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Abstract

Traditionally, much of the research in the field of optimization algorithms has assumed that problem pa-
rameters are correctly specified. Recent efforts under the robust optimization framework have relaxed this
assumption by allowing unknown parameters to vary in a prescribed uncertainty set and by subsequently
solving for a worst-case solution. This dissertation considers a rather different approach in which the un-
known or misspecified parameter is a solution to a suitably defined (stochastic) learning problem based on
having access to a set of samples. Practical approaches in resolving such a set of coupled problems have been
either sequential or direct variational approaches. In the case of the former, this entails the following steps:
(i) a solution to the learning problem for parameters is first obtained; and (ii) a solution is obtained to the
associated parametrized computational problem by using (i). Such avenues prove difficult to adopt partic-
ularly since the learning process has to be terminated finitely and consequently, in large-scale or stochastic
instances, sequential approaches may often be corrupted by error. On the other hand, a variational ap-
proach requires that the problem may be recast as a possibly non-monotone stochastic variational inequality
problem; but there are no known first-order (stochastic) schemes currently available for the solution of such
problems. Motivated by these challenges, this thesis focuses on studying joint schemes of optimization and
learning in three settings: (i) misspecified stochastic optimization and variational inequality problems, (%i)
misspecified stochastic Nash games, (ii) misspecified Markov decision processes.

In the first part of this thesis, we present a coupled stochastic approximation scheme which simultaneously
solves both the optimization and the learning problems. The obtained schemes are shown to be equipped
with almost sure convergence properties in regimes when the function f is either strongly convex as well
as merely convex. Importantly, the scheme displays the optimal rate for strongly convex problems while in
merely convex regimes, through an averaging approach, we quantify the degradation associated with learning
by noting that the error in function value after K steps is O ( In(K)/K ), rather than O (\/1/7 ) when
0* is available. Notably, when the averaging window is modified suitably, it can be see that the original rate
of O (\/1/7 ) is recovered. Additionally, we consider an online counterpart of the misspecified optimization

problem and provide a non-asymptotic bound on the average regret with respect to an offline counterpart.
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We also extend these statements to a class of stochastic variational inequality problems, an object that
unifies stochastic convex optimization problems and a range of stochastic equilibrium problems. Analogous
almost-sure convergence statements are provided in strongly monotone and merely monotone regimes, the
latter facilitated by using an iterative Tikhonov regularization. In the merely monotone regime, under a
weak-sharpness requirement, we quantify the degradation associated with learning and show that expected
error associated with dist(zy, X*) is O (W)

In the second part of this thesis, we present schemes for computing equilibria to two classes of convex
stochastic Nash games complicated by a parametric misspecification, a natural concern in the control of large-
scale networked engineered system. In both schemes, players learn the equilibrium strategy while resolving
the misspecification: (1) Stochastic Nash games: We present a set of coupled stochastic approximation
distributed schemes distributed across agents in which the first scheme updates each agent’s strategy via
a projected (stochastic) gradient step while the second scheme updates every agent’s belief regarding its
misspecified parameter using an independently specified learning problem. We proceed to show that the
produced sequences converge to the true equilibrium strategy and the true parameter in an almost sure
sense. Surprisingly, convergence in the equilibrium strategy achieves the optimal rate of convergence in a
mean-squared sense with a quantifiable degradation in the rate constant; (2) Stochastic Nash-Cournot
games with unobservable aggregate output: We refine (1) to a Cournot setting where we assume that
the tuple of strategies is unobservable while payoff functions and strategy sets are public knowledge through
a common knowledge assumption. By utilizing observations of noise-corrupted prices, iterative fixed-point
schemes are developed, allowing for simultaneously learning the equilibrium strategies and the misspecified
parameter in an almost-sure sense.

In the third part of this thesis, we consider the solution of a finite-state infinite horizon Markov Deci-
sion Process (MDP) in which both the transition matrix and the cost function are misspecified, the latter
in a parametric sense. We consider a data-driven regime in which the learning problem is a stochastic
convex optimization problem that resolves misspecification. Via such a framework, we make the following
contributions: (1) We first show that a misspecified value iteration scheme converges almost surely to its
true counterpart and the mean-squared error after K iterations is O(1/v/K); (2) An analogous asymptotic
almost-sure convergence statement is provided for misspecified policy iteration; and (3) Finally, we present
a constant steplength misspecified Q-learning scheme and show that a suitable error metric is O(1/ VK ) +

(9(\/3) after K iterations where ¢ is a bound on the steplength.
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Chapter 1

Introduction

Increasingly, optimization and game-theoretic problems need to be solved in uncertain and networked regimes
complicated by parametric misspecification. One approach relies on estimation of these parameters through
a separate learning process that necessitates aggregating data in an offline fashion. Historically, this offline
avenue can be formalized by a two-step, and in effect, a serial approach: (i) The first step requires the
learning of such parameters by possibly fitting a model to a set of samples, a problem that falls within the
purview of statistical learning [1]; (ii) Given an estimate of such parameters, optimization algorithms can be
subsequently applied. Unfortunately, in many dynamic settings complicated by streaming data and the need
for online decision-making, one cannot impose such a separation in these processes and both optimization and
learning need to be carried out simultaneously, particularly when exact solutions to the statistical learning
problem can only be obtained in the limit. An alternate approach can be constructed in settings where an
offline aggregation of data cannot be managed. Instead, in this setting, the observations are a function of the
computational decisions. In this context, we consider an online avenue that is customized to the problem of
interest (for instance stochastic Nash-Cournot games). Accordingly, in this dissertation, we consider three

problem settings corrupted by misspecification in Chapters 2—4:
(i) Static stochastic convex optimization and monotone variational inequality problems;
(ii) Static stochastic Nash games;
(iii) Markov decision processes.

Before proceeding, we provide a short motivation and discussion of the contributions in each of these chap-

ters.



1.1 Misspecified stochastic optimization and variational
inequality problems

Convex optimization has proven to be a useful model for resolving a broad class of problems (cf. [2]). In
settings where equilibria and competition assume relevance, variational inequality problems have gained im-
mensely in relevance. Yet, in both contexts, it is assumed that the functions (in the context of optimization)
and the maps (in the variational inequality setting) are prescribed precisely. However, as problems grow in
intricacy and complexity, this assumption cannot be expected to hold. For instance, convex optimization
models have found utility in portfolio optimization; however, covariance matrices in such setting rely esti-
mation. Similarly, variational inequality formulations have allowed for capturing imperfectly competitive
equilibrium problems; again, the parametrization of the utility functions may not always be available. In
short, there is an increasing need to develop algorithms that can resolve misspecification while solving the
correctly misspecified problem.

When one considers the joint problem of learning the misspecified parameter and optimizing the system,
two approaches may be utilized: (i) The first of these is a sequential approach, i.e. specifying the model
and/or parameters based on statistical learning and then solving the resulting optimization problems of
interest. Any practically implemented sequential scheme has to terminate the learning problem after finite
time. This results in an estimator of the learning problem corrupted by error and this error propagates
into the solution of the optimization problem; (ii) A second approach uses the variational avenue and relies
on converting the joint learning and optimization problem into a higher dimensional variational inequality
problem. However, unless rather strong assumptions are imposed, the mapping associated with the varia-
tional inequality problem is not necessarily monotone, which prevents us to use recently developed stochastic
approximation schemes for solving monotone stochastic variational inequality problems.

Motivated by the lack of available simultaneous approaches, we propose coupled stochastic approximation
schemes in Chapter 2 that allows for solving misspecified stochastic optimization and variational inequality
problems. For the misspecified optimization problem, we consider the cases when the function is either
strongly convex or merely convex. Almost sure convergence properties can be shown in both cases. When
the function is strongly convex, the scheme displays the same optimal rate as the true parameter is available,
ie. O (\/1/7 ) after K steps. While in merely convex regimes, we can quantify the degradation associated
with learning by using an averaging method, and the error in function value after K steps is O (\/W ),
rather than O (\/1/7 ) when parameter information is available. To recover the original rate of O <\/1/7 ),
we modify the averaging window and get the desired result. In addition, we consider an online counterpart

of the misspecified optimization problem and provide a non-asymptotic bound on the average regret. All of
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these results can be extended to a class of misspecified stochastic variational inequality problems, which are
general cases for stochastic convex optimization and a range of stochastic equilibrium problems. A major
difference lies in the merely monotone regimes. We need to use an iterative Tikhonov regularization to get
almost-sure convergence results in that case. Also, under merely monotone assumptions, we can quantify the

degradation associated with learning and show that the expected distance between the iterate and optimal

set is O <\/W)

1.2 Misspecified stochastic Nash games

While convex Nash games can be compactly captured by a variational inequality problem, the contributions
of the prior section cannot adequately address the intricacies that are presented by Nash games. For instance,
a key concern in the computation of equilibria is the need for developing distributed protocols that abide
by privacy concerns. This motivates the next chapter of this dissertation. In particular, when designing
protocols for Nash games, particularly in the absence of a centralized controller, the goal lies computing
Nash equilibria when the utility functions are misspecified and rely on agent-specific information that can
only be learnt through a set of offline observations. In many regimes, this set of observations may not be
available. Consider, for instance, a Nash-Cournot game in which each player decides its own production
level of a common commodity while the price of the commodity is based on the aggregate sales. In this
regime, players may have a correct model for the price function but an incorrect estimate of its parameters.
In this setting, our intent lies in developing an online scheme which relies on observing true prices that
allows for learning the misspecified price function parameter. This avenue does not necessitate accumulating
observations.

Motivated by these challenges, in Chapter 3, we propose schemes for computing equilibria to misspecified
stochastic Nash games. In the proposed schemes, players learn the equilibrium strategy while resolving
the misspecification. We consider two settings: (1) general stochastic Nash games with observable aggregate
output; (2) stochastic Nash-Cournot games with unobservable aggregate output. In the first case, we propose
coupled stochastic approximation distributed schemes across agents. Each agent updates its strategy through
a gradient step while updating its belief regarding misspecified parameters through a learning step. Both
the true equilibrium strategy and the true parameter can be shown to be achieved in an almost sure sense.
The scheme displays the same optimal rate of convergence in the equilibrium strategy in a mean-squared
sense as the true parameter is available. In the second case, we consider a special type of Nash games,
i.e. Nash-Cournot game, and assume that the aggregate output is unavailable. In addition, we impose a

common knowledge assumption: payoff functions and strategy sets are public knowledge. This is a common
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assumption for analyzing Nash-Cournot games without information of aggregate output. By using the
difference between the observed true price and estimated price, we propose iterative fixed-point schemes
which can learn the equilibrium strategies and the misspecified parameter simultaneously in an almost-sure

sense. Furthermore, we can extend the result to nonlinear price functions.

1.3 Misspecified Markov decision processes

While the previous two sections have considered static problems, a natural extension lies in sequential
decision-making problems. In particular, we consider the Markov decision-making problems (MDPs). Such
problems assume relevance in a range of settings (cf. [3, 4]). Yet, in such sense, the transition matrices
and the cost functions may be misspecified. Several avenues have been adopted when transition matrices
are not known precisely including robust optimization and Q-learning. Yet, there is little available when
cost functions are misspecified and in the presence of streaming data, traditional schemes cannot be directly
employed. In fact, there is little by way of asymptotics and error analysis for resolving such MDPs with
streaming data. Similarly as in misspecified stochastic optimization problems, sequential approaches can, at
best, provide approximate solutions.

Motivated by these challenges, we propose a simultaneous scheme for learning and computation in Chap-
ter 4 to solve a finite-state infinite horizon MDP in which the transition matrix and the parametrization
of the cost function are unavailable. We consider a data-driven regime in which the learning problem is
a stochastic convex optimization problem that resolves misspecification. Three types of schemes are con-
sidered: (1) misspecified value iteration scheme; (2) misspecified policy iteration scheme; (3) misspecified
Q-learning scheme. The misspecified value iteration scheme can be shown to converge almost surely to its
true counterpart and the associated mean-squared error of convergence is provided based on the presence of
learning. When the steplength is constant, we can also get an optimized error bound for the value funtion
in terms of the number of iteration steps. In the context of misspecified policy iteration scheme, we can
provide an analogous asymptotic almost-sure convergence statement and error analysis as in the case with
information of the transition matrix and cost function. Finally, we present a constant steplength misspecified

Q-learning scheme and provide a suitable error bound based on iteration steps and steplength.

1.4 Notation

Throughout the paper, we use ||z|| to denote the Euclidean norm of a vector z, i.e., |z|| = VaTz. We use

I to denote the Euclidean projection operator onto a set K, i.e., g (z) £ argmin, ¢ i || — y[|. A square



matrix H is said to be a P-matrix if every principal minor of H is positive. Similarly, H is a Pg-matrix if

every principal minor of H is nonnegative.



Chapter 2

Misspecified Stochastic Optimization
and Variational Inequality Problems

2.1 Introduction

In the last two decades, robust optimization [5, 6] approaches have grown in relevance when decision-makers
are faced with optimization problems with uncertain parameters. Succinctly, in such an approach, given an
uncertainty set that captures the realizations assumed by such a parameter, the robust solution represents
the worst-case over this set of realizations. Naturally, an appropriate choice of such an uncertainty set is
crucial and as the availability of data reaches levels hitherto unseen, there is growing interest in data-driven
approaches [7] for constructing such sets. Our interest is in closely related yet distinct settings driven by data
in which the point estimate of a parameter may be obtained through a learning problem, suitably defined

through the aggregation of data. We provide two instances of such problems:

(i) Portfolio optimization Portfolio optimization problems prescribe the optimal constructions of port-
folios over a set of assets, for which the mean and covariance of returns are not necessarily known. Traditional
approaches have assumed that such returns are available while more recent robust optimization models have
utilized factor-based models in constructing uncertainty sets [8, 9, 10]. An alternate, and possibly less con-
servative, data-driven model of such a problem that employs a point estimate of the mean and covariance
matrix requires the solution of two coupled problems: (1) A portfolio optimization problem parametrized by
(0*,3*) representing the mean and covariance matrix of returns; and (2) A learning problem that utilizes

data to obtain the best (8*,X*).

(ii) Power systems operation The operation of power grids relies on the solution of hourly (or more
frequent) commitment and dispatch problems, each of which is reliant on a range of parameters that are often
uncertain. These parameters include supply-side information regarding capacity of wind-power as well as
load forecasts. Recently robust optimization approaches have proved to be exceedingly popular [11, 12, 13].
An alternate formulation is given by the following two coupled problems: (1) An economic dispatch problem

parametrized by 6*, a vector that captures the unknown supply and demand side parameters; and (2) A



learning problem that computes 6* through the accumulation of data.

We believe that such coupled formulations have broad applicability beyond merely the settings mentioned
above in (i) and (ii). They may also find application in inventory control problems with stochastic demand [14,
15, 16, 17], robust network design [18], robust routing in communication networks [19], amongst others. To
recap the difference between the two problem frameworks, it can be seen that (R-Opt), a robust optimization
framework, minimizes the worst-case of the optimal value f(x;0) over the uncertainty set Uy while (L-Opt)
considers the joint solution of an optimization problem in xz, parametrized by 6*, where 6* is a solution to a

learning problem with a metric g(#). The following formulations may provide a clearer comparison:

p‘ minimize max (I, ) L ‘ minimize (:L'7 )
] . . . 9
su .] €cC t t'O xr € 4:( . IIllIGlIIIleZ e g( )

We consider regimes where the function f(x;#) is a convex expected-value function and the resulting problem
is given by the following:

min E[f(z; 0%, {(w))], (Pz(67))

zeX

where X C R™ is a closed and convex set, £ : Q — R? is a d—dimensional random variable defined on a prob-
ability space (Q, Fy,P.), f: X x R x R™ — R is a real-valued function, and #* denotes an m—dimensional
vector of parameters. Estimating such parameters often requires the resolution of a suitably defined learning
problem, given by a stochastic optimization problem (Lp), and defined next:

min - g(0) = Elg(6; )], (Lo)

where ©® C R™ is a closed and convex set, n : A — RP is a random variable defined on a probability space
(A, Fp,Pp), and g : © x A — R is a real-valued function. When one considers the joint problem of learning
and optimization, then there are at least two obvious approaches that immediately emerge as possibilities:

(a) Sequential approach: Consider an inherently serial process wherein the first stage incorporates a
model/parameter specification phase based on statistical learning while the second stage leverages these
findings in developing and solving the actual optimization problem of interest. Such an ordering relies on
the learning problems being relatively small and tractable compared to the optimization problems, ensuring
that accurate solutions are available within a reasonable time period. Strictly speaking, if one terminates

the learning process prematurely with an estimator 0, the resulting estimator is essentially corrupted by



error in that 0 # 0*. This error propagates into the solution & of the computational problem, denoted by
Pe (é) and the associated gap might be quite significant. Note that unless the learning problem is solvable
via a finite termination algorithm, such a approach cannot provide asymptotic statements but can, at best,
provide approximate solutions. Consequently, an inherently serial process reliant on a prematurely truncated
learning scheme often fails to provide accurate solutions to the computational problem.

(b) Variational approach: Under suitable convexity and differentiability requirements, the following holds:

x* solves (Py(0%)) and 6" solves (Ly),

if and only if (z*,0*) is a solution to the (stochastic) variational inequality problem VI(Z, F) [20] where

E[V,f(x;0,8)]
E[Vag(6;n)]

Z2 X x0and H(z) £

Recall that z* is a solution to VI(Z, F) if (z — 2*)T F(2) > 0 for all z € Z. Furthermore, if z* and 6* denote
solutions to (P2(0*)) and (L), respectively, then an oft-used avenue in obtaining a solution (z*,0*) entails
obtaining a solution to VI(Z, F'). However, unless rather strong assumptions are imposed, the map H is not
necessarily monotone, precluding the use of recently developed stochastic approximation schemes for solving
monotone stochastic variational inequality problems [21, 22, 23], extragradient-based variants [24, 25], and
accelerated approaches [26].

Simultaneous approach: This chapter is motivated by the inadequacy of available approaches and, more
generally, the absence of asymptotically convergent schemes with provable non-asymptotic rates. We present a
framework where the learning and the computational problems are solved simultaneously via a joint set of
stochastic approximation schemes. Such an avenue has several advantages. First, under such an approach,
one can provide rigorous statements of asymptotic convergence of the obtained estimators for both, the
solution to the computational problem and the associated learning problem. Second, error bounds on the
expected error can be provided for a fixed number of steps under a regime with constant and diminishing
steplengths. Third, the statements may be extended to the variational regime in which the computational
problem is given by the variational counterpart of (P2(6*)), given by (P (6*)); such a problem requires an

z* € X such that

E[F(z*; 0, &(w)) (2 —2*) > 0, Ve e X, (PL(6%))

where X C R” is a closed and convex set, £ :  — R? is a d—dimensional random variable defined on a
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probability space (2, F,P,), F : X x RY x R™ — R" is a real-valued continuous mapping. Note that when
F(z*;0%,¢) = Vo f(a*;0%,£), this reduces to a convex optimization problem. Furthermore, the choice of
using a variational problem, rather than merely an optimization problem, is founded on the need to model
a variety of multiagent settings complicated by a breadth of strategic interactions, ranging from purely

cooperative to distinctly noncooperative [27].

2.1.1 Related decision-making models

While unaware of the availability of general purpose tools that can resolve precisely such problems, we
describe settings where such questions have assumed relevance:

Adaptive control [28]: In tracking problems in adaptive control [29], the authors consider a perturbation
approach for analyzing a adaptive tracking algorithm and consider three estimation schemes, specifically
least mean squares (LMS) scheme, its recursive variant (RLMS), and the Kalman filter (which requires
some distributional assumptions on the noise). First, much of this treatment is in the unconstrained regime
with tractable (often quadratic estimation objectives), allowing for deriving closed-form (and often linear)
update rules. Second, when the noise in the estimation process is Gaussian, the Kalman filter provides
a minimum variance estimator. If on the other hand, the noise is non-Gaussian, then the Kalman filter
provides the optimal linear estimator (in the sense that no linear filter provides smaller variance). In fact,
these assumptions often form the basis of most adaptive control algorithms (cf. [30] and [31] for a discussion
adaptive control and stochastic approximation.) Our focus is on static stochastic problems with far less
assumptions on the nature of the problem and the associated distributions. Specifically, we allow for more
general stochastic convex objectives (or monotone maps in the context of VIs) in either the optimization or
the learning problem, allow for convex feasibility sets for both the optimization or the learning problems,
and impose relatively mild moment assumptions on the noise (unlike the Gaussian assumptions that are
necessary in some of the estimation models).

Iterative learning control: A related avenue lies in iterative learning control (ILC) has its roots in the
studies by Uchiyama [32] and Arimoto et al. [33]. ILC [34] is a form of tracking control employed for repetitive
control problems, instances being chemical batch processes, robot arm manipulators, and reliability testing
rigs. Our problem is more restrictive in its focus (static problems) but allow for more general settings in
terms of nonlinearity and the underlying distributional requirements.

Multi-armed bandit problems: The multi-armed bandit (MAB) problem considers the question of how
to play given a collection of slot machines faced by a gambler. Each machine provides a random reward

from a distribution specific to that machine. The gambler aims to maximize the expected sum of rewards



earned through a sequence of lever pulls. The total discounted reward is maximized by the index policy
that pulls the bandit having greatest value of the Gittins index [35]. In effect, the reward function needs to
be learnt while optimizing the system. There has been significant research on such problems over the last
several decades, including on the question of computation [36] and finite-time analysis [37].

Finally, related questions have also been studied in revenue management where [38] examined the devas-

tating effect of learning with an incorrect model while maximizing revenue.

2.1.2 Outline and contributions

Broadly speaking, this chapter focuses on the development of stochastic approximation schemes that gen-
erate iterates {zj} and {6} and makes the following contributions. (i) In Section 2.2, we prove the a.s.
convergence of the produced iterates to the prescribed solutions and derive error bounds in a standard and
an averaging regime. In particular, we quantify the degradation in the convergence rate from introducing
an additional learning phase; (ii) Section 2.2 concludes with a precise non-asymptotic bound on the average
regret associated with employing the proposed scheme instead of an offline algorithm; (iii) In Section 2.3,
we extend the a.s. convergence results to accommodate stochastic variational inequality problems, rather
than merely convex optimization problems. Error analysis is carried out under a suitably defined growth

property; (iv) In Section 2.4, we provide some supporting numerics and conclude in Section 2.5.

2.2 Stochastic optimization problems with imperfect information

In this section, we focus on examining (P2(6*)) under various assumptions. We begin by stating the coupled
stochastic approximation scheme and providing the necessary assumptions in Section 2.2.1. Convergence
analysis of the presented scheme is provided in Section 2.2.2 while diminishing and constant steplength
rate analysis is performed in Section 2.2.3. We conclude with a discussion of an online algorithm with the

associated bounds on the decay of average regret in Section 2.2.4.

2.2.1 Algorithm statement and assumptions

As mentioned in the previous section, we propose a set of coupled stochastic approximation schemes for

computing x* and 6*.
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Algorithm 1 (Coupled SA schemes for stochastic optimization problems). Step 0. Given xg €
X, 6y € © and sequences {Vk.o,Vk0}, k=0

Step 1.

xk+l = 1Ix (xk - 'Yk,w(vxf(xk; ek) + wk)) ) k>0 (Optk)

oF L .= TIg (9’C — Yr.0(Vog(6%) + vk)) , E>0 (Learny,)

where w® £V, f(z; 0%, &%) — Vo f(a%;0%) and vF £ Vog(6F;n*) — Vog(6F).

Step 2. If k > K, stop; else k:=k+ 1, go to Step. 1.

We begin by stating an assumption on the functions f and g.
Assumption 1 (Problem properties, Al-1). Suppose the following hold:

(i) For every 0 € ©, f(x;0) is strongly convex and continuously differentiable with Lipschitz continuous

gradients in x with convexity constant p, and Lipschitz constant L, respectively.
(it) For every x € X, the gradient V, f(x;6) is Lipschitz continuous in 0 with constant Lg.

(i4i) The function g(0) is strongly convex and continuously differentiable with Lipschitz continuous gradients

in 0 with convexity constant pg and Lipschitz constant Cy, respectively.
Under Assumption (A1-1), the coupled problem admits a unique solution, as shown next.

Lemma 1 (Solvability). Consider the problems (P2(0*)) and (Ly) and suppose assumption (A1) holds.

Then (P2(6%)) and (Lg) collectively admit a unique solution.
Proof. This follows from the strong convexity of g over © and the strong convexity of f(e;0) over X. 1
Additionally, we make the following assumptions on the steplength sequences employed in the algorithm.
Assumption 2 (Steplength requirements, A2-1). Let {yx,} and {yxo} be chosen such that:
(i) 3 heo Yk = 00, Y opep Wz,z <0

(i) Voo = Vha L/ (Hatto).

We define a new probability space (Z, F,P), where Z 2 Q x A, F £ F, x Fp and P £ P, x Py. We use
Fi to denote the sigma-field generated by the initial points (z°, ") and errors (w!,v!) for I = 0,1,--- ,k—1,
ie., Fo = {(2%,6°)} and Fi, = {(2,6°), ((w',0"),l=0,1,--- ,k—1)} for k > 1. We make the following

assumptions on the filtration and errors.
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Assumption 3 (A3). Let the following hold:
(i) E[w* | Fx] = 0 and Ev* | Fi] = 0 a.s. for all k.
(ii) E[||wk(|? | Fx] < v2 and E[||v*||? | Fx] < 12 a.s. for all k.

We conclude this subsection by stating three results (without proof) that will be subsequently employed
in developing our convergence statements. The first two of these are relatively well-known super-martingale

convergence results (cf. [39, Lemma 10, Pg. 49-50])

Lemma 2. Let v be a sequence of nonnegative random variables adapted to o-algebra Fi and such that
Elvgs1|Fr] < (1 —ug)vg + B for allk >0 almost surely,

where 0 < up <1, B >0, and Y oo g up = 00, > pep Be < 00 and limy_, o 5—: =0. Then, v, — 0 a.s.

u

Lemma 3. Let v, uk, B and v, be non-negative random variables adapted to o-algebra Fy.. If ch:o ug <

00, > reo Br < 00 and
Elvks1|Fr] < (14 ug)vg — vk + B for allk >0 almost surely.

Then, {vi} is convergent and > - vk < 0o almost surely.

Finally, we present a contraction result reliant on monotonicity and Lipschitz continuity requirements

(cf. [40, Theorem 12.1.2, Pg. 1109)).

Lemma 4. Let H : K — R" be a mapping that is strongly monotone over K with constant p, and Lipschitz
continuous over K with constant L. If ¢ £ \/1 — 2u~y + v2L2, then for any v > 0, we have that for any z, v,

we have ||k (z —yH(z)) — Uk (y —vyH(y))|l < qllz — yl|-

2.2.2 Almost-sure convergence

Our first convergence result shows that under the prescribed assumptions, Algorithm 1 generates a sequence

of iterates that converges to the unique solution.

