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1 

1. INTRODUCTION 

1.1 General  

Mixing and t r a n s p o r t  of s u b s t a n c e s  i n  t h e  environment a r e  a n  i n t e g r a l  

p a r t  of t h e  o v e r a l l  environmental  management. F a t e  of t h e  e f f l u e n t s  and 

sed iments  e n t e r i n g  s t r e a m s  and r i v e r s  depends on  t h e i r  p h y s i c a l ,  chemica l ,  

and b i o l o g i c a l  n a t u r e  a s  w e l l  a s  t h e  h y d r a u l i c  c h a r a c t e r i s t i c s  of t h e  body 

o f  water.  Not a l l  mechanisms r e s p o n s i b l e  f o r  d i l u t i o n ,  t r a n s p o r t  of 

e f f l u e n t s  and movement of  sed iments  a r e  a d e q u a t e l y  unders tood and modeled. 

Among them i s  mass and momentum exchange between t h e  main f l o w  and a  s lowly  

c i r c u l a t i n g  f l o w  a d j a c e n t  t o  i t .  

Banks of  s t r e a m s  and r i v e r s  a r e  a lways  i r r e g u l a r  w i t h  r e g i o n s  of  f low 

s e p a r a t i o n  and c i r c u l a t i o n  formed due t o  meandering,  sudden changes  i n  t h e  

c r o s s - s e c t i o n a l  a r e a ,  o r  p resence  of e n g i n e e r i n g  s t r u c t u r e s  such a s  wing 

dams, b r i d g e  p i e r s ,  and n a v i g a t i o n  f a c i l i t i e s .  Water motion w i t h i n  such 

r e g i o n s  i s  d i f f e r e n t  from t h e  main f low,  though induced by i t ,  and i s  

g e n e r a l l y  r e f e r r e d  t o  a s  secondary o r  c i r c u l a t i n g  motion. Depending on  t h e  

s i z e ,  geometry ,  and zone of i n f l u e n c e ;  c i r c u l a t i n g  f lows  c a n  s i g n i f i c a n t l y  

a f f e c t  t r a n s p o r t  and d e p o s i t i o n  of sed iments ,  mixing and t r a n s p o r t  of  

con taminan t s ,  and d i s s i p a t i o n  of hea ted  e f f l u e n t  from c o o l i n g  f a c i l i t i e s .  

When p o l l u t a n t s  and haza rdous  s u b s t a n c e s  a r e ,  a c c i d e n t a l l y  o r  by 

d e s i g n ,  r e l e a s e d  i n t o  a  s t r eam t h e y  sp read  o u t  due t o  t h e  combined e f f e c t s  

of a d v e c t i o n ,  d i f f u s i o n  ( m o l e c u l a r  and t u r b u l e n t ) ,  and d i s p e r s i o n .  The 

l a t t e r  phenomenon, d i s p e r s i o n ,  i s  a  mechanical  p rocess  caused by t h e  

s p a t i a l  v a r i a t i o n  i n  t h e  mean v e l o c i t y  d i s t r i b u t i o n .  Research h a s  shown 

(e .g . ,  F i s c h e r  [ 6 ] )  t h a t  t h e  t r a n s v e r s e  v e l o c i t y  d i s t r i b u t i o n  i n  low 

g r a d i e n t  s t r eams ,  which a r e  common i n  I l l i n o i s ,  i s  t h e  dominant f a c t o r  i n  

c o n t r o l l i n g  t h e  l o n g i t u d i n a l  d i s p e r s i o n  of  s u b s t a n c e s  i n  t h e  s t ream.  



Presence of c i r c u l a t i n g  r e g i o n s  i n  s t reams  f o r c e s  t h e  t r a n s v e r s e  v e l o c i t y  

d i s t r i b u t i o n  t o  d e v i a t e  from a b a s i c a l l y  p a r a b l i c  p r o f i l e  t o  a complicated 

shape. I n  some c a s e s ,  c o n s i d e r a b l e  p o r t i o n  o f  a c r o s s - s e c t i o n  of a  s t ream 

may exper ience  reversed  flow. As a consequence of a  h i g h l y  v a r i e d  

t r a n s v e r s e  v e l o c i t y ,  a s o l u t e  r e l e a s e d  i n  a s t ream mixes i n  and o u t  of t h e  

c i r c u l a t i n g  r e g i o n s  i n  a p r e s e n t l y  unknown fash ion .  

The e x i s t i n g  w a t e r  q u a l i t y  and q u a n t i t y  models a r e  l i m i t e d  t o  

e s t i m a t i n g  t h e  d i s p e r s i o n  component o f  s o l u t e  t r a n s p o r t  and mixing i n  

b a s i c a l l y  p r i s m a t i c  s t r e a m s  and g e n e r a l l y  i g n o r e  t h e  c i r c u l a t i n g  reg ions .  

Once t h e  phys ics  of t h e  i n t e r a c t i o n  between t h e  main f low and t h e  

c i r c u l a t i n g  (secondary)  f l o w  i s  i n v e s t i g a t e d  and unders tood ,  t h e  b e h a v i o r  

o f  such f lows can  be  a c c u r a t e l y  modeled. T h i s  in fo rmat ion ,  i n  t u r n ,  i s  

u s e f u l  i n  e v a l u a t i n g  t h e  s i g n i f i c a n c e  of induced c i r c u l a t i n g  f l o w s  i n  

mixing and t r a n s p o r t  of sediments  and p o l l u t a n t s  i n  a  s t ream -- a knowledge 

which w i l l  u l t i m a t e l y  c o n t r i b u t e  t o  t h e  o v e r a l l  o b j e c t i v e  of developing 

b e t t e r  w a t e r  r e s o u r c e s  p o l i c y  and management programs. 

1.2 O b j e c t i v e s  

The o v e r a l l  o b j e c t i v e  of t h i s  s t u d y  i s  t o  c o n t r i b u t e  t o  t h e  

development o f  b e t t e r  management programs f o r  t h e  a v a i l a b l e  w a t e r  r e s o u r c e s  

through f u r t h e r i n g  t h e  s c i e n t i f i c  unders tand ing  of t h e  p r o c e s s e s  governing 

mixing and t r a n s p o r t  of s u b s t a n c e s  i n  water .  The s p e c i f i c  o b j e c t i v e s  a r e :  

1. To deve lop  a  numerical  m d e l  capab le  of s imula t ing  f l o w  p a t t e r n  

( i . e . ,  s t r e a m l i n e s ,  v o r t i c i t y ,  and v e l o c i t y )  a s s o c i a t e d  w i t h  s h e a r  induced 

c i r c u l a t i n g  f lows.  F i g u r e  1 shows a n  i d e a l i z e d  schematic drawing of t h e  

f low s i t u a t i o n  under  study. 
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2. To develop a  numerical model capable  of p red ic t ing  concen t r a t i on  

d i s t r i b u t i o n  and mass t r a n s p o r t  and d i f f u s i o n  i n  c i r c u l a t i n g  f lows  using 

r e s u l t s  from o b j e c t i v e  1 a s  input .  

3. To i n v e s t i g a t e  t he  d i s p e r s i v e  a n d  d i f f u s i v e  c h a r a c t e r i s t i c s  of 

shea r  induced c i r c u l a t i n g  flows by formulat ing t h e  d i s p e r s i o n  c o e f f i c i e n t  

a s  a  s c a l a r ,  vec to r ,  and a  tensor .  I n  a d d i t i o n ,  a  c r i t e r i a  w i l l  be  

developed to  minimize l o s s  of mass due t o  numerical d i f f u s i o n  and. o t h e r  

f a c t o r s  present  i n  numerical s o l u t i o n  of t he  mass t r a n s p o r t  equat ion.  



2. REVIEW OF RELATED LITERATURE 

Presence  of c i r c u l a t i n g  r e g i o n s  o r  "dead water"  zones on banks  of 

s t r e a m s  and r i v e r s  has  s i g n i f i c a n t  e f f e c t  on t h e  mixing and t r a n s p o r t  of 

subs tances .  Exchange of mass between t h e  c i r c u l a t i n g  r e g i o n  and t h e  main 

f l o w  h a s  come t o  s h a r p e r  f o c u s  i n  t h e  past decade o r  so because  i n  a d d i t i o n  

t o  changing t h e  h y d r a u l i c  c h a r a c t e r i s t i c s  of f low, i t  c o n t r o l s  t h e  q u a l i t y  

of w a t e r  i n  t h e  c i r c u l a t i n g  r e g i o n s  o r  "dead wate r"  zones. 

L i t e r a t u r e  r e l a t e d  t o  t h e  s t u d y  of c i r c u l a t i o n  induced by a  s t e a d y  

main f l o w  h a s  been  reviewed i n  t h i s  c h a p t e r .  E f f o r t  has  been made t o  

review r e p r e s e n t a t i v e  works on shear-induced c i r c u l a t i o n  p a t t e r n s ,  

c o n c e n t r a t i o n  d i s t r i b u t i o n  i n  c i r c u l a t i n g  f low,  and mass exchange 

mechanisms between t h e  main f low and t h e  c i r c u l a t i n g  flow. Emphasis h a s  

b e e n  placed on t h e  l a t t e r  two a r e a s .  

F i s h c h e r  [ 5 , 6 ]  and o t h e r s  have shown t h a t  i n  r i v e r s  and streams 

t u r b u l e n t  d i f f u s i o n  r e s u l t i n g  from v e l o c i t y  f l u c t u a t i o n s  a long w i t h  t h e  

d i f f e r e n t i a l  advec t  i o n  a r e  t h e  b a s i c  mechanisms r e s p o n s i b l e  f o r  

l o n g i t u d i n a l  d i s p e r s i o n .  Fur thermore,  F i s c h e r  [4 ,5 ]  h a s  s p e c i f i c a l l y  shown 

that i n  n a t u r a l  s t r e a m s  t h e  t r a n s v e r s e  v a r i a t i o n  of v e l o c i t y  a c r o s s  t h e  

s t r e a m  i s  t h e  dominant f a c t o r  i n  e s t i m a t i n g  t h e  l o n g i t u d i n a l  d i s p e r s i o n .  - 

Channel boundar ies ,  p a r t i c u l a r l y  t h e  banks ,  i n  n a t u r a l  s t r e a m s  a r e  of t e n  

i r r e g u l a r  w i t h  r e g i o n s  of f low s e p a r a t i o n  and c i r c u l a t i o n .  P r e s e n c e  of 

such r e g i o n s  s i g n i f i c a n t l y  a l t e r s  t h e  t r a n s v e r s e  v e l o c i t y  p r o f i l e .  

Day [ 3 ]  , Pedersen  [18] , and V a l e n t i n e  and Wood [29] have s p e c u l a t e d  

that t h e  i n t e r a c t i o n  between t h e  main f low and t h e  c i r c u l a t i n g  r e g i o n s  can 

s i g n i f i c a n t l y  a f f e c t  t h e  d i s p e r s i o n  c h a r a c t e r i s t i c s  of n a t u r a l  s t reams.  I n  

a d d i t i o n ,  depending on  t h e i r  s i z e  and geometry,  t h e  c i r c u l a t i n g  r e g i o n s  can  

s e r v e  as temporary s t o r a g e  and subsequent  s low r e l e a s e  of d i s p e r s i n g  



subs tances .  T h i s  p r o c e s s  can  c a u s e  c o n c e n t r a t i o n  d i s t r i b u t i o n s  markedly 

d i f f e r e n t  from t h o s e  p r e d i c t e d  by s imple  advec t ion-d i f  f u s i o n  models 

p r e s e n t l y  a v a i l a b l e .  

F l o k s t r i a  [ 9 ]  ana lyzed  t h e  r e l a t i v e  importance  of v i s c o u s  s h e a r  

s t r e s s e s ,  Reynolds s t r e s s e s  and momentum t r a n s f e r  due t o  secondary  

c u r r e n t s .  Extending F l o k s t r i a ' s  work Lzan and Weare [ 1 4 ]  examined t h e  

c o n t r i b u t i o n  of s h e a r  l a y e r  t u r b u l e n c e ,  bed-generated t u r b u l e n c e  and 

secondary f l o w  t o  t h e  e f f e c t i v e  l a t e r a l  s h e a r  s t r e s s  i n  s t e a d y ,  t u r b u l e n t ,  

two-dimensional c i r c u l a t i n g  flow. They concluded t h a t  t h e  r e l a t i v e  

s i g n i f i c a n c e  of each mixing mechanism depends on t h e  f l o w  d e p t h ,  bed 

roughness ,  r a d i u s  of c u r v a t u r e  of t h e  f l o w  and t h e  d i s t a n c e  downstream 

from t h e  p o i n t  of f low s e p a r a t i o n .  

A depth-averaged numerical  model f o r  c i r c u l a t i n g  f l o w  h a s  been  

developed by Ponce and Yabusaki [ 2 0 ]  . The model i s  premised upon t h e  

s i m u l a t i o n  of  t u r b u l e n c e  us ing  a  v e l o c i t y  averag ing  r o u t i n e  w i t h  an  

e m p i r i c a l  weight ing f a c t o r  t o  s i m u l a t e  e f f e c t i v e  s h e a r  s t r e s s e s .  They 

s t a t e  t h a t  a t  t h e  p r e s e n t  no comprehensive a n a l y s i s  of t h e  v a r i o u s  

mechanisms l e a d i n g  t o  g e n e r a t i o n  of c i r c u l a t i o n  h a s  been a t  tempted us ing  

numerical  models. However, t h e y  do no t  a d d r e s s  t h e  mass exchange between 

t h e  c i r c u l a t i n g  f l o w  and t h e  main f low,  n o r  do they  a d d r e s s  mixing and 

t r a n s p o r t  of a  s o l u t e  r e l e a s e d  i n  t h e  r e c i r c u l a t i n g  flow. The a u t h o r s  used 

t h e  model t o  t e s t  s e v e r a l  hypo theses  concern ing  t h e  modeling of c i r c u l a t i n g  

flow. T h e i r  t e s t s  i n d i c a t e  t h e  n e c e s s i t y  of i n c l u d i n g  e f f e c t i v e  s h e a r  

stress and c o n v e c t i v e  i n e r t i a  i n  t h e  model i n  o r d e r  t o  g e n e r a t e  

c i r c u l a t i o n .  They were a b l e  t o  a c h i e v e  c i r c u l a t i n g  f l o w  w i t h o u t  s p e c i f y i n g  

a  n o - s l i p  boundary c o n d i t i o n .  However, t h e  a u t h o r s  r e f l e c t  upon t h e  

s e n s i t i v i t y  of t h e  model t o  t h e  c h o i c e  of t h e  e m p i r i c a l  v e l o c i t y  we igh t ing  



c o e f f i c i e n t .  The e m p i r i c a l  b a s i s  of t h e i r  model makes i t  d i f f i c u l t  t o  judge  

t h e  g e n e r a l i t y  of t h e i r  c o n c l u s i o n s .  

