedge 

geometry i s  f a r  more s e n s i t i v e  t o  minor v a r i a t i o n s  of C c l o s e  t o  ze ro  than  Q 
i t  i s  t o  v a r i a t i o n s  of a .  



CONCLUSIONS 

Equation 41 is the  c losed  form r e s u l t  of i n t e g r a t i n g  Eq. 1 along 

the  i n t e r f a c e  between two f l u i d s  of  d i f f e r e n t  dens i ty  when t h e r e  is a 

cons t an t  n e t  d i scharge  i n  both l a y e r s  and i t  is assumed t h a t  r e s i s t a n c e  

c o e f f i c i e n t s  do n o t  vary along t h e  i n t e r f a c e .  Equation 41 may be adapted t o  

s i t u a t i o n s  where these  f e a t u r e s  vary  (e.g. due t o  entrainment)  by breaking  

the  flow i n t o  s h o r t  reaches over  which these  q u a n t i t i e s  may be  t r e a t e d  a s  

cons tan t .  

Figures  2 ,  3 and 4 i l l u s t r a t e  t h e  s e n s i t i v i t y  of wedge geometry 

t o  minor v a r i a t i o n s  of C when C i s  c lose  t o  zero,  p a r t i c u l a r l y  i n  Q Q 
comparison wi th  t h e  s e n s i t i v i t y  t o  ci shown i n  Figs.  5 ,  6 and 7. This should 

be  of p a r t i c u l a r  i n t e r e s t  t o  labora tory  r e sea rche r s  who gene ra l ly  f i n d  i t  

impossible  t o  measure the  very l o w  v e l o c i t i e s  i n  a r r e s t e d  l abo ra to ry  

wedges wi th  s u f f i c i e n t  accuracy t o  de f ine  the  i n t e r f  ace on the  b a s i s  of zero  

average v e l o c i t y  and the re fo re  r e s o r t  t o  measurement of d e n s i t y  p r o f i l e s  f o r  

wedge d e f i n i t i o n ,  assuming t h a t  C w i l l  remain s u f f i c i e n t l y  c lo se  t o  zero  
Q 

t o  use  t h e  s o l u t i o n  f o r  C = 0. Clea r ly  t h e  s e n s i t i v i t y  of wedge geometry 
Q 

t o  minor v a r i a t i o n s  of C a t  va lues  of C c l o s e  to  zero  i s  s u f f i c i e n t l y  Q Q 
high t h a t  such an assumption may r e s u l t  i n  s u b s t a n t i a l  e r r o r s .  
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