Proposition 1 (Almost-sure convergence under strong convexity of f). Suppose (A1-1), (A2-1)

and (A3) hold. Let {x* 6%} be computed via Algorithm 1. Then, x* — z* and 0% — 6* a.s. as k — oo,

where 6* denotes the unique solution of (Lg) and x* denotes the unique solution to (P2(0*)).
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Proof. Note that z* = IIx (2* — v, Vs f(2*;6*)). Then, by the nonexpansivity of the Euclidean projector,

|z¥*tt — 2*||> may be bounded as follows:

[+ — 2| = [ ¥ — 0 (Vo f @ 0%) + 0b) — T (2 — 90 Vo f (207D

< H(xk - .Z‘*) - 'Yk,m(vmf(xk; Hk) - V$f(x*v 9*)) - 7k7wwk”2'
By adding and subtracting g .V f(z*, %), this expression can be further expanded as follows:

(2" = 2*) = (Vo f (€5 6%) = Vi f(27:0%)) = Yo (Vaf (2750%) = Vaf (2%:6%)) — yrow||?

= ||(&" — &) = Vo (Vo f (a1 0%) = Vo f (a1 0°)1? + 772 IV f(2750%) = Vo f(a*16%) | + 77 L llw”|)?
— 29,0 [(2% = 27) = Y (Vi f (250%) — Vo f (2% 0T (Vo f (a3 0F) — Vo f(27:67))

= 29al(2® = %) = (Vo f (%5 0°) = Vo f(@*505)] 0" + 298 o (Vo f(270%) = Vaf(2*607))Tw".
By leveraging the fact that E[w" | ;] = 0, we have
E[[|lz*** — 2*||* | F»] < Term 1 + Term 2 4 Term 3 +'y,%mIEH|wkH2 | Fils (2.1)

where Terms 1 — 3 are defined as follows:

Term 1 2 ||(z" — 2%) — v1 . (Vo f (2% 0F) — V. f(2*;6%))| 12,
Term 2 £ 'y,%’xHfo(x*; 0%) — Vo f(z*; 0|,

and Term 3 £ —2'yk,w[(xk —z*) — WkJ(wa(a:k; Hk) — V. f(z"; Hk))]T(wa(a:*; Hk) — V. f(x*;0%)).
By Lemma 4 and (A1-1), it follows that
Term 1< (1— 29 pta + 12, 12) |2 — 2°| 2 (2:2)
Furthermore, the Lipschitz continuity of V, f(«*;6) in 8 (A1-1) allows for deriving the following bound:
Term 2 < ~; L[0" — 6*|°. (2.3)

Finally, Term 3 can be bounded by invoking the Cauchy-Schwarz inequality, Lemma 4, (A1-1) and the
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triangle inequality, we obtain

29k, [[(&F = &%) = Y (Vo f (275 0%) = Vo f (@5 0M)) [V o f (25 6%) = Vo f(a*:67)]

< 29001 = 2tte + 7, L2 ]2 — 7 | Lo|l6" — 67

< 2 Lolla* — o 16" - 67|

< atiollz® — 2| + o0 (L3 1) 16" — 6712,

where the last inequality follows from 2a”b < ||al|? + ||b]|?. Combining (2.1), (2.2), (2.3) and (2.4), we get

Efl2* — a1 | Fi] < (1= Ybta + 9 2 L2) 12" — 27| 25)

+ (Voo Lg/be + Vi o Lo)0F — 0717 + 7% V2.

Recall that 6* satisfies the fixed point relationship 6* = Ilg(0* — 79, Veg(6*)), which, together with non-

expansivity of the Euclidean projector, allows for deriving the following bound on ||#¥*+1 — 6*||2:

|05+ — %12 = | e (0" — vo,6(Vog(0") + v*)) — e (0" — 70,k Vag(0%))?
<16% = 0% — 70,1(Vog(6*) — Vog(6%)) — vo,x0"|?

=16 = 6" — 70,k (Vog(6°) = Vog(0)1* + 7 1 l0"(1” = 20" — 6" —0,1(Vag(6") — Vag(67))) v".
By taking conditional expectations and by recalling that E[v* | ;] = 0, we obtain the following bound:

E[|0" — 07| | Fi] < 110" — 0" = 6(Vog(0°) — Vog(0")I* + 12 El[v"||* | Fi] 26)

< qi,ellﬁ’“ — %1 + 713,an»

where g g £ \/1 — 29,0100 + 7,%’96'92. Next, by adding (2.5) and (2.6) and by invoking (A2-1), we obtain the

following bound.

E[|z* T —2*|* | Fi] + E[|0"1! — 0%||* | Fi]
< (U= Yrwha + 70 LD = 22 + (af 0 + Vo2 L/ 1a + 70 2 LNOF = 011 + 97 002 + 77 0¥
= (1= Yhahe + o L) 2" = 2* 12 + (U= oL/ 1 + 7i o (L5 + LgCh / (ua15) 16F — 0712
2

+ VeaVe + Ve oVo Lo/ (Hag)

< (1= amea + By o) (" — 2| + (16" — 07[%) + 67 o,
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where a = min{p,, L3/pto}, 8 = max{L2, LZ + LyCq/(u2pu3)} and § = v2 + viLy/(u2u2). From (A2-1), we

have that .2 (avkz — BV ) =00, Y opeg Vi, < 00, and

. Vi
1m 5.5 =0.
k=00 Vk,a — BV 4

Then, by invoking the super-martingale convergence theorem (Lemma 2), we have that ||z% — 2*||% + ||¢% —

0*||> = 0 a.s. as k — oo, which implies that x* — z* and 6* — 0* a.s. as k — co. 1
Next we weaken the strong convexity requirement on the function f through the following assumption.
Assumption 4 (A1-2). Suppose the following holds in addition to (A1-1 (ii)) and (A1-1 (iii)).

(i) For every 0 € ©, f(x;0) is convex and continuously differentiable with Lipschitz continuous gradients

in x with Lipschitz constant L.
Furthermore, we make the following assumptions on the steplength sequences employed in the algorithm.
Assumption 5 (A2-2). Let {vi.}, {70} and some constant 7 € (0,1) be chosen such that:
(1) 3o 713,;7 < oo and 327, ’Y}?,e < 00,
(i1) > pe o Vhw = 00 and > oo Yk,0 = OO,

(iii) By = Vio 10 ask — oco.

29k, 0 1o

Proceeding as in the previous result, we present a convergence result under these weakened conditions.

Theorem 1 (Almost-sure convergence under convexity of f). Suppose (A1-2), (A2-2) and (AS8)
hold. Suppose X is bounded and the solution set X* of (P2(0*)) is nonempty. Let {x* 6%} be computed via

Algorithm 1. Then, ¥ — 6* a.s. as k — oo, and x* converges to a random point in X* a.s. as k — oo,

where 6% denotes the unique solution of (Ly) and X* denotes the solution set of (P2(0*)).

Proof. By the nonexpansivity of the Euclidean projector, we have for any z* € X* that

o+ — |2 = MLy (2 — 710 (T F 25 65) + b)) = Ly ()2

<@ = 2) = o Vi f (250%) — 0w
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By adding and subtracting g . V. f(z*, %), this expression can be further expanded as follows:

(2" = 2*) = 2 Va (@5 07) = o (Vaf (20%) = Vi f(2*:67)) = 0w
= [[(* = 2*) = Va f (207 + 98 o | Va f(25:0%) = Vo f(2"507)]7 + 97 o "
— 2y [(2" — %) = 2 Va (@0 (Vo f(a*;0%) =V, f(2:67))

= 2% (@" = &) — Y Vo f (2% 0°)] 0P + 297 (Vo f(2%;6%) — Vo f(2F;0%)) T wh.

Noting that E[w* | F;] = 0, we have

E[[|lz*** — 2*||* | F»] < Term 1 + Term 2 4 Term 3 +'y,3mIEH|wkH2 | Fils

where Terms 1 — 3 are defined as follows:

Term 1 £ (2" — 2%) — 73, V. f(z";67)|?,

Term 2 £ vz,IHfo(xk% 0%) — Vo f(2*: 67|,

and Term 3 £ —2v;, . [(2% — 2%) — 7. Vo f (2" 09T (Vo f (2%, 0%) — V, f(2F;6%)).
By invoking the convexity of f(x;8) in 2 and the gradient inequality (see A1-2), we have that

Term 1 = [|2% — 2*|* 47 [V f(a*:0°)[* — 2740 (2" — 2*) TV, f (2" 67)
<lz® = | + 9% 2 Vo f (5017 = 29k, (£ (%5 07) = f(2*;67))
< lz® = a1 + 297 Vo f (2:6%) = Vaf (2% 6%)]° + 298 o | Vo f (256717

— 20 (f(2";0%) — f(z™;6%)),

(2.7)

where the last inequality follows from the identity ||(a — b) + b[|?> < 2|la — b||? + 2||b||>. From the Lipschitz

continuity of V, f(z;6) in x, the right hand side can be bounded as follows:

la¥ — & |2 4+ 292 L IV f(2%:07) = Vo fla™30°) | 4+ 207 LIV f (23 0%) [P — 2900 (f (%3 67) — [(27367))

< (1 + 297, L2) 2% = 21?4+ 29% LIV f(2%50%)|1? = 2ve,2(f (2 6%) — f(2*;6%)).

By the Lipschitz continuity of V, f(x;0) in 6 (A1-2),

Term 2 < Wz’ngﬂek — 0%

16
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By adding and subtracting V, f(x*;0*), and by invoking the Lipschitz continuity of V. f(x;6) in x (A1-2)

and the triangle inequality, we may derive a bound for Term 3 as follows:

Term 3 < 2y4[|(z" — 2%) — e Vo (@07 ||V f (2" 6%) = Vi f (a5 67))|

< 2’7/6,9:

|(@* — 2") = Yo (Vo f(25:0%) = Vaf (2%:0%)) = Yo Vaf (z%:0%)I| Lol 0" — 07
< 2700 ((L+ o La)ll2® — 2| + Al Vo f (¥ 6%)]]) Loll0® — 67|

= 2alollz® — a(|[10° — 07| + 298 s LoLallz" — 2 [10% = 0%[| + 2% o Lol Vo f (" 67) 116" — 07

By using the fact that 2ab < a? + b2, we have further that

Term 3 < 777 L3]la* — a* |2 477,165 — 0°|> + 72, Lo Lo ¥ — "

(2.10)
Vo Lo Lol — 0% + 22 L L3N0" — 0711 + 27 o Va f (276717,

where 7 € (0, 1) is chosen to satisfy (A2-2). Combining (2.7), (2.8), (2.9) and (2.10), we obtain the following
bound on the conditional error.

B[l — 2| | Fo] < 1+ 757 LG + 7% 2 (217 + LoLa))ll2* — 27|* + (V& + 97 2 (2LF + LoLa))[10* — 67|

+ 398 Ve f (2750917 = 270 (f(2%:07) — f(27:07)). (2.11)
From (2.6), we have that

E[0™ = 0% | Fi] < ai 16" — 071* + 7% 677, (2.12)

where gi, g = \/1 — 200 + 7,%_’9092. Choose B;, = 27’:’2;;9 by (A2-2). Note that by assumption Bx11 < Bg.
By multiplying the left hand side of (2.12) by Sx4+1 and adding to the left hand side of (2.11), we get

Ellla** — 2| | o] + Bra BII0°TH — 071 | Fi] <E[l2™* —o*|1* | Fu] + BeE[0" — 0%[|* | Fi] (2.13)

< (L4977 LG + 97 0213 + LoLy))l2® — %12 + (Brdi o + VEo + 0205 + LoLa))[|6° — 67|

+ 3% 2 Va f (@5 0) 1% + Brvi ovh — 270 (f(2":6%) — f(a*567))
< (L7, L + 970203 + LoLy)) [la* — 2| + —= . - Bil6* — 67|

Term 4

+ 39 2 Vaf (75017 + Bivk 073 — 27k,0(F(2"160%) = F(27:67)).
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Term 4 on the right hand side of (2.13) can be further expanded as

Brdrg + Viw + Vo205 + LoLy)
Br

Vie+t V(2L + LoLy)
Bk

=1—2ve0m0 + 7 eCh +

= qig+

Mow | MWa(2L5 + LoLa) (2.14)
B B

=147 4C3 + 2vk.07; 5 Ho(2LG + LoLa).

Combining (2.13) and (2.14), we get

E[[la"*! — 2*|1* | Fi] + Bea E[10"T — 07| | Fi]
< (U470, Lg + 77 o (213 + LoLa)[|2* — 2|1 + (1 + 97 9C4 + 2vk.07k0 16(2L5 + LoLy)) Bil|6" — 67|
+ 37 IV f (@501 + Bk o — 29k, (F(2507) — f(27;6%))
< (L+7%4C5 + 2%,9%3;7,“0(2% + LoLg))(|l2* — a*||> + Bel|6F — 0%||%)
+ (Ve Lo + 7k (203 + Lo Ly)) |l — ™2

+ 3% IV f (@501 + Brviovs — 29k, (f(2F107) — f(2*;6%)).

We define the following:

uk 27 9Ch + 20740 10(2L5 + LoLa), 0% 2 2vk o (f (2% 6%) — f(27;67)),

and py, £ (77 Lj + 7k o (2L2 + LoLy))l|2* — 2*(1* + 372 oIV f (3 0% + Biri o3 -
Then, we have
E[[[a* — 2*1* | Fi] + B [0 — 07112 | Fi] < (14 un)([Ja® —a*[* + Br||6% — 6*[|*) + px — o

By boundedness of X and (A2-2), we have that >, juy < oo and Y ;o pr < 0o. So, by Lemma 3 we get
that there exists a random variable V' such that ||z* — 2*(|2 + B ||6% — 6*||> — V in an almost sure sense as
k—o00and Y oo 0k = peo 27k, (f (2% 0%) — f(2%;0%)) < .

By (A2-2), Lemma 2 and (2.12), we can get that ||#* — 6*| — 0 a.s. as k — oo. Thus, it follows that
2% —2*|| = V a.s. as k — 0o. Since Y_p— Vk,z = 00, we get liminfy o f(2%;0*) = f(2*;0%) a.s. as k — o0.
Since the set X is closed, all accumulation points of {z*} lie in X. Furthermore, since f(x*;0*) — f(x*;0*)
along a subsequence a.s., by continuity of f it follows that {z*} has a subsequence converging a.s. to some

point in X, say &, which satisfies f(Z;6*) = f(«*;6*). That means Z is some random point in X*. Moreover,
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since ||2* — 2*|| is convergent for any z* € X* a.s., the entire sequence {x*} converges to some random point

in X*as. |1

2.2.3 Diminishing and constant steplength rate analysis

While the previous section focused on the almost sure convergence of the prescribed learning and computa-
tional schemes, a natural question is whether one can develop rate statements. We begin with an examination
of the global rate of convergence and show that O(1/K) rate estimate is derived for an upper bound on the
mean-squared error in the solution zx when f(e;80*) is strongly convex in (o) and K represents the number
of steps, consistent with the result obtained for stochastic approximation (cf. [41, 42]). In addition, it is seen
that when the function loses strong convexity, an analogous rate estimate is available by using averaging,
akin to an approach first employed in [43], where longer stepsizes were suggested with consequent averaging

of the obtained iterates.

Proposition 2 (Rate estimates for strongly convex f). Suppose (A1-1) and (A3) hold. Suppose
Yok = Xa/k and Yo = Xo/k with Ay > 1/p, and Ng > 1/(2up). Let E[||Vf(2*;0F) + w*||?] < M? and
E[|[Vog(6%) 4+ v*||?] < M? for all 2% € X and 0% € ©. Let {z*,0%} be computed via Algorithm 1. Then, the

following hold after K iterations:

E[)0% — 67112 < 22 o w2y < L),

where Qg(Ag) £ max {\g M7 (2ug Ao — 1)~ E[|6" — 67|%]},

— — 12
Q.(\z) 2 max {AiMQ(umAm 1)L E[flz! — x*H?]} , and M 2 \/M2 + ‘)Q%(Ae).
Mz Ag

Proof. Suppose Ay £ %||z% — 2*||? and a; £ E[A;]. Then, Ay may be bounded as follows by using the

non-expansivity of the Euclidean projector:

1 L1 2
App1 = §||ffk+1 —z*|* = 3 |TIx (2% — o 1 (Vo f(2%0%) + wh)) — TIx (2 )|
1
< §||l’k — 2" — ek (Va f(2;0%) + k)2 (2.15)

1 *
= A+ §’Y§,k”vxf(xk§ ek) + wk”2 - ’Yx,k(xk - )T(vxf(ku ek) + wk)
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Note that E[(z* —2*)Tw*] = E[E[(2* —2*)Tw"| F]] = E[(z* —2*)TE[w*| F]] = 0. By taking expectations on
both sides of (2.15) and by invoking the bounds E[||V,. f(z*; 6%) +w*|?] < M? and E[||Vag(0%)+v*||?] < MZ,

it follows that
1
a1 < ap + 5%3,1@M2 - ’Ym,kE[(fﬂk - x*)Tme(xkE 9k)}- (2.16)
But f(x;0) is strongly convex in x with constant u, for every 6 € ©, leading to the following expression:

E[(z" —2*)TV, f(2";6")] = E[(2" — 2*)T (Vo f(2";0%) — Vo f(a*;6%))]
+ E[(zF — )T (Vo f(a*;0%) = Vo f(2*;0")] + E[(z* — o) TV, f(z*;6%)] (2.17)

> poBl|2* — 2" |P] + El(z" — o) (Vaf (27 0%) = Vaf(2%:07))].

Combining (2.16) and (2.17), we get

1
akt1 < (1= 2y ppa)ar + §vi,kM2 — Yk B[(2" — 2) (Vo f (27 0%) = Vo f(27;67))]
1 1 * 171, * * *
< (U= 2y ) + 593000 4 ekt — 2+ 3 IRV f 0% 6%) - Vaf(a*0)))
<(1— 1 2 2 lm 211k — g*||2
< (U= o ptte)ai + 572 M2 4 5 T LRI — 677 (218)

Suppose g5 = Ag/k. Since the function g(#) is strongly convex, we can use the standard rate estimate (cf.

inequality (5.292) in [42]) to get the following

E[jo - 0|7 < %), (2.19)

where Qg(A\g) = max {AZMZ(2ugAg — 1)1, E[[|0" — 6*?]} with Ag > 1/(2u0). Suppose Va1 = Az /k, allow-

ing us to claim the following:

2 k2 2 pgk?

2 k2

/ka/\;E) ap + 1 )\720M2 EAngQg(/\g) _ (1 _ Nac]j‘a:) ap + 1/\%M2

agy1 < <1 —

where M 2 /M2 + % By assuming that A\, > 1/pu,, the result follows by observing that

Efle* — 27 < 202,

where Qp(\;) 2 max {A@TP(MM ~1)"LE[|2! — x*||2]}. I
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Remark: Notice that here we assume that f and g are both smooth and strongly convex. A more general
framework is that of composite objectives where the objective is a sume of nonsmooth and smooth stochastic
components. Lan [44] proposed the accelerated stochastic approximation (AC-SA) algorithm for solving
stochastic composite optimization (SCO) problems and proved that it achieves the optimal rate. In related
work, Ghadimi and Lan [45, 46] propose a multi-stage AC-SA algorithm, which possesses an optimal rate
of convergence for solving strongly convex SCO problems in terms of the dependence on different problem
parameters. While this problem class is beyond the current scope, this approach may aid in refinement of
the constants in the Proposition 2 in some regimes.

A shortcoming of the previous result is the need for strong convexity of f(x,8) in x for every 6 € ©. In
our next result, we weaken this requirement and allow for a merely convex f, extending the optimal constant
stepsize result in [42]. Specifically, given a prescribed number of iterations, say K, the optimal “constant
stepsize” derives the error minimizing steplength; in other words, v, = v for 1 < k < K. This is in contrast
with the constant stepsize result presented in Proposition 3, where v, =  for all k. steps. The following

Lipschitzian assumption is imposed on the function f(z;6).
Assumption 6 (A6). Suppose the following holds in addition to (A1-2).

(i) For every x € X, f(x;0) is Lipschitz continuous in 0 with constant Dy.

Theorem 2 (Rate estimates under convexity of f). Suppose (A3) and (A6) hold. Suppose E[||z* —
|2 < M2, E[||V.f(z*;0%) + w*|?] < M? and E[||Veg(0%) + v*||2] < MZ for all 2* € X and 6% € ©.
Let {z* 0%} be computed via Algorithm 1. For 1 < i,t < k, we define v; = ﬁ’ Tig = Ef:l vext and

Dx = max,ex ||z — x!||. Suppose for 1 <t < K, v, is defined as follows:

_ 4D§( + Lng()\g)(l + In K)
[ (M2 + MK ’

where Qp(Ng) = max {AZMZ(2ugAg — 1)1, E[||0" — 6*|12]}, and o1 = Xo/K with Ng > 1/(2ug). Then the
following holds for 1 <i < K:

|E[f(ii,K;0K) — f@%0M)]] < \/MD\H/%OLK\/E’

where C; k = g2y and Bg = (4D% + L§Qo(Xo)(1 4 In K))(M? 4 M2).
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Proof. By using the same notation in Proposition 2, we have from (2.16) that

1
are1 < ag + 577 M? = e i E[(2° - 27) TV, f(2*567))
1 * * * *
<aj+ iwi,kMQ - 'Vx,kE[(xk — T )Tvacf(zk; o )] - rYJc,kE[(xk Y )T(vxf(xkv 01@) - vmf(xkv 0 ))]

(2.20)

Note that f(x;0) is convex in x for every 6 € O, allowing us to leverage the gradient inequality.
E[(z* — 2*)TV, f(z*;0%)] > E[f(z*;0%) — f(2*;0%)]. (2.21)

Combining (2.20) and (2.21), we obtain the following:

1

ki1 < ap+ SR M? = e kB (2507) = f(@%507)] = v sBl(2" — 2T (Vaf (a5 0%) = Vo f(24:67))].

This allows for constructing the following bounds:

Yo kBLf (2%;0%) — f(z*;0")]
<ap—aps1 + %’yﬁ,kMz = Ve kE[(z" = 2)T (Vo f(a";6%) — Vo f (2" 67))]

1 1 . 1 *
< ag = app1 + §7§,kM2 + §7§,k]E[ka — 2" + §]E[|\fo(xk; 0%) — Vaf (a6

1

1
<ag —ag+1 + *’Yi,kMZ + 9

1
; o2 M2+ SLEE[|6* — 67|

1 1L2 A
<ag — ag+1 + ,7£7k(M2 + M2) + ,M

2.22
5 5 & (2.22)

where the second inequality follows from the fact that 2ab < a? + b2, the third inequality follows from the

boundedness of E[||z* — z*||?] and Lipschitz continuity of V, f(z;6) in 6, and the last inequality follows from

(2.19). As a result, for 1 <4 < k, we have the following:

k k Lk 1 & L200(0)
> veaBf (' 07) = f(250)] <> (ar — ag1) + 3 > vp (M4 M)+ 3 > = ;
t=i t=1i t=i t=i
1 e 2 2 2 1 & L§Q9()\0)
<ait- M? 4 M2+ = Y 20w0ne)
_al+2;7m,t( + a:)+2; t
1< 1
<ai+ 5 Y V(M + M) + S L5Qp(e) (1 + Ink). (2:23)

t=1

22



Next, we define v; & —<2=t— and Dx = max |z — 2*||. The following holds invoking these definitions:
s TE

s=i w5

ai+ L8 A2 (M2 + M2) + 1L2Qs(No)(1 + Ink)
Zt:i’)/z,t

thfx 0*) — f(x*;0%)| < (2.24)

Next, we consider points given by Z; j = Zf:l v, By convexity of X, we have that Z;, € X and by the
convexity of f(z;60*) in z, we have f(Z;;0%) < Zf:i vy f(z?). From (2.24) and by noting that a; < £D%

and a; < 2D§( for ¢ > 1, we obtain the following for 1 <i < k

AD% + 300, 72 (M2 + M2) + L3Qo(No)(1 + Ink)

E[f (Zi;07) — f(27507)] < (2.25)
2 Zt:i ry$7t
Suppose vyt = v, for t =1,...,k. Then, it follows that
_ . . 4D% + ky2(M? + M2) + L2Qo(No)(1 + Ink
Bl (71,:0°) — f(z*:0)] < Ll L EiQoa) (> Tuk) (2.26)
2k,
By minimizing the right hand side in v, > 0, we obtain that
4D% + LZQo(No)(1 +1nk)
e = (M? + M2)k '
This implies the following bound:
~ * * * B
Elf (71, 07) = F(2%67)] <\ 55
where By, £ (4D% + L2Qo(No)(1 + Ink))(M? + M?2). Next, we can also claim that for 1 <i <k,
- .. g+ DBy
E[f (@i 6%) = f(@"50)] < Cige\| (2.27)

where C; i, = Thus, by employing (2.19), (2.27) and the Lipschitz continuity of f(z;6) in 6, we have

k—it+1 z+1

the required result:

|E[f(Zi4:0) — f(a*507)]| < [E[f (243 0%) = f(@i0309)]] + [ELf (0 0%) — f(a™567)]]
< DE[||6° — 0" []] + ELf (1,65 0") — f(2";6")]

< YOOI Bl (51030%) - f(ats0%) < LRI G B
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Remark: In effect, in the context of learning and optimization, the averaging approach leads to a complexity
bound given loosely by
a b+ co/In(K)
VK VK ’
—_———

degradation from learning

o

where ag, b, cy are suitably defined. If 6* is available, then ag,cy = 0, leading to the standard bound of
o/ VK ). While it is not surprising that the requirement to learn 6* imposes a degradation, it appears
that this degradation is not severe. However, by changing the averaging window, this degradation disappears
from a rate standpoint. Specifically, the next result is a corollary of Theorem 2 and uses a modified averaging

window, as seen in [41].

Corollary 1 (Rate estimates under convexity of f). Suppose (A3) and (A6) hold. Suppose E[||z* —
|2 < M2, E[||V.f(z*;0%) + w*|?] < M? and E[||Veg(0F) + v*||2] < M for all 2* € X and 6% € ©.

Let {x* 0%} be computed via Algorithm 1. Let k be a positive even number. For k/2 <t < k, we define

A Yz, t

- k .
vy = ST Tjop = Zt:k/Z vzt and Dx £ max,ex ||z — x!||. Suppose for 1 <t < K, , is defined

as follows:

 [4D2 + L2Qo(Mo)(1 + In2)
e = (MZ+ M2k ’

where Qp(Ng) = max {ANZMZ (2N — 1)1, E[||0" — 6*|12]}, and o5 = Xo/K with Ng > 1/(2ug). Then the

following holds:

B[/ (Ex/2.530%) = f(2*;0)]| < W e

where B £ (4D% + L2Qo(Mg)(1 + In2)) (M2 + M2).