F i n d i k a k i s  and S t r e e t  [8 ]  have extended t h e  l a r g e  eddy s i m u l a t i o n  

concept  t o  modeling two-dimensional uniform d e n s i t y  and t h e r m a l l y  s t r a t i f i e d  

f l o w s  i n  a v e r t i c a l  plane.  Flow paramete r s  a r e  d e s c r i b e d  i n  t e r m s  of  space  

a v e r a g e s ,  and t h e  t ime h i s t o r y  of  t h e  l a r g e  s c a l e  mot ions  a r e  s imula ted .  A 

f i l t e r i n g  f u n c t i o n  s e p a r a t e s  t h e  l a r g e  s c a l e  component of t h e  f low v a r i a b l e s  

from t h e  "sub-grid" o r  "small s c a l e "  components. The s p a c i a l  a v e r a g e  of 

t h e  l a r g e  s c a l e  mot ions  a r e  s imula ted  i n  t ime ,  and t h e  smal l  s c a l e  mot ions  

a r e  accounted f o r  us ing  Smagorinsky' s eddy v i s c o s i t y  model and t h e  v o r t i c i t y  

g r a d i e n t  eddy v i s c o s i t y  model. 

Shen and Lokrov [1.5] have a n a l y t i c a l l y  i n v e s t i g a t e d  t h e  v e l o c ' i t y  

pa t  t e r n s  g e n e r a t e d  by a  sudden expans ion  us ing  t h e  s i m i l a r i t y  approach.  

Comparisons of t h e  numerical  s o l u t i o n s  o b t a i n e d  from s i m p l i f i e d  

Navier-Stokes e q u a t i o n s  t o  t h e  a v a i l a b l e  l a b o r a t o r y  d a t a  have suppor ted  t h e  

h y p o t h e s i s  of s e l f  p rese rv ing  b e h a v i o r  t o  some degree .  T h e i r  work l e n d s  

i n s i g h t  t o  t h e  geometry of t h e  mass exchange (mixing)  zone and t h e  r a t e  of 

expans ion  of t h e  zone. 

Wes t r i ch  [30]  developed a  s p a t i a l l y  one-dimensional  model p r e d i c t i n g  

t h e  mixing p r o c e s s  of  a c o n s e r v a t i v e  t r a c e r  mass between a  main f l o w  and a n  

a d j a c e n t  c i r c u l a t i n g  reg ion .  He v e r i f i e d  t h e  a n a l y t i c a l  r e s u l t s  by p h y s i c a l  

modeling and found a n  e x p o n e n t i a l  d e c r e a s e  of t h e  t r a c e r  c o n c e n t r a t i o n  w i t h  

t ime  f o r  s t e a d y  f lows.  H i s  approach i s  l i m i t e d  i n  t h a t  c o n c e n t r a t i o n  i s  

assumed c o n s t a n t  i n  t h e  c i r c u l a t i n g  reg ion .  T h i s  i s  not  t h e  c a s e  i n  

p r a c t i c a l  s i t u a t i o n s .  

T s a i  and Hol ley  [28] conducted a n a l y t i c a l  and e x p e r i m e n t a l  s t u d y  o f  

l o n g i t u d i n a l  mixing p r o c e s s  i n  p r i s m a t i c  c h a n n e l s  w i t h  s t o r a g e  i n  s e p a r a t i o n  



zones. They determined a  dimensionless  mass exchange c o e f f i c i e n t  f o r  

s epa ra t i on  zones a t  t h e  bottom of a  channel.  The i r  va lues  were i n  some 

c a s e s  up to  f i v e  t imes h igher  than  those  obtained by d i r e c t  measurement 

suggesting a  poss ib le  problem i n  formula t ion  of the  exchange mechanism. 

Sabol and Nordin [ 2 2 ]  i n v e s t i g a t e d  t h e  l ong i tud ina l  d i s p e r s i o n  i n  

r i v e r s  with per iod ic  s torage  zones. They proposed a  t h r e e  parameter model 

i n  which p a r t i c l e s  a r e  t rapped i n  s to rage  zones through a  s t o c h a s t i c  random 

t r a v e l  time. The model p r e d i c t s  concen t r a t i on  d i s t r i b u t i o n s  a s  a  func t ion  

of i n i t i a l  concen t r a t i on ,  l o n g i t u d i n a l  pos i t i on ,  and convect ive ve loc i ty .  

McGuirk and Rodi [ 17 ]  have s tud ied  square c a v i t y  c i r c u l a t i o n  d r i v e n  by 

a  main s t ream flow. Thei r  depth-averaged f i n i t e  d i f f e r e n c e  f low model 

r i g0  rously computes the v e l o c i t y  and eddy v i s c o s i t y  d i s t r i b u t i o n  from t h e  

b a s i c  concen t r a t i on  and mmentum equa t ions  and the  energy t r a n s p o r t  

equat ion.  The mass t r anspo r t  equa t ion  i s  solved independently using the  

f low parameters input .  The mass t r a n s p o r t  model i s  d e t a i l e d  t o  revea l  t he  

concen t r a t i on  d i s t r i b u t i o n  wi th in  the  c a v i t y  a s  we l l  a s  t he  mass exchange 

w i t h  t he  main stream. Turbulent mixing i s  modeled using t h e  concen t r a t i on  

g r a d i e n t  approach and computing the  varying eddy d i f  f u s i v i t y  from t h e  eddy 

v i s c o s i t y  d i s t r i b u t i o n .  The eddy v i s c o s i t y  i s  r e l a t e d  t o  the  d i f f u s i v i t y  

v i a  a  t u rbu len t  Schmidt number. The numerical s o l u t i o n  of t he  f low f i e l d  

parameters r e q u i r e s  s u b s t a n t i a l  computational time and the  assignment of 

va lues  to  seven empi r i ca l  c o e f f i c i e n t s .  The i r  r e s u l t s  a r e  supported by 

comparison wi th  l abo ra to ry  da ta .  The a u t h o r s  do not d i s c u s s  tile e f f e c t s  of 

numerical d i s p e r s i o n  i n  t h e i r  f i n i t e  d i f f e r e n c e  approximation scheme. 

Lam [ 12 ]  addres se s  t he  problem of devis ing  a  numerical s o l u t i o n  scheme 

which does not mask the  physical  mixing processes.  This  i s  p a r t i c u l a r l y  

important i n  hydrodynamic flow f i e l d s  f o r  which mean v e l o c i t y  p a t t e r n s  and 



mixing p r o c e s s e s  have not  been d e l i n e a t e d .  He r e p o r t s  t h a t  t h e  l i n e a r  

G a l e r k i n  f i n i t e  element method h a s  d i f f i c u l t y  handl ing s t e e p  g r a d i e n t s  b u t  

may b e  a p p l i e d  t o  t h i s  problem w i t h  p roper  c h o i c e  of g r i d  spac ing .  

A p p l i c a t i o n  of  v a r i o u s  numerical  methods t o  t h e  Navier-Stokes 

e q u a t i o n s  govern ing  incompress ib le  f low i n  a  d r i v e n  c a v i t y  f l o w  h a s  been  

examined a t  Langley Research C e n t e r  [13]. These a r e  a  s e r i e s  of  papers  

p r e s e n t i n g  s o l u t i o n s  f o r  b o t h  p r i m i t i v e  v a r i a b l e s  ( i . e . ,  v e l o c i t y  and 

p r e s s u r e )  and v o r t i c i t y - s t r e a m  f u n c t i o n  sys tems of e q u a t i o n s .  The 

i n d i v i d u a l  papers  w i l l  not  be  d i s c u s s e d  i n  t h i s  review. 

Zelazny and Baker [32] and Baker [I] u s e  t h e  G a l e r k i n  form of  t h e  

method of weighted r e s i d u a l s  t o  d e v e l o p  a  f i n i t e  element s o l u t i o n  f o r  

numerous h y d r o l o g i c a l  phenomena i n c l u d i n g  l a r g e  s c a l e  r e c i  r c u l a t i n g  

reg ions .  T h e i r  work demons t ra tes  t h e  wide range of a p p l i c a t i o n  of  t h e  

f i n i t e  element approx imat ion  method. R e s u l t s  show g e n e r a l l y  s t a b l e  

s o l u t i o n s  w i t h  somewhat l e s s  numer ica l  d i s p e r s i o n  t h a n  t h e i r  f i n i t e  

d i f f e r e n c e  c o u n t e r p a r t s .  

Loziuk, Anderson, and Belytchko [16] s u c c e s s f u l l y  a p p l i e d  t h e  f i n i t e  

element method t o  a n a l y s i s  of  two-dimensional t empera tu re  d i s t r i b u t i o n s  i n  

moving b o d i e s  of  water .  The d i s p e r s i o n  and convec t ion  t e rms  i n  t h e  

e q u a t i o n s  f o r  h e a t  t r a n s f e r  a r e  ana logous  t o  t h o s e  i n  t h e  mass t r a n s p o r t  

equa t ion .  The G a l e r k i n  method of  weighted r e s i d u a l s  was a p p l i e d  and l i n e a r  

b a s i s  f u n c t i o n s  were used t o  approximate  t h e  v e l o c i t y  f i e l d  d i s t r i b u t i o n .  

The m d e l  r e s u l t s  agreed w e l l  w i t h  t h e  a n a l y t i c a l  s o l u t i o n  of  t h e  

one-dimensional  t r a n s p o r t  equa t ion .  The two-dimension s i m u l a t i o n  of  hea ted  

e f f l u e n t  d i s c h a r g e d  i n t o  a  r i v e r  sys tem produced r e s u l t s  a g r e e a b l e  w i t h  

f i e l d  d a t a .  



Smith, Farraday, and OfConnor [27] performed a series of tests 

comparing t h e  Galerk in  f i n i t e  element method to  s eve ra l  optimized f i n i t e  

d i f f e r e n c e  m d e l s .  F i n i t e  element r e s u l t s  f o r  t h e  two-dimensional 

convect ion-dif fu s ion  problem were found t o  be a s  conserva t ive  a s  Siemons 

[26] i t e r a t i v e  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  f i n i t e  d i f f e r e n c e  method. 

The au tho r s  compare t he  Galerk in  f i n i t e  element s o l u t i o n  f o r  a 

two-dimensional convect i on  t o  t h e  s o l u t i o n  obtained from Robert and Weise's 

[ 211 f o u r t h  o r d e r  f i n i t e  d i f f e r e n c e  model. The Galerk in  f i n i t e  element 

r e s u l t s  f o r  t h i s  problem were s e n s i t i v e  t o  t h e  t i m e  s t e p  s e l e c t e d  b u t  had 

somewhat less d i s t o r t i o n  of contours  than t h e  f i n i t e  d i f f e r e n c e  model. The 

Galerkin form of the  f i n i t e  element method i s  reported by Grove [ll] t o  be 

less subj e c t  t o  numerical d i s p e r s i o n  than  many s tandard f i n i t e  d i f f e r e n c e  

schemes. 

P inder  and Gray [19] e v a l u a t e  s eve ra l  numerical schemes and conclude 

t h a t  "It i s  apparent  t h a t  t h e  f i n i t e  element scheme provides  c o n s i s t e n t l y  

more accu ra t e  s o l u t i o n s  i n  t h a t  bo th  numerical d i s p e r s i o n  and numerical 

d i s s i p a t i o n  a r e  less apparent  i n  t h e  f i n i t e  element curves." 

Review of the  previous work on mixing and t r a n s p o r t  w i th in  and i n  t h e  

v i c i n i t y  of c i r c u l a t i n g  flows r evea l s  t h e  l i m i t a t i o n s  of t h e  e x i s t i n g  

knowledge and po in t s  t he  r e sea rche r  i n  the  d i r e c t i o n  of overcoming some of 

t h e  shortcomings. One-dimensional models, while i n s t r u c t i v e ,  i gno re  t h e  

concen t r a t i on  d i s t r i b u t i o n  wi th in  t h e  c i r c u l a t i n g  reg ion  and only  d e a l  wi th  

uniform concent ra t ions .  The dynamics of t he  mass exchange zone a r e  

d i f f i c u l t  t o  desc r ibe  mathematically and, t h e r e f o r e ,  a r e  not  accounted f o r  

i n  m s t  models. Rigorous numerical s o l u t i o n s  of t he  governing equa t ions  

r e q u i r e  ex tens ive  computation t i m e  and e f f o r t .  Fur ther ,  t h e i r  a p p l i c a t i o n  

r e q u i r e s  s p e c i f i c a t i o n  of empir ica l  c o e f f i c i e n t s ,  s p e c i f i e d  by i n t u i t i o n  

more than s c i e n t i f i c  b a s i s  due t o  l ack  of da ta .  



More r e a l i s t i c  numerical  s i m u l a t i o n  o f  mass exchange can be  ach ieved  

from a  b e t t e r  unders tanding o f  t h e  dynamics of mass and momentum exchange 

between c i r c u l a t i n g  and main f lows.  The convec t ive  c h a r a c t e r  o f  t h e  

c i r c u l a t i n g  r e g i o n  can  t h e n  b e  modeled and f low p a t t e r n s  determined.  

Subsequent ly ,  t h e  mass t r a n s p o r t  e q u a t i o n  governing t h e  f a t e  of t h e  

p o l l u t a n t s  d i scharged  i n  t h e  c i r c u l a t i n g  r e g i o n s  can b e  solved.  The 

r e s u l t s  w i l l  h e l p  e v a l u a t e  t h e  impact of such r e g i o n s  on t h e  h y d r a u l i c  and 

w a t e r  q u a l i t y  c h a r a c t e r i s t i c s  of f low i n  r i v e r s  and s t reams.  



3. THEORETICAL ANALYSIS 

3.1 Object ive 

The o b j e c t i v e  of t he  t h e o r e t i c a l  a n a l y s i s  was t o  mathematical ly  

desc r ibe  the  physics of c i r c u l a t i n g  f low and the  mass t r a n s p o r t  

assoc ia ted  w i th  i t .  The governing d i f f e r e n t i a l  equa t ions  were w r i t t e n  i n  

approximate form and solved numerically.  The a n a l y s i s  was c a r r i e d  o u t  i n  

two pa r t s :  f low modeling and mass t r a n s p o r t  modeling. 

3.2 Flow Model 

The b a s i c  f low s i t u a t i o n  under s tudy i s  i l l u s t r a t e d  i n  Fig.  1. The 

main flow passing the  expansion a r e a  develops a  f r e e  shear  zone through 

which energy i s  t r a n s f e r r e d  from t h e  main f low t o  t he  c i r c u l a t i n g  a r e a ,  

s e t t i n g  i t  i n t o  motion. A d iv id ing  s t r eaml ine  i s  formed between t h e  edge 

of the c i r c u l a t i n g  a r e a  and t h e  oppos i t e  wall .  There i s  no n e t  f low a c r o s s  

t h i s  s t r eaml ine ,  bu t  mass and momentum a r e  indeed t r anspo r t ed  i n  and o u t  of 

t h e  c i r c u l a t i o n  a rea .  The problem w i l l  be s imp l i f i ed  by assuming motions 

i n  t he  v e r t i c a l  d i r e c t i o n  a r e  small  and t h e  f low f i e l d  can be  represen ted  

by a  depth-averaged mathematical model - a commn approach i n  s tudy  of t h i s  

type of flow. Casting t h e  problem i n  two-dimensions has t h e  added 

advantage of reducing t h e  computational c o s t s  without g r e a t  l o s s  of 

g e n e r a l i t y .  

3.2.1 Governing Equat ions '  

Steady, depth-averaged c o n t i n u i t y  and momentum equat ions  f o r  t u rbu len t  

f low must be solved i n  o r d e r  t o  e s t a b l i s h e d  t h e  ho r i zon ta l  components of 

t h e  ve loc i ty .  These equat ions,  i n  t h e i r  p r imi t ive  form a re :  



I n  t h e  above e q u a t i o n s  u  and v  a r e  t h e  t ime averaged components o f  t h e  

v e l o c i t y  i n  t h e  x  and y  d i r e c t i o n s ,  r e s p e c t i v e l y .  The 'r t e rms  r e p r e s e n t  

t u r b u l e n t  s h e a r  s t r e s s e s  i n  t h e i r  r e s p e c t i v e  d i r e c t i o n s .  The s u b s c r i p t  b  

r e f e r s  t o  t h e  s h e a r  s t r e s s  a long t h e  bot tom and h  i s  t h e  d e p t h  o f  w a t e r  i n  

t h e  c i r c u l a t i n g  reg ion .  Each s t r e s s  term c a n  be w r i t t e n  i n  t e rms  o f  a  

c o e f f i c i e n t  t imes  t h e  a p p r o p r i a t e  mean v e l o c i t y  g r a d i e n t s .  F o r  t u r b u l e n t  

s h e a r  s t r e s s e s ,  t h e  c o e f f i c i e n t  i s  known a s  t h e  eddy v i s c o s i t y  ( g e n e r a l l y  

determined e x p e r i m e n t a l l y ) ,  and f o r  bot tom s h e a r  t h e  c o e f f i c i e n t  i s  a n  

e m p i r i c a l  f r i c t i o n  f a c t o r .  D e t a i l s  o f  t h e  mathemat ica l  m a n i p u l a t i o n s  w i l l  

n o t  be  g i v e n  h e r e  i n  t h e  i n t e r e s t  of  b r e v i t y .  Some d e t a i l s  c a n  b e  found i n  

a  p u b l i c a t i o n  by McGuirk and Rodi [ 171. 

S i n c e  t h e  main o b j e c t i v e  of  t h e  s t u d y  was t o  model t r a n s p o r t  of  mass 

i n  a  known c i r c u l a t i n g  f low,  a  more s i m p l i f i e d  f l o w  s i t u a t i o n  was 

c o n s i d e r e d  i n  o r d e r  t o  provide  t h e  r e q u i r e d  v e l o c i t y  d i s t r i b u t i o n .  

Two-dimensional m t i o n  o f  a n  i n c o m p r e s s i b l e  v i s c o u s  f l u i d  i n  a  c i r c u l a t i n g  

r e g i o n  g e n e r a t e d  and mainta ined by  a  known uniform f l o w  was c o n s i d e r e d  a s  a  

f i r s t  approximat ion.  The c o n t i n u i t y  and Navier-Stokes e q u a t i o n s  govern ing  

such f lows  and w r i t t e n  i n  t h e i r  p r i m i t i v e  form a r e :  

- 
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Equa t ion  ( 8 )  i s  a  f o u r t h  o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  w i t h  t h e  

s t r e a m  f u n c t i o n ,  $ ,  a s  t h e  o n l y  unknown. Boundary c o n d i t i o n s  f o r  t h e  

problem under  s t u d y  a r e :  

a t  t h e  s t a t i o n a r y  w a l l s  * = * = 0 ;  and 
ax ay 

a t  t h e  open boundary - - a $ a' - U and - = 0  
ay ax 

where U i s  t h e  uniform main f l o w  v e l o c i t y .  

Equa t ion  ( 8 )  i s  sometimes w r i t t e n  i n  terms of  t h e  v o r t i c i t y  v e c t o r  

d e f i n e d  a s  t h e  c u r l  of  t h e  v e l o c i t y  v e c t o r .  For  t h e  two-dimensional f low 

under  c o n s i d e r a t i o n ,  t h e  x  and y  components of  t h e  v o r t i c i t y  v e c t o r  v a n i s h  

(vo rt i c i  t y  v e c t o r  i s  p e r p e n d i c u l a r  to  t h e  g r a d i e n t  of t h e  v e l o c i t y  v e c t o r ) .  

Thus,  t h e  v o r t i c i t y  v e c t o r ,  w ,  r e d u c e s  t o  o n l y  t h e  component abou t  t h e  

z-axis  : 

Combination o f  e q u a t i o n s  ( 7 )  and ( 1 0 )  g i v e s  

which t r a n f o r m s  e q u a t i o n  (8) t o  

The v e c t o r  form of e q u a t i o n  ( 1 2 )  i s  

a u - 
- -  2  
a t  v . (Uw) = vv w 



where U = u i  + v j  i s  the  v e l o c i t y  vec to r .  Equation (13) can  be  w r i t t e n  i n  a  

dimensionless  form using t h e  r a t i o s :  

- 
X - Y .  t l = -  t . w '  = -  W . - u 

x' = x ;  y'  - L ,  L/U ' U/L 
, and U = - . u 

S u b s t i t u t i n g  t h e  dimensionless  form of t he  v a r i a b l e s  i n t o  equa t ion  (13) and 

dropping t h e  prime f o r  convenience g i v e s  

where Re = UL/V i s  the  c h a r a c t e r i s t i c  Reynolds number f o r  t he  flow. 

Equat ion (14) i s  known a s  the  v o r t i c i t y  t r anspo r t  equat ion.  A l t e r n a t i v e l y ,  

equa t ion  (14) can  be  der ived by tak ing  t h e  c u r l  of the  equa t ion  r e s u l t i n g  

from c r o s s - d i f f e r e n t i a t i o n  of equa t ions  (5)  and ( 6 ) .  D e t a i l s  of t h e  

development of equa t ion  (14) can  be found i n  any in te rmedia te  o r  advanced 

t e x t  on v i s cous  f l u i d  f low inc luding  Sch l i ch t ing  [24] and White [31] .  

3.2.2 F i n i t e  Di f fe rence  Approximation 

So lu t ion  t o  t he  v o r t i c i t y  t r a n s p o r t  equa t ion  (14) sub jec t  t o  t h e  

app rop r i a t e  boundary cond i t i ons  g i v e s  the  des i r ed  v e l o c i t y  p a t t e r n  f o r  i npu t  

t o  the mass t r a n s p o r t  model. Unfor tuna te ly ,  equa t ion  (14)  cannot be solved 

a n a l y t i c a l l y  and must be approximated and solved numerically.  Many 

numerical schemes e x i s t  f o r  solving such equa t ions  a s  i nd i ca t ed  i n  t he  

r epo r t  published by Langley Research Center  [13] and o the r s .  However, a  

second u p i n d  f i n i t e  d i f f e r enc ing  scheme was found ms t  s u i t a b l e  f o r  t h e  

problem under  study. The s o l u t i o n  domain i s  d i s c r i t i z e d  i n  space a s  shown 

i n  Fig. 2. Computation time s t e p  of 1/30 second, based on the  g r i d  spacing 

and the  range of Reynolds numbers, gave s t a b l e  s teady  s t a t e  so lu t ions .  
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I n  e q u a t i o n s  (16-19) v a r i a b l e  p  h a s  t h e  v a l u e  +1 f o r  v e l o c i t i e s  i n  t h e  

p o s i t i v e  d i r e c t i o n  of  t h e  a x e s  and -1 f o r  v e l o c i t i e s  i n  t h e  n e g a t i v e  

d i r e c t i o n  of t h e  a x e s ,  r e s p e c t i v e l y .  

Product  of v e l o c i t y  and v o r t i c i t y  i n  e q u a t i o n  (15)  can  b e  r e p r e s e n t e d  

by one  v a r i a b l e ,  g .  For  example: 

S u b s t i t u t i n g  e q u a t i o n  (16)  i n t o  ( 2 4 )  g i v e s  

which upon r e a r r a n g i n g  y i e l d s  

I n  e q u a t i o n  ( 2 6 )  a b s o l u t e  v a l u e  of t h e  v e l o c i t y  h a s  r e p l a c e d  t h e  v a r i a b l e  p. 
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and 

2 W = -  4J a t  s o l i d  boundaries;  and 
A2 ' b 

2 m = -  
2 ( $b + A) a t  t h e  open boundary. 

A 

% i s  the  value of t he  s t reaml ine  a t  t h e  s o l i d  boundaries  and can be s e t  

equa l  t o  any convenient cons t an t ,  inc lud ing  zero. 

3 .3  Mass Transport  Model 

Mixing and t r anspo r t  of conserva t ive  p o l l u t a n t s  discharged i n t o  a  

moving body of water  i s  caused by t h e  combined e f f e c t s  of advec t ion ,  

d i f f u s i o n  (molecular  and t u r b u l e n t ) ,  and d ispers ion .  For non-conservative 

substances,  t h e  process  must a l s o  inc lude  any g a i n  o r  l o s s  of mass of t he  

substance due to  chemical, b i o l o g i c a l ,  and mechanical (e.g . , s e t t l i n g  o r  

adsorp t ion) .  

3.3 .1  Dispersion i n  Two-Dimensional C i r cu l a t i ng  Flow 

Dispers ion  i s  a  mechanical process  caused by t h e  s p a t i a l  v a r i a t i o n  i n  

t h e  mean v e l o c i t y  d i s t r i b u t i o n .  I n  r i v e r s  and streams the  t r a n s v e r s e  

v e l o c i t y  d i s t r i b u t i o n  i s  known to  be t he  dominant process respons ib le  f o r  

t he  d i spe r s ion  of mass. The problem i s ,  t h e r e f o r e ,  t r e a t e d  by assuming one 

o r  two-dimensional motion wi th  t he  main flow along one of t he  coo rd ina t e  

axes.  

I n  c i r c u l a t i n g  flows the  d i r e c t i o n  of flow does not co inc ide  w i th  one 

of the c a r t e s i a n  coord ina te  axes. Veloc i ty  v e c t o r  i n  such f lows i s  

s t i l l  decomposed i n t o  components along the  c a r t e s i a n  coo rd ina t e  axes  f o r  

a n a l y s i s .  Unlike the  v e l o c i t y  v e c t o r ,  d i s p e r s i o n  c o e f f i c i e n t  i s  a  f i r s t  

o r d e r  t e n s o r  i n  t he  two-dimensional flow and has 4 components def ined  a s :  



I n  equa t ion  (361, Exx and Eyy a r e  components of the  d i s p e r s i o n  t e n s o r  along 

t h e  x  and y  coo rd ina t e  axes ,  r e spec t ive ly .  Exy and Eyx a r e  cross-product 

terms and account of the i n t e r a c t i o n  between the  Exx and Eyy. I n  c i r c u l a t i n g  

flow, i t  i s  d i f f i c u l t ,  i f  not imposs ib le ,  t o  de f ine  meaningful va lues  f o r  

d i s p e r s i o n  c o e f f i c i e n t s  i n  t he  x  and y  d i r e c t i o n s  because d i r e c t i o n  of f low 

changes w i th  b o t h  x  and y. Subsequently,  d i s p e r s i o n  must be  def ined  by 

o t h e r  phys ica l ly  meaningful cons tan ts .  These a r e  t h e  streamwise d i s p e r s i o n  

c o e f f i c i e n t  , EL, and t h e  t r ansve r se  d i s p e r s i o n  c o e f f i c i e n t  , ET. The va lues  

of d i s p e r s i o n  c o e f f i c i e n t  along t h e  c a r t e s i a n  coo rd ina t e s  can now be  

w r i t t e n  i n  terms of EL and ET a s  a  func t ion  of t he  r e l a t i v e  magnitude of 

t h e  v e l o c i t y  components a s  d i scussed  by Scheidegger [23] and Bear [ 2 ] :  

L L 
u v 

E  = E  - 
+ E~ 7 2  ; and YY T v 2  

where V - i s  the  magnitude of v e l o c i t y  v e c t o r  a t  each point ;  and u  and v  a r e  

t h e  components of t he  v e l o c i t y  vec to r .  Note t h a t  even though Ex, and Eyy 

always have p o s i t i v e  va lues ,  Exy and Eyx may have pos i t i ve  o r  nega t ive  va lues  

depending on  t h e  p o s i t i o n  i n  the  f low f i e l d  and the  d i r e c t i o n  of flow. I n  



two-dimensional f lows  i n  which one of  t h e  a x e s  c o i n c i d e s  w i t h  t h e  mean 

d i r e c t i o n  of f low,  one  of t h e  v e l o c i t y  components w i l l  be  ze ro  and 

subsequent ly  t h e  cross-product components of t h e  d i s p e r s i o n  c o e f f i c i e n t  

vanish.  

Since ET i s  much sma l l e r  t h a n  EL, t h e  two c o n s t a n t s  can  be  r e l a t e d  by 

a n o t h e r  cons t an t  k 2 1: 

Equat ions  (37-39) c an  be r e w r i t t e n  t o  i nc lude  k: 

2 
ku + v 

2 
E = E L [  1 ; and 

YY v2 

Once EL and k a r e  s p e c i f i e d ,  components of t h e  d i s p e r s i o n  t e n s o r  

t ransformed t o  t h e  c a r t e s i a n  c o o r d i n a t e  system can  be eva lua ted .  

3.3.2 Governing Equat ions  

The unsteady mass t r a n s p o r t  equa t i on  f o r  a conse rva t i ve  subs tance  

r e l ea sed  i n  a two-dimensional (depth-averaged)  f low is: 



where c  i s  the time dependent, depth-averaged concent ra t ion ;  and Exx, Eyy, 

Exy, and Eyx a r e  def ined by equa t ions  (41-43). Components of t he  v e l o c i t y ,  

u  and v,  a r e  provided by the f low model. For two dimensional f lows i n  

which one coord ina te  a x i s  i s  a l igned  w i t h  t he  mean f low v e l o c i t y ,  t h e  l a s t  

two terms of equa t ion  (44) drop  ou t .  

Two cases  have been i n v e s t i g a t e d  and a r e  reported here: 

1. For cons t an t  d i s p e r s i o n  throughout the  flow f i e l d ,  t h e  

d i s p e r s i o n  t enso r  equa t ion  (36) reduces to  a  s c a l a r  

The same r e s u l t  can be obtained by s e t t i n g  k i n  equa t ion  (40) equa l  to  1. 