Proof. When i = k/2 where k is a positive even number, the second inequality of (2.23) becomes

: t 1 d 2 2 2 1 d LgQ@(AO)
D Bl (ah0%) — f(a*;6%)] Sagztg > M +M)+ 5 > —5
t=k/2 t=k/2 t=k/2

k k
1
<ak/2+ Z Vo (M? + M2) + LQg M) D5 - Z
t k/2 t=1 t=k/2— 1
k
St =3 2l (M + M) + 5 S T3Q0(N) 1+ (k) —~ In(k/2)]
t k/2

<agt g Z 724 M2+M2)+ lp 2Qo(Mo)(1 4+ In2). (2.28)
t=Fk/2
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Then, (2.26) becomes

4D§( + kﬁ(Mz + Mg) + Lng()\g)(]. +1n2)

Elf(Z18;07) — f(27;07)] < T

By minimizing the right hand side in v, > 0, we obtain that

- 4D§{ +L3Q9(/\9)(1 +ln2)
T = (M2 + M2)k

This implies the following bound:
~ * *, )k B
E[f(@1,0507) = fa™5 0] <4/ 7
where B £ (4D% + L2Qa(No)(1 +1n2))(M? + M2). Next, we can also claim that,

B Guyai) — £5710)) < [ 2.

where Cj = #/2—%1 < 2. Thus, we have the required result:
~ Xo)Dg + 2V B
E[f(z L OF) — f(z™0M)]] < VQs(%) )
|ELf (@12 0%) — f(a™;07)]] < Ve
|

We now present a constant steplength error bound where the steplength is fixed over the entire algorithm.
As mentioned before, this differs from Theorem 2 in that the number of iterations is not fixed. Constant
steplength statements are particularly relevant in networked regimes where the coordination of changing

steplength sequences across a collection of agents may prove complicated.
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Proposition 3 (Constant steplength error bound). Suppose (A3) holds. Suppose o = 9 and

Yok = Yoo Suppose E[[|lz* — z*||?] < M2 and E[||V. f(z";0F) + w¥||?] < M? for all z* € X. Suppose

Ap £ L|lz% — 2*||? and ay, £ E[Ay]. Let {z*,6%} be computed via Algorithm 1.
(i) Suppose (A1-1) holds. Then, the following holds:

9 1 YoV L2

1
limsupar < —v,. M* + . = T
- Ay 202 29 — 19Ch

(ii) Suppose (A1-2) and (A6) hold and 0 < 7 < 1. Then, the following holds:

1 1 Yov Yov2
limsup |E[f(z*;6%) — f(2*;6")]| < z7aM? + 427" M2 + 4703 —"f 0 57— ——5-
|E[f )= Jf( | < 5 2 2 219 —79C3 216 — 79Cf

k—o0

N | =

Proof. By (2.6), we get the following:

E[0" = 0%1* | Fi] < it ll0F — 0711 + i g5,

where gi 9 = \/1 — 27,040 + 7,%’9002. Suppose g := 7p is chosen such that (1 — gp) < 1 where gg 1 := gp.

By taking the expectation and limit supremum on both sides, we have

lim sup E[[[6°+ — 6%|[2] < ¢3 limsup E[|6" — 6% 2] + 1303,

k—o0 k—o00

or,

limsup E[[|0* — 6%|2] < N0V (2.29)
11m su D ——— .
PR = 2up —79C3;

(i) f is strongly convex: From (2.18), for v, , := 7, where -, is sufficiently small, we have the following:
ant1 < (1= Yapiz)ay + Q%CMQ + iszE[Hek 0*|I°]-

It follows that

limsup ag41 < (1 — Ypp,) lim sup ag + V2M? + ’Y—IL(% lilrcnsupE[H@k — 0"
— 0

k— o0 k—oc0
1 Tz '767/9
<(1-—~ lim sup ax + 7 2M2 4 P
(1= Yeta) s 00 N 2 iy 92#0 —79C3
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It follows that

1 11 'ygl/e
limsup ap, < — v, M? + L 5
koo 2, " 2122119 — 9 C3

(ii) f is convex: From (2.22), for v, := 75, we have the following:

BELF (@ 67) = (@%30)] < ay — apr + 573M? = B[l — ) (Vo f(ab; 04) — Vo (24 0%)]

1 1 .
< o — i+ 392V 4 22 El e —a*|)
1 *
+ 57;]E[||V$f(xk; ek) - vwf(ku 0 )”2]

1, . .
Ve M+ %LeE[IIG’“ 0117,

< ap — ak+1 + ’YIM2—|-2

where 0 < 7 < 1. It follows that

1 1
*%%MQ A2 V2

vz limsup B[f (z*;6%) — f(z*;0")] < limsup aj, — limsup ag,, + 3 o

k—o0 k—o0 k—o0 2

1
+2’ny2hmsupIE[||0k 0*||1%]

- M2 TM2 L2 ’YGVH
’Yz + ’Yx +2’yr 02/1'9_’790

| /\

It follows that

. 1 1 1 ’}/QVQ
limsup E[f(z*;0%) — f(z*; 60" M 4 T M2 T2 P
MBS (a456°) — (0 7)] < o i? 4 o7 b2 ko

IN

By the Lipschitz continuity of f(z;6) in 6 (A6(i)), Holder’s inequality and (2.29), we have

lim sup |E[f(xk;9k) - f(xk,e*)H < Dglimsup E[||6* — 6*|]
k—o0

k—oo
< Dglimsup 4/ E[||6% — 6*]2]
k— oo

- Dg\/limsup]EHGk —6+|2]
k— o0

2
YoVy

< Dgy| ——.
\ 210 —C3
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Therefore,

limsup [E[f («*; 6%) — f(*;6")]| < limsup [E[f(z";0%) — f(2";0%)]] + limsup [E[f (z";0%) — f(2*;6")]|
k— 00 k—o00 k— o0

1 _ 1 _ ’}/91/2 ’}/91/2
M2 -1 TM2 AT 1L2 [% D [ .
VM F e Mt 5% 2119 — 9 CZ e 29 — 10 CF

<

|~

2.2.4 Regret analysis

In this subsection, we consider the problem of online convex programming in a misspecified regime. In
online convex programming problems, a decision-maker sees an infinite sequence of functions ¢y, ¢z, ... where
each function is convex in its argument over a closed and convex set X. An online convex programming
algorithm [47] generates an iterate xp at each time epoch k and a metric of performance is the regret
associated with not using an offline algorithm that considers the following problem: min,¢ x 22{21 ck(x).

If an online convex algorithm generates iterates x1, xa, ..., then the regret Rk is defined as

K K
Ry & E ¢k () — min E crp(z)] .
reX ’
k=1 k=1

A desirable feature of an online convex programming algorithm is that it is characterized by sublinear re-

gret [47], which is given by the following theorem.

Theorem 3 (Theorem 1 in [47]). Select an arbitrary 2* € F and a sequence of learning rates i, ng, ... € RT.

1

In time step t, after receiving a cost function, select the next vector x'+1 according to the Greedy Projection

algorithm:
gt =Tp (2t — n, Vi (ah)).
If n, = t=1/2, the regret of the Greedy Projection algorithm is:

rotr) < LT (v7 - 1) v,

where ||F|| £ max, yer d(z,y) and |V £ MaXgeF e{l,2,...} [Vt ().
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Proof sketch: The regret of the Greedy Projection algorithm can be bounded as follows:

T

R [ < + — N,
G( ) - 2’[7T 2 —1 K

The result can be immediately obtained when n, = t=1/2. 11

Often the model prescribed in an online optimization regime can be refined to a setting where the
functions are related across time rather than being a sequence of unrelated functions. We consider one
particular regime in which the decision-maker sees a sequence of functions given by f(e;61), f(e;62),....
Furthermore, neither the values 61,605, ... are known to the decision-maker nor is the fact that 6, — 6* as
k — oo. As earlier, we assume that the decision-maker has to furnish x1, s, . .. and we define the misspecified
k_ gk

regret after K steps associated with our generated sequence {x*, 6%} as follows:

K
E > fa"0"¢ Kf(x*;a*,g)] .

k=1

Unlike the traditional definition, we consider the departure from f(x*,6*) and should be contrasted with
the standard regret metric given by R34 £ E [ZkK:l f(xF; 0%, &) — K f(x*; 0%, f)} For purposes of deriving

analytical bounds, we define the following variant of regret as follows:

K

K
= Zf(gck;ﬁk Zf (Y3 0, ¢ 1 , where yj = argminE
k=1 k=1 yex

K
Zf y; 0%, 5)1

=1

Next, we provide a rate of decay of the upper bound of average regret.
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Theorem 4 (Regret under convexity of f). Suppose (A3) and (A6) hold. Suppose E[||z — x*|]?] <
M2, E[||Vaf(z;0) + w*|?] < M? and E[||Veg(0) + v*||?] < MZ for all z € X and § € ©. Suppose
E[|Vaf(yke; 0F) +u|?] < M2, where ufF £ E[V.f(yk; 0%, &)] — Vaf(yi;0F). Let {x*, 08} be computed via
Algorithm 1. Suppose Vi » = k= with 0.5 < a < 1, and g, = Ag/k with Ag > 1/(2ug). If 0 < B < 1, then
the following holds:

Ric _ MEK®™D MK —a)  Doy/@Owl@vE 1) M2 L3Qs(h)(n(K) + 1)

— <
K~ 2 2(1— a)K K 2KF 2K 15 ’

where 8 > 0. Furthermore,

R(K)

lim sup
K—oo

Proof. By using the proof in Theorem 1 in [47] (cf. Theorem 3), we obtain that Ry /K is bounded as follows:

2

k=1

Ry <
27K T

Next, if v, = k=% with 0.5 < a < 1, then we have the following bound on Zszl Vi, z
K K K 1
;vk,m = ’;k*”‘ <1 +/1 e = (K" — ).

Therefore, we obtain the following bound on 1/%1(:

~ M2K®  M2(K'-° —q)
< xr
R <=5 2(1—a)

(2.30)

Recall that the difference between the real regret and misspecified regret is given by the following:

o~ B = |

K
> Fyi6%,6) —Kf(sc*;e*,aH
k=1

+ [E[K (f (yx; 07,6) — f(«50%,9)]]

K
E | fi: 0,6 — Kf(yi; 07,€)
k=1
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or

Rk —R
‘KKK’ +|E[f(y5:0%,€) — [0, 9.

Term 2

K
k:

Term 1

We proceed to derive bounds for Terms 1 and 2. Term 1 in (2.31) may be bounded as follows:

E[|f(yi: 0,6 — f(yi: 0%, €)]]

=) =
Mx

K
= fwii 0,6~ i 0%,
k=1

E

=1
K
Dg k *
< Dot -
=1
K
Dy Qo(Ng)
< — .
<K 2N

(2.31)

where the second and third inequalities follow from the Lipschitz continuity of V f(y*;6) in 6 (A6) and (2.19).

Through some analysis, the right hand side may be further bounded as follows:

Do~ [Qo(Ma) _ Don/Qo(Mg) K1 Dg\/Qo(No)(2VK — 1)
?;,/ T < i <1+/1 \/de>§ i .

(2.32)

This implies that Term 1 in (2.31) converges to zero as K — oo. Next, we consider Term 2 in (2.31). By

the optimality condition for yj,, we have the following expression:

o
v

1 T

El(yx — %) Vaf(ys; 0%,€)]

K
El(yi — ") Vo f (Wi 07,1+ Y Elwic — )" (Vo f Wi 0%, €) = Vaf (yi: 0,6))]-
k=1

ES
Il
-

Since f(x;0) is convex in x for every 6 € O, we may leverage the gradient inequality.

E[f (270", )] > E[f (yi:; 0", )] + E[Va f (yk: 0%, (2" — k)]

= El(yk — ") Vo f i;:0°,9)] > E[f (yi;: 0%, €) — f(a*;60%,9)].

Combining (2.33) and (2.34), we get the following lower bound:

K

K
Z (Wi 07,8 — f(@*:0%,9] + > Elyie — )" (Vo f (Ui 6%,€) = Va f(y":07,9))-

= k=1
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This allows for constructing the following bound on Zszl E[f(y3;0%,&) — f(x*0%,9)):

kiE[f(y%; 0,8) — f(a*;0,8)] < — ?E[(y% — ") (Vo f (i 0%, €) = Vo f (Y5c; 07,))]
=1 =1
1 & 11
fﬁgg Elllyjc — 2] §;ngfwﬁ®fWM%wmﬂ
1 & 151
<3 ; Ok M + 5 ; gLﬁE[H@k AR
< ;i&KMﬁ +;§:(;<L§QZ(’\9) (2.35)

~
Il
—
B
Il

1

where 8 = K~# with 0 < < 1 and the last inequality follows from (2.19). Note that Y, + < In(K)+1.

Thus, [E[f(yx;07,€) — f(2%;0%, )] = E[f(yk: 07) — f(";07)]

M2 K L Qe(/\e)

< 2y k=l (2.36)
2K#8 2K(5K

< M n L5Qo(No)(In(K) +1)

— 2K# 2K1-8 '

Combining (2.30), (2.31), (2.32), and (2.36), we have that Rx /K can be bounded as follows:

Rk — R RK ’RK RK‘

Br _ Br
K — K K _K K
LMK MAKY —a) | DoV/QDa)2VE —1) | M2 L3Qy()(In(K) +1)

- 2 * 2(1 - a)K K 2K#8 2K1-8
Furthermore, this implies that the limit superior of the average regret is nonpositive. 1

Remark: In effect, in the context of learning and optimization, the averaging approach leads to a

complexity bound given loosely by

o a b d co  epln(K)
Ko KaTEKFT UR T KF |
[ —
contribution from learning

where a, b, cy,d, eg are suitably defined. If 6* is available, then cy, ey = 0. Furthermore, by setting o« = 0.5

and 8 = 0.5, this leads to the bound of O(In K /v/K), which is a degradation as the result of learning 6*. 1
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2.3 Stochastic variational inequality problems with imperfect
information

Several shortcomings exist in the optimization based formulation represented by (P2(6*)). First, the mis-
specification arises entirely in the objectives while the constraints are known with certainty. Second, the
underlying problem need not be an optimization problem, but could instead be captured by a variational
inequality problem. Such problems [20] can capture a range of problems including economic equilibrium
problems, traffic equilibrium problems, and convex Nash games. In fact, variational inequality problems can
effectively capture optimization problems with misspecified constraints. This motivates the consideration
of the misspecified stochastic variational inequality problem (P (0*)) where 6* can be learnt through the

solution of the following problem:
(0 —0)"E[G(6;n) >0,  VIeO, (£5)

where G : 8 x RP — R™, and © and 7 abide by the previous specifications. In the majority of problem
settings, G(6;0) £ Vyg(#;n) but we employ the variational structure to introduce generality. In this section,
we extend the results of the previous section to this regime. Specifically, we develop the convergence theory
under settings where the variational map F is both strongly monotone and merely monotone in x for every

0 € © in Section 2.3.1 and provide rate statements in Section 2.3.2.

2.3.1 Almost-sure convergence

As in Section 2.2, we propose a set of coupled stochastic approximation schemes for computing z* and 6*.

Given 2% € X and 0° € ©, the coupled SA schemes are stated next:

Algorithm 2 (Coupled SA schemes for stochastic variational inequality problems). Step O.
Given zg € X,0y € © and sequences {Vi,z,Vk,0}, k:=0

Step 1.

2F = Tx (2 — o (F(2*;0%) + w)) (Compy)

oF ! .= Tlg (Gk — Yk,0(G(8F) + %)), (Learny,)

where w* & F(xF; 0% &%) — F(2%;0%) and v* £ G(6%;n*) — G(6F).

Step 2. If k > K, stop; else k: k+1, go to Step. 1.
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We begin by stating an assumption similar to (A1-1) on the mappings F and G.
Assumption 7 (A1-3). Suppose the following hold:

(i) For every 6 € O, F(x;0) is both strongly monotone and Lipschitz continuous in x with constants pi,

and L, respectively.
(i1) For every x € X, F(x;0) is Lipschitz continuous in 0 with constant Lg.
(i) G(0) is strongly monotone and Lipschitz continuous in 6 with constants ug and Cy, respectively.

Now, we can leverage the results in Section 2.2.2 to examine the convergence properties for Algorithm 2.

Proposition 4 (Almost-sure convergence under strong monotonicity of F'). Suppose (A1-3), (A2-

1) and (A8) hold. Let {x* 6%} be computed via Algorithm 2. Then, v* — 2* a.s. and 0% — 0* a.s. as

k — oo, where x* is the unique solution to (P2 (0*)) and 6* is the unique solution to (Ly).

Proof. Note that z* = Iy (2™ — v o F(2z*;60%)) and 0* = Il (0* — v4,0G(0*)). If we replace V, f and Vyg by
F and G in Proposition 1, respectively, then by the proof of Proposition 1, we get ¥ — z* a.s. and 8% — 6*

a.s.ask —oo. 1

Next, we weaken the rather stringent requirement of strong monotonicity of the map by using an iterative

Tikhonov regularization, which can be stated as follows.

Algorithm 3 (Coupled regularized SA schemes for stochastic variational inequality problems).
Step 0. Given zg € X, 6y € © and sequences {Vi z, Vro}, k=0
Step 1.

"t =TIy (2° — e (F(2*;6°) + ex2* + w?)) (Compy,)

OF ! i=Tlg (0% — vk,0(G(6%) + 7)), (Learny,)

where w* £ F(xF; 08 ¢F) — F(2*;0%) and v* & G(0%;n*) — G(6F).
Step 2. If k > K, stop; else k:=k+ 1, go to Step. 1.

Unlike in standard Tikhonov regularization, such a scheme updates the regularization parameter ¢ after ev-
ery step. Tikhonov regularization and its iterative counterpart has a long history [39] while iterative regular-

ization schemes have seen relatively less study in the context of variational inequality problems (cf. [48, 49]).
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Of note is the extension to distributed schemes to accommodate monotone Cartesian stochastic variational
inequality problems [22]. We employ such techniques in developing single-loop stochastic approximation
schemes in the context of learning and optimization. The following assumptions will be made on both the

decision variable and parameter.
Assumption 8 (Al-4). Suppose the following holds in addition to (A1-3 (ii)) and (A1-3 (iii)).
(i) For every 0 € ©, F(x;6) is monotone in x and Lipschitz continuous in x with constant L.

In iterative Tikhonov regularization, one cannot independently choose {ex} and {74}; in fact, these

sequences are related and satisfy some collectively imposed requirements.

Assumption 9 (A2-3). Let {vi.}, {0}, {€x} and some constant 7 € (0,1) be chosen such that:
(i) > e 'yi;: < oo and Y770V < 00,
(15) D pe o Vi€ = 00 and Y po g Vo = 00,

(iii) Br = Q]:;M 10 ask—0.

(iv) Yo, (emizen) o

€k

Before providing a convergence result for Algorithm 3, we introduce the following results.

Lemma 5. Let H : K — R™ be a mapping that is monotone over K, and Lipschitz continuous over K with
constant L. Then, for any v > 0 and € > 0, we have ||(z —y) — v(H(z) — H(y)) — exy(z — y)|| < q|lz — yl|,

where ¢ = \/1 — 2ve + y2(L2 + €2).

Proof. See proof of Theorem 1 in [50]. 1

Lemma 6. Let H : K — R" be a mapping that is monotone over K. Given €, > 0, let y* be a solution to

VI(K, H + ¢,I). Then,

M(Ek_l — Ek)

3

ly* — "1 <
€k

where M = ||z*| and z* is a solution to VI(H,K ).
Proof. See Lemma 3 in [50]. 1

The convergence result for Algorithm 3 can be stated as follows.
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Theorem 5 (Almost-sure convergence under monotonicity of F'). Suppose (A1-4), (A2-3) and (A3)

hold. Suppose X is bounded and the solution set X* of (P2(6*)) is nonempty. Let {z*,0%} be computed via

Algorithm 3. Then, 0% — 0* a.s. as k — oo, and x* converges to a random point in X* a.s. as k — oo.

Proof. We have for any z* € X* that 2* = IIx (2* — vk . F(2*;0*)). Suppose y* is a solution to the following

fixed-point problem

" =Tx (Y = e (F (" 07) + ey™)).-
Then, by the triangle inequality ||z**! — 2*|| may be bounded as follows:

2™+ — 2| < [l =yl ly” -
—_—

Term 1 Term 2

Term 2 converges to zero by the convergence statement of Tikhonov regularization methods [20]. By using

the non-expansivity of the Euclidean projector, ||z¥*! — *||? can be bounded as follows:

" = y* )P = x (2" = o (F(2%50°) + ea® +w®)) = Tx (5 — W (F (5" 07) + ey)|®

< (2" = y") = e (F(2"0%) = F(5*50%) — ewmma(@® = 5*) = yeow®|?.
By adding and subtracting v . F'(z*; 6*), this expression can be further expanded as follows:

1(@" = y%) = Yoo (F(a*;0%) = F(y*;0%)) — o (F(2¥;0%) — F(2":0%)) — exvin(@® — y*) — 0w

= ll(@® = ") = W (F (2" 07) = F(y*:0%) = exma(z® =y + 28 o1 ("5 0%) — F(2™50) 12 + 7, llw")?
= 2[(a" —y") = o (F(a"507) = F(y*;07)) — exma(a® — y")]T x (F(2"0%) - F(a*:07))

= 2[(@" —y*) = W (F(@"07) = F(y*:0%)) — enypw(@® — y)]Tw® + 298 L (F(a*;0%) — F(a*;07) 0"

Noting that E[w* | ;] = 0, we have

E[|[z** — ¢*|? | Fi] < Term 3 + Term 4 + Term 5 + v E[||w*|? | 7], (2.37)
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where

Term 3 £ ||(z" — y*) — 1o (F(2";07) = F(y";607)) — exyn e (@® — 3|,
Term 4 £ 42, | F(z¥0%) — F(a¥0%) |,

Term 5 2 — 2y 0[(2" — 4*) — Ya(F (2" 07) — F(y*:6%)) — exmma(c® — y*)T (F (2" 6%) — F(a;67)).
By Lemma 5 and (A1-4), Term 3 can be further bounded by
(1= 29a6r + 7k o (L2 + (er))) 12" — "% (2.38)
By the Lipschitz continuity of F'(z;6) in 6 (Al-4), Term 4 can be further bounded by
Vi Loll0* — 07|, (2.39)

By the Cauchy-Schwarz inequality, Lemma 5, (A1-4) as well as the fact that 2ab < a? + b?, Term 5 can be

further bounded by

292" = 4") = Wa(F(ah:0%) = F(y":0%)) — o (@ —y")IIF(2*;0%) = F(a*;07)]
< 21— Zpaen 92 (L2 + ()?)lla — v Loll0* — 07|
(2.40)
< 2k Lollz® —y* 16" — 67|
<via Lalla® = yF I + g 0% = 01,
where 7 € (0,1) is chosen to satisfy (A2-3). Combining (2.37), (2.38), (2.39) and (2.40), we get
Ella*! — 4512 | Bl < (B + 12 LDIE — 0F2 + (0 + 12, L3)I6° — 0% 2 + 02 02, (241)

where g, = \/1 = 29k ek + 7 o (L2 + (ex)?).
On the other hand, we have that 6* is the unique solution to VI(©,E[G(e;7)]) and

0* = H@(O* — ’yk,gG(e*)).
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Therefore, by the nonexpansivity of the Euclidean projector, [|#**! — 6*||2 may be bounded as follows:

|65+ — 6|2 = || TTe (8% — yk.6(G(0F) +v*)) — e (8" — y10G(67))?
<|[(0F = 0%) — i, (G(0%) — G(67)) — 00" |2

= [1(6% = 0%) = 10 (G(0%) = GO NI+ oll0" 17 = 2706[(0" — 07) — 10 (G(0") — G(67))] "
By taking conditional expectations and by recalling that E[v* | ;] = 0 (A3), we obtain the following:

E[J|0"F — 0% | Fa] < (10" = 0%) = ,0(G(0%) = GO)I* + 17 oEL|0"]1* | Fi]
(2.42)

< qi,e||9’“ — %11 + i .0%

where g9 = \/1 — 2vk,00 + 77 4Cf, and the second inequality follows from Lemma 4, (A1-4) and (A3).

Since by (A2-3) >77% (1 = qi 4) = 0o and Y72 (77 45 < o0, and

2 2 9 9

. Yi,0V0 . Vi,0V0 . Yi,0Vg
lim 35— = lim 3 o M e
k—oo 1 — Qrg koo 2Yk,0t0 — 7k,909 k—o0 2ptg — Yi,6C

207

we have by Lemma 2 that [|#* — 6*|] — 0 a.s. as k — oo. Choose S = 271’:;29 by (A2-3). Note that by

assumption Sx41 < Bi. By multiplying the left hand side of (2.42) by Bx+1 and adding to the left hand side

of (2.41), we get

Efl 2"t — "1 | il + Ben B0 — 67|17 | Fi

S E[|lz" = g* 1 | Fil + BE[0° - 0717 | Fi]

< (@R 72T LE — yF 12 + (BraR g + 1w + V2L LROF — 0% 1% + BirR ovh + VR a2 (2.43)
_ Brdio+ i+ 70 oLd “
= (@ o+ e Lo)l2” — o2 + — BZ 22 Bell0F = 0711 + B ovi + Vi aVa-
Term6

Term 6 on the right hand side of (2.43) can be further expanded as

5kq’3,9 + ’Yl;r:,z + 7]%,:1:[’3 2 ,Y]Z:—’a: + 7}3,1113
= qkﬁ 4+ -

Bk Bk
=1+ 7;6C4 + 2071, 1oL

Voo | Viold
+ R b
Bre Bre (2.44)

=1 — 2010 +776C3 +
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Combining (2.43) and (2.44), we get

E[lz**" — ¥ | Fi] + BeraE[I0" ! — 6% | Fi
< (Ghw + Ve L2 = yF 17 + (1 + 92 9CF + 2vk0770 10 L5)Bell0F — 0%(1° + Bevig¥s + Vo wVo
= (1472603 + 207 HoL3) (2" — v*|1° + Bell6” — 67]1*)
— (%.6CF + 2v.07h 0 HoLj + 2ykaer)llz* — |2

+ (W (L2 + (er)?) + i L) l=® — o 11> + Bk 0¥ + 77 2V
Note that [l2#+1 — g2 < flz% — =12 + 2l — 55l — 55| + Iy — g%, We have

E[l|z" ™ — y*[|1? | Fi] + B E[[|0% T — 0% | Fi]

< (1+ %005 + 2907 1o Lg) (2% — y* 717 + Bell0” — 6%)1?)
+2(1 497 9Ch + 207 o o L) 12 — y* T Y — o+ (1472 6CF + 270y o Ld) Iy — y* 11
— (%605 + 2m07ny 1oL + 2kaer)llz* — y" 12 + (7 (L3 + (1)) + 770 o) llz* — |17

+ Bk%g,ol/g + 7/3,1:”%7
which can be further reduced to

B[ — o* 1> | Fa] + B B[0°F — 0% | Fi]

< (L+9%.0C5 + 207y 10 L) (2" — y* 7% + Bell0" — 07)1?)
+2(1 472 9C4 + 207 o Lp)l|z" — yF lly* — vl
+ (1472 6CF + 2070 o L) lly* — v

— 29k zerll” — 0PI + (R (L2 + (1)) + o0 Lo)I2" — 4" 117 + Bt ovs + Vi ¥

By Lemma 6 and (A2-3), > r  ly" —y" 71| < co. and >_p—, [|[¥* — y*~||* < co. Therefore, by boundedness

of X, (A2-3) and Lemma 3, we have that there exists a random variable V' such that
2% — "2 + Bil|6" — 0> =V a5 ask— occ.

and Y07 2vkwekl|zF — y¥||? < oo. Since Y37 Ve wer = 00, we get ||2F — y¥|| — 0 a.s. as k — oco. This

implies ||z¥ — 2*|| = 0 a.s. as k — co. 1
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2.3.2 Diminishing and constant steplength error analysis

In this section, we estimate the convergence rate of the proposed schemes. Analogous to Section 2.2.3,
we obtain the optimal O(1/K) rate estimate for the upper bound on the expected error in the solution
xx when F(e;0*) is strongly monotone in (). In addition, when F'(e;6*) is merely monotone and the
variational inequality problem possesses the minimum principle sufficiency (MPS) property (See Lemma 7
for a definition of the MPS property), a rate estimate is still available by using averaging. If we replace V, f

and Vyg by F and G, respectively, in Theorem 2, then we obtain the following;:

Theorem 6 (Rate estimate for strongly monotone F). Suppose (A1-3) and (A3) hold. Suppose
Yok = Ao/k and yor = No/k with Ay > 1/p, and Ng > 1/(2ug). Let E[||F(a®;0%) + w*||?] < M? and
E[||G(6%)+v*||2] < MZ for allz* € X and 6% € ©. Suppose x* is the unique solution to VI(X,E[F(e; 0%, £)]).