Equation (45) s i m p l i f i e s  equa t ion  (44)  t o  

2. For the  case  of no d i s p e r s i o n  t r ansve r se  to  the d i r e c t i o n  of 

r o t a t i o n  ( i . e . ,  ET = O), t he  d i s p e r s i o n  t e n s o r  equa t ion  (36) reduces t o  a  

v e c t o r  p a r a l l e l  t o  the  ve loc i ty  v e c t o r  wi th  components 

S u b s t i t u t i o n  of equa t ion  (47)  i n t o  equa t ion  (44) g i v e s  



Equa t ion  (46)  h a s  been n u m e r i c a l l y  so lved  and s o l u t i o n s  a r e  g i v e n  

l a t e r  i n  t h i s  r e p o r t .  Equa t ion  (48)  wi thou t  t h e  las t  term on t h e  r i g h t  

hand s i d e  and w i t h  t h e  f i r s t  o r d e r  v e l o c i t y  r a t i o  ( i n s t e a d  of s q u a r e  of t h e  

r a t i o )  h a s  a l s o  been  solved and r e s u l t s  a r e  g i v e n  l a t e r  i n  t h i s  r e p o r t .  

T h i s  e q u a t i o n  i s  now be ing  so lved  t o  i n c l u d e  t h e  las t  term. The r e s u l t s  

w i l l  b e  compared w i t h  t h e  l i m i t e d  c a s e  and w i l l  appear  i n  t h e  second r e p o r t  

i n  t h e  s e r i e s .  The boundary c o n d i t i o n s  f o r  e q u a t i o n s  (46) and (48)  a r e :  

ac  ac - 1 .  No c o n c e n t r a t i o n  g r a d i e n t  a c r o s s  t h e  s o l i d  boundary: 
- ax - - ay = 0 and 

a c 
2a. No c o n c e n t r a t i o n  a c r o s s  t h e  open boundary: - = 0 ; o r  

ay 

2b. Concen t ra t ion  s p e c i f i e d  w i t h  t ime w i t h i n  t h e  mixing zone a t  t h e  

open boundary. 

3.3.3 F i n i t e  Element Approximation 

P a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (46)  and t h e  s i m p l i f i e d  v e r s i o n  of (48)  

have been numer ica l ly  solved by f  in i t e -e lement  approximat ion u s i n g  t h e  

G a l e r k i n  method of  weighted r e s i d u a l s .  Choice of f i n i t e  element approxima- 

t i o n  of t h e  mass t r a n s p o r t  e q u a t i o n s  i s  based on t h e  i n t e n t  t o  u s e  t h e  

model f o r  s i m u l a t i n g  mixing and t r a n s p o r t  i n  n a t u r a l  waterways w i t h  

i r r e g u l a r  boundar ies .  T h i s  method i s  s u i t a b l e  f o r  approximat ion of 

i r r e g u l a r  shapes .  Furthermore,  t h e  method h a s  been shown t o  converge t o  

s o l u t i o n  r a p i d l y  and i s  numer ica l ly  q u i t e  s t a b l e  i n  comparison t o  f i n i t e  

d i f f e r e n c e  schemes. 

The f i n i t e  element approximat ion e q u a t i o n s  have been developed us ing  

t r i a n g u l a r  e lements  and l i n e a r  b a s i s  f u n c t i o n s .  T h i s  f o r m u l a t i o n  a l l o w s  

use  of t h e  a r e a  c o o r d i n a t e s  as g i v e n  by P i n d e r  and Gray [ 1 9 ] .  B a s i s  

f u n c t i o n s  r e p r e s e n t i n g  a r e a  c o o r d i n a t e s  c a n  b e  i n t e g r a t e d  e x p l i c i t l y  

c i rcumvent ing t h e  need f o r  numerical  i n t e g r a t i o n .  T h i s  e l i m i n a t e s  





computa t iona l  i n a c c u r a c i e s  and s a v e s  computing t ime. F i g u r e  3 shows t h e  

f l o w  f i e l d  d i s c r i t i z e d  by t r i a n g u l a r  e l ements .  

C o n c e n t r a t i o n  i s  approximated i n  t h e  fo l lowing  manner: 

where c i s  t h e  approximate  v a l u e  of c r e p r e s e n t e d  by t h e  product of a t ime 

dependent  f u n c t i o n ,  a j ,  and a space  dependent  f u n c t i o n ,  @ j ,  summed o v e r  t h e  

t h r e e  nodes of each element.  S u b s t i t u t i n g  e q u a t i o n  ( 4 9 )  i n t o  e q u a t i o n  ( 4 4 )  

and r e a r r a n g i n g  g i v e s  

where ~ ( x , ~ )  i s  t h e  r e s i d u a l  e r r o r  g e n e r a t e d  by t h e  approx imat ion  of  c.  

The G a l e r k i n  method of weighted r e s i d u a l s  u s e s  t h e  b a s i s  f u n c t i o n  used t o  

approximate  c t o  f o r c e  t h e  weighted i n t e g r a l  of t h e  r e s i d u a l  t o  go t o  z e r o  

o v e r  each e lement ,  v i z :  

Thus, e q u a t i o n  ( 5 0 )  i n t e g r a t e d  o v e r  a n  e lement  becomes 

Now, terms 1-5 a r e  cons ide red  one a t  a t ime  and expanded us ing  t h e  r i g h t  

hand s i d e  of e q u a t i o n  ( 4 9 ) .  
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For i = 1 

S i m i l a r i l y  ; 

f o r  i = 2 

f o r  i = 3 

A u3 
= 6 (T + u2 + 2) ; and 

t h e n  u ~ + - + - = - ( u + ~ )  Un 1 
2 2 2  1 

S imi l a r  express ions  can be  w r i t t e n  f o r  o t h e r  permutations of t h e  1 and 1/2 

m u l t i p l i e r s  of u. Subs t i t u t i ng  equa t ions  (61) and (65-67) i n t o  equa t ion  

(62) and making use of equa t ion  (69) l e a d  to  t he  f i n a l  eva lua t ion  of 

term 2 i n  mat r ix  form: 



The c o e f f i c i e n t  mat r ix  i n  equa t ion  (70)  w i l l  be  r e f e r r ed  t o  a s  

Kx from he re  on f o r  convenience. 

Term 3 

Evalua t ion  of term 3 i s  s i m i l a r  t o  term 2. The f i n a l  equa t ion  i n  t h i s  

case  is: 

D e f i n i t i o n  of V i s  s i m i l a r  t o  t h a t  g i v e n  f o r  U i n  equa t ion  (68)  w i th  v  

rep lac ing  u. The c o e f f i c i e n t  mat r ix  i n  equa t ion  (71) w i l l  be r e f e r r e d  t o  

a s  Ky from he re  on f o r  convenience. Order of indexing f o r  x  and y  i n  

equa t ions  (70) and (71) can  be found i n  P inder  and Gray [19].  

Term 4 

Th i s  term of equa t ion  (52)  can  be i n t e g r a t e d  by p a r t s  using Green 's  

t heo rem: 



where b denotes  term evaluated a t  t h e  element boundaries.  For i n t e r i o r  

element boundaries  t h i s  term and i t s  coun te rpa r t  i n  term 5 a r e  zero.  A t  

t he  c losed e x t e r i o r  boundaries ,  t h e  boundary term i s  s t i l l  zero  because t he  

d i s p e r s i o n  c o e f f i c i e n t  i s  zero. A t  t he  open boundary t h i s  term and i t s  

coun te rpa r t  i n  term 5 of equa t ion  ( 5 2 )  have va lues  spec i f i ed  by t h e  

exchange model. These va lues  w i l l  appear  i n  t he  "B" mat r ix  of t he  f i n a l  

equation. Therefore ,  t h e  boundary term w i l l  not be expanded he re  and only  

the  second term on t h e  r i g h t  hand s i d e  of equa t ion  (72) wil.1 be  

conside red. 

The d i s p e r s i o n  c o e f f i c i e n t  can  be  represented s i m i l a r  t o  t h e  v e l o c i t y  

i n  term 2 of equa t ion  (52) as :  

Subs t i t u t i ng  f o r  c  and Exx i n  equa t ion  (72) and rearranging:  

Since the  b a s i s  func t ions  a r e  l i n e a r ,  t h e  d e r i v a t i v e  of + i s  cons t an t  and 

can  be represented a s  P with proper  indexing. Thus, r i g h t  hand s i d e  of 

equa t ion  (74) becomes 



where i n t e g r a l  of $ m  o v e r  t h e  element a r e a  ha s  been eva lua t ed  a s  A / 3  

according t o  P inde r  and Gray [19] .  Equa t ion  (76)  can  b e  w r i t t e n  i n  a 

ma t r i x  form us ing  t h e  expansion f o r  P g i v e n  i n  equa t i on  (61) .  Thus, term 4 

becomes 

i n  which Em has  been rep laced  by Emxx t o  i n d i c a t e  t h e  xx-component of t h e  

d i s p e r s i o n  t en so r .  The c o e f f i c i e n t  m a t r i x  w i l l  be r e f e r r e d  t o  a s  Hx from 

h e r e  on  f o r  convenience.  

Term 5 - 
T h i s  term i s  t h e  coun t e rpa r t  of term 4 i n  t h e  y -d i rec t ion .  Performing 

s i m i l a r  t a s k s  on t h i s  term l e a d s  t o  a f i n a l  equa t i on  a s  fo l lows :  

i n  which Em has  been  rep laced  by Emyy t o  i n d i c a t e  t h e  yy-component of t h e  

d i s p e r s i o n  t en so r .  The c o e f f i c i e n t  ma t r i x  w i l l  be r e f e r r e d  t o  a s  Hy from 

h e r e  on  f o r  convenience.  

Term 6 

S i m i l a r  t o  terms 4 and 5 t h i s  term expands t o  



where Emxy i n d i c a t e s  t h e  c r o s s  product  of d i s p e r s i o n  c o e f f i c i e n t s  Exx and 

E ~ y *  The c o e f f i c i e n t  m a t r i x  w i l l  b e  r e f e r r e d  t o  a s  Hxy from t h i s  p o i n t  on 

f o r  convenience.  Note t h a t  i n  terms 4-6 t h e  d i s p e r s i o n  c o e f f i c i e n t s  a r e  

r e l a t e d  t o  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t s  th rough  

v e l o c i t y .  

Combining t h e  i n t e g r a t e d  forms of t h e  6  terms i n  e q u a t i o n  (52)  w i l l  

g i v e  

where B i s  t h e  r e s i d u a l  m a t r i x  and i n c l u d e s  t h e  boundary c o n d i t i o n s .  For  a  

c a s e  where d i s p e r s i o n  i s  t h e  same i n  a l l  d i r e c t i o n s  Hxy v a n i s h e s  and Hx and 

Hy c a n  b e  r e p l a c e d  by t h e  m a t r i x  H which i s  t h e  a l g e b r a i c  sum of  e q u a t i o n s  

(76)  and (77) .  The t ime d e r i v a t i v e  of a j  c a n  b e  approximated by  l e t t i n g  

where n  d e n o t e s  t ime s t e p  and A t  i s  t h e  t ime i n t e r v a l  of ,  computat ion.  

S u b s t i t u t i n g  e q u a t i o n  (81)  i n t o  e q u a t i o n  ( 8 0 )  and r e a r r a n g i n g  g i v e s  t h e  

f i n a l  f i n i t e  e lement  approx imat ion  of t h e  mass t r a n s p o r t  ' equa t ion  f o r  any 



element i n  t h e  f low f i e l d :  

S ince  e q u a t i o n  (82)  h o l d s  f o r  e v e r y  e lement ,  a  g l o b a l  e q u a t i o n  c a n  be  

assembled by summing t h i s  e q u a t i o n  o v e r  t h e  number of e lements  i n  t h e  f low 

f i e l d  us ing a  g l o b a l  numbering scheme. The element m a t r i c e s  M ,  Kx, Ky,  and 

H a r e  t h e n  assembled i n t o  t h e  Global  m a t r i x ,  G w i t h  (kxk) components where 

k  i s  t h e  number of nodes i n  t h e  d i s c r e t i z e d  f low f i e l d .  The e lement  

m a t r i c e s  M and B a r e  s i m i l a r l y  assembled i n t o  t h e  g l o b a l  m a t r i x  BigM (kxk)  

and t h e  g l o b a l  boundary m a t r i x  B ( k x l ) ,  r e s p e c t i v e l y .  Thus, t h e  f i n a l  

f i n i t e  element approximat ion of t h e  mass t r a n s p o r t  e q u a t i o n  f o r  t h e  e n t i r e  

f l o w  f i e l d  i s  

The system of  s imul taneous  e q u a t i o n s  (83)  i s  solved us ing  t h e  i t e r a t i v e  

scheme d e s c r i b e d  i n  t h e  nex t  c h a p t e r .  



4. COMPUTATION PROCEDURES FOR FLOW AND MASS TRANSPORT MODELS 

4.1 General 

The purpose of t h i s  chap te r  i s  to  desc r ibe  t he  procedure f o r  

t r a n s l a t i o n  of the  approximated d i f f e r e n t i a l  equa t ion  descr ib ing  f low and 

mass t r anspo r t  i n t o  a series of computer compatible s ta tements  f o r  

numerical so lu t ion .  Since t he  emphasis of t he  study has  been on t h e  mass 

t r a n s  port  i n  known c i r c u l a t i n g  f low,  t h e  computer program f o r  s o l u t i o n  of 

t h e  f low model i s  not a s  gene ra l  a s  one would l i k e .  It simply provides  a 

r o t a t i n g  f low f i e l d  a s  input  t o  the  mass t r a n s p o r t  a lgor i thm by solving t h e  

unsteady v o r t i c i t y  equa t ion  i n  time u n t i l  s teady-s ta te  s o l u t i o n  i s  

obtained.  The mass t r a n s p o r t  program, on t h e  o t h e r  hand, i s  u s e r  
a 

i n t e r a c t i v e  and q u i t e  v e r s a t i l e  i n  s p e c i f i c a t i o n  of parameters. 

I n  developing t h e  s o l u t i o n  procedure, e f f o r t  has  been made to  make the  

computer programs, p a r t i c u l a r l y  t he  mass t r a n s p o r t  program "use r  f r i e n d l y "  

w i t h  minimum requirements  f o r  f a m i l i a r i t y  wi th  the  s t r u c t u r e  of t he  

programs. S t eps  have been taken t o  reduce computation time and s to rage  

space required by t h e  program. Documented s o l u t i o n  procedure t o  

d i f f e r e n t i a l  equa t ions  and sub rou t ines  a v a i l a b l e  on the  Univers i ty  of 

I l l i n o i s  Cyber 175 system have been used a s  much a s  possible .  

L imi t a t i ons  on use of t he  programs a r e  t h e  same a s  those of t h e  

s o l u t i o n  procedure. Scope of t he  flow model i s  l imi t ed  t o  computation of a 

c i r c u l a t i n g  f low f i e l d  v e r i f i a b l e  by published r e s u l t s  ob ta ined  by 

o the r s .  Accuracy, s t a b i l i t y ,  v a r i a t i o n  i n  g r i d  s i z e ,  and time s t e p  were 

not  i nves t i ga t ed  i n  d e t a i l  f o r  t he  f low model a s  long a s  r e s u l t s  compared 

favorab ly  w i t h  t he  work of o the r s .  Numerical procedure f o r  s o l u t i o n  of t he  

mass t r a n s p o r t  model has  been t r e a t e d  w i t h  more c a r e  and a t t e n t i o n  than  t h e  

f low model. P o t e n t i a l  problems a r i s i n g  from t h e  numerical procedure a r e  



i n s t a b i l t y ,  "cond i t ion"  of t h e  m a t r i c e s ,  and numerical  d i f f u s i o n .  These 

problems a r e  addressed  i n  d e t a i l  l a t e r  i n  t h e  c h a p t e r .  

4.2 Numerical Procedure  f o r  t h e  Flow Model 

The numerical  procedure  developed t o  s o l v e  e q u a t i o n  ( 3 0 )  h a s  two major  

components -- s o l u t i o n  procedure  and c o n t o u r  p l o t  of t h e  f l o w  p a t t e r n .  A 

l i s t i n g  of t h e  program i s  g i v e n  i n  Appendix 1. The s o l u t i o n  procedure ,  

which r e p e a t e d l y  s o l v e s  t h e  governing e q u a t i o n  i n  t ime u n t i l  s t e a d y - s t a t e  

s o l u t i o n  i s  found, i s  a s  f o l l o w s :  

a. I n i t i a l  c o n d i t i o n s  of t h e  problem a r e  s p e c i f i e d  a t  t = O .  These 

c o n d i t i o n s  i n c l u d e  c h a r a c t e r i s t i c  Reynolds number, g r i d  spac ing  a long  t h e  

a x e s ,  t ime s t e p  f o r  computat ions ,  and t h e  c r i t e r i a  f o r  a c h i e v i n g  a  s teady-  

s t a t e  s o l u t i o n .  

b. Equa t ion  (30)  i s  so lved  f o r  t h e  v o r t i c i t y ,  w ,  using a  l i b r a r y  

r o u t i n e  a v a i l a b l e  on t h e  U n i v e r s i t y  of I l l i n o i s  Cyber 175 computer.  T h i s  

r o u t i n e  s o l v e s  t h e  s t a n d a r d  f  i n e - p i n t  f i n i t e  d i f f e r e n c e  approx imat ion  t o  

t h e  Helmholtz e q u a t i o n  

where ( ) d e n o t e s  t h e  dependent v a r i a b l e ,  b  i s  a  c o n s t a n t ,  and f ( x , y )  i s  

s p e c i f i e d .  The v a r i a b l e s  x  and y  a r e  bounded by r e c t a n g u l a r  o r  s q u a r e  

boundary s p e c i f i e d  by c o n s t a n t s  A,  B, C,  and D where 



c. Once the  v o r t i c i t y  i s  computed, a  modified ve r s ion  of t h e  l i b r a r y  

r o u t i n e  used i n  (b )  above i s  c a l l e d  t o  compute the  s t ream func t ion ,  11, , from 

t h e  equa t ion  

subj e c t  t o  the boundary condi t ions :  

11, = 0  and * = o  ax on s o l i d  boundary; and 

a 11, $ = O  and - = O  
ay 

on moving boundary. 

d. The c u r r e n t  s o l u t i o n  f o r  11, i s  t e s t e d  a g a i n s t  t he  s o l u t i o n  f o r  t h e  

previous time s t ep .  I f  t he  d i f f e r e n c e  i s  l a r g e r  than the  s p e c i f i e d  

c r i t e r i a ,  computation i s  repeated.  I f  t he  d i f f e r e n c e  i s  equal  t o  o r  l e s s  

than  the spec i f i ed  c r i t e r i a ,  t he  s t eady - s t a t e  s o l u t i o n  i s  reached and 

r e s u l t s  a r e  pr in ted  ou t .  

4.3 Numerical Procedure f o r  t he  Mass Transport  Model 

D e t a i l s  of t he  numerical procedure developed to  so lve  equa t ion  (83) 

a r e  provided i n  t h i s  s ec t i on .  The procedure r equ i r e s  s p e c i f i c a t i o n  of t he  

l o c a l  and g l o b a l  geometry of t he  flow f i e l d  a s  wel l  a s  t he  components of 

v e l o c i t y  along the  axes.  Th i s  in format ion  i s  provided through an  inpu t  

f i l e  prepared by the  user .  Addit ional  information concerning mass 

t r anspo r t  p r o p e r t i e s  of t he  flow and computation time s t e p  a r e  s p e c i f i e d  

i n t e r a c t i v e l y .  



The procedure makes use of two r o u t i n e s  a v a i l a b l e  through the  I l l i n o i s  

Math and Science Library  (IMSL) of t he  Univers i ty  of I l l i n o i s  Cyber 175. 

One rou t ine  i s  used t o  decompose t h e  g l o b a l  matr ix  i n t o  t r i a n g u l a r  

mat r ices ,  and another  i s  used t o  so lve  t h e  system of equat ions.  

Documentation f o r  bo th  r o u t i n e s  a r e  a v a i l a b l e  through the  Computer Se rv i ce s  

Of f i ce  a t  t he  Univers i ty  of I l l i n o i s  and w i l l  not  be included i n  t h i s  

rep0 rt . 
4.3.1 So lu t ion  Scheme Organizat ion 

The s o l u t i o n  scheme i s  u s e r  i n t e r a c t i v e  allowing s p e c i f i c a t i o n  of some 

of the v a r i a b l e s  during t h e  computing se s s ion .  The program a s k s  a  s e r i e s  

of ques t ions  t o  s e t  up  t he  problem under  s tudy and proceeds t o  so lve  t h e  

mass t r a n s p o r t  equat ion.  

I n i t i a l  cond i t i ons  of the  model a r e  c r ea t ed  through the  use of bo th  

d a t a  f i l e s  and u s e r  input .  The model i s  dimensional ly  homogeneous, and t h e  

u s e r  i s  respons ib le  f o r  en t e r ing  a l l  va lues  i n  t h e  proper u n i t s .  The u s e r  

has  the  op t ion  of varying the  geometr ic  s c a l e  of t h e  problem through t h e  

d a t a  en t ry .  Components of v e l o c i t y ,  node pos i t i ons ,  and node numbering a r e  

suppl ied  by t h e  u s e r  through input  f i l e s  read by the  main program. A 

c a r t e s i a n  coo rd ina t e  system i s  assumed wi th  x-axis along t h e  mainflow and 

y-axis normal t o  it .  

The computer "v i sua l i ze s "  t h e  shape of a l l  elements shown i n  Fig.  3  

by reading t h e  NODE d a t a  spec i fy ing  t h e  t h r e e  g loba l  nodes a s s o c i a t e d  w i th  

each element and the  GEO d a t a  e s t a b l i s h i n g  t h e  geographical  p o s i t i o n  of 

each g l o b a l  node wi th  respec t  t o  t h e  o r i g i n  of t h e  coord ina te  system. The 

computer r ece ives  v e l o c i t y  information through VEL d a t a ,  which a r e  

u s e ~ s u p p l i e d  v e l o c i t y  v e c t o r  components i n  or thogonal  d i r e c t i o n s  a t  each 

g l o b a l  node. Th i s  f i l e  i s  the  ou tput  of tlie flow model d i scussed  e a r l i e r .  



The u s e r  has  t h e  oppor tun i ty  to  spec i fy  t he  d i s p e r s i o n  c o e f f i c i e n t ,  

t h e  f i n i t e  d i f f e r e n c e  time s t e p ,  t h e  l o c a t i o n  and method of mass i n j e c t i o n  

( i n s t an t aneous  o r  continuous) and t h e  e l a p s e  time between concen t r a t i on  

l e v e l  readouts  during program execut ion.  

A l l  parameters and concen t r a t i on  l e v e l s  a r e  s tored  a f t e r  each e l a p s e  

t ime f o r  l a t e r  documentation of r e s u l t s .  The u s e r  has  t h e  o p t i o n ,  a f t e r  

each spec i f i ed  e l apse  t i m e ,  t o  cont inue  w i th  t h e  experiment,  t r y  ano the r  

run wi th  new i n t e r a c t i v e  input  parameters o r  t e rmina te  t h e  execut ion  of t h e  

program. The s to red  output  can  be  claimed upon te rmina t ion  of t h e  program 

execut ion.  

During t h e  program execut ion  t h e  u s e r  i s  suppl ied wi th  p e r t i n e n t  

in format ion  a t  t h e  end of each e l apse  t i m e ,  ( s e e  Fig.  4 ) .  A t  t h i s  point  i n  

t h e  execut ion  t h e  u s e r  may reques t  c e r t a i n  a d d i t i o n a l  ou tput .  The u s e r  may 

reques t  a  p lo t  of t h e  normalized concen t r a t i ons ,  C/Cw, a t  each node, ( s e e  

Fig.  4 ) .  The unscaled c h a r a c t e r  p lo t  i s  pr in ted  on t h e  u s e r ' s  t e rmina l .  

Addi t iona l ly ,  a  sca led  contour  p lo t  may be  requested,  ( s e e  Fig.  4 ) .  This  

p lo t  i s  a l s o  p r in t ed  on the  u s e r ' s  t e rmina l .  These two p l o t s  a r e  no t  

s t o r ed  and, i f  not  requested during program execut ion ,  cannot be  r e t r i e v e d  

l a t e r .  

4.3.2 The Computer Program 

The computation scheme has  been coded using Fo r t r an  Version I V .  The 

program i s  divided i n t o  a  series of independent ly  ope ra t i ng  sub rou t ines  

performing s p e c i f i c  t a s k s  regarding s o l u t i o n  of the  approximate equa t ion  

f o r  mass t r a n s p o r t .  Information requi red  by each subrout ine  i s  made 

a v a i l a b l e  through use of commn b lock  d a t a  s ta tements .  A b r i e f  d e s c r i p t i o n  

of each subrout ine  i s  g iven  below. The l i s t i n g  of t he  program appears  i n  

t h e  Appendix 11. 



F i g .  4 .  T y ~ i c . a l  P r i n t o u t  o f  S o l u t i o n  

E = .IOOE-01 OUTER VEL=1.000 MAX CONC. = ,144E102 

II~:LTA'T= .500E-01 .SLUGa= .10OEIOl TOTAL MASS- .P9111E+00 

ELAPSED TIME FROM LAST READING: .20 TIME UNITS 
CLOCK TIME .45 TIHE UNITS 

DO YOU WANT C/CHAX AT EACH NODE?' Y 

ALL CONCENTHATlONS FOR HUN 215 

1 11  21 31 41 51 6 1  71 81 91 

1 0 0 0 0 0 0 0 0 0 0  
3 0 0 0 0 0 0 0 0 0 0  
3 0 0 0 0 0 0 0 0 0 0  
4 0 0 0 0 0 0 0 0 0 0  
5 0 0 0 0 0 1 1 0 0 0  
6 0 0 0 0 1 4 6 3 0 0  
7 0 0 0 0 3 8 * 4 1 0  
8 0 0 0 0 2 5 6 2 0 0  
9 0 0 0 0 0 1 1 0 0 0  

1 0 0 0 0 0 0 0 0 0 0 0  
rn0 YOU WANT A CONTOUR PLOT OF CONCa ? Y 

MAX CONCENTHATION= .144E+02 
ORIGIN AT X- 0.0 Y- 0.0 SCALE= . l I I E I O 2  

11111111 
11111111111111 

11111111111 1111 
111111111 1111 

111111 22222 11111 
1111111 2232223 2222 1111 

111111 2 3333 3333 22 111111 
111111111 223333333  44444 33 2 11 

11111111 22 33 4444 44 3 3  22332 11  
11111 32 3 4444 555 5 5 4 4  3 22 11  
1111 33 33 44 555 6666 55 4 33 32 11  

1111 22 3 44 55 666 6 55 44 33 22 11 
1111  12 3 3 4 4 5  666 77777 6 5 4 3 3  22 11  
11 222 33 4 5 66 7777 77 66 5 44 33 2 11  
11 2222 33 4 5 6 777 8888 8 7 6 5 44 33 2 1 
11 22 33 4 5 6 7  888 9 9 8  7 6 5  4 4 3 3 2 2 1 1  

11 22 33 4 5 6 7 0 8 8  999 9 8  7 6 5  4 3 2 1 1 1 1  
11 29 3 4  5 6 7 8  999 8 8 9 8 7 6 6 5 4 4 3 3 1  1111 

11 22 3 3 4 5 6 7  88 9999 9 8 7 6 5 5 4 4 3 3 2  1111 
11 292 3 4 5 6  7 RE8 9 9 9 9 8 7 6 5 5 4 4 3 3 3 3  111 
111 2 1  3 4 5  6 7 88888 8 8 7 6 5 5  4 3 3 1 2  111 
111 22 3 44 5 6 777 88 7 6 55 4 33 22 11  
111 22 3 4 5 6 77777777 7 6-25 4 3 ?2 111 

11 2 3 1 3  4 5 66 7 66 .u 4 3 222 11 
111 22 3 4 5 666666666666 55 44 33 222 111 

11 1 22 3 4 555555 
=,== 

5 44 33 22 11  
111 2 1  33 4444 .,.,., 4 3 2222 11 

111 22 33 444444444444 3 22222 111 
11 22 333333 3 2222 11 

11 2222 222 11 11 
1111 2?2222222??22 11111 

1111 1111 
1111111 1111 

11111111111111111111 
11111111111111 

, 



Sub r o u t i n e  INIT ----- 
S u b r o u t i n e  INIT r e a d s  t h e  i n p u t  d a t a  f i l e  and s e t s  u p  t h e  i n i t i a l  

c o n d i t i o n s  f o r  computat ions .  The c u r r e n t  program v e r s i o n s  have t h e  

c a p a b i l i t y  of a c c e p t i n g  a  100 node network p a r t i t i o n e d  i n t o  162 t r i a n g u l a r  

e l ements ,  s e e  F ig .  3  f o r  d e t a i l s .  The two p r i n c i p l e  a x i s  g e o g r a p h i c a l  

c o o r d i n a t e s  a r e  s t o r e d  by g l o b a l  node number i n  t h e  a r r a y  PT(2,lOO). For  

example, node 37 ( F i g .  3 )  h a s  x -coord ina te  3  and y -coord ina te  7 ,  t h i s  

i n f o r m a t i o n  i s  s t o r e d  i n  t h e  a r r a y  a s  PT(1,37)=3 and PT(2,37)=7. The 

v e l o c i t y  d a t a  i s  s t o r e d  i n  t h e  a r r a y  VEL(2,lOO). For example, node 37 

(F ig .  3 )  h a s  a  v e l o c i t y  component i n  t h e  x - d i r e c t i o n  of  2.0 and v e l o c i t y  

component i n  t h e  y - d i r e c t i o n  of  4  .O. T h i s  i n f o r m a t i o n  i s  s t o r e d  as: 

VEL(1,37)=2.0 and VEL(2,37)=4.0. The g l o b a l  node numbers a s s o c i a t e d  w i t h  

each  element a r e  s t o r e d  i n  t h e  a r r a y  NODE(162,3). The l o c a l  node numbering 

sys tem i s  i m p l i c i t l y  recorded i n  t h i s  a r r a y .  For  example, f o r  e lement  85  

( F i g .  3 ) :  

g l o b a l  node no. 
4  4  
54 
5  5  

l o c a l  node no. 
1 
2  
3  

T h i s  i n f o r m a t i o n  i s  s t o r e d  as: NODE(85,1)=44; 
NODE(85,2)=54; 
NODE(85,3)=55. 