Let {z%,0%} be computed via Algorithm 2. Then, the following hold:

B — 7)) < 200 o mjat - oy < Q)

where

Qo(Ao) 2 max {NFMZ (2000 — 1)~ E[[l6" — 67]},
Qu(Ae) 2 max { N2 (e \e — 1)L, E[lat — 27|}

i Lng(Ae).

and M 2 | M2
HaAg

Next, we weaken the strong monotonicity of F, but assume that (PY(6*)) satisfies the MPS property,
introduced in the following Lemma. Note that this property guarantees weak sharpness of the solution set;

this is analogous to weak-sharpness of minima in optimization problems [51].

Lemma 7 (Theorem 4.3 in [52]). Let H : X — R™ be a mapping that is monotone over the compact polyhedral
set X. Let X* be the solution set of VI(X, H). If the VI(X, H) possesses the minimum principle sufficiency
(MPS) property, then there exists a positive number o such that (z — z*)T H(z*) > « dist(z, X*), Vz €
X, Vz* € X*, where dist(v, X*) £ ming«cx- ||[x — 2*||. We say that the VI(X, H) possesses the MPS

property if I'(z*) = X* for every x* in X*, where I'(x) = arg maxyex (v — y)* H(x).

By leveraging this property, we may estimate the convergence rate by using averaging as in Theorem 2.
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Theorem 7 (Rate estimates under monotonicity of F'). Suppose (A1-4) and (A3) hold. Suppose
E[||a* — 2*||?] < M2, E[||F(a*; 6%) + w*||?] < M? and E[||G(0%) + v*||?] < M} for all 2% € X and 6* € ©.

Suppose X is a compact polyhedral set, the solution set X* of VI(X,E[F(e;0*,£)]) is nonempty, and x*

is a point in X*. Suppose VI(X,E[F(e;0%,¢)]) possesses the MPS property. Let {x*,0F} be computed via
Algorithm 2. For 1 < i,t < k, we define v, £ ﬁ, Fip 2 Zf:z virt and Dx £ max.ex ||z — =]

Suppose for 1 <t <k

4D2 +L Qg()\g)(1+lnk)
LS (M2 + M2)k ’
where Qg(Ng) £ maX{A§M3(2u9/\9 - 1)~LE[||6* - 9*||2]}, and Yo.r = Xg/k with Ag > 1/(2ug). Then there

erists a positive number o such that for 1 <i < k:

By,

E [a dist(Z; k, X*)] < Cik %

where C; i, = m and By, = (4D% + L2Qo(X\o)(1 + Ink))(M? + M?2).

Proof. By using the same notation in Theorem 2 except that we replace V. f and Vyg by F and G, respec-

tively, we have from (2.20) that

17§,kM2 — YakBl(a" = a) T F (" 0)] = vasEl(2" — ") T (F(2"0%) - F(a*:0))]. (2:45)

ap+1 < ap + >

By Lemma 7, we have that there exists a positive number « such that

a dist(zF, X*) < (2% — )T F(2*;0%) = (2% — 2)TF (2%, 6%) — (2% — 29T (F(2*;6%) — F(2*;0"))
(2.46)
< (2" — 2T F(a*:0"),

where the last inequality follows from the monotonicity of F'(e;6*) in (). Combining (2.45) and (2.46),

vy, kE[dist (¥, X*)] < v, xE[(2" — 2%)T F(2*;6%))
(2.47)

1 * *
Se i M? =y kE[(a" — a*)T(F (2 0%) — F(2*;6"))].

Sak*ak+1+2

Next, we follow the same proof method in Theorem 2. We define v; = ﬁ and Dx = max |z — . It
s=i JT,;s rE

follows from (2.24) and (2.47) that

l ~ o ] o Ot 3 TP+ M) + 5 L3Q0 a1+ Ink) (2.48)

E athdlst(xt,X*)
Et 7 ’Yw t

t=1
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. . . ~ A k
Next, we consider points given by Z;, = > ,_, vz’

Since F'(x;0*) is monotone in z, we have that X* is
convex, which implies that dist(z, X*) is convex in z. So, we get dist(Z; , X*) < Zf:l vdist(x?, X*). Tt
follows from (2.25) and (2.48) that for 1 <i <k

L oo AD% + 300 92 (M + M) + L3Qo(Ae)(1 + Ink)
E [o dist(Z; 5, X )] < t ) .
22,&:1 Vet

. (2.49)

Suppose v+ = v for t =1,..., k. If we follow the same proof method in Theorem 2, then we can get from

E [o dist(Z:, X*)] < Ci s \/BT~

(2.27) and (2.49) that

The following corollary is a special case of Theorem 7, an avenue that has been adopted in [41].

Corollary 2 (Rate estimates under monotonicity of F). Suppose (A1-4) and (A3) hold. Suppose
E[|ja® — 2*||?] < M2, E[||F(a*;6%) + w*||?] < M? and E[||G(0%) + v*||?] < M} for all z* € X and 6% € ©.
Suppose X is a compact polyhedral set, the solution set X* of VI(X,E[F(e;0*,£)]) is nonempty, and x*
is a point in X*. Suppose VI(X,E[F(e;0%,¢)]) possesses the MPS property. Let {x*,0F} be computed via
Algorithm 2. Fork/2 <t <k, we define vy & <z 2=t—o, Tr/ok = Zf:k/2 vex! and Dx £ max,ex ||z —2!.

Z?:k/z Yz,s
Suppose for 1 <t <k

N 4D§( I LgQg(Ag)(l + In 2)
2= (M2 + M2)k ’

where Qg(Ng) £ maX{A§M3(2u9/\9 - 1)~LE[||6* - 9*||2]}, and Yo.r = Ng/k with Ag > 1/(2ug). Then there

exists a positive number a such that

/B
E [o dist(Zg /2,5, X*)] < 2 —

where B = (4D% + L2Qo(Mo)(1 +1n2))(M? + M2).

Proof. When i = k/2 where k is a positive even number, then by utilizing the same approach as in Corollary

1, inequality (2.49) becomes the following:

4D% + Zf:k/Q Vo (M2 + MZ) + L§Qs(No) (1 +1n2)
z
2 Zt:k/2 Va,t

E [o dist(Zy /2., X*)] < : (2.50)
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Suppose vz, = v, for t =1,..., k. By utilizing the same techniques as in Theorem 7, then we obtain the

following bound:

E [o dist(Zy /2,5, X¥)] < 2,/%

where B £ (4D% + L2Qo(No)(1 +In2)) (M2 + M2). 1

Next, we present a constant steplength error bound.

Proposition 5 (Constant steplength error bound). Suppose (A3) holds. Suppose Yo i := Yo and vy i :=
Yz Suppose E[||zF — z*||?] < M2 and E[F(z";0%) + w”||?] < M? for all 2* € X. Suppose Ay £ §||z* — z*||?
and ay, = E[Ag]. Suppose X is a compact polyhedral set, the solution set X* of VI(X,E[F(e;0* ¢)]) is
nonempty, and x* is a point in X*. Suppose VI(X,E[F(e;0* ¢)]) possesses the MPS property. Let {x* 6%}

be computed via Algorithm 1.

(i) Suppose (A1-3) holds. Then, the following holds:

1 11 2
limsupay < YeM? + = — L2 Yo

k—c0 20y 202 %209 — 7oC3’

(ii) Suppose (A1-4) holds. Then, there exists a positive number o such that:

lim sup E[dist(z*, X*)] < 1 Ly M2+171—TM2+177—1 27971/3
FR ’ a2 2’ e o 0oLy —7eC3 |’

where 0 < 7 < 1.

Proof. If we replace V. f and Vyg by I and G in Proposition 3, we obtain that

2
. YoVy
limsup E[||* — 0*||?] < — 20

and the following can be derived based on the properties of F":

(i) F is strongly monotone:

. 1 11 Yova
limsupap < — A, M? + - —L2—""0 .
RN e 20272019 — 7o C?
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(i) f is convex: From (2.47), for v, := 7., we have that there exists a positive number « such that:

oy Eldist(z¥, X*)] < 1, E[(zF — )T F(z*;0%)]

1 * *
572M2 - %E[u’“ — ") (F(a*;0) - F(a";6%)
< ap = agr + %MQ + % TTE[|l2" — 2|7 + %E[llF(ﬂc 0%) — F(z*,6%)]%]

<ap —ag+1 +

1 1 %
<ap—ags1+ §7§M2 2 g TM2 W;LZIE[HG’“ -0 ||2]7

where 0 < 7 < 1. It follows that

1 1
oy, Eldist(z*, X*)] < limsup ay, — limsup az,1 + %MQ + —2TTM2 + AT L3 hm bup E[||6% — 6*|?]
k—o0 k— o0 2 2 2
1 A2 M2 + 1 A2 N2 1 2 791/9
M "M "Ly —————
It follows that
. . 1 Yovg
1 Eldist kX* < |z M2 *1TM2 77’1L279
i sup [dist(z", )]_a 5V M+ 5% +3% e~

2.4 Numerical results

In this section, we apply the developed algorithms on a class of misspecified economic dispatch problems
described in Section 2.4.1. In Section 2.4.2, we apply the proposed schemes for purposes of learning optimal
solutions and the misspecified parameters. Note that the simulations were carried out on Tomlab 7.4. The
complementarity solver PATH [53] was utilized for obtaining solutions to these problems which subsequently

formed the basis for comparison.

2.4.1 Problem description

We consider a setting where there are N firms competing over a W-node network. Firm f may produce and
sell its good at node i, where f =1,..., N andi=1,...,W. We assume that for a given firm f, the cost of
generating x ¢; units of power at node ¢ is random and is given by cyf;(zf;) = dfiacﬁi +hypixps + &, where dy;
and hy; are positive parameters, and {y; is a random variable with mean zero for all f and ¢. Furthermore,

the generation level associated with firm f is bounded by its production capacity, which is denoted by cap ;.
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The aggregate sales of all firms at node i has to satisfy the demand D; at node i. A given firm can produce
at any node and then sell at different nodes, provided that the aggregate production at all nodes matches
the aggregate sales at all nodes for each firm. For simplicity, we assume that there is no limit of sales at any

node. Then, the resulting problem faced by the grid operator can be stated as follows:

N W
min B> > eniler)

f=11i=1

subject to  z; < capy;, for all f,4 (2.51)

N
f=1

The resulting optimal solution is given by z*. Suppose firm f generates yy; units of power at node i. We
use cyi(yfi) = dfi(yf¢)2 + hyiyri + &5 to denote the cost associated with firm f at node i. The operator will
solve the following (regularized) problem to estimate cy; and dy;:

min E [(dsi(ysi)? + hpiypi — cri(ypi))? + podf; + noh;] - (2.52)
{dsi,hs}€O

The resulting optimal solution is given by 68*. We assume that yy; is distributed as per a uniform distribution
and is specified by yy; ~ U[0, cap,], while that the noise y; is distributed as per a uniform distribution and
is specified by {p; ~ U[-0%,/2,0%,/2].

2.4.2 Results

In this subsection, we employ Algorithm 1 proposed in Section 2.2 for learning parameters and computing

optimal solutions. We will examine the behavior and error bounds of the algorithm.

Behavior of the algorithm

In this part, we consider a special case when N =5 and W = 5. Suppose, the noise ¢ is distributed as per
a uniform distribution and is specified by & ~ U[—6*/2, 0% /2]. Suppose the steplength sequences {vx .} and
{7Vk,0} are chosen according to Proportion 2: ~y , = 1/k and v, ¢ = 40/k. Figure 2.1(a) illustrates the scaled

error of the learning scheme when the number of steps increases.

Error bounds

In this part, we examine the errors of the algorithm and compare them with the theoretical error bounds

proposed in Section 2.2. Suppose, the noise £ is distributed as per a uniform distribution and is specified by
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Figure 2.1: Computing 2* and learning 6* (§ ~ U[—0*/2,6%/2], N =5, W =5)

€~ U[—07/2,0%/2).

(a) In the strongly convex regime, suppose the steplength sequences {7 5} and {7y ¢} are chosen according

to Proportion 2: vy, = 1/k and -y, ¢ = 40/k. We use ERR to denote the theoretical error provided in

Proportion 2. The algorithm was terminated at K = 10000. Table 2.1 (L) shows the scaled errors of

the learning scheme.

(b) In the merely convex regime, suppose the steplength +y, and the steplength sequence {7} are chosen

according to Theorem 2: +, is chosen by Table 2.1 (R) and ~yx9 = 40/k. We use ERR to denote the

theoretical error provided in Theorem 2 while z* denotes f(z*;0*). The algorithm was terminated at

K = 10000 and Table 2.1(R) shows the scaled errors of the learning scheme.

(c) Suppose the steplength sequences {7 .} and {y4e} are chosen according to Theorem 4: 7, = k=

and ;e = 40/k. We employ ERR to denote the theoretical error provided in Theorem 4 while z*

denotes f(x*;0*). The algorithm was terminated after K = 10000 iterations. Figure 2.1(b) illustrates

the scaled regret and scaled theoretical error of the learning scheme when the number of steps increases

(a = 8 =10.5). Table 2.2 shows the scaled theoretical error of the learning scheme for different chosen

Vi = k™% with @ = 0.5,0.6,0.7,0.8,0.9 when 5 = 0.5. We see that when o changes, error bounds

change marginally primarily because the last term in Theorem 4 dominates the bound.

Table 2.1: Learning z* and 6* in a strongly convex (L) and convex (R) regime: £ ~ U[—0*/2,60* /2]

N | w | ElzE—e*] ERR IE[eE —60*]] ERR N | w | EFELr0T) =" ERR

T+l 1+]=*] 1+][60*] 1+]6*] 1+[=*] 1+ [z*] T
10 2 7.3x10 5 9.2x 107 4.8x10 2 3.7x107% 10 2 1.0x10— ¢ 2.5x10° 72
10 4 3.7x10 2 2.1x1010 4.9x10~ 2 3.1x 107 10 4 6.5x10 2 1.1x10° 93
10 6 3.8x10 2 7.8x1010 4.7x10 2 8.3x 104 10 6 2.7x10— 1 2.6x10° 127
10 8 1.7x10 2 9.1x1010 4.8x10 2 8.5x 104 10 s 1.3x10~ 1 1.7x10° 131
10 | 10 2.4x10~ 2 1.2x1011 4.3x10~ 2 8.6x 101 10 | 10 1.4x10 1 2.6x10° 133
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Table 2.2: Investigation of regret when learning z* and 6* in a stochastic convex regime: & ~ U[—6*/2,0* /2],
N=5 W=5

R ERR
K=*] [=*1
0.5 | 4.8x10~2 | 3.1x10
0.6 | 33x10°2 | 3.1x10
0.7 | 2.3x10-2 [ 3.1x103
0.8 | 1.8x10~2 | 3.1x10
09 | 1.5x10-2 [ 3.1x103

2.5 Concluding remarks

Traditionally, much of the field of optimization has been defined by problems in which the functions and sets
are known to the decision-maker. However, as problems grow in their reliance on data, such knowledge cannot
be taken for granted. We consider one such instance of such problems where functions may be misspecified
and the associated vector may be learnt through the parallel solution of a suitably defined problem. It
is worth emphasizing the problem in the full space of learning and optimization variables is a challenging
(non-monotone) stochastic variational problem for which no first-order methods are currently available. Yet,
by leveraging the structure of the problem, we show that such problems can indeed be efficiently solved.
We consider a problem of solving a stochastic optimization problem in which the objective is parameter-
ized by a vector that can be learnt by solving a suitably defined learning problem, captured by a stochastic
optimization problem. In both strongly convex and merely convex regimes, we develop a set of coupled
stochastic approximation schemes which produces a sequence of iterates that are shown to converge to the
solution and unknown parameter in an almost sure sense. Additionally, we provide rate estimates for the
prescribed schemes in both strongly convex and convex regimes. Through an analysis of the rate of con-
vergence under a diminishing steplength setting, it is seen that the optimal rate of convergence is observed

in strongly convex problems while in convex regimes, we see a degradation introduced by learning from

O (\/—%) to O ( Y %K)) This degradation is seen to disappear if the averaging window is modified appro-

priately. Similar rate statements are also provided in a constant steplength regime. In fact, we may also cast
this problem as an online decision-making problem where a decision-maker sees a collection of misspecified

functions. In a stochastic regime, we observe that an upper bound on the average regret can be shown to

In K
VK

Unfortunately, the optimization-based model cannot accommodate settings where there is misspecifi-

decay at a rate no worse than O ( ) for a suitably chosen steplength.

cation in the constraints or, more generally, if the associated decision-making problem is an equilibrium
problem. Motivated by this gap, we consider a misspecified stochastic variational inequality problem and
propose analogous stochastic approximation schemes for computation and learning. To resolve the challenge
associated with merely monotone maps, we employ (Tikhonov) regularized counterparts for which almost-

sure convergence statements can be provided. Additionally, we provide rate statements for constant and
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diminishing steplength regimes, of which the latter requires imposing a suitable weak-sharpness assumption
on the original problem. Again, it is seen that while the schemes display the optimal rate of convergence

under strongly monotone regimes, a degradation in the rate is seen in the monotone regime.
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Chapter 3

Misspecified Stochastic Nash Games

3.1 Introduction

In networked engineered systems, a common challenge lies in designing distributed control architectures that
ensure the satisfaction of a system-wide criterion in environments complicated by nonlinearity, uncertainty,
and dynamics. Such control-theoretic problems take on a variety of forms and arise in a variety of networked
settings, including networks of unmanned aerial vehicles (UAVs), traffic networks, wireline and wireless
communication networks, and energy systems, amongst others. These systems are often characterized by the
absence of a designated central entity that either has system-wide control or has access to global information.
Consequently, control is effected through distributed decision-making and local interactions that rely on
limited information. Game-theoretic approaches represent an avenue for designing such protocols. Game
theory has seen wide applicability in the social, economic, and engineered sciences in a largely descriptive
role. There has been immense recent interest in a prescriptive role [54] that considers designing a game whose
equilibria represent the solutions to the control problem of interest [55, 56]; consequently, the distributed
learning of Nash equilibria assumes immediate relevance in the management of networked systems. Learning
in Nash games has seen much study in the last several decades [57, 58, 59, 60]. In continuous strategy regimes,
convex static games find significance in engineered systems such as communication networks [61, 62, 63, 64]
and signal processing [65, 66].

An oft-used assumption in game-theoretic models requires that player payoffs are public knowledge,
allowing every player to correctly forecast the choices of his adversaries. As noted by Kirman [67], a firm’s
view of the game may be corrupted or misspecified in at least two distinct ways in a Cournot setting where
firms decide production levels given a price function: (i) a firm might have a correct description of the
price function but an incorrect estimate of its parameters; and (ii) it may have an incorrect structure of the
price function and incorrectly conclude that prediction errors are a consequence of misspecified parameters.
Kirman [67] considered such a learning process, and showed that by observing true demand, the suggested

learning process guarantees that the firm strategies converge to the noncooperative Nash equilibrium. Further
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inspiration may be drawn from studies by Bischi [68, 69], Szidarovsky [70, 71], and others [72], where firms
competing in a deterministic Nash-Cournot game learn a parameter of the demand function while playing
the game repeatedly. Note that an inherent assumption of a low discount rate is imposed that discounts
the future effect of any player’s strategies. Analogous questions of optimization and estimation have also
been studied by Cooper et al. [38] who consider a joint process of forecasting and optimization in a regime
where the underlying model may be erroneous, demonstrating that the resulting revenues can systematically
reduce over time.

When designing protocols for practical engineered systems, particularly in the absence of a centralized
controller, the associated parameters of the utility functions may often be misspecified. For instance, in
power market models that enlist Nash-Cournot models [73, 74], the precise nature of the price function is
assumed to be given. Similarly, the expected capacity or availability of renewable generation assets is rarely
known a priori. Similarly, when developing distributed protocols for networked UAVs, the prescribed utility
functions may rely on agent-specific information that can only be learnt through observations. Faced by
such challenges, our goal lies in the development and analysis of general purpose algorithms that combine
computation of Nash equilibria with a learning phase to correct misspecification.

Motivation: This chapter is motivated by the absence of general-purpose distributed schemes with asymp-
totic convergence and rate guarantees for learning equilibria in the face of imperfect information. Such prob-
lems emerge from stochastic generalizations of problems arising in communication networks [62, 75, 63, 64],
signal processing [65, 66], and power markets [73]. Accordingly, we present two distributed learning schemes
in which agents learn their Nash strategy while correcting the misspecification in their payoffs:

(1) Stochastic gradient schemes for stochastic Nash games: In Section 3.2, we present a distributed
stochastic approximation framework in which every agent makes two projected gradient updates: Every
agent first updates its belief regarding the equilibrium strategy by using the sampled gradient of its payoff
function and subsequently updates its belief regarding the misspecified parameter through a similar project-
ed (stochastic) gradient update. The resulting sequence of equilibrium and parameter estimates are shown
to converge to their true counterparts in an almost sure sense. Notably, we show that the mean-squared
error of the equilibrium estimates converges to zero at the optimal rate O(1/K) despite the presence of
misspecification.

(2) Iterative fixed-point schemes for stochastic Nash-Cournot games: In Section 3.3, we consider a
Cournot regime where aggregate output is unobservable and one parameter of the demand function is mis-
specified. Under common-knowledge, agents develop an estimate of aggregate output and the misspecified
price function parameter by observing noisy prices. These estimates allow developing an iterative fixed-point

scheme that produces iterates that are shown to converge to the Nash-Cournot equilibrium in an almost-sure
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sense. Additionally, firms learn the true parameter in an almost-sure sense. The result can be extended to
nonlinear price functions.

Remark: We make two remarks before proceeding. (a) First, in (1), the learning problem is constructed
independently of the computational problem through a set of observations while in (2), the learning is
affected by the computational step (akin to multi-armed bandit problems). (b) Second, we comment on the

sequential two-stage framework for resolving misspecification:
Step 1. Learn 6* Step 2. Compute z*(6*),

where 6* is to be learnt and x*(6*) is the (stochastic) Nash equilibrium, given 6#*. Unfortunately, such an
approach is complicated by several challenges. First, Step 1. needs to be completed in a finite number of
iterations, practically impossible for stochastic learning problems. Second, premature termination of Step 1.
leads to an erroneous estimate 6 leading to an incorrect Nash equilibrium Z. In fact, in stochastic regimes,
one often cannot prescribe the amount of learning effort required in a priori sense. Preliminary numerics
reveal that sequential schemes may perform orders of magnitude worse when compared with iterative fixed-
point schemes (see Table 3.3). Third, offline or a priori observations may be unavailable as required by Step
1.

This chapter is organized as follows. In Section 3.2, we define and resolve a misspecified stochastic Nash
game and present a joint set of stochastic approximation schemes that jointly allow for learning equilibria
and resolving misspecification. In Section 3.3, we develop iterative fixed-point schemes in Cournot settings
where aggregate output is unobservable. Empirical studies and conclusions are provided in Sections 3.4 and

3.5, respectively.

3.2 Gradient-based schemes for convex Nash games

3.2.1 Problem description, assumptions and background

We consider an N —person stochastic Nash game in which the ith player solves Opt(x_;):

min fi(2:6%) £ E[fi(a;67,6)] (Opt(z_y)

z;,€K;

where K; C R™, 0* € R™, ¢ : Q — R? defined on a probability space (Qu, Fu,Py), n = il\il n;, and
. n m d e _ : : . . A AN SR .
(2 2 -1 7174 =1 *

fi : R" x R™ x R* = R is a real-valued function in z;, = (zj)i%j=1, and & The associated Nash

equilibrium is given by a tuple 2* = (2)Y, where 27 € SOL(Opt(z*,)) for i = 1,..., N, SOL(Opt(z*,))
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denotes the solution of Opt(z_;) and under suitable convexity requirements (see (A10) below), z* is a
solution to a stochastic variational inequality problem VI(K, F(e;0*)) where K and F' : K x © — R" are

defined as follows:

N

N
K= HKi and F(x;0) £ <E[infi(x;9,§)]> , (3.1)

i=1 i=1

respectively. It may be recalled that VI(K, F)) requires an x € K satisfying
(y—2) ' F(x;0*) >0, forallyc K. (3.2)
Our overall goal lies in computing equilibria when 6* is unavailable or misspecified.

Learning scheme In this section, we consider the estimation of §* through the solution of a suitably
defined stochastic convex learning problem [1]:

min g(6) £ E[g(0; )], (3.3)

where ©® C R™ is a closed and convex set, n : Z — RP is a random variable defined on a probability
space (A, Fp,Py), and g : © x A — R is a real-valued learning metric function (such as a regression metric
constructed from a set of observations). Consequently, 8* may be learnt through a stochastic gradient scheme

of the form:
OFtt i=Tlg (0F — afVeg(0F;nF)), k>0, i=1,...,N. (3.4)

We emphasize that this learning problem is unrelated to the computational process and is a built from a set

of independently collected observations.