Sub r o u t i n e  INIT c o n t a i n s  t h e  u s e r  i n t e r a c t i v e  p o r t  i o n  of  t h e  program 

where t h e  v a l u e  of parameters  no t  t r a n s m i t t e d  through t h e  a t t a c h e d  d a t a  

f i l e  a r e  r e q u e s t e d  and must b e  provided by t h e  u s e r  d u r i n g  program 

e x e c u t i o n .  

The i n i t i a l  c o n c e n t r a t i o n  f o r  t h e  node where t h e  t r a c e r  i s  i n j e c t e d  

and t h e  i n i t i a l  a r e a  a f f e c t e d  a r e  c a l c u l a t e  by  s u b r o u t i n e  INIT. The a r e a  



and c o n c e n t r a t i o n  c a l c u l a t i o n s  a r e  premised on  t h e  assumpt ion t h a t  

t r i a n g u l a r  e l e m e n t s  a r e  e s t a b l i s h e d  such t h a t  two s i d e s  of  t h e  t r i a n g l e  a r e  

p a r a l l e l  t o  t h e  c o o r d i n a t e  axes .  The a r e a  of  a n  e lement  i s  c a l c u l a t e d  

us ing  t h e  fo l lowing  formula:  

AREA = (x2 - x l ) ( y 3  - y1) /2  - ( ~ 3  - ~ 1 ) ( ~ 2  - ~ 1 ) / 2  

S u b s c r i p t s  d e n o t e  l o c a l  node numbers. 

Sub r o u t i n e  MATRIX 

T h i s  s u b r o u t i n e  assembles  t h e  Global  m a t r i x  which i s  t h e  sum of  t h e  

e lement  m a t r i c e s  M ,  Kx,  Ky,  Hx, and Hy i n  e q u a t i o n  (82) .  I t  s e r v e s  a s  t h e  

c o e f f i c i e n t  m a t r i x  f o r  t h e  unknown o r  new c o n c e n t r a t i o n  m a t r i x  t o  b e  

computed a t  t h e  nex t  t ime s t e p .  The e lement  M m a t r i c e s  a r e  summed t o  form 

t h e  BigM m a t r i x  which i s  m u l t i p l i e d  by  t h e  c u r r e n t  c o n c e n t r a t i o n  v a l u e s  t o  

form p a r t  of t h e  s o l u t i o n  mat r ix .  

One v e r s i o n  of t h e  t h e  model h a s  t h e  s u b r o u t i n e  MATRIX coded t o  

a s s i g n  v a r i a b l e  magni tudes  t o  t h e  d i s p e r s i o n  c o e f f i c i e n t  i n  t h e  x  and y  

d i r e c t  ions .  The d i r e c t  i o n  c o s i n e s  a r e  computed i n  s u b r o u t i n e  MATRIX, and 

t h e  d i s p e r s i o n  c o e f f i c i e n t  Ex and Ey a r e  c a l c u l a t e d  f o r  each  e lement  w i t h i n  

t h e  same program l o o p  t h a t  computes t h e  e lement  m a t r i c e s .  

Sub r o u t i n e  M I X  - 
I n  s u b r o u t i n e  M I X  t h e  r i g h t  hand s i d e  of s o l u t i o n  m a t r i x ,  

e q u a t i o n  ( 8 3 )  i s  assembled. The program a r r a y  name i s  B(100). F o r  

i n s t a n t a n e o u s  mass i n j e c t i o n  a t  a  node, B i s  s imply t h e  BigM c o e f f i c i e n t  

m a t r i x  m u l t i p l i e d  by t h e  " c u r r e n t "  c o n c e n t r a t i o n  v a l u e s .  

The U n i v e r s i t y  of  I l l i n o i s  Math and S c i e n c e  L i b r a r y  (IMSL) s u b r o u t i n e  

LUDAFT and LUELMF a r e  c a l l e d  by s u b r o u t i n e  M I X  t o  s o l v e  t h e  s e t  of 

s imul taneous  e q u a t i o n s  f o r  t h e  t ime dependent  c o n c e n t r a t i o n s .  The 



subrout ine  LUDAFT has  a n  optimal accuracy t e s t  f o r  t he  decomposed mat r ix  

which can be  used t o  determine "condi t ion"  of t he  mat r ix  a s  d i scussed  l a t e r  

i n  t h i s  chapter .  A d i s cus s ion  of t h e  relevance of t he  accuracy test can be 

found i n  Shapine & Allen  [ 2 5 ] .  Subrout ine LUELMF performs t h e  e l imina t ion  

por t ion  of t he  so lu t ion .  New concen t r a t i on  va lues  a r e  determined by 

forward then back s u b s t i t u t i o n .  

Sub rou t ine  SUMASS 

Subrout ine SUMASS c a l c u l a t e s  t he  t o t a l  mass i n  t he  flow f i e l d .  The 

scheme averages the  t h r e e  nodal concen t r a t i ons  of an  element then  

m u l t i p l i e s  t he  average element concen t r a t i on  by the  element a rea .  The a r e a  

computations scheme assumes two s i d e s  of t he  element a r e  p a r a l l e l  t o  t he  

r e spec t ive  coord ina te  ax i s .  The f low a r e a  and t o t a l  mass a r e  p r in t ed  

during program execut ion  a s  a  check on conserva t ion  of mass. 

Sub rou t ine  OUTPUT 

Sub rou t ine  OUTPUT, along w i t h  sub r o u t i n e s  CMAX and PLOT (descr ibed  

below), provides the  ou t  put f o r  t he  program. Concentrat ion l e v e l s  and 

o t h e r  pe r t i nen t  d a t a  a r e  s tored  on "TAPE7" a t  t he  end of the  e l apse  time 

spec i f i ed  by the  user .  Concentrat ion l e v e l s  and o t h e r  d a t a  computed during 

in te rmedia te  t i m e  s t e p s  a r e  not s to red .  

Subrout ine OUTPUT i s  au toma t i ca l l y  invoked by the  main program. I t  

p r i n t s  the  run number, d i spe r s ion  c o e f f i c i e n t ,  main flow v e l o c i t y ,  time 

s t e p ,  amount of mass i n j e c t e d ,  t o t a l  mass c u r r e n t l y  i n  t he  f low f i e l d ,  

maximum concent ra t ion ,  e lapsed t i m e  and the  accumulated time from t h e  s t a r t  

of the run ( c lock  time). 



Sub r o u t i n e  CMAX 

S u b r o u t i n e  CMAX i s  c a l l e d  by s u b r o u t i n e  OUTPUT a t  t h e  u s e r ' s  

d i s c r e t i o n .  It produces unsca led  c h a r a c t e r  p l o t  of c o n c e n t r a t i o n s  

normal ized by t h e  maximum c o n c e n t r a t i o n  i n  t h e  f low f i e l d .  See  Fig .  4 

f o r  a n  example of C'MAX o u t p u t .  

Sub r o u t i n e  PLOT 

S u b r o u t i n e  PLOT p r i n t s  a  s c a l e d  c h a r a c t e r  c o n t o u r  p l o t  f o r  t h e  

c o n c e n t r a t i o n  i n  t h e  f l o w  f i e l d .  

The e q u a t i o n  o f  t h e  p lane  d e f i n e d  by e lement  node p o s i t i o n s  and 

c o n c e n t r a t i o n  v a l u e s  i s  computed. A l i n e a r  i n t e r p o l a t i o n  procedure  

computes c o n c e n t r a t i o n  v a l u e s  i n t e r i o r  t o  t h e  p lane  a t  p o i n t s  s c a l e d  t o  t h e  

p r i n t e r  t y p e  dimensions.  The program proceeds  element by e lement  and 

a s s i g n s  c o n c e n t r a t i o n  v a l u e s  t o  a n  a r r a y ,  PICTUR, dimensioned t o  t h e  s c a l e d  

v e r t i c a l  and h o r i z o n t a l  p r o p o r t i o n s  of  t h e  p r i n t e r .  A r a t i o  of 6 

h o r i z o n t a l  t o  10 v e r t i c a l  spacing i s  common f o r  l i n e  p r i n t e r s .  

A f t e r  a l l  e l e m e n t s  have been ana lyzed  and a  c o n c e n t r a t i o n  l e v e l  

a s s i g n e d  t o  t h e  a p p r o p r i a t e  p o s i t i o n s  i n  a r r a y  PICTUR t h e  c o n c e n t r a t i o n s  i n  

PICTUR a r e  normal ized.  Then a  s i n g l e  d i g i t  number i s  a s s i g n e d  t o  each  

p o s i t i o n  i n  PICTUR i n d i c a t i v e  of t h e  r e l a t i v e  v a l u e s  of t h e  c o n c e n t r a t i o n s  

r e l a t i v e  t o  t h e  maximum c o n c e n t r a t i o n  p r e s e n t  i n  t h e  f l o w  f i e l d .  The 

p r i n t o u t  a p p e a r s  a s  a  c o n t o u r  p l o t  of  normalized c o n c e n t r a t i o n  ( F i g .  4 ) .  

4.3.3 S t a b i l i t y  G u i d e l i n e s  

P i n d e r  and Gray and Smith e t  a l .  s t a t e  t h a t  t h e  forward d i f f e r e n c e  

t ime  s t e p ,  a l s o  known a s  i m p l i c i t  t ime d i f f e r e n c e  method, y i e l d s  a  

r e c u r r e n c e  r e l a t i o n  which is u s u a l l y  " u n c o n d i t i o n a l l y  s t a b l e .  " A g e n e r a l l y  

a c c e p t e d  c r i t e r i a  f o r  s t a b i l i t y  i s  t h e  bounded o s c i l l a t i o n  of  r e s u l t s  i n  

:, b.. I 



the  e a r l y  i t e r a t i o n s  w i th  eventua l  convergence t o  t he  "so lu t ion ."  A more 

r e s t r i c t i v e  d e f i n i t i o n  would r e q u i r e  t h a t  seed e r r o r s  i n  t h e  problem 

d iminish  monotonical ly  (e.g. t r u n c a t i o n  e r r o r s  cancel  ou t ) .  A s t a b i l i t y  

c r i t e r i a  expressing t h e  m r e  r e s t r i c t i v e  d e f i n i t i o n  i s  der ived here  and a  

procedure t o  apply i t  to  the  t r a n s p o r t  model i s  developed. 

4.3.3.1 Der iva t ion  of S t a b i l i t y  C r i t e r i a  

Consider t he  f i n a l  f i n i t e  element g l o b a l  mat r ix  equa t ion  (83) f o r  

s imula t ion  of mass t r anspo r t :  

n+l  n+l  
[GI aj = [B] + [BigM] 1 a 

j =1 j =1 
j 

w i t h  a n  a l l  ze ro  B matrix.  The a n a l y s i s  can be r e a d i l y  gene ra l i zed  f o r  

t he  case of a  non-zero B matr ix .  

Define t he  e r r o r  v e c t o r  [ e l n  such t h a t  

n  n  n  
[ e l  = [El - [cI 

whe r e  

n  
[ t ]  i s  the  vec to r  of computed concen t r a t i on  va lues ;  

n  
[ c ]  i s  the  v e c t o r  of the  t r u e  concen t r a t i on  va lues ;  and 

n i s  the  time s tep.  

n  n  
Also, d e f i n e  [ e l  such t h a t  [El = max I [ e l  I . (90) 

S u b s t i t u t i n g  equa t ions  (89)  and (90)  i n  t he  f i n i t e  element mat r ix  

equa t ion  (88)  g i v e s :  



Rearranging e q u a t i o n  ( 9 1 ) :  

n+ 1 n  
By d e f i n i t i o n  [ c ]  and [ c ]  a r e  e x a c t .  Thus, t h e  last  two t e rms  on  t h e  

r i g h t  hand s i d e  of e q u a t i o n  ( 9 2 )  c a n c e l  and t h e  e r r o r  i n  t h e  n+l t ime s t e p  

becomes a  f u n c t i o n  of t h e  e r r o r  i n  t h e  n t h  t ime s t e p  as: 

The p ropaga t ion  of  e r r o r  depends on  t h e  form of t h i s  r e l a t i o n s h i p .  Note 

t h a t  a l l  t h e  e n t r i e s  i n  t h e  e r r o r  v e c t o r  [ e l  a r e  e q u a l  and t h e  e r r o r  c a n  b e  

t r e a t e d  a s  a  s c a l a r .  I n  o r d e r  t o  e l i m i n a t e  e r r o r  m a g n i f i c a t i q n ,  t h e  e r r o r  

i n  t h e  n+l t ime s t e p  must be  less t h a n  o r  e q u a l  t o  t h e  e r r o r  i n  t h e  n t h  

t ime s t e p .  W r i t t e n  mathemat ica l ly ,  

k k  k k  

Let  [GI = 1 1 gij  and [BiQfI = 1 1 mij . 
i=1 j=1 i=1 j=1 

Then f o r  t h e  i t h  row of  e q u a t i o n  ( 9 3 ) ,  we c a n  w r i t e :  

By o b s e r v a t i o n ,  t h e  requirement  of e q u a t i o n  (94)  c a n  b e  met i f  



Rewriting equa t ion  (96)  

Thus, s t a b i l i t y  i s  assured i f  t he  maximum sum of t he  i t h  row of t h e  BigM 

mat r ix  i s  l e s s  than t h e  minimum sum of t h e  i t h  row of the  Global mat r ix ,  G ,  

f o r  each time s tep .  

4 . 3 . 3 . 2  Appl ica t ion  of t he  S t a b i l i t y  C r i t e r i a  

Lack of symmetry o r  r e g u l a r i t y  of t he  f i n i t e  element g loba l  ma t r i ce s  

encumbers the  exac t  p r ed i c t i on  of t h e  mat r ices '  row component sums. The 

procedure developed here  s e rves  t o  approximate t h e  mat r ix  row sums. The 

approximations s u b s t i t u t e d  i n  t h e  s t a b i l i t y  c r i t e r i a  form a g u i d e l i n e  f o r  

designing parameter bounds. For t h e  purpose of t h i s  d i s cus s ion  t h e  term 

"component" w i l l  s i g n i f y  t he  f i n a l  va lue  i n  a pos i t i on  of a mat r ix  and 

"entry"  w i l l  r e f e r  t o  one of possibly s eve ra l  va lues  summed to  form t h e  

components of a matr ix .  