Distributed computational scheme We consider a distributed stochastic approximation scheme where

the ith agent employs its belief regarding 8* to take a (stochastic) gradient step:
oi =g, (af =9 Vo filah68,6%), k>0, i=1,... N, (3.5)

where v and V., f;(z*; 0%, £*) denotes the steplength and sampled gradient used by player i at step k
and ITx (u) denotes the Euclidean projection of u onto X. While a fully rational agent would always take

a best response step, in stochastic settings, the complexity of this step might be significant. In bounded

52



rational regimes where computational constraints are imposed, an alternative lies in computing other steps
(such as the gradient-response) (cf. [76, 77]) (cf. research in communication networks [61] and cognitive
radio games [78]. An alternate motivation arises from distributed control/optimization settings where a
“game” is designed whose equilibrium is a desirable solution to a suitably defined control problem. Here,
a distributed protocol for computing an equilibrium can be designed and gradient-based approaches can be
adopted (cf. [54, 55, 56]). We propose a game-theoretic extension of that developed in [79]. We may specify

our joint simulation-based scheme for learning and computation as follows:

Algorithm 4 (Gradient response and learning). Step 0. Given 69 € ©, g € K, {vF,aF} > 0, for
i=1,...,N, and k = 0.

Step 1:

it =Tk, (2f — 1 Ve, (25 0F,€5)), k>0, i=1,...,N (Computation)

9;“'1 = 1Ilg (Hf — afVyg(6F; nf)), k>0, i=1,...,N. (Learning)

Step 2: if k > K, stop; else k := k + 1 and go to Step 1.

We now present the main assumptions employed in deriving convergence properties of Algorithm 4. (A1)
enforces convexity assumptions that allow for deriving sufficient equilibrium conditions as VI(X, F) while
the monotonicity requirements on F allow for claiming the existence of a unique equilibrium. Lipschitzian
requirements of F' aid in deriving subsequent convergence and rate statements. Furthermore, a breadth of
learning problems (such as regression, classification etc. [1]) are convex. The requirements imposed by (A11)
are standard in developing distributed protocols while (A12) imposes assumptions on the conditional first

and second moments common in stochastic approximation literature [80, 43, 81].

Assumption 10 (A10). Fori=1,...,N, suppose the function f;(x;0) is conver and continuously differ-
entiable function in x; for every x_; € Hj# K; and every 0 € ©. Furthermore, suppose © is a closed,
convez, and bounded set and for i = 1,...,N, K; C R™ s a nonempty, closed, convexr and bounded set.
Furthermore, suppose the following hold:(a) For every 8 € ©, F(x;0) is both strongly monotone and Lips-
chitz continuous in x with constants i, and Ly; for every 0, (F(x;0) — F(y;0))T (z — y) > pa|lz — y||?, and
|F(x;0)— F(y;0)|| < Ly||x—yl; (b) For every x € K, F(x;0) is Lipschitz continuous in 6 with constant Ly;
(¢) The function g(0) is strongly convex and continuously differentiable with Lipschitz continuous gradients

in 0 with convexity constant ug and Lipschitz constant Cy, respectively.

Note that monotone Nash games include stable Nash games, a class of games for which it has been

shown that a range of evolutionary dynamics allow for convergence to Nash equilibria [82]. In fact, in recent
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work [83], a notion of passivity has been developed.

Assumption 11 (All). For ¢ = 1,...,N, the ith agent knows only his objective f; and strategy set K.

Furthermore, the vector x is assumed to be observable.

We define a new probability space (Z, F,P), where Z 2 Q x A, F £ F, x Fp and P £ P, x Py. For
i=1,...,N, suppose wF 2 V.. fi(x¥; 08 &5) — V,, fi(z*;0F) and vF £ Vg(0F;n*) — Veg(0F). Fr denotes

the sigma-field generated by (z°,6°) and errors (w',v') for I = 0,1,--- ,k — 1, i.e., Fo = o {(2°,6°)} and
Fr za{(xo,ﬁo),((wl,vl),l:0,1,--~ Jk— 1)} for k> 1.

Assumption 12 (A12). (a) Unbiasedness: E[w* | Fx] = 0 and Evf | Fi] = 0 a.s. for all k and i;

(b)Bounded second moments: E[||w”||? | Fi] < v2 and E[||vF||? | Fi] < v2 a.s. for all k,i.

To construct distributed schemes requiring no coordination in terms of setting parameters, we allow
each agent to independently set steplengths and as long as a suitable relationship between these steplengths
holds, convergence follows. Specifically, the ith agent employs a diminishing steplength sequence given by

vk, Furthermore, we define v*, £ min;<;<n{7*} and v* . £ max;<;<n {7} for all k. Similarly, we define

k

min

k

max

ak. & minlSiSN{af} and a £ maxlSiSN{af} for all k. Then, we can make the following assumptions

on the steplengths of the algorithm.

Assumption 13 (Steplength requirements, A13). Let {vF} and {aF} be chosen such that: (a) > po, ¥E., =

ko k.
00, TR 1 (Fea)? < 00, Ty (0h)? < 007 (B) limyoe S50 = 0; () ok > v L3/ (uope) for

- : (ax)® _
sufficiently large k, limy_, oo 22— = 0.

max

Notice that (a)> p-, v%., = oo and (c) ok, > Ak, L2/(uspe) for sufficiently large k implies that

Zliil axknin = 0.
3.2.2 Analysis

We begin with a contraction statement for the sequence of iterates produced by Algorithm 4.

Lemma 8. Suppose (A10), (A11), (A12) and (A13) hold. Let {z* 6%} be computed via Algorithm 4. For
anyk 2 07 E [”xk+1 - {17*”2 | ‘Fk:l < Ck||xk_x*”2+ﬂk; where Ck = ]-_’YII;axuﬂf—’_z(’Yr];ax_A/r];in)Lib+2(’7§1ax)2L§

and By, = (2(VEax )2 L2 + YEax L3/ 1) S, 110F — 0% + (48 1) 202,
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Proof. Since z} = g, (z} — ¥ F;(2*;0%)), by the nonexpansivity of the Euclidean projector:
N
25+ — 2 <Y (laf — 25 11° + (32 I Fi(a”56F) — Fu@™;0%) 1% + ()2 (|wf %)
i=1
N
=2 A (af —a))"(Fi(a¥; 0F) — Fi(2*;607))
i=1

N
—2> Al - +2Z% (x%;05) — Fy(2%;07)) T} (3.6)
=1

RHS of (3.6) < ||l2% — 2*|1> + (+%,.,)) ZHFx 107) = Fi(@®;07)|1P + (Vo) 012

term1

N
—2) Al (af —af) (Fi(a";0F) — Fi(2*;67)) 22% (af — a))T (Fy(2";0") — Fi(a*;60%))
i=1

term 2 term 3

N
—2275(3:? —x —|—ZZ VIV (Fy (2% 0F) — Fy(x*;0%))Twh. (3.7
i=1

(3

By (A10), term 1 in (3.7) may be bounded by leveraging the Lipschitz continuity of F'(z;6):
N
2% = &1 + 2(vha)® D I Fi(; 0F) — Fi(2*;07)|° + 2(vhrax) Z [Fi(a*;6%) — Fy(z*;67)?
i=1 i=1

N
< =2 4 20vha) D IF (@5 60F) = F(2*;07))° + 2(vha) 2|1 F (27 67) — F(27567)17

i=1

N
< (14 2(ma) L) ll2" — 2™ 1% + 2(vha)*L3 D 1165 — 67]°. (3-8)
i=1

By (A10), term 2 in (3.7) can be bounded by the Cauchy-Schwarz inequality, Holder’s inequality and the
Lipschitz continuity of F'(z;0):

N
=2 (el —a))T(Fi(a®;6F) = Fia™56%) < 2980 Y et — il Fo(2®: 0F) — Fi(a*;67)]]

=1
N N
< ok ot — a2 | S I Fi(ak; 0F) — Fyak; 69)]|2 < 298l — 2| Z F(ak; %) — F(ak; 0%)|)?
i=1 =1
N 2 N
< 2k Lolla® — ¥ || S (108 — 042 < AR pialla® — 27| + Tnas > l10F - o077, (3.9)
i=1 T =1

where the last inequality follows from the fact that 2ab < a? + b?. Term 3 in (3.7) can be bounded by the
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Cauchy-Schwarz inequality and 7% <~k for all 4

N
- Qva(xf = a}) T (Fy(a"0%) = Fy(2"50")) = =2 Z%’%ax(wf = a}) T (Fy(2";0%) = Fy(a*;0"))

—22 ~ Yinase) (@F = 27) T (Fi(a™;07) = Fi(a*;07))
N

< =290 (@ — )T (Fi(@¥:07) = Fi(a*;07)) + 2(¥hax — Yioin an — @} |[[|F; (2" 6%) — Fy(a™;67)]].
i=1 i=1

Proceeding further, we may leverage Holder’s inequality, the Lipschitz continuity of F(z;6) and (A10), to

obtain the following sequence of inequalities:

N
— X O (& — 2T (Fi(a:607) = Fi(2™567)) + 2(Yhhax — Vhuin leéﬂ = a7 ||[[Fi(z":0%) — Fy(2*;0")|
=1 =1
< 2y (@ — 2T (F(2"0%) = F(27:07)) + 2(Yhax — Ymin) 12" — 2* | (2*:67) — F(a*;6%))|
< ~ 2 faxkta | — 271 + 2(38ax — Yin) La [l2® — 27|,

(3.10)
Combining (3.6) with (3.7), (3.8), (3.9), and (3.10), we obtain

Iz — 2|7 < (1+ 2090 LD 12* = 2712 = aehta |2* = 271 + 2(Vnax = Vi) Lalla® — 2]

+2(ax)*L ZHQ’“ 011 + Ymax L /uxZH@’“ 07117 + (o) [lw"

=1

N
—2) (el —ap) wf + QZ (V)P (Fi(a®: 07) — Fi(a™:6) T wf
i=1

= (1 - ’YI’;:laX/“’LI + 2(7rk;1ax - ’Vrlinn)LI + 2(7r]:1ax)2L30) ”xk - LL'*||2

+ (2(¥hax) "L + YL/ 1) Z 16F — 67117 + (vac) [lw" 1
N

=2y e —ah)Twf + 22 V)P (a5 0F) = Fi(a®:07)) T
=1

By taking conditional expectations and by recalling that E[w* | F;,] = 0 and E[||w*||? | F] < v2, we obtain
that E [Hxlﬂ_l - x*HQ | ]:k} < Ck”xk - $*||2 + ﬁk) where Ck =1- Vrﬁxaxu’z + 2(7§1ax - ’YI];HI)Lw + 2(’}/11;8‘}()2[/3:
and S = (2(vhax)2L§ + Vs L3/ 1) iey 10F = 0717 + ()2 W

e

We may now prove our main a.s. convergence result for the sequences {z*} and {6*}.

Theorem 8. Suppose (A10), (A11), (A12) and (A13) hold. Let {x* 6%} be computed via Algorithm 4.

Then, z¢ 2% x* and 0F 2% 6* as k — oo for all i.
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Proof. From Lemma 8, the following holds for every k:

E [”karl >k||2 | ]:k] < ( ’Yr];ax:uﬂt’ + Q(er;ax - ’Yl']fliIl)Lx + Q(Vrﬁax)z[’i) ||'rk - $*||2

A

=k

(3.11)
+ (2(Vhax) LG + Vinax L /uzZH@’“ 0% (|2 + (i) V2.

£ B

By invoking the fixed-point property given by 6* = g (6* — a¥Vg(6*)) (see [20]) and the non-expansivity

of the Euclidean projector, we may derive the following bound on [|§F+ — ¢*|2:

103+ = 0%11% < 107 — 07 — a7 (Vog(0F) — Vog(6")) — o vy ||?
= 105 — 07 — af (Vog(07) — Vog(0")|I* + (af*[[vf||* — 207 (0F — 0 — af (Vog(0F) — Veg(6*)))" v}

By taking conditional expectations, recalling that E[vf | ] = 0 and using Lemma 4, we obtain the following

bound:
E[||65T — 0711 | Fa] < 165 — 6" — af (Vag(6F) — Vog(0* )| + (o )E[[[vf||* | Fi]
< (1 =205 po + () )2CH)16F — 6%|1” + (af)*vj (3.12)

< (1 — 2« mmuf) + ( max) 092)||9k 6*”2 ( mux)2V92'

Next, by adding (3.11) and (3.12) and by invoking (A13), we obtain the following bound.

N
E [[la"*" — 2| | F] +E | D165 — 6% | Fi

=1
< (1= A iz + 2(Vhas — Viin) Lo + 2(vhay ) 2L2) [|2* — 2*|?
N
2 2 2

S (1 - r)/l]:lax:u’f =+ 2(75‘1&)( rYHllIl)L + 2( max) .LMJ,MG/L4)||$ Z'*HQ

< (1= vehnax + B(0ha)?) (II@"“ —a|* + Z 6F — 9*||2> + O,

i=1

where the second inequality results from invoking A13(c) through which —uga®, < —~k  L2/u, and v, =

mln{p’”ﬂ - 2(7r]1€r1ax erln)L /’Ymax’ L%/MT} ﬂ - maX{QL:cuxug/Lg, 002 + 2#’%#3/L3}7 and 5’6 = (Vr];ax)QV?c +
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N(ak )2 To show the non-summability of (viyk,.. — B(ak,)?), we consider two cases: (i) If p, <

L%/u, then vy = py — 2(vE 0 — YR La/AE 0k and for k > K, v, > p, — € where € > 0. Consequently,

S ro i Uk R = Ypo i (o — €)7F o = o0; (ii) Alternately, if p, > L2/piy, then for k > K, vy = L3/ iy

and >p o g VYo = Do i Lo/ 1oV Eiax = 00. Since ok, is square summable from (A13), we conclude that

S no (kY o — Blak 1 )?) = co. In addition, we have that

max

Olk 2
Ok (Tmax)*Va + N(ofiax) Vi (a2 + N a2

lim = lim = lim Tomax =0
k—oo Uk?’Ymax - B( max)2 k—o0 Ukvmax - 5( max)2 k—oo vE — B( Omax /’Ymax ,

/’ymax =0and limy_,o v =

where the last equality results from noting that limy_, o0 ¥, = 0, limg_00 (o )2

¢ > 0. Then, by invoking the super-martingale convergence theorem (Lemma 2), we have that ||z* — z*||? +

ZZN:l 05 — 0*||> — 0 a.s. as k — oo, which implies that ¥ — 2* and 0 — 0* a.s. as k — oo for alli. N

A natural concern is whether the rule that relates the steplengths can be implemented in a distributed
fashion without coordination. We propose a rule, first suggested by [49], in which every agent chooses a
positive integer and the required coordination statement holds. We view this as a protocol that may be
employed for developing distributed schemes. The next result ensures that for such a choice, the required

assumptions hold [49].

Lemma 9 (Choice of steplength sequences). Let {v*} and {aF} be chosen such that 4F = and of =

1
(k+N;)
5 where N; and M; are positive integers and 3+ < 8 < o < 1. Then, > g YE =00, Spe  (Vr)? <

-_— . . k
00, Zk 1( max) < o0 and hmk—wo W = O; hmk—>oo (a,ymkiaX) - 0 amln = VmaxLa/(Nﬂcﬂé’) fOT su]fﬁ

max max

(k+M )

ciently large k.

Finally, we conclude this section with a non-asymptotic error bound that demonstrates that the joint

scheme demonstrates the optimal rate of convergence of O(1/K) in mean-squared error.
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Theorem 9. Suppose (A10), (A11) and (A12) hold. Suppose v* = N.;/k and of = Ng;/k. Let
E[||F;(z*;0F) + wF||?] < M?/N and E[||Vog(0F) + vF||?] < M2 for all 2* € K and 0F € ©. Let {x*,0%} be

4 L

computed via Algorithm 4. We define Ay min 1£ignN{/\x’i}’ Neg govece £ 1211_2%)5\]{/\%1}, A0, min 12ignN{/\9’i}
and Ao max £ 1I<n%>§v{)\g7i}. Suppose 2019X0.min > 1 and pizAg max — 2(Ag;max — Az.min)Le > 1. Then, the
727

following hold after K iterations:

A ) Qz G(Aw )\0)
K _ pn*12 < Q9< 0 K *|2 < s )
B[I6X — 07| < 222 and B[la — o7|?) < SLo0 20,
h A )\3 mac 19 E[||69 — 6% d
where Qg(Ag) = max mamfm (167 —0*II] p an

A2 maxM? 4+ X2 L LENQo(Ng) .
) E[l|lz® —z*|1] ¢ -

3 )\9:7 A =
Q ,9( 9) e { (NI)\x,max - 2(>\m,max - Am,min)Lx -

Proof. Suppose A, £ 3||z% — 2*||? and a; £ E[A;]. Then, Aj11 may be bounded as follows by using the

non-expansivity of the Euclidean projector:

N
1 *
Api1 < 5 >l = ap = AF(F®;05) + wi)) |

i=1
N (3.13)

1 .
:Ak+52('yf)2|\F(x 0 4wk ||? - Z% ab — )T (Fy(aF; 0F) + wh).

i=1

Note that E[(z¥ — z)Tw¥] = 0. By taking expectations on both sides of (3.13) and by invoking the bounds

E[||F;(z*;0F) + wF||?] < M?/N and E[||Veg(0F) + vF||?] < MZ, it follows that

1
ag+1 <ap+ 2 F)/m'lx Z’y TF (93 ek)} (314)

By (3.9) and (3.10), the last term (including the negative sign) in (3.14) can be bounded by
N
- ZV?E[@C? = a}) T (Fy(2*;07) = Fy(2*;6"))]
*Z%’“E ay — a7)" (Fi(a™;0") - F; Z%k]E }) Fy(2*;0%)]
i=1

[(zh — 2T (Fy(2"; 0F) — Fy(a®;07)) Z%kIE ak — 2T (Fy(aF;0%) — Fy(2*;0"))]

uMz

N
S ’leflax:u’l‘ak + Wll‘flang/(Z/J’l) ZE[Hef - 0* H2] - Q’anax:ufll'ak + 2(71]?1&}( - fYII‘flin)Ll'a’k' (315)
=1
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Combining (3.14) and (3.15), we get

N

1 *
k41 < (1= Taxtte + 2(Vnax = Ynin) La) @k + 5 (V)" M + T L/ (21t > El6F 67117
i=1

Suppose af = X\g;/k for all i. Since the function g(f) is strongly convex, we can use the standard rate

estimate (cf. inequality (5.292) in [42]) to get the following

B[t — 07 < 22 (3.16)

where Qg(A\g) = max{)\gymang(Q,ug)\g’min —1)71, max; E[||6? —49*||2]} with Agmin > 1/(2u9). Suppose

vk = \;.i/k, allowing us to claim the following:

:u’z)‘z max 2()‘1 max — Az miH)LCE )\i max 2 LgNQG()\G)
<|1- ’ : : ’ Mo+ ==
Ap+1 > < k ar 2k2 + /\:L',Inaxﬂfw ’

By assuming that ftgz Az max — 2(Az max — Az, min) Lz > 1, the result follows by observing that E[||z* — 2*|]?] <

2,0 (A, A
wv where

)‘3,-,1'11&)(]\42 + Ai,maxLzNQQ(/\Q)

E 0 _ %2 )
(/il’)‘a:,max - 2()‘r,max - )\m,min)Lm - ]-)7 [Hx * ” ]}

Qw,@()\xy AO) £ max {

Remark: Surprisingly, misspecification does not lead to a degeneration in the rate of convergence of the
mean-squared error but does lead to a worsening of the constant. In addition, the lack of consistency across
steplengths leads to a further growth in this constant. In fact, if §9 = 0* for every i, we obtain a rate close

to that seen for perfectly specified stochastic Nash games.
3.3 Iterative fixed-point schemes for misspecified Nash-Cournot
games

Inspired by the analysis of misspecified Nash-Cournot games [68, 84, 69, 71, 70], we develop an iterative
fixed-point scheme. We introduce the problem in Section 3.3.1 and describe and analyze the algorithm in

Sections 3.3.2 and 3.3.3, respectively. We conclude with an extension to nonlinear prices in Section 3.3.4.
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3.3.1 Problem description, assumptions and background

We consider a Nash-Cournot game wherein f;(z) £ c;(x;) — p(X;a*,b*)z;, where X £ vazl x;, x; and
¢i(z;) denotes the scalar output and cost function associated with firm ¢, 8* denotes the true value of the
misspecified parameter of the price function while K; denotes the strategy set of firm 7. Suppose the price

function p(X;a*,b*) is defined as
p(X;a*,b%) £ (a* — b*X), (3.17)

Note that a* represents the “choke price” at which demand plummets to zero, while b* represents the price
elasticity of demand. Inspired by [69, 84], we assume that either a* or b* is unknown and firm #’s belief of
this unknown parameter is denoted by 6;. A natural extension is where both parameters are unknown and
this will require two or more observations at each epoch, rather than a single observation of noisy prices.

Case 1 (Learning a*): We assume that firms know b* but are unaware of a* (0* = a*); the ith firm harbors
a belief on a* denoted by 6; and estimates the aggregate output X by X;, then the ith firm’s price estimate

and the true noise-corrupted prices are defined as follows:
p(X;;0;,0) £ 0, — b* X; (Estimate) and p(X;0*,&) £ (6* + &) — b* X. (True price). (3.18)

Case 2 (Learning b*): Distinct from Case 1, firms know a* and estimate b* as ; (0* = b*) while the true
price is corrupted by noise scaled by the aggregate output. Firm ¢’s price estimate and the true prices are

defined as follows:
p(Xi;60;,0) £ a* — 0;X; (Estimate) and p(X;0*,&) £ a* — (0* + £)X. (True price). (3.19)

The next assumption formalizes these two cases.

Assumption 14 (Al4). Either (A1ja) or (A14b) holds:

(A14a) Firms know b* but not a* (6* = a*) and the price is defined by (3.18).

(A14b) Firms know a* but not b* (0* = b*) and the price is defined by (3.19).

Furthermore, the random variable & is defined by € : A — R, (A, Fp,Py) is the associated probability space

and €Y, ..., &% are i.i.d. random variables with mean zero for all k.
Our assumption on costs is a special case of (A10).
Assumption 15 (A15). The cost function c;(x;) is a convexr and continuously differentiable function in
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x; over K; with Lipschitz continuous gradients with constant M;. Furthermore, K,..., Ky,© are closed,

convex, and bounded sets.

As forwarded by [85], the notion of “common knowledge” in game theory extends beyond agents having
access to information; specifically, two agents are assumed to have common knowledge of an event, if both
agents know the event, agent 1 knows that agent 2 knows it, agent 2 knows that agent 1 knows it, agent
1 knows that agent 2 knows that agent 1 knows it and so on. We also assume that firms cannot observe
aggregate output and firms employ a belief of aggregate output, relying on the knowledge of the cost functions
and strategy sets of their competitors. Such a knowledge is assured through a common knowledge assumption.
Collectively, these two assumptions are captured by (A16). An assumption often employed in games is that
of common knowledge, whereby firms are aware of the costs functions and strategy sets of their competitors

(see [57]). Formally, this assumption is given by the following:

Assumption 16 (A16). The common knowledge assumption holds with regard to c;(x;) and K; for i =

1,..., N. Furthermore, aggregate output is unobservable.

Several motivating examples exist in the literature detailing common knowledge; these include instances
provided by [86] (the barbecue problem) and [87] (the department store problem), amongst others. While
our results are agnostic to applications, it is worth emphasizing that such assumptions often hold when
agents need to make their assets and costs public through suitable filings, such as in utility-based regulation
(power, gas, water, etc.). This is often the case in regulatory settings (cf. [88, Pg. 78-79]). Common knowledge
assumptions immediately hold when a game is designed [54, 55, 56] and agents can be endowed with the
requisite knowledge. A select number of results will rely on boundedness of strategy sets, as specified by

(A17).

Assumption 17 (A17). Suppose the estimator set © is a compact conver set in Ry given by [0, A] and

0<d<O"+& <A for all k. Furthermore, suppose the sets K1, ..., Ky are bounded.

3.3.2 Description and definition of algorithm

Our goal lies in developing schemes for learning equilibria and misspecified parameters. Unfortunately,
since neither the aggregate output nor 6* are observable, gradient /best-response schemes cannot be directly
implemented. However, under (A16), every firm knows the cost functions and strategy sets of its competitors,
allowing for computing the best response of all firms, based on an estimate of * and the aggregate. By using
the discrepancy between estimated and observed prices, each firm may construct improved estimates of the

misspecified parameter. This model, while aligned, with that suggested by [69, 84] enjoys distinctions at
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several levels; specifically, we allow for constrained problems with nonlinear cost functions with noisy price
observations arising from possibly nonlinear price functions. Throughout this section, let xf = (xfl, e ,fo)
fori =1,---,N and X} = Zf 1 x . where a: . denotes firm 4’s conjecture of firm j’s output at the kth
period and Xf denote firm i’s estimate of aggregate output. Note that X f is maintained as strictly positive
by assuming that at least one of the strategy sets requires strictly positive output while the true aggregate
X* is given by X £ Z =1 ” The proposed algorithm relies on simultaneous updates of x Land 05“.

Before proceeding, we define 05“, 19;”1, and 5?“:

Definition of ¥¥,9* and @f The variable 9% is defined as follows:

under (A14a) : p(X*; 0%, 6%) = (0* +€F) —b*X* 9% £ p(XF; 0%, ¢8) +b* XF, (3.20)

under (A14b) : p(X*;07,6%) = a” — (6" + €)X*, 9F 2 (a7 - p(X%0%,65)/XE. (321)

Consequently, 9% after k steps is given by

(k —1)9Ft + 9k

Ik = - (3.22)
Subsequently, we show that 9% is the sample average of 6% + ¢1,... 0% + ¢* after k steps.
§k+1 as a function 6, k41 is defined as follows:
Prtlgh+tly &2 2 gkl 719k 3.93
K3 ( 1 ) k+1 1 + k+ 1 3 ( )
(a) Update of mkH, .. kH. Under (A16), firm i can compute the Nash equilibrium, contingent on its

choice of 05“, and is a fixed-point of the best-response map:

ghl ¢ argmin |¢j(x

1 .
7 nin | c;(a1) — p(XFH B O, 00+ S L G =1 N,
z; €K

) l]

(BR’L:E]( Ic+1 0k+1))

i,—j7 7%

(b) Update of 95“: Firm 4 defines the difference between the price observed at the kth step p(X*; 6%, ¢)

and its estimate p(XF+1; 081 0) as pFH1 (05, XEHY):

Ll p(Xf+1;éf+1(Gf+1)7O)—p(Xk;G*,fk), under (Al4a)
pi (0 X )=

p(XF; 0%, €%) — p(XFHL 0516541 0).  under (A14b)
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Then suppose tfH(XfH) denotes a unique solution to
PO X 4 0 o
implying that

gt iy _ | DOEE )+ XE) kA (4 D), under (ML)

[(k+1)(a* — p(X*;0%,€%)) — koF XFH/(XFT 4 (k + 1)€¥), under (A14b)

Suppose § and A are lower and upper bounds of ©, respectively. We can update 0?“ as follows:

57 if t§+1(Xz'k+1) <46
e T N R A AR (BR(X}*)
A it LX) > A

Algorithm 5 (Iterative fixed-point and learning). Step 0. Given a sequence {€*} | 0, and 7., 7o-
b= O;Z?lexo = X%p(X%6%,¢% :=a* —0*X%e® > 0; 99 =0 fori=1,...,N.

Jj
Step 1. Fori=1,...,N, if Xf"'l = Zjvzl xfj_l, then {mi?f_la 000 ,$f§1,9f+1} s a solution to the following
system:
:cfj"‘l solves BR; (xftz, gEtly, j=1,...,N
(3.25)

9?“ solves BR?(XZ.’“H).
Step 2. Fori=1,...,N, 192”1 is updated as follows:

Kok + 9Ftt

g+ =
¢ kE+1

(3.26)

Step 3. If k > K, stop; else k := k + 1 and go to Step 1.

3.3.3 Analysis of noise-corrupted iterative fixed-point schemes

In this subsection, we analyze our iterative fixed-point scheme and partition the discussion as follows: (i)
First, we provide a brief discussion as to why the update specified by (3.25) can be succinctly captured by
the solution to a single variational equality problem; (ii) Second, we provide a brief sketch of the results to
follows; and (iii) We provide the convergence theory.

(i) Equivalence of (3.25) to a fixed-point problem: First, any best response of a convex optimization
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problem is equivalent to a solution of a suitable variational inequality problem [20]:

y; € argmin d;(y;)| < [y solves VI(Y;, Vy,d;)],
Vi €Y

where d; is a convex function in y; over a convex set ;. In fact, given a collection of functions d; (y;; y—;) that
are convex in 3; over convex sets ); for all y_; with y_; = (y;)isj, the coupled best response is equivalent

to the solution of a single variational inequality problem [27]:

[yf € argn;in dl(yuy—l)} & [yt solves VI(V1, Vy, di(e,y"1))]
Yy1€M1

< y* solves VI(Y, F),

[y]*\, S argnjljin dN(yN,yN)} & [yn solves VI(Vn, Vy dn (e, y* x))]
YNEYVN

where ) = Hf\[:l Y; and F(y) = (Vy,di(yi,y—i))X ;. Finally, any solution to a variational inequality problem

is a fixed point of a suitably defined problem where «y is a positive scalar:

[y solves VI(Y, F)] & [y* = Ty (y" —vF(y"))]-

k+1 pk+1
i,—jvgi

By using this avenue, the problem (BRf;(x )) is the set of coupled fixed-point problems:

xfj‘*‘l = I, (:rfj'l — <Vzijfj(:cf+1; é\f'ﬂ(ﬁf*'l)) + ekmfjf"l)> ,7=1,...,N, (3.27)

where fj(xkﬂ;éz”l(@f“)) = ¢cj(zkh) —p(XfH;é\fH(ﬁfH))xffl. Similarly, (BRY(XF*1)) can be stated

7 (%)

as the following fixed-point problem:
OFtt =Tl (07T —~ (PFTH (05!, XFT) 4 R0l ). (3.28)

Before proceeding, we shed some light on this equivalence. Suppose the root off)zc+1 (95“, Xf“)—i—e’“&f“ =0
is denoted by tf“. Then from (3.28), this implies that tf“ =1Ilg (tf“). Consequently, if tf“ €0 2154,
then OF ! = ¢t while #FT! = §( or A), if tF™ < §( or > A). But this is equivalent to (BR?(X}[)).

We define zf“ = (xff'l, e ,xfﬁ}l,ﬁfﬂ). Then, zf“ solves the coupled fixed-point problem (3.27) —
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(3.28) if and only if 257! solves VI(Z, F*+1) where

Voo AL 00 (0F))
N N
ZéHKi x © and FFHL(zF+1) = . + bt

i=1 Vaon f (@G04 (541

o X

In sum, the coupled best response scheme (3.25) is equivalent to the coupled fixed-point problem (3.27)
— (3.28), which is also equivalent to the variational inequality problem VI(Z, F¥+1).
(ii) Sketch of results: We first show that the coupled best response scheme given by (3.25) always admits

a unique solution (Prop. 6). Theorem 10 shows that the sequence {z¥, 6%} — {2*,6*} as k — oo in an a.s.

R

sense. This proof relies on showing that 6% — 6* as k — oo in an a.s. sense. Then, if the solution xf“(@’f“)

i
is a continuous function in @{“H (Prop. 8), we may conclude that limy_, oo xf“(@f“) = 2T (0*) = 2%, where

the last equality follows from noting that

Proposition 6. Suppose (A14), (A15) and (A16) hold. If k > 0 and €¥ > 0, and given p(X*;0* ¢*) and

{9FYN | | the following hold:

(a) Under (A1l4a), the solution to (3.25) is a singleton.

(b) Under (A14b), the solution to (3.25) is a singleton.

Proof. Tt suffices to show that given p(X*;0* ¢¥) and {9¥}X,, the variational inequality VI(Z, F**1) has
a unique solution for each i. Now, for simplicity, we ignore the superscript k for all variables. Given p, 1;,
i and k, let H(z;) denote the Jacobian matrix VF(z;) of F at z; € Z. We will proceed to show that H(z;)
is a P-matrix for all z; € Z in part (a) and a Po-matrix for all z; € Z in part (b) where Z C Z and Z
is a rectangle. Then, by invoking Proposition 3.5.9 in [20], the associated mapping F' is P-mapping on z
in part (a) and a Pg-mapping on Z in part (b). Consequently, by Theorem 3.5.15 in [20], the regularized
variational inequality VI(Z, F**1) has a unique solution in both parts (a) and (b). Specifically, we employ

a rectangular Z defined as Z £ [0,00)N x O, where O is a compact set in (0,00). (a) Given z; € Z, let H;

denote H(z;). Then,

A; B
H; = , (3.29)
C D
where A; = b*(I +ee”) + E;, B = —k%_le, C=-bel, D= k%_l, e denotes the column of ones in RN, E; is

66



an N x N diagonal matrix with ¢/ (z;;) as its jth diagonal entry. Since, the nonnegativity of ¢/ (z;;) follows
from the convexity of costs, F; is a nonnegative diagonal matrix and is therefore positive semidefinite. Recall
that the sum of a diagonal positive semidefinite matrix and a P-matrix is a P-matrix and it suffices to show

that H; is a P-matrix when F; = 0. This amounts to showing that the principal minors of H are positive.

Since A; and D are P-matrices, we only consider the principal submatrix H, of H;, where o C {1,..., N}
. . . . A Aa Ba
is a nonempty index set and H, is given by H, = , where A, = b*(I,,, + e™(e")T), B, =
Co D
—k%_le"a,c = —b*(e")T and I, and e denote the identity matrix and the column of ones in R"a*"a
and R", respectively, with n, = |a|. Since AZ! = & (Ina - nal+1e"a(e”“)T), we have
CoA'B, = L (em)T (I, — e (eme)T ) ene
D | " g+ 1

1 n? 1 N
Thy1 \ na+1) k+1\n.+1/)°

It follows that D — C, AL B, = %4—1 - 1%;—1 (an_1> = k%_l (ﬁ) > 0. Since det(Ay) > 0, we have

det(Hq) = det(Aq) det (D — CoA ' By) >0 for all o C {1,..., N} with o # (). Therefore, H is a P-matrix.

(b) Analogous to our approach for (a), we consider a matrix H;, given by H; = VF(z;). Then,
=] , (3.30)

where A; = EZ(I +eel) + E;, B; = k%rl(x, + (eT'zy)e), C; = bieT, and D; = ﬁ(eTxi), where b; =

b + Eby x; = (wi1,...,2in)7, e denotes the column of ones in R, and F; is an N x N diagonal
E+1 E+1

matrix with ¢ (z;;) as its jth diagonal entry. Recall that the sum of a diagonal positive semidefinite matrix
and a Pg-matrix is a Pg-matrix. As in (a), it suffices to show that H is a Pp-matrix when E; = 0.

Since A; and D; are Pgy-matrices, we restrict our attention to the principal submatrix H, of H;, where

Ay B. .

a C {1,...,N} is a nonempty index set, and H, is given by H, = , where A, = b;(I,, +
Ca Dz

ee(em)T) B, = ﬁ_l(ma + (eTx;)em), Cp = bi(e™)T, and I, and e denote the identity matrix and the

column of ones in R *"= and R™= respectively, with n, = |a|. Then, the following hold:

(1) If b; = 0, then A, = 0 and C, = 0, which implies det(H,) = 0.

67



(2) If b; > 0, then A ! = (L, — nalﬂe"a (e")T). So, we have

1
— e
Ng + 1

(€")") (wa + (e"i)em™)

Cod; By = ()T (Ina e <e”a>T) (20 + (Ti)e™)

= D () wa + el a)

1 1
D= CoA'By = ——eTay — ——————— (") g + na(e
- o k+1° 7 (k+1)(na+1)((e ) o+ na (€l 74)

1 .
= D D) © @) ea) 20

Since det(Aq) > 0, we have det(Hq) = det(Ay) det (D; — Co A7 By) > 0.
Therefore, det(H,) > 0 for all nonempty o C {1,..., N}, implying that H; is a Po-matrix. 1

Having shown that the coupled best response scheme has a unique solution, we proceed to show a
Lipschitzian property on the solution set of (3.25) with respect to the parameter 6 (Prop. 8). Before that,
we provide some preliminary results. The strong monotonicity and Lipschitz continuity of the mapping F'(x)

can be easily shown under (A15).

Lemma 10. Consider the mapping F(x) defined by (3.1) and suppose (A15) holds. Then F(z) is a strongly

monotone Lipschitz continuous mapping.

Proof. Let g(z) = (¢} (z1),...,cy(zn))T and e = (1,...,1)T. Then, we have F(z) = g(z)+b*(z+ Xe) —a*e,

where X = vazl x;. Note that g(x) is monotone in z. Thus, we have for z,y € K

(F(x) = Fy) " (x —y) = (g(z) —g@) (x —y) + b* (@ — )" (x —y) + b* (X = Y)e (z — p)

> bz —y) T (z —y) +0"(X - Y)(X ~Y) 2 b*[la —yl*.

This implies that F'(z) is strongly monotone in z with constant b*. Note that g(x) is Lipschitz continuous

on K with constant M, where M = max;{M;}. The Lipschitz continuity of F(z) is easily shown:

1F(x) = F@)ll = llg(z) = g()]| + b"[lz — yll + b7[[(X = Y)e|

< Mz =yl + " [lx =yl + b*[lee [z — yll = Lllz -y,

where L = M + b* + b*||eeT||. Tt follows that F(x) is Lipschitz continuous with constant L. 1
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This allows for claiming the existence and uniqueness of a Nash-Cournot equilibrium when the price

function is affine.

Proposition 7. Consider a Nash-Cournot game in which the ith player solves (Opt(x_;)) and the price is

determined by (3.17). Furthermore, suppose (A15) holds. Then, the associated Nash-Cournot game admits

a unique equilibrium.

Proof. From Lemma 10, the associated variational inequality VI(K, F) has a strongly monotone mapping

F(z) over K. Consequently, VI(K, F') admits a unique solution [20]. 1

Now, we state the Lipschitzian property on the solution set of (3.25). This proof is inspired by a related

result presented by [89].

Proposition 8. Consider a VI(K, F(e;0)) where F(x;0) is strongly monotone in x over K for all § € ©,
Lipschitz continuous in x for all 8 € © and Lipschitz continuous in 6 for all v € K. Then, the following
hold: (a) If x(0) denotes the solution of VI(K, F(e;0)), then x(0) is Lipschitz continuous in 6 for all 6 € O.
(b) Given an e > 0, if x(0,€) denotes the solution of VI(K, F(e;0)+ €I), then x(0,¢€) is Lipschitz continuous

i 0 and €.

Proof. Consider 601,60, € © and let F;(-) := F(-,6;), i = 1,2. Let z; be a solution of VI(K, F;) for i = 1,2.

By the assumption of strong monotonicity on the map, we have that

(1 = 22) T (Fi(21) = Fi(22)) > cflaa — z1]%, (3.31)

for some constant ¢ > 0 (assumed to be independent of 61). Since z is a solution of VI(K, F}), it follows

that (xo — 21)T Fy(21) > 0, which together with (3.31) implies

(.1'2 — .Z’l)TFl(LEQ) Z CHQ?Q — .’1?1“2. (332)

We may express (3.32) as (w2 — x1)7 (F1(22) — Fa(x2) + Fa(22)) > c||xg — 21]|?. Now since x5 is the solution

of VI(K, F), it follows that (z2 — z1)T Fa(x3) < 0. Consequently we obtain

22 = 21 ||| Fi(22) = Fa(a)|| > (22 — 21)" (Fi(22) = Fa(w2)) > cllaz — [, (3.33)

By Lipschitz continuity of F'(x,6) (assuming it is uniform in ), we have that || Fy(z2,601) — Fa(x2,0:)| <

Lg||62—01]|, and hence by (3.33) Lg||lz2—z1||[|62—01]] > c||z2—z1|*. It follows that ||zo—x1]] < Lec™1||02—01].

To show (b), let z(6;,¢€;) be the solution of VI(K,G;;(-)), where G;;(-) = F(-,0;) + ¢;I. We begin by

applying the triangle inequality to obtain that ||z(01,€1) — x(02, €2)|| < ||2(01,€1) — (02, €1)|| + ||x(02,€1) —
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x(02, €2)||. Since G is strongly monotone in 2 with constant ¢ + €; and Lipschitz continuous in 6 with
constant Ly, respectively, we have that the first term is bounded by Lg(c + €1) 71|62 — 1] as a result from

part (a). Before proceeding, the Lipschitz continuity of F'(x;0) 4 €I with respect to € can be obtained as
[(F(2;0) + e22) — (F(2;0) + e1z)|| < ||z|lllex — 2] < Dljer — e2|.

Since G; is strongly monotone in = with constant ¢ + €; and Lipschitz continuous in € with constant D,
respectively, we have that the second term is bounded by D(c + €1)~}|lez — €1]| as a result from part (a).

Consequently, we obtain that
[2(61,€1) — (02, €2)|| < Lo(c+e1) |2 — 01| + D(c +e1) ez — enl.

The Lipschitz continuity of (6, €) with respect to its parameters follows. I

Notice that the solution 2™ to the problem (BRY;(z ft;,@f“)) is the solution to the variational in-

N
equality problem VI(TY, K, F¥1(e;65*1) 4 €FT) where FF+1(zF 1 gh+l) — (vmu (kL Ak“))
j=1
1= gk (gt

%

Based on Lemma 10 and Prop. 8, z* ,€¥) is a continuous function of (@7-”1, ®).
We may now show that the iterative fixed-point scheme produces a sequence of iterates that converge

almost surely to the true equilibrium and allow for learning the true parameter.

Theorem 10 (Global convergence of iterative fixed-point scheme). Suppose (A14), (A15), (A16) and (A17)

hold. Let {z¥ } be computed via Algorithm 5 fori=1,...,N. Then éf — 0* and ¥ — x* almost surely

R

fori=1,... N, where x* is a solution of the variational inequality (3.2).

Proof. Suppose k > 0. At the kth iteration, ¥ is a function of éf+17 which is a function of 9%. Consequently,
the fixed-point problem (3.25) is a function of ¥%; at the outset, ¥ is zero for i = 1,..., N and every agent is
faced by (3.25) with the same parametrization. Since (3.25) has a unique solution (Prop. 6), it follows that
Tie = Tje for i # j and xfj . Therefore, Given p(X*;0*, &%) and {9F}Y | the solution (zFT* ¥ 1) to

(3.25) satisfies ka f;'l for all 7, 5. Thus, for all k¥ > 0 and all 4, we have that

kY _ 3% k * k b* k
p(Xk79*7£k>: (a’ +€) b Z] lxj] ( +£) Z] 1xlj7 under (A14a)7

a* _(9*+§k)zj 1xfj (9*+£k)2j 1fo, under (A14b).
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Since for all k£ > 0 and all 4,

p(XF; 0%, ¢F) + b* XF, under (Al4a),

(a* — p(X*;0%,6F))/XF,  under (Al4b).

we have 9% = 0* + ¢F for all i. As a result, after k iterative fixed-point steps, we obtain k samples {6* +

— 9k—1
€L, 0% + £F} of the estimated parameter. Since for all k& > 0 and all i, 9% = W

— — k * L
mean of the estimated parameter is given by 9%, i.e., 9% = W

, the sample
. Therefore, 5? — 0% a.s. as k — oo,
which implies by the boundedness of {#%} that for all i

et gy K e g

=— 5. ask —
i PR E 1 a.s. as o,

U= g 1(gF 1 k) is a continuous function of

by the strong law of large numbers. By Proposition 8, mi-”
(é\fﬂ,ek), and z"T1(0*,0) = &*. Therefore, 81 — 2* a.5. as k — c0. 11

Remark: We emphasize that this scheme requires each agent to effectively solve a suitably defined variational
inequality problem, similar to the centralized problem seen in [69, 84]. Such schemes more closely tied to
best-response schemes than the gradient-based approaches presented in the previous section. Yet, it is worth
emphasizing that the computational complexity of the best-response step is of the same order as that of

solving a strongly convex optimization problem, which is the problem that arises in computing a projected

gradient step [27].

3.3.4 Extension to nonlinear price functions

We now consider a generalization to nonlinear prices defined as follows:

p(X;07,¢6) = (3.34)
a* — (b" + € X7

This nonlinear price function has been examined by [49] where a discussion of the strict monotonicity of the
associated mapping is presented (Lemma 11(a)). Specifically, the equilibrium of the Nash-Cournot game are
captured by VI(K, F') where F(z) is defined as

N

F(x) = (c;(xi) — (a* —b*X7) + ab*X”‘lxi>i_1 : (3.35)
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In the next result, the mapping F(x) is strongly monotone for all € K if VF(z) is a diagonally dominant

matrix for all x € K.

Lemma 11. Consider the mapping F(z) defined in (3.35). Suppose (A15) holds, N < % and o > 1.
Then the following hold:

(a) F(x) is a strictly monotone mapping over K;
(b) Suppose X >n for some n > 0, then F(x) is a strongly monotone mapping over K.

Proof. (a) Strict monotonicity of F(x) is implied by the positive definiteness of the Jacobian VF(x). This
is given by VF(x) = J; + Jo + J3, where Jy = 2b*0 X leel and

0/1/(301) %—&—xl x1
J1 = and ,Js = b*o(o — 1) X772

i (znN) TN %‘i’flﬁ]\[

Since ¢;(x;) is a convex function in ax; for all i, J; is a positive semidefinite matrix. J2, compactly stated
as 2b*0 X7 teel | is also a positive semidefinite matrix. As a consequence, positive definiteness of VF(x)

follows from the diagonal dominance of the following matrix:
Xta . f(z+an)
b o(oc — 1) X772

%(mN—&—xl) %—i—aﬁN
By a minor rearrangement, it suffices to show the diagonal dominance of the following:

S+ gy - Lz +on)

b*o(o —1) X772 : : )

%(«TN +x1) f:f +(1+ (gil))xN

where X_; = Do 25 Ti- The result follows by noting that

1 (N-1) 20 3o —1
1 N -1 N .
<+(0—1)>> 5 or0_1> or <a—1

(b) For 2,y € K, (x — )" (F(2) — F(y)) = [, (z —y)"VF(y + a(z —y))(z — y)da. Let & =y + a(z — y) an

X = vazl Z;. Akin to VF(z), VF(y + a(x —y)) = Ji + Jo + J3, where J; and J, are positive semidefinite,
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and Js = b*o (o — 1) X7~ 2], where

T+ )% 3@ +2N)
Jy =
3N + 1) X*N+(1+ L)7
2 o—1 (c—1) /N
f:i + M1z (&1 4+ ZN)
. . N -1 ~
= : : + (- In £ Js + ply,
o—1 2
%(.fNJrSNCl) f:f +%5N

where J5 is a positive semidefinite matrix and p = (1 + Lo — N=1) > 0. Therefore,

(x—wWFww=mw)z/Xx—ngu—yMa
0
Yoo — 1 z—y)TX 72 (x — y)da
> bo DA( ) @y

>b*o(o — 1)77”‘2/0 (x—y)"(Js + pIn)(x — y)da

> b*o(o — )07 ?pllz — yl|?,

implying the strong monotonicity of F. 1

Directly deriving a Lipschitzian statement on F(z;6) in terms of # is not easy when the price function
has the prescribed nonlinear form; instead, by noting that VF(z) is bounded when z is bounded, allows for

proving such a statement. Next, we provide a corollary of Proposition 8 where such a property is derived.

Corollary 3. Consider a VI(K, F(e;0)) where F(x;0) is strongly monotone in x over K for all 6 € O, and
Lipschitz continuous in 0 for all x € K. Also, there is a constant R > 0, such that ||VF(z;0)| < R for

allz € K and 0 € ©. Given an € > 0, if ©(0,¢€) denotes the solution of VI(K, F(e;0) + €I), then z(0,¢€) is

Lipschitz continuous in 0 and e.

Proof. By Proposition 8, it suffices to show that F'(x;6) is Lipschitz continuous in z for all § € ©. For § € ©,

and x,y € K, we have that

|F(z;0) — F(y;0)| = H/o VFE(y+a(z—1y);0)(z—y)da for some o € (0,1)

1 1
< [ 19F+a@ -9 o~ ylda < [ e~ ylda = e -y,
0 0
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which implies the Lipschitz continuity in z of the mapping F'. |

Proposition 9. Suppose (A14a) holds. Consider the mapping F(x) defined in (3.35) and suppose (A15)

and (A17) hold. Suppose X > n for some n > 0 and all x € K, where X = Zf\il x;. If N < 30":11 and

o > 1, then the following hold:
(a) If (0) denotes the solution of VI(K, F(.;0)), then x(0) is Lipschitz continuous in 0 for all 6 € ©.

(b) Given an e > 0, if x(0,€) denotes the solution of VI(K, F(.;0)+¢€l), then x(0,€) is Lipschitz continuous

m 0 and €.

Proof. By Lemma 11, F(x;0) is a strongly monotone mapping over K for all § € ©. By definition of F,
F(x;0) is Lipschitz continuous in 6 for all © € K. By definition of VF and boundedness of x € K, VF(z;6)

is bounded for z € K and 0 € ©. Then, the conclusion follows from Corollary 3. 1

We may now show that the fixed-point problem yields a unique solution.

Proposition 10. Suppose (A15) and (A16) hold. Let the price be given by (3.34). If N < 3:;’%11 and o > 1,

then given p* (&%) and {0F}X.,, the solution to (3.25) is a singleton.

Proof. Given p, 0;, i and k, let H(z;) denote the Jacobian matrix VF(z;) of the mapping F at z; € Z. Then,

as in Proposition 6, it suffices to show that H(z;) is a P-matrix for all z; € Z. Given z; € Z, let H = H(z;).

Then,
A, B
H=H(z)= ) (3.36)
C; D
where A; = ob*(X;)? 2 [X;(I + ee”) + (0 — V)zeT |+ E;, B = *%4-16’ Ci = —ob*(X;)° el and D = %4—17
where X; = Z;\Z:l Tij, T = (211, .. S on)T, and E; is an N x N diagonal matrix with c;’(xij) as its jth

diagonal entry. It suffices to show that H is a P-matrix when E; = 0.

IfN < 3;:11, then A; is positive semidefinite by Lemma 11. Therefore, we only consider the principal

A, B

submatrix H, of H, where o C {1,..., N} is a nonempty index set, and H, = “ “ , where A, =
Cy, D

ob*(X;)° ! [Ina —|—e”“(e”“)T] + oo — 1" (X;)° 2xy(em)T, B, = —%He”“,Ca = —ob"(X;) ()T,

and [, and e™ denote the identity matrix and the column of ones in R"™«*" and R"=, respectively, with

ne = |af. Since

B,D~'C, =

T 16"“ (k+ l)ab*(Xi)”fl(ena)T = orb*(Xi)aflencx (e”‘*)T,
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it follows that Ay — Bo D~ 1C, = ob*(X;)° 11, +0(0 —1)b*(X;)° 224 (e™ )T, which is a sum of a diagonal
positive definite matrix and a Pg-matrix, and thus is a P-matrix. Therefore, det(H,) = det(D) det(A, —

B.,D7'C,) >0 for all a C {1,..., N} with a # 0, which implies that H is a P-matrix. 1

By leveraging Propositions 9 and 10, the convergence of the iterative fixed-point scheme can be claimed
under the caveat that the aggregate output is always bounded away from zero, as stated by the next result,

whose proof is similar to Theorem 10 and is omitted.

Corollary 4. Suppose (A15), (A16) and (A17) hold. Suppose X > n for somen >0 and all © € K, where
X = Zfil x;. Let {xf,éf} be computed via Algorithm 5 fori=1,...,N. Suppose a unique solution to the

fized-point problem (3.25) can be obtained, given p*(&*) and {0*}N., for each k > 0. Then, 6% — 6* almost

surely fori=1,...,N and ¥ — z* almost surely fori=1,..., N, where z* is a solution of the variational

inequality (3.2).

We conclude this section with an observation. If one used a more widely used estimation technique such
as a least-squares estimation then it remains unclear if almost-sure convergence statements can always be
claimed since least-squares estimators generally converge in a weaker-sense while stronger statements may
be available for linear regression (see [90]). In effect, a scheme that combines a least-squares estimation
technique with a strategy update, while convergent, may not possess desirable almost-sure convergence
properties. While, we examine nonlinear Nash-Cournot games in this section, we also show that such
claims hold for more general aggregative Nash games. However, it should be emphasized that extending
this avenue to Nash games where the associated variational map is non-monotone may lead to challenges.
In particular, what are perfectly reasonable schemes for a subclass of Nash games may not be supported
by similar asymptotic guarantees when the structural properties of the problem do not satisfy some key

requirements.