There a r e  two p r inc ipa l  s t e p s  i n  t h e  procedure. F i r s t ,  t h e  g e n e r a l  

assembly of t he  g l o b a l  ma t r i ce s  i s  v i sua l i zed .  Then t h e  row sum of g l o b a l  

mat r ix  components i s  approximated by examining t h e  element mat r ix  

components. Every component of a g l o b a l  mat r ix  w i l l  be some combination of 

t he  corresponding element matr ix  components. A l i n e a r ,  t r i a n g u l a r  f i n i t e  

element network has  the  c h a r a c t e r i s t i c  t h a t  f o r  every element t o  which a 

node i s  commn, each component of t h e  element mat r ix  row corresponding to  

t he  l o c a l  element node number w i l l  be en te red  i n t o  t he  row of the  g l o b a l  



m a t r i x  corresponding t o  the  node ' s  g l o b a l  number. Thus, a  row sum o f  a  

g l o b a l  m a t r i x  i s  t h e  a g g r e g a t e  of row sums of element m a t r i c e s .  F i g u r e  5 

i l l u s t r a t e s  the  assembly of a g l o b a l  m a t r i x  f o r  a r e g u l a r  g r i d  spac ing  

f i n i t e  e lement  network. 

The element m a t r i x  rows ( 1 ,  2 ,  o r  3 )  e n t e r e d  i n  t h e  g l o b a l  m a t r i x  row 

i s  determined by each l o c a l  node numbering scheme. Note i n  Fig .  5 ,  

t h a t  row 1 of t h e  element m a t r i x  i s  e n t e r e d  twice ,  row 3 once,  and row 2 

n o t  a t  a l l .  Given a p a r t i c u l a r  f i n i t e  element network a l l  t h e  row sums of 

a n  element m a t r i x  may b e  approximated by a  common e x p r e s s i o n .  The row sum 

of  a g l o b a l  m a t r i x  c a n  t h e n  b e  r e p r e s e n t e d  by a  m u l t i p l e  of t h e  a g g r e g a t e  

row sum approximat ions  of t h e  element m a t r i c e s  from which i t  is assembled.  

The Global  m a t r i x ,  G ,  n e g l e c t i n g  t h e  c r o s s  product terms (Exy) i s  

assembled from t h e  element m a t r i c e s  M ,  Kx, Ky,  Hx, and Hy e q u a t i o n s  (58) ,  

(70) ,  (71) ,  (77) ,  and ( 7 8 ) ,  r e s p e c t i v e l y .  F i g u r e  6 i s  a  c o m p i l a t i o n  of  

t h e  m a t r i c e s .  

L e t  t h e  sum of  the  i t h  row b e  def ined  a s :  

[Hx] = 1 h i  , i = 1, 3 ; and 
j=l 



LEGEND 

xx g loba l  node # 
(xx) l o c a l  node 
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I- 
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Local Global Element Global Mat r ix  
Element Node /I Node # Matrix P o s i t i o n s  P o s i t i o n s  

(11,2)  
(2 ,1)  Entered i n  
( 2 , l l )  Row 2 of 
(2 ,2)  g loba l  

mat r ix  

(2 ,2)  Entered i n  
( 2 , l l )  Row 2 of 
(2,12) g l o b a l  

mat r ix  

(2 ,2)  Entered i n  - 
(2 ,12)  Row 2 of 
(2 ,3)  g l o b a l  

mat r ix  

No element 
mat r ix  
e n t r i e s  i n  
t h e  g l o b a l  
mat r ix ,  
nodes have 
no common 
elements  

Note: 
Node 2 i s  commn to  3 elements ,  t h u s  t he  components of '  3 element 
mat r ix  rows a r e  en te red  i n  the  g l o b a l  Row 2. 

Fig. 5. Global Matr ix  Assembly 





The sum of the  i t h  row of t h e  [ s ]  and [Ky] mat r ices  can be w r i t t e n :  

and 

3 1 
= -  (V+vl)[(x -x ) + ( x - x )  + (x -x ) I  = 0 

k x i j  24 
j-1 

3 2 1 3  2 1 

where U = u + u + u and V = vl + v + v3 . 1 2  3 2 The y and x coordinate  

terms cancel .  Thus, t h e  cont r ibut ion  of t he  K mat r ices  t o  the  row sum of 

the  Global mat r ix  is  n i l .  

The sum of the  i t h  row of the  Hx matr ix can be w r i t t e n  a s :  

S imi lar ly  f o r  t he  Hy matrix: 

3 

3 - n:=l  
1 hyij 

- 
4A [ (xt-xs) (xt-xr) + (xr-xt) (xr-xS) f (xS-xr) (xS-xt) ] (102) 

j =1 

I n  equat ions (101) and (102) r ,  s, and t cycle  from 1-3. 
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Fig.  7  The M Mat r ix  f o r  Each Element 

1 
From Fig. 7 ,  t h e  i t h  row sum of t h e  at M mat r ix  i s  exac t ly :  

The possible  minimum of any row sum of t he  Global mat r ix  can  be  

approximated by a  m u l t i p l e  of t h e  sum of equa t ions  (99) ,  ( l o o ) ,  and 

(105-107). S i m i l a r l y ,  t he  sum of any row of the  BigM matr ix  i s  a  m u l t i p l e  

of equa t ion  (107). For a  g iven  row, t h e  mu l t i p l e  f a c t o r  i s  t h e  same f o r  

b o t h  mat r ices .  

I n spec t ion  of element o r i e n t a t i o n s  r e v e a l s  t h a t  i f  t h e  row sum of t he  

element Hx mat r ix  equa t ion  (105) i s  ze ro ,  t h e  corresponding row sum of t h e  

Hy mat r ix  equa t ion  (106) w i l l  be  nonzero. Furthermore, Ex and Ey i n  

equa t ions  (105) and (106) could b e  of equal  magnitude and o p p o s i t e  s ign ,  

summing t o  0. The minimum row sum of t h e  Global mat r ix  w i l l  be  equal  t o  

equa t ion  (107) p lu s  - +Ex, - +Ey, o r  0. 

I f  d i s p e r s i o n  i s  uniform throughout t h e  region,  - +Ex = +Ey = +E. 

S u b s t i t u t i n g  i n  t h e  s t a b i l i t y  c r i t e r i o n  (94) w e  have 



The v a l u e  of t h e  d i s p e r s i o n  c o e f f i c i e n t ,  E ,  i s  a lways  p o s i t i v e .  

S t a b i l i t y  w i l l  b e  a s s u r e d  t h e r e f o r e  i f  t h e  row sums of t h e  Hx and Hy 

m a t r i c e s  reduce t o  +E. However i f  +E << - ("12 o r  0 ,  s t a b i l i t y  i s  marg ina l  
6At 

and s u b j e c t  t o  computa t iona l  e r r o r s  such a s  i n t e r n a l  r e p r e s e n t a t i o n ,  

rounding and t r u n c a t i o n .  Computation w i l l  b e  u n s t a b l e  i f  t h e  row sums of 

t h e  Hx and Hy m a t r i c e s  reduce t o  -E s i n c e  c o n d i t i o n  i n  e q u a t i o n  (108)  w i l l  

become i n v a l i d .  

The node numbering scheme d e t e r m i n e s  t h e  s i g n  of e q u a t i o n s  (105)  and 

(106)  and t h e r e b y  may c a u s e  computa t ions  a s s o c i a t e d  w i t h  a n  e lement  o r  a  

r e g i o n  of t h e  f low f i e l d  t o  be  u n s t a b l e .  

The s t a b i l i t y  g u i d e l i n e  d e r i v e d  h e r e  i s  a p p l i c a b l e  t o  a  s q u a r e  f l o w  

f i e l d  approximated by t r i a n g u l a r  e lements .  The methodology may b e  a p p l i e d  

t o  f low f i e l d  of o t h e r  geometry w i t h  some c a r e .  The a n a l y s i s  may b e  

a p p l i e d  piecewise  t o  r e g i o n s  of a  network i f  t h e  g r i d  spac ing  i s  n o t  

uniform throughout .  I n  s i t u a t i o n s  whers d i s p e r s i o n  c o e f f i c i e n t  i s  no t  

uniform throughout  t h e  f l o w  f i e l d ,  a n  approximate  minimum v a l u e  of E might 

b e  used i n  e q u a t i o n  (108) .  However, a s  more v a r i a b l e s  a r e  i n t r o d u c e d ,  more 

g e n e r a l i z e d  approx imat ions  w i l l  be  n e c e s s a r y  which w i l l  s u b s e q u e n t l y  weaken 

t h e  power of t h e  c r i t e r i a  p resen ted  he re .  

4 . 3 . 4  C o n d i t i o n  of t h e  C o e f f i c i e n t  M a t r i x  

"Condi t ion"  of a  m a t r i x  h a s  a d i r e c t  b e a r i n g  on t h e  e r r o r s  t h a t  may b e  

g e n e r a t e d  when t h e  m a t r i x  i s  decomposed. F u r t h e r ,  j u d i c i o u s  c h o i c e  of t h e  

a l g o r i t h m  t o  s o l v e  t h e  system of e q u a t i o n s  c a n  minimize rounding and 

t r u n c a t i o n  e r r o r s ,  s t o r a g e  space ,  and computa t ion  time. A p r e l i m i n a r y  

review of  t h e  method of  e l i m i n a t i o n  f o r  t h e  s o l u t i o n  of s i m u l t a n e o u s  

non-s ingu la r  problems i s  g i v e n  i n  Shapine  and A l l e n  [25] .  A comple te  

d i s c u s s i o n  of t h e  methodology c a n  be  found i n  F o r s y t h  & Moler [ l o ] .  



The Crout a lgor i thm i s  employed t o  solve t he  system of equa t ions .  

T h i s  a lgor i thm uses  p a r t i a l  p ivo t ing ,  which chooses t he  l a r g e s t  element i n  

t he  column a s  a  pivot i n  t he  mat r ix  decomposition i n  o r d e r  t o  reduce round 

o f f  e r r o r .  However, t h e  ' s i z e '  of t he  elements  i n  the  v a r i o u s  equa t ions  

must be comparable f o r  t he  p a r t i a l  pivot ing s t r a t e g y  to  be u se fu l .  

For t he  problem of c i r c u l a t i n g  f low t h e  v e l o c i t i e s  may be  p o s i t i v e  o r  

negat ive.  Also, dependent upon the  l o c a l  numbering scheme and element 

o r i e n t a t i o n  t he  d i s p e r s i o n  terms may be pos i t i ve  o r  negat ive.  The M 

mat r ix  terms a r e  a  product of the  element a r e a  and t i m e  s t e p  and, 

t he re fo re ,  a r e  always pos i t ive .  The r e l a t i v e  magnitudes of t h e  H ,  K ,  and 

M mat r ix  terms w i l l  play a  r o l l  i n  t h e  condi t ion ing  of t h e  Global matr ix .  

I f  the  M mat r ix  terms A / A t  a r e  much l a r g e r  than  the  v e l o c i t y  and 

d i s p e r s i o n  terms, t h e  components of t h e  Global matr ix  w i l l  be  of t h e  same 

o r d e r  and t h e  mat r ix  i s  considered w e l l  condi t ioned.  However, i f  t he  M 

mat r ix  terms a r e  much l a r g e r  than  t h e  o t h e r  terms, t h e r e  w i l l  be l i t t l e  

change i n  t h e  concent ra t ions  a f t e r  each time s tep.  Numerous time s t e p s  may 

b e  required t o  produce meaningful r e s u l t s .  The c a l c u l a t i o n s  may o r  may 

not remain s t a b l e  f o r  s u f f i c i e n t l y  long time t o  produce r e s u l t s .  The 

r e l a t i v e  magnitude of the  terms can be  manipulated by varying t h e  g r i d  

spacing and by choice of the  f i n i t e  d i f f e r e n c e  time s tep .  

4.3.5 Numerical Di f fus ion  

Numerical d i f f u s i o n  occurs  when t h e  numerical scheme t r a n s p o r t s  a  

I 
d i s c r i t i z e d  mass ( represen ted  by a  concen t r a t i on )  to  a  p o s i t i o n  between t h e  

d i s c r i t i z e d  po in t s  of a  f low f i e l d .  The mass must then be p ropor t i ona t e ly  

ass igned  to t he  g r i d  po in t s ,  e f f e c t i v e l y  d i f f u s i n g  i t .  Typical  t e s t  f o r  

numerical'  d i f f u s i o n  i s  to solve the  mass t r anspo r t  equa t ion  without  t h e  

d i s p e r s i o n  terms ( i . e . ,  s e t  d i s p e r s i o n  c o e f f i c i e n t  equal  t o  ze ro )  and 



examine t h e  s o l u t i o n  t o  t h e  pure  advec t  i o n  problem f o r  ar t  i f  i c i a l  

sp read ing  of  mass. T h i s  i s  no t  a lways  e a s y  t o  do s i n c e  f i n i t e  e lement  

method i s  s u b j e c t  t o  i n s t a b i l i t y  problems f o r  pure ly  a d v e c t i n g  f l o w s ,  a s  

d i s c u s s e d  i n  s e c t i o n  4 . 3 . 3  e a r l i e r .  