3.4 Numerical results

In this section, we apply the developed algorithms on a class of networked Nash-Cournot games described
in Section 3.4.1. In Section 3.4.2, we apply the distributed gradient-based schemes for purposes of learning
equilibria and the misspecified parameters when aggregate output is observable, while in Section 3.4.2, we
apply the proposed iterative fixed-point schemes when aggregate output is unobservable. Note that the
simulations were carried out on Matlab R2009a on a laptop with Intel Core 2 Duo CPU (2.40GHz) and
2GB memory. The complementarity solver PATH, developed by [53], was utilized for solving the variational

inequality problems that arose in implementing the algorithms.
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3.4.1 Problem description

We consider a setting where there are N firms competing over a W-node network. Firm f may produce
and sell its good at node i (denoted by gf; and s¢;, respectively), where f =1,...,N and i = 1,...,W.
We assume that for a given firm f, the cost of generating g;; units of power at node i is linear and is given
by cfigri. Furthermore, the generation level associated with firm f is bounded by its production capacity,
which is denoted by capy,;. The aggregate sales of all firms at node ¢ is denoted by .5;, and the nodal price
of power at node 4, assumed to be a linear function of S;, is defined as p;(S;) £ a} — b} S;, where a} and b}
are node-specific positive price function parameters. A given firm can produce at any node and then sell at
different nodes, provided that the aggregate production at all nodes matches the aggregate sales at all nodes
for each firm. For simplicity, we assume that there is no transportation cost between any two nodes, and

that there is no limit of sales at any node. Then, the resulting problem faced by firm f can be stated as

W w
(Firm(z_y)) 51020, 008X, 50 {; (pi(Si)spi — crigri) : ;(Sfi —gri) = 0} . (3.37)

The resulting Nash-Cournot equilibrium is given by {x}i}j}’:l where z% is a solution to (Firm(z* ;)) for

f=1,...,N. Prices are assumed to be corrupted by noise, in one of two ways:
pi(Si:&) = (a7 + &) — b7 Si, (3.38)
pi(Si;gi) = a;‘ - (b: + 51)51 (339)

Note that firm f either has to learn 6* £ (a})!”, when prices are given by (3.38) or learn 6* = (b)!V, when

prices are given by (3.39). In the remainder of this section, let
a* £ (af,...,a5)", b = (b, b)) T, 00 2 (07, 00)T, € = (6 &) T and w £ (2], afy)T
with z; £ (14582 -« SNiy G1iy §2i - - - ,gN,»)T. Note that this problem is employed as a motivating example

since Cournot-based models have been used extensively in their analysis (cf. [73, 74]). Naturally, a range of
rationality assumptions can be imposed on firms in power markets, but given the sheer size of the problem
and the repeated nature of competition (in most power markets, firms compete as many as 5-6 times every
hour in the setting of prices) with relatively minor changes occuring in demand/availability over a short

period.
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3.4.2 Learning with observation of the aggregate output

In this subsection, we assume that every firm knows the aggregate output at each node, and employ the
learning schemes proposed in Section 3.2.1. Suppose, the nodal price function is given by (3.38) and suppose
Algorithm 4 (the gradient-based distributed learning scheme), proposed in Section 3.2.1, is employed for
learning parameters and computing equilibria. Suppose firms have generated a price at each node. We use
pi = af + & — bfS; to denote the price. Each firm will solve the following (regularized) problem to estimate
a; and bj:

i E [(a; — b;S; — ;)% + Aa? + \b?2] . 3.40
o in [(a pi)? + Aai + b7 | (3.40)

Suppose S; is as per a uniform distribution and is specified by S; ~ U[0,a? /Y], where a? and b? are initial
estimates of a} and b}. Suppose, the noise &; is distributed as per a uniform distribution and is specified
by & ~ Ul—a*/2,a*/2]. Suppose the steplength sequence {7*} and {a¥} are chosen according to Lemma
9: vk = m and of = m, where @ = 0.8 and 5 = 0.6 and N; and M; are randomly chosen from

an interval [1,200]. The algorithm was terminated at k& = 10000. Table 3.1 shows the scaled errors of the

learning scheme.

Table 3.1: Distributed gradient scheme

Learning a™ and b

MY TIF=arl | IeF—arl | BF=7

T =] T a"] 1% ]
5 1 7.2x10~ 7 2.9x10~ 2 4.7x10 2
5 2 3.3x10~ 4 3.3x10"2 | 5.3x10~2
5 3 7.4x10° 0 3.3x10 2 5.3x10 2
5 4 1.2x10~2 4.2x10 2 6.8x10 2
5 5 1.4x10~2 3.2x10 2 8.5x10 2
10 2 1.3x10 1 3.4x10 2 3.7x10~ 2
10 4 1.1x10~2 2.6x10~ 2 8.4x10 2
10 6 2.4x10 2 3.6x10 2 8.6x10 2
10 s 2.8x10~ 2 3.0x10 2 6.4x10~ 2
10 | 10 | 3.1x10~2 4.1x10 2 5.4x10 2

Table 3.2: Iterative fixed-point scheme

N W - L:arning a* _ _ - Liarning b* I

ek ka1 Tk BE—571

Bl SN 2P| B N P I A 5 O i A 235
5 1 6.0x10 3 5.4x10~ 5 2.3x10~ 5 1.5x10~3
5 2 1.9x10~3 1.6x10~3 9.1x10 74 7.7x10~ 4
5 3 1.4x10-3 2.7x10~ 5 7.8x10 4 1.4x10°3
5 4 7.8x10~ 5 2.8x10~ 5 2.0x10~3 1.0x10~3
5 5 1.0x10~3 2.5x10~ 5 1.2x10~2 2.2x10~ 3
10 2 2.0x10~ 5 1.9x10 3 1.2x10 3 1.2x10 3
10 4 1.1x10~ 2 4.2x10 3 1.5x10— 2 9.4x10 %
10 6 1.8x10~3 0.8x10 3 3.0x10— 7 1.5x10~3
10 8 2.0x10~ 3 2.7x10~ 5 1.3x10-3 8.5x10 1
10 | 10 1.1x10~3 3.5x10 2 3.8x10 % 7.0x10— 4%

Learning without observing the aggregate output

In this subsection, we examine how the schemes perform when firms are ignorant of aggregate output at
each node while a common knowledge assumption is assumed to hold.
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Suppose, the nodal price function is given by (3.38) or (3.39) and suppose Algorithm 5 (the iterative
fixed-point scheme), proposed in Section 3.3.1, is employed for learning parameters and computing equilibria.
Suppose, the noise ¢ is distributed as per a uniform distribution and is specified by & ~ U[—6*/2,60*/2]. Each
run comprised of 10000 steps learning a* and 50000 steps for learning b*. Table 3.2 shows the scaled errors
of the learning scheme while Figures 3.1(a) and 3.1(b) illustrate the scaled errors of the learning scheme
when the number of steps, denoted by k, increases for learning z* and a*, respectively. Analogous figures

for learning =* and b* are provided (see Figures 3.2(a) and 3.2(b)).
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Figure 3.1: Computing z* and learning a* (£ ~ U[—6*/2,0* /2], N = 10)
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Figure 3.2: Computing =* and learning b* ( £ ~ U[—60*/2,0%/2], N = 10)

Table 3.3: Learning x* and b* in a stochastic regime when N =5 and W = 1, stopping at £ = 10000

(a) E~U[—b"/2,b" /2] (b) §~U[— R, R]

Soquontial Simultancous Sequential Simultancous
Bonnd 2k — | [6k b | max [[2F —a* ] max |05 —b% ] R 2k — | 15E —b* | max [[2F —a* ] max |[bF —b% |

1+ [=*] 1+[6*] 1+ [[=*] 1+[[6*] 1+ [=*] 1+[[6*] 1+[[=*] 1+[[6*]

32.3664 2.1x10 1 1.2x10~ ¢ 4.9x10~3 3.3x10 3 b* /5 7.5x10~ 2 4.8x102 1.9x10~3 1.2x10~3
64.7329 1.2x10~ 1 1.0x10 1 5.0x10~ 2 3.3x10~ 3 b* /4 9.6x10~ 2 6.0x10~ 2 2.4x10~ 3 1.6x10 3
97.0993 5.5x10 1 8.8x10 1 5.0x10 5 3.3x10 3 b* /3 1.3x10 1 8.0x10 2 3.2x10 2 2.2x10 3
129.4658 7.4x10~ 1 1.1 5.1x10 5 3.4x10 3 b*/2 | 2.1x10~ 1 1.2x10~ ¢ 4.9x10~ 3 3.3x10 3
161.8322 1.2 7.9x10~ 1 5.1x10~ 2 3.4x10~ 3 b* /1 5.3x10 1 2.3x10" 1 9.9%x10~ 3 6.7x10 3

In Table 3.3(a), we raise the upper bounds of the strategy sets of all agents and compare a sequential
scheme with our iterative fixed-point scheme. In the sequential counterpart, we employ 10,000 steps of
stochastic approximation-based learning followed by 10,000 steps of computation. It is seen that the error
from the sequential scheme increases proportionally to the bound, while the error associated with our si-
multaneous scheme does not change significantly. Table 3.3(b) shows that when increasing the variance of
the noise makes the difference in errors between the sequential and simultaneous schemes more pronounced.

Consequently, for the same effort, it can be seen that the simultaneous scheme performs far better to the
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sequential scheme, particularly when the variance of the noise grows.
3.5 Concluding remarks

Nash games, a broadly applicable paradigm for modeling strategic interactions in noncooperative settings,
have emerged as immensely useful in the context of distributed control problems. Yet, the development of
distributed protocols for learning equilibria may be complicated by several challenges: (i) Agents may have an
incomplete specification of payoffs; (ii) Agents may be unavailable to observe the actions of their counterparts;
and finally, (iii) Observations may be corrupted by noise. Accordingly, this chapter is motivated by developing
schemes for learning equilibria and resolving misspecification (such as in the price functions). We consider two
specific settings as part of our investigation and apply these techniques on a class of networked Nash-Cournot
games. First, we consider convex static stochastic Nash games characterized by a suitable monotonicity
property in which agent payoffs are parameterized by a misspecified vector. We consider a framework
that combines (stochastic) gradient steps with a stochastic approximation step that attempts to learn the
parameter. In such settings, we provide asymptotic statements that show that agents may learn equilibria
and the true parameters in an almost sure sense. In addition, we provide non-asymptotic error bounds that
demonstrate that the rate of convergence is not impaired by the presence of learning. Second, we refine
our statements to a Cournot regime where we assume common knowledge holds but aggregate output is
unobservable. In such a setting, we construct a learning scheme in which firms maintain a belief of the
aggregate output and the misspecified price function parameter. After each step, these beliefs are updated
by employing fixed-point steps and by leveraging the disparity between estimated and (noisy) observed
prices. We proceed to show that in the limit, every firm learns the true Nash-Cournot equilibrium strategy
in an almost-sure sense. Additionally, every firm learns the correct value of the misspecified parameter in an
almost-sure sense. Yet much remains to be studied, including weakening monotonicity requirements on the
map and boundedness requirements on the strategy sets. It also remains to be investigated as to whether

learning can allow for weakening the common knowledge assumption.
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Chapter 4

Misspecified Markov Decision
Processes

4.1 Introduction

Markov decision processes (MDPs) are an important class of models for analyzing dynamic decision making
problems. First examined in [91], such models have been used in a number of domains including robotics,
control-theory, economics, healthcare, and manufacturing. Specifically, a Markov decision process is a dis-
crete time stochastic control process. At each time step, the process is in some state s, and the decision
maker may choose an action a that is available in state s. The process responds at the next time step by
moving to a new state ', and giving the decision maker a corresponding reward R,(s,s’) or cost Cy(s,s’).
The next state s’ depends on the current state s and the decision maker’s action a, but given s and a, it is
conditionally independent of all previous states and actions; in other words, the state transitions of an MDP
have the Markov property. In an MDP with a discrete state space, the state transition probabilities from
time ¢ to t 4 1 are specified by an action U; at time ¢, i.e., P(s' | 5,a) 2 P(Xy41 = ' | X; = 5,U; = a), where
at time ¢, X; and U; denotes the state of the process and the transition matrix, respectively.

Suppose A and S denote the set of actions and states. Suppose C/(a, s;1*) denotes the correctly specified
cost of taking action a at state s where v € [0,1) denotes the discount factor. The probability of the system
transitioning from state s’ to s” based on action a is specified by P*(s = s” | s = §/,a). Furthermore,
we define a policy map as 7 : S — A while the value function of a policy 7 is denoted by V™ : § — R
and V™ (s) denotes the expected discounted cost of policy m when starting at state s. The objective lies
in determining a policy 7 that minimizes the discounted expected sum over an infinite horizon, given by
S re o YR C (g, ag; ™), where agy1 = m(sg).

This chapter considers the resolution of such problems in regimes where the transition matrix P* and
the parametrization of the cost function ¢* are unavailable a priori. Estimation of transition matrices has
been studied extensively in the literature [92, 93, 94] while robust optimization approaches have also been
employed (cf. [95, 96]). A rather distinct approach in contending with the absence of information is embodied

by the Q-learning algorithm presented in [97]. This is a simulation-based technique for computing estimates
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to the value function and has a similar structure to stochastic approximation algorithms [98]. Simulation-
based approaches have also been reviewed in [99], particularly notable being the upper confidence bound
(UCB) sampling algorithm (cf. [100, 101, 102]).

Given an MDP(P* ¢*) where P* and ¢* are unavailable, a standard approach is the following:

(1) Learn P* and #*; (2) Solve MDP (P*,4*).

This technique is afflicted by several challenges, a subset of which we describe next:

(i) Inability to accommodate streaming data: Increasingly, MDP-based models have to be constantly updated
with new, and possibly, streaming data. Yet the traditionally developed asymptotics and error analysis for
resolving MDPs cannot accommodate streaming data.

(ii) Lack of asymptotics: Step (1) often requires solving stochastic and/or large-scale learning problems whose
solutions are obtained in an asymptotic sense. Any practical implementation of this scheme necessitates that
Step (1) terminate finitely; however, premature termination of (1) leads to estimators afflicted by error and
may result in significant error in the computed value function. In effect, asymptotic convergence of this
scheme cannot be claimed.

(iii) Practical implementations: Step (1) may require infinite time, particularly since it requires solving s-
tochastic optimization problems and during this period, no estimate of the optimal value function is available.
In effect, error bounds can only be prescribed after step (1) is complete.

A simultaneous scheme for learning and computation: We consider an avenue that has found
recent application for resolving misspecified optimization and variational problems in stochastic regimes
[79, 103]. This necessitates a simultaneous approach in which the learning problems for P* and v¢* are
resolved simultaneously with the original MDP. In effect, we consider the estimators from the coupled
dynamics and examine both the asymptotics and error bounds for a variety of computational schemes. Our
scheme relies on the prescription of learning problems.

(i) Learning of transition matrices: We consider the following learning problem for transition matrices based

on using observational data:

P* € argmin E[g(P;n)], (")
PeP

where P denotes the space of stochastic matrices, i.e. nonnegative matrices with row sums equal to unity.
(ii) Misspecification of cost functions: The cost functions are parameterized by a vector ©*, representing a

set of parameters idiosyncratic to the machine of interest. For instance, it may pertain to the efficiency of the
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machine, the start-up/shut-down times, the skill of the workers in question etc. All of these parameters may
require learning, often via an online approach that incorporates the use of observations, possibly corrupted

by noise. Such a problem can be cast as a stochastic optimization problem, defined as follows:

¢ € argmin E[R(¢; )], (RY)
Ppew

where £ a random variable and ¥ denotes the feasibility set for v. By using stochastic approximation, we
may generate sequences {Py} and {1} such that P, — P* and ¢, — ¢* as k — oo in an a.s. sense.

We provide an illustration of the approach by using the well-studied value iteration scheme as a basis [104].
In its original form, value iteration maintains an estimate of the value function and updates this belief based
on solving a suitable problem. When the change in the value functions falls within a suitably defined threshold
in a norm-sense, the scheme terminates. We now provide a relatively quick overview of this scheme (cf. [3]).
Let V denote the space of value functions and M : V — V be a mapping such that for each s € S, M is
defined as follows:

Mo(s) = max {C(s, a; ™)+ Z P*(s" | &a)v(s')} . (MDP (P*, ¥*))

cA
“ s'eS

Given a v°, the value iteration scheme is defined as follows:
VP = MoP, for k > 0. (Value Iteration)

Since M is a contraction mapping on V if 0 < v < 1 (cf. Proposition 3.10.2 in [3]), convergence of the
scheme can be shown within a reasonably straightforward fashion. However, one of the challenges lies in the
availability of C(s,a;9*) and P*, motivating the development of a misspecified variant. We assume the cost
and matrix to be given by C(s, a; zZ) and ﬁ’(s’|s, a). We may then define a misspecified operator Mp: V=V

by utilizing estimates I?PJ’;C and 1;;@:

Mkv(s) = max {C(aa;qzk) +7 Z Pi(s'|s, a)v(sf)} . (4.1)
acA
s'eS
Specifically, we assume that ]f”k and ibvk are sequences converging to P* and 9" a.s. as a result of stochastic
approximation schemes.
We now present our main research questions and provide an outline of this chapter:
(i) Misspecified value iteration: In Section 2, we present a misspecified value iteration scheme for address-

ing MDPs in which the cost function and transition matrices are misspecified. We examine the asymptotics
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of the resulting scheme and providing a quantification of the degradation of the rate of convergence based
on the presence of learning.

(ii) Misspecified policy iteration: In Section 3, we consider an analogous set of questions in the regime
of policy iteration where we provide almost sure convergence statements.

(iii) Misspecified Q-learning: Finally, in Section 4, we consider Q-learning approaches for solving MDPs
with misspecified cost functions and present constant steplength error bounds for extensions that resolve the

misspecification while solving the original MDP.

4.2 Misspecified value iteration

Value iteration [91] represents amongst the oldest of schemes for solving an MDP. We begin by present-
ing a misspecified value iteration scheme for resolving MDP(P*,+4*) and subsequently present asymptotic
convergence and error analysis.

We define P to be set of all transition matrices, vec(P) to be the vector drawn from the entries of P for
all P € P, and vec(P) = {vec(P) : P € P}. Estimating P* often requires the resolution of a suitably defined
learning problem, given by a stochastic optimization problem (L£F), where vec(P) is a closed and convex
set, n : A — R? is a random variable defined on a probability space (A, F,,P,), and g : P x A — R is a

real-valued function. We may specify our joint scheme for learning and computation as follows:

Algorithm 6 (Misspecified Value Iteration). Step 0: Let i° : S — R, vec(Py) € vec(P), Yo €0,
ag >0, Bp >0 and k=0.
Step 1: For all k > 0,

FFH = Mo", (Computation)
vee(Pry1) i= Myec(p) (U@C(I?P"k) — ag (Vg(ﬁ’k) + wk)) ) (Learning—P)
Pry1:= Iy (&k — Be(VR(Wr) + Uk)) ; (Learning—1))

where wy £ Vg(Br;mk) — Vg(Pr), 9(P) 2 Elg(P;n)], we = VR(w; &) — VR(Y), R(¥) £ E[R($;8))],
Mv(s) := maxeea(C(s, a;Pp) + Y osres ]IN”n(s’|s,a)v(s’)), and oy and By are chosen according to Proposi-

tion 11.

Step 2: If k > K, stop; else k:=k+ 1 and go to Step 1.

We begin by showing that the misspecified operator m is a contraction mapping for any k. We suppress

the subscript k£ in this proof for purposes of clarity.
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Lemma 12 (Contractive property of Mv) Define M by suppressing the subscript k in (4.1), i.e

Mvv() max{ sa,w +’yz s'|s, a)v }

s'eS

If 0 <~ <1, then M is a contraction mapping on V.

Proof. Let u,v € V and assume that /\71)(5) > /Wu(s) without loss of generality for any state s. For any

state s, let a*(v) be defined as follows:

d:(v):argmax{ sa,w —&—72 s'|s, a)v }

acA s'eS

Then, we have the following sequence of inequalities:

0 < Mu(s) — Mu(s) = C(s, @z (v);0) +7 Y P(s'|s,a%(v))v(s) — <C(s, aL(u); )+ Y P(s'|s,a%(u)u

s'eS s'eS

< C(s, D)+ Y B ]s @z (v)u(s) - <C( U+ Y B(s]s, (v (S’)>,

s'eS s'eS

Term (a)

where the second inequality is a consequence of noting that for all s, we have the following:

Mu() max{ Sa,z/J —l—'yz s'|s,a)u }z(C( —l—'yz s'|s,ak(u (s’))

s'eS s'eS

2 (C(S»dl‘(v);{ﬁ) +r ) ﬁ’(S’I&fll‘(@))ﬂ(S’)) :

s'eS
It follows that Term (a) can be bounded as follows:

Cls,az(v); ) +7 > P(s']s, (v (8’)-(0( 0+ Y B(s|s a5 (v (S’)>

s’eS s'eS

=7 > P(s'ls @5 (v)) (v(s) ) <> B s @t )lv — ulles = vllv — ullocs

s'eS s'eS

Consequently, [|Mv — Mu||o = SUPgcs | Mu(s) — Mu(s)| < 7|[v — u|os, implying that M is contractive.

(S')>

Our next proposition shows that when the estimated transition matrix is within some bound of its true

counterpart, under a suitable Lipschitzian requirement of C(s, a, 1)) in ¢, we obtain the following relationship

between the true operator and its misspecified counterpart. This lemma subsequently finds application in

the main convergence result.
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Lemma 13. Suppose ) s |P*(s[s,a) — P(s'|s,a)| < & for all s and a. Suppose C(s,a;1) is Lipschitz

continuous in Y with constant Lo uniformly in s and a. Then the following holds for all u,v € V:
Mo — Mul| < Lollv™ = ¢l + (vl + [Jull) +~llv —ull.

Proof. Let u,v € V and assume without loss of generality that Muv(s) > Mvu(s) For a state s, we may

define a*(v) and a(v) as follows:

at(v) £ argmax(C(s,a;9*) + 7 Z P*(s'|s,a)v(s")) and @*(v) £ argmax(C(s,a; ) + v Z s'|s,a)v(s)).
acA seS acA s'eS

Then, we have the following set of relations:

0 < Mu(s) — Mu(s) = Mu(s) — Mu(s) + Mu(s) — Mu(s)
= C(s,a(v);9") + %P*(s’ls,az(v»v(s/) - (C(s, @3 (v);v) + Z@Sﬁ’(s’ls, éi(v))v(s’))
+ Mu(s) — Mu(s)
< C(s,al(v);") + %P*(s’lsva;‘@))v(s’) - (C(s, al(v);v) +7 %I@(s’ls, aZ(v))v(s’))

+ Mu(s) — Mu(s),

where the second inequality follows from the suboptimality of a(v) with respect to a*(v). It follows that

Os,az();9") +4 ) P (s']s,al(v))o(s') — (C( )+ Y Bs']s,a (8’))

s'eS s’eS

+ Mvv(s) — Mu(s)

< Lellw® =Bl +7 Y (Pr(s]s,at(v)) = B(s']s, a5 (v))) v(s') + Mu(s) = Mu(s)

s'eS

< Lelly™ =gl +4 Y [P*(s']s, al(v) — P(s'|s, aX(0)]]|v]] + Mu(s) — Mu(s)

s'eS
< Loll¢™ = 9| +~6]lv]| + Mu(s) — Mu(s)
< Lelw* = 9l +vdllvll + vllv — ul

< Lell$™ = ¢l + 0ol + llull) + yllv = ull,

where the first inequality follows from the Lipschitz continuity of C'(s, a; ) in ¢ for fixed s and a, the second

inequality is a consequence of the Cauchy-Schwarz inequality and the last inequality is a consequence of
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invoking the contractive property of M with constant DA |

We are now ready to prove our main convergence statement.

Proposition 11 (Misspecified value iteration: a.s. convergence and rate statement). Suppose
{o%}, {IF’;C} and {Jk} are generated from Algorithm 6. Suppose the learning function g(-) is strongly convex
in vec(P), and the learning function R(-) is strongly convex in ¥. Suppose oy, = 01/k and By = 02/k with
01> 1/(2pg), 02 > 1/(21r), pg is the strong convezity constant of g and pg is the strong convexity constant
of R. Suppose C(s,a;1)) is Lipschitz continuous in v with constant Lo for all s and a. Then, there exists a

constant A such that the following hold:
() |3* —v*|| =0, Pr — P* and Jk — * a.s. as k — oo.

(ii) For any k, we have that the following holds:

k+1 k 0 i ’Ykij)\
E [[o5+ = o*[]] < AE{I° — o7 + 3 o(
=1

7o)

Proof. (i) First, we have that the following holds almost surely:

5%+ — v*|| = | Myd® — Mo*|
= [ Mt — Mpv* + My — Mo*|| < [|Mpo* — Myv*|| + [|Mpo* — Mo*||

< AT" = v*|l + Lellve — o[ + vlvec(Pr) — vec®*)]|[[v*], (4.2)

where the last inequality follows from invoking Lemmas 12 and 13. Let ay = Le ||ty — o[ + v||vec(Px) —

vec(P*)|||[v*||. Then, we have

~k+1

175t — v < Allo* = o* [l + ax < YT = 0[] + ag-1) + ax

k
2||5k—1 k41~ i
= V20" = |+ yap—1 +ap < - < AFPHEY — 0| +Z'Yzak7i-
i=0
Since y**1 — 0, it suffices to show that Zf:o ~Ylap_; — 0 as k — oo in an a.s. sense. Since the learning

problems for ¥* and P* are both strongly convex, we have that ar — 0 a.s. as k — oo. Then, for almost all

w € Q, given € > 0, there exists Nj(w) such that a; < e for all £ > Nj(w). Also, for almost every w € ,
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ar, < L(w) for all k£ and some constant L(w) > 0. Thus, for k > Ny (w),

k
Z'Yiakfi =v"ao+ ... + 7" N ay ) + AN Oy o+ o+
i=0

€
1—7

< (Y4 AN () +

Since v¥ — 0, there exists Na(w) such that v* < SIPIESERRE R N@) < Moyt forall k > Ns(w). So,

when k > N(w) £ max{N;(w), No(w)}, we have that

k
; 1
Zvlak,i < L(w)e+ - (L(w) + ) €.
, 1—7 1—7
=0
Since L(w) is finite in an a.s. sense and e is arbitrarily chosen, proving that Zf:o Yiap_; = 0 a.s.. We may
then conclude that [|5¥+1 —v*|| — 0 in an a.s. sense as k — oo.

(ii) By taking expectations on both sides of (4.2), we have the following;:
E[|[5*" — o”|l] < yE[|7* — o*[|] + Lol — ¢ |] + vE[|vec(Bx) — vec®*)|]||v*|. (4.3)

Recall that the learning problem for 1* and P* are both strongly convex. Then, we may use the standard

rate estimate (see (5.292) in [42]) to get the following for suitably chosen A1 and Ao:

[ — vl < 2L and Efjjvec(By) — vee(®*)]] <

A2
vk va

Consequently, we obtain the following:

LC)\I + ’}/)\QHU* ||
\/E .

E[[o"* - v*[|] < 4E[I0* — v*|] +

Let A = Lo Ay + vAz||v*|. Then, we have

E[|o**! — v*[[] < E[[7° — v*[l] + <= < y*E[I0*" = v*||] +

<
%

I

<AVE[[2° — o] + 7

<.
I MA\‘
—

. i N . N . i, .
Since v77 is increasing in j and % is decreasing in j, then there exists a K3 such that A’W is decreasing in

j for j < Ky and % is increasing in j for j7 > Kj. Then, the second term in the above inequality can be
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bounded as

H
T Mw
S
|
Pl
S
M

k+1 ’Y_t
K17_1+ L_dt .
K1+2 Vit

Note that there exists a Ky > K7+ 2 such that % is decreasing for t < Ky and % is increasing for t > Ko.