P i n d e r  and Gray [ 1 9 ] ,  Grove [ l l ] ,  and Smith [27]  have shown t h a t  t h e  

G a l e r k i n  form of  t h e  f i n i t e  e lement  method i s  l e s s  s u b j e c t  t o  numerical  

d i f f u s i o n  t h a n  many s t andard  f i n i t e  d i f f e r e n c e  schemes f o r  t h e  numerical  

s o l u t i o n  of  t h e  one-dimensional  mass t r a n s p o r t  e q u a t i o n .  The G a l e r k i n  

f i n i t e  e lement  method h a s  a l s o  compared f a v o r a b l y  w i t h  op t imized  f i n i t e  

d i f f e r e n c e  schemes f o r  t h e  numerical  s o l u t i o n  of t h e  two-dimensional 

t r a n s p o r t  problems . 
I f  g r i d  s p a c i n g ,  AL, and t i m e  s t e p ,  A t ,  a r e  r e l a t e d  t o  t h e  

c h a r a c t e r i s t i c  v e l o c i t y ,  Ua ,  o f  t h e  f l o w  f i e l d ,  t h e  a r t i f i c i a l  sp read ing  of  

t h e  mass c a n  b e  reduced b u t  not  e l i m i n a t e d .  T h i s  i s  ach ieved  when t h e  

d i m e n s i o n l e s s  g r o u p  U, (A~/AL)  i s  k e p t  c l o s e  t o  u n i t y .  For  (Ua At) << AL, 

t h e  f low f i e l d  i s  d i s p e r s i o n  dominated,  and numerous i t e r a t i o n s  must b e  

conducted b e f o r e  s i g n i f i c a n t  a d v e c t i o n  c a n  b e  observed.  F o r  (Ua At) >> AL, 

t h e  f low i s  a d v e c t i o n  dominated and t h e  c e n t e r  of  mass (peak c o n c e n t r a t i o n )  

l e a p s  around t h e  f l o w  f i e l d  and i t  i s  not  p o s s i b l e  to  obse rve  t h e  g r a d u a l  

t r a n s p o r t  of mass. These o b s e r v a t i o n s  have been  suppor ted  by numer ica l  

exper iments  conducted o n  t h e  scheme used i n  t h i s  s tudy.  A s e r i e s  of t e s t s  

comparing t h e  d i s p e r s i o n  p r o p e r t i e s  of f l o w  f o r  v a r i o u s  v a l u e s  of u , ( A ~ / A L )  

w i l l  b e  i n c o r p o r a t e d  i n  f u t u r e  i n v e s t i g a t i o n s .  
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5 .  PRESENTATION AND DISCUSSION OF RESULTS 

5.1 General  

P r e l i m i n a r y  r e s u l t s  from t h e  f low and t h e  mass t r a n s p o r t  model a r e  

p resen ted  i n  t h i s  c h a p t e r .  The f low model h a s  been  t e s t e d  f o r  a range of 

c h a r a c t e r i s t i c  Reynolds numbers t o  e s t a b l i s h  t h e  lower  l i m i t  a t  which t h e  

v i s c o u s  f low assumption i n  t h e  model f o r m u l a t i o n  i s  no l o n g e r  v a l i d .  The 

v e l o c i t y  p a t t e r n  f o r  a c h a r a c t e r i s t i c  Reynolds number of 10,000 h a s  been 

used a s  i n p u t  t o  t h e  mass t r a n s p o r t  model. A t  t h i s  Reynolds number t h e  

s o l u t i o n  was s t a b l e  and comparable t o  t h e  c i r c u l a t i o n  p a t t e r n  o b t a i n e d  by 

o t h e r  r e s e a r c h e r s .  

Two v e r s i o n s  of t h e  mass t r a n s p o r t  model have been t e s t e d  and r e s u l t s  

a r e  g iven .  V e r s i o n  I s i m u l a t e s  mixing and t r a n s p o r t  of a f i n i t e  amount of 

mass i n j e c t e d  i n s t a n t a n e o u s l y  a t  a r a t e  us ing  a  c o n s t a n t  d i s p e r s i o n  

c o e f f i c i e n t  throughout  t h e  f low f i e l d .  Vers ion  I1 s i m u l a t e s  t h e  same 

c o n d i t i o n  s u b j e c t  t o  a v e c t o r i z e d  d i s p e r s i o n  c o e f f i c i e n t  w i t h  components 

a long  and normal t o  t h e  s t r e a m l i n e s ,  r e s p e c t i v e l y .  The components of t h e  

d i s p e r s i o n  c o e f f i c i e n t  a t  each node a r e  t h e  product of t h e  d i r e c t i o n  

c o s i n e s  of t h e  v e l o c i t y  v e c t o r  a t  t h a t  node and a  c o n s t a n t  c o e f f i c i e n t ,  E,  

a s s i g n e d  i n t e r a c t i v e l y  by t h e  u s e r .  

Inpu t  f i l e  p r e p a r a t i o n  and c o n d i t i o n s  f o r  numerical  s t a b i l i t y  have been 

d i s c u s s e d  i n  t h e  p rev ious  s e c t i o n  and w i l l  no t  b e  repea ted  here .  However, 

t h e  v e l o c i t y  d a t a  f i l e  from t h e  f low model was s c a l e d  u p  by a  f a c t o r  of 10 

i n  o r d e r  t o  make i t  compat ible  w i t h  t h e  g r i d  spac ing  ( A ~ = l . 0 )  and t ime s t e p  

i n  t h e  mass t r a n s p o r t  model. The g e n e r a l  shape of t h e  c i r c u l a t i o n  remained 

t h e  same. A l l  s c a l e s  have been s e l e c t e d  t o  minimize p o t e n t i a l  numerical  

problems d i s c u s s e d  i n  t h e  p r e v i o u s  c h a p t e r .  The u n i t s  used i n  p r e s e n t a t i o n  

of r e s u l t s  a r e  a r b i t r a r y ,  b u t  c o n s i s t e n t .  



5.2 R e s u l t s  from t h e  Flow Model 

A s t a n d a r d  d a t a  s e t  c o n t a i n i n g  t h e  f i n i t e  d i f f e r e n c e  g r i d  s p a c i n g ,  

t ime  s t e p ,  and t h e  accuracy  c r i t e r i a  was e s t a b l i s h e d  and used f o r  each  

s i m u l a t i o n  run. C a l c u l a t i o n s  have been  performed f o r  c h a r a c t e r i s t i c  

Reynolds numbers of 500; 1,000; 2,000; 5,000; 10,000; 15,000; 20,000; and 

30,000. The r e s u l t s  f o r  each run  have been  p resen ted  i n  t a b u l a r  form i n  

t h e  fo l lowing  pages ( T a b l e s  1-8). The t a b l e s  l i s t  computed v a l u e s  of  t h e  

s t r e a m  f u n c t i o n ,  v o r t i c i t y ,  and x  and y  components of t h e  v e l o c i t y  a t  each 

node. The format  f o r  each t a b l e  f o l l o w s  t h e  node numbering scheme shown i n  

F ig .  2  e a r l i e r .  S i m u l a t i o n  pa ramete r s  f o r  each n l n  a p p e a r  a t  t h e  t o p  of  

each t a b l e  f o r  i d e n t i f i c a t i o n  purposes .  

P l o t  of t h e  f l o w  p a t t e r n  f o r  each rurl f o l l o w s  t h e  t a b u l a t e d  r e s u l t s  

f o r  t h a t  run  ( F i g s .  8-15). The p l o t s  a r e  g e n e r a t e d  by l i n e  p r i n t e r  us ing  

t h e  program CONTOUR l i s t e d  i n  Appendix I. T h i s  program i n t e r p o l a t e s  t h e  

v a l u e s  of t h e  s t r eam f u n c t i o n  among a d j a c e n t  nodes and d e v e l o p e s  a  

c h a r a c t e r  c o n t o u r  p l o t  of t h e  d a t a .  
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- 
- Main Flow 

- - 
00000 222222222 4 4 4 4 4 4 4 4 4 4 4 4 4 4  4 4  22 0 
000 222222 4 4 4 4 4 4 4  6666666666 888808888880888808888888 6 4  22 0 
000 2222 4 4 4 4  66666 8888888 ARAAhhhAAh AhhAh R 6 4  2 0 
00 222 4 4 4  6666 U0888 hhhnhn CCCCCCC EEE:E A 8 6 4  0 
00 222 4 4 4  666 0888 AAAA CCCCC EEEEEE GGGGGGGGGGGGGGGOGG EC R 6  20 
00 222 4 4 4  666 8888 hhA CCCC EEEEE GGGGGG GGOGGGE 86 20 
00 222 4 4 4  666 808 hAh CCCX EEEE GGOGG i i i i i i i i i i i i i  GG A86 20 
00 222 4 4  666 888 hhA CCC EEE GGG i i i i i i i i i l i i i i i i i i i i i  Cfi8 20 
00 222 4 4  66 888 AhA CCCC EEE GGG i i i i i i i i i i i i i i i i i i i i i i i i i i i i  ECA 20 
00 222 44  66 CCC EEE GGO . . a .  " " " " ' A " . . . . . . . . . . . . . . . . .  l l v l l v l l l v v l l v l v v v v v v l v l v l v v l v v v v r ~ ~ ~  420 
00 222 4 4  66 888 Ah CCC EE GGG i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i G E  420 
00 222 4 4  66 888 AA CCC EEE GG i i i i i i i i ; i i i i i i i i i i i i i i i i i i i i i i i i i i  GECA 20 
00 222 4 4  66 8 8  Ah CC EEE GGG i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i  ECh8 20 
00 222 4 4 4  66 88 hA CC EE GO i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i  G A8 20 
00 222 444  66 CC EEE GGO ........................... 

1 1 1 1 1 v 1 9 1 v v v v 1 1 v v 1 1 v v v v v t t v t t v t v t t  GGE A86 20 
00 2222 444  66 CC EEE GG ...A """..""..........A,...... 

1 1 1 1 1 1 * 1 1 9 v 1 ~ 1 v v v 1 v v v v v v v v 1 t v v v v 1 1  G EC 86 20 
00 2222 4 4 4  66 88 Ahh CC EE GG i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i  G Ch 64 0 
00 2272 44  66 CC EE GG . ."". . . . " 2 .  """". .". . . a .  v v v v v v v v v v v v v v 3 v v v v v v v v v v v v v v v v v  G E A8 64 0 
00 222 4 4  666 88 CCC EE GG """""""""..........A. v v v v v v ~ v ~ v v v v v v v v v v ~ v v v v v v v v v v  GG E C 8 4  0 
00 222 4 4  66 00 Ah CC EE GGG i i i i i i i i i i i i i i i i i i i i i i i i i i i i  GG EE C h 6 42 0 
00 222 4 4  66 888 A A  ccc EEE GGG ~ - - a ~ a ~ h A - ~ ~ - u -  v v r v v v v v v ~ r r r v v v r v v v v v ~ v v ~  GI3 EE CCh H 6 2 0 

00 222 4 4 4  66 88 hA CC EE GGG i i i i i i i i i i i i i i i i i i i i i i i i  GG E C h U6 4  2 0 
00 2222 4 4 4  666 88 AA CCC EEE GGGG i i i i i i i i i i i i i i i i i i i i  G E C h 8 6 4  2 0 
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000 2222 4 4 4  666 888 AAhh CCCCC EEEEEEE:EEEE CCCC AA 08  66 4 4  22 0 
000 2222 4 4 4  666 888 hAAh CCCCC CCCC AA 88 66 4 4  22 0 
000 2222 4 4 4  6666 0888 AAAAA CCCCCCCCCCCCCC AAAA 888 66 4 4  22 00 
000 22222 4 4 4  666 8000 A A ~ A A A  A A ~ A  80  66 4 4  222 00 
0000 2222 4 4 4 4  6666 R8008 A A ~ A A A A A A A A ~ A A ~  OU88 666 4 4 4  22 00 
0000 2222 4 4 4 4  66666 8888888 OH88 666 4 4  2222 OC 
0000 22222 4 4 4 4 4  666666 88888888888888888880 6666 4 4 4  2222 00 
00000 222722 4 4 4 4 4  6666666 088088 66666 4 4 4 4  2222 000 
00000 227222 4 4 4 4 4  666666666 666666 4 4 4  2222 000 
000000 222222 4 4 4 4 4 4 4  666666666666666666666 4 4 4 4 4  22222 000 
0000000 2222122 4 4 4 4 4 4 4 4  4 4 4 4 4 4  2222 0000 
000000000 22222222 4 4 4 4 4 4 4 4 4 4 4 4  4 4 4 4 4 4 4  22222 00000 
00000000000 222222222 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  222222 0000000 
000000000000 2222222222 444  222222 00000000 
0000000000000 222222222222 2222:12222 000000000 
000000000000000 222222222222222222 2:?2222222322 00000000000 
00000000000000000 2222222222222222222:?;?;?22222;?2>?;!222 . 000000000000 
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Plan View 

Reynolds No. = 1,000 

F i g .  9 .  Contour Plot of Streamlines 
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- - Main Flow 
* 

Plan View 

Reynolds No. = 2,000 

*O~~OOOOOOO~OOOOOOOOO~OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO~O 
000000000000 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  000 
000000 22222222222222 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  4 4  22 00 
0000 22222222 4 4 4 4 4 4 4 4 4 4  6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6  6 4 2 0 
000 222222 4 4 4 4 4 4 4  6 6 6 6 6 6 6 6  8 8 0 0 8 8 8 8 8 8 8 8  8 6  4 2 0  
000 22222 4 4 4 4 4  6 6 6 6 6 6  8 8 8 8 8 8 8  AhAAhhAhh A 8 6  2 0  
00 2222 4 4 4 4  6 6 6 6 6  8 8 8 8 8  hhhhhhh  CCCCCCC EEEC A8 4 0 
00 2222 4 4 4  6 6 6 6 6  8 8 8 8 8  hhhhhh  CCCCCC EEEEEEEEEEEEEEEE h8 6 4  0 
00 2222 4 4 4  6 6 6 6  8 8 8 8  Ahhh CCCCCC E E E E E E E E E E  Ch 6 4  0 
00 2222 4 4 4  6 6 6 6  8 8 8 8  hhhh  CCCCC EEEEEE Ch 6 4  0 
00 2222 4 4 4 4  6 6 6  8 8 8 8  hhhh  CCCCC EEEEEE GOGGGGGGGGGGGGGGGGGG EC 8 6  20 
00 2222 4 4 4  6 6 6  8 0 8  h h h  CCCC EEEEE GGGGGGG GGGOGGGE hO6 20 
00 2222 4 4 4  6 6 6  8 8  h h h  CCCC EEEEE OGOGG i i i  G AEI 20 
00 2222 4 4 4  6 6 6  8 0 8  hhA CCC EEEE GGGGG i i i i i i i i i i i i  GGGE A86 20 
00 2222 444  6 6  8 8 8  Ah CCC EEE GGGGG . ...........A 

P GGGGEC 8 6  20 
00 2222 4 4 4  6 6  0 8 8  h h h  CCC EEE GGGG .,............A. 

P P P  GGG EC 8 6  20 
00 2222 4 4 4  6 6 6  8 8  h h h  CCC EEEE GGG .................. r r ~ r r ~ r r r r r r r r r r r r  GGG Ch 6 4  0 
00 2222 4 4 4  6 6 6  8 0 0  hA CCC EEE GGG i i i i i i i i i i i i i i i i i i f  GGG E C A  6 4  0 
00 2222 4 4  6 6 6  8 8 8  hAh CC E E E  GGG i i i i i i i i i i i i i i i i i i i i i  GG EE A 8 6 4  0 
00 2222 4 4 4  6 6 6  0 8 8  Ah CCC EEEE GGG i i i i i i i i i i i i i i i i i i i  GG EE C 8 4 0 
00 2222 4 4 4  6 6 6  8 0  h h h  CCC EEE GGGG ...............A ~ r r r r r r r r r r r r r r r  GG EE h 8 6  4 0 
00 2222 4 4 4  6 6  0 0 8  hAh CC EEEE GGG i i i i i i i i i i i  GG EE CC 8 6 4 2  0 
00 2222 4 4 4  6 6  8 0 8  Ah CCC EEE GGGG ....A. ~ r r r r r  GG EE CC h 8 6 4  ? 0 
00 2222 4 4 4  6 6 6  8 0 8  h h h  CCC EEEE GGGGG i GGGG EE C  h 8 6 4 2 0 
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Fig. 10. Contour Plot of Streamlines 
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