Then, we have

k41 v—t 7—t 1 k+1 1 [kl V_t 1
—Fdt= —= - — + = —— - —=dt
Ki+2 \/E ln’Y t K142 2 K142 11’1’}/ t\/;f
1 —(k+1) 1 K2 —t 1 1 Rt 1
<——.7 +f/ 7_1~—dt+7/ T at
Inry VE+1 2 /g 42 Iny tV/t 2 )k, Iny tV/t
1 —(k+1) 1 K2 —t 1 —(k+1) 1
= _1.’}’ +7/ 7_1.7dt+7 -1 (k+1-Ks) (4.6)
Iny™ VE+T 2k eIyt v/t 2yt (k4 DVEHT
—(k+1) K> —t —(k+1)
R N +}/ LI SV S
Iyt VE+T 2 ket Ve 2yt Ve
3 /y_(k""l)
= -1 +L(7)7
2Ilny~t VE+1

where the second inequality follows from the fact that —_ is increasing for ¢ > K. 2, and L(vy) = o Lil
i g 3 K1+2 Tn~y

dt is a constant determined by v. Combining (4.5) and (4.6), we have

t\/
k
- _ 3 '7_(k+1)
< R Kyt + : +L
z:: ! ( 7 2Iny=t VE+1 )

A (K L) + ‘,/71 0(1>
Y 1Y 0 2111’)/_1 k+1 \/E

We now present a constant steplength error bound where the steplength is fixed by a prescribed number
of iterations, say K. The optimal “constant stepsize” derives the error minimizing steplength; in other words,

oy, and B are constants for 1 < k < K.
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Proposition 12 (Misspecified value iteration: constant steplength scheme). Suppose {#*}, {Py}
and {zzk} are generated from Algorithm 6. Suppose the learning function g(-) is strongly convex in vec(P)
with convexity constant g, and is continuously differentiable in vec(P) with Lipschitz gradient constant Ly.
Suppose the learning function R(-) is strongly convex in U with convexity constant pg, and is continuously
differentiable in W with Lipschitz gradient constant Lr. Suppose oy, = Ag and By, = Arp with Ay > 0 and
Ar > 0. Suppose E||wi|?] < vZ and E||ux|]?] < vj. Suppose C(s,a; 1) is Lipschitz continuous in 3 with

constant Lo for all s and a. If we define 7% = % Zszl ok, then

Ello" ~ "1 =0 (772 ) -

Proof. Instead of (4.4) in the proof of Prop. 11, we have the following
Elllk1 — "% < (1 — go)Bll[vx — ¢ [°] + A2v,
where g, £ 20 gpg — )\SLE. Suppose Ag is chosen such that g, < 1. Thus,
GEll0x — ™ 17] <EBllln — ¢ 1°) = Elllnsr — ¢ [°]) + Agvs-

Then, we have

K
SOENGr — 2]~ Ellldesr - [2) + A2u2
k=1 (4.7

E(llo — 9*[1°] + Agv;-

1 K
Ve > 4o E[l|4y, — v* %]
k=1

N\H N\H

By using Holder’s inequality, Jensen’s inequality applied to the counting measure, and the inequality (4.7),

we have
K

K
?Z [l — v*|l] < EZ\/ Nl —
k k=1

K ~
ZE[IIW — 2]
k:l
Em% — %12/ qg + X202 /qq

a9+)\gyg 4 b (/\ )
2\gpg — N2L2 g

IN

IA
&

where a, = E[|[¢o — ¢¥*||2]/K and by(\,) = (ag + A2v2) [ (2Ag1g — AZL2). By taking the derivative of b, with
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respect to Ay, we have

by 2)‘9V§(2)‘9/~Lg - )‘ng) — (ag + )‘?JVS)(QNQ _ 2)‘9L§)
O0Ag (2Agpg — A2L2)2
_ X202 g — ag(2pg — 20 L2)

(2/\57#9 - )‘ng)Q

_ 202 11 a2y ols g
(2Agpg — A2L2)2 92y V2
2
_ 2V§,ug Ay ang ag ang
(2Agpg — A2L2)2 g 20214 v dulu?
Thus, 8)\‘7 = 0 implies that \; = + Z;L2 — 2V2 = (9(1/\/>) If0 <Ay <A, then q < 0 and

thus by(\g) is nonincreasing in Ag; if )\g <Ay < /\—é, then gf’\z > 0 and thus b4(A,) is nondecreasing in A,
g

Therefore, A minimizes by. Then, by(\}) = (ag + A212)/(2Agpg — A2L2) < O(1/VK). Therefore, we have
from (4.8) that

K
LS Ed - 0] < (Jos0g) < O () (4.9)
K K1/

k=1

Similarly, we have for suitably chosen A that

K
. 1
Z [[lvec(Py) — vec(P*)[]] < O (K1/4) . (4.10)
Now, we define v% = Zk , %, From (4.3), we have
E[l7*" — o|l] < 7E[|3* - v*[|] + LoElgn — ¢*|]] + 1E[|vec(By) — vec®*)|]||v*|.

Thus,

(L= E[?* - v*|] < E[17* - v*[] = E[J3**" = v*ll]) + LoElldx — "] + vE[[[vec(Pr) — vec(B*)|]||o"]]-
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Then, we have

N

1 K
S - o] < D (B — o]~ Ell+ — o)
k: k=1
1 K K
e o LB~ 1)+ o 3 7Eliveo(B) e |
k=1 =1
1 1
< 2B =o'+ 0 (7 ).

where the last inequality follows from (4.9) and (4.10). Therefore, we have

Efl|o" —v*[l] = II*Z v"l] = II%Z(U —v )II] ngHlﬂ’“—v*ll]

E[° —vn]/(l—ww( L.

— K K1/4

4.3 Misspecified policy iteration

In this section, we consider a policy iteration scheme for the resolution of misspecified MDPs. We initiate

our discussion with a formal statement of the misspecified policy iteration scheme and subsequently prove

A

its asymptotic convergence. If ¢™(-) £ C(-, 7 (-);9*) and &™(-) & O(-, mx(-); 1;;?), then the operators M™ and

/WZ’“ may be defined as follows for policies m and 7y, respectively:
M 2 T 4 5 (P*)"0 and MT*v £ & 4 APTxy,

Next, we define the misspecified policy iteration scheme.
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Algorithm 7 (Misspecified policy Iteration). Step 0: Let #° : S — R, vec(Py) € vec(P), ap > 0,
Yo €W, ag >0, fy >0 and k = 0.
Step 1: For all k >0,

ar41(s) := argmax(C(s, a;Py) + ’yﬁ’zk“@k“), (Computation)
acA

vec(Pryr) = Myee(p) (vec(@k) — o (Vg(Py) + wk)) , (Learning—P)

szJrl:: Iy (Jk - ,Bk(VR(zzk) + uk)) , (Learning—7)

where wy, 2 Vg(Pr;m) — Vg(Pr) with g(P) £ Elg(P;n)], ux = VR(Wx; &) — VR(Wr), R() 2 E[R(y;€)]

and (I — vaz’“)T)k“ = k.

Step 2: If k> K, stop; else k :=k + 1 and go to Step 1.

We now provide a lemma that provides the error bound for the approximate policy iteration, which is

useful for our rate analysis.

Lemma 14 (Approximate policy iteration bound (cf. p.48 in [105])). Let @* be the approzimate value

function. Suppose for all k
lo* — ") <6,
and
[M™ 5F — M EGE| < e

Then, we have

€+ 279

limsup |[0F ! — 0¥ || < ——.
k—o0 || H (1 - 7)2

Analogous to Proposition 11 for the value iteration, we can get the following convergence statement where

|| @ || denotes the infinity norm for both matrices and vectors.
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Proposition 13 (Misspecified policy iteration: a.s. convergence and rate statement). Suppose
{5*}, {Py} and {4} are generated by Algorithm 7 and the learning functions g(-) and R(-) are strongly
conver. Finally, suppose C(s,a;1)) is Lipschitz continuous in 1 with constant Lc for all s and a and ||o"||

is bounded a.s. for all k. Suppose ||c™ — ™| < A and ||(P*)™ — (P*)™ || < A for all k. Then, the following
hold:

(i) |o* —v*|| =0 a.s. ask — oo.

(ii) For any k, we have that the following holds:

SR et = o [((LENA 1+9*)(1+7)
s =0(1538) o ().

Proof. (i) We proceed to show that |[v¥ — ©¥|| — 0 as k — oo whereby the result follows by recalling that

by the convergence of policy iteration, ||v¥ —v*|| — 0 as k — co. From Algorithm 7, we have

[ = SR = flem ()R — (@ 4 AP
= [lem — & (B = ) oy (1) - BT
< LoN 9" =il + @) [ = 55| Al )™ — Bp|[Ja5+]).
It follows that

[+ — g+ < LoN|[[¢* = dwll + Al (@)™ — PR [[o*+]

1 — |[(P*)™
_ LoN|[w* — el + A1l (P)™ — PR ]|o* ]
1—v '

Recall that the learning problem for ¢* and P* are both strongly convex, implying that 1;;; — ¢* and
vec(i’k) — vec(P*) a.s. as k — co. Thus, by the a.s. boundedness of % and by invoking the property that
|[vF —v*|| = 0 as k — oo, we have that ||v* — o¥|| — 0 a.s. as k — oco. Therefore, ||7¥ — v*|| — 0 a.s. as
k — oo.

(ii) By taking expectations on both sides of (4.11), we have the following;:

Lo NE([[9* — ] + AE[|(B*)™ — PR |[|a*+1]] .

Elllok+! — gE+1] <
o+t = 5+ < =

(4.12)

Recall that the learning problem for )* and P* are both strongly convex. Then, we can use the standard
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rate estimate (see (5.292) in [42]) to get the following:

) and By Bl =0 (). (413)

- o 1
Ell3 — v II]O< Y

Vk

Consequently, we obtain the following:

X 1 1
Bllott - o) = o ().
:

On the other hand,

E[|M™ T — MM 58] = B[ 4y ()T 8" — (€T (B0 = (14 7)0 (4).

Then, we may use the approximate policy iteration bound (Lemma 14) to get the following:

(1+7)0(A) +2y- £20 (%)
=77 '

B0+ — o] =

Therefore,

kel y 1 A 1 (1
s =0 ({ER) o ()

4.4 Misspecified Q-learning

When transition matrices are unavailable, a commonly adopted approach is a simulated approach popularly
referred to as Q-learning [97]. We consider a misspecified variant of Q-learning that incorporates learning of
the misspecified cost and examines the resulting sequence of estimators. We begin by defining the Q-function

as Q(s,a) £ C(s,a;0*) + v Yy cs P*(s']s,a)v(s’), which allows for restating as follows:

Qls,0) 2 Cls,a0%) +9 S P (3]s, 0) max Q(s', ). (4.14)

s'eS

We define the operator T as

T[Q(s,a)] & C(s,a;9*) + v Z P*(s'|s,a) rglea;‘(Q(S/a b).

s'eS
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Then the Q-function is the fixed point of the operator T; i.e. @ = T[Q]. Given the vector {/;k in the cost at

iteration n, we may define the misspecified operator 7~7€ at iteration n as

ﬁQ(Sa a) = C(Sv a; {/;k) + Z ]P*(sllsa CL) %lea_fl( Q(Slv b)a

s'eS

where 7~7€Q is used to denote 7~7€[Q] As in previous sections, we may specify our misspecified Q-learning

scheme as follows:

Algorithm 8 (Misspecified Q-learning). Step 0: Let Qo(s, a) € R, 1}0 eV, By >0 and k=0.
Step 1: For alln >0,
G (50) 1= (1= Q{61 +8 | Clov0 50) + s Guls'0)]. (@-update)
Frsr =Ty (i — BU(TR) +w)) (Learning-y)
where 6 € (0,1), s’ is the random next state reached when the current state is s and action is a, and

ur = VR(Yr; &) — VR(Wr) with R(y) 2 E[R(¥;€)].
Step 2: If n > K, stop; else k:=k + 1 and go to Step 1.

Our convergence analysis begins with a reproduction of two classical results regarding the operator 7~“, which

may be directly applied to the misspecified operator Tr.. First, 75, is a contraction mapping.

Proposition 14 (Contractive property of T; [98]). If0 < v < 1, then || Ti[Q1]—Tr[Q2]llse < VQ1—Q2]ls

for any two vectors Q1 and Q. 1

Second, the estimated @-function stays bounded.

Proposition 15 (Boundedness of @) function [106]). There exists Omax such that HQkHOO < Qmax for

any k. 1

We now provide an intermediate lemma that provides a constant steplength error bound on a suitably defined

metric D.

Lemma 15. For any state-action pair (s,a), suppose Di(s,a) = Q(s,a) — zx and zx(s,a) be defined as

follows:

zk+1(8,a) = (1 = 0)zi(s,a) + dywg(s,a), zo(s,a) = 0. (4.15)

Then for any k, we have that E[||Dg|s0] < ((9 (%) + 1—2 ‘WVmax> .



Proof. We utilize an approach employed in [107] and begin by defining the error Q,(s,a) as Q. (s,a) =
Qi(s,a) — Q(s,a). Using (4.14) and (Q—update), the error can be written as

Qrii(s,a) = (1—6)Qu(s,a) +6 {C(s, a; ) + max Qr(s',b) — Q(s, a)}

= (1= 5)Q,(5,0) + 8 | C(s,a:0x) = O, 0") + ymax Qu(s',0) =7 D B*(s]s, 0) max Q(s', )

s'eS

=(1-6)Q(s,a) +9 (C’(s, a; ) — C(s,a;z/)*))
+ 0y Z P*(s'|s, a) (maXQk(s b) — meaXQ(s b)) + dywi (s, a)

s'eS

=(1-6)Qx(s,a) +6 (C(s, a; Py) — C’(s,a;W‘)) + 6(TQx(s,a) — TQ(s,a)) + 6ywn (s, a),

where wy, (s, a) = maxpeq Qr(s’,b) — Y oves PH(s[s, a) maxpe 4 Qn(s',b). If z is defined by (4.15) (as done

n [107]), then the following holds for the second moment:

20w,
Bl ] < 1 Lo, (4.16)

where W2

2 = |8 x A4Q2,,, with |S| being the cardinality of the set of states and |.4| being the cardinality

max

of the set of possible actions. By defining the sequence Dy = Q). — 21, we may bound it as follows:

Dii1(s,a) = (1 — 8)Dy(s,a) + 6 (O(sya;w —C(s, a5 w*>) +3(TQx(s,a) — TQ(s,a))
= [Dysi(s,a)| < (1= 8)|Di(s,a)| + 6Lty — o™ || + 8| TQu(s, a) — TQ(s,a)]|
< (1—8)|Di(s,a)| + 6Lk — o™ || + 67| Qk — Qlloo

< (1= )| Dilloo + 0L lltbk — ¥ [| + 67| Qp oo

where the first inequality follows from the Lipschitz continuity of the cost function and the second inequality

follows from Proposition 14. Therefore,

IDis1lloo < (1= )1 Dllow + 5L lbk — 47| + 67/ Qlloc
= )1Dsllow + 5L ltbk — &% || + y(I| Dilloc + l12nlo0)

= (1= 6(1 = )| Delloo + 6Lc |l — ¢* || + 69ll2k ]| o-
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We may then derive a bound for Dy:

I Dilloc < (1= 8(1 = y))IDr—1lloo + L le—1 — ¥ + 67l zk-1]lo0
< (1= 68(1 —7))?Di—2lloc + (1 = 6(1 = ))0Lc ||z — ¥*|| + 6Le|[—1 — ||

+ (1 =001 =7))d7[lzk-2ll00 + 3Vl[2K-1ll0o

<
k—1 B k—1

< (1=8(1 =) 1 Dolloc +8Le Y (1= 8(L =) 11 = 7| + 87 Y (1 =81 = 7)) zk-1-t oo
1=0 1=0

Recall that the learning problem for ¢* is strongly convex implying that for some A and for all k, we have

E[fl¢x — v*|] < ﬁ Therefore,

~ e T IO )) =
B[ Dillc] < (1= 501~ )M @ole + 020 Y- L2 4 50 370 51— ) k1l
=0 =0
k—1
< (1 o 5(1 o 7))k||@0||oo + 5LC Z (1 - 5(1 - 7))l/\ 57 725Wr%1ax (417)

k11 sa—yV 2=s

1 v oW
—@(\/g) TV

where the second inequality utilizes E[|| 2k ||oo] < E[||2k||2] together with the bound (4.16) and the last equality

utilizes a proof technique similar to that adopted in Prop. 11. 1

Proposition 16 (Constant steplength error bound for misspecified Q-learning). Suppose {@k},
and {IZ;C} are generated from Algorithm 8. Suppose the learning function R(-) is strongly convex in ¥ and
C(s,a;) is Lipschitz continuous in ¢ with constant L¢ for all s and a. Then, the following holds for any
k and 6 < 1:

1 OW?2

- /7 max
EHQkL}O]SO(\/E)—’_I—’Y 5

Proof. The result follows directly from Lemma 15, expression (4.16), and ¢ < 1:

— 1 2 \/5W2 \/72§W2
E o < max max
[HQkH ]O(\/E>+1_’Y 2_5+ 24

1 v OW?2
O _ max
(\/E>+1—7 2-9

o) +0(v9).
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Suppose we take m learning steps in 1 before updating the @ function. Then, we may specify our

misspecified Q-learning scheme as follows:

Algorithm 9 (Misspecified Q-learning with multiple steps of learning). Step 0: Let @0(3, a) € R,
2 €W, By >0 and k= 0.

Step 1: For alln >0,

Qrr1(s,0) = (1 - 6)Qx(s,a) + 0 [C(Sa a; ) + Y max @k(sﬂb)} : (Q@—update)
1/)1(321 = ~,(€m), (Learning-1))

B0 =y (@070 = BUVRET) +ulT)), 1=1,.m,

where 6 € (0,1), s’ is the random next state reached when the current state is s and action is a, and
) = VR@;6) - VR() with R(y) £ E[R(¢;)].
Step 2: If n > K, stop; else k:=k+ 1 and go to Step 1.

Proposition 17 (Constant steplength error bound for misspecified Q-learning with multiple
steps of learning). Suppose {@k}, and {1;,(!)} are generated from Algorithm 9. Suppose the learning
function R(-) is strongly convexr in ¥ and C(s,a;) is Lipschitz continuous in ¢ with constant Lco for all s

and a. Then, the following holds for any k and 6 < 1:

y oW?2

max

(\/%)Jrl—v 2-6

E [[[Qklle] <O

Proof. Recall that the learning problem for ¢* is strongly convex implying that for some A and for all k, we

have E[||¢(m) vH||] < ﬁ = A%m. By using the same technique in Lemma 15, we have a similar bound

for E[|| Dg||oo] in (4.17):

- 1 k—1
B D] < (1= 8(1 = 7)) HQ0||OO+5LCZ N = #6306 ol

l 2 2
< (1-8(1 7)) ||QO||OO+6LCZ \Fj(T)_M ((w . SWIgdx (4.18)

1 2 2
:O( >+ v 5Wmax7
vmk 1—7 2-0

where the second inequality utilizes E[||zx||oo] < E[||2k||2] together with the bound (4.16) and the last equality

utilizes a proof technique similar to that adopted in Prop. 11. Then, the result follows directly from (4.18),
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expression (4.16), and ¢ < 1:

_ 1 72 5W§1ax 25W§1&X B 1
E[||Qk||oo]<0<m)+1_7\/2_6 L o( L) +o(vs).

4.5 Numerical results

4.5.1 Problem setting

We consider a Markov decision problem. There is a chain of IV states, which are labeled consecutively from
left to right, s = 1,2,..., N. An agent has two possible actions, go to the left (lower state numbers; a = —1),
or go to the right (higher state numbers; a = +1). Both the first and last states in the chain, states number 1
and N, are rewarded with (1) = 7(N) = 1. The reward of the intermediate states is set to a small negative
value, i.e. 7(i) = —0.1 for 1 < i < N. We consider a discount factor v = 0.9.

If the agent wants to move to the left (a = —1), with probability P; = 0.8 the system responds with
the correct move from the intended. So, the agent will move to the right with probability 1 — P, = 0.2.
Similarly, if the agent wants to move to the right (@ = 1), the system responds with the correct move from
the intended with probability P, = 0.6 . The transition probabilities T'(s'|s,a) for this example are zero

expect for the following elements,

T, +1) = 1, T(N|N,+1) =1,
T(s—1]s,1) =1 — P, T(s+1]s,1) =P, 1<s<N,
T(s—1|s,—1) = P, T(s+1ls,-1)=1—-P, 1<s<N.

The first two entries specify the ends of the chain as absorbing boundaries as the agent would stay in this
state once it reaches these states.
For learning the reward function, we first generate L N-dimensional random vectors X; € RV, i =
., L, such that X;(s) is a normal random variables with mean r(s) and variance r(s)?/4 for 1 < s < N,
t=1,...,L with L =1000. We assume that r(s) = r for 1 < s < N. Our estimator for r is 7, which solves

the following optimization problems:

N-1
mlnE Z ( Z’ IX( )> . (4.19)



For learning the transition matrices, we first generate two N-dimensional random vectors Y; € RY and
Y, € RY, such that Yi(s) is a binomial random variables with parameters L = 1000 and P; = 0.8 for
1 < s < N, and Y5(s) ia a binomial random variables with parameters L = 1000 and P, = 0.6 for 1 < s < N.
Our estimators for P, and P, are P; and Py, respectively, which solve the following optimization problems:

5 (-]

s=2

minE

2

(4.20)

fori=1,2.

4.5.2 Results

We use the value iteration to generate 15 sample paths for each dimension of the transition matrices. We
stop at £ = 1000. If we use constant steplength ap = B = 0.01 for the learning problem in the value

iteration, we can get

Table 4.1: Misspecified value iteration

N [ E[[[a" — o*[[/[[v*]]
10 4.0 x 1073
20 6.2 x 1073
50 3.9x 1073
100 3.1x 1073

Next, we use the policy iteration for each dimension of the transition matrices. We stop when ||

o%|| < 107%. If we use constant steplength o, = B = 0.01 for the learning problem in the policy iteration,

we can get

Table 4.2: Misspecified policy iteration

N |oF —v*||/[[v*]] | Number of iteration | Number of iteration given P* and r
10 2.3 x1073 18 3
20 9.3x 1073 7 4
50 2.7 x 103 7 5
100 4.4 x1073 8 4

Finally, we use Q-learning for each dimension of the transition matrices. We stop when ||Q*t! — QF|| <

10~%. If we use constant steplength By = 0.01 for the learning problem, we can get

Table 4.3: Misspecified Q-learning

N Number of iteration | Number of iteration given r
10 135 125
20 85 55
50 389 919
100 769 760
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4.6 Concluding remarks

Motivated by the increasing role of streaming data and misspecification in decision-making problems, we
consider the resolution of MDPs in which transition matrices are unknown and the cost functions are mis-
specified. We develop extensions to value iteration, policy iteration and Q-learning through which both
misspecification is resolved while solving the original MDP in an asymptotic sense. A precise characteriza-
tion of the impact of learning on the resulting error bounds is provided in the context of value iteration and
Q-learning.

We conclude with a short commentary on the nature of the error bounds. First, we assume that the
learning problems are strongly convex since deriving overall rate statements requires bounds on the expected
error in parameter estimates. In fact, the knowledge of the convexity constant in the learning problem
is crucial in the development of bounds. It is worth emphasizing that if mere convexity assumptions are
imposed on the learning problems, the currently adopted avenue cannot be utilized since error bounds are
only available in a functional value sense. Furthermore, while averaging-based techniques may be utilized
to resolve merely convex learning problems, such approaches provide bounds on the averaged iterates in
a functional sense but not on the solution iterates; in the absence of bounds on the solution iterates, one
cannot derive rate statements. Second, in the context of Q-learning, we develop a misspecified variant of the
constant steplength scheme. Naturally, diminishing steplength versions can also be developed which will be
the subject of future work. Third, throughout the chapter, we assume that the learning problems are static
and consequently, rather than regret-based bounds, we derive error bounds on the optimal functional value

or solution.
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Chapter 5

Conclusions

In this thesis, we consider a broad class of computational problems that have historically been addressed
in a regime when their parameters are known a priori. Yet, as we contend with challenges posed by the
presence of streaming data, growing uncertainty, and informational inadequacy, we can no longer work under
the premise that such parameters are available. Instances of such parameters include the covariance matrix
in a portfolio optimization problem, distributional parameters of arrival and service processes in a queueing
system, and machine efficiencies in a production network. In many instances, these parameters may be
estimated through a separate learning problem. In fact, the traditional approach has been to first learn
such parameters and subsequently solve the parametrized computational problem. However, if the learning
problem is a stochastic optimization problem, resolving the learning problem may require simulation-based
schemes and provide exact solutions only in a limiting sense. In practical settings, the learning process
has to be terminated finitely and thus leading to an erroneous estimator of the parameter which in turn
leads to the error cascading into the solution of the subsequent computational problem. We pursue a rather
different tack that solves the learning and computational problem simultaneously rather than sequentially
and consider three types of computational problems: (i) Misspecified stochastic optimization and variational
inequality problems; (ii) Misspecified stochastic Nash games; nd (iii) misspecified Markov decision processes.

We first consider a misspecified stochastic optimization problem in which the objective is parameterized
by a vector that can be learnt by solving a suitably defined learning problem. In both strongly convex
and merely convex regimes, we develop a set of coupled stochastic approximation schemes which produces
schemes such that almost sure convergence can be guaranteed for both the solution and parameters. Error
bounds are also provided for both regimes. For strongly convex problems, the optimal rate of convergence is
recovered while in convex regimes there is a degradation in error, i.e. O (\/i;?) instead of O (\/%) . When

the averaging window is modified suitably, it can be seen that the original rate of of O (ﬁ) is recovered.

Also, we can get an error bound for the average regret in the online decision-making setting, i.e. O (%) for
a suitably chosen steplength. As the generalization of the misspecified optimization problem, a misspecified

stochastic variational inequality problem is considered, and we propose analogous stochastic approximation
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schemes for simultaneous computation and learning. Almost-sure convergence statements and error analysis
can be provided. Specially, for merely monotone maps, we employ (Tikhonov) regularized scheme, and we
can quantify the degradation associated with learning under suitable weak-sharpness assumption.

We then consider misspecified Nash games and present schemes for learning equilibria and parameters
under two settings. First, we consider convex stochastic Nash games in which agent payoffs are parameterized
by a misspecified vector. We propose schemes that combine a gradient step and a stochastic approximation
step. Equilibria and the true parameters can be both shown to be achieved in an almost sure sense. Second,
we consider stochastic Nash-Cournot games where we assume common knowledge holds but aggregate output
is unobservable. In such a setting, we propose an iterative fixed-point scheme by leveraging the disparity
between estimated and (noisy) observed prices. Notably, this scheme does not necessitate a separate learning
problem and instead we learn the parametrization while playing the game. We may show that every firm
learns the true Nash-Cournot equilibrium strategy and the correct value of the misspecified parameter in an
almost-sure sense.

Finally, we consider misspecified Markov decision problems in which transition matrices are unknown
and the cost functions are misspecified. We propose three types of schemes: (1) misspecified value iteration;
(2) misspecified policy iteration; and (3) misspecified Q-learning. The almost sure convergence and a non-
asymptotic bound on the mean-squared error can be derived for the misspecified value iteration scheme.
When the steplength is held constant, we may also get an optimized error bound for the averaged misspecified
value funtion. Next, we propose a misspecified policy iteration scheme and provide an analogous asymptotic
almost-sure convergence statement and an analysis of the rate of convergence. Finally, a constant steplength
misspecified Q-learning scheme is presented and a suitable error bound based on iteration steps and steplength

is provided.